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Introduction

A ring (R, +,-) is regular (also called von Neumann regular ring) if
the multiplicative semigroup (R,-) is a regular semigroup. A study
of the structure of regular ring using the structure of regular semi-
group is the theme of this thesis. In this regard we extend the cross-
connection theory (categorical approach) used to study the structure
of regular semigroup initiated by K.S.S. Nambooripad to the study of
the structure of regular rings. Category theory was invented by Samuel
Eilenberg and Saunders Mac Lane in the 1940s. Their categorical view
point has been widely accepted by working mathematicians. There
are many successful attempts to use category theory to study several
mathematical structures like semigroups, groups, rings etc. The ESN
theorem (Erasmann-Schein-Nambooripad theorem) and inverse cate-
gories introduced by Lawson are great achievements in this direction
(cf.[19]). There are many approaches to study the structure theory
of regular semigroups by W.D. Munn, T.E. Hall, P.A. Grillet, K.S.S.
Nambooripad and many others, of which Nambooripad’s contribution
is remarkable. K.S.S. Nambooripad introduced normal category as a
category with subobjects, every morphism has normal factorization
and each object is a vertex of an idempotent normal cone (cf.[25]).
The principal left (right) ideals of a regular semigroup with suitable

translations form normal categories.

A cross-connection is a sort of categorical duality which turns out
to be very significant in the study of the structure of the algebraic
objects under consideration. The concept of cross-connection was orig-
inally introduced by Grillet in 1974 in order to study the structure of
regular semigroups using its ideal structure. In [12] he described the
cross-connection of regular semigroup S by considering principal left
(right) ideals of it as the regular partially ordered sets A(S)(Z(S)) and



if I is any regular partially ordered set, then the set N(I) of all normal
mappings on [ is a regular semigroup such that A(N (7)) is order iso-
morphic to I (cf.[13]). Moreover, given two regular partially ordered
sets A and I, the relation that should exist between them so that they
are respectively order-isomorphic to the partially ordered sets of left
and right ideals of a regular semigroup was characterized in terms of a
pair of mappings I' : I — A° and A : A — I° where A°[I°] denote the
regular partially ordered set of all normal equivalence relations on A[I]
satisfying certain axioms. Grillet calls such a pair (I, A) of mappings
as a cross-connection between I and A[13]. Any regular semigroup
S induces, in a natural fashion, a cross-connection between I(S) and
A(S). Grillet showed that if (I', A) is a cross-connection between reg-
ular partially ordered sets I and A, then the set U of all pairs (f, g) of
mappings in N(A)x N (I)°? that respects the given cross-connection is a
subsemigroup of N(A)x N(I)° and is a fundamental regular semigroup
inducing the given cross-connection. N(I)°% denotes the left-right dual
of the semigroup N(I).

In 1985, K.S.S. Nambooripad and F.J. Pastijn together established
the cross-connection (I'; A) of a complemented modular lattice L by re-
placing the regular partially ordered sets in Grillet’s theory with com-
plemented modular lattice L and its dual L°(cf.[27]). They obtained
the fundamental regular semigroup U(L, L°?;T"; A) of all pairs (f,g)
of normal mappings that respecting the cross-connection (see Section
1.5). Later in 1994, K.S.S. Nambooripad extended Grillet’s theory to
construct arbitrary regular semigroups. He replaced regular partially
ordered sets A(S) and I(.S) of left and right ideals of regular semigroup
S in Grillet’s theory by categories L(S) and R(S) of left and right ide-
als of S with morphisms as appropriate translations and replaced the
cross-connection in Grillet’s theory by a local isomorphism of R(.S) to
the normal dual of LL(S) (see Section 1.7).



In this thesis, we extend the category theoretical approach to the
study of the structure theory of arbitrary semigroups, rings, and mod-
ules. Also we establish the cross-connection of certain algebraic struc-
tures such as regular ring and Boolean lattice.

The thesis is divided into five chapters. The first Chapter is prelim-
inaries in which we include all definitions and basic results needed in
the thesis. This Chapter include sections on lattices, semigroups, rings,
modules, cross-connection of complemented modular lattice, category

theory and cross-connection of normal categories.

In Chapter 2, we describe the cross-connection of Boolean lattice
and obtain its representation as a cross-connection ring in which each
element is represented as a pair of idempotent normal mappings. The
addition is the Boolean addition (symmetric difference) and multipli-
cation meet, its cross-connection determines a Boolean ring (which is
a regular ring) and the principal ideals of such a ring again form a
Boolean lattice isomorphic to the initial Boolean lattice.

In Chapter 3, we introduce proper categories which are more general
than normal categories; in the sense that when restricted to appropriate
conditions they reduce to normal categories. Proper categories, pread-
ditive proper categories, abelian proper categories and RR—categories
are described here and it is shown that the principal left and right ide-
als of a semigroup are proper categories, that of a ring are RR—proper
categories. The set of all proper cones in a proper category is a semi-
group and set of proper cones in an RR—proper category is a ring. In
particular if the ring R is regular, then the category of the principal
left (right) ideals of R is an RR— normal category (cf.[20]). In Section
3.3, we discuss abelian proper categories. Here it is shown that for an
R-module M where R is a commutative ring with unity, the category
S(M) whose objects are submodules of M and morphisms R-module



homomorphisms is an abelian proper category. In particular when M
is a semisimple module, the submodule category S(M) is an abelian
normal category and the set of all normal cones form a semisimple
R—module.

Chapter 4 discusses certain set-valued functors called H—functors
and using the H—functors, the duals of proper categories, preadditive
proper categories and RR—normal categories are described.

Chapter 5 deals with the cross-connection of RR—normal cate-
gories. A cross-connection between two RR—normal categories C and
D is a local isomorphism I' : D — N*C where N*C is the normal dual
of the category C. Local isomorphism I'* : C — N*D is the dual cross-

connection. Cross connection I' determines a bifunctor I'(—, —) : C X
D — Set and cross-connection I'* also determines a bifunctor I'*(—, —).
Then there exists a natural isomorphism xr : I'(—, =) — I'*(—, —). Us-

ing xr we get a collection of linked pair of normal cones U which is a
regular ring and this ring U is called cross-connection regular ring of

RR—normal categories.
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Chapter 1

Preliminaries

In this chapter we present some basic definitions and results regard-
ing different algebraic structures and categories arising out of these
structures used in the sequel. For the concepts in lattice we follow
Birkhoff ([4]), Gratzer ([10]), T.S. Blyth ([6]) and Halmos ([8]). Re-
garding semigroup theory, we follow J.M. Howie ([15]), P.A. Grillet
([12]) and Clifford and Preston ([7]). For rings and modules we follow
Musili ([24]), Artin ([2]) and Serge Lang ([18]). For the definitions and
results regarding category and cross-connections, we follow S.Mclane
([17]) and K.S.S. Nambooripad (]25]).

1.1 Lattices

Here we recall definitions and basic results regarding partially ordered
sets and lattices.

Definition 1.1.1 ([6], page 1). If L is a nonempty set then by
a partial order on L we mean a binary relation on L that is reflexive,
antisymmetric and transitive. We usually denote a partial order by the
symbol <. Thus < is a partial order on L if and only if

(1) Ya € L,a < a (reflexive);
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(2) Ya,be L, if a < b and b < a then a = b (antisymmetric); and
(3) Ya,b,c € L, if a <band b < ¢ then a < ¢ (transitive).

Example 1.1.1 (cf.[6], Example 1.3). On the set N of natural

numbers the relation of divisibility is a partial order.
Let (L, <) be a poset and B C L.
e a € L is called an upper bound of B < Vb e B: b < a.
e a € L is called a lower bound of B Vbe B :a <hb.

e The greatest amongst the lower bounds, whenever it exists, is
called the infimum of B, and is denoted by infB.

e The least upper bound of B, whenever it exists, is called the
supremum of B, and is denoted by supB.

Definition 1.1.2 ([10]). A lattice is a poset (L,<) such that
sup{a,b} and inf{a,b} exist for all a,b € L. A sublattice of L is a
nonempty subset K of L such that K is closed under join and meet of
L.

Example 1.1.2 (cf.[6], Example 2.8). Let V be a vector space
and SubV denotes the set of subspaces of V' then (SubV;N,+,C) is a
lattice.

A subset [ of a lattice L is called an ideal if it is a sublattice of L
and * € I and a € L imply that xt Aa € I. An ideal I of L is
proper if I # L. The principal ideal L(x) of L generated by x € L is
L(z) = {y € Lly < x}. Tt is the smallest ideal of L containing z. A
lattice in which every subset has meet and join is a complete lattice .
If (L, <) is a lattice, so is its dual (L, >).

If a lattice L contains the smallest (greatest) element with respect

to <, then this uniquely determined element is called the zero element
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(one element), denoted by 0 (1). 0 and 1 are called universal bounds.
The principal ideal L(z) of L generated by z € L can also be
denoted as the interval [0, z].

Definition 1.1.3 (cf.[6], page 77). A lattice L with 0 and 1 is
called complemented if for all a in L, there exists at least one element
b such that a Vb =1 and a Ab = 0. Then b is called the complement
of a. A lattice L is called relatively complemented if given a < x < b,
an element y exists such that z Ay = a and x Vy = b. A lattice L is
called modular if for every a,b,c € L,a <c¢= (aVb)Ac=aV (bAc).
A lattice L called distributive if for all a,b,c € L,

aV(bAc)=(aVb)A(aVc)or

aN(bVec)=(anb)V(aAec).

A complemented distributive lattice is called Boolean lattice. In a
Boolean lattice complement of each element is unique.

Example 1.1.3 (cf.[6], Example 6.2). Lattice of all subspaces of
a vector space is a complemented modular lattice, however the com-

plement is not unique.

Example 1.1.4 ([28], page 72). The principal right [left] ideals of
a regular ring form relatively complemented modular lattice.

Example 1.1.5 ([8], page 8). The power set of any set X,
(P(X),N,U,%) is a Boolean lattice.

Definition 1.1.4 ([8]). An ideal of a Boolean lattice L is a set
I C L such that

1.0el,
2. ffaelandbel,thenaVbel, and

3.ifaelandbe L,thenaAbel.
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The principal ideal of L generated by a in L is L(a) = [0, al.

Definition 1.1.5 (cf.[8], page 202). Complete ideal in a Boolean
lattice L is an ideal I of L such that if {a;} is a family in I with a
supremum a in L, then a € I.

Principal ideals are examples of complete ideals.

Definition 1.1.6 ([8], page 89). Let A and B be Boolean lattices.
A (Boolean) homomorphism is a mapping f : A — B such that, for all
p,q € A:

L fipAaq) = f(p) A fla),
2. f(pva) = f(p)V f(q) and
3. f(a®) = f(a)".

Theorem 1.1.1 (cf.[8], Theorem 21). The class of all complete
ideals in a Boolean lattice L is itself a complete Boolean lattice with
respect to the distinguished Boolean elements and operations defined

by

(1) 0= {0},

(2)1=1L,

(3) MAN=MnNN,

(4) MV N ={I:1is a complete ideal in L and M UN C I} |

(5) Mc={peL:pANqg=0 forallqe M}.

1.2 Semigroups

The formal study of semigroups began in the early twentieth century. A
semigroup is a nonempty set S with a binary operation from Sx.S — S
as (r,y) — xy such that z(yz) = (zy)z for all x,y,z € S. A subset T
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of a semigroup S is a subsemigroup of S if T"is a semigroup with respect
to the restriction of the binary operation of S to T'. A semigroup with
an identity element is called a monoid. A semigroup S is commutative
if the product in S is commutative. An element e € S is said to be an
idempotent if e* = e. The set of idempotents of S is denoted as F(9).

Example 1.2.1 ([15]). (N,+) and (N,-) are semigroups with

respect to addition and multiplication of natural numbers.

Example 1.2.2 (cf.[15], page 6). The set of all maps from a set X
into X with the binary operation as composition of maps is a semigroup

which is called the full transformation semigroup on X.

Example 1.2.3 (cf.[15], page 16). The set of all binary relations
on a set X is a semigroup denoted by Bx with the operation ‘o’ defined
as, for all p, o € By,

poo={(r,y) € X x X :(3z € X)(x,2) € pand (z,y) € 0}.

An element ¢ of By is called a partial map of X if |x¢| =1 for all x in
doma, that is, if, for all z,y;, 1y € X,

[(z,91) € ¢ and (z,12) € @] = y1 = V2.

The set of all partial maps of X denoted as PTx is a subsemigroup
of Bx with the same operation as in By, called partial transformation

semigroup. Ty is also a subsemigroup of By.

Definition 1.2.1 ([14]). An element a of a semigroup S is called
reqular if there exists an element x in S such that axa = a. The
semigroup S is called reqular semigroup (von Neumann regular) if all

its elements are regular.

Example 1.2.4 ([15]). The full transformation semigroup T’x on
a set X is regular and PT is a regular subsemigroup of T'x.
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Definition 1.2.2 (cf.[25], page 45). A left translation in a semi-
group S is a mapping A : S — S such that A(zy) = A(z)y for all
x,y € S. If X and p are left translations then so is Au. Dually a right
translation in S can be defined.

Ideals and Green’s Relations

Green’s relations are five equivalence relations that characterise the el-
ements of a semigroup in terms of the principal ideals they generate,
are important tools for analyzing the ideals of a semigroup and related
notions of structure. The relations are named after James Alexander
Green, who introduced them in a paper in 1951. Instead of working di-
rectly with a semigroup S, we define Green’s relations over the monoid
St (see [15]).

Let S be a semigroup. I C S is called left [right] ideal of a semi-
group S if ST C I[IS C I]|. The principal left ideal of a semigroup S
generated by a is S'a = {sals € S'} where S! is the semigroup S with
an identity adjoined if necessary. That is, S'a is Sa U {a} . Dually
principal right ideal also can be defined.

The Green’s relations on a semigroup S written as £, R and J are
defined as follows: For elements a and b of S,

alh < Sta = S'b,

aRb < aS' = bS"!
aJb < S'aS' = S'bS?

where S'a, aS* and S'aS! are principal left, right and two sided ideals
generated by a respectively. The Green’s relations D and H are defined
as

D=LVTR,

H=LAR.
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For commutative semigroups all the Green’s relations coincide. L-
class, R-class, H-class, D-class, J-class containing the element a are
denoted by L., R4, Ha, D, T, respectively. Partial orders are defined
on the quotient sets S/L, S/R,S/J as follows:

L, <L, < Sta C S

Ry < Ry < aS' C bS?
T, < T < StaSt C S'hS*.

We see that S/L(S/R,S/J) is isomorphic to the partially ordered set
of all principal left (right, two-sided) ideals of S ordered by inclusion.

Proposition 1.2.1 ( cf.[15], Proposition 2.1.1). Let a,b be ele-
ments of a semigroup S. Then aLb if and only if there exist z,y € S*
such that za = b, yb = a. Also aRb if and only if there exists u,v € S*
such that au = b, bv = a.

Let S be a semigroup. A relation R on the set S is called left
compatible (with the operation on §) if

(Vs,t,a € 9), (s,t) € R= (as,at) € R,
and right compatible if
(Vs,t,a € 8), (s,t) € R= (sa,ta) € R.
It is called compatible if
(Vs,t,s',t' € 5), [(s,t) € Rand (§,t') € R| = (ss,t") € R.

A left [right] compatible equivalence is called a left [right] congruence
and a compatible equivalence relation is called a congruence (cf.[14]).
Thus it can be seen that .Z is a right congruence and &% is a left
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congruence.

Definition 1.2.3 ([12]). A fundamental semigroup S is a semi-
group in which the equality on S is the only congruence contained in
‘H, that is semigroups having no non-trivial idempotent separating con-
gruences.

The fundamental semigroups were first introduced by Munn in 1966

([23]).

1.3 Rings

A ring is an algebraic structure with operations that generalize the
arithmetic operations of addition and multiplication. A ring is a basic
structure in algebra and by a ring we always mean an associative ring
with identity.

Definition 1.3.1 (cf.[24], Definition 1.1.1). A nonempty set R
together with two binary operations called addition (4) and multipli-
cation (-) on R is called a ring, if

1. (R,+) is an abelian group,

2. (R,-) is a semigroup and

3. Distributive laws hold.

Thus the theory of rings is a combination of a semigroup and
an abelian group structure usually written as (R,+,-). In the ring
(R,+,-), if the semigroup (R,-) has an identity, it is unique and is
denoted by 1 and is called the identity element or the unity of R. A
ring R is said to be commutative if the semigroup(R, -) is commutative.
Subring of a ring R is a non-empty subset S of R such that (S,+) is a
subgroup of (R,+) and (.5, -) is a subsemigroup of (R, ).
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Example 1.3.1 (cf.[24], page 5). The set of all integers(Z), ra-
tional numbers (Q), real numbers (R) and complex numbers (C) are
commutative rings with unity under the standard operations of addi-

tion and multiplication. The subsets Z C Q C R are all subrings of
C.

Example 1.3.2 (cf.[24], Definition 1.8.3, page 24). Gaussian in-
tegers Z[i] where i € C defined by Z[i] = {a + bila,b € Z} is a ring.

Example 1.3.3 (cf.[24], page 15). Let n € N. The set of all
n X n matrices over R is a ring with respect to usual addition and

multiplication of matrices.

Definition 1.3.2 (cf.[24], Definition 3.1.1). A mapping f : R — S
of rings R and S is called a homomorphism if f(a +b) = f(a) + f(b)
and f(ab) = f(a)f(b) for all a,b € R. An isomorphism of rings is a

bijective homomorphism.

An integral domain R is a nonzero ring having no zero divisors.
That is if ab =0, then a = 0 or b = 0 and also 1 # 0 in R.

A ring R is a division ring if every nonzero element of R has a
multiplicative inverse in R. A commutative division ring is called a

field .

Definition 1.3.3 (cf.[24], Definition 4.1.1, page 107). Let a,b €
R,a # 0 where R is a ring. We say that a divides b or a is a divisor of
b and written a|b if there exists ¢ € R such that b=a - c.

Definition 1.3.4 (cf.[24], Definition 4.2.1). A commutative inte-
gral domain R (with or without unity) is called a Fuclidean domain if
there is a map d : R* — Z* where R* = R~ {0} such that:

1. Va,b € R*, alb = d(a) < d(b)

2. Given a € R, b € R*, there exists ¢, € R (depending on a and
b) such that a = gb+ r with either » = 0 or else d(r) < d(b).
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Example 1.3.4 ([24], Example 4.2.3). The ring of integers Z, any
field F' and ring of Gaussian integers Z[i] are Euclidean domains.

Definition 1.3.5 ([28]). (R,+,-) is a (von Neumann) regular ring
if it is a ring with the multiplicative part a regular semigroup (see
Definition 1.2.1).

Example 1.3.5 ([28]). Every field is von Neumann regular. The
ring of n x n matrices M, (F') is regular with entries from some field F.

An element e € R is said to be idempotent if e.e = e. E(R) denotes
the set of all idempotents of R. The principal ideals of a regular ring
are idempotent generated and form a relatively complemented modular
lattice ([28]).

Definition 1.3.6 ([24], Definition 1.7.1). A ring R with identity

is called Boolean ring if every element is an idempotent.

Boolean ring corresponds to Boolean lattice and vice versa ([8]).
A subset of a Boolean lattice is a Boolean ideal if and only if it is an
ideal in the corresponding Boolean ring [8]. Note that a Boolean ring is
von Neumann regular ring, necessarily commutative and has cardinal

number a power of 2.

Example 1.3.6 ([24], Example 1.7.2). Let X be any non-empty
set and Z(X) be the power set of X with addition and multiplication
on Z(X) defined by A+ B=A®B=(AUB)\(ANB) = (AN B)U
(B~ A) and AB = AN B is a Boolean ring.

Ideals and Green’s relations in rings

Let R be aring. The left [right] ideal I of R is an additive abelian group
such that RI C I[IR C I]. Let a € R. The principal left (right) ideal
generated by a is (a); = Ra and (a), = aR. If I is simultaneously both
left and right ideal of R, we say that [ is a two-sided ideal. Suppose [



1.4. Modules 11

and J are both left or right or two sided ideals of ring R. Their sum
I + J is defined as

I+J={x+ylrel,yeJ}

it is the smallest ideal containing both [ and J.
Their intersection I N J is the usual intersection of sets:

INJ={z|r €l and z € J}.

Following the Green’s relations in semigroups, analogous versions

of Green’s relations have been defined for rings (cf. [29]).

1.4 Modules

A module is one of the fundamental algebraic structures in abstract
algebra. A module over a ring is a generalization of the notion of vector
space over a field, wherein the corresponding scalars are the elements
of a ring (with identity) and a multiplication (on the left and/or on
the right) is defined between elements of the ring and elements of the
module. Just as the linear transformations between vector spaces, we

have homomorphisms between modules.

Definition 1.4.1 (cf.[24], Definition 5.1.1). Let R be any ring. A
left R-module M is an abelian group (M, +) together with a map from
R x M — M as (a,z) — ax called the scalar multiplication such that

l. a(z+vy) =azx +ay for all a € R and z,y € M
2. (a+b)x=ax+bx forall a,b € Rand x € M
3. (ab)z = a(bx) for all a,b € R and z € M

A left R-module M is called unitary left R-module if 1 -2 = x for all
x e M.
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Similarly one can define the right R-module as an additive abelian
group with scalar multiplication on the right. If R is commutative, the
notions of left and right modules coincide.

Let M be an R-module. A nonempty subset N of M is called an
R-submodule of M if

1. N is an additive subgroup of M, ie., xz,y € N=x—y €€ N

2. N is closed for arbitrary scalar multiplication, i.e., x € N,a €
R = ax € N.

Suppose M is an R-module and P, () are both submodules of M.
Then the sum of the submodules P+ Q = {z +ylz € P,y € Q} is the
smallest R-submodule containing both P and (). Their intersection
PNQ = {z|r € P and z € Q} is the intersection of P and @ in the
usual sense.

A homomorphism of R-modules M and N isamap f: M — N
which is compatible with the laws of composition

fl@+y) = f(z)+ fy) and f(az) = af(x),

for all x;y € M and a € R. A bijective homomorphism is called iso-
morphism. The kernel of a homomorphism f : M — N is a submodule
of M; denoted by kerf = {z € M|f(z) = 0} and image of f is a
submodule of N.

Remark 1.4.1 (cf.[24], page 144-145).  The direct product of
two R-modules is again an R-module. For a collection of R-modules
{M;}icr , the direct product 1;c;M; is the product of the underlying
sets M; with R-module structure given by component-wise addition
and scalar multiplication.

The direct product II;c; M; is equipped with a collection of projec-
tion maps {m; : ey M; — M;}ier given by m;((m;)ier) = m; for all i €
I. Each 7; is an R-module homomorphism.
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The direct sum ®;crM; is a submodule of the direct product I1;c;M;
consisting of elements (m;);c; such that all but a finitely many m, are
ZEro.

The direct sum @;c;M; is equipped with a collection of injection
maps {p; : M; — I;e;M;}ier given by pi(m) = (m;);e; where for all
Jj #1i,m; =0 and m; = m, for all m € M;. Each p; is an R-module

homomorphism.

Example 1.4.1 ([2]). If R is a field F, then F-module is an
F-vector space. Unitary modules over Z are simply abelian groups.

A ring R can be considered to be both a left R-module and a right
R-module.

Definition 1.4.2 (cf.[24], Definition 5.8.3). A nonzero module M
is called simple module if it has only trivial submodules (0) and M. A
field is a simple module viewed as a module over itself. A module is

called semisimple if it is a direct sum of simple modules.

The module M, (D) is semisimple for division ring D. Every simple
module is semisimple. Note that the ring Z is not a semisimple module
over itself but Z, with n, a square free integer is a semisimple module
over Z. If M is semisimple R-module, then every submodule and every

quotient module of M are semisimple.

Remark 1.4.2. Let M be a semisimple module and M = ,.; M;
where M; are simple modules and let W be a submodule of M, then
M =W QW' where W = D,.,; cy Mi, hence W' is semisimple. Also
W' = @inrow—o Mi- As M/W = W', it is semisimple and it is the
complement of W. The submodules of a semisimple module form com-
plemented modular lattice with respect to intersection as meet and sum

as join.

Lemma 1.4.1 (cf.[24], Shur’s Lemma). Suppose M and N are
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two simple R-modules. Then any R-module homomorphism (R-linear
map) f : M — N is either 0 or an isomorphism. In particular, the
endomorphism ring Endg(M) is a division ring.

The first isomorphism theorem for modules states that if 6 : M —
N is an R-module homomorphism between two R-modules M and N
then the induced homomorphism 6 : M | icerg — Im@ is an isomorphism.
For semisimple modules M |k.g = (Kerf)¢ and hence (Kerf)® = I'mé.

1.5 Cross-connection of complemented modular lat-

tice

Here we describe Grillet’s method of cross-connection on regular posets
(cf.[12]) and K.S.S. Nambooripad and F.J. Pastijn’s method of cross-
connection on complemented modular lattices (cf.[27]).

Definition 1.5.1 (cf.[12], page 278). The ideal of a partially
ordered set X is a subset Y of X such that x <y € Y implies x € Y.
The principal ideal X () of X generated by z € X is {y € X|y < z};
it is the smallest ideal of X containing x.

Definition 1.5.2 (cf.[12], page 278). Let X be a partially ordered
set, a mapping f : X — X is a normal mapping if it has the following
three properties:

1. f is order preserving;
2. the range imf of f is a principal ideal of X;

3. for each z € X there exists y < x such that f maps X (y) isomor-
phically upon X (zf).

In particular, if f is normal, then there exists at least one element
b € X such that f is an isomorphism of X (b) onto X (a) = imf. We
denote by M(f) the set of all elements b € X with this property.
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Example 1.5.1. Consider the partially ordered set P below,

a b

>

d C

The map f: P — P defined by f:a —b,b —b,¢c—>c,d—disa
normal mapping with M (f) = {a,b}.

The set of all normal mappings from X to X, denoted by N(X) is
a semigroup under composition. The elements of N(X) will be written
as right operators and the elements of its dual N°?(X) will be writ-
ten as left operators. Idempotent normal mappings are called normal
retractions and a principal ideal X (a) is called normal retract if prin-
cipal ideal X (a) = ime where e is some normal retraction. X is called
reqular poset if every principal ideal of X is a normal retract.

Example 1.5.2 (cf.[12], page 278). If S is a regular semigroup, £
and R are Green’s relations; then A = S/L and I = S/R are regular

posets.

Definition 1.5.3 (cf.[12]). An equivalence relation p on a poset
P is said to be normal if there exists a normal mapping f € N(P) such
that kerf = ff~1 = p.

The poset (under the reverse of inclusion) of all normal equivalences
on P is denoted by P° such that when P is regular, then so is P°
([13]). With each p € P° we may associate the subset M (p) defined
by M(p) = M(f), where f is any normal mapping with kerf = p
and a € M(p) iff P(a) intersects every p-class in exactly one element.
Then P(a) N p(x) contains a single element which is minimal in its p-
class and the mapping €,(p, a) which sends each z in P to the unique
element in P(a) N p(x) is a normal retraction with kere,(p,a) = p and
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ime,(p,a) = P(a). €,(p,a) is called the projection along p upon P(a)
(cf.[13]).

Proposition 1.5.1 (cf.[27], Proposition 1). Let I and A be regular
posets and f : I — A be a normal mapping. For o € A define f°(0) =
ker(fex(o,u)) = of~! whereuw € M(c). Then f°: A° — I° is a normal
mapping such that imf° = I°(kerf) and M(f°) = {p € A°lb e M(p)}
where imf = A(b). If P,Q and R are regular partially ordered sets, and
if f: P— @ and g: @ — R are normal mappings then (fg)° = f°g°.

Definition 1.5.4 (cf.[6], page 7). An order preserving mapping
f P — Q of posets P and () is said to be residuated if there exists
an order preserving mapping f* : @ — P such that f- f* > idp and
fT - f <idg. The mapping f7 is called the residual of f.

Example 1.5.3 (cf.[6], Example 1.17). If E is any set and A C E
then for the power set P(E) of E, Ay : P(F) — P(E) defined by
M(X) = ANX is residuated with residual A} given by A} (Y) = YUA®".

Example 1.5.4 (cf.[6], Example 1.20). If S is a semigroup, define
a multiplication on the power set P(S) of S by

{zy |z e X,y e Y}if X|Y # ¢;

¢, otherwise.

XY =

Then multiplication by a fixed subset of S is a residuated mapping on

P(S).

The set ResP of all residuated maps of P is a semigroup and f —
f* is a dual isomorphism of ResP onto the semigroup Rest P of all
residuals of elements of ResP. An f € ResP is totally range closed if f
maps principal ideals onto principal ideals. Observe that a residuated
map that is also normal must be totally range closed. Further f €
ResP is strongly range closed if f and f* are totally range closed
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transformations of P and P° respectively where P is the dual of P.
The set B(P) of all strongly range closed transformations of P is a
subsemigroup of ResP and f — f* is an isomorphism of B(P) onto
B(P°). If f € ResP and if both f and f* are normal, then f is
binormal mapping and f € B(P).

In [27] it is described that if I and A are regular posets and I :
A — I°, A : I — A° are order preserving mappings, then (f,g) €
N(I) x N(A)°P is compatible with (', A) if the following conditions
hold:

(1) imf = I(x),img = A(y) = kerf =T'(y), kerg = A(x),

(2) the following diagrams commute:

I —25 A° AL
4 I O B
I = A= I’

The definition of cross-connection is given in the following theorem:

Theorem 1.5.1 (cf.[27], Theorem 2). Let I, A be regular partially
ordered sets and let I' : A — [°, A : I — A° be order preserving
mappings. Then [I,\;T,A] is a cross-connection if and only if the
following conditions are satisfied:

I.ze M(I'(y)) @ ye M(Ax)), z € I,y € A,
2. ifx € M(I'(y)), then the pair
(er(D(y), x), ea(A(z), y))
is compatible with (I", A).

Proposition 1.5.2 ([12], Proposition 2.3). Let [I,A;T',A] be
a cross-connection between two regular posets I and A. Then U =



18 Chapter 1. Preliminaries

U(I,A;T; A) consisting of all the pairs (f,g) € N(I) x N(A)° that are
compatible with (', A) is a fundamental regular semigroup.

In particular if the regular poset becomes a complemented modular
lattice L, the cross-connection of complemented modular lattices L
and its dual L is described below (cf.[27]).

Theorem 1.5.2 (cf.[6], Theorem 6.21, page 97). If L is a lattice
then a residuated mapping f : L — L is totally range closed if and
only if

fliff@) Ayl =2 A fy), (Vo,y € L);

and is dually totally range closed if and only if
frf@ vyl=av fiy), (Vo,ye€ L)

Proposition 1.5.3 (cf.[27], Proposition 3). Let L be a comple-
mented modular lattice, let a € L and let a® be a complement of a in
L. Then (a;a°) : L — L,z — (z V a) A a® is a binormal idempotent
mapping such that (a;a®)* : L% — L%,y — (y Aa®) V a is the residual
of (a;a®). Further

ker(a;a®) = Aa) = {(z,y)|[rVa=yVa}
ker(a;a®)" =T(a) = {(z,y)|z Na® =y Aa‘}
and M(T'(a)) = M(A(a)) = {a‘|a® is a complement of a in L}.
Let L be a lattice with 0 and 1. For each a € L the relation
P(@) = {(z. )z Aa =y Aa) (1.1)

is an equivalence relation on L, and the mapping I' : L — FEq(L),
a — T'(a) is an order preserving embedding of L into the poset Fq(L)
of all equivalence relations on L ordered under the reverse of inclusion.
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Note that I'(a) = kerf,, where f, : L — L,z — x A a is a normal
retraction of L. Hence I'(a) € L° for all a € L and

I':L— L% a—T(a) (1.2)

is an order preserving embedding of L into L°. Above proposition shows
that if L is a complemented modular lattice, I' is an order preserving
embedding of L into (L°)° also. Dually,

Afa) ={(z,y)lzVa=yVa} (1.3)
is a normal equivalence on L°? and
AL — (L?)° a— Ala) (1.4)

is an order preserving embedding of L into (L°)°. Again by the above
proposition we see that if L is a complemented modular lattice, then
A is also an order preserving embedding of L°P into L°.

Theorem 1.5.3 ([27], Theorem 6). Let L be a lattice with 0 and
1, and define I' and A as defined by equations 1.1,1.2,1.3 and 1.4.
Then the following are equivalent:

(i) L is a complemented modular lattice,

(ii) A is an order embedding of L°P into L°,
(iii) T is an order embedding of L into (L°)°,
(iv) [L°P, L; T, A] is a cross-connection.

If these conditions are satisfied, then the fundamental regular semi-
group U = U(L°?, L;T", A) is given by

U=A{(f"Nlf € BL)}.
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1.6 Categories

A small category is a category in which the class of objects and class
of morphisms are both sets and all categories considered here are small
categories. We commence our discussion of the theory of categories
with the axiomatic definition of a category and then concentrate on
certain types of categories such as preadditive, additive, abelian etc.
A detailed survey of the categories with subobjects, factorization etc.
and the properties of the ideal categories of a regular semigroup are
provided here (cf.[25]). In this thesis all morphisms are written in the
order of their composition i.e., from left to right.

Definition 1.6.1 (cf.[17], page 7). A category C consists of the
following data:

1. objects denoted by a, b, c, ... and arrows (morphisms) f, g, h, ...

2. for each arrow f there are given objects: dom(f), cod(f) called
the domain and codomain of f. We write: f : a — b to indicate

that a = dom(f) and b = cod( f)

3. given arrows f : a — b and g : b — ¢, that is, with cod(f) =
dom(g) then there exists an arrow: f-g : a — c called the

composite of f and g

4. for each object a there is given an arrow: I, : a — a called the
identity arrow of a.
These data are required to satisfy the following laws:

5. associativity: f-(g-h) = (f-g)-h,Vf:a—b,g:b—c,h:c—d
6. unit: f-lhy=f=1,-f,Vf:a—0b.

A category is anything that satisfies this definition. For a category C,
we denote by ©C the set of objects of C and for a,b € ©C the set of
morphisms from a to b is denoted by C(a,b) or hom(a,b) and is called
homset.
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Example 1.6.1 (cf.[17], page 12). e Set: Category of sets with
maps,

e Vctgk: Category of vector spaces over a field K with linear map-
pings,

e Grp: Category of groups with group homomorphisms,

e Ab: Category of abelian groups with group homomorphisms,

e Rng: Category of rings with ring homomorphisms,

e R —mod: Category of left R-modules with module homomor-
phisms.

A subcategory C' of a category C is a collection of some of the objects
and some of the arrows of C, which includes with each arrow f both
the object domf and the object codf, with each object s its identity
arrow I, and with each pair of composable arrows s — s’ — s” their
composite. If C'(a,b) = C(a,b), then C’ is called full subcategory of C.
For example, Ab is a full subcategory of Grp.

A functor is a homomorphism of categories and is defined as follows:

Definition 1.6.2 (cf.[17], page 13). For categories C and B a
functor F' : C — B with domain C and codomain B consists of two
suitably related functions: The object function F' which assigns to
each object ¢ of C an object F(c) of B and the arrow function which
assigns to each arrow f : ¢ — ¢ of C an arrow F(f) : F(c) — F(¢) of
B, in such a way that

F(I.) = Ipe), F(f -9) = F(f) - F(9),

the later whenever the composite f - g is defined in C. F' is called
covariant functor.
A simple example is the powerset functor &2 : Set — Set.
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A functor F : C — D is called faithful if for each ¢, € oC the
restriction of F to C(c, ) is injective. F is called full if for each ¢, €
oC, F' maps C(c, ) onto D(F(c), F(')). An isomorphism of categories
is a full and faithful functor F' in which vF' is a bijection.

Definition 1.6.3 (cf.[25], page 36). Let C,D be categories. The
product category C x D is the category with an object is a pair (¢, d)
of object ¢ of C and d of D; a morphism (¢,d) — (¢,d') of C x D is
a pair (f,g) of arrows f : ¢ — ¢ and g : d — d’. The composition
of morphisms are defined component wise. A bifunctor or a functor in
two variables is a functor F' : C x D — A(where A is another category).

A natural transformation is a morphism of functors and is defined

as follows:

Definition 1.6.4 (cf.[17], page 40). Given two functors F, G : C —
D, a natural transformation 7 : F' — G is a function which assigns to
each object ¢ of C an arrow 7. : F'(¢) — G(c) of D in such a way that
every arrow f :c¢— ¢ in C yields a diagram which is commutative.

F(c) —== G(c)
F(f)l G(f)l
F(d) — G()

Tel

Definition 1.6.5 (cf.[17], page 40). Let C and D be two categories,
then there is an associated category denoted by [C, D] in which every
functor from C to D is an object and every natural transformation
between two such functors is a morphism. Any subcategory of [C, D]
is called a functor category.

The category C* denote the functor category [C, Set] and C* is regarded
as a dual of C.

A morphism f in a category C is a monomorphism if for g, h € C,
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gf = hf implies ¢ = h; that is f is a monomorphism if it is right
cancellable. Dually a morphism f € C is an epimorphism if f is left
cancellable.

A morphism f € C(c, ) is called a split monomorphism if there
exists a morphism g € C(¢, ¢) such that fg = I.. That is f has a right
inverse. A morphism f € C(c, ) is called a split epimorphism if f has
a left inverse. Two monomorphisms f,g € C are equivalent if there
exists h,k € C with f = hg and g = kf. The fact that f and g are
monomorphisms imply that A is an isomorphism and k = h=L.

An object a is terminal in C if for each object b there is exactly one
arrow b — a. An object c¢ is initial object if to each object b there is
exactly one arrow ¢ — b.

Definition 1.6.6 ([17], page 20). A zero object or null object z in
C is an object which is both initial and terminal.

For any two objects a and b the unique arrows a — z and z — b
have a composite O° : a — b called the zero morphism from a — b.
The zero object is unique up to isomorphism and the notion of zero

arrow is independent of the choice of the zero object.

Example 1.6.2 ([17]). Zero module is the zero object in the
category R — mod. Trivial group is the zero object in the category
Grp.

Definition 1.6.7 (cf.[17], page 70). An equalizer of f,g:b— ain
C is an arrow e : d — b such that e- f = e-g with that toany h: ¢ — b
with A - f = h - g there is a unique A’ : ¢ — d with b’ - e = h.

Dually coequalizer of f,g : a — b is an arrow u : b — d such that
fru=g-u;andif h:b— chas f-h=g-h, then h = u-h' for a
unique arrow h' : d — c.

Let C has a zero object. A kernel of an arrow f : a — b is defined
to be an equalizer of the arrows f,O : a == b. A kernel is necessarily
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a monomorphism. Dually cokernel of f : a — b is coequalizer of the
arrows f,O :a = b. A cokernel is necessarily an epimorphism.

Definition 1.6.8 (cf.[17], page 68). The product of two objects a
and b of category C is written ax b or allb with two arrows p; : allb — a,
po : allb — b called the projections of the product allb such that for
any ¢ € C with given arrows f : ¢ — a and ¢ : ¢ — b, there is a unique
h:c— allb with h-py = f and h-py = g.

Dually coproduct is written as a + b or a II b with two arrows
g1 :a — allb, g : b — all b called the injections of the coprod-
uct a II b such that for any d € C with given arrows f : a — d and
g :b—d, there is a unique h : allb — d with ¢, -h = f and ¢o - h = g.

Biproduct of a finite collection of objects, in a category with zero
objects, is both a product and a coproduct. For example, in the cate-
gory of R—modules R — mod, the direct product of two R—modules
is a biproduct.

Definition 1.6.9 (cf.[17], page 192). A preadditive category (or
Ab-category) A is a category in which each homset A(b, ¢) is an additive
abelian group and composition of arrows is bilinear relative to this
addition and A has zero object.

A preadditive category with biproduct for each pair of its objects,
is called additive category.

Definition 1.6.10 (cf.[17], page 198). An abelian category A is a
preadditive category satisfying:

1. A has biproducts,
2. every arrow in A has a kernel and a cokernel,

3. every monomorphism is a kernel, and every epimorphism is a

cokernel.

Example 1.6.3 ([17], page 199). R — Mod and Mod — R, the
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categories of left and right R-modules with R-module homomorphisms
are abelian categories with the usual kernels and cokernels.

Category with Subobjects

In the following we recall subobject relation in categories and provides
some results regarding categories with subobjects from [25].

A preorder P is a category such that, for any p, p’ € vP; the homset
P(p,p’) contains at most one morphism. In this case, the relation C on
the class vP defined by p C p’ < P(p,p') # ¢ is a quasi-order on vP . In
a preorder, p and p’ are isomorphic if and only if P(p,p’) # ¢ # P(p', p).
Therefore p C p/ is a partial order if and only if P does not contain any
nontrivial isomorphisms. Equivalently, the only isomorphisms of P are

identity morphisms and in this case P is said to be a strict preorder.

Definition 1.6.11 (cf.[25], Definition 1, page 18). Let C be a
category and P be a subcategory of C. Then (C, P) is called a category
with subobjects if the following hold:

(1) P is a strict preorder with vP = oC
(2) every f € P is a monomorphism in C
(3) if f,g € P and if f = hg for some h € C, then h € P.

In a category with subobjects if f : @ — b is a morphism in preorder
P then f is said to be an inclusion, we denote this inclusion by j(a, b).

If there is a morphism e : b — a such that j(a,b) - e = I,, then e is
called a retraction from b — a and is denoted by e(b, a).

In case a retraction from b to a exists then the inclusion j(a,b) :
a — b is a split inclusion.

Any monomorphism equivalent to an inclusion is called an embed-
ding. Clearly every inclusion is an embedding.

Let C be a category with subobjects. A morphism f € C has fac-
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torization if
f=p-m

where p is an epimorphism and m is an embedding (see cf.[25], page
21). A category C is said to have the factorization property if every
morphism of C has a factorization.

Thus, if C has the factorization property, then any morphism f
in C has at least one factorization of the form f = gj, where ¢ is an
epimorphism and j is an inclusion. Factorizations of this type are called
canonical factorizations.

A normal factorization of a morphism f in C is a factorization of

the form
[ =euj

where e is a retraction, u is an isomorphism and j is an inclusion.

A morphism f in a category with subobjects is said to have an
image if it has a canonical factorization f = xj, where x is an epimor-
phism and j is an inclusion with the property that whenever f = yj’ is
any other canonical factorization, then there exists an inclusion j” such
that y = xj7”. A category is said to have images if every morphism in
C has an image. In this case, the codomain of x is said to be the image
of f.

When the morphism f has an image we denote the unique canoni-
cal factorization of f by f = f?js, where f° is the unique epimorphic
component and js is the inclusion of f.

Definition 1.6.12 ([25]). Let C be a category with subobjects,
images, every morphism in C has normal factorizations in which the
inclusion splits. For d € oC, a cone with vertex d is a collection of
maps v : 1C — d from the base vC to d satisfying the following:

1. v(c) € C(c,d) for all ¢ € C,

2. if ¢ C ¢ then j(¢, ¢)v(c) = v(¢).
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d
y(a) 7(c)
7(b) 7(c?)

a e c
i s c’ /

E |

Definition 1.6.13 ([25] and [31]). Let C be a category with sub-
objects, in which inclusion splits and every morphism has normal [bal-
anced] factorization. Then a normal [balanced] cone in C is a cone with
at least one component isomorphism [balanced morphism]. For a cone
v € C, the M-set [B-set] of v is defined by

M, = {c € «C : ¥(c) is an isomorphism} and
B, = {c € «C : y(c) is a balanced morphism} respectively.
The vertex d of the cone v is usually denoted as c,.

In [25] it is described that the set of all normal cones in the category
C is a regular semigroup denoted by 7C with respect to the operation;

for v, € TC
v B =y B(ey)’. (1.5)

That is for every a € C,
(v B)(a) =~(a) - B(c,)".

Let E(TC) be the set of all idempotent normal cones in C and BC be
the concordant semigroup of all balanced cones in category C (cf.[31]).
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Definition 1.6.14 ([25]). A normal category is a pair (C, P) sat-
isfying the following;:

1. (C, P) is a category with subobjects
2. every inclusion in C splits
3. Any morphism in C has a normal factorization

4. for each a € oC there is a normal cone vy with vertex a and y(a) =

1,.

Proposition 1.6.1 ([22], Proposition 1.2.6). Let C and D be
two isomorphic normal categories, then 7C is isomorphic to 7D as
semigroups.

Ideal categories of regular semigroup
Let S be a regular semigroup. The category of principal left ideals
L(S) is defined as vlL(S) = {Se : e € E(S)}

L(S)(Se,Sf)={p:Se— Sf:(st)p=s(tp) for all s,t € Se}

Dually, the category of right ideals R(.S) is defined as follows:

uR(S) ={eS:e€ E(Y5)}

R(S)(eS, fS) ={A:eS — fS: A(st) = (As)t for all s,t € eS}.

By Lemma 12 of [25], L(S) is the category whose vertex set is the
set of all principal left ideals and whose morphism set is the set of
right translations as defined above. Let p(e,u, f) = pu|se where e, f €
E(S);u € eSf. Then we have the following:

1. For every e, f € E(S) and u € eSf, p(e,u, f) € L(S)(Se, Sf).
Moreover the map p(e,u, f) — w is a bijection of L(S)(Se, Sf)
onto eSf.
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2. ple,u, f) = p(e,v, f') if and only if eLe’, fLF ,u € eSf,v € €S f’

and v = e'u.

3. If p(e,u, f) and p(g,v, h) are composable morphisms in L(S) (so
that fLg,u € eSf and v € gSh), then

ple,u, f)p(g, v, h) = ple, uv, h).

In particular IL(S) is a category with subobjects, in which every inclu-

sion splits and every morphism has a normal factorization.

Lemma 1.6.1 (cf.[25], Lemma 15, page 50). Let S be a regular
semigroup, a € S and f € E(L,). Then the map

p*(Se) = ple, ea, f)
is a normal cone in IL(S) with vertex Sa and such that
Mp* ={Se:e€ E(R,)}.

Moreover, p* is an idempotent normal cone in 7TL(S) if and only if
a € E(S). E(L,)[F(R,)] is the set of all idempotents in the L]R]-class
of a.

Thus it is seen that given a regular semigroup S, the category LL(.S)
described above is a normal category. Further we have the following
proposition.

Proposition 1.6.2 (cf.[25], Proposition 13, page 48). Let S be a
regular semigroup and the category of principal left ideals of S, LL(S5)

is a normal category. Let p = p(e,u, f) : Se — Sf be a morphism in
L(S). We have the following:

1. The morphism p(e, u, f) is a monomorphism iff p(e, u, f) is injec-
tive and this is true iff eRu.
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2. p(e,u, f) is an epimorphism if it is surjective and this is true iff

ulf.

3. If Se C Sf, then j(Se,Sf) = p(e,e, f) and p(f, fe,e) : Sf — Se

1s a retraction.

Theorem 1.6.1 (cf.[25], Theorem 19, page 53). Let C be a normal
category. Define F on objects and morphisms of C as follows. For
c €, let

vF(c) = (TC)e

where € € E(TC), with ¢. = ¢; and for a morphism f € C(c,d), let
F:f—pleex fo¢): (TCe — (TC)€

where €,¢' € E(TC), with ¢ = ¢,co = d and (e x f°)(a) = €(a) - f° for
a € 1C. Then F : C — L(TC) is an isomorphism of normal categories.

From this theorem it is clear that for a normal category C the set of
all normal cones TC is a regular semigroup and its left ideal category
L(7C) is a normal category. Similarly the right ideal category R(7C)

is also a normal category.

Theorem 1.6.2 (cf.[25], Theorem 16, page 51). Let S be a regular
semigroup and S, be the set of all right translations on S. Then L(S)
is a normal category. Moreover there exists a homomorphism p : S —
TL(S) and an injective homomorphism ¢ : S, — TL(S) such that the
following diagram commutes:

s Lt 3,

L
(

p

Similar results holds for the category R(.S) whose vertex set is the
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set of all principal right ideals and morphisms set is the set of all left

translations.

Normal dual

Let C be a normal category and TC be the regular semigroup of normal
cones. The poset of right ideals of 7C can be represented as a poset of
certain set valued functors, called H-functors. For each v € TC, define
H-functor, H(-y; —) on objects and morphisms of C as follows:

H(vy;e) ={y*f°: f €Cley, 0)}

H(v;g) v * fo—=v*(fg).

Let v, € TC. If H(vy;—) = H(y/;—) then M, = M, (cf.[25]). In
view of this result, we may write M H(vy; —) for M.,

Theorem 1.6.3 ([25], Theorem 11, page 44). Let C be a normal
category and 7,7y € TC. Then

VLY & ey = ey
TRY & H(vy,—) = H(v,-).
YDy &y ey

Definition 1.6.15 (cf.[25], Definition 4, page 55). If C is a nor-
mal category, then the normal dual of C, denoted by N*C is the full
subcategory of C* with objects H-functors H (e, —) : C — Set, where ¢

is an idempotent normal cone, that is
oN*C ={H(e;—):e € E(TC)}

and the morphisms are appropriate natural transformations between
such functors.
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The following lemma describes morphisms of N*C in terms of those
of C.

Lemma 1.6.2 ([25], Lemma 21, page 56). To every morphism
o:H(e;—) — H(e;—) in N*C, there is a unique 7 : ¢z — ¢, in C such
that the following diagram commutes.

H(e;—) —— Clee,—)

al lC(a,—)

H(¢;—) —— C(ce,—)

Tt

In this case, the component of the natural transformation o at ¢ € oC
is the map given by o(c) : € x f° +— € % (of)°. In particular, o is the
inclusion H(e; —) € H(€';—) if and only if € = ¢ x g. Moreover, the
map o — 0 is a bijection of N*C(H (¢;—), H(€'; —)) onto C(ce, ce).

Lemma 1.6.3 (25|, Lemma 22, page 57). Let ¢, € E(TC).
Then the map A(e,7, €') — 7 where v € ¢ (TC)e and

7 =(ca)jley o) (1.6)
is a bijection of R(7TC)(e(TC),€ (TC)) onto C(ce, c.).

Lemma 1.6.4 ([25], Lemma 24, page 58). Let v € ¢ (7C)e and
v € ¢"(TC)e. Assume that 7,7/ and + - v are morphisms defined by
Equation 1.6. Then /-y = A .

Theorem 1.6.4 (25|, Theorem 25, page 58). Let C be a normal
category. Define G on objects and morphisms of C as follows:

WG (e(TC)) = H(e; —)

and for X = A, v,€¢') 1 €(TC) — €(TC), let G(\) be the natural
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transformation making the following diagram commutative.

H(e;—) — Clce,—)

G(A)l lc(%—)

H(;—) —— Clco,—)
Ner

Then G : R(TC) — N*C is an isomorphism of normal categories.

In the light of the above discussion we can conclude that for a

normal category C, its dual N*C is also a normal category.

1.7 Cross-connection of normal categories

In this section we describe the cross-connection of normal categories
given by K.S.S. Nambooripad in [25].

Let C be a category with subobjects. Then an ideal denoted by (c)
is the full subcategory of C whose objects are subobjects of ¢ in C. It
is the principal ideal generated by c.

Definition 1.7.1 (cf.[25], Definition 1, page 62). A local isomor-
phism between two normal categories C and D is a functor F : C — D
which is inclusion preserving, fully faithful and for each ¢ € «C, F|y is
an isomorphism of the ideal (¢) onto (F(c)).

If C and D are normal categories a local isomorphism I' : D — N*C
is called a connection of D with C.

Definition 1.7.2 (cf.[25], Definition 5, page 86). A cross-connection
between two normal categories C and D is a triplet (D,C;I") where
[': D — N*C is a local isomorphism such that for every ¢ € «C, there
is some d € vD such that ¢ € MI'(d) where MT'(d) is the M-set of

normal cone with vertex d.
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Proposition 1.7.1 ([25], Proposition 12, page 77). Let I': D —
N*C be a connection between normal categories C and D and let Cr be
the subcategory of C such that

oCr = {c € C:ce MI'(d) for some d € vD}

Then Cr is an ideal in C.

Theorem 1.7.1 ([25], Theorem 15, page 81). LetT': D — N*C
be a connection between normal categories C. Then there exists a
connection I'* : Cr — N*D such that, for ¢ € Cr and d € vD,c €
MT(d) if and only if d € MT*(c).

Definition 1.7.3. Let I' : D — N*C be a connection between
normal categories C. The functor I'* : Cr — N*D defined as in the
above theorem is called the dual of the connection I' : D — N*C.

Thus given a cross-connection I' : D — N*C, there is a dual cross-
connection I'* : C — N*D denoted by (C, D; ™).

Remark 1.7.1 ([25]). Given a cross-connection I' : D — N*C,
since N*C C C* (C* is the category of all functors from C to Set), by
category isomorphisms we get a unique bifunctor I'(—,—) : C x D —
Set defined by

I'(¢,d) =T(d)(¢) and

L(f,9) = @ (NI (9)(c) = (F(g) () T(d)(f))

for all (¢,d) € oC x vD and (f,g) : (¢,d) — (¢/,d'). Similarly corre-
sponding to I'* : C — N*D, we have I'*(—, —) : C x D — Set defined
by

[(¢,d) =T"(¢)(d) and

I(f,9) = () (@) T (S )d)) = ()T (c)(g))
for all (¢,d) € C x vD and (f,g) : (¢,d) — (¢, d').
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Theorem 1.7.2 ([25], Theorem 4, page 67). Given cross-connection
(D,C;T'), there is a natural isomorphism xr between the bifunctors
I'(—,—) and I'*(—, —)such that xr : I'(c,d) — I'*(¢,d) is a bijection.
xr is known as the duality associated with I'.

Let C and D be RR—normal categories and I' : D — N*C is a
cross-connection. I'* : C — N*D be its dual cross-connection. Define

Er ={(¢,d) : c € «Cr,d € vD and ¢ € MT'(d)}.
For each (¢, d) € Er,~(c,d) denotes the unique cone in C such that
Cy(e,ay = ¢ and I'(d) = H(y(c,d); —).

Similarly for each (c,d) € Er, there is a unique cone v*(¢, d) in D such
that
Cyr(e,d) = d and I (c) = H(y" (¢, d); —).

Let (¢,d) € vCr x vD and choose ¢ € Cr and d' € vD such that
(¢,d"),(c,d) € Er. Then every cone in I'(c,d) can be represented as
v(d, d)xf°with f € C(c, ¢) and every element of I'*(c, d) can be written
as v*(c,d') % g° with g € D(d’, d). Hence for every (c¢,d) € vCr x vD and
(¢, d) = f° € T'(¢,d), we have natural isomorphism

XT'(c,d) (’}/(C,, d) * fo) - 7*(07 d/) * go

where (c,d), (¢, d') € Er and f € C(c,c),g € D(d',d) are such that
the following diagram commutes.

Ny (c,d’)
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Definition 1.7.4 (cf.[25], Section 5.1, page 97). Let I" be a cross-
connection of D with C. Define

UT = J{T(c,d) : (c,d) € «C x vD} (1.7)
UT* = | J{T*(c.d) : (c,d) € o€ x vD} (1.8)

Proposition 1.7.2 (cf.[25], Proposition 31, page 99). For any
cross-connection I' : D — N*C, UT is a regular subsemigroup of 7C
such that C is isomorphic to L(UT'). UT™* is a regular subsemigroup of
TD such that D is isomorphic to L(UT™).

Definition 1.7.5 (cf.[25], page 100). For a cross-connection I :
D — N*C, we shall say that v € UT is linked to § € UI'* if there is a
(c,d) € oC x vD such that v € I'(¢,d) and 6 = xr(c, d)(7).

Theorem 1.7.3 ([25], Theorem 32, page 101). LetI': D — N*C

be a cross-connection. Then
ST = {(7,6) € UL x UT* : (v,6) is linked }
is a regular semigroup with the binary operation defined by
(7.0) 0 (+/,8) = (y-7,0"-9)

for all (7,6),(v,8') € ST. Then ST is a sub direct product of UT and
U(I'™*)° and is called the cross-connection semigroup determined by T.

Now consider a regular semigroup S. From the above section it is
clear that for a regular semigroup S the categories L(S) and R(S) of
principal left and right ideals of S are normal categories. The set of all
normal cones 7L(S) and TR(S) are regular semigroups.

Proposition 1.7.3 (cf.[25], Proposition 1, page 63). For any
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regular semigroup S, 'S, : R(S) — R(TL(S)) defined by
FS,(eS) = p*(TL(S)) and

FSy(Me,u, £)) =Mo", p", ")
is a local isomorphism. Dually, F'Sy : L(S) — L(TR(S)) defined as
FSy\(Se) = (TR(5))A® and

FS)\(,O(G,U, f)) = p(>‘ev AY, )‘f)

is also a local isomorphism.

Theorem 1.7.4 (cf.[25], Theorem 2, page 65). Let S be a regular
semigroup. For fS € vR(S) and A = A(e,u, f) in R(S), let I'S be
defined on objects and morphisms of R(S) by :

UFS(fS) = H(pf; _)7 FS()‘) = npeL(S)(P(fa u, 6)7 —)U;fl-

Then T'S is a local isomorphism from R(S) to N*LL(S). Dually, T'*S,
defined on objects and morphisms of L(S) by

UF*S(SG) = H<)‘e; _)a F*S(p) = nAfR(S>(/\(€7 u, f)a _)77);1‘

for all Se € vLL(S) and p = p(f,u,e) € L(S), defines a local isomor-
phism.

Since I'S : R(S) — N*L(S) C L(S)*, by the category isomor-
phisms, there is a unique bifunctor I'S(—, —) : L(S) x R(S) — Set.
['S(—, —) is defined on objects and morphisms as follows:

T'S(Se, fS) = T'S(£S)(Se);

LS(p, A) = LS(f9)(p)TS(A)(Se') = TS(A)(Se)L'S(f°5)(p)
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for all (Se, fS) € vL(S) x R(S) and (p, A) : (Se, fS) — (S€, f'S).

Theorem 1.7.5 (cf.[25], Theorem 4, page 67). Let S be a regular
semigroup. Then there is a natural isomorphism xs from I'S(—, —) to
I'*S(—, —) whose components are defined by

xs(Se, fS) : p! % p(f,u, €)= X x Ae,u, f)°

for each (Se, f5) € v(L(S) x R(S)).

Theorem 1.7.6 (cf.[25], Theorem 17, page 87). Let S be a regular
semigroup. ThenI'S is a cross-connection of R(S) with IL(S). The dual
cross-connection is I'*S = (I'S)*.

Note that any regular semigroup induces a cross-connection and

any cross-connection of normal categories induces a regular semigroup
ST as in Theorem 1.7.3.



Chapter 2

Cross-connection of Boolean

lattice

In this chapter, we discuss the cross-connection of Boolean lattice (com-
plemented distributive lattice) and it is shown that the cross-connection
determines a Boolean ring, which is a regular ring. Further it is also
shown that the principal ideals of the Boolean ring obtained from cross-
connection form a Boolean lattice which is isomorphic to the initial

Boolean lattice.

2.1 Cross-connection ring

We have already provided the definition of Boolean lattice and cross-
connection of complemented modular lattice in Sections 1.1 and 1.5 re-
spectively. In the following we proceed to describe the cross-connection
of Boolean lattice.

Lemma 2.1.1. Let L be a Boolean lattice and L° be the dual
of L obtained by reversing the order. For a in L, let a® be the unique

complement of a in L, define

fo:L—-Lasx—xAa, forallz € L

39
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and
fiF L — L%y — y Vv a° for all y € L.

Then f, and f;} are normal idempotent mappings such that f; is the
residual of f,.

Proof. 1t is easy to observe that f, is order preserving as
r<y=zhNa<yhNa=zf, <yf.

Clearly im f, = L(a) is a principal ideal generated by a. For every
x € L, there exists z = © A a < z such that L(z) = L(zf,). Now
fo:z—=>2zNa=zNaie. f,:L(z)— L(zf,) such that f, acts as an
identity morphism. Hence L(z) & L(z f,). Thus f, and similarly f;" are
normal mappings . Obviously xf, =z A a, forallx € L is a residuated

mapping with residual f;(y) =y V a® (see Definition 1.5.4). O

fa and f defined above are totally range closed mappings and
hence f, is a strongly range closed mapping, f, € B(L) and f €
B(L°P).

Let L° and (L°P)° are the Boolean lattices of all normal equivalences
on Boolean lattice L and L°P respectively. Now define order preserving
embeddings I' : L — (L)% and A : L7 — L° as

= D(a) = kerfu = {(z.4)/2fu = yfu} = {(z.9)/z Aa =y Aa} (21)
and Aa) = kerfE = {(z,9)/ fi£(z) = fE@)} = {(@)/2Va = yva}

(2.2)
Obviously I'(a) = A(a®), for all a in L.

Theorem 2.1.1. Let L be a Boolean lattice. I" and A are defined
as in equations 2.1 and 2.2. Then [L, L°’;T", A] is a cross connection.
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Proof. From the definition of I' and A we get
imf, = L(a) = kerf,;; = A(a®) =T'(a)

imf = L%(a) = kerf, = I'(a) = A(a®) for all a € L.

The following two diagrams commute:

L r . (Lop)o Lop A y Lo
fT T(f*)" f*T Tf"
L . . (Lop)o Lop X y Lo

we can prove that ['(zf) = (f7)7'T'(z).

Let(u,v) e D(xf) = uhaf=vAxf
= [Tunzf)=fT(vAzf)
[since f* preserves meet operation |
= ffuAx = fTv Az [ by Theorem 1.5.2]
= (ffu, ftv) € T(x)
= (w0) € () T (@)).

D(zf) C (/) 'T(a).
Similarly we can prove that
(J*)"'T(x) C T(x).
Thus we get
L(af) = (f*)°T(2) = (/*)"'T(x) and similarly

A(ffy) = (Ay)f* = (Ay)f .
Thus (f, f*) is compatible with (T'; A). For a € M(T'(a)) there exists
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fa such that kerf, = I'(a) and a € M(f,) that is imf, = L(a), princi-
pal ideal generated by a. Dually, a® € M(A(a®)) means there exists f.F
such that kerfr = A(a®) and a® € M(f;F). That is imf; = L°P(a%),
principal ideal generated by a®. Thus a € M(I'(a)) < a¢ € M(A(a®)),
for every a € L and being binormal idempotent maps (f, f*) is com-
patible with (I, A). Hence [L, L°?; T, A] is a cross connection. ]

For a Boolean lattice L we obtained a cross-connection [L, L°; T", Al.
Then

U =U([L, L7 T, A]) = {(fa, fl fa € B(L)},

is the set of all pairs of idempotent normal maps (f,, f;7) with
fo:L— L, f: L% — L,

that are compatible with (I', A), is a subset of B(L) x B(L?).
Define multiplication and addition in U as

(fmf;r) : (fb7 fb+> = (fa/\b,fc;;\b)

and (fo, ) + (fo, £3) = (fawbs fams)

where @ is the symmetric difference defined by a®b = (aAb°)V (bAa®).

The following lemmas give the results leading to the ring structure
on U. In our discussion let a,b,c, ... denote the elements of Boolean
lattice L and a®, b, c¢, ... their unique complements. Note that Boolean
lattice L is also a Boolean ring and vice versa.

Lemma 2.1.2. Let L be a Boolean lattice. For a,b € L, U =
{(fa, [;))|fa € B(L)} is a regular semigroup with respect to multipli-
cation defined by

(faaf:_) : (fb:flj_) = (fa/\b7f;;\b)'

Proof. For a,b € L, a Ab € L and hence (fa, f.F) - (fo, ;) =
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(farvs fihy) € U. So U is closed with respect to multiplication. Now

((faaf;_) : (fb7 flj)) : (fw fc—i_) - (f(a/\b)/\m -f(—Z/\b)/\c)
= (fa/\(b/\c)a.f:/\(b/\c)))
= (faaf:) : ((fb)flj_) : (fw fj))

U satisfies associativity and hence U is a semigroup with respect to
multiplication.
Now for all (f,, f.F) € U,

(faaf:_) ) (f(mf:) ’ (faaf;_) = (fa/\m a—,’;\a) ’ (faafzj_)
= (f(a/\a)/\aa f(—g/\a)/\a)
= (fu £J)-

Hence each element (f,, f.7) of U is regular and hence U is a regular
semigroup. ]

Also note that every element of U is an idempotent as

(favfcj) ) (fmf;r) = (fmf(;r)'

Theorem 2.1.2. Let L be a Boolean lattice. U = {(fa, f.;7))|fa €
B(L)} obtained by cross-connection of L, is a regular ring with respect
to the addition

(faaf;_) + (fbaf;_) = (fa@hf:@b)
where a & b= (a A b°) V (b A a®) and multiplication
(fa’f;_) : (fbuflj_) = (fa/\baf;;\b)-

Proof. By the above Lemma U is a regular semigroup. Now we
prove that U is an additive abelian group. Since a @ b is an element of



44 Chapter 2. Cross-connection of Boolean lattice

Boolean lattice L and ( fagp, fom,) i in U, we have

((faa f(j_) + (fb7 fb+>) + (fmf(j_) = (faEBba (j_@b) + (fw fc—i_)
= (f(a@b)@ca f(—g@b)@c)
= (fa@(b@c)a f;@(b@c))

[ since L is a Boolean ring.]

= (fa &) + (fooe, fifse)
= (fmf;—) + ((fb)fb—’—) + (fcaf:—))

(fo, fo7) € U is the additive identity since L and L°? are Boolean rings,
with additive identity 0 and

(faaf;_) + (fl)?f(;_) = (f%BO)ijBO)
= (faaf:)

Also every element in U is its own inverse,

(fa»f;—) + (faaf:) = (faGBllaf;_@a)
= (fo: fo)

Since L and L°P are Boolean rings, addition is commutative in U as:

(fmfcj_) + (fb7fb+) - (fILEBb?f(jEBb)
- (fb@aasz;a)
= (fo. i) + (fa £)

Hence U = {(f., ;)| f. € B(L)} is an additive abelian group.

Now we prove that multiplication is distributive over addition in U.
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For (fo, &), (fo i), (fe, 1) € U

(fas £a5) - [(for £7) + (fer £ = (far f5) - (fower Frine)

fa/\ (b®c)> fa/\ b@c))

fa/\ba a/\b) (fa/\m a/\c)

(

= (

= (Flaniones Fionpsane)

= (

= [(far £ - o BN+ [ 1) - (Fe ).

Similarly we get

[(faaf(j_)—’— (fb7flj_)] ’ (fcafc-i—) = [(f(wf:) : (fcafj)] + [(fbyflj) ’ (fcafj)]

Thus multiplication is distributive over addition in U and hence U is a

regular ring. O

Remark 2.1.1. The regular ring U = {(fa, f.7)|fa € B(L)} ob-
tained by cross-connection of L, is a Boolean ring since U is having the
identity element (fy, f;") and each element of U is an idempotent.

U is a Boolean lattice with respect to

(far ) N (for 1) = (fas f5) - (fo, fy) and (2.3)
(fars OV (for £57) = (far 1) + (fos £57) + (far £ - (o £7) - (2.4)

Lemma 2.1.3. Let L be a Boolean lattice. U = {(fa, f)|fa €
B(L)} is the Boolean ring (Boolean lattice) obtained by cross-connection
of L. Then for each (fu, f.F) € U, (fa, 1) = (fae, f).

Proof.
(fas F) N (faes fo2) = (fo, fo7) and
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(far fa )V (faes fae) = (far ) + (faes fao) + (fas £ - (fae, fov)
= (fowae: fagae) + (fo, f)
= (fu. ) + (fo, £
(fl@()vfl@o)

= (

fl’fl )

hence we get

(favfcj_) (faC fac)

Thus we constructed the cross-connection of a Boolean lattice L
and obtained a cross-connection Boolean ring U which is a Boolean

lattice also.

2.2 Representation of Boolean lattice

Here we prove that the Boolean lattice L is isomorphic to cross-connection
Boolean ring U and further the principal ideals of U form a Boolean

lattice which is isomorphic to the initial Boolean lattice L.

Definition 2.2.1. A homomorphism from a Boolean lattice L to
the ring of pairs of mappings on L is called a representation of Boolean
lattice.

Theorem 2.2.1. Let L be a Boolean lattice and U is the cross-
connection Boolean ring obtained. Then i : L. — U defined by a —
(fa, D), for all a € L is a representation. Further is an isomorphism.

Proof. The Boolean ring U is a Boolean lattice with respect to the
equations 2.3 and 2.4. Also the Boolean lattice L is a Boolean ring with
respect to multiplication ‘meet” and addition ‘symmetric difference’.
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Clearly ¢ : a — (fa, f;F) is well defined for each a € L.

Y(aAb) = (farv, f(a/\b )

= (far L) N (For fi)
=(a )Aw()

P(aVb) =
P(a) V(b) =

(fave, fo)

(far )V (o, 1)

= (fa, fa) + (fo, £57) + (fa. £ - (o, 1)
= (faob: fawp) + (fanvs fans)

= (fagb@(and); f;_@b@(a/\b))

= (

f‘l\/b’ avb)
Hence ¥(a VvV b) = ¢(a) V (b).
Also ip(a) = ((fae, for) = (fo, f)* = W(a)”.

Thus v is a Boolean homomorphism. Also ¢ is onto as for each
(fa, [.F) € U, there exists a € L such that ¥(a) = (f,, f,7) and ¢
is one-one, as for a # b, (fa, f.F) # (fs, f37) and ¥ (a) # ¥(b). Hence ¢

is an isomorphism from L to U and hence L = U. O]

Consider the Boolean ring U obtained as the cross-connection ring
of a Boolean lattice. For any (f,, f,7) € U, the principal ideal generated
by (fa, fi7) is a complete ideal and these complete ideals form a com-
plete Boolean lattice L* (see Theorem 1.1.1). Let I, = ((fa, f.7)), the
principal ideal generated by (f,, f;7) € U and since (fo, f;7)° = (fae, fiF)
it is obvious that the unique complement of I, is I,e.

Similar to the above theorem we can prove that U = L*. Thus we
get

L=U=L"
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Example 2.2.1. Consider the powerset ({a,b,c}, C) which is a
Boolean lattice L with elements ¢, A = {a}, B = {b},C = {c}, A° =
{b,c}, B = {a,c},C° = {a,b} and X = {a,b,c}. For every A € L,
define f4 : L - Lasxz — xNA, forall x € L and f} : L? — L°
as x — x U A°, for all x € L°P, where L° is the dual lattice of L.
The image of fa, imfa = L(A), principal ideal generated by A and
imfi = L°(A°), principal ideal generated by A°. Tt is easy to see
that fa and f} are idempotent normal mappings. f4 is a residuated
mapping with residual f1. Clearly f4 and f are totally range closed
mappings and {f4[VA € L} C B(L) and {fi|VA € L°?} C B(L).
The Boolean lattice L is given in figure,

/N

<A
N/

['(A) and A(A) denotes the kernels of f4 and f. which are the nor-
mal equivalence relations. Let L° and (L°)° denotes the corresponding

X

C

Boolean lattices of these normal equivalences.
For every A € L, T'(A) = A(A°) and hence

imfa = L(A) = kerfi = A(A°) =T(A)

and
imfi = LP(A°) = kerfa =T(A) = A(A°)
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and so (fa, f1) is compatible with (I, A) and satisfies the conditions
of cross connection. Hence [L, L°; T, A] is a cross connection.

U= {(fa, f1) € B(L) x B(L°)} is the ring with respect to the oper-
ations

(fA’fX) : (fBafg) = (fA/\B)fX/\B) and
(fas f2) + (f5, f5) = (faen, fAsp)-

Since every element of U is an idempotent U is a Boolean ring which

is given below,

{<f¢7f£_)>(fAva)a(vafg)>(vafa—)a(fACanw(chafgC)v(fCCafg'_C)7(fX’f;>}'

The lattice diagram of U is the following,
f X5 f X

/N

(foe, f&e) (fpes fe) (fae, fie)

XX

anfA fB7fB vafC

N

f¢>7f¢

The complete ideals of U of the form Iy = ((fa, 1)), for every
A € L are described below.

Iy = ((fs. £3)) = {(fs. £3)}

Iy = ((fA7fX)) = {(f¢vf;_)7 (anfX)}
Ip = ((f5, f5)) = {(fo, £5): (f5, f5)}
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Ie = ((fo, £8)) = {(fs. £3), (fe, [0}
Lye = ((fae: fae) = {(fo, £3): (faes fae) (fB: f5), (for JE)}
Ipe = ((fe, f5)) = {(fo. £3), (fes i) (fas f2), (fer JE)}
Ice = ((foe, f&e)) = {(for ), (fee, fEe), (fa, £ (B, £5)}
and Ix = ((fx, f¥)) =U.

Clearly for every A € L,

Ian Lae = {(fo, f3)} = 1s

and
TaUlye =U = Iy.

These complete ideals form a Boolean lattice L* and obviously it is
isomorphic to U which is isomorphic to L. i.e., L* = U = L.
The figure of the Boolean lattice L* is given below.

JCF/JBC\JAF
Iy X I X Ic
N

Iy



Chapter 3

Categories from semigroups,

rings and modules

Here we introduce and study the notion of ‘proper category’ and see
how this concept is related to the structure of semigroups, rings and
modules. The principal left [right] ideals of a semigroup and that of
a ring together with suitable translations as morphisms form proper
category and preadditive proper category respectively and the sub-
modules of an R-module with R-module homomorphisms form abelian
proper category. Corresponding to each of these categories the set of
all proper cones is a semigroup, ring and R-module respectively. If
we restrict R-module to be semisimple R-module the abelian proper
category becomes abelian normal category and the set of all normal
cones is a semisimple R-module. Proper cones and proper categories
are generalization of normal cones and normal categories introduced
by K.S.S. Nambooripad [see Definitions 1.6.13 and 1.6.14]. This chap-
ter is motivated by Nambooripad’s work on set-based categories. The
definition and example of set-based category (S-category) are provided
below.

Let Set denotes the set category (see Example 1.6.1). A category
C is concrete if there is a faithful functor U : C — Set (see Definition

51
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1.6.2). Clearly all small categories are concrete.

Definition 3.0.1. Let C be a category and let U : C — Set be a
functor. C is set based(S—category for short) with respect to U if the
pair (C,U) satisfy the following:

1. U is an embedding,
2. U(imf) =imU(f) for all f € C and

3. the functor U has the property: for ¢,¢ € oC and xz € U(c)NU(¢)
there is d € ©C such that

dCc,dCcd and x € U(d).

Example 3.0.1. Let S be a semigroup. An action of S on the
left of a set X is a map

a:SxX =X

such that s(tz) = (st)x for all s,t € S. A left S—set(left S—module)
is a pair (X, ) where X is a set and « an action of S on the left of X.
X and Y be left S-sets, a map o : X — Y satisfying

(sz)a = s(zxa) for all s € S and x € X

is aleft S—map. S — mod the category with S—modules as objects and
S—maps as morphisms is an S—category with subobjects and image.

3.1 Proper category

In the following we proceed to describe certain categories which we call
proper categories. These are concrete S—categories.

Definition 3.1.1. Let C be a category with subobjects, every

inclusion in C splits and every morphism has canonical factorization.
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A proper cone v in C is a cone with vertex d such that there exists at
least one ¢ € oC with y(c) : ¢ — d is an epimorphism (i.e., v(c) = v(¢)°).

d
7(a) 7(c)
7 (b) PEEr)
g Jled el .
|« RO c?
T

The set of all proper cones in category C is denoted by PC and for
v € PC, we denote by c, the vertex of v and by N.,, the N —set defined
by

N, = {c € vC: 7y(c) is epimorphism} (3.1)

A cone v in C is proper, balanced or normal cone according as N, # ¢,
B, # ¢ or M., # ¢ respectively and

TC C BCCPC

where 7C and BC are set of all normal and balanced cones respectively
(see Definition 1.6.13).

Definition 3.1.2. A small category C with subobjects is called
proper category if it satisfies the following:

1. every inclusion in C splits,
2. any morphism f € C has canonical factorization and

3. each object of C is a vertex of a proper cone v € PC.
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3.1.1 Semigroup of proper cones

Now we proceed to show that in a proper category C the set of all
proper cones PC is a semigroup.

Proposition 3.1.1. Let C be a proper category and v be a proper
cone in C. For f € C(c,,c), the map v f° : a — 7(a)f° is a proper
cone with vertex imf such that for all composable pair of morphisms
f,g9 € C with dom [ = ¢,

Tx(f9)° = (vx ) * (Jc,9)°
where ¢; = imf = imf°
Proof. Clearly v* f° is a cone with vertex tmf. To prove that it is

proper,

let ¢ € N, = 7(c) is an epimorphism
= 7(c) - f? is an epimorphism
= (v * f°)(c) is an epimorphism
= ¢ € Nyujo

hence v x f° is a proper cone.
Now f and g are as in the statement. Let n = v = f? so that ¢, =
imf = c;. Then we have

(vx (f9)°)(a) =~(a) (55, 9)°
=nx*(je,9)°(a)
= (v * f%) * (jz,9)°(a)

for all a € «C. O

Theorem 3.1.1. Let C be a proper category. Then PC the set
of all proper cones in C, is a semigroup with respect to the binary
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operation defined by
ven=7*n(cy)’
for all v,n € PC.

Proof. For v,n € PC, v-n=~y*n(c,)° is a proper cone with vertex
Cyy = imn(cy) (by Proposition 3.1.1). Now to show that the binary
operation defined is associative, let «, 5, € PC and for ¢ € C,

Thus a(f8v) = (af)y and hence PC is a semigroup. O

Proposition 3.1.2. ~ € PC is an idempotent proper cone if and
only if y(c,) = L.

Proof. Suppose v is an idempotent proper cone and let ¢ € N,.
Then (v - v)(c) = v(c) implies v(c)(y(c,))® = v(c). Since v(c) is an
epimorphism (y(c,))? = I.,. Clearly v(c,) € C(cy,c,) and so vy(cy) =
I. . Conversely, if v(cy) = I, then for every a € C, (v -7v)(a) =
y(a)(v(cy))® = v(a)l., = v(a). Hence v is an idempotent proper cone.
E(PC) denotes the set of all idempotent proper cones in C. O

3.1.2 Ideal categories of semigroups

In the following we proceed to describe the categories of left [right]
principal ideals of an arbitrary semigroup S. Let S! be the semigroup
obtained by adjoining identity to S (if it is necessary). The partially
ordered set S'/L of all L-classes of semigroup S* is order isomorphic
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with the partially ordered set of all principal left ideals of the semigroup
St. For L., L, € S'/L,

L,<L,s Sz CSly.

Dually the inclusion among the principal right ideals induces a par-
tial order on the set S'/R of all R-classes of S! and S'/R is order
isomorphic with the partially ordered set of principal right ideals un-
der inclusion.

Let IL(S) be the set of principal left ideals of S' and morphisms
between principal left ideals are right translations p : S*a — S'b such
that (zy)p = z(yp), for all z,y € S'a.

Lemma 3.1.1. Let S be a semigroup. Then L(S), the set of
principal left ideals of S*, is a category whose objects and morphisms

are

uL(S) = {S'a:a € S} and
L(S)(S'a, S'b) = {p(a,s,b) :  — xs with z € S'a and as € S'b}.

Proof. For all a,b € S' and x € S'a, p(a,s,b) : v — xs with as €
S'b is the map ps|g1, such that s € S' and as € S*'b. The composition
in L(S) is given by the rule

,st,d), if S'h = S1
o) - plest d) = 4 0D ‘
unde fined, otherwise.

is associative whenever the composition is defined and p(a, 1,a) = g1, :
Sla — Sla for all a € S! is the identity morphism and hence L(S) is
a category. O]

Dually R(S) is also a category with objects principal right ideals
and morphisms left translations,

wR(S) = {aS* :a € §'} and
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R(S)(aS",bS*) = {\(a,s,b) : © — sz with z € aS" and sa € bS'}.

Proposition 3.1.3. Let S be a semigroup and L(S) be the cate-
gory of principal left ideals. Let p(a,s,b) : Sta — S'b be a morphism
in L(S). Then

1. p(a, s,b) is epimorphism if and only if asLb
2. p(a,s,b) is a split monomorphism if and only if aRas
3. pla, s,b) is an isomorphism if and only if aRasLb

Proof. p(a,s,b) : S'a — S'b such that for all z € S'a, p(a,s,b) :
r — xs where as € S'b. So it is easy to observe that p(a,s,b) is
epimorphism if and only if S'as = S'b and so asLb. Now p(a, s, b) is a
split monomorphism if and only if there is a o = p(b, s, a) : S'b — S'a
such that po = Ig1, which implies ass’ = a and so aRas. (3) follows
from (1) and (2). O

Theorem 3.1.2. The category L(S)[R(S)] of all principal left
[right] ideals of semigroup S is a proper category.

Proof. If p(a,s,b) = p(a,1,b) where a -1 € S'b, then p(a,s,b) =
7(S'a, S'b) an inclusion. Identity mapping and set inclusions of princi-
pal left ideals are morphisms in the category. So IL(.S) is a category with
subobjects. {p(a,1,b) : a € S'b} is a choice of subobjects in the cate-
gory (S). If p(a, s,b) is a morphism in IL(S), then im p(a, s,b) = Stas
and p(a, s,b) = p(a, s,as) - p(as,1,b) gives the canonical factorization
of p(a,s,b) in L(S). Let p(a,1,b) : Sta C S'b be the inclusion which
splits by (2) of Proposition 3.1.3 as aRa. If inclusion splits, canonical
factorization is unique([25]). Hence L(95) is a category with subobjects,
every inclusion splits and every morphism has unique canonical factor-
ization.

Now we define p? : WL(S) — S'd as p?(Sta) = p(a,s,d) : Sta —
Std, where Sta € 1IL(S) and as € S'd. Obviously p?(Sta) € L(S)(S'a, S'd)
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is well defined.

If S'a C S0,
§(S*a, S*b)p*(S'b) = p(a, 1,b) - p(b,v,d) where bv = qd € S*d.
= p(a,v,d)
= p'(5"a)

Since Sta C S'b, a = rb for some r € S* and so av = rbv = rqd € S'd.
Hence p(a,v,d) = p?(Sta) and j(S*a, S'b) - p?(S'b) = p?(Sta). Hence
p? is a cone in L(S). Since p?(S'a) has canonical factorization as
p%(Sta) = p(a,s,d) = p(a,s,as) - pas,1,d), where as € S'd. There
exists some s such that S'as = S'd. Thus p? is a proper cone in LL(S)

with vertex S'd and hence IL(S) is a proper category. [

The set of all proper cones in IL(S) is a semigroup with the binary
operation
(0" p")(S'd) = p*(S'd) - (p°(S"a))”
and we denote this semigroup of proper cones by PL(S).

Remark 3.1.1. If S° denote the opposite semigroup of S with
multiplication given by a o b = b - a where the right side is the product
in S, then L(S?) = R(S) and R(S?) = L(S). Thus for any statement
which holds for L(S) (or R(S)) the corresponding dual statement holds
for R(S) (respectively IL(S)). Thus for a semigroup S, R(S) is also a
proper category. vR(S) = {aS' : a € S'} and for all a,b € S, and for

some s € S!
R(S)(aS*,bS) = {A(a,s,b) = A\|ast : © — sz with sa € bS'}.

Example 3.1.1. Consider the semigroup S given below:
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then the semigroup S obtained by adjoining 1 to S is

In S!, the elements a and 1 are idempotents but b is not an idem-
potent. As S is commutative, principal left and right ideals coincide.
The principal left ideals are S'a = {a},S'b = {a,b},S' = {a,b,1}
and the empty set ¢. So vl(S) = {S'a, S'b, S, #}. The proper cone
with vertex Sla is denoted by p® and its components are given by; for
all S'd € JIL(S), p*(S'd) = p(d,s,a) such that ds € S'a for s € S*.
The proper cone p® with p(a, 1,a) as one component is the idempotent
proper cone with vertex Sla.

The morphisms from S*a to Sla are p(a, s,a) where as € S'a, and s €
S!. To find these morphisms,

a-a=a-b=a-1=a¢c S'a

so p(a,a,a) = p(a,b,a) = p(a,1,a). Hence hom(S'a, S*a) = {p(a,1,a)}.
To find the morphisms from S* to S'a,

l-a=a€S'a,1-b=0b¢ S'a,1-1=1¢ S'a

so the morphisms from S* to S'a is p(1,a,a). In a similar way we can
find all homsets
hom(S*a, S'a) = {p(a,1,a)},

hom(S*, S'a) = {p(1,a,a)},

hom(S'a, S*) = {p(a,1,1)},
hom(S', 8%) = {p(1,a,1), p(1,b,1), p(1,1,1)},

hom(S'a, S'b) = {p(a,1,b)},
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hom(S'b, S'a) = {p(b,a,a)},
hom(S'b, S'b) = {p(b,a,b), p(b,1,b)},
hom(S'b, S*) = {p(b,a,1), p(b,1,1)},
hom(S*, S'b) = {p(1,a,b), p(1,b,b)}

The proper cones are;

S a
p(l,a,a)
p(a,1,a
p(b,a,n)
S'a s'b s'
71
S'b
p(1,b,b)
p(a,1,b
p(b,a,b)

s'a s'b s

1=
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S
pi1,1,3)
p(a,1,1
p(b,a,l)
S'a s'b i
s
Sl
p(1,1,1)
e B |
p(b,1,1)
S'a s'b St
Ta

uL(S) = {S'a, Sh, S, ¢} and the set of all proper cones PL(S) =

{71,72,73, 7} 15 a semigroup. -y = Y, Y2 = Y, =

Y2,Y2 + ¥3 = 71 and so on. 71, y3 and 74 are idempotent proper cones.
The principal right ideal proper category R(S) is same as category

L(S). The principal left ideals of semigroup PL(.S) are given by
PL(S)1 = {m}

PL(S)y2 = {71,72}
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PL(S)% = {’71, 73,74}
PH"(S)’.}Q = {717 Y2, 73, 74}

Hence for the given general semigroup S', PL(S) is a semigroup
and its left ideal category L(PL(S)) is a proper category with ob-
jects vL(PL(S)) = {PL(S)v1, PL(S)y2, PL(S)vs, PL(S)v4} and mor-
phisms right translations.

3.2 Preadditive proper category

Recall the definition of preadditive category (see Definition 1.6.9). A
preadditive category which is also a proper category is termed as a
preadditive proper category. In the following we proceed to discuss
certain specific preadditive proper categories and proper cones in such

categories.

3.2.1 RR-—categories and Ring of proper cones

Definition 3.2.1. A preadditive proper category C satisfying the
following conditions:

1. the object set vC with partial order induced by subobject relation
is a relatively complemented lattice and

2. every subset of the object set which has an upper bound contains

a maximal element

is called an RR—proper category and these conditions are termed as
RR—conditions.

Now we proceed to show that the set of proper cones PC in an RR—
proper category C, is a ring.

Proposition 3.2.1. Let v be a cone with vertex d in an RR—
proper category C. Let X = {imy(a) : a € vC} then there exists a
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unique maximum element dy < d in X.

Proof. Since RR—proper category C satisfies RR—conditions, X
has a maximal element say dy. To prove that it is unique let dy and
dy be two maximal elements of X. Then there exists b,¢ € oC such
that dy = imvy(b) and d; = im~y(c). By RR—conditions bV ¢ € C. Let
d=0bVec Then b Cdand ¢ C d. Then

J(b, d)y(d) = ~(b) and j(c,d)y(d) = ~(c).
Obviously
imj (b, d)y(d) € im(d) and imj(c, d)y(d) € imy(d).

Then im~y(b) C im~y(d) and im~y(c) C imy(d) so that dy C im~y(d) and
dy Cim~y(d). Since dy and d; are maximal elements in X, dy = im~y(d)
and d; = im~y(d). So dy = dy. Also im~y(a) < d, for all a € C. O

Lemma 3.2.1. If v is a cone in an RR—proper category C with
vertex d and dy = mazx{imy(a)la € vC} then for every retraction
e : d — dy, the cone v* with vertex dg, defined by;

v*(a) = y(a)e(d, dy), for all a € C
is a proper cone.

Proof. For all a € oC,v*(a) : a — dyp. Since e : d — dy is a
retraction, dy C d. Let dy = im~y(d;) where d; € @C.

For a C b,jgfy*(b) = 'b”y(b)e(d, do)
)

hence v* is a cone. Now to prove that v* is a proper cone, it is sufficient
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to prove that at least one component of v* is an epimorphism.
We have im~y(d;) = do and v(d;) = ¢j is the canonical factorization,
where ¢ is the epimorphism and j : dy C d, inclusion, then

v*(d1) = v(d1)e(d, do)
= qj(do, d)e(d, do)
=dq

which is an epimorphism and hence ~* is a proper cone. [
Remark 3.2.1. If v is a proper cone, then v* = 7.

Lemma 3.2.2. Let v* be a proper cone in the RR—proper cate-
gory C as defined in Lemma 3.2.1, then the epimorphic component of

*

y*is y* L., (75)° ="

Proof. (v*)°(a) = [y(a)e(cy, do)]® where dy = max{im~y(a)|a € oC}.
Since e(c,, dp) is the retraction, [y(a)e(c,, do)]° = v(a)e(c,, dy). Hence

(v)(a) = v*(a). 0

Lemma 3.2.3. If v, § are two proper cones in an RR—proper
category C and * is defined as in Lemma 3.2.1, then

(v-B) =75

Proof. For all a € «C, and let dy = maz{im(~y - f)(a)|a € C}

Hence the proof. O
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Lemma 3.2.4. Let C be an RR—proper category and PC the
semigroup of proper cones in C. For 7,6 € PC, with vertices ¢, = ¢
and ¢s = d and for all a € C,

(v @ 9)(a) = v(a)j(e,cV d) + 6(a)j(d, c v d)

Then v @ 0 is a cone with vertex ¢V d.

Proof. The result follows from [20]. In [20] Sunny Lukose and
A.R.Rajan defined addition of two cones in RR—categories as given
in the statement. We follow the same addition for proper cones in

RR—proper categories. O

Corollary 3.2.1. If ¢, = ¢, then the inclusions j(c,, ¢, V ¢5) and
j(cs, ¢y V ¢s5) become identity maps and (y @ 6)(a) = v(a) + d(a).

Definition 3.2.2. Let C be an RR—proper category and PC the
semigroup of proper cones in C. For 7,0 € PC, with vertices ¢y = ¢
and ¢s = d, define

Y+ I=(yDo)* (3.2)

where (v @ 0)*(a) = (y®d)(a)e(cV d, dy) for all a € C. Then v+ 4 is
a proper cone with vertex dy, where dy = max{im(vy @ 0)(a), |a € vC}.

Lemma 3.2.5. For an RR—proper category C, the set of all proper
cones PC is an additive abelian group with respect to the addition
defined in equation 3.2.

Proof. For ~,6 € PC, v+ ¢ is a proper cone in PC. Since C is a
RR—proper category, it is preadditive and hence each homset in C is
an additive abelian group.

For~,d,p € PCand for alla € «C, let v+ = n, d+p =7, (c,Ves)Ve, =
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V (¢s V ¢,) =d, then

(v +90) +p)(a) =

J(Cmcw\/cs)
(cs, ¢y V cs))eley Vs, eq)i(cy, d) + pla)icp, d)]*

Jey, d) + 6(a)i(cs, d) + pla)i(cy, d)]
V(a)j(ey, d) + ((a)i(es, d) + p(a)jlcy, d))]"

[since addition is associative in hom(a, d)]

> —
—

S
N o TN
<
~— N

*

and
(v+ (0 +p)(a) = (v +7)(a)
=(v®7)(a)
= [v(a)j(cy, d) + 7(a)j(cr, d)]
= [v(a)j(cy, d) + (6(a)j(cs, cs V cp)

+ p(a)j (Cm cs V Cp))e(c5 V Cp, CT)] (CTv d)]*

= [(a)j(cy, d) + (0(a)j(cs, d) + pla)j(c,, )"

hence the addition is associative.

Let 0 be the zero object in C and vy be the cone with vertex 0, where
Yo(a) = 0 for all @ € vC, then vy(a) is the unique morphism from a to
0 and g is a proper cone in PC. For every v € PC and for all a € oC,
let d = maz{im(vy ® v)(a)|la € C} = c,, since 7 is a proper cone.

(v +)(a) = (v &) (a)
= [v(a)j(cy, ¢y) + Y0(a)j(cres ¢y)]e(cy, d)
= [v(a) +70(a)j (0, c;)le(cy, d)
= (a)

a

a
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thus v+ 79 = «. Similarly v+ = 7. Hence 7 is the identity element
in PC.
For v € PC, define —y by —y(a) = —(7(a)). Clearly — is a proper

cone in PC and c_, = c,.

(v + —(M)(a) = [¥(a)i(cy, ¢y Veoy) + (=7)(@)i(c—y, ¢y V ey )
= [1(@)j(ey, ¢y) + (=1)(@)i(cy, )"
= (@)L, + (=7)(@) L, ]"

= [y(a) + (=)@

= [w(a)]" = 0(a)

e, v+ (—v) = . Similarly (—v) +7 = . Hence —v is the additive

inverse of .

(v +0)(a) = [(v ® O)(a)]"
= [1(a)j(cy, ¢y V cs) + 0(a)i(cs, ey V cs)]
= [0(a)j(cs,cy V c5) +v(a)j(cy, ey V cs)]
=[(0@7)(a)]
= (6+7)(a)
i.e., v+ 06 =09+ . Thus PC is an additive abelian group. O

Theorem 3.2.1. For an RR—proper category C, the set of all
proper cones PC is a ring.

Proof. As RR—proper category C is a proper category it is already
known that the set of all proper cones PC in C form a semigroup by
Theorem 3.1.1 with respect to the multiplication,

v B=7%B(cy)’

where v, 8 € PC. From the above Lemma 3.2.5, PC is an additive
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abelian group. So it is enough to prove that the multiplication dis-
tributes over addition. As RR—proper category is preadditive, compo-
sition of morphisms is distributive over addition.

For ,0,p € PC, and for all a € vC, let ¢, =cand ¢y, Vs = d

[p- (v +9)](a) = pla) - [(v +0)(c)]°
= pla) - [(y® )" (c)]°
= p(a) - ([(v(c)j(cy, d) + 0(c)j(cs,d))]")°
= p(a) - [(v(c)j(cy, d) 4 0(c)j(cs, d))]" [by Lemma 3.2.2 ]

Hence p - (y+6) = (p-7) + (p-0). Similarly we can prove that
(v+9)-p=~-p+9-p. Thus PC is a ring. O

3.2.2 Ideal categories of rings

Let R be a ring with unity. Then principal left [right] ideal of a ring
R generated by an element a of R is (a); = Ra [(a), = aR]. Since the
multiplicative part of a ring is semigroup, it follows that the principal
left [right] ideals of a ring R as objects and morphisms right [left]
translations form proper category L(R)[R(R)].

UL(R) = {Ra:a € R} and for a,b € R

L(R)(Ra, Rb) = {p(a,s,b) : * — xs with as € Rb; for all z € Ra}
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Let p(a,s,b), p(a,t,b) € L(R)(Ra, Rb), then as, at € Rb. Since
a(s+t) € Rbwe have p(a, s,b)+p(a,t,b) = p(a, s+t,b) € L(R)(Ra, Rb).

Lemma 3.2.6. The proper category LL(R)[R(R)] of principal left
[right] ideals of a ring R with right [left] translations as morphisms is

a preadditive category.

Proof. For p(a,s,b),p(a,t,b) € L(R)(Ra, Rb), the addition is de-
fined by
pla,s,b) + p(a,t,b) = p(a,s +t,b).

Under this addition homset L(R)(Ra, Rb) is an abelian group, further
if restricted to L(R)(Ra, Ra), it is a ring.
For p(a,s,b),p(a,t,b) € L(R)(Ra, Rb) and p(b,u,c),p(b,v,c) €

L(R)(Rb, Rc) with as,at € Rb and bu, bv € R,

pla, s,b)[p(b, u,c) + p(b,v,c)] = p(a,s,b)[p(b,u+v,c)]
= p(a,s(u+v),c) = p(a, su+ sv,c)
p(aa SuU, C) + ,0(61, S, C)

P

a, s,b)p(b,u,c) + p(a,s,b)p(b,v,c)

Similarly [p(a, s,b)+p(a, t,b)]p(b, u, c) = p(a, s,b)p(b, u, c)+p(a, t,b)p(b, u, c).
Clearly the zero ideal is the zero object in the category L(R). Hence
for a ring R, the category L(R) and dually R(R) are preadditive proper

categories. O

Let R be a ring with the property that any set of principal ideals
which is bounded above has a maximal element then the category L(R)
of principal left ideals of R is preadditive proper category with the
property that vlL(R) (principal ideals of ring) form a complete lattice
with respect to the partial order induced from strict preorder. The join
and meet are defined by; Ra V Rb = Ra + Rb and Ra N Rb = Ra N Rb
where Ra + Rb is the smallest principal ideal containing both Ra and
Rb. The trivial ideals R and (0) are the bounds; and every subset
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of vL(R) which has an upper bound in “L(R) contains a maximal
element. Then L(R) is an RR—proper category. Examples of such
rings are Euclidean domains, ring of integers Z, polynomial ring F[X]

for a field F', Gaussian integers Z[i] etc.

Example 3.2.1. R = (Z4,+,")

23
23
30
01
12

W= O 4
w N~ oo
O W N =

23
00
23
02
21

W N = O
o O O oo
W N = O

As R is a commutative ring, the two sided principal ideals are (0) =
{0}, (1) = (3) = R, (2) = {0,2}. We get a proper category L(R) with
objects (0),(1) and (2). The morphisms can be found as in Example
3.1.1. The homsets are

hom((1), (2)) = {p(1,0,2), p(1,2,2)},

hom((1), (1)) = {p(1,0,1), p(1,1,1), p(1,2,1), p(1,3, 1)},
hom((2), (1)) (2,0,1),p(2, 1, 1)},
hom((2),(2)) = {r(2,0,2), p(2,1,2)}.

The proper cones are;

s

{r
{r
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71

(0) (1)
P(O, ,0) p(O’ ’1)
(2,0,0)
p(1,0,0) Pt 1.1
0w (1) (2) o 1)
i 12
¢ 1) (2)
p(os ;1] PCO: 32)
(2,1,1)
p(1,3,1) p(1,2,2)
o)y 1) (2) o) (1)
T3 Ta
(2)
p(0,0,2)
(2,1,2)
p(1,2,2)
0w 1) (2)
Ts

Y1,72 and 75 are idempotent proper

idempotent proper cones.

cones.

(2,1,1)

2)

(2,0,2)

(2)

But 3 and 74 are not

PL(R) = {71,72,73, 74,75} is a ring. It is easy to see that v - 75 =
= 7,7 Y5 = 74 and so on.

YisV2 Y38 = V3, V3 V4 = V4,73 Vs
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Y1+ Y = 7,71 + 73 = 73 and so on. ¥ acts as additive identity
element. 2 + 72 = Y1, 72 + 73 = Y0, 73 T 71 = 72 and so on.

3.2.3 RR—normal category

A normal category which is preadditive is called preadditive normal cat-
egory (see Definition 1.6.9 and 1.6.14). A preadditive normal category
satisfying RR—conditions is called RR—normal category (see Defini-
tion 3.2.1). A.R. Rajan and Sunny Lukose proved that the set of all
normal cones in an RR—normal category is a regular ring (cf.[20]). Let
TC be the set of all normal cones in an RR—normal category C and
E(TC) be the set of all idempotent normal cones in C (see Definition
1.6.13).

Definition 3.2.3. If v is a cone in an RR—normal category C
with vertex d and dy = maxz{im~y(a)|a € vC} then for every retraction
e : d — dy, the cone v* with vertex dj, defined by

v*(a) = v(a)e(d,dy), for all a € oC
is a normal cone.

Definition 3.2.4. Let C,D be RR—normal categories. A functor
F : C — D is said to be a functor of RR—normal categories if the
following hold:

1. if j : @ — b is an inclusion in C then F(j) : F(a) — F(b) is an
inclusion in D

2. for a,b € oC the restriction of F' to hom(a,b) is a homomorphism
of groups from hom(a,b) to hom(F(a), F(b)).

Theorem 3.2.2 (cf.[20], Theorem 2.25). The set of all normal
cones TC in an RR-normal category C form a regular ring with respect
to the multiplication and addition of normal cones defined by: for
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v,6 € TC with ¢, = ¢,cs = d and for each a € 1C,
(7-0)(a) =~(a) - 6(c)” and

(y+90)(a) = (v&6)"(a)
where (v @ 9)"(a) = [y(a)j(c,cV d) 4+ 6(a)j(d,cV d)]e(cV d,dy)

and dy = maz{im(y @ d)(a)|la € oC} is the vertex of the normal cone
v+ 0.

Two RR—normal categories are isomorphic if there exists an iso-
morphism which preserves inclusions and addition in homsets. If C
is an RR—normal category, the set of all normal cones 7C is a reg-
ular ring. The following theorem establishes the isomorphism be-
tween RR—normal category C and left ideal category of TC denoted
by L(7C).

Theorem 3.2.3. Let C be an RR—normal category. Define F' on
objects and morphisms of C as follows: for ¢ € oC, let

vF(c) = (TC)e,
where € € E(TC) with ¢, = ¢. For a morphism f € C(c,b), let
F(f)=ple,ex f°€): (TC)e = (TC)€

where €,¢ € E(TC), with ¢. = ¢,co =b. Then F : C — L(TC) is an
isomorphism of RR—normal categories.

Proof. Let ¢ € E(TC) and f,g : ¢« — b. First we prove that
(ex fO)+ (exg°) = ex(f +¢)°, where ex f° is a normal cone with vertex
imf and € x g° is a normal cone with vertex img. Let v =imf V img
and for a € oC, let dg = max{im(e x f* ® e x g°)(a)la € vC} then by
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Theorem 3.2.2,

(a)j(imf,v)

€ a)j(img, v)le(v, do)

= [(e(a) f*)j(imf,v) + (e(a)g°)j(img, v)]e(v, do)
[£23( ) + ¢°5(img, v)le(v, do)
[f25(imf,v) + ¢°j(img,v)]j(v, b)e(b, v)e(v, do)
[f25(imf,b) 4 g°j(img, b)]e(D, do)

[f + gle(b. do)

(f +9)°5(im(f + g), cod(f + g))e(b, do)
(f +9)°5(im(f + g),b)e(b, do)

(f + 9)°[ since im(f + g) = do]
f+9)(a)

mmf,v

Q
~ Y Y~~~

By Theorem 1.6.1 F' : C — L(7C) is an isomorphism of normal cat-
egories. Now it is sufficient to prove that F' preserves addition in
homsets. Let f,g : ¢ — b. As in the statement of the theorem,
F(f) = ple,ex f°,€),F(g) = p(e,;e x g°,€) : (TC)e — (TC)€'. Then
F(f+g) =ple,ex(f+9)°¢€): (TC)e = (TC)E.

ple.ex(f +9)°€)

ple, (ex fO+exg°),¢€)
ple,ex f7,€) + ple,ex g°, €)
F(f)+ F(g)

F(f+g)

hence F': C — L(7C) is an isomorphism of RR—normal categories. [

From the above theorem it is clear that RR—normal category C
is isomorphic to IL(7C) and hence L(7C) is an RR—normal category.
Dual result holds for R(7C).
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Ideal categories of regular rings

Let R be a regular ring and L(R)[R(R)] the category of principal left
[right] ideals of R with morphisms right [left] translations is a preaddi-
tive proper category by above Section 3.2.2. As the multiplicative part
of a regular ring is regular semigroup and ideal categories of regular
semigroups are normal categories, the category L(R)[R(R)] becomes
preadditive normal category .

The principal ideals of a regular ring are generated by idempotents
and form complemented modular lattice(cf.[28]). Also eRV fR = gR
where e, f,g € E(R). Thus any set of principal ideals which are
bounded above has a maximal element. Thus the preadditive nor-
mal category L(R) satisfies the RR—conditions and hence it is an
RR—normal category. Dual result holds for the category R(R).
Fore, f € E(R),

uL(R) = {Rele € E(R)}

L(R)(Re, Rf) = {pl(st)p = s(tp); (s+t)p = sp+tp, for all s,t € Re}

p = ple,u, f) = pulre : Re — Rf is the translation x — zu where u €
eRf. The multiplication and addition of morphisms in L(R) are as
follows:

ple,u, f).p(g,v, h) = p(e,uv, f) where fLg,u € eRf and v € gRh

and p(e,u, f) + p(e,v, f) = p(e,u+ v, f) where u,v,u +v € eRf

As each principal ideal of a regular ring R is idempotent generated,
each L-class and R-class has at least one idempotent.

Lemma 3.2.7. Let R be a regular ring and a € R, f € E(L,).
Then p® is the normal cone in L(R) with vertex Ra = Rf whose
component at Re is

p*(Re) = p(e, ea, f)
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and the M —set of p* is,
Mp* ={Re:e€ E(R,)}

where E(L,)[E(R,)] is the set of all idempotents in the L[R]-class of

a.

Proof. Since the multiplicative part of R is a regular semigroup,

the result follows from Lemma 1.6.1. ]

For a regular ring R the left ideal category L(R) is an RR—normal
category and by Theorem 3.2.2 the set of all normal cones 7 (L(R)) is

a regular ring. The following theorem describes a homomorphism of R

and T(L(R)).

Theorem 3.2.4. Let R be a regular ring and L.(R) the RR—normal
category of principal left ideals of R. R, is the set of all right trans-
lations in R. Then there exists a homomorphism p : R — TL(R) and
an injective homomorphism ¢ : R, — TL(R) such that the following

diagram commutes.

R -~ R,
| s
R —— TL(R)

b

Proof. For a € R, ¢ : R, = TL(R) as ¢(p,) = p* and set p = po.
Then p(a) = p*. By Theorem 1.6.2, p is a homomorphism for a regular
semigroup S, hence to prove that p is a ring homomorphism it is enough
to prove that p preserves addition.

Given two normal cones p® and p® in TIL(R), Sunny Lukose and
A.R. Rajan proved the existence of the sum p®+ p® as the normal cone
Pt with vertex R(a+b) in their Ph.D. thesis submitted to University
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of Kerala in 2003. Hence

pla+b) = pg(a+ D)
= ¢(pla+b))
= ¢(pa+b)
= &(pa + o)

Hence p = p¢ : R — TL(R) is a ring homomorphism. ]

3.3 Abelian proper category

Our main interest in this section is the application of category theory
to module theory. A category of modules has a richer structure than
an abstract category since the additive structure on modules extends
to their homomorphisms.

An abelian category which is also proper [normal] is called abelian
proper [normal] category. Let M be an R-module, now we proceed
to show that the category of submodules of M is an abelian proper
category and in particular if we restrict to semisimple R-module, the

corresponding category is an abelian normal category.

Theorem 3.3.1. Let M be an R-module. The submodules of
M as objects and morphisms the R-module homomorphisms form an
abelian proper category S(M).

Proof. Let M be an R-module and N;,i = 1,2, ...n be submodules
of M, then S(M) with object set N/s and morphisms are R-module
homomorphisms (R-linear maps) is a subcategory of R — mod, the
category of R—modules with morphisms R-module homomorphisms
which is an abelian category. Hence S(M) is also an abelian category.
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Further we prove that hom(N;, Ni) is an R-module: for r, 7,79 € R,
f,9 € hom(N;, N;) and = € N;; f(x) € Ny, = rf(z) € Ny [since Ny is
an R—module]. This implies rf € hom(N;, Ni). Also

L1-f=f
2. (ry-ro)f =ri(raf)
3. (r+ra)f=rif+raf
4. r(f+g)=rf+rg.

Next we prove that the abelian category S(M) is a proper category.
The submodules of M act as subobjects under usual set inclusion.
Hence S(M) is a category with subobjects. For N;, Ny € uvS(M),
let 5 : N; — N be the inclusion. Then there exists an R—module
homomorphism e : N, — N; such that for all z € Ny,

.Z',ifX € NZ
e(r) =
O,ifX € Nt

where N; € vS(M) is such that NV; & Ny, = N;. Then je = Iy,. Hence
every inclusion splits. Every morphism f : N; — N in S(M) has
canonical factorization as f = qj where ¢ : N; — im¢, an epimorphism
and j : im¢ — Ny an inclusion. For N; C M, let v : vS(M) — N, be
the map such that

2. whenever N; C Ni; j(Ni, Ni) - v(Ni) = 7(N),

This collection of morphisms {7(V;) : N; € vS(M)} is a cone with ver-
tex N,,. Since every morphism has canonical factorization there exists
a submodule N; of M such that v(V;) : N, = N,, is an epimorphism.
Thus v : vS(M) — N,, is a proper cone with vertex N,,. Hence S(M)
is an abelian proper category. O
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Next Theorem shows that the set of all proper cones in S(M) is an
R—module.

Theorem 3.3.2. Let S(M) be the abelian proper category of sub-
modules of an R-module M. Then the set of all proper cones PS(M)

is an R-module.

Proof. The submodules of M form a relatively complemented mod-
ular lattice and any set of submodules bounded above has a maximal el-
ement. Hence the abelian proper category S(M) satisfies RR—conditions
and hence S(M) is an RR—proper category. By Lemma 3.2.5, for
the RR—proper category S(M) the set of all proper cones PS(M)
is an additive abelian group. Now we define a scalar multiplication
from R x PS(M) — PS(M), such that for r € R, N; € vS(M) and
v € PS(M), ry(N;) = v*(rN;) where v* is as defined in Lemma 3.2.1
which is a proper cone in PS(M). Since each component of a cone lies

in some homset and since each homset is an R—module we have
Loly =9,
2. (r 4 s)yy =17+ 8%
3. (rs)y =r(s7);
4. r(y+0) =1y + 1.

Hence PS(M) is an R-module. O

3.3.1 Abelian normal category

Here we consider the category S(M) of submodules of a semisimple
R-module M whose objects are submodules and morphisms R-module
homomorphisms. It is already seen that S(M) is an abelian proper
category. In the following we proceed to prove that S(M) is an abelian
normal category. Also we prove that the set of all normal cones in
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S(M) is a semisimple R-module. For that we recall addition of normal
cones in an RR-normal category (see Theorem 3.2.2).

Theorem 3.3.3. Let M be a semisimple R-module. The cate-
gory S(M) with objects submodules of M with morphisms R-module

homomorphism, is an abelian normal category.

Proof. Let M be a semisimple R-module and N;,i = 1,2,...n be
submodules of M. By Theorem 3.3.1, the submodule category S(M)
is an abelian proper category. For N;, N, € vS(M) every morphism
f : N; = Ny in S(M) has normal factorization as f = quj where
q : N; — (kerf)°, a retraction, u : (kerf)® — imf, an isomorphism
and j : imf — Ny an inclusion where N; = ker f & (ker )¢ (see Section
1.4).

Since every morphism has normal factorization, proper cones be-
come normal cones. Normal cone 7y : vS(M) — S(M) is defined such
that

1. for each submodule N; of M, there is a y(V;) : N; = N,

2. whenever N; C Ni, j(N;, Ni) - v(Ng) = v(N;) where j(N;, Ny) is
an inclusion from N; to N, and

3. there exists at least one N; € vS(M) such that v(V;) : N, — N,

is an isomorphism.

This collection of morphisms {y(N;) : N; € vS(M)} is a normal cone
with vertex N,,. Now we prove that each object of S(M) is a vertex
of an idempotent normal cone. Let f : M — N,, be an R-module
homomorphism such that f(z) =z, for all x € N,,. For any N; C M,
define v(N;) = fln, : Ni = Np,. Then v(N,,) = Iy,,. Thus 7 is an
idempotent normal cone with vertex N, € vS(M). Hence S(M) is a
normal category. ]

Theorem 3.3.4. Let S(M) be the abelian normal category of
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submodules of an R-module M. Then the set of all normal cones
TS(M) is a semisimple R-module.

Proof. Abelian normal category S(M) is an RR—normal category
also. By Theorem 3.2.2, for an RR—normal category S(M) the set of
all normal cones TS(M) is an additive abelian group with respect to
the addition: for v, € TS(M) with ¢, = ¢ and ¢5 = d,

Y+d=(y®)"
where for each a € vS(M),
(y®6) (a) = (y®d)(a)e(cV d,dy),

(v @ 9)(a) = v(a)j(c,cV d) + 6(a)j(d, c Vv d)

and
do = max{im(y & J)(a)|la € oC}.

Now define a scalar multiplication from R x TS(M) — TS(M)
such that for r € R, N; € vS(M) and v, € TS(M),

ry(Ni) = 7" (rN;)

where v*(rN;) = v(rN;)e(cy, d'); d' = max{imy(N;)|N; € vS(M)} and
rN; is a submodule of M. Then rv is a normal cone in TS(M) by the
definition of v* given in Definition 3.2.3. Also,

1. Iyv=7
2. (r+s)y=ry+sy
3. (rs)y =r(s7)

4. r(y+6)=ry+7rd
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hence TS(M) is an R-module.

Now we proceed to prove that 7S(M) is semisimple. Let Ny =
{0}, Ny, Na, ...N, be simple submodules of M such that M = Ny @
Ny ® Ny @ ... ® N, and let Ay be the set of all normal cones with
vertex Ny, A1 be the set of all normal cones with vertex Ny, Ay be the
set of all normal cones with vertex Ns,... A, be the set of all normal
cones with vertex N,. Then each A; is a submodule of TS(M) and
hence each A; is an R—module. For ~,0 € A; with vertex N;, v+ 9
is also a normal cone with vertex subobject of N; that is either N;
or Ny since N; is simple. Thus the submodules of A; are A; and Aq
and thus A; = A; ® Ayg. Hence each A; is a simple module. Thus
AP AL B AP ... DA CTS(M).

The vertex of any normal cone vy in TS(M) is a submodule of M.
So 7y is in any submodule of Ay ® A1 @ Ay @ ... D A,.. So TS(M)) C
AP AL P AP ... & A, and hence

TSM))=A10A:&...0A,.

Thus TS(M) is a semisimple R-module. O

Example 3.3.1. Consider the semisimple Z-module M = Zg.
The submodules of M are {0}, N; = {0,3}, Ny = {0,2,4} and M. The
submodules form a Boolean lattice whose diagram is,

N\
NS
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Obviously M = {0} & M and M = N; & Ns.

Consider the abelian normal category S(M) with objects vS(M) =
{{0}, N1, Ny, M'} and morphisms Z—module homomorphisms given by
Ap i X — NT.

The homsets are
hom(Nl, Nl) = {)\0, )\1}, hom(Ng, Ng) = {)\0, )\1, )\2}, hom(Nl, M) = {)\0, )\1},
hom(M, Nl) = {)\0, )\3}, hOm(NQ, M) = {)\0, )\1, )\2}, hom(M, Ng) = {/\0, /\2, )\4},

hom(Ny, Na) = ¢, hom(M, M) = {Xo, A1, A2, Az, Ay, As} = A(say)

then A is a von Neumann regular ring isomorphic to M.

The normal cones are given by

{0} N,
AO A() A1;) AS
Ao A A Ao
{0} M {0} M
N, N, N, N,
To T1
N, Ny
A, A, A, A,
Ao A, A, Ay
{0} M {0} M
N, N, N, N,

T2 T3
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M M
Ao A Ao
A, A Ay A
{0} M {0}
N N. N N.

1 2 1 2

Ya Ts

TS(M) = {v0,71, 72,73, V4, V5 } 18 isomorphic to M and also isomorphic
to A = hom(M, M). The correspondence is

Yo = A0, V1 > A3, V2 = A2, Y3 = Ag, Y4 — AL, = As.

It is easy to observe that the set of all normal cones TS(M) is a
semisimple module with submodules By = {70}, B1 = {v,7}, B2 =
{70,72,73} and TS(M). Obviously

By @ TS(M) = TS(M) and B, @ By = TS(M).

From this example it is clear that the set of all normal cones in
the abelian normal category S(M) of a semisimple module M, is a

semisimple module.



Chapter 4

H—functors and Dual

categories

We have described proper category, preadditive proper category and
RR—categories in Chapter 3. Now we proceed to describe the dual
categories of these categories and it is shown that the dual category of a
proper category, preadditive proper category and R R—normal category
are also proper category, preadditive proper category and RR—normal

category respectively.

4.1 Dual categories

For a regular semigroup S the category of principal left [right] ideals
L(S)[R(S)] is a normal category by Proposition 1.6.2. The set of all
normal cones in the category IL(.S) denoted by TIL(S) is a regular semi-
group and the category of its principal left ideals L(71L(S)) is again
a normal category isomorphic to IL(S). By Theorem 1.6.4, the normal
dual category N*LL(S) is isomorphic to the category of principal right
ideals R(S). But in an arbitrary semigroup S, all principal ideals are
not idempotent generated and ideal categories fails to be normal, how-
ever the category of principal left [right] ideals L(S)[R(S)] is a proper

85
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category (see Theorem 3.1.2). The set of proper cones in LL(S) denoted
by PL(S) is a semigroup and its left ideal category L(PL(S)) is also
a proper category.

4.1.1 Dual of proper category

Let C be a proper category and PC the semigroup of proper cones
in C. Now we proceed to describe certain set valued functors called

H-functors on objects and morphisms of the proper category C.

Definition 4.1.1. Let PC be the semigroup of proper cones in a
proper category C. For each v € PC we define an H-functor, H(~y;—) :
C — Set defined by; for ¢,d € oC and g : ¢ — d,

H(y;e)={v* f°|f : ¢, = ¢}

H(v;g) : H(v;c) = H(vy;d) maps v * = v * (fg)°.

Clearly, H(~;c) is a set for all ¢ € »C and by the uniqueness of
epimorphic component, H(7; g) is a map of the set H(v;c) to H(v;d).

Lemma 4.1.1. For each v € PC, H(v;—) : C — Set defined

above is an inclusion preserving covariant functor.

Proof. For each ¢ € «C, H(v;¢) is a set and H(7;¢g) is a map from
H(v;¢) to H(vy; ) where g : ¢ — . Now let h:  — ¢’

H(y; g)H(v; h)(y* £°) = H(v; h)(H(v; 9) (v x f))
= H(v;h)(v*(f9)°) =v* ((fg)h)°
=y * (fgh)’ = H(v;gh)(v* f°)
Thus H(v; gh) = H(v;9)H(7v; h).

Also H(v;1.) = In(ye and for ¢ C ¢, H(v;j¢) = ]IZI((;Y

an inclusion preserving covariant functor. UJ

;c;). Hence H is

;C
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Remark 4.1.1. H(v;—) and C(c,; —) are naturally isomorphic
functors and the natural isomorphism 7, is given by n,(c,) : H(y;¢,) —
C(cy,cy) sending v — I .

Proposition 4.1.1. For v,+ € PC, H(v;—) C H(y;—) if and
only if there exists a unique epimorphism A from ¢, to ¢, such that

v=~"xh.

Proof. Let v =v"xh where h : ¢, — ¢, is an epimorphism and let
c €. If yx f° € H(v;c), we have v x f° =+ x hf°. Since h is an
epimorphism, by the uniqueness of canonical factorization (hf)° = hf°
and so yx f° € H(v';¢). Thus H(v;¢) € H(vy/;¢) for all ¢ € oC.

Let g : ¢ — ¢ be a morphism. Then

H(v;9)(y* f°) = v * fg° and

H(;59)(y* ) = H(®;9)( * (hf)?)
=" (hfg)°
=% (fg)°

and the following diagram commutes:

H(v;¢) A0, gy (Y5 )

H(v'5¢) H(y'5¢")
JH (y3¢) T TJH(’WC/)

H(y;e) —— H(yd)
H(v:9)

hence H(v;—) C H(v;—).

Conversely, suppose that H(y;—) C H(v'; —), then v € H(vy;¢,) C
H(v';¢cy) and so v =+ % f for some f € C(cy,cy). Now Cyrupo = imf
and v = 7'« f implies im f = ¢, = codf. Hence f is an epimorphism and
v =7'xf. If y/%h = 4'xk, then for any ¢ € N/, we have v'(c)h = 7'(c)k
and since v/(c) is an epimorphism left cancellation holds and h = k.
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This proves the uniqueness. [

Corollary 4.1.1. Let v,v € PC. If H(y;—) € H(y';—) then
N, CN,.

Proof. Let ¢ € N, then +'(c) is an epimorphism. H(y;—) C
H(v'; —) implies v = 4/ x h where h : ¢, — ¢, is an epimorphism and
v(c) = v'(c)h is epimorphism. Hence ¢ € N, and thus N, C N,. [

Definition 4.1.2. If C is a proper category then the proper dual
of C denoted by P*C is the full subcategory of C* with

vP*C = {H(y; —)ly € PC}
where each H—functor H(~y; —) is as defined in Definition 4.1.1.

Lemma 1.6.2 describes the morphisms of normal dual category in
terms of those of normal category C. We can extend the same result
to proper category since it differs with normal category only in normal
factorization. Since the result is independent of normal factorization
we have the following lemma which describes morphisms of P*C in

terms of those of C.

Lemma 4.1.2. Let C be a proper category and its dual P*C as
defined above. To every morphism o : H(v;—) — H(y';—) in P*C,
there is a unique & : ¢,y — ¢, in C such that the following diagram

commutes. .
H(y; =) —— C(cy, —)

al lqa,—)

H(Y; =) — C(d,,—)
.
In this case, the component of the natural transformation o at ¢ € «C
is the map given by o(c) : v % f° — /' % (¢ f)°. In particular, o is the
inclusion H(v;—) C H(v'; —) if and only if v = 7' %« 0. Moreover, the
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map o +— 7 is a bijection of P*C(H (v; —), H('; —)) onto C(c,, c,).

Remark 4.1.2. Let C* = [C, Set] (see Definition 1.6.5). Since
C* is a category with subobjects with respect to functorial inclusion,
P*C is a category with subobjects, with the subobject relation induced

from C*.

Lemma 4.1.3. Let C be a proper category. If f : ¢ — d is an
epimorphism in C, then H(vy; f) : H(v;¢) — H(v;d) in category P*C

is an epimorphism. Similar result hold for monomorphism.

Proof. Let f : ¢ — d is an epimorphism. Then for ky,ky : d — a,
f-ki = f ko= ki = k. Consider H(y;c) = {y+h°|lh : ¢, = ¢},
H(y; f): H(v;c) = H(v;d) defined as H(v; f)(v*h®) =y (hf)°. For
H(y; ki), H(vi k2) « H(v;d) — H(v;a) and for every v x h? € H(v;c),
let

H(y; [)H (v k) (v = h°) = H(7v; [)H (v: k2) (7 * h°).

But H(; f)H (y; k1) (y + h?) = H(; ka) (H (; f) (7 % h%))
= H(v;: k1) (v * (hf)°)

Now H (y; k1) (v * (hf)?) = (v % (hfk1)°)
= (v * (hfk2)?) [ since kg = ko

= H(y; k2) (v * (hf)°)

Thus for every x (hf)° € H(x;d), H(y: ki) (y + (hf)?) = H (7 k) (7
(hf)°). Hence H(~y; ki) = H(v;ky) and so H(v; f) is an epimorphism.
Dually, if f : ¢ — d is a monomorphism in proper category C, then
H(vy; f) : H(7v;¢) = H(v;d) in P*C is a monomorphism. ]

By Lemma 4.1.2, the homset P*C(H (vy; —), H(y'; —)) is isomorphic
to C(c,,cy) and by Remark 4.1.1, H(vy; —) and C(c,; —) are naturally
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isomorphic functors. The next theorem shows that P*C satisfies all the
conditions for a proper category.

Theorem 4.1.1. For a proper category C, its dual P*C is also a

proper category.

Proof. For a proper category C, its dual is defined as in Definition
412,
vP*C = {H(y;—) :v € PC}

such that for ¢,d € «C and for g : ¢ — d,
Hiyie) = {7+ fIf : ¢, = c} and

H(v;g) : H(v;c) = H(y;d) maps v * f° v * (fg)°.

By Remark 4.1.2, P*C is a category with subobjects.

Let H(v;j) : H(v;¢) € H(v;d) is an inclusion in P*C. Obviously
j ¢ C dis an inclusion in proper category C which splits, implies there
exists retraction e : d — ¢, such that je = I..

H(y;e) ={y* f°lf : ¢y = ¢} and H(v; ) (v * f°) = v * (f5)°.
H(v;e): H(y;d) — H(v;c) and
H(v;j)H(v;e) = H(v; 1) = Th(ye)-

Hence H(;j) splits in P*C.

If o(c): H(v;¢) = H(7;¢) is an inclusion in P*C then by Lemma
412, j : ¢y — ¢, is an inclusion in C which splits in C. Since the
homsets are isomorphic o(c) also splits in P*C.

Next we prove that every morphism in P*C has unique canonical
factorization. Let f : ¢ — d be a morphism in C which has unique

canonical factorization f = ¢qj where ¢:c— a and j:a Cd.
Then H(v; f) : H(y;¢) — H(v;d) is defined as H(y; f) : v % h® —
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v (hf)? where h: ¢, = ¢

H{(y;q)H(v; 5) (v * h®) = H(v; j)(H(v; q)(y * k%))
= H(v;7)(y* (hq)°?) = (v (hqj)?)
= (v (hf)°) = H(v; f)(y * h°)

Thus H(v; f) = H(v;9)H(7;j), where H(7;q) is an epimorphism and
H(~;7) is an inclusion by Lemma 4.1.3.

If o(c) : H(y;¢) — H(v;¢), then by Lemma 4.1.2 there exists
0 : ¢y — ¢y which has canonical factorization ¢ = ¢j in C. Let
q:cy —cjand j:c — ¢, then o(c) has canonical factorization ¢'j’
where ¢ : H(v;¢) — H(Y";¢) and 7' : H(y";¢) — H(9';¢). Since every
inclusion splits, by [25] o(c) has unique canonical factorization.

Let « be a proper cone in C with vertex c¢,. For every a € C,
each component y(a) : @ = ¢,. Then by Definition 4.1.1, H(v;v(a)) :
H(v;a) = H(7;cy). Hence there is a proper cone 4’ in P*C with vertex
H(v;c,) as follows: for all H(v;a) € vP*C

Y(H(via)) s H(via) = H(yicy)
If H(y;a) C H(~;b) then

J(H (v;a), H(v; b)) H (7v; (b)) = H(v;5(a, b)) H(y; (b))

since 7 is a proper cone in C, there exists at least one ¢ € vC such
that y(c) is an epimorphism. Then by Lemma 4.1.3, H(vy;7(c)) is an
epimorphism which is a component of 7/ and hence v/ is a proper cone
in P*C. In a similar way we get proper cones in P*C with each element
of P*C as its vertex. Hence P*C is a proper category. n

Remark 4.1.3. If v is an idempotent proper cone in C such that
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Y(ey) = Io,. Then H(v;v(cy)) = H(v;le,) = In(ye,) (see Lemma
4.1.1). Hence there exists an idempotent proper cone in P*C with
vertex H(y;—).

Example 4.1.1. Let S be the semigroup given in Example 3.1.1,
its principal left ideal category IL(.S) is a proper category. The dual of
this proper category P*IL(S) is the following.

vP*IL(S) = {H (m1; =), H(v2; =), H(73; =) }

and morphisms are of the form H (y; p(a, a,1)) : H(v1;S*a) — H(v;S1).
Similarly
JPR(S) = {H(of; )i = 1,2,..9)

and morphisms are of the form H (v{; A(b,a,a)) : H(v;bSY) — H(vi;aS1).

4.1.2 Dual of preadditive proper category

Preadditive proper category C is described in Section 3.2. Now we

proceed to show that its dual P*C is a preadditive proper category.

Theorem 4.1.2. Let C be a preadditive proper category. Then
its dual category P*C is also a preadditive proper category.

Proof. Since every preadditive proper category C is a proper cate-
gory it is seen that dual P*C is also a proper category (see Theorem
4.1.1). Now it is enough to show that in P*C each homset is an addi-
tive abelian group and composition of morphisms is distributive over
addition.

hom(H (v;c), H(v;d)) ={H(y; f)If : ¢ = d}

since hom(c, d) is an additive abelian group and H(vy; —) is a covariant
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functor; for f;, f; € hom(c,d), f; + f; € hom(c,d). Define

H(v; f;) + H(v; f;) = H(v; fi + f;) € hom(H (v;¢), H(7; d)).

Since hom/(c, d) is an additive abelian group, under this addition hom(H (v; c), H(~y; d))
is obviously an additive abelian group. Also composition of morphisms

is bilinear in P*C.

H(vi f)- (H(vig) + H(vih)) = H(y; f) - (H(v; g+ h)
=H(y;g+h) - H(yv; f) = H(v; (g +h)f)
= H(v;9f) + H(v;hf)
=H(v; f)-H(vig) + H(v; f) - H(v; h).

Now by Remark 4.1.1, H(vy;—) and C(c,; —) are naturally iso-
morphic functors. By Lemma 4.1.2, when C is proper, the homset
P*C(H(v;—),H(v';—)) to C(cy, ¢,) is a bijection. Let

¢ P*C(H(v;—), H(Y;—)) = Clcy, cy)

is defined as ¢(o) = o, where o € C(cy,cy). For d € «C, since the

diagram below commutes, ¢ is an isomorphism.

H(vid) % C(cy, d)

a(d)l laad)

H(y';d) —— C(c,,d)
N (d)
Now to prove the result for preadditive proper categories it is suffi-
cient to prove that addition is preserved between homsets. Let o1, 05 :
H(v;—) — H(v;—) in P*C, then there exists 1,62 : ¢y — ¢, in
C. Since C is preadditive proper category, each homset is an additive
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abelian group and hence ¢ + 3 € C(c/, ¢,). From the diagram
C(O/—\la _) = 77;10177’7’ : O(C’Ya _) - C(C/w _)

C(G2, =) =y ooty Cley, =) = C(c, —).

Clor + 02, =) =05 (01 + 02)ny
=, oy + 0, ooy
[ since C preserves addition in homsets]

= C(01,—) + C(o2, ).

—

Thus we get o1 + 09 = 71 + 73 since C is preadditive proper category.

Hence

—

o1+ o
_|_

[\

¢(o1 + 09)

S

I
< Q)

(01) + ¢(02).

Thus the homsets P*C(H (v; —), H(y'; —)) and C(c,,, ¢,) are isomorphic.

Thus if each homset in C an additive abelian group and composition
distributes over addition then each homset in P*C also have the same
property. If 0 is the zero object of C then H(;0) is the zero object of
P*C for each proper cone v in C. Hence P*C is a preadditive proper
category. 0

4.1.3 Dual of RR—normal category

In Section 3.2.3, the RR—normal categories are described and it is
shown that for an RR—normal category C the set of all normal cones
TC is aregular ring. Now we proceed to define the dual of RR—normal
category.

For v, € TC, vR~' if and only if H(v;—) = H(v';—). TC being
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a regular ring each R—class contains at least one idempotent and so
for every v € TC we have H(~y; —) = H(e; —) where € is an idempotent

normal cone.

Definition 4.1.3. Let C is an RR—normal category, then the
dual of C, denoted by N*C, is the full subcategory of C* with vN*C =
{H(¢;—) : e € E(TC)} where H(e;—) is defined on objects and mor-
phisms of C as for ¢,d € «C and g : ¢ — d;

H(e;e) ={ex f°|f : cc — cland
H(e;g) : H(e;e) — H(e;d) maps ex f— ex (fg)°.

Lemma 4.1.4. Let C be an RR—normal category. To every
morphism o : H(e; —) — H(€'; —) in N*C, there is a unique 7 : ¢o — ¢,
in C such that the following diagram commutes where €, € E(TC).

H(e; =) —— Clee, —)

UJ/ J{C(G,*)

H(e; =) — Clc, )

Ne!

In this case, the component of the natural transformation o at ¢ € oC
is the map given by

o) ex fOr e x(af)°.
In particular, o is the inclusion H(e; —) C H(¢'; —) if and only if
e=¢€x0.

Moreover, the map o — @ is a bijection of N*C(H (¢; —), H(¢'; —)) onto
C(c,ce).

Proof. By Lemma 1.6.2, ¢ : N*C(H(¢;—),H(¢';—)) — C(c,ce)
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is an isomorphism between homsets for a normal category C. Now
since RR—categories are preadditive and since all normal categories
are proper categories, RR—normal category C is a preadditive proper
category and by Theorem 4.1.2 the homset N*C(H (¢; —), H(¢'; —)) is
isomorphic to C(c,, ¢.). Hence the proof. O

By Theorem 3.2.3, RR—normal category C is isomorphic to L.(7C)
so that IL(7C) is an RR—normal category. Dually R(7C) is an RR—normal
category. To prove that the dual category N*C is an RR—normal cat-
egory we show that it is isomorphic to R(7C). To prove that two
RR—normal categories are isomorphic, we show that there is an iso-
morphic functor between the corresponding normal categories which
preserves addition in homsets.

Lemma 4.1.5. Let C be an RR—normal category and €, ¢ €
E(TC). Then the map A(e,v,€') — 7 where v € €(TC)e and

¥ = (ce)jley, ce)

is a bijection of R(TC)(e(7TC),€ (TC)) onto C(c,, c.).

Proof. By Lemma 1.6.3, for a normal category C, there is a bijec-
tion between R(TC)(e(TC),€(TC)) and € (TC)e where TC is a regular
semigroup. Now for an RR—normal category C, TC is a regular ring.
It is sufficient to show that the mapping ¢ : v — v preserves addition
between € (7C)e and C(c, c.). For 7,6 € €(TC)e, v+ 6 € €(TC)e, let
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do = max{im(y + 0)(a)|la € vC} = c(y45) and let ¢, V ¢5s = v.
oy +6) = (7 +9)
= (v + ) (ce)ilcr+0)s ce)
= [[v(ca)iley, v) + (e )ilcs, v)]e(v, do)] j(cyys, cc)
= v(ce)g(cy, v)e(v, do)j(do, ce) + d(ce)j(cs, v)e(v, do)j(do, ce)

[since cy45 = do]

= (ce )](CW ce) + 0(ce)jlcs, cc)
543
= ¢(7) + ¢(9)

Hence ¢ preserves addition between ¢ (7C)e and C(c., ¢.) and we get

—_~— ~

(v+0)=7+0 (4.1)
]

Theorem 4.1.3. Let C be an RR—normal category. Define G on
objects and morphisms of R(TC) as

vG(e(TC)) = H(e; —)

and for A\ = A, v,€) : €(TC) — €(TC), let G(\) be the natural

transformation making the following diagram commutative.

H((—j; _) L) C(CG _)

G(A)l lc(%—)

H(;—) —— C(d,—)
Ner

Then G : R(TC) — N*C is an isomorphism of RR—normal categories.

Proof. By Theorem 1.6.4, G : R(7TC) — N*C is an isomorphism
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of normal categories. Now to prove that G is an isomorphism of
RR—normal categories it is sufficient to prove that the functor G pre-
serves addition between homsets.

eTC —5 H(e;—) SECEN Clee,—)

Al G(A)l ch,—)

eTC —5 H(d,—) — C(c,—)
MNe!

From the diagram the definition of G(\) is equivalent to
G(\) =nCF, —)na'.

Let A\ = Ae,v,€) and Ay = A(e,0,€¢) mapping from €(7C) to
€(TC). Then Ay + Ao = A(e, 7+ ,€) : e(TC) = €(TC).

G+ A2) = nC((y +0), —)nz'

= nC(H +0,—)n"

[ since (v + 8) =7 + & by Equation 4.1 ]

=nCH, —)nz" +nC(S, =),
=G(\) + G(N\g)

Hence G is an isomorphism of RR—normal categories R(7C) and N*C.
O

Thus for an RR—normal category C, C = L(7C) and R(7C) =
N*C. Hence the dual category N*C is an RR—normal category.



Chapter 5

Cross-connection of

RR—normal categories

The cross-connection of normal categories is described in Section 1.7
and the cross-connection semigroup-which turns out to be a regular
semigroup and thus obtained a beautiful structure theorem for regular
semigroups. Here we generalize this approach by describing the cross-
connections of RR—normal categories and obtain a regular ring.

5.1 Cross-connection

In Section 3.2.3, RR—normal category is described and now we pro-
ceed to describe cross-connection of RR—normal categories. In an
RR—normal category C the set of all normal cones 7C is a regular
ring and L(7C) is an RR—normal category. Theorem 3.2.3 establishes
the isomorphism of C with L(7C). RR-normal dual category N*C is
discussed in Section 4.1.3 and by Theorem 4.1.3, R(7C) is isomorphic
to N*C.

Definition 5.1.1. Let C and D be RR—normal categories. A
functor ' : C — D is said to be a local isomorphism if F' is inclusion
preserving, fully-faithful, addition preserving in each homset and for

99



100 Chapter 5. Cross-connection of RR—normal categories

each ¢ € vC, F|(y is an isomorphism of the ideal (c) onto (F(c)).

Let R be a (von Neumann) regular ring. The category L(R)[R(R)]
of principal left [right] ideals of R are RR—normal categories (see Sec-
tion 3.2.3). The set of all normal cones TIL(R)[TR(R)] of RR—normal
category L(R)[R(R)] is a regular ring. By Theorem 3.2.4, it is seen
that there is a ring homomorphism p : a — p® of R into TIL(R). The
following Proposition shows that the category of principal right ideals
R(TL(R)) is an RR—normal category by showing that it is isomorphic
to R(R).

Proposition 5.1.1. For any regular ring R, FFR, : R(R) —
R(TL(R)) defined by FR,(eR) = p°(TL(R)) and FR,(\(e,u, f)) =
A(p?, p*, p’) is a local isomorphism and dually F Ry : L(R) — L(TR(R))
defined by FRy(Re) = (TR(R))X¢ and FRy(p(e,u, f)) = p(A¢, X4, M)

is also a local isomorphism.

Proof. In Proposition 1.7.3, it is shown that F'S,, : R(S) — R(TL(S5))
is a local isomorphism where R(S),L(S) are ideal categories of a reg-
ular semigroup S. To prove the result for a regular ring R and the
corresponding RR—normal categories L(R) and R(R) it is sufficient
to prove that the functors defined above preserves addition between

homsets.

Let Ay = A(e,u, f) and Ay = A(e, v, f) belong to R(R)(eR, fR)

FR,(A\1 + X\2) = FR,(A(e, u, f) + Ae, v, f)
= FR,(Ae, (u+v), f)
= A%, p"*, p")
= A", p" + ", pT)
[since p"*" = p" + p’|
= X% 0", p") + Ap°, 0%, p")
= FR,(A1) + FRy()2)
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Hence FR, : R(R) — R(TL(R)) is a local isomorphism between the
RR—normal categories R(R) and R(TL(R)). O

Theorem 5.1.1. Let R be a regular ring and L(R)[R(R)] be the
RR—normal category of principal left [right] ideals of R. For e, f €
E(R),fR € vR(R) and \ = A(e,u, f) in R(R), let TR be defined on
objects and morphisms of R(R) by :

FR(fR) = H(pf; _)7 FR(/\) = anL(R)(p(ﬁ u, 6)7 _>77p_f1'

Then I'R is a local isomorphism from R(R) to N*L(R). Dually, I"*R,
defined on objects and morphisms of L(R) by

F*R(Re) = H()‘e; _)a F*R(p) = nAfR(R)(/\<67 u, f)’ _)77;61'

for all Re € vL(R) and p = p(f,u,e) € L(R), defines a local isomor-
phism.

Proof. We have L(R) and R(R) are RR—normal categories and
TL(R) is aregular ring. By Proposition 5.1.1, FR, : R(R) — R(TL(R))
is a local isomorphism. Also by Theorem 4.1.3, G : R(TL(R)) —
N*L(R) is also a local isomorphism. Then obviously 'R = FR, - G is
a local isomorphism from R(R) to N*L(R). Dually IR is also a local
isomorphism. O

For a regular ring R, the ideal categories L(R) and [R(R)| are
RR—normal categories and the corresponding dual categories N*L(R)
and [N*R(R)] are also RR—normal categories. 'R(—,—) : L(R) x
R(R) — Set is a bifunctor associated with the local isomorphism
I'R:R(R) — N*L(R) defined on objects and morphisms as follows:

I'R(Re, fR) =TR(fR)(Re);

T'R(p, A) = R(fR)(p)T R(A)(Re') = TR(A)(Re)I'R(f'R)(p)
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for all (Re, fR) € vL(R) x R(R) and (p, A) : (Re, fR) — (R€¢/, f'R).

Proposition 5.1.2. The bifunctor 'R(—,—) : L(R) x R(R) —
Set defined above is addition preserving.

Proof. Let py, p2, p1+p2: Re = Re’ and A, Ao, \1+ X2 fR— f'R

TR(p1 + p2, A1+ A2) =TR(fR)(p1 + p2)TR(A + \2)(Re")
= H(p, pr+ pa) PR(A\ + Ao)(Re)
= [H(p", p1) + H(p", p2)][CR(A1)(Re') + TR(Xo)(Re')]
= H(p?, p1)TR(A)(Re') + H(p?, p2) P R(N2) (Re')
= I'R(p1, M) + TR(pa, A2)

Thus I'R(—, —) is an addition preserving bifunctor between the cate-
gories L(R) x R(R) and Set. O

Similarly " R(—, —) : L(R) x R(R) — Set is also a bifunctor asso-
ciated with the local isomorphism I'*R : L(R) — N*R(R) defined on
objects and morphisms as follows:

[*R(Re, fR) = I*R(Re)(fR):;
[*R(p, ) = T*R(Re)NTR(p)(f'R) = T* R(p) (FR)T* R(RE) (V)
for all (Re, fR) € vL(R) x R(R) and (p, A) : (Re, fR) — (R€, f'R).

Theorem 5.1.2. Let R be aregular ring. TR(—, —) andT*R(—, —)
are two set valued bifunctors defined as above. Then there is a natural

isomorphism xg from 'R(—,—) to I'"R(—, —) whose components are
defined by

Xr(Re, fR) : pf*p(f,u,e)" — A% Ae,u, f)°

for each (Re, fR) € v(L(R) x R(R)).
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Proof. By Theorem 1.7.5, for a regular semigroup S, x¢ is a natural
isomorphism between I'S(—, —) and I'*S(—, —) whose components are
defined by

xs(Se, fS) : pf*p(f, u,e)’ = A x Ae,u, f)°

for each (Se, fS) € v(L(S) x R(S)). By above Proposition 5.1.2, 'R
and I'*R are addition preserving bifunctors. So obviously xg is also
addition preserving. O

'R : R(R) = N*L(R) is the connection of R and I'"R : L(R) —
N*R(R) is the dual connection of R.

Proposition 5.1.3 (cf.[25]). Let I' : D — N*C be a connection
between RR—normal categories C and D and let Cr be the subcategory
of C such that

Cr = {c € C:ce MI'(d) for some d € vD},

where MT'(d) is the M —set of normal cone with vertex d. Then Cr is
an ideal in C.

Definition 5.1.2. Let C and D be RR—normal categories. A
cross-connection is a triplet (D,C;T") where I' : D — N*C is a local

isomorphism such that for every ¢ € oC there is some d € vD such that
c e MTI'(d).

Theorem 5.1.3. Let R be a regular ring. Then the connection
'R of R is a cross-connection of R(R) and L(R). Moreover I'*R is the
dual of T'R.

Proof. By Theorem 1.7.6, I'S : R(S) — N*L(S) is a cross-connection
for a regular semigroup S and I'*S is the dual of I'S. By Theorem 5.1.1,
I'R: R(R) — N*L(R) is a cross-connection for a regular ring R. Dually
['*R is the dual cross-connection of I'R. O
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5.2 Cross-connection regular ring

Cross-connection of RR—normal categories is discussed in Section 5.1.
Now we proceed to describe the regular ring corresponding to the cross-
connection which we call the cross-connection reqular ring.

Let C and D be RR—normal categories. I' : D — N*C is a cross-
connection and I : C — N*D be its dual cross-connection. Define

Er ={(¢,d) : c € oCr,d € vD and ¢ € MT'(d)}.

For each (¢,d) € Er,v(c,d) denotes the unique cone in C such that
Cyedy = cand I'(d) = H(vy(c,d); —). Similarly for each (c,d) € Er,
there is a unique cone y*(c,d) in D such that c,«(q = d and ['*(c) =
H(y* (e, d); ).

Let (¢,d) € vCr x vD and choose ¢ € Cr and d' € vD such that
(¢,d"),(c,d) € Epr. Then every cone in I'(c,d) can be represented as
(¢, d)* f° with f € C(, ¢) and every element of ['*(¢, d) can be written
as v*(¢,d") x g° with g € D(d', d).

Hence for every (¢, d) € oCr x vD and (¢, d)x f° € ['(¢, d), we have

natural isomorphism
XI(e, d) (v (¢, d) x ) = 7" (e, d) * g°

where (¢,d),(d,d") € Er and f € C(c,c),g € D(d',d) are such that
the following diagram commutes.

D(d) =% Cle.-)

F(g)l lc(f,—)

I'd) —— C(d,—)

My (c!,d)

Let I' be a cross-connection of D with C. Define

UT = | J{7(e,d) : (¢,d) € o€ x vD};
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Ur- = U{V*(c, d) : (¢,d) € oC x vD}.

For any cross-connection I' : D — N*C, UT is a regular subring of 7C
such that
EUT) ={v(c,d) : (¢,d) € Er}.

Definition 5.2.1. Given a cross-connection I' : D — N*C, be-
tween RR—normal categories C and D, a cone v € Ul is linked to
~v* € U or (v,7%) is linked relative to I if there is (¢,d) € oC x vD
such that

Y S F(Ca d) and ’7* = XF(c,d) (’7)

Theorem 5.2.1. Let C and D be two RR—normal categories and
I' : D — N*C be a cross-connection. Then RI' = {(v,7*) € I' x I'* :
(v,7") is linked } is a regular ring with binary operation defined by

(7,77)(0,0%) = (7.6,0"~") and

(7,7") + (0,0%) = (v + 0,7 +67)

for all (v,~*), (8,6*) € RI.

Proof. By Theorem 3.2.2, for an RR—normal category C the set of
all normal cones 7C is a regular ring with respect to the multiplication
and addition of normal cones are defined by: for v, € TC with ¢, =
¢,cs = d and for each a € C, (7v-6)(a) = v(a)-d(c)° and (y+9J)(a) =
(v@®0)*(a) where (y@0)*(a) = [y(a)j(c,cVd)+d(a)j(d,cVd)]e(cVd,dy)
and dy = maz{im(y @ d)(a)|a € vC} is the vertex of the normal cone
v+ 0.

Since TC and TD are regular rings for RR—normal categories C
and D respectively, TC x TD is also a regular ring and Rl is a regular
subring of 7C x TD. O

Example 5.2.1. Cross-connection of the Matrix Ring M;(Z,)
Consider the regular ring R = M3(Zy). This ring has 16 elements of
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which there are 8 idempotents. The idempotents of R denoted as F(R)
are listed below.

e_—oo'e_—lo'e_"o 'e_—11'
0 — 0071_ 0072_ 01 , €3 — 007

[ ] (1 0] [0 1] (1 0]
4 11 s €5 1076 0 1 , €7 0 1 3

The egg-box picture of the idempotents is the following:

1]

€6 | €5
€2 €4
€1 €3

0]

The elements other than idempotents are

o] _foo] {1
"loo|"? 1o’ |11’
o1 _foal _frof i _f11
Tol” |11 111" o1 |10

L(R) is the category of idempotent generated principal left ideals of

ay —

ring R, its object set vlL(R) consists of the following.

00
00

},R: My (Zs),
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SR

Recall that the morphisms of the category IL(R) are defined by p, =
ple,u, f) : Re — Rf is the translation x — zu where u € eRf. Hence
the homsets are

hOm(Ilﬁjl) = {pempel}a hom([17[2) = {Peo,ﬂal}n

hom(Is, I5) = {peq, pes }» hom(I1, Is) = {pey, pes }
hom(I3, Is) = {peq; pes }, hom (I, 1) = {peq; Pas }
hom(Is, 1) = {peg, pe, }- hom(I2, I3) = {pey, pes},
hom(I3, Is) = {pey, Pay }, hom(I1, Io) = {peo }
hom(Is, Io) = {pe }, hom(Is, Io) = {pe, },
hom(R, 1o) = {pey }, hom(R, 1) = {peq; Pers Pazs Pes }»
hom(I1, R) = {pey: Pers Pars Pes } hom (R, I2) = {pey; Pars Py, Pes }
hom(Iz, R) = {peys Paz: Pess P}, hom (R, Is) = {pey: Pes: Pess Pas }
hom(I3, R) = {peg: Pers Pars Pes }» hom (R, R) = {pu|u € R}
Note that hom(R, R) = {p.|u € R} is also a von Neumann regular ring
with respect to the addition and multiplication defined by

Pu+ Po = Puty and

Pu* Pv = Puv-

The normal cones in L(R) are the following:
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I, I
Pe, P B B
B B B P
eo a‘2
I R I R
° L I, ° Lo I,
2 2
To 71
I, I
peo pel peo a.2
pe1 pe1 €o pe1
Pl Pa,
I R I R
’ L I, ’ Lo I,
2 2
T2 73
I, I
peo a peo €e
pa1 pal a3 peo
peo S5
I R I R
° Lo ° Lo I,
2 2
P1 P2
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I
peo
p
eo pe2
I, g
Io g3
I,
Peo
p
63 peo
3
I, :
R
Peo
p
el pe2
I, =
I,

a1

]

a

©

€3

°

€3

€5

=]

€3

=]

€7

I,
Peo
p
ej s
I, I
I, -
I,
Peo
P
eg peé
I, I,
I, -
R
Peo
p
ez pe2
I, I,
I, -

©

°

€0

€3

€1

az

€a

ar

=+

=<]
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R
Peo
pe3
Pa2
I
o I, X
2
a3
R
Peo
pel
l-)e4
I
0 I, L
2
as

ag
Pal
R
I,
Pae
Pal
R
I

The set of all normal cones

R
peO
Pal
I'-Je‘L
I
0 I, ’
2
ag
R
peo
pal
Pa2
I
) I, :
2
ag

o

€,

ag

7_]]"(72’) = {70a V1,725 73, 517 52) 63) 517 527 637 aq, Qig, O3, Oy, s, aﬁ}

and it is a regular ring isomorphic to R and hom(R, R). It is easily
seen that vy + 2 = 73, 81 + 71 = a3, 02 + 1 = 72, a3 + d2 = 73 and so

o1.

The idempotents in TL(R) are

E(TH“(R)> = {707 71572, /827 537 627 537 Ql}-

Further L(R) = L(TL(R)) and the correspondence is the following:
Iy — m(R)’Yo,Il — TL(R)’}@,]Q — m(R>/827I3 — TL(R)&Q,R —

TL(R)ay.
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The dual category N*IL(R) is the category with
oN*IL(R) = {H (vi; =), H(Bj; =), H(0j; =), H(c; —);i = 0,1,2;j = 2,3}

and morphisms are appropriate natural transformations.

The principal right ideals generated by idempotents are

0 0
I, =
° {[0 0
0 0 10 0 1 11
00’00 |’'fOO]|]0O
0 0 0 0 0 0 0 0
0Oo0|' f1Tof|’]0o 1] |11
ool [1o0] o1 11
J3: 9 ) 9
{ 0 0 10 0 1 11 }
The category whose objects are these principal right ideals and mor-

phisms are of the form A\, = A(e,u, f) : eR — fR is the translation
r — ux where u € fRe is the normal category R(R).

},R: M5 (Zs)

=~
Il

J2

The homsets are the following.
]’LOTTL(Jl, Jl) == {)‘607 )‘61}7 ]’LOTTL(JI, JQ) = {)\60, )\a2}7

hom(J2, J2) = {Aegs Aey }, hom(J1, J3) = {Aeps Aes
hom(Js, J3) = {Aegs Aes > hom(J2, J1) = {Aey,s Aay b
hom(Js, Ji) = {Aegs Aey b, hom(Ja, J3) = {Aegs Aes }
hom(Js, Jo) = { ey, Aay b hom(J1, Io) = { e, },
hom(Js, 1y) = { ey }, hom(J3, In) = {Aep }s
hom(R, Io) = {Ae, }, hom(R, J1) = {Aeg; Aers Aays Aes }
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hom(Jh R) = {)\607 )\617 )\aza )\65}7 hom(R7 ‘]2) = {)\607 )\627 )\a27 )\64}7

hom(J2, R) = { ey Aays Aess Aag > ROM(R, J3) = {Aegs Aess Aegs Aas }s

hom(Js, R) = {Acys Aers Aags Aes |, hom(R, R) = {\,|Ju € R}

The set of all normal cones TR(R) in the category R(R) are

I,
A
€0
A
€o
A
€0
I
0 Jl
Ja
Yo
I
A
€0
A
ey
A
€0
I
0 Jl J
2
T2

ey

€

=+ ]

I,

€0

=

€p

I

J1

T1°

Jy
Iz

73>

R

J3
A
a
A
ey

R

J3
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€0

as

)

€p

€0

€s

L

€0

Iz
P1-

I,

€9

€0

J2

52)

-

as

as

as

j=-]

es

€0

€o

€0

as

€5

€o

I,

€5

Iz
B2

I,

€6

€6

J2

53)

€p

az
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R
A
€6
R
J3
Ja
32;
R
A
ag
A
€1
A
€g
R
Js
Ja
047
R
A
ag
A
€5
A
ay
R
J3
Ja
357 as;

TR(R) = {70 71+ V2: V3, 81, B2, B3, 01, 83, 05, oy, oy, o, o, g, o}

and it is a regular ring isomorphic to R and hom(R, R). The idempo-
tent set E(TR(R)) = {70,71,72 53, B5, 95, 05, a1 }-
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Further N*L(R) = R(TL(R)) and the correspondence is given by
H(v0; =) = %TL(R), H(y1; =) = NnTL(R), H(v2; —) = 12 TL(R),
H(By; —) = B TIL(R), H(B3; —) — B3TIL(R), H(02; —) — 02 TL(R),
H(d3;—) = 03TL(R), H(ay;—) = a1 TL(R).

Define I'R : R(R) — N*L(R) on objects and morphisms of R(R)
by

PR(fR) = H(p"; =), TR(A) = n,L(R)(p(f. u, ), =)n,

where A = A(e,u, f) in R(R). p’ is the normal cone in L(R) with

vertex Rf. The diagram given below commutes

eR —2 H(p"—) —“= L(R)(Re, -)

)\l FRWl lL(R)(p(f,uve)v—)

R == H(pfi=) — L(R)(RS.-)
and I'R is a cross-connection of RR-normal categories L(R) and R(R).
Now we proceed to find the cross-connection regular ring.

Erp = {(lo, lo), (11, 1), (11, J2), (11, J3) (L2, J1), (L2, Ja), (L2, J3), (I3, J1),
([37 J2)7 (IS> J3)7 (Ra R)}

For (I, J;) € Erg,v(I1,J1) denotes the unique cone in L(R) with
vertex I;. Define an addition preserving bifunctor I'R(—, —) : L(R) X
R(R) — Set as described below.

PR(Il, Jl) = {’Y(I“ Jl) * (pu>0|/0u < ]L(R)(IZ, [1),7, = 1, 2, 3}
= {'71 * <p61>07 Y2 * (p€1)07 62 * (p62>07 53 * (p62)07 0g * (p61)07 53 * (p81>0}
= {’71772773}

Similarly I'R([1, J2) = T'R(I1, J5) = {71,72, 73},

FR(]Qa ) {Bl;ﬁQvﬁ?}} FR(I37 ) {51752753} 1= 3'7
FR(I()u JO) - {70}7 FR(R7 R) - {alu Qg, 3, Oy, O3, 066}.
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Thus we get

UL'R = {70, 71, 72,73, B1, B2, B3, 61, 02, 03, a1, iz, (3, (g, @5, 06 }

Similarly, we can define I'*R : L(R) — N*R(R) and obtain

* / / / / / / / !/ !/ ! / / / / / /
UF R = {707 717 727 737 517 627 637 617 52a 537 ala 042, 013, a47 Oé5, a6}'

Let xrr(1;, J;) is anatural isomorphism from I'R(1;, J;) to I R(I;, J;)
defined by ~(I;, J1) » f© — ~v*(I1,J;) * ¢° where f : [} — I; and
g :J; = Jy. Using xrg, the linked pairs of normal cones are
R = {(7,7), (71,71), (71,72), (11,73), (02, 71), (92572), (925 73), (93574,
¥3,75)> (13,73), (B1, B1) (B, B5), (Br, B3), (B2, B1), (B2, B3), (B2, B3), (Bs, B1),
B3, 85), (B3, B3), (1,01), (01, 05), (01, 03), (d2, 01), (02, 5), (02, 03), (d3, 01),

(

(

(5375/)7(53’ ) (041,041),(041, ) (Oél,Oéé),(Ozl,Oéil) (aha )7(041’043)7
(O‘270/1) (O‘27a2) (052, g)?(a2>o‘4) (04270/5>7(04270‘6) (043, ,1)7(04370/2)7
(a37aé)7<a3’ )7(a37 g’))v(a37a6>’(a470/1>’(a47a2) (044, 3)7(0‘47041)7
(O‘ g)’<0547056) (055, /1)7((:“5?0‘) (04570‘97(04570‘4)7(0557 g)>(a57a%)>
(0‘6’ al) (O‘G’ a2) (a67 a?))v (a67 0‘4)’ (aﬁa 0/5)’ (aﬁv aﬁ)}

RT is the cross-connection regular ring which is a regular subring

of TL(R) x TR(R).
(vis75) + (Br, B1) = (i + Br, 7 + B7)
and (%7;-) (B, B) = (v Br, By - %/)

The addition and multiplication of two normal cones is as defined in
Theorem 3.2.2 and it can be seen that (v1,7)) + (01,07) = (52, 55)
and so on. The multiplication is distributive over addition as (y1,7}) -

[(52755) + (51#5/1)] = (71771) : (’Yl;%) = (’Yl,%) and (’Yl»%) : (52#%) +
(71,7, - (61,8,) = (B2, B5) + (01, 8)) = (71,7}) and so on.

Thus the principal left and right ideals of a regular ring are R R—normal

categories and their cross-connection gives a regular ring.



Scope of Further Study

In this thesis we discussed cross-connections of Boolean lattices and
that of regular ring. It is also shown that the ideal categories of ar-
bitrary semigroups, rings and modules as proper category, preadditive
proper category and abelian proper category respectively. The duals of

proper categories and preadditive proper categories are also discussed.

The cross-connection of proper categories and that of preadditive
proper categories are not discussed in this thesis, similarly the dual
of abelian proper category is also not discussed, hence these will be a

natural choice for any further study.

The submodules of a semisimple R-module form a complemented
modular lattice. Moreover it also forms an abelian normal category
with object set submodules and morphisms R-module homomorphisms.
The cross-connection of the semisimple R-module can be constructed
considering it as an abelian normal category and as a complemented
modular lattice. These constructions as well as their equivalences will

be a part of any future research based on this thesis.
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