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Chapter 1

Introduction

The origin of graph theory can be traced back to Euler’s work
on the Konigsberg bridges problem. The Swiss mathematician
Leonhard Euler presented a paper ‘On the solution of a problem
relating to the geometry of position’ to his colleagues at the
Academy of Sciences in St Petersburg on 26 August 1735. This
was the Konigsberg bridges problem - find a closed walk that
crosses each of the seven bridges of Konigsberg exactly once,
which led to the discovery of Eulerian graphs [6]. Since then
the subject has grown into one of the most inter disciplinary

branches in mathematics with a great variety of applications
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[5], [56].

The development of graph theory with its applications to
electrical networks, flows and connectivity are included in [10]
and [26]. Interest in graphs and their applications has grown
exponentially in the past two decades, due to the usefulness of

graphs as models for computation and optimization [35].

The idea of networks has received much attraction in the
past years as it affects many aspects of our lives, such as how
we store and retrieve information, communication etc. The Web
graph [5], [24] is a real world network which became an active
field of study in the last decade. A web graph, W has vertices
representing the web pages and the edges correspond to links
between the pages. This exciting notion of web graph has appli-
cations in different areas. The most famous ranking algorithm,
‘Page Rank’ was introduced in 1998, for Google’s web search

algorithm [11].

‘Scale free network’ is a network characterized by a ‘power
law degree distribution’. The construction of scale free graph
is based on its adjacency matrix. Many critical infrastructure

systems such as internet, railroads, gas pipeline systems etc have
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been shown to be scale free [64]. Spectral properties of complex
networks are also studied [54]. A large number of biological
networks such as metabolic reaction networks, gene regulatory
network, food networks between species in an ecosystem have

been studied in [27].

In any branch of mathematics we try to get new structures
from the given structures. In graph theory also many interesting
classes of graphs are obtained by combining graphs in several

ways such as join, union, product etc.

‘Graph products’ are viewed as a convenient method to de-
scribe the structure of a graph in terms of its factors. There
are three products - Cartesian, strong and lexicographic prod-
uct which have many applications and theoretical interpreta-
tions. These products have the property that projection into at
least one factor is a weak homomorphism. For this reason the
three standard products are most extensively studied and have
the widest range of applications. When dealing with product
graphs, one of the main source of reference is the book by R.

Hammack et al. [36].

An interconnection network may be modeled by a simple
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graph whose vertices represent components of the network and
the edges represent physical communication links. A basic fea-
ture of a network is that its components are connected by phys-
ical communication links to transmit information according to
some pattern. Many graph theoretic techniques can be used to
study the efficiency and reliability of a network, as discussed in
[41], [50] and [66]. For designing large-scale interconnection net-
works, the product graph operation is an important method to
obtain large graphs from smaller ones, with a number of param-
eters that can be calculated from the corresponding parameters

of the factor graph.

The distance and diameter of a graph play significant roles
in analyzing the efficiency of an interconnection network. The
diameter is often taken as a measure of efficiency, when studying
the potential effects of link failures on the performance of a
communication network, especially for networks with maximum
time-delay or signal degradation. In fact, most of the graph
products are interconnection networks and a good network must
be hard to disrupt and the transmissions must remain connected
even if some vertices or edges fail. In order to improve or increase

the efficiency of message transmission we need to minimize the
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diameter of a graph. However, there are nice interconnection
networks, such as butterfly networks, honeycomb networks [41],

which are not product graphs.

In the design of an interconnection network, another funda-
mental consideration is the reliability of the network, which is
characterized by the vertex connectivity and the edge connec-
tivity of the network. If some processors or links are faulty, the
information cannot be transmitted by these links and the effi-
ciency of network will be affected. These problems deal with
how the remaining processors can still communicate with a rea-
sonable efficiency. In terms of graphs, this problem is modeled
in the literature as the vulnerability of the diameter. These no-
tions have received much research attention in the past years

due to its applications in networks [66].

For routing problems in interconnection networks it is im-
portant to find the shortest containers between any two vertices,
since the w-wide diameter gives the maximum communication
delay when there are up to w—1 faulty nodes in a network mod-
eled by a graph. The concept of ‘wide diameter’ was introduced

by Hsu [41] to unify the concepts of diameter and connectivity.
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The concept of ‘domination’ has attracted interest due to
its wide applications in many real world situations [38]. A con-
nected dominating set serves as a virtual backbone of a network

and it is a set of vertices that helps in routing [17].

In this thesis, we make an earnest attempt to study some
of these notions in graph products. This include, the diameter
variability, the diameter vulnerability, the component factors

and the domination criticality.
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1.1 Basic definitions

The basic notations, terminology and definitions are from [4],
[13], [37], [38], [43], [65] and the basic results are from [42], [43],
and [36].

Definition 1.1.1. A graph G = (V, E) consists of a non-
empty collection of points, V' called its vertices and a set of
unordered pairs of distinct vertices, F called its edges. The un-
ordered pair of vertices {u,v} € E are called the end vertices
of the edge e = {u,v}. In that case, the vertex u is said to be
adjacent to the vertex v. Two edges e and ¢’ are said to be in-
cident if they have a common end vertex. The neighborhood
of a vertex u is the set N(u) consisting of all vertices v which
are adjacent to u. The closed neighborhood of a vertex u is
Nlu] = N(u) U {u}. |V] is called the order of G, denoted by n
or n(G) and |E| is called the size of G, denoted by m or m(G).

A graph G is totally disconnected if it has no edges.

Definition 1.1.2. The number of vertices adjacent to a

vertex v is called the degree of the vertex, denoted by deg(v).
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A vertex of degree zero is an isolated vertex and of degree one
is called a pendant vertex. A vertex of degree (n—1) is called
a universal vertex. The maximum and the minimum degree
of vertices are denoted by A(G) and 6(G) respectiively. G is
regular if A(G) = §(G). It is k-regular, if deg(v) = k for every

vertex v € V(G).

Definition 1.1.3. A graph G is isomorphic to a graph H
if there exists a bijection ¢ : V(G) — V(H) such that u and v
are adjacent in G if and only if ¢(u) and ¢(v) are adjacent in

H. If G is isomorphic to H, we write G = H.

Definition 1.1.4. A graph H is called a subgraph of G if
V(H) CV(G)and E(H) C E(G). A subgraph H is a spanning
subgraph of G if V(H) = V(G). A subgraph H is called an
induced subgraph of G if each edge of G having its ends in
V(H) is also an edge of H. The subgraph of G induced by H is

denoted by < H >.

Definition 1.1.5. A vy — v, walk in a graph G is a finite
list vg, €1, v1, €9, Vg, ..., €, Vg Of vertices and edges such that for
1 <@ < k, the edge e; has end vertices v;_; and v;. If the

vertices vy, v1,...,v; of the above walk are distinct, then it is



1.1. Basic definitions 9

called a path. A path from the vertex u to the vertex v is
called a u — v path. A path on n vertices is denoted by P,.
If in addition vy = vy and k = n then it is called a cycle of
length n, C,,. If the edges ey, s, ..., e, of the walk are distinct, it
is called a trail. A graph G is connected if for every u,v € V,
there exists a uw — v path. If G is not connected, then it is

disconnected. A connected acyclic graph is called a tree.

Definition 1.1.6. The distance between two vertices u
and v of a connected graph G, denoted by d(u,v), is the length
of a shortest u — v path in G. The eccentricity of a vertex
u, e(u) = mazx {d(u,v)/v € V(G)}. The radius, r(G) and
the diameter, diam(G) are respectively the minimum and the
maximum of the vertex eccentricities. For a vertex u € V(G), if
there exists a vertex v € V(G) such that d(u,v) = diam(G), v

is then called a diametral vertex of w.

Definition 1.1.7. The complete graph K, is a graph of
order n in which each pair of distinct vertices is joined by an

edge. A clique is a maximal complete subgraph.

Definition 1.1.8. A graph G is bipartite if the vertex set

can be partitioned into two non-empty sets U and U’ such that
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every edge of G has one end vertex in U and the other in U’". A
bipartite graph in which each vertex of U is adjacent to every

vertex of U’ is called a complete bipartite graph.

Definition 1.1.9. Let G be a graph. The complement of
G, denoted by G°, is the graph with the same vertex set as G
and any two vertices are adjacent in G¢ if they are not adjacent

in G. K is called a totally disconnected graph.

Definition 1.1.10. For a graph G, a subset V' of V(G) is
a k-vertex cut of G if the number of components in G — V' is
greater than that of G and |V’| = k. The vertex connectivity
of a graph G, k(G), is the least number of vertices whose deletion
from G increases the number of components of G. A graph G
is k-connected, if K(G) > k. A vertex v of G is a cut vertex
of G if {v} is a vertex cut of G. The edge connectivity of
a graph G, k'(G), is the least number of edges whose deletion

from G increases the number of components of G.

Definition 1.1.11. A set S C V(G) of vertices in a graph
G is called a dominating set, if every v € V(G) is either an
element of S or is adjacent to an element of S. The domina-

tion number of a graph G, v(G), is the minimum cardinality
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of a dominating set in G. A dominating set S is a connected
dominating set if < .S > is a connected subgraph of G and the
corresponding domination number is the connected domina-

tion number, 7.(G).

Illustration:

Fig 1.1: 7(Py) = 7e(Py) = 2 and y(P5) = 2, 7.(F5) = 3.

Definition 1.1.12. [25],[38] Edge critical graphs are
graphs in which domination number decreases upon the addition
of any missing edge while vertex critical graphs are graphs
in which domination number decreases when any vertex is re-
moved. A graph G is k - v - edge critical if v(G) = k and
v(G+e) < k for each e ¢ F(G) and G is k - 7y - vertex critical if
7(G) = k but for each vertex v € V(G), v(G —v) < k. Also, G
is k - 7. - edge critical if 7.(G) = k and ~.(G + e) < k for each
e ¢ E(G) and G is k - 7. - vertex critical if 7.(G) = k but for

each vertex v € V(G), 7.(G —v) < k.
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Illustration:

SIATE

Fig 1.2: v(G) =3, v(G+¢) =2 and v(G —v) = 2.

Baeys

Fig 1.3: 7.(G) =3, 7.(G+¢) =2 and 7.(G —v) = 2.

Definition 1.1.13. [13] A graph G is diameter minimal
if diam(G — e) > diam(G) for any e € F(G) and G is diameter

maximal if diam(G + e) < diam(G) for any e ¢ E(G).
INlustration:

Fig 1.4: (5 is a diameter minimal graph and Pj is a diameter
maximal graph.
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Definition 1.1.14. [36] The Cartesian product of two
graphs G and H, denoted by GLIH, is the graph with vertex
set V(G) x V(H) and two vertices (uy, v1), (ug, ve) are adjacent
if either u; = uy and v; — vy € E(H) or u; —uy € E(G) and
v; = vy. The graph P,[IP,, is called the n x m grid graph.
The graph P,[JC,, is called a cylinder and the graph C,C,,

is called a torus.

Illustration:

U] (ii) (iii)

Fig 1.5: (i) P,OP; - grid (ii) P,OCy - cylinder (iii) C,0Cy -
torus.

Definition 1.1.15. [36] The strong product of two graphs
G and H, denoted by G X H, is the graph with vertex set
V(G) x V(H) and two vertices (u1,v1) and (ug, vy) are adjacent
if either uy = up and vy — vy € E(H) or uy — us € E(G) and

v =wvy or u; —uy € E(G) and v; — vy € E(H).
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Definition 1.1.16. [36] The lexicographic product of
two graphs G and H, denoted by G o H, is the graph with
vertex set V(G) x V(H) and the two vertices (u1,v1), (ug,v2)
are adjacent if either uy — uy € E(G) or uy = up and vy — vy

€ E(H).

Illustration:

(i) (ii) (iii)

Definition 1.1.17. [43] Let G x H be any of the graph
products. For any vertex g € (G, the subgraph of G H induced
by {g} x V(H) is called the H — layer at g and denoted by
9H. For any vertex h € H, the subgraph of G * H induced by
V(G) x {h} is called the G — layer at h and denoted by G”".

Definition 1.1.18. [43] A hypercube of dimension n,
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denoted by @, is the graph whose vertex set consists of all 0-
1 vectors (v, v, ...,v,), where two vertices are adjacent if they
differ in precisely one coordinate.

Equivalently, ), = K5 and Q,, = @, 10K for n > 2.

Definition 1.1.19. [43] A graph G is a Hamming graph
if there exist integers k, ni, ns, ns, ...., ng_1, Ny such that
G = K, UK,,0. 0K, the vertex set of G is the set of k-
tuples (i1, 12, ...,4), where i; € {1,2,...,n;} and two k-tuples

are adjacent if they differ in exactly one coordinate.

Definition 1.1.20. [46] Let A be a family of connected
graphs. If a graph G has a spanning subgraph H such that each
component of H is in A then H is called an A-factor or com-

ponent factor of G.

Illustration:

Fig 1.7: A graph G with a Cy-factor.
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Note: G has a {K>, Py, K13} - factor also.

Definition 1.1.21. [41] For every integer w: 1 < w < 6(G),
a w-container between any two distinct vertices u and v of G
is a set of w internally vertex disjoint paths between them. Let
Cyw(u,v) denote a w-container between u and v. In Cy(u,v),
the parameter w is the width of the container. The length
of the container is the longest path in Cy(u,v). The w-wide
diameter of G, D,,(G) is the minimum number [ such that there
is a Cy(u,v) of length [ between any pair of distinct vertices u

and v.

Illustration:

Fig 1.8: For the graph G, Cy(u,v) are
{u—c—v,u—a—b—v}, {u—c—v,u—a—v}, {u—v,u—a—b—uo},
{u—v,u—a—v}, {u—v,u—c—wv}and Dy(G) = 3.
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1.2 Notations

The diameter of a graph can be affected by the addition or the
deletion of some edges. The following notations are used to

describe the diameter variability [63].

D7*(@) : The minimum number of edges to be added to G
to decrease the diameter of G by (at least) k, where k > 1.
D*(G@) : The minimum number of edges to be deleted from G
to increase the diameter of G by (at least) k, where k& > 1.
D%(@) : The maximum number of edges to be deleted from G

without an increase in the diameter of GG.

Illustration:

o)
(e
(@)
o

G

Fig 1.9: D71(G) = 1 (by adding the edge d — f).
DY(G) =1 (by deleting the edge a — b).
D°(@) = 3, (by deleting the edges a — i, ¢ — e, and d — e).
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Vulnerability is a measure of the ability of the system to
withstand vertex or edge faults and maximum routing delay.
Diameter can be used to evaluate the maximum delay in rout-
ing. In this context, the following concepts are studied. The
notations used are,

f(G) = max{diam(G — S)/S C V(G),|S| = k(G) — 1} (called
fault diameter [48]) and

f'(G) = maz{diam(G — F)/F C E(G),|F| = k' (G) — 1}.

Illustration:

a

b c

d u

% w
G

Fig 1.10: diam(G)=2, k(G) =3 and f(G) =4 (S = {a,c}).
Also, '(G) =3 and f'(G) =3 (F ={u—w,a —w}).
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1.3 Basic properties and theorems

Product graphs have many interesting algebraic and other prop-
erties. The Cartesian product and strong product are commu-
tative and associative. The lexicographic product is associative
but not commutative. It is interesting to see that even if the
factors G and H of a product graph have a property 'P’ then it
is not necessary that the product G « H also has that property,
where * denotes any of the graph products mentioned above. As
a case, C,,[1C,, is non planar and GLJH need not be Hamiltonian

even if both G and H are Hamiltonian.

The Cartesian product is the most prominent graph prod-
uct. The Cartesian product GOH can be obtained from G by
substituting a copy H, of H for any vertex g of G and by join-
ing the corresponding vertices of H, with H if g — ¢' € E(G).
The Cartesian product of two connected graphs is a subgraph of
both strong and lexicographic product of graphs. Hypercubes
and Hamming graphs are important classes of the Cartesian

product.

The lexicographic product G o H can be obtained from G
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by substituting a copy H, of H for any vertex g of G and
then joining all the vertices of H, with all the vertices of Hj

if g— ¢ € E(G).

The following results are of interest to us.

Theorem 1.3.1. [43] A Cartesian product GH is connected

if and only if both factors are connected.

Theorem 1.3.2. [/3] For any two connected graphs G and H,
diam(GUOH) = diam(G) + diam(H).

Theorem 1.3.3. [60] Let G and H be graphs on at least two ver-
tices. Then k(GOH) = min{x(G) |V (H)|,k(H) |V(G)],(G)+
O(H)}-

Theorem 1.3.4. [67] Let G and H be graphs on at least two ver-
tices. Then v'(GOH) = min{x'(G) |V(H)|,x'(H) |V(G)|,d(G)+
0(H)}.

Theorem 1.3.5. [36] If G and H are connected nontrivial, then
'(GOH) = K'(G) + k' (H) if and only if either v'(G) = §(G)
and K'(H) = §(H), or one factor is complete and k" =1 for the

other factor.

Theorem 1.3.6. [62] For all graphs G and H,
V(GUH) < min{y(G) [V (H)|,~(H) [V(G)[}.
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Theorem 1.3.7. [29] For all graphs G and H,
V(GOH) Z min{|V(G)], [V (H)][}.

Theorem 1.3.8. [36] A strong product G X H is connected if

and only if both factors are connected.

Theorem 1.3.9. [36] For any two connected graphs G and H,
diam(G X H) = max{diam(G), diam(H)}.

Theorem 1.3.10. [36] Let G and H be connected graphs, at lest
one is not complete. Then k(GRH) = min{x(G) |V (H)|,x(H)
\V(G)|,0(GX H)}, where ¢(GX H) is the minimum size of a
7- set of GRH (if a separating set S has an empty intersection
with at least one G - layer and with at least one H - layer, then

Sis a7 set of GKH).
Theorem 1.3.11. [36] Let G be not complete. Then

k(G K,) = nk(G).

Theorem 1.3.12. [7] Let G and H be connected graphs. Then
RI(GRH) = min{«'(G)(IV(H)| + 2|EH)]), ' (H)(|V(G)] +
2|E(G)]),6(G W H)}.

Theorem 1.3.13. [36] A lexicographic product G o H is con-

nected if and only if G is connected.
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Theorem 1.3.14. [30] If G is not complete, then
diam(G o H) = diam/(G) and diam(K,, o G) = 2

Theorem 1.3.15. [36] If G is not complete and H is any graph,
then k(G o H) = k(G) |V(H)|.

Theorem 1.3.16. [36] For any graph H, k(K, o H) = x(H) +
(n =1 [V(H)].

Theorem 1.3.17. [68] Let G and H be two non-trivial graphs,
and G is connected. Then k'(G) = min{x'(H1)n3,d(Hz2) +
(5(H1)n2}

1.4 A survey of results

This section is a survey of results related to ours.

In [34], Graham and Harary showed that D~'(Q,) = 2,
DY(@,) =n—1and D°(Q,) = (n—3)2""'+2. In [12], Bouabdal-
lah et al. obtained the following bound, (n—2)2""—(7, 4 )+ 2 <
DYQ,) < (n—2)2t —[2"—=1/2n—1)] + 1. In [63], J.
J. Wang et al. showed that D~Y(C,,0C,) = 2, for m > 12,
DY(C,,0C,) =2 or 3 and D°(C,,0C,) = {m=2"*1 when m is

mn—2n
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even and odd respectively. This notion is also discussed in [53].

One of the interesting results of diameter minimal graphs of
diameter two in [31], is that every graph G can be embedded as
an induced subgraph in a diameter minimal graph of diameter
two. In [57], Ore O. proved that a graph G is diameter maximal
if and only if
(1) G has a unique pair of eccentric peripheral vertices u and v.
(2) the set of vertices at each distance k from u induces a com-
plete graph.

(3) every vertex at distance k is adjacent to every vertex at dis-
tance k + 1.
Also, a disconnected graph is diameter maximal if and only if

G=K,UK,.

The problem of determining diameter vulnerability of a graph
was proposed by Chung and Garey [23]. The problem is proved
to be NP-complete by Schoone et al. [59]. In [58] Peyrat show
that 3v2t — 3 < f1(G) < 3v/2t + 4 where G is a (t+1) - con-
nected graph of diameter 3. In [69] H.X. Ye et al. improves
the result of Peyrat and gave a bound as 4v/2t — 6 < f/(G) <

max{59,5v/2t + 7} for t > 4. This notion is also discussed in
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[55], [9] and [14]. The concept of fault diameter was introduced
by M.S. Krishnamoorthy and B. Krishnamurthy [48]. This no-
tion is also discussed in [32] and [49]. The wide diameter of some

networks is studied in [52].

In [2], Ando et al. proved that a connected claw-free graph
G with §(G) > d has a path factor having each path of length
at least d. Also, they conjectured that a 2-connected claw-free
graph G with 6(G) > d has a path factor of length at least 3d+2.
In [15], Cada proved the conjecture for line graphs. In [3], Armen
et al. showed that a simple (3, 4)-biregular bigraph always has
a path factor such that the endpoints of each path have degree
three. In [44], Kaneko showed that every cubic graph has a path
factor such that each component is a path of length 2,3 or 4. It
was shown in [47], that a 2-connected cubic graph has a path
factor whose components are paths of length 2 or 3. In [46],
Kano et al. proved that if a graph G satisfies iso(G-S) < |S] /2
for all S C V(G), then G has a {K 2, K3, K5 }-factor where
iso(G - S) denotes the number of isolated vertices in G — S.
Some results on different types of path factors can be found in
28], [45], [51]. Hell and Kirkpatrick [39], [40] proved that if A

is a graph on at least 3 vertices, then deciding whether GG has a
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A-factor is NP-complete.

The connected dominating set has attracted interest due to
its applications in network routing. In [17], Y.C. Chen and Y.L
Syu showed that for an n-dimensional Star graph ), and n-
dimensional Star graph S,,, the order of minimum connected
dominating set (MCDS), [MCDS(Q,)| < 2" 2+ 2 where n > 3
and [MCDS(S,)| < 2(n — 1)! where n > 3. In [61], Sumner et
al. characterized 2 - v - edge critical graphs and proved that the
disconnected 3 - v - edge critical graphs are the disjoint union
of 2 - v - edge critical graphs and a complete graph. For k > 4,
the characterization of connected k - v - edge critical graphs is
not known. In [16], Chen et al. gave a characterization of
2 - 7. - edge critical graphs. Also, if G is 3 - 7, - edge critical
then either G is isomorphic to C5 or contains a triangle and
that if G is 3 - 7. - edge critical of even order then GG contains
a one factor. In [8], Brigham et al. gave a characterization
of 2 - v - vertex critical graphs. But for £ > 3, only some
properties of k - v - vertex critical graphs are known and there
is no characterization of such graphs. In [30], Flandrin et al.
studied some properties of 3 - v - edge critical graphs and proves

that if G'is a 3 - v - edge critical connected graph of order n
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with § > 2, then G is 1-tough and circumference of G is at least
n — 1. Some properties of 3 - 7. - vertex critical graphs are
discussed in [1]. For k > 4, no characterization of k - 7, - vertex
critical graphs are known. In [33], Goncalves et al. studied the

domination number of grids.

We shall discuss these notions in product graphs in this
thesis. In this thesis, we consider the graphs H;, H, and de-
note the V(Hy) = {uy, ug, ..., un, }, V(Hz) = {v1,v9,...,v,,} and
V(Hy* Hy) = {ujvy, ugvg, ..., Up, Uy, } where x € {0, X, o}. Also,
|E(Hy)| = mq and |E(Hy)| = me. Since, Hy x K; = H; we
assume that Hy, Hy # K.

1.5 Summary of the thesis

This thesis entitled ‘Studies on some topics in product
graphs’ is divided into five chapters including an introductory
chapter giving a brief history of graph theory, basic definitions

and results which we have used in our work.

In the second chapter the diameter variability of product
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graphs is studied in detail. The main results in this chapter are:

x Let G = HOH,. Then D°(G) > 2.

x Let G & H\OH,. Then D'(G) = 1 if and only if H; is
a complete graph and either Hs, has at least one pair of
vertices with exactly one diametral path P and no path of
length diam(H,) + 1 which is edge disjoint with P or there
exist an edge in Hy that is on all paths of length diam(Hy),

diam(Hz) 4+ 1 between any two diametral vertices in Ho.

* Let G = H,JH,.
(a) If both H; and Hy are complete graphs with ny, ny > 2,
then D'(G) = 2.
(b) If H; is a complete graph and H, is a not complete
graph, then D'(G) < §(H,).
(c) If both H; and Hs are not complete graphs, then
DY G) < AG) — 1.

x Let G = H\OH,. Then D™'(G) = 1 if and only if G is
any one of the following graphs where,
(a) H; is a complete graph and H, is a not complete graph
with D72(Hy) = 1.
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(b) H; is a not complete graph with a universal vertex or
there exist a vertex in H; that is on at least one path be-

tween any two diametral vertices and Hs is a not complete

graph with D™ (H,) = 1.
Let G = H; X Hy. Then D°(G) > 6.

Let G = H; X Hy. Then D'(G) = 1 if and only if G is any
one of the following graphs where,

(a) both Hy and Hy are complete graphs.

(b) Hy, and H, are not complete graphs with diam(H;) =
diam(H,) and either Hy or Hy have at least one pair of
vertices with exactly one diametral path or there exist an
edge in Hy or Hs that is on all diametral paths between

any two vertices.

Let G = H; X Hy. Then DY(G) < a(l + §(H,)) where a
is the minimum number of edge disjoint paths of length

diam(H;) between any two vertices in Hj.

Let G = H,XH, be connected graph. Then D7!(G) = 1if
and only if Hs has a universal vertex and H; is a connected
graph with diam(H;) > 4 and D~2(H;) = 1 when an edge

is added between a diametral vertex and any other vertex
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of Hy and D7'(H;) = 1 when an edge is added between

any two other vertices of Hj.
x Let G = Hy o Hy. Then D°(G) > 3.

x Let G = Hy o Hy. Then D'(G) =1 if and only if G is any
one of the following graphs where,
(a) both Hy and Hy are complete graphs.
(b) Hy = K5 or a connected graph with diameter two in
which there exist at least one pair of adjacent vertices with
no path of length two between them and H, is a discon-
nected graph in which there exist at least one component

with an isolated vertex.

x Let G = H,0H,. Then D'(G) < a ny where « is the min-
imum number of edge disjoint paths of length diam(H)

between any two vertices in Hj.

x Let G = Hy o Hy. Then D7Y(G) = 1 if and only if G is
any one of the following graphs where,
(a) Hs has a universal vertex and H; is a connected graph
with diam(H;) > 4 and D7?(H;) = 1 when an edge is
added between a diametral vertex and any other vertex of

Hi.
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(b) Hy is any graph and H; is a connected graph with
diam(H;) > 4 and D7'(H;) = 1 when an edge is added
between the diametral vertices or between any two other

vertices of Hj.

In the third chapter we study the diameter vulnerability of

three graph products. Following are some of the results ob-

tained.

Let G = H,[OH,, where Hy is a complete graph and Hs is
a connected graph with x'(Hy) = 0(H3). Then
f(G) = diam(G) + 1.

Let G = H,[JH5 be a connected graph. Then
F(G) < max{f'(Hy) + 2diam(Hy), f'(Hy) + 2diam(Hy)}.

Let G = H; X H, be a connected graph. Then
f(GQ) < max{f'(Hy) + diam(H,), f'(Hy) + diam(Hy)}.

Let G = Hy o Hy be a connected graph where ny,ny > 3.
Then f'(G) < f'(Hy) + diam(H).

Let G = H,[JH5 be a connected graph. Then
f(G) < max{f(Hy) + 2diam(Hy), f(H3) + 2diam(Hy)}.
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e Let G = Hy o Hy be a connected graph. Then
f(G) < max{f(H1), f(H2)}.

e Let G = Hy X H, be a connected graph. Then
F(G) < max{ f(Hy) + diam(Hs), f(H,) + diam(H,)}.

e For any two connected graphs H; and H,

Wide diameter (H; o Hy) = Wide diameter (Hy).

The fourth chapter is the study of the component factors of

the product graphs. Some of the results obtained are:

<1 Let G = HOH; be a connected graph where |H;| = ny
and |Hs| = ny. Then G has a Cy-factor if and only if G is
any one of the following graphs where,
((I) Hy or Hy has a Cy-factor.
(IT) both H; and H, have no Cy-factor and,
(a) both Hy and Hy are complete graphs with nq, ny even
and ny,ny Z 0 mod 4.
(b) H; is a complete graph with n; even and Hs is a
not complete graph with ny even, has at least one ver-
tex with at most one pendant vertex attached to it and

has a { K ; }-factor.
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(c) Hy and Hs are not complete graphs with nq,ny even,
both have at least one vertex with at most one pendant

vertex attached to it and have a { K ; }-factor.

> Let ¢ = K, ,UK,, where ny,ns > 2. Then G has a
{KLQ, 04}—factor.

1 Let G = K,,,l1H, be a connected graph where H, is a not

complete graph. Then G has a { K 1, K2, Cy}-factor.

<1 Let G = Hy x Hy where x € {0, 0o} and H;, Hy are
connected graphs. Then G has a { K ,, C4}-factor where
n < t and ¢ is the maximum degree of an induced subgraph

Kl,t in H1 or HQ.
b1 The hypercube @, has a { Py }-factor.
b1 A Hamming graph has a { P, P, }-factor.

The domination criticality is discussed in the last chapter.

The main results are listed below.

@ Let G = H,OH; be a connected graph. Then v(G) = 2
if and only if H; = K5 and H, is either a C4 or has a

universal vertex.
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S~

S

Let G = H,[JH5 be a connected graph. Then
7(G) = v(G) = 2 if and only if H; = K5 and H, has a

universal vertex.

Let G = H{[JH; be a connected graph. Then G is

2 - 7 - vertex (edge) critical if and only if G = Cj.

Let G = H,[JH5 be a connected graph. Then G is

2 - 7. - vertex (edge) critical if and only if G = Cj.

Let G = H[OH, be a connected graph. Then ~(G) = 3 if
and only if GG is any one of the following graphs where,
(a) Hy = K3 or Py and Hy has a universal vertex.

(b) Hy = K, and Hs has a vertex of degree ny — 2.

(¢) Hy = K5 and H; has a vertex v, of degree ny — 3 and is
not adjacent to the vertices v, and v, with N[v,] U N[v,]U
{v,} = V(H,).

(d) Hy = K3 or Py and Hy = Cy.

Let G = H,[JH5 be a connected graph. Then
7(G) = v(G) = 3 if and only if H; = K3 or P3 and H,

has a universal vertex.

Let G = H[JH; be a connected graph. Then G is
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3 - v - vertex (edge) critical if and only if H; = Hy = K.

@ Let G = H{LJH; be a connected graph. Then G is

3 - 7. - vertex (edge) critical if and only if H; = Hy = K.

Some results of this thesis are included in [18] - [22]. The the-
sis is concluded with some suggestions for further study and a

bibliography.
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Chapter 2

Diameter variability of
the product graphs

The diameter of a graph can be affected by the addition or
the deletion of edges. In this chapter we examine the prod-
uct graphs whose diameter increases (decreases) by the deletion
(addition) of a single edge. The problems of minimality and
maximality of the product graphs with respect to its diameter
are also solved. These problems are motivated by the fact that
most of the graph products are good interconnection networks

and a good network must be hard to disrupt and the transmis-

Some results of this chapter are included in the following paper.
1. Chithra M.R., A. Vijayakumar, The Diameter Variability of the Carte-
sian product of graphs, (to appear in Discrete Mathematics, Algorithms
and Applications).

37
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sions must remain connected even if some vertices or edges fail.

2.1 Diameter variability of the Carte-
sian product of graphs

If both H; and H, are K5’s, then G is C; and the deletion of

any edge increases the diam(G).

Theorem 2.1.1. Let G = HOH,. Then D°(G) > 2.

Proof. We shall prove the theorem by showing that there
exist at least two edges in G that can be deleted without an

increase in the diam(G) by considering the following three cases.
Case 1: H; and H, are complete graphs where ny or ny > 2.

Suppose that both nq, no > 2.
Let the two edges w;v, — u;v, and u;v, — u,v, where
i #j#xe{l,2,.,m}and p # q # r € {1,2,...,n2}, be
deleted. There are paths of length two between w;v,, w;v, and
u;Vy, Uy, in G. Now, consider the vertices whose diametral path
contain the deleted edges. The distance between these vertices

remains the same, since 0(G) > 4 there is an alternate path
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of length diam(G) through the neighbours of the deleted edge.
Also, the distance between any two other vertices is not affected

by the removal of these two edges.

Suppose that n; = 2 and ny > 2.
Let the two edges u v, — u1v, and usv, — ugv, where
p#q#re{l,2,...,ny}, be deleted. There are paths of length
two between these pairs of vertices. Also, the distance between
any two other vertices is not affected by the removal of these

two edges. Thus, the diam(G) remains the same.
Case 2: H; and H, are not complete graphs.

Let the two edges u,;v, — u;v, and u;v, — u,v, where
i #£j#xe{l,2,..,m}and p # q #r € {1,2,...,ns}, be
deleted. There is a path uv, — uyv, — uyv, — w;v, of length
three between w,;v, and w;v,. Similarly, d(u;v,, u,v,) < 3. Now,
consider the vertices whose diametral path contain the deleted
edges. The distance between these vertices remains the same,
since 0(G) > 2 there is an alternate path of length diam(G)
through the neighbours of the deleted edge. Thus, the diam(G)

remains the same.
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Case 3: H; is a complete graph and H, is a not complete

graph.

Let the two edges w;v, — u;v, and w;v, — u;v, where
i #je{l,2,...,n1} and v, is not adjacent to v, in Hsy, p,q €
{1,2,...,n5}, be deleted. There is a path of length at most three
between these pairs of vertices. Therefore, d(u;v,, u;v,) < 3 and
d(u;vg, ujvy) < 3. Also, the distance between any two other
vertices is not affected by the removal of these two edges. Thus,

the diam(G) remains the same.

Hence, there exist at least two edges in GG that can be deleted

without an increase in the diam(G). O

Theorem 2.1.2. Let G = H\OH,. Then D°(G) = 2 if and

only if G is any one of the graphs shown in Fig 2.1.

(a) (b) (c)

Fig 2.1: The graphs G : D°(G) = 2.

Proof. Suppose that GG is any one of the graphs shown in

Fig 2.1, then by deleting the bold edges, it is clear that D°(G) = 2.
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Conversely suppose that D°(G) = 2. We shall show that G
is precisely any one of the graphs in Fig 2.1.
Let u,, u, be a pair of diametral vertices in H;, by a path
Uy — Uy 1 — Ugt2 — ... — Uy—1 — Uy and v, v, be a pair of diametral

vertices in Hy, by a path v, — V441 — Vyyo — ... — V1 — V..
Let G = K,,,UK,, where ny, ny > 2.

Let the three edges u;v, — vy, ujv, — ujv, and uyv, — ULV,
where i # j #x € {1,2,...,m}and p # q #r € {1,2,...,n2},
be deleted. There is a path u;v, — w;v, — u;v, of length two
between w,;v, and u,;v, in G and so d(u;v,, u;v,) = 2. Similarly,
d(u;vg, ujv,) = d(uzvy, uzv,) = 2. Also, the distance between
any two other vertices is not affected by the removal of these

three edges. Thus, the diam(G) remains the same.
Let G = H,[JH,, where H; and H, are not complete graphs.

Let the three edges u;v, — u;vp, uvy — u;v, and uav, — UV,
where i # j # a € {1,2,...,n1} and v, is not adjacent to v,
in Hy, p,g # r € {1,2,....,n2}, be deleted. There is a path
of length at most three between these pairs of vertices. Now,

d(uyvy, uyv,) < diam(H;y) + 2 by a path w,v, — v, — Uy10, —
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o = Uy, — Uyv, Where d(uyvp, uv,) = d(uyvy, uyv,) = 1 and
d(uzv,, uyv,) < diam(Hy). Also, d(ugv,, uyv,) < diam(Hy) + 2
and d(u,vy, ugv,) < diam(Hy) 4+ 2. Thus, the diam(G) remains

the same.

Hence, it is clear that at least one graph (say) H; should be

a complete graph and Hs is a not complete graph.
Let G = K,,,L0H; where n; > 2.

Let the three edges u;v, — u;vp, ujv, — uyv, and v, — ULV,
wherei # j £ x € {1,2,...nq}and p# q#r € {1,2,...,n3}, be
deleted. There is a path u;v, —u,v, —u;v, of length two between
w;v, and u;v, in G. Similarly, d(u;v,, uv,) = d(wv,, ugv,) = 2.
Also, the distance between any two other vertices is not affected
by the removal of these three edges. Thus, the diam(G) remains

the same.

Hence, it follows that n; < 2. Now, we will consider the

different cases depending on the value of n.

Case 1: G = Ks[H; where H, is a not complete graph with

n225
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Suppose that diam(Hs) > 4.
Consider a pair of diametral vertices v,, to v, in Hy where v is a
vertex in a diametral path between them and is not adjacent to
both v,, and v,. Let the three edges vy, — a0y, u1v; —usv; and
UV, — UV, be deleted. There is a path of length three between
these pairs of vertices. Consider the vertex uiv, in G. Then
ugv,, a diametral vertex of ujv,, is at a distance diam(G) by a
path u v, — U V1 — oo — ULV — UgUp_1 — U] — ... — UV,.

Thus, the diam(G) remains the same.

Suppose that diam(Hs) = 3.
Consider a pair of diametral vertices v,, to v, in Hy where v is
a vertex not in any of the diametral path between them in H,.
Let the three edges u1v,, — ugvy, U1V, — usv, and ujv, — usvy, be
deleted. There is a path of length at most four between these

pairs of vertices. Thus, the diam(G) remains the same.

Suppose that diam(H;) = 2.

Suppose that Hy has a universal vertex v,.

Let the three edges ujv, — u2vy, u1v, — ugv, and u1v; — uy;
where ¢, 7,1 # p, be deleted. There is a path of length at most

three between these pairs of vertices. Thus, the diam(G) remains
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the same.

Suppose that Hs does not have a universal vertex and

d(vy,v,) = 2in Hs.

Let the three edges vy, — uavy,, U0, —ugv, and uiv, —u vy,
be deleted. There is a path of length three between these pairs of
vertices in G. Thus, the distance between any two other vertices

is at most three.
Case 2: G = KUK, where ny > 5.

Let the three edges u vy — uyv3, u1v9 — u1v4 and uyv9 — U Vs,
be deleted. There are paths of length two between these pairs

of vertices. Thus, the diam(G) remains the same.

Thus, there exist at least three edges in G that can be
deleted without an increase in the diam(G). Hence, it follows
that no < 4. Now, by an exhaustive verification of all graphs
Hy with ny < 4, it follows that G = Ky[Kj3, K,[1P; and
KyOP;,. O

Theorem 2.1.3. Let G = H,[JH,. Then D'(G) = 1 if and only

of Hy is a complete graph and either Hy has at least one pair of
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vertices with exactly one diametral path P and no path of length
diam(Hs) + 1 which is edge disjoint with P or there exist an
edge in Hy that is on all paths of length diam(Hs), diam(Hsy)+ 1

between any two diametral vertices in Hs.

Proof. Let u,, u, be a pair of diametral vertices in Hy, by
a path u, — vz — Uppo — ... —uy—1 — uy and v, v, be a pair
of diametral vertices in Hs, by a path v, — Vi1 — Vyyo — ... —

Vy—1 — Uy

Suppose that H; is a complete graph. If H; has a pair of ver-
tices v, v, with one diametral path P and no path of length
diam(Hy) + 1 edge disjoint with P, then v, — v, be an edge
whose deletion increases the diam(Hs). If Hs, has a pair of
vertices v, v,, with paths of length diam(Hs), diam(Hsy) + 1
which are not edge disjoint with each other, then v, — v, is a
common edge in all these paths. Consider a pair of vertices
UiUy, UV, in G. Let an edge u;v, — u;vy, be deleted from the
path w;v, — u;Vyy1 ... v, in G, then the diam(G) increases
by a path w;v, — w4V, — UjVy1 — UjVpt2 ... UV, — UL, Where
d(ujvy, ujv,) = diam(Hs), d(uvy, uv,) = d(wv,, uv,) = 1.

Also, d(uv,,uvs) < diam(G) where 7,5 € {1,2,...,n2}. The
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distance between any two other vertices is not affected by the

removal of this edge.

Conversely suppose that D'(G) = 1.
If both H; and H, are not complete graphs, then at least two

edges should be deleted to increase the diam(G).

If H, and H, are complete graphs with nq, ny > 2, there
exist two internally vertex disjoint paths of length two between
two non adjacent vertices u;v, and u;v, in G. Thus, at least two

edges should be deleted to increase the diam(G).

Hence, it is clear that at least one graph (say) H; should be

a complete graph and Hs is a not complete graph.

Suppose that d(u;v,, uv,) = diam(Hsy). Let an edge

U, — Vg, be deleted.

If Hy contains two internally edge disjoint paths, one of
length diam(H,) and the other of length diam(Hsy) + 1 or two
internally edge disjoint paths of length diam(H,) between v,
and v, in Hy, then the diam(G) remains the same, since in both
the cases there exist an alternate path of length diam(Hj) + 1

or diam(Hs) between w;v,, and v, in G.
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If Hy has paths of length diam(H;) and diam(H3)+1 between
vw and v, in Hs, such that all these paths have some edges in
common then, the diam(G) remains the same. Since, all these
paths does not have a common edge (say) v, —v,, even if a delete
an edge there exist an alternative path of length diam(Hy)+1 or

diam(Hy) between u;v,, and w;v,, without affecting the diam(G).

Hence, either Hy has at least one pair of vertices with only
one diametral path P and no path of length diam(Hs)+ 1 which
is edge disjoint with P or there exist an edge in Hy that is on
all paths of length diam(H,), diam(Hs) + 1 between any two

diametral vertices in H,. O]

Corollary 2.1.4. G = H,LH, 1s diameter minimal if and only
Zf H1 = H2 = KQ.

Proof. If G = C}, then G is diameter minimal.

Conversely suppose that G is diameter minimal. In Theo-
rem 2.1.3 we have characterized the Cartesian product of graphs
whose diameter increases by the deletion of a single edge. Hence,

we need to prove the theorem only for such Gs.

Let ny > 2 and ny > 2.
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Let an edge w;v, — ujv, where 4,5 € {1,2,...,n;} and
p € {1,2,...,n2}, be deleted. There is a path of length two
between w;v, and u;v, in G' and the distance between any two
other vertices is not affected by the removal of this edge. Thus,

the diam(G) remains the same. Therefore, ny = 2.
Let ny = 2 and ny > 2.

Suppose that d(v,,v,) = diam(H,). Let an edge ujv, —usgv,,
be deleted. Then d(uyv,,usv,) = 3 <diam(G) and the distance
between v, usv, is diam(G). Also, the distance between any
two other vertices is not affected by the removal of this edge.
Thus, the diam(G) remains the same. Hence, for a connected
graph Hy with ny > 2 vertices there exist some e € F(G) such

that diam(G — e) < diam(G). Therefore, ny = 2.

Hence, H; = Hy = K. ]

Theorem 2.1.5. Let G = H[H,.

(a) If both Hy and Hy are complete graphs with ny, ny > 2, then
DYG) = 2.

(b) If Hy is a complete graph and Hs is a not complete graph,
then D'(G) < 6(H,).
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(¢) If both Hy and Hy are not complete graphs, then
DY (@) < A(G) — 1.

Proof. Let u,, u, be a pair of diametral vertices in H;, by
a path v, — uzy1 — g — ... —uy—1 — uy and v, v, be a pair
of diametral vertices in Hs, by a path v, — vyi1 — Vpyo — ... —

Vy—1 — Uy
(a) Hy and Hj are complete graphs with ny, ny > 2.

Let the two edges w;v, — u;v, and w;v, — u;v, where
i#£7€{1,2,...,n}and p#q€{1,2,...,n2}, be deleted. Then
d(u;v,, u;v,) = 3 by a path uv, — uv, — v, — ujv,. Hence,

DY@G) = 2.
(b) H; is a complete graph and H, is a not complete graph.

Let d(vy,v,) = diam(Hz). Consider a pair of vertices u;v,,
w;v, in G. Let the 0(H2) edges w;v, — u;v,, where v,s are the
neighbours of v, and r € {1,2,...,n2}, be deleted. Then, the
diam(G) increases by a path w; v, —; U, — UV 1 —UjVy 12 ... UjV,—
w;v, where d(u;vy,, u;v,) = 1, d(u;v,, ujv,) = 1 and d(u;vy, ujv,)

= diam(Hy). Also, the distance between any two other vertices
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is not affected by the removal of these edges.

Hence, D'(G) < §(Hy), since deg(v,) = §(Hy).
(c)H; and H, are not complete graphs.

Consider a pair of diametral vertices u,v,,, u,v, in G. Let the
edges u,v,_1 — u;v, where i € {1,2,...,n1}, v,_; is a neighbour
of v, in Hy and ¢ # z € {1,2,...,n2}, be deleted. Then the
diam(G) increases by a path w,vy, — Upp1Vy — ... — UyUy —
UyVUyys1 — . — UyU, — UyU,_1 Where d(uyvy, uyv,) = diam(Hy)
and d(u,v,, uyv,_1) = diam(H;) — 1.

Hence, D'(G) < A(G) — 1, since deg(uyv,—1) < A(G). O

Theorem 2.1.6. Let G = H,(OH,. Then D7'(G) = 1 if and
only if G is any one of the following graphs where,

(a) Hy is a complete graph and Hy is a not complete graph with
D72(H,y) = 1.

(b) Hy is a not complete graph with a universal vertex or there
exist a verter in Hy that is on at least one path between any

two diametral vertices and Hs 1s a not complete graph with

DY (H,) = 1.

Proof. Let ug, u, be a pair of diametral vertices in H,, by
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a path u, — Uz — Upqo — ... — Uy—1 — uy and v, v, be a pair
of diametral vertices in Hs, by a path v, — Vi1 — Vyyo — ... —

Vy—1 — Uy,

(a) Let H; be a complete graph and Hs be a not complete
graph with D7?(H,) =1 and the addition of an edge v, — v,
in Hy decreases the diam(Hs,) by two. Now, the addition of an

edge uyv, — u1v, in G decreases the diam(G).

(b) Let Hy be a not complete graph with D~'(H,) = 1 and
H, has a universal vertex u; or there exist a vertex u; in H;
that is on at least one path between any two diametral vertices.
Now, the addition of an edge w;v, — u;vy or u;v, — ujv, in G

decreases the diam(G).

Conversely suppose that D™1(G) = 1.
If both H; and Hs are complete graphs, then diam(G)= 2 and

the addition of an edge in G' will not decrease the diam(G).

Suppose that H; is a complete graph.
Consider a pair of diametral vertices u, vy, uyv, in G and ug,v,, —
UiVyy — UiUyyy1 — ... — UV, — UyV, i & path between them. Let an

edge w;v, — u;vy, be added in G. Then, d(u,v,,w;v,) = 1 and
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d(u;v,, uyv,) = 1, since H; is a complete graph. Now, consider
the distance between the remaining vertices in the diametral
path, then the diam(G) decreases by one, only if d(u;vy, uv,)
= diam(H,) — 2. Hence, to decrease the diam(G) by one, the
distance between u;v,, and u;v, should be decreased by two, by
the addition of a single edge. Thus, Hs is a not complete graph
with D72(H,) = 1.

Suppose that D~!(H,) = 1.
Consider a pair of diametral vertices ugv,, uyv. in G. Let an
edge w;v, —u,;v4, be added in G. If u; is not a universal vertex of
H,, then a diametral path between them does not contain the
edge u;v, — u;v,. Thus, the diam(G) remains the same. Hence,

H, is a not complete graph with a universal vertex.

Let ug,, u, and us, u; be the pairs of diametral vertices of
H, where u; is a vertex in a diametral path between u,, u,
and u; is a vertex not in any of the diametral path between
us, uy in Hy. Consider the pairs of diametral vertices u,v,,
uyv, and u,vy,, wv, in G. Let an edge wv, — u;v,, be added
in G. Then, d(uyvy,u,v,) = diam(G) - 1, by a path u,v, —

Up g1V — oo — Uy — Uil — ... — WUy — ... — UyU,. Also,
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d(usvy, uv,) = diam(G), since u; is not in any of the diametral
path between wug and u; in Hy. Thus, the diam(G) remains the
same. Hence, H; is a not complete graph with a universal vertex
or there exist a vertex in H; that is on at least one path between

any two diametral vertices. O

Corollary 2.1.7. There does not exist a graph G = H,U1H,

such that G 1is diameter maximal.

Proof. In Theorem 2.1.6 we have characterized the Cartesian
product of graphs whose diameter decreases by the addition of a
single edge. Hence, we need to prove the theorem only for such

Gs.

Let d(uy,u,) = diam(H,;) and d(v,,v,) = diam(H,). Con-
sider a pair of diametral vertices u,v,, u,v, in G. Let an edge
Ug Ut 1 — Ugpt1Vy Where u, 1 is a neighbour of u, in Hy and v,,41
is a neighbour of v, in Hs, be added in G. Then the added
edge does not decrease the distance between them in G. Thus,
d(uyzvy, uyv,) = diam(G). Hence, there exist e ¢ E(G) such that
diam(G + e) = diam(G). O
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2.2 Diameter variability of the strong
product of graphs

If both H; and H, are complete graphs, then G = H; X H,
is a complete graph and the deletion of any edge increases the

diam(G).

Theorem 2.2.1. Let G = H, X H,. Then D°(G) > 6.

Proof. Let G = H; X H,.
Then diam(G)= maz{diam(H,),diam(Hs)}.

We shall prove the theorem by showing that there exist at
least six edges in G that can be deleted without altering the

diam(G) by considering the following cases.

Let u,, u, be a pair of diametral vertices in H;, by a path

Uy — Ug41 — Ug42 — -0 — Uy—1 — Uy-

Case 1: H, is a not complete graph and Hj is any connected

graph with ny > 4 and diam(H,) < diam(H,).

We shall prove that D°(G) > nyms.

Let d(vy,v,) = L in Hy by a path v, — vyi1 — Vo — .. —
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v;—1 — v,. Consider a pair of diametral vertices u,vy, uyv.
in G. Let the edges w;v, — u;v, where i € {1,2, ... ;n;} and
p.q €{1,2, ... ,no}, bedeleted. There are paths w;v,—u;+1Vp+1—
UiVpia — oo — Uilg—1 — Uit 1Vg — UiVg OF UjUp — Ui 1Vpi1 — UiUpro —
co— Uip1Vg—1 — v, of length diam(H,)+1 or diam(Hsy) between
w;v, and u;v, when diam(Hs) is odd or even respectively, where
u;11 is a neighbour of u; in Hy. Also, d(u,vy,, uyv,) = diam(G)
by a path w,vy, — Upi1Vy — UpioUy — oo — UVyp — ... —
Uy—2V,— 9 —Uy_1V,_1 — UyU, Where d(uyvy, u;v,,) = diam(Hy) — L,

and d(u;vy, uyv,) = L. Thus, the diam(G) remains the same.

Now, we consider ny = 2, 3.
(a) G = Py X K.
Let the bold edges in Fig 2.2 be deleted. Then it is clear that
D°(@G) = 6.

(b) H; is a not complete graph with ny > 4 and Hy = K.
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Consider the three vertices u,,u, and w, in H; which form
a path P;. Now, P3 X K, is a subgraph of G. Let the six bold
edges as in Fig 2.2 and an edge u;vs — usvs, be deleted. There
is a path of length two between these pairs of vertices and the
distance between any two other vertices is not affected by the

removal of these edges. Thus, D°(G) > 6.

(C)G%P;;&Kg,Rl@Pgande@Kg.

(i) (ii) (iii)

Fig 2.3: ()P K K; (i) Py X Py (i) Py ¥ K.
From Fig 2.3 it is clear that D°(G) > 6.
(d) H; is a not complete graph with n; > 4 and ny = 3.

Let the edges w;v; —u;vy and u;v3—ujvs whered, j € {1, ... ,;ni},
be deleted. There is a path of length three between these pairs
of vertices. Also, d(u,v1,u,v1) < diam(H;) by a path u,v; —

Upp1V2 — ... — Uy_1Vs — Uyvy. Also, d(u;vs, u;v3) < diam(H,y).
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Thus, D°(G) > 6.

Case 2: H; and H, are connected not complete graphs with

ni,ne > 4 and diam(H;) = diam(H,).

Let G = Py P,. Then clearly D°(G) > 6.
Consider G = H; X Hy. We shall prove that D°(G) > my + ma.
Suppose that u,, u, and v, v, are the pairs of diametral vertices
in H; and Hj respectively. Let the edges uiv, —uiv,, wv1 —ujv;
where p,q € {1,2, ... ,no} and 4,5 € {1,2, ... ,n1}, be deleted.
Then, d(u1v,,u1v,) = diam(Hsy) by a path ujv, — usvyy1 —
UgUyp2 — ... — UgUs—1 — U1V, and d(u,v, uyvy) = diam(H;) by
a path uzv1 — Ugp1V2 — UpioUa — ..Uy 1V2 — Uyvy. Also, the
distance between any two other vertices is not affected by the
removal of these edges. Thus, the diam(G) remains the same

and hence D°(G) > 6.

Next, we consider n; > 3 and ny = 3.
(a) G = P;X Ps.
Let the bold edges in Fig 2.4 be deleted. Then it is clear that
D°(G) > 6.

(b) G = H; X Py where n; = 4.
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By an exhaustive verification of all such graphs, it follows that

D°(G) > 6.

(¢) G = Hy X Py where n; > 5.
We shall prove that D(G) > 2m;.
Let the edges u,v1 —u, v and uyvs—u,vs where p, g € {1,2, ..., n;},
be deleted. Then, d(u,vy,u,v;) < diam(H;) by a path u,v; —
Upp1Vg — ... — Uy_1V2 — Uy and d(u,vs, uyvs) < diam(Hy).
Also, the distance between any two other vertices is not affected
by the removal of these edges. Thus, the diam(G) remains the
same and hence D°(G) > 6. O

Corollary 2.2.2. D°(G) =6 if and only if H, = P3 and
Hy, = Ks.

Corollary 2.2.3. Let G = H; X Hy where H; and Hy are con-

nected graphs with diam(Hs) < diam(H,). Then D°(G) > nyma.
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Theorem 2.2.4. Let G = Hy X Hy. Then D'(G) = 1 if and
only if G is any one of the following graphs where,

(a) both Hy and Hy are complete graphs.

(b) Hy and Hy are not complete graphs with diam(H,) = diam(Hs)
and either Hy or Hy have at least one pair of vertices with ex-
actly one diametral path or there exist an edge in Hy or Hy that

15 on all diametral paths between any two vertices.

Proof. Let G = K,,, K K,,, where ny,ns > 2. Then G is
a complete graph and the deletion of any edge increases the

diam(G).

Let H, and H, are not complete graphs with diam(H;) =
diam(Hs) and either H; or Hy have at least one pair of vertices
with exactly one diametral path or there exist an edge in H;
or H, that is on all diametral paths between any two vertices.
Let u,, u, be a pair of diametral vertices in H;, by a path
Uy — Ugp1 — Ugp2 — ... — Uy—1 — Uy and vy, v, be a pair of diametral
vertices in H,y, by a path v, — vyi1 — Vi — oo — Vo1 — U,
Consider a pair of diametral vertices u,v,,, uyv, in G, by a path
UgUyy — Ug i1Vl — Ug2Vpp2 .. Uy—1VU,—1 — UyV,. Let an edge

Uy Uy — Uy 1Vy+1, DE deleted. Then, d(u, vy, uyv,) = diam(G)+1



60 Chapter 2. Diameter variability of the product graphs

by a path u,v, — UgVwi1 — Uzp1Vwt1 - Uy—1V2—1 — UV, Where

A(Ug Vs Uyt 1 V1) = 2, d(Ugg1 Vi1, Uyv,) = diam(G) — 1.
Conversely suppose that D'(G) = 1.

Suppose that H; is a not complete graph and Hs is a com-

plete graph.

Let an edge u;v, — u;v4 Or ;v — U;V, OF UVp — UjVpt1, DE
deleted. Then d(w;v,, uvy) = d(u;v,, ujv,) = d(Uw;vy, UjVp11) = 2
by the paths u;v, — u; 410, — uvy, UV, — UV — u;v, and
UiVp — UiVpy1 — U;Up+1 Tespectively. Also, the distance between
any two other vertices is not affected by the removal of this edge.
Thus, when one factor is a complete graph and the other fac-
tor is a not complete graph, a minimum of two edges should be
deleted to increase the diam(G). Hence, both the factors should

be complete. This proves (a).

Suppose that H; and H, are not complete graphs with
diam(H;) > diam(Hs).
Consider a pair of diametral vertices u,v,, u,v, in G by a path
UgUyy — Ug 1 V1 — Ug2Uypp2 .. Uy—1U,—1 — UyV,. Let an edge

Uy Uy — Uy 11U 41, be deleted. Then, d(u, vy, uyv,) = diam(Hy)+ 1



2.2. Diameter variability of the strong product of graphs 61

by a path u,v, — UgVwi1 — Uzp1Vwt1 - Uy—1V2—1 — UV, Where
A(Ug Vs Uz 1 V1) = 2, d(Ugg1 Vi1, Uyv,) = diam(Hy) — 1.

Hence, diam(G) remains the same. Thus, when H; and H, are
not complete graphs with different diameter, at least two edges

should be deleted to increase the diam(G).

Suppose that H; and H, are not complete graphs with

diam(H;) = diam(Hs).

Consider a pair of diametral vertices u,v,, u,v, in G. Since,
diam(H;) = diam(Ha), UgVy—Up41 Vi1 —Upt2Vipg2 oo Uy—105—1—
uyv, is a shortest path between them in G. Then, the deletion
of an edge u;v; — u;+1v,41 from this path increases the diam(G)
only if either there exist only one diametral path between u,,
u, in Hy and v,, v, in Hy or u; — ;41 is an edge in H; that
is on all diametral paths between any two vertices in H; and
v; —vj41 is an edge in Hy that is on all diametral paths between
any two vertices in Hy. Otherwise, there exist an alternative
path of length diam(H;) between u,v,, u,v, in G. Hence, Hy
and Hy are not complete graphs with diam(H;) = diam(H,) and
either Hy or H, have at least one pair of vertices with exactly
one diametral path or there exist an edge in H, or H, that is on

all diametral paths between any two vertices. This proves (b).
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]

Corollary 2.2.5. G = H,X H, is diameter minimal if and only

if both Hy and Hy are complete graphs.

Theorem 2.2.6. Let G = H, X H,.
Then DY(G) < a(l1+6(Hsy)) where o is the minimum number of

edge disjoint paths of length diam(Hy) between any two vertices
m Hl-

Proof. Let u, and u, be a pair of diametral vertices in Hy, by
a path u, —ug41 —Upyo—...—uy_1 —u,. Consider a pair of diame-
tral vertices u,v, and u,v, in G. Let the edges u,v, —u, v, uv,—
uqv, where uys are the vertices adjacent to u, in H; and v,s are
the vertices adjacent to v, in Hy, be deleted. Then, d(u,v,, u,v,)
= diam(G) + 1 by a path u,v, —uzv,1 —Up 1V, — ... —Uy_1U, —
uyv, where d(uy110,, uyv,) = diam(G) — 1, d(uyv,, uyp1v,) = 2.
Also, d(uyv,,uqv,) = 2 and d(u,v,,u,v,) = 2, since there are
paths of length two between them.
Thus, DY(G) < a(1 + 6(Hy)). O

Theorem 2.2.7. Let G = Hy X Hy be connected graph. Then

D~YG) = 1 if and only if Hy has a universal vertex and Hy is a
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connected graph with diam(H,) > 4 and D7?(H;) = 1 when an
edge 1s added between a diametral vertex and any other vertex
of Hy and D~'(Hy) = 1 when an edge is added between any two

other vertices of Hy.

Proof. Let G = Hy X Hy and diam(G) = diam(H,).

Let u,, u, be a pair of diametral vertices in H;, by a path
Uy — Uy 1 — Ugt2 — ... — Uy_1 — Uy and v, v, be a pair of diametral
vertices in Hs, by a path v, —vy11—vys0—...—v,_1—v,. Suppose

that v; is a universal vertex of Hs.
Let D7'(H;) = 1 where diam(H;) > 4.

Consider a pair of diametral vertices ugv,, uyv, in G. Let
an edge u,v; — u,v; where w, # U, u; # u,, be added in
G. Then, d(uyvy,u,v,) = diam(G) — 1 by a path u,v, —
Upp1U1 — Ug2V1 ... Uy_101 — Uyv, Where d(uyvy, Uppiv1) = 1,

d(tyi1v1, uy—qv1) = diam(G) — 3 and d(u,—1v1, uyv,) = 1.

Consider a pair of diametral vertices ugv,, uyv, in G. Let
an edge u,v1 —uy,vy, be added in G. Then, d(u,vy,, u,v,) = 3 by

a path u,v,, — uzv1 — uyv1 — uyv,.
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Suppose that D7?(H;) = 1 where diam(H,) > 4.

Consider a pair of diametral vertices u,v,,, u,v, in G. Let an
edge u,v; —u;v; where u; is a vertex in a diamertal path between
u, and u, in Hy, be added in G. Then, d(u,v,, uyv,) = diam(G) — 1
by a path w,v, — uzv1 — w1 — ... — Uuy_1v1 — uyv, where
d(UugVy, uzvy) = 1, d(uzvr, uy—qv1) = diam(G) — 3 and
d(u,—1v1,uyv,) = 1. Thus, the distance between any two ver-

tices in G is at most diam(G)-1.

Conversely suppose that D~(G) = 1. If both H; and H, are
complete graphs, then G is a complete graph. If diam(H;) = 2,
then the addition of a single edge in G will not make G' a com-
plete graph. Also, if diam(H;) = 3, then the addition of a single
edge in G will not decrease the diam(G), since there exist a
path of length at least three between any pair of diametral ver-
tices in GG. Thus, it is clear that H; is a connected graph with

diam(H,) > 4.

Suppose that H; is any connected graph and Hs is any con-

nected graph without a universal vertex.

Let v, and v, be a pair of non adjacent vertices in H,. Con-



2.2. Diameter variability of the strong product of graphs 65

sider a pair of diametral vertices u,v,, uyv, in G. Let an edge
u;vp, — u;Up, be added in G. Since v, is not adjacent to v,, the
diametral path between u,v, and u,v, does not contain the edge
w;v, — u;v, in G. Hence, to decrease the diam(G), Hy should

contain a universal vertex.

Suppose that H, has a universal vertex v;. Consider a pair
of diametral vertices u,vy,, u,v, in G. Let an edge w;vq — u;vy,

be added in G.

Let i #x, j #y.
Consider a diametral path u, vy — Uz 4101 —Upp2V1— ... —Uy_ 101 —
Uy vy, between u, vy, uyv,, in G. Then d(uyvy,, uyzr1v1) = 1 and

d(u,—1v1,uyv,) = 1, since Hy has a universal vertex. Now, con-
sider the distance between the remaining vertices in the diame-
tral path. Then, the diam(G) decreases by one only if

d(Ugt2v1, Uy—qv1) =[diam(H;)-2]-1 = diam(H;)-3. Hence, to de-
crease the diam(G) by one, the distance between u, v, and u,v;

should be decreased by one, by the addition of a single edge.

Leti=uxz,j=uy.
Then, d(u,vy, uyvy,) = 3 by a path vy, — uzv1 — v — Uy,

since Hs has a universal vertex. From the previous case it follows
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that diam(G) decreases, only if d(u,vy,u,v1) < diam(H;) — 1.
Hence, to decrease the diam(G) by one, the distance between
uzv, and u,v; should be decreased by one, by the addition of a

single edge.

Now, let i =z, j # y.

Consider a diametral path wu, vy, — ugv1 —Upp101 — ... —Uy—101 —
Uy, between w, vy, u,v, in G. Then d(u,vy,,u,v1) = 1 and
d(uy—1v1,uyv,) = 1, since Hy has a universal vertex. Now,

consider the distance between the remaining vertices in the di-
ametral path. Then, the diam(G) decreases by one, only if
d(ugvy, uy—qvy) =[diam(H;)-1]-2 = diam(H;)-3. Hence, to de-
crease the diam(G) by one, the distance between u,v; and w,_v;

should be decreased by two, by the addition of a single edge. [

Corollary 2.2.8. There does not exist a graph G = Hi X Hy

such that G is diameter maximal.

Proof. In Theorem 2.2.7 we have characterized the strong
product of graphs whose diameter decreases by the addition of

a single edge. Hence, we need to prove the theorem only for

such Gs.
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Suppose that H, is a not complete graph with a univer-
sal vertex and H; is a connected graph with D™'(H;) = 1 or
D%(H;) = 1 with diam(H;) > 4. Let an edge u,v, — u,v, be
added in G, then the diam(G) remains the same, since

diam(G) = diam(H,).

Suppose that H, is a complete graph and H; is a connected
graph with D7'(H;) = 1 or D™%(H,) = 1 with diam(H;) > 4.
Let the three vertices u,, us and u, form a P; in H;. Consider a
pair of diametral vertices u,v,, u,v, in G. Let an edge u,v,—u, v,
where v, is a neighbour of v, in H», be added. Then the addition
of an edge u,v, — u,v, does not decrease the distance between
them in G. Thus, d(u,v,, u,v,) = diam(G). Hence, there exist

some e ¢ F(G) such that diam(G + e) = diam(G). O

2.3 Diameter variability of the lexi-
cographic product of graphs

If both H; and H, are complete graphs, then G = H; o Hy

is a complete graph and the deletion of any edge increases the
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diam(G).

Theorem 2.3.1. Let G = H, o Hy. Then D°(G) > 3.

Proof. Let G = Hy o Hy. Then diam(G) = diam(H;).
We prove the theorem by showing that there exist at least three
edges in G that can be deleted without altering the diam(G) by

considering the following cases.

Let ug, u, be a pair of diametral vertices in H;, by a path
Uy — Ugp1 — Ug2 — ... — Uy—1 — Uy and vy, v, be a pair of diametral

vertices in Hy, by a path v, — Vi1 — Vpio — ... — VU, 1 — V..

Case 1 : H; is a complete graph and H» is a not complete

graph or a disconnected graph with my > 1.

(a) Let my > 2.
We shall prove that D°(G) = nyma.

Suppose that G = K,,, o Hy, then diam(G)= 2. Let the edges

1
w;v, — u;v, where i € {1,2, ... ,m} and p,q € {1,2, ... ,na},
be deleted. There are paths w;v, — u;41v, — w;v, of length two
between each pair of vertices in GG. Also, the distance between

any two other vertices is not affected by the removal of these

edges. Thus, D°(G) = nymy > 4.
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(b) Let my = 1.
Suppose that n; = 2 and ny = 3.
Let the bold edges in Fig 2.6 be deleted. Then it is clear that
DY(G) = 3.

Suppose that n; = 2 and ny > 4.
Let the edges w;v, —ujvg, U0 — U0y, UiV — u;v, and u;v, —u;v,
where v, is adjacent to v, in Hy, be deleted. There are paths
UVp — UjVp — UjVq, UiVg — UjVUp — UjVq, UiVg — UiVp — U Up and
uU, — u;U, — u;v, of length two between each pair of vertices.
Also, the distance between any two other vertices is not affected

by the removal of these edges. Thus, D°(G) > 4.

Suppose that n;y = 3 and ny = 3.
Let the bold edges in Fig 2.5 be deleted, then it is clear that

DY(@G) > 3.

Fig 2.5: G : D°(G) > 3.
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Suppose that n; > 3 and ny > 3.
Let the edges u;v1 — ujvq where 4,5 € {1,2, ... ,n;}, be deleted.
There are paths u;,v1 — w;v2 — ujv; of length two between these
pairs of vertices in G. Also, the distance between any two other
vertices is not affected by the removal of these edges.

Thus, D°(G) > 4.

Case 2 : H; is a complete graph and H, is a totally discon-

nected graph.

(a) Let ny = 2.
Then G has diameter two and the deletion of any edge increases

the diam(G).

(b) Let ny > 3.
Let the edges u;v; —ujv1, u;v1 —u;V2, UV —u;jvy and u; vy —u;v1,
be deleted. There are paths w;v1 —ug,v1 —u;v1, UV —UzV2 — V2,
UV — Uy — U;V2 and u;v9 — U1 — u vy of length two between
each pair of vertices. Also, the distance between any two other

vertices is not affected by the removal of these edges.

Thus, D°(G) = 4.

Case 3 : H,; is a not complete graph and H, is a not



2.3. Diameter variability of the lexicographic product of
graphs 71

complete graph or a disconnected graph with my > 1.

(a) Let ny > 4.
We shall prove that D°(G) > nyms.
Let the edges w;v, — u;v, where i € {1,2, ... ,n1} and
p,q € {1,2, ... ,na}, be deleted. There are paths of length two
between these pairs of vertices. Also, the distance between any

two other vertices is not affected by the removal of these edges.

Thus, DO(G) 2 1Mo 2 4.

(b) Let ny = 3.
Let the edges uiv; —u1v;, u1v; —ugvj, usv; —uzv; and uzv; —uzv;
where uy is adjacent to u; and ug in Hyq, be deleted. There are
paths of length two between these pairs of vertices. Also, the

distance between any two other vertices is not affected by the

removal of these edges. Thus, D°(G) > 4.

Case 4 : H; is a not complete graph and H, is a totally

disconnected graph.

(a) H; is a not complete graph with diameter two in which
no two adjacent vertices of H; have a path of length two between

them.
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Then, diam(G) = 2 and the deletion of an edge increases the
diam(G).

(b) H; is a not complete graph with diameter two in which
there exist at least one pair of adjacent vertices with a path of
length two between them.

Let the edges u;v1 —u;v1, uv1 —u;vs, U;V2 —ujvy and w;ve — ujv;
where there is a path of length two between u; and uy in Hy, be
deleted. There are paths u;v1 — uv1 — w;v1, UVT — UV — U V2,
UV — Uz Vs — U;V2 and w;v9 — U1 — w0y of length two between
each pair of vertices. Also, the distance between any two other

vertices is not affected by the removal of these edges.

Thus, D°(G) > 4.

(C) H1:P4andn2:2.
Let the bold edges in Fig 2.6 be deleted. Then it is clear that
D°(@G) = 3.

(d) Hy = P, and ny > 2.
Let the edges u;v1 —u v, and u;v —u;vo where i, j € {1,2, 3,4},
be deleted. There are paths of length at most three between
these pair of vertices. Also, the distance between any two other

vertices is not affected by the removal of these edges.
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Thus, D°(G) > 4.

(e) Let diam(H;) > 3.
We shall prove that D°(G) = m;.
Let the edges u;v1 — ujvq where 4,5 € {1,2, ... ,n;}, be deleted.
There are paths of length at most diam(G) between these pairs
of vertices. Also, d(u,v1,u,v1) = diam(G) by a path u,v; —
Uz 1V2 — Ug2V2 ... Uy—102 — UyU12 and the distance between any
two other vertices is not affected by the removal of these edges.

Thus, D°(G) = my > 4.
Hence, D°(G) > 3. O

Corollary 2.3.2. D°(G) = 3 if and only if G is any one of the

graphs shown in Fig 2.6.

Fig 2.6: The graphs G : D°(G) = 3.

Corollary 2.3.3. Let G = Hy o Hy where Hy and Hy are con-

nected graphs. Then D°(G) = nyms.
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Theorem 2.3.4. Let G = K,,, o Hy where ny > 3.

Then D°(G) = nimy + nymy — (2n1ny — 3).

Proof. Consider a spanning tree T" of diameter three, of G as
shown in Fig 2.7. From 7', let us construct a spanning subgraph

H of G having diameter two as follows.

Consider the vertices u3v,, u,v, where x € {2,3,...,n;} and
p.q € {2,3,...,n2}. Then, d(ujv,,u,v,) = 3. Let the edges
Uy — uyv, where z € {3,4,...,n;} and p € {1,2,...,n2}, be
added in T'. Now, consider the vertices u;v,, usv, where
p € {2,3,...,n2}, then d(ujv,, ugv,) = 3 > 2. Let the edges
uzvy — uv, and uzv; — ugv, where p € {2,3, ..., no}, be added in

T.

Let the resulting spanning subgraph of G be denoted by H.
Then H has diameter two.

Hence, D°(G) = nim; + nymy — (2niny — 3).

Now, to prove the reverse inequality, we proceed as follows.
From Corollary 2.3.3 it follows that if the nymq edges u;v, —u,v,
where i € {1,2,..n1} and p,q € {1,2,...ny} are deleted, then

the diam(G) remains the same. Let the edges w;v, — u;v, where
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Fig 2.7: A spanning tree T" and the spanning subgraph H of G.

i,j € {1,2,.n1} and p € {1,2,3,..no} except ujv; — u,v1,
ugvy — u,vy where r € {2,3,...n2}, be deleted. There is a path
U, — UyU1 — ;U of length two between each pair of verices.
Now, let the edges w;v, — u;v, where i,j € {1,2,....,m}, p,q €
{1,2,...,n} except UV —UVp, UV] —U;Vp, U3V — UV, aNd U3V —
usv, where i € {2,3,..n0}, 7 € {1,3,..n2}, p € {2,3,...no} and
r € {2,3,...,n2}, be deleted. There are paths u;v, — uyv; — u;v,,
U1v, — U3V — Uv, of length two between each pair of verices. In

both the cases the diam(G) remains the same.

Thus we have a spanning subgraph H with diameter two as
shown in Fig 2.7 and the deletion of any edge from H increases

the diam(H). So, D°(G) < nZmy + nyms — (20109 — 3).
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Hence, D°(G) = n3my + nymy — (2n1ny — 3). O

Theorem 2.3.5. Let G = H, o Hy where Hy and Hy are con-
nected graphs with diam(Hy) < diam(Hy). Then

D%(G) = n3my — (ming + 2myms).

Proof. Let u,, u, be a pair of diametral vertices in H;, by a

path uy — Ugp1 — Upgo — .o — Uy—1 — Uy,

Suppose that d(v,, v,) = L in Hy by a path v, —v,11 —vp40—
... = Ug—1 — vq. Consider a pair of diametral vertices ugv,, uyv,
in G. Let the nymy edges u;v, — u;v, where i € {1,2,..n}
and p,q € {1,2,..n2}, be deleted. Then from Corollary 2.3.3
it follows that the diam(G) remains the same. Now, let the
n3my—(mina+2myms) edges u;v,—u,v, where i, j € {1,2,...n;},
p,q € {1,2,..n2}, v,s and v,s are not adjacent vertices in Ho,
be deleted. Then, d(u,v,,u,v,) = diam(G) by a path u,v, —
U 1Up—Ug2Vp — .. — UiUp— Ui 1Vpp1 — .. — Uy—Ug—2—Uy_1Vg—1—
u, vy where d(u,v,, u;v,) = diam(H,) — L, and d(u;vp, uyv,) = L.
Also, d(u;vy,uv,) = diam(Hy) or d(u;v,, u;v,) = diam(Hy) + 1
when the distance between v,,,v, is even or odd respectively.
Thus the diam(G) remains the same.

Hence, D°(G) = nymsy + n3my — (nyma + myny + 2myms) =
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namy — (ming + 2myms). O

Theorem 2.3.6. Let G = Hy o Hy. Then D'(G) = 1 if and
only if G is any one of the following graphs where,

(a) both Hy and Hy are complete graphs.

(b) Hi = Ky or a connected graph with diameter two in which
there exist at least one pair of adjacent vertices with no path of
length two between them and Hs is a disconnected graph in which

there exist at least one component with an isolated vertex.

Proof. (a) Let G = K,,, o K,,, where ny,ny > 2. Then the

deletion of any edge increases the diam(G).

(b) Suppose that H; = Ky and H; is a disconnected graph
with an isolated vertex v,, then diam(G)=2. Let an edge w;v, —
u;jvp, be deleted. There is a path uv, — ujv, — u;v, — ujv, of

length three between them.

Let H; be a connected graph with diameter two in which
the adjacent vertices u,., us have no path of length two between
them and H; be a disconnected graph with an isolated vertex v,,
then diam(G) = 2. Let an edge u,v, — usv,, be deleted. There

is a path u,v, — usvy — u, v, — usv, of length three between them.
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Conversely suppose that D'(G) = 1.
Let u,, u, be a pair of diametral vertices in H;, by a path
Uy — Uy 1 — Ugt2 — ... — Uy—1 — Uy and v, v, be a pair of diametral

vertices in Hy, by a path v, — V41 — Vyyo — ... — V1 — V..

Suppose that H; is a complete graph and H, is any connected

graph, then diam(G) < 2.

Let an edge w;v, — u;vy Or w;v, — U;V, OF UV, — UjVq, be
deleted. There exist at least two paths of length two between
these pairs of vertices. Also, the distance between any two other
vertices is not affected by the removal of these edges. Thus to
increase the diam(G) by one, Hy should be a complete graph.

This proves (a).
Suppose that H; is a connected graph.

Let an edge u;v, — u;v,, be deleted. If H, is any con-
nected graph, then there exist at least x(Hsy) + 1 paths u,v, —
Ugt1Us .. Uy_1V; — UyVy, Of length diam(H;) between u,v,, and
uyvy, in G where z € {1,2, ... ,no}. Thus, when H, is a con-
nected graph, at least two edges should be deleted to increase

the diam(G). Hence, it is clear that Hy should be a disconnected
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graph.

Now, if Hs is a disconnected graph without an isolated ver-
tex, then there exist at least two paths of length diam(G) be-
tween a pair of diametral vertices u,v,, and w,v,, in G. Thus,
at least two edges should be deleted to increase the diam(G).
Hence, H, is a disconnected graph in which there exist at least

one component with an isolated vertex.

If diam(H;) > 3, then the deletion of an edge will not in-
crease the diam(G). There is a path of length at most three be-
tween each pair of vertices. Hence, H; is any connected graph

with diam(H;) < 2.
Let H; be a complete graph with n; > 2.

Since n; > 2 there exist at least two paths of length two
between each pair of vertices in G. Thus, the deletion of an

edge from G does not increase the diam(G). Hence, n; = 2.
Let diam(H,) = 2.

Let an edge w;v, — u;v,, be deleted. Then the diam(G) in-

creases only if w; and u; have no path of length two between
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them in H;. Otherwise, at least two edges should be deleted to
increase the diam(G). Also, the distance between any two other
vertices is not affected by the removal of these edges. Hence, H;
should be a connected graph with diameter two in which there
exist at least one pair of adjacent vertices with no path of length

two between them.

This proves (b). O

Corollary 2.3.7. G = H, o Hy is diameter minimal if and only
if G 1s any one of the following graphs where,

(a) both Hy and Hy are complete graphs.

(b) Hy = Ky or a connected graph with diameter two in which
there is no path of length two between any two adjacent vertices

i Hy and Hs is a totally disconnected graph.

Proof. (a) Let G = K,,, o K,,,. Then G is diameter minimal.

(b) Suppose that Hy is a K3 and Hs is a totally disconnected
graph, then diam(G) = 2. Let an edge u;v, — v, or u;v, —u;vq,
be deleted. Then there is a path wv, — u;v, — u;v4 — wjv, or
UUp — UV, — UUg — UV, Of length three between each pair of

vertices. Thus, the deletion of any edge increases the diam(G).
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Suppose that H; is a connected graph with diameter two
in which there is no path of length two between any two adja-
cent vertices in Hy and H, is a totally disconnected graph, then
diam(G) = 2. Let an edge w;v, —u;v, or w;v, —u;v,, be deleted.
There is a path of length three between these pairs of vertices.

Thus, the deletion of any edge increases the diam(G).
Hence, G is diameter minimal.

Conversely suppose that G is diameter minimal. In Theorem
2.3.6 we have characterized the lexicographic product of graphs
whose diameter increases by the deletion of a single edge. Hence,

we need to prove the theorem only for such Gs.
Let G = K,,, o K,,,. Then, clearly G is diameter minimal.

Suppose that H; = K, and H, is a disconnected graph in

which there exist at least one component with an isolated vertex.

Let an edge u;v, — u;v, where v, v, are not isolated vertices
in Hy, be deleted. Since v, v, are not isolated vertices there is
a path of length two between w;v, and w;v, in G. Hence, if Ho
contains any pair of adjacent vertices, the deletion of that edge

will not increase the diam(G). Thus, H, is a totally disconnected
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graph.

Suppose that H; is a connected graph with diameter two in
which at least one pair of adjacent vertices have no path of length
two between them and Hs is a disconnected graph in which there

exist at least one component with an isolated vertex.

As in the previous case, if Hy contains any pair of adjacent
vertices, the deletion of that edge will not increase the diam(G).

Hence, H, is a totally disconnected graph.

Let an edge u;v, —u;v, where the adjacent vertices u; and u;
have a path of length two in H;, be deleted. If any two adjacent
vertices in H; have a path of length two between them, then the
deletion of an edge will not increase the diam(G). Thus, H; is a
connected graph with diameter two in which there is no path of

length two between any two adjacent vertices in Hj. O]

Theorem 2.3.8. Let G = H, o Hs.
Then DY(G) < « ny where a is the minimum number of edge

disjoint paths of length diam(H,) between any two vertices in

H,.

Proof. Follows from Theorem 2.2.6. ]
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Theorem 2.3.9. Let G = Hy o Hy. Then D™Y(G) = 1 if and
only if G is any one of the following graphs where,

(a) Hy has a universal vertex and Hy is a connected graph with
diam(Hy) > 4 and D~2(H,) = 1 when an edge is added between
a diametral vertexr and any other vertex of Hy.

(b) Hy is any graph and Hy is a connected graph with diam(Hy) >
and D™Y(Hy) = 1 when an edge is added between the diametral

vertices or between any two other vertices of Hy.

Proof. Follows from Theorem 2.2.7. ]

Corollary 2.3.10. There does not exist a graph G = Hy o H,

such that G is diameter maximal.



84 Chapter 2. Diameter variability of the product graphs




Chapter 3

Diameter vulnerability of
the product graphs

In the design of an interconnection network, another fundamen-
tal consideration is the reliability of the network, which is char-
acterized by the connectivity of the network. If some processors
or links are faulty the efficiency of the network may be affected.
Vulnerability is a measure of the ability of the system to with-
stand vertex or edge faults and maximum routing delay. Di-

ameter can be used to evaluate the maximum delay in routing.

Some results of this chapter are included in the following papers.
1.Chithra M.R., A. Vijayakumar, Diameter vulnerability of the Cartesian
product of graphs (communicated).
2.Chithra M.R., Manju K. Menon, A. Vijayakumar, Some distance notions
in lexicographic product of graphs (communicated).

85
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These problems deal with how the remaining processors can still

communicate with a reasonable efficiency [66].

3.1 Diameter vulnerability of the prod-
uct graphs

Theorem 3.1.1. Let G = H,[JH,, where Hy is a complete
graph and Hy is a connected graph with '(Hs) = 6(Hsy). Then

f(G) = diam(G) + 1.

Proof. Case 1: G = K,,,UK,,.

Then '(G) = ny +ne — 2 and diam(G) = 2. We shall prove
the theorem by considering the following sub cases where the

fault occurs on F' C E(G).

(a) Let F be the set of edges of the form w;v, — u,v, where

i,xe{l,2, ... ,nq}.

Let the '(G) — 1 edges be deleted from F. There is a path
UUp — UVg — U;Vg — UV, Of length three between these pairs of

vertices. Also, the distance between any two other vertices is
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not affected by the removal of these edges. Hence, diam(G)= 3.

(b) Let F be the set of edges of the form u;v, — u;v, where

p,qg€{1,2, ... ,na}.

Let the x'(G) —1 edges be deleted from F'. There is a path of
length three between these pairs of vertices. Also, the distance
between any two other vertices is not affected by the removal of

these edges.
(c) Let F' be any arbitrary collection of edges.

Consider a pair of non adjacent vertices w;v, and u;v, in G.
Let the n; + ny — 3 edges adjacent to the vertex w;v, except
Uy Uy, be deleted. Then, d(w;v,,u;v,) = 3 by a path wv, —
Uz Up — UyUy — U0, and d(wv,, wv,) = d(uvp, uyv,) = 2. Also,
the distance between any two other vertices is not affected by

the removal of these edges.
Hence, f(G) = 3.
Case 2: G = K,,,[JH,, where H, is a not complete graph.

Then k'(G) = ny — 1+ k/'(H,) and diam(G)=1+ diam(Hs).

Let v,, v, be a pair of diametral vertices in H,, by a path
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UV — Va1 — Utz — .. — Vo1 — V.. We shall prove the theorem

by considering the following sub cases.

(a) Let F be the set of edges of the form w;v, — u,v, where

i,xe{1,2, ... ,nq}.

Let the x'(G) — 1 edges be deleted from F'. There is a path
of length three between these pairs of vertices. Also, the dis-
tance between any two other vertices in G is not affected by the

removal of these edges.

(b) Let F' be the set of edges of the form u;v, — u;v, where

p,qg €4{1,2, ... ,na}.

Consider a pair of vertices u;v,, and w;v, in G. Let the

k'(G)—1 edges be deleted from F. Then, d(u;v,, u;v,) = diam(G)+1

by a path w; v, — vy — UjVys1 — ... —U;V,—1 — UV, —uv, Where
d(UiVy, Uj0y) = d(uvy, ujv,) = 1, d(uvy, uv,) = diam(H,).
Also, d(u;vy, uv,) = 3 by a path u;v,, — w0, — ujv, —w;v,. The
distance between any two other vertices is not affected by the

removal of these edges.

(c) Let F be any arbitrary collection of edges.
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Consider a pair of vertices u;v,, and w;v, in GG. Let the
k' (G) — 1 edges adjacent to the vertex w;v, except u;v,, be
deleted. Then, d(u;vy,u;v,) = diam(G)+1 by a path u;v, —
UjUy —Uj Vi1 — .. — UV, 1 — UV, — UV, Where d(uUy,, ujvy,) = 1,
d(u;vy, u;v,) = diam(Hs) and d(w;v,, u;v,) = 1. Also,

d(u;vs, uvp) = 3 and d(u;vy, uyvy) = 3.

Hence, f'(G) = diam(G) + 1. O

Theorem 3.1.2. Let G = H,UUH, be a connected graph. Then
F(G) < max{f'(H1) + 2diam(Hy), f'(Ha) + 2diam(H,)}.

Proof. Let u,, u, be a pair of diametral vertices in H;, by a
path u, — uz41 — Upqo — ... — uy—1 — uy and vy, v, be a pair of
diametral vertices in Hy, by a path v, —vy11 —Vpio—... —V,_1 —
v,. We shall prove the theorem by considering the following

cases.

(a) Let F' be the set of edges of the form u;v, — u;v, where

p,q € {1727 7”2}'

Consider a pair of vertices w;v,, u;v, in G. Let the £'(G) —1

edges be deleted from F. Then, d(u;v,, wv,) = diam(Hs) + 2
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by a path wv, — ujvy, — vy — ... — ujv, — u;v, where
A(Ui U, UjVy) = 1, d(ujvy, uv,) = diam(H,), d(ujv,, wv,) = 1.
Also, the distance between any two other vertices is not affected

by the removal of these edges.

(b) Let F' be the set of edges of the form u,;v, — u;jv, where

i,j € {1,2, ,nl}.

Consider a pair of vertices u,v,, u,v, in G. Let the #'(G) —1
edges be deleted from F. Then, d(u,v,, u,v,) = diam(H,) + 2.
Also, the distance between any two other vertices is not affected

by the removal of these edges.
(c) Let F' be any arbitrary collection of edges.

Consider a pair of diametral vertices u,v,, and u,v, in G.
Let the x'(G) — 1 edges adjacent to the vertex u, v, except
uy—1vy, be deleted. Then, d(u,v,,u,v,) = diam(G)+1 by a
path uyvy — Ugp1Vy — .. — Uyl — ... — UyV, — Uy—1V, Where
d(Ug V), Uyvy,) = diam(Hy), d(uyvy, uyv,) = diam(H,) and
d(uyvs, uy—1v,) = 1. Also, d(uy—10,, upv,) = d(ty_10;, Uy—1v,) = 3.
Thus, the deletion of x'(G) — 1 edges increases the diam(G) by

one.
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Now, consider a pair of vertices u,v,, and uyv, in G. Let
the edges w;v, — u;v, where {u; — u;} is a collection of x/'(H)
edges which form an edge cut of Hy and p € {1,2, ... ;ngy — 1},
be deleted. From the H; - layer at v,, in G, we delete only
the x'(Hy) — 1 edges, otherwise G becomes disconnected. Then,
d(UgUny, UpUny) < f'(Hy) by a path w,vn, — Ugi1Upy, — o —
Up—1Un, — UpUp,, since the deletion of k(H;) — 1 edges from H,
increases the diam(H;) to at most f'(H;). Now,
d(UgUy, Upvy) < f'(Hy) + 2 diam(Hs) by a path u, vy, —tavy1 —

. = UgUpy — Ugi1Uny — oo — UpUny, — UpUp — ... — Upl,, Where
A(UgUu, UgUpy ) < diam(Hy), d(ugvn,, upvn,) < f'(Hp) and
d(UpUny, Upvy,) < diam(Hsy). Thus, the deletion of £'(G)—1 edges
increases the diam(G) by f'(H;) + 2 diam(Hs).

Similarly, if the #'(G) — 1 edges u,v, — u,v, where {v, — vy}
is a collection of K'( Hs) edges which form an edge cut of Hy and
p € {1,2, ... ;ny}, are deleted then, the diam(G) increases by
f'(Hs) + 2 diam(H,).

Hence, f'(G) < maz{f'(Hi)+2diam(Hs), f'(Ha)+2diam(H,)}.
]
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Illustration of Theorem 3.1.2

G

Fig 3.1: A graph G with f(G) = f'(H,) + 2 diam(Hy) = 7.

Theorem 3.1.3. Let G = H{ X Hy be a connected graph. Then
F(Q) < max{f'(Hy) + diam(H,), f'(H3) + diam(H,)}.

Proof. Let G =2 Hy X Hy be a connected graph. Then
R/(G) = min{w'(Hy)(|V (H2)|+2E(H2)), &' (H2)(|V (H1)[+2E(Hy)),
d(H,X Hy)}. Let u,, uy, be a pair of diametral vertices in Hy, by
a path ug —ug 1 —Upyo—... —uy_1 —u, and v, v, be a pair of di-
ametral vertices in Ho, by a path v, —v,11—Vpi0—...—0,_1 —v,.

We shall prove the theorem by considering the following cases.

(a) Let F be the set of edges of the form w;v, — u v, where

i,je{1,2, ...,n}.
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Consider a pair of vertices u,v; and u,v, in G. Let the
k'(G)—1 edges be deleted from F'. Then, d(u, vk, u,vi) = diam(H;)

by a path w, vy — Ugt1Vk41 — Upp2Upp1 — ... — Uy—1Vk41 — UyVk.

(b) Let F' be the set of edges of the form u,v; — v, where
jkef{1,2, .. na).

Consider a pair of vertices wu;v,, and w;v, in GG. Let the
K'(G)—1 edges be deleted from F. Then, d(u;v,, w;v,) = diam(Hy)

by a path w;v, — Ujp1Vwp1 — Uip1 Vg2 — - Uip1Vz1 — UiV,
(c) Let F' be any arbitrary collection of edges.

Consider a pair of diametral vertices u,v,, and u,v,, in G.
Let the '(G) — 1 edges adjacent to the vertex w,v, except
UgyUyt1, be deleted. The distance between u,v,, and wu,v, in-
creases by a path u,v, — UgVyt1 — Ugp1Vy — ... — Uy, Where
d(UgVy, Ug1Vy) = 2 and d(Ugy110y, Uyv,,) = diam(H;) — 1. Also,
the distance between any two other vertices is not affected by

the removal of these edges.

Now, consider a pair of vertices u,v,, and uv,, in G. Let the
edges w;v, — u;v,, w;v, — ujv, where {u; — u;} is a collection of

k'(H;) edges which form an edge cut of Hy andr € {1,2, ... ;ng — 1},
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qg #p € {1,2, ... ,ny} and v,s are the vertices adjacent to
v, in Hy, be deleted. From the H; - layer at v,, in G, we
delete only the x'(H;) — 1 edges, otherwise G becomes dis-
connected. Then, d(uqgv,,, upv,,) < f'(Hy) by a path u,v,, —
Ugs1Vny — oo — Up_1Un, — UpUp,, since the deletion of k'(H;) — 1
edges from H; increases the diam(H;) to at most f'(H;). Now,
d(UgVy, upvy) < f'(Hy) + diam(Hs) by a path u,vy, — uqvypr1 —
. = UgUny — Ug1Uny — .. — Up—1Uyp1 — Uply, Where

A(UgUuy, UgUp, ) < diam(Hz) and d(uqvp,, upvy,) < f'(Hy). Thus,
the distance between any two other vertices is at most

f'(Hy) + diam(Hs).

Similarly, if the x'(G) — 1 edges u,v, — uzv,, UV, — WV,
where © € {1,2, ... ;n1}, u;s are the vertices adjacent to u,
in H; and {v, — v,} is a collection of x'(H3) edges which form
an edge cut of Hy, are deleted then, the diam(G) increases by
f'(Hy) + diam(H,).

Hence, f'(G) < max{f'(Hy)+diam(Hs), f'(Hy)+diam(H,)}.
]
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Illustration of Theorem 3.1.3

DDA

G= P5\2|K2

Fig 3.2: A graph G with f'(G) = max{f'(H1) + diam(H>),
f'(Hs) + diam(H,)} = 5.

Theorem 3.1.4. Let G = H, o Hy be a connected graph with
ni,ng = 3. Then f'(G) < f'(Hy) + diam(Hs).

Proof. Let G = H; o Hy be a connected graph. Then the
k' (G) = min{k/(H,)n3, §(Hy)+0(H;)ny} and diam(G) = diam(H, ).
Let u,, u, be a pair of diametral vertices in H;, by a path
Uy — Ugp1 — Upgo — ... — Uy—1 — Uy and vy, v, be a pair of diame-
tral vertices in Hs, by a path vy, — Uyy1 — Vpio — ... — V1 — U,

We shall prove the theorem by considering the following cases.

(a) Let F' be the set of edges of the form w;vy, — u;v, where

i,j€{1,2, .. .,ni}.

Consider a pair of vertices u v, and u,v;, in G. Let the
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k'(G)—1 edges be deleted from F'. Then, d(u, v, uyv;) = diam(G)

by a path w,vi — Ugi1Vks1 — Ugp2Vk1 — ..o — Uy—1Vk41 — UyUk.

(b) Let F' be the set of edges of the form u;v; — u;v, where

joke{1,2, ... no}.

Let the x'(G) — 1 edges be deleted from F'. There is a path
UV; — Uip1v; — uvg of length two between w;v; and w;vy in G.

Thus, the diam(G) remains the same.
(c) Let F' be any arbitrary collection of edges.

Consider a pair of diametral vertices u,v,, and uyv,, in G. Let
the k'(G)—1 edges adjacent to the vertex u,v,, except u, v, 1, be
deleted. Then, d(u,vy, u,v,) = diam(G) + 1 by a path u, v, —
UpUp1] — Ugp 1V — oo — UyUy, Where d(uyvy, Uypi1vy,) = 2 and

d(Uyt1V, uyv,,) = diam(G) — 1.

Consider a pair of diametral vertices u,v,, and u,v, in G.
Since we have already considered the case of the deletion of edges
from F of the form w;vy — u;v, where i,5 € {1,2, ... ,n;} and
w;v; —u;v where 7,k € {1,2, ... ,no} in (a) and (b) respectively,
there will exist at least one edge (say) u,v, — u,v, for each

r € {1,2, ... ,no}. Thus, there exist a path w,v, — tuz41v, —
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UzyoUq — ... — Uyv, of length diam(G) between u, vy, u,v, in G.

Consider a pair of vertices u,v,, upv,, in G. Let the edges
UV — UV, UV — UV, Where {u; —u;} is a collection of &'(Hy)
edges which form an edge cut of H; and r € {1,2, ... ;ny — 1},
g #p € {1,2, ... ;no}, be deleted. From the H; - layer at
Un, in G, we delete only the x'(Hy) — 1 edges, otherwise G' be-
comes disconnected. Then, d(uqvn,, upyv,,) < f'(Hy) by a path
UqUny — Ugi1Vny — o — Up—1Vp, — UpUn,, since the deletion of
k(Hy) — 1 edges from H; increases the diam(H;) to at most
f'(Hy). Now, d(uqvy,uvy,) < f'(Hy) + diam(Hy) by a path
UgUuy — UgUpi1 — - — UgUpy — Ugi1Uny — oo — Up_1Upy — UpUy
where d(tgVy, UgUn,) < diam(Hs) and d(ugv,,, upvy) < f/(Hy).

Hence the result. ]

Illustration of Theorem 3.1.4

I

AN

Do

Fig 3.3: A graph G with f(G) = f'(H,) + diam(H,) = 4.
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We shall now discuss some results on the notion of fault

diameter in the product graphs.

Theorem 3.1.5. Let G = H[1H, be a connected graph. Then
f(G) < maz{f(Hy) + 2diam(Hs), f(Hy) + 2diam(Hy)}.

Proof. Let u,, u, be a pair of diametral vertices in Hy, by a
path u; — Uzy1 — Ugyo — ... — Uy—1 — u, and v, v, be a pair of
diametral vertices in Hs, by a path v, — V411 —Vpio—...— U, 1 —
v,. We shall prove the theorem by considering the following

cases where the fault occurs on S C V(G).

(a) Let S be the set of vertices of the form w,;v, where

pE {1,2, ,ng}.

Consider a pair of vertices u;vy,, u;v, in G. Let the k(G) — 1
vertices from S be deleted. Then, d(u;v,, u;v,) = diam(H,) + 2
by a path w;v, — u;vy — UjVws1 — ... — ujv, — w;v, where
d(uivy, ujvy,) = 1, d(u;vy, ujv,) = diam(Hs), d(u;v,, wv,) = 1.
Now, d(u,vy,u,v,) < f(Hy), since the deletion of the vertex
u; from H; increases the diam(H;) to at most f(H;). Hence,

f(GQ) < mazx{diam(H,) + 2, f(H)}.

(b) Let S be the set of vertices of the form u;v, where
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j € {1,2, ,nl}.

Consider a pair of vertices u,v,, uyv, in G. Let the x(G) —1
vertices from S be deleted. Then, d(u,v,, u,v,) < diam(H;)+2.
Now, d(uyvy,uyv,) < f(Hz), since the deletion of the vertex
v, from Hj increases the diam(Hs) to at most f(Hy). Hence,

f(G) < max{diam(H,) + 2, f(Hs)}.
(c) Let S be any arbitrary collection of vertices.

Consider a pair of diametral vertices u,v,, and u,v, in G.
Let the x(G) — 1 vertices adjacent to the vertex u,_jv, except
uyv, in G, be deleted. Then, d(u,v,,u,v,) = diam(G) + 1 by
a path u,vy — Upi1Vy — o0 — Uyly — oo — Uyl — Uy_10;,
where d(u, vy, uyvy,) = diam(Hy), d(u,vy,, uyv,) = diam(H,) and
d(uyv,, uy—1v,) = 1. Also d(uy_1v,, uyv,) = d(uy_1v,, uy—1v,) = 3.
Thus, the deletion of kK(G) — 1 vertices increases the diam(G) by

one.

Now, consider a pair of vertices uyv,, and u,v,, in G. Let
the vertices w;v, where {u;} is a collection of x(H;) vertices
which form a vertex cut of H; and p € {1,2,3,...,ny — 1},

be deleted. From the H; - layer at v,, in G, we delete only
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k(H;) — 1 vertices, otherwise G' becomes disconnected. Then,

d(UpUn,, UgUn,) < f(H1) by a path wpvn, — Upp1Up, — ... —

Ug—1Vn, — UgUny, since the deletion of x(H;) — 1 vertices from

Hj increases the diam(H;) to at most f(H;). Now

d(UpVuy, UqVy) < f(H1) + 2 diam(Hs) by a path wyvy, —upvy1 —
S = UpUpy — Ups1Upy — oo — UgUpy — UgUp — ... — UyVy, Where

d(upvy, Upty,) < diam(Hs), d(upvn,, Uqvn,) < f(H;) and

d(UgUny, Ugvy) < diam(Hy).

Similarly, if the x(G) — 1 vertices w;v, where i € {1,2,...,n,}
and {v,} is a collection of x(Hz) vertices which form a vertex
cut of Hy, are deleted from G, then the diam(G) increases by
f(Hsy) + 2 diam(H;). Hence the result. O

Illustration of Theorem 3.1.5

G

Fig 3.4: A graph G with f(G) = max{f(Hy) + 2diam(H,),
f(Hs) 4 2diam(Hy)} = 6
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Theorem 3.1.6. Let G = H, o Hy be a connected graph. Then
f(G) < max{ f(Hy), f(H2)}.

Proof. Let u,, u, be a pair of diametral vertices in H;, by a
path uy — U1 —Ugpo — ... —uy—1 —uy and vy, v, be a pair of di-
ametral vertices in Ho, by a path v, —v,11—Vpio—...— 0,1 —v,.

We shall prove the theorem by considering the following cases.

Case 1: G = K,,, o H».
Then diam(G) = 2 and k(G) = (ny — 1)ny + x(Hy).

Consider a vertex ujv; in G. Let the k(G) — 1 vertices adja-
cent to the vertex u;v; except u;v,, be deleted. Now, let G be
the subgraph of G obtained after deleting the k(G) — 1 vertices,
as shown in Fig 3.5 and if v, is not adjacent to v, in Hy, then
d(uyv,, u1v,) = 2 by the path uyv, — u;v, — uyvy, since u; € K, .

Thus, the diam(G) remains the same.

Now, let the x(G) — 1 vertices adjacent to ujv; except uyvs,
be deleted. Let G’ be the subgraph of G obtained after deleting

k(G) — 1 vertices. Then, d(ujv,, uiv,) < f(Hz), since the dele-
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U,IV,I

LI1V

P? uive
|
|

|J1Vq

UiVn 2

Fig 3.5: A subgraph G’ of G.

tion of k(Hy) — 1 vertices from Hy increases the diam(Hs) to at

most f(Hz). Thus f(G) < f(Ha2).
Case 2: G = Hy o Hy where k(H;) =1 and H; # K.

Then diam(G)=diam(H;) and ~(G) = k(H;) |V (H3)| = ns.
We shall prove the theorem by considering the following sub

cases.

(a) Let S be the set of vertices of the form w,;v, where

pE {]., 2, ...7n2}.

Consider a pair of diametral vertices u,v,, u,v, in G. Let
the ngy — 1 vertices except u;v,, from S, be deleted. Then,

d(UgVq, uyv,) = diam(G) by a path u, v, — Upy1Vg — ... — U1V, —
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Uiy — Uit1Vq — .. — Uy—1U, — UyUq. Thus, the diam(G) remains

the same.

(b) Let S be the set of vertices of the form u;v, where

ie{1,2,...,m}

Let the ny — 1 vertices from S, be deleted. Clearly, the
distance between any two vertices in G is not affected by the

removal of these vertices. Thus, the diam(G) remains the same.
(c) Let S be any arbitrary collection of vertices.

Consider a pair of diametral vertices u,v, and u,v, in G.
Then, d(u,vy,uyv,) = diam(H;) by a path w,v, — Uyp10, —
Upt2Uy — ... — Uyly, since we have already considered the case
of the deletion of vertices from S of the form wu;v, where
i € {1,2,...,n1}, there exist at least one vertex (say) u;v; for
each j € {1,2, ... ,ny} and are adjacent to the vertices wu,v,

where p € {1,2,...,n2}. Thus, the diam(G) remains the same.
Case 3: G = Hy o Hy where x(Hy) > 1.

We have k(G) > 2ny. We shall prove the theorem by con-

sidering the following sub cases.
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(a) Let S be the set of vertices of the form w,;v, where

ie{1,2,...,m}

Let k(G) —1 vertices from S be deleted. Clearly the distance
between any two vertices in G is not affected by the removal of

these vertices.
(b) Let S be any arbitrary collection of vertices.

Consider a pair of diametral vertices u,v, and u,v, in GG, then
d(uzvy, uyv,) = diam(H;) by a path u,v, — Uyt 1V, — UgroVp— ... —
u, vy, since we have already considered the case of the deletion
of the vertices from S of the form w,v, where x € {1,2,...,n;},
there exist at least one vertex (say) w;v; for each j € {1,2, ... ,na}
and are adjacent to the vertices u,v, where p € {1,2,3,...,na}.

Thus, the diam(G) remains the same.

Now, consider a pair of vertices u,v,, and u,v, in G. Let
the vertices w;v, where {u;} is a collection of x(H;) vertices
which form a vertex cut of H; and p € {1,2,...,ny — 1}, be
deleted. From the H; - layer at v,, in GG, we delete only the
k(Hy) — 1 vertices, otherwise G' becomes disconnected. Then,

d(UpVny, Ugvn,) < f(Hy) by a path u,vn, — Upi1Up, — ... —
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Ug—1Un, — UqUn,, since the deletion of xk(H;) —1 vertices from H,
increases the diam(H;) to at most f(H;). Now,
d(upvy, ugvy,) < f(Hyp) by a path uyv, — tp1Un, — ... — Ug—1Upy —

uqvy. Thus, f(G) < f(Hy).

From the above cases, the result follows. O

Illustration of Theorem 3.1.6

Theorem 3.1.7. Let G = H{ X Hy be a connected graph. Then
f(G) < max{ f(Hy) + diam(Hy), f(H2) + diam(Hy)}.

Proof. Case 1: H, X K,,,.

Then diam(G) = diam(H,) and x(H, X K,,,) = nok(Hy).
From the Case 2 and Case 3 of Theorem 3.1.6, it follows that
F(G) < f(H).
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Case 2: H{X Hy where H; and H, are not complete graphs.

Suppose that diam(G) = diam(H;). We shall prove the the-

orem by considering the following sub cases.

(a) Let S be the set of vertices of the form w;v, where

ie{1,2,3,..,n1}.

Consider a pair of vertices u,v, and wv, in G. Let the
k(G)— 1 vertices from S be deleted. Then, d(u,v,, upv,) < diam(Hy).
Now, d(uyv,,u,vp) < f(Hsz), since the deletion of the vertex
v, from Hj increases the diam(Hs) to at most f(Hy). Hence,

f(G) < max{diam(H,), f(H2)}.

(b) Let S be the set of vertices of the form u;v, where

pe{1,2,3,....no}.

Consider a pair of vertices u,v, and u,v, in G. Let the
k(G)—1 vertices from S be deleted. Then, d(u,v,, u,wv,) < diam(Hs).
Now, d(ugvy, upvy) < f(Hi), since the deletion of the vertex u,

from H; increases the diam( H;) to at most f(H;). Hence,

f(G) < f(Hy).

(c) Let S be any arbitrary collection of vertices.
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Now, consider a pair of vertices u,v,, and u,v, in G. Let
the vertices w;u, where {u;} is a collection of k(H;) vertices
which form a vertex cut of H; and p € {1,2,...,ny — 1}, be
deleted. From the H; - layer at v,, in GG, we delete only the
k(Hy) — 1 vertices, otherwise G becomes disconnected. Then,
d(UpVny, Ugvn,) < f(Hy) by a path u,v,, — Upi1Up, — ... —
Ug—1Up, — UqUn,, since the deletion of x(H;) —1 vertices from H,
increases the diam(H;) to at most f(H;). Now,
d(upvy, ugvy,) < f(Hy) + diam(Hs), by a path w,v, — w41 —
e = UpUpy — oo — U1V, —UgVy, Where d(Upvy, Upvy,) < diam(Hs)
and d(uyvn,,uv,) < f(Hp). Hence, the deletion of x(G) — 1

vertices increases the diam(G) to at most f(H;) + diam(Hs).

Similarly, if diam(G)= diam(H,), then the deletion of K(G)— 1

vertices increases the diam(G) by f(H,) + diam(H,). O

3.2 Diameter vulnerability of some graph
classes

We shall first discuss the diameter vulnerability in grids.
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Theorem 3.2.1. Let G = P,UP,, be a grid, where ny > 2.
Then f'(G) = diam(G) + 1.

Proof. Let G = P,[1P,,. Then diam(G) = ny and &'(G) = 2.

Let ny > 2.
Let an edge uyv, —ugv, where p € {1,2,...ns}, be deleted. Then
d(u1vp, usv,) = 3 < ng by a path uyv, —uiv, — usv, — usv,. Also,
the distance between any two other vertices is not affected by
the removal of this edge. Thus, the deletion of an edge does not

increase the diam(G).

Consider a pair of vertices ujvy, uv,, in G. Let an edge
U1V, — u1v,, be deleted. There exist a unique path of length
ny — 1 between them in G. Thus, d(ujvy,uiv,,) = ng + 1
by a path wiv; — ugvy — ugvy — ... — Uy, — Uyv,, where
d(uivr, ugvy) = 1, d(ugvy, ugvy,) = ng — 1, d(ugvy,, ugv,,) = 1.
Also, d(uyv,, u1v,) = 3 and the distance between any two other
vertices is not affected by the removal of this edge. Thus, the

deletion of an edge increases the diam(G) by one.

Let ny = 2. Then, G is Cy and f'(G) = 3.
Hence, f'(G) = diam(G) + 1. O
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Note: For ny > 2, the deletion of a single edge will not
change the diameter of G. In this context we consider ¢'(G)
[69]. Consider a connected graph G from which if £'(G) edges
are deleted, then the resulting graph G (also denoted by G) is
still connected. Then, ¢'(G) denotes the maximum diameter of a
connected graph G obtained when x'(G) edges are deleted from
G.

Theorem 3.2.2. Let G = P3P, be a grid, where ny > 2.
Then ¢'(G) = diam(G) + 2.

Proof. Let G = P3OP,,. Then diam(G) = ny + 1 and
K (G) = 2.

If any two edges are deleted arbitrarily, then the diam(QG)
remains the same, since there is a path of length three between

them in G.

Consider a pair of diametral vertices uyvy, usv,, in G. Let the
edges UgVp,—1 —U3Vp,—2 and Uusv,,_1 —UsVp,—1, e deleted. Then,
d(uiv1, ugv,, 1) = diam(G) + 1 by a path ujv; —uivy ... UV, —
UgVp, — UV, — UgUn,—1 Where d(ujvi,uiv,,) = ny — 1 and

d(U1Vp,, Uz, 1) = 3. Also, d(uzvn,_1,usvn,—1) = 3 and
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d(ugvp,—1,U2Vp,—2) = 5. Thus, the deletion of two edges in-

creases the diam(G) by one.

Consider a pair of vertices u;vy, u;v,, in G. Let the two
edges w;v, — u;v, and u;v, — u;v, where v; is adjacent to u; in
P;, j =1 or 3, be deleted. Then, d(u;v1,u;v,,) = ne+ 3 by a
path u;v; — wv1 — UgV1 — UgVs ... UgUp, — UV, — UV, Where
d(u;v1, uzv1) = 2, d(ugv1, Ugp,) = no — 1, d(UgVpy, Ujvn,) = 2.
Also, d(u;v,, uv,) = 3 and d(ujv,, u;v,) = 5 by a path u,v, —
UiV — Uy Up — Uy Uy — U Vg — U5V, Similarly, d(wvr, wv,,) < no+1.

Thus, the diam(G) increases by two.

Hence, ¢'(G) = diam(G) + 2. O

Theorem 3.2.3. Let G = P, 1P, be a grid, where ny,ny > 4.
Then ¢'(G) = diam(G) + 1.

Proof. Let G = P,,00P,,. Then diam(G) = ny +ny — 2 and
K (G) = 2.

If any two edges are deleted arbitrarily, then the diam(QG)
remains the same, since there is a path of length three between

them in G.
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Let ny > 4.

Consider the vertices u;v;, u;v, in G. Let the two edges u,;v, —

u;vg and w;v, — u;v, where u; is adjacent to u; in P,, and i # 1,

J # nq, be deleted. Then, d(uv,, u;v,) = 3 and d(u;v,, u;v,) = 3.
If u; is adjacent to u; in P,, and j = 1 or ny, then d(w;v,, uv,) = 3
and d(u;vp, uv,) = 5 by a path wjv, — uvy, — uyv, — UV, —

wiv, — wjv,.  Also, d(ujvi,ujv,,) = (ng — 1) + 4 by a path

UjU] — UV — Uyl — Uyl — ... — UgUp, — UUp, — UjVUp, Where

d(UjVny, UgUp,) = d(uzvy, u;01) = 2, d(uyv1, Uyty,) = ny — 1 and

d(uivy, uvn,) < (ng —1) + 2.

Similarly, if the two edges u;v, —u;v, and u;v, —u;v,, are deleted

then the diam(G) remains the same.

Let ny = 4.
Consider the vertices u;v;, ujv,, in G. Let the two edges w;v, —
u;vy and u;v, — u;v, where u; is adjacent to u; in P,, and i # 1,
J # ny, be deleted. Then, d(uv,, u;v,) = 3 and d(u;v,, u;v,) = 3.
If u; is adjacent to u; in P,, and j = 1 or ny, then the diam(G)
increases by one. Also, d(u;vi,ujv,,) = ng + 3 by a path
UjU] — WV — Ugl] — UgVg — ... — UyUp, — UjUp, — U;jVp, Where

d(U;Vn,, UyUp,) = d(Uupvr, u;01) = 2 and d(uyvy, uyvy,) = ne — 1.
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Consider a pair of diametral vertices uyvy, Uy, vy, in G. Let
the edges U, Vny—1 — Uny Uny—2y Upy Upy—1 — Un,—1Un,—1, be deleted.
Then, d(ujvy, Uup,vy,—1) = diam(G)+1 by a path ujv; — uqvg —
con UUpg—1 — UVUpy — U2Upy — oo — Upy—1Uny — UpUpy — UpyUny—1
where d(ujvy, u1v,,) = ng — 1 and d(ugv,,, Up, Uny—1) = N1.

Also, d(Up, Vny—1, Uny—1Vny—1) = 3y d(Up, Vpy—1, Up, Vny—2) = 5. Thus,
the deletion of two edges increases the diam(G) by one.

Hence, ¢'(G) = diam(G) + 1. O
We shall now consider the case of cylinders.
Theorem 3.2.4. Let G = P,,LJC,, be a cylinder where ny,ny > 4.
Then f'(G) = diam(G) + 1 and ¢'(G) = diam(G) + 2.
Proof. Let G = P,,0C,,,. Then £'(G) = 3 and
diam(G) = ny — 1 + |[n2/2]. Let d(vy,v,) = diam(C,,).

If any two edges are deleted arbitrarily, then the diam(QG)
remains the same, since there is a path of length three between

them in G.

Consider the vertices u;v,, ujv, in G. Let the edges w;v, —

U;Vq, UjVp—U;Vg Where u; is adjacent to u; in P,, and 4, j # 1,ny,
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be deleted. Then, d(u;v,, u;v,) = 3 and d(u;v,, ujv,) = 3. Ifu; is
adjacent to u; in P,, and j = 1 or nq, then the diam(G) remains
the same, since d(u;vp, w;vy) = 3, d(u;vp, ujvy) = d(uvg, uv,) = 4
and d(u;v,, ujv,) = 5 by a path u;v, —u;v, — Uy v, — Uy Vg — UVg —
u;vy. Also, d(ujvy,ujv,) < [n2/2| +4 by a path w;v, — uv, —
UgUyy — UgUypp1 .. Uply — WU, — WU, Where d(ujvy,, uyvy) = 2,
d(upvy, ujv,) = |ng/2] + 2. Thus, the diam(G) remains the

Ssalie.

Consider a pair of vertices u1v1, Un,Vn,/2/+1 in G. Let the
edges Un, V|, /2] —Uny Vlny /2| ~15 Uny Vny /2| —Un; —1V|ny 2], De deleted.
Then, d(u1v1, U, V|ny/2)) = diam(G) 41 by a path uiv; —uivs —
cr ULV g /2] 41— U2V ng /2] 41— +or — Uy U g 2|41 —Un, Vlny /2| Where
d(u1v1, U1V, j2)4+1) = [M2/2] and d(ur1Vn, /2] +1, Un, Ving/2]) = N1
Also, d(Un, V(ng /215 Un;—1V]ng/2]) = 35 A(Un, V|ny /2] Uny Vingj2)4+1) = D
Thus, the deletion of two edges increases the diam(G) by one
[see Fig 3.7].

Hence, f/(G) = diam(G) + 1.

Now, we shall prove that ¢'(G) = diam(G) + 2. Consider

a pair of vertices w vy, Up,V|n,/2)+1 in G. Let the three edges

UnyVng/2]—1 — UnyVUlng/2]—25 UnyVUlny/2]—1 — Un;—1V|ny/2|-1,
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Fig 3.7: A graph G = P, 00C,, with f'(G) = diam(G) + 1.

and Uy, Un, /2| —Un, —1V|ny /2|, be deleted. Then, d(uv1, Up, Vny/2]-1)
= daim(G) + 2 by a path wv1 — uva — ... — ULV, 2)41 —
UV g /2] 41 -~ Uny Vlng/2]+1 ~ Uny V| (ny/2)] ~ Uny V| (na/2)|—1- AlSO,
A(Un, Viny /2] Uny—1V|ns/2)) = 35 A(Un, Vjng /2|1 Uny Vlngj2)—2) = 7,
d(Un, Vny/2)—15 Un, —1V|ng/2)—1) = 5. Thus, the deletion of three

edges increases the diam(G) by two [see Fig 3.8].

/ .
Hence, ¢'(G) = diam(G) + 2. O
M VUthaizy2 [Un22e a2y 1O Yn2r2ye1 (U V2
Uy 1U2(n22)2 U2 Yn2i2)1] U2 th272) | U2 (n272)+1] U2Vn2
Uiy CUg(n2i2)2 U2 Uathaiz) U {n2i2)+1 1 Y3 Yn2

| |
| |
I 1 I
| | |
I 1 I
| |

'u_ v u. Voo
n1-1 (n2/2)+1| n1-1

Fig 3.8: A graph G = P,,00C,, with ¢'(G) = diam(G) + 2.
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Finally, we consider the case of tori.
Let G = C,,00C,,. For ny,ny < 5, we observe that f/(G) and
¢'(G) are either diam(G)+ 1 or diam(G)+2. Hence, we consider
ny,ns = 6 and show that f/(G) = diam(G)+1 and
¢ (G) = diam(G)+2.

z =

Gy Gy

Fig 3.9: Graphs G with f'(G;) = diam(G;) + 1 and Gy with
f'(Ge) = diam(Gy) + 2.

G nia

Gy G

Fig 3.10: Graphs G with ¢'(G;) = diam(G4) + 1 and G with
¢'(Gy) = diam(Gs) + 2.

Theorem 3.2.5. Let G = C,,11C,,, be a tori, where ny,ny > 6,
then f'(G) = diam(G)+1. Further, ¢'(G) = diam(G)+2 where

ny and ny are odd with nqy,ny = 6.
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Proof. Let G = C,,00C,,. Then x'(G) =4 and
diam(G)=|n1/2] + |n2/2].

If any two edges are deleted arbitrarily, then the diam(QG)
remains the same, since there is a path of length three between

them in G.

Let the three edges u;v, — w;vy, u;v, — ujv, and uyv, — UV,
where u; is adjacent to w; and u, in C,,, be deleted. Then
d(uivy, uvy) = 3 = d(ugvy, uzvy), d(uv,,ujv,) = 5. Also,
d(ujvy, uv,) = |n2/2] + 4, d(ujvy, uv,) = [n2/2] + 2 and
d(uzVy, uzv,) = |ny/2] + 2. Thus, the diam(G) remains the

salme.

Consider a pair of diametral vertices uivy, U|pn, /2]41V[ns/2)+1
in G. Let the three edges |, /2/41Vno/2) = Uni/2]+1V]na/2] 15
Ulny /2] 41V n2/2) =U[n1/2]V ny/2) A0 Ujny /2] 410[ny /2] =W n1 /2)4+20|na /2]
be deleted. Then, the distance between these pairs of ver-
tices is three. Now, d(uiv1, Un, /2)+1V|ny/2)) = diam(G) + 1 by
a path wjvy — u1vy — .. = UV|ny 2|41 — U2U|ng/2)41 — - —
WUny /2410 na/2]+1 — U|ny /2)+1V|nz/2]- Thus, the deletion of three
edges increases the diam(G) by one.

Hence, f'(G) = daim(G) + 1.
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Now we shall prove that ¢'(G) = daim(G) + 2.
Consider a pair of vertices uiv1, U|pn, /2)+1V|ns/2)+1 in G. Let the
edges wyv1 — U2, Upny /2] 41V ng/2) — Uin/2)V|na /2]
Uln1/2]+1V|n2/2) —U|n1/2]+2V n2/2)> U|n1/2]+1V|n2/2] —U|n1/2]+1V|n2 /2] 15
be deleted. Then, d(u1v1,Upn, /2/41V(ns/2)) = diam(G) + 2 by
a path wjvy — up,v1 — . = Up Vpng/2)41 — Un —1V|ng/2)41 —
= Ul /2] 4103 /2] 41 = Ulna /2] 410z /2] 41~ Uy /2] 41V]ny 2] WheTE
d(U1V1, Un, Vjngy2)+1) = [n2/2]+1 and d(tn, Vjny /2] 415 Uin, /2] +10(ne/2)) =
[n1/2] 4+ 1. Also, d(t|n, 241V |ns/2]> Uni /2] +1V|ns/2]-1) = D,
A(U[n, /2]41Vna/2)s Wln1 2]V na/2)) = 35 d(u1v1,u1v2) = 3 and
d(U|ny /2] 41V ns /2] s Uny /2] +2V|na/2)) = 3. Thus, the deletion of
four edges increases the diam(G) by two.

Hence, ¢'(G) = daim(G) + 2. O

3.3 Wide Diameter of the lexicographic
product of graphs

Lemma 3.3.1. Let G = Hy o Hy. If there exists a container of
width w in Hy which is of length | then there exists a container

of width k(Hy) x |V (Hy)| which will be of the same length | in
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G.

Proof. Case 1: Consider the vertices of the form u;v; and

urv; where i # k and i,k € {1,2,...,n1}.

Since there exists a container of length [ in Hy, there exists
a container of length at most [ between u; and uy. If P, = u; —
Ujr1 — Uiy — ... —Ug_1— Uy is & path in the container Cy, (u;, uy)
of Hy, then w;v; — Ui410; — UipoVj — ... — Up_1V; — Ugv; is the
corresponding path connecting w;v; and uxv; in G. Also, by the
structure of the lexicographic product, w;v; — ;1Vq — Uit20, —

— Up—1V, — ugv; are also paths connecting wv; and ugv;
where a # j and a € {1,2,...,n2} in G. Thus, corresponding
to the w internally vertex disjoint paths in C,(u;, uy) of Hy, we
have shown the existence of w [V (Hy)| internally disjoint paths
between u;v; and uiv; in G which are of length at most [. Since
the length of the container in H; is [, there exists a pair of
vertices u, and u, in H; such that the path joining u, and w,
is of length [. As proved above we can show that C,(u,v;, u,v;)

in GG is of length [.

Case 2: Consider the vertices of the form u;v; and w;vy
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where j # k and j,k € {1,2,...,ny}.

By the structure of the lexicographic product, if u; is adja-
cent to u, in H;, then both wv; and u;v, will be adjacent to
UV, UgVa, ... ; UgUp i G. Thus there exists at least dg(w;) |V (Hs)]
internally vertex disjoint paths between u;v; and w;v, which are
of length two. So we can say that for any vertex u; in H;, there

exists Cy(a)|v (#2) (wivj, uvx) of length two in G.

Case 3: Consider the vertices of the form w;v; and u,vy

where i # a and j # b.

Consider the vertices u; and u, in H;. By the assumption
there exists a container of length at most [ in between wu; and
Ug in Hy. If Pp = u; — ujp 1 — Ujpo — ... — Ug_1 — U, is a path
in the container C,,(u;, uy), then w;v; — w110 — Uip2v; — ... —
Ug—1V; — UgUp is a path connecting w;v; and u,v, in G which is
of length same as that of P;. Again, by the structure of the
lexicographic product, we can find w |V (Hz)| internally vertex
disjoint paths between w;v; and uqv, and is of length at most .
Since the length of the container in H; is [, there exists a pair
of vertices u, and u, in H; such that the path joining u, and w,

is of length 1. So C\,(u,v;, u,vy) in G is of length exactly [.
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Finally, since 1 < w < k(G) and k(G) < 0(G), the result follows.

]

Theorem 3.3.2. For any two connected graphs Hy and Hs,
Wide diameter (Hy o Hy) = Wide diameter (Hy).

Proof. Suppose that G = H; o H,.
Let D.m,)(H1) = k. Then there exists a container of width
k(H7) in between any two vertices of H; which is of length at
most k. Then, by Lemma 3.3.1, there exists a container of width
k(Hy) x |V(Hy)| in between any two vertices of G which is of
length at most k.
Hence, Dy, )yx v () (H1 0 Ha) < Dy, (Hy).

Let Dy yx v (Hi o Hy) = k.
Consider any two vertices w; and u; in H;. Clearly there exists
x(H;) internally disjoint paths joining w; and w; in H;. Since
D,(ry)x|v ()| (H1 0 Hy) = k, there exist a container of length at
most k joining u;v; and w;v;. Thus there exist a container of
width x(H;) which is of length at most k joining w; and u; in G.
Hence, D) (H1) < Dy |v (i) (H1 0 Hy). O



Chapter 4

Component factors of the
product graphs

In this chapter we study the component factors of the prod-
uct graphs. We show that if G = H; x Hy where x € {{J,X, o}
and Hy, Hy are connected graphs then G has a { K ,,, Cy }-factor
where n < t and ¢ is the maximum degree of an induced sub-
graph K, in H; or H,. In this chapter, we denote K, by K

and P; by K 5 for uniformity in notations.

Some results of this chapter are included in the following paper.
1. Chithra M.R., A. Vijayakumar, Component factors of the Cartesian
product of graphs (Communicated).

121
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4.1 Component factors of the Carte-
sian product of graphs

Theorem 4.1.1. Let G = H{L1Hy be a connected graph where
|Hy| = ny and |Hy| = ny. Then G has a Cy-factor if and only if
G is any one of the following graphs where,

(1) Hy or Hy has a Cy-factor.

(I1) both Hy and Hy have no Cy-factor and,

(a) both Hy and Hy are complete graphs with ny,ny even and
ni,no Z 0 mod 4.

(b) Hy is a complete graph with ny even and Hy is a not complete
graph with ny even, has at least one vertexr with at most one
pendant vertex attached to it and has a { K 1 }-factor.

(¢) Hy and Hy are not complete graphs with ny,ny even, both
have at least one vertex with at most one pendant vertex attached

to it and have a { K 1}-factor.

Proof. Let G = H,OH, where |H;| = n; and |Hs| = ns.
(I) Hy or Hy has a Cy-factor.

Suppose that H; has a Cy-factor.
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Consider the H; - layer at v; in G. Now, the vertices u;v;
where i € {1,2,3,...,ny} form a subgraph whose components are
Cy, since Hy has a Cy-factor. Similarly, the vertices u,;v, where
i€41,2,3,...,n1} and p € {2,3,...,no} form a subgraph whose

components are Cy. Hence, G has a Cy-factor.
(IT) Both H; and H, have no Cy-factor.

(a) Suppose that both H; and H, are complete graphs with

ny,ng even and ni,ny = 0 mod 4.

Since both H; and H, are complete graphs with nq,n, even,
we can find a spanning subgraph of H; and H, whose compo-
nents are K ;. Now, a Ky, from H; and a K ; from H, form a
Cyin G. Thus, G has a spanning subgraph H whose components

are C}y.

(b) Suppose that H; is a complete graph with n; even and
H, is a not complete graph with ny even, has vertices with at

most one pendant vertex attached to it and has a { K ; }-factor

There is a spanning subgraph of Hy whose components are

Ki ;. Also, Hy has a K; ;-factor. Hence, G has a Cy-factor.



124 Chapter 4. Component factors of the product graphs

(¢) From II(b), it follows that G has a Cy-factor.

Conversely suppose that G has a Cy-factor. Let G = H{[JH,.
Suppose that both n,ny are odd. Then H; and H, cannot have
a spanning subgraph whose components are K ;. Hence, G has

no Cy-factor. Thus, at least one graph should be of even order.
(i) ny even and ny odd.

If H, has no Cy-factor, then G has no Cy-factor, since noy is
odd. Hence, H; has a Cy-factor. This proves (I).

Similar is the case when n; is odd and n, is even.
(iii) Both ny, ny are even.

(a) G = K, ,OK,,.
Clearly G has a Cy-factor. This proves Il(a).

(b) G = K,,,00H; where H; is a not complete graph.

If Hy has a vertex v, with at least two pendant vertices v;, v;
attached to it, then in G (uyv., upv;, ugv;, uv,) form a Cy and
(upvj, uqv;) form an edge. Thus, G has no Cy-factor. Hence, Ho
is a not complete graph with ns even and has vertices with at

most one pendant vertex attached to it.
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Now, we know that H; has a spanning subgraph whose com-
ponents are K, ;. Hence, G has a Cj-factor only if Hy has a

{K11}-factor This proves II(b).

(¢) G =2 H1OH; where both H; and Hj are not complete

graphs.

If H; has a vertex u, with at least two pendant vertices ug, uy,
attached to it and Hs has a vertex v, with at least two pendant
vertices v;,v; attached to it, then in G (u,v,, uyvs, UgUs, UgVy)
and (u,vy, Upv;, UgV;, UgV,) form Cys and (upvy, upvy), (Upv;, ugv;)
form K ;s. Thus, G has no Cy-factor. Hence, both have at least

one vertex with at most one pendant vertex attached to it.

Now, G has a Cy-factor only if both H; and Hj has a { K, }-

factor.
This proves II(c). O
Theorem 4.1.2. Let G = K,,,UK,, where ny,ne > 2. Then G

has a {K;2,Cy}-factor.

Proof. We shall prove the theorem by considering the fol-
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lowing three cases.
(I) Both ny,ns are even.

From Theorem 4.1.1, it follows that G has a Cy-factor.
(IT) Both ny,nsy are odd.

(a) Suppose that n; = 0 mod 3.
Since ny = 0 mod 3, we can find a spanning subgraph of K,
whose components are K. Now, G' has a spanning subgraph

H whose components are K 9, since K,,, has a K o-factor.
(b) Suppose that nqy,ny = 1 mod 3.

Since ny = 1 mod 3, we can find a spanning subgraph of K,
whose components are Ko and K;; where uy, ug, ..., Uy, 4 are
the vertices in the components of K o and wy,, —3, Uy, —2, Up,—1, Un,
are the vertices in the components of K; ;. Now, consider the
vertices uivp, UgUyp, ..., Un,—4Up, Where p € {1,2,3,...,ns} in G,
they form a subgraph whose components are K 5. The remain-
ing vertices of G, Uy, —3Up, Up, —2Vp, Up, —1Vp, Uy, Vp Where
p € {1,2,3,...,ny — 4} form a subgraph whose components are
K1,2 and <Un1—3vn2—37 Upy —3Ung—2, Un; —2Uny—2, un1—20n2—3>7

<un173vn2717 un173vn2 ) unl 721)71,27 'U/n1,2'Un2,1>,
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<un1—lvn2—37 U’nl—lfunz—27 unlvn2—27 unlvn2—3> a‘nd

(Uny —1Uny—15 Uny—1Uny s Upy Vny s Uy Uny—1) Torm Cys.
(¢) Suppose that ny,ny = 2 mod 3.

Since n; = 2 mod 3, we can find a spanning subgraph of K,
whose components are Ko and K;; where uj, ug, ..., u,, o are
the vertices in the components of K;5 and w,,_1,u,, are the
vertices in the components of K; ;. Now, consider the vertices
UL Vp, UgVp, ..., Un, —2V, Where p € {1,2,3,...,n9} in G, they form
a subgraph whose components are K 5. The remaining vertices
of G, up, v, where p € {1,2,3,...,ny — 2} and u,, v, where
p € {1,2,3,...,ny — 2} form a subgraph whose components are

Ky 5 and (Un, —1Vny—1, Uny —1Ung s Uny Uny s Un, Uny—1) form a Cy.
(d) Suppose that ny = 2 mod 3 and ny = 1 mod 3.

Clearly K, and K,, has a {K 1, K 2 }-factor. Consider the
vertices uivy, UgUy, ..., Up,—2U, Where p € {1,2,3, ..., ny} in G,
they form a subgraph whose components are K. The remain-
ing vertices of G, u,, —1v, where p € {1,2,3,...,ny — 4} and u,, v,
where p € {1,2,3,...,ny — 4} form a subgraph whose compo-

nents are Ko and (U, —1Uny—3, Uny—1Uny—25 Uny Uny—2, Uny Ung—3) s
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(Uny —10Vny—15 Uny —1Vng, Uny Uny, Un, Uny—1) Torm Cys.
(IIT) ny odd and ny even.

(a) Suppose that n; = 0 mod 3.

From II(a), it follows that G has a K o-factor.
(b) Suppose that n; = 1 mod 3.

Clearly K,, has a {Kj 1, K;}-factor and K, has a K ;-
factor. Consider the vertices uiv,, ugvp, ..., Up, —4v, Where
p € {1,2,3,....,n2} in G, they form a subgraph whose compo-
nents are K 5. Now, (Up,—3Up, Uny —2Vp, Up, —2Upi1, Uny —3Up41),
(Uny—1Vp, Upy Vp, Uy Upp1, Uny —1Up11) Where p € {1,2,3,...,ng— 1}

form Cys.
(c) Suppose that n; = 2 mod 3.

Clearly K,, has a {K; 1, K;s}-factor and K, has a K ;-
factor. Consider the vertices uiv,, ugvp, ..., Un, —2v, Where
p € {1,2,3,...,n2} in G, they form a subgraph whose compo-
nents are K 5. Now, (U, —1Up, Un, Up, Upy Upt1, Uny —1Up+1) Where

pe{l,2,3,...,ny — 1} form Cys.

Hence, G has a { K 5, Cy }-factor. O
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Lemma 4.1.3. Let G = K,,,[1H, be a connected graph where
ny = 2 and Hy 1s any not complete graph. Then G has a
{K12,Cy}-factor if G is any one of the following graphs where,
(a) either K,, or Hy has a K o-factor or a Cy- factor.

(b) both nq,ny are even and Hy has at least one vertex with at
most one pendant vertex attached to it and has a {K 1 }-factor.
(c) ny even, ny odd and Hs has at least one vertex with at most
one pendant vertex attached to it and has a {K; 2, K11 }-factor.
(d) ny odd, ny even and Hy has at least one vertex with at most

one pendant vertex attached to it and has a {K; 1}-factor.

Proof. (a) Suppose that K, or Hy has a Cj-factor, then
from Theorem 4.1.1 G has a C4-factor.
Suppose that K, or Hy has a K o-factor, then clearly G has a
C-factor.
Suppose that (b) holds, then from Theorem 4.1.1 G has a
Cy-factor.

Suppose that (c) holds.

Clearly, H; has a K -factor. We can find a spanning sub-
graph of Hy whose components are K o and K ; where vy, vy, ..., v,

are the vertices in the components of Ko and vpy1, Vpio, ..., Un,
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are the vertices in the components of K ;. Consider the vertices
Uy V1, Uy, ..., Uz U, Where z € {1,2,3,...,n1} in G, they form a
subgraph whose components are K 2. Now,

(UgVpy1, UgVpy2, Ugt 1Up 11, Ug 1 1Vps2) ;e

(UgVpy— 1, UgVpy s Uz s 1 Vny 1, Ugr1Un,) Where z € {1,2,...,ny — 1}

form C}ys.
Suppose that (d) holds.

If ny = 0 mod 3, then K,,, has a K s-factor and hence the

proof follows from Lemma 4.1.3(b).

If n; = 1 mod 3, then we can find a spanning subgraph of K,
whose components are Ko and K;; where uy, ug, ..., up, —4 are
the vertices in the components of K 5 and w,, 3, Uy, —2, Up,—1, Un,
are the vertices in the components of K ;. Consider the vertices
UV, UUp, ..., Un, —4Up, Where p € {1,2,3, ..., no}, they form a sub-
graph whose components are K 5. Now,
<un1—3vy; Upy —2Vy, Upy —2Vy11, un1—3vy+1>7
(Upy —1Vy, Upy Uy, Upy Uyt 1, Upy —1Vy41) Where y € {1,2,...,ny — 1}

form C}ys.

If ny = 2 mod 3, then we can find a spanning subgraph of



4.1. Component factors of the Cartesian product of graphs131

K,, whose components are K, and K ; where uy, us, ..., Up, —2
are the vertices in the components of K, and w,,_1,u,, are
the vertices in the components of K. Consider the vertices
UL Vp, UgVp, ..., Up, —2V, Where p € {1,2,3, ..., ny}, they form a sub-
graph whose components are K; 5. Now,
(Uny—10y, Up, Uy, UpUys1, Un, —1Uy+1) Where y € {1,2,...,ny — 1}
form Cjys.

Hence, G has a {K 5, Cy}-factor. O

Lemma 4.1.4. Let G = K,,,[1H, be a connected graph where
ny = 2 and Hy is a not complete graph. Then G has a {K11, K1 2}-
factor if G is any one of the following graphs where,

(1) both ny,ny are even and Hs has either no pendant vertex or
at least one vertex with at least one pendant vertex attached to
it.

(1) ny even, ny odd and Hy has either no pendant vertex or at
least one vertex with at least one pendant vertex attached to it.
(III) ny odd, ny even and Hy has either no pendant vertex or at

least one vertex with at least one pendant vertex attached to it.

(1V) both ny,ny are odd.

Proof. If n; = 0 mod 3, then K, has a K;-factor. If
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ny = 1 mod 3 or ny = 2 mod 3, then K,,, has a {K; 1, K;2}-

factor. Hence, in all these cases G has a { K 1, ;o }-factor. [

Theorem 4.1.5. Let G = K,,,[1H, be a connected graph where
Hy is a not complete graph. Then G has a {K; 1, Ki2,Cy}-

factor.

Proof. Follows from Lemma 4.1.3 and Lemma 4.1.4. O]

Lemma 4.1.6. Let G = H[1Hy be a connected graph where Hy
and Hy are not complete graphs. Then G has a {Ky 1, K1 9,C4}-
factor if G is any one of the following graphs where,

(I) either Hy or Hy has a a K i-factor or a Kia-factor or a
Cy-factor.

(1I) Hy and Hy have no K o-factor and Cy-factor and

(a) both ny, ny are even and Hy, Hy have at least one vertexr
with at most one pendant vertex attached to it and have a K ;-
factor.

(b) Hy has at least one vertex with at least two pendant vertices
attached to it and Hs has at least one vertex with at most one

pendant vertex attached to it with ny even and has a K 1-factor.

Proof. Suppose that (I) holds, then clearly G has a K-
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factor or a Cy-factor.

Suppose that II(a) holds, then from Theorem 4.1.1 G has a C}-
factor.

Suppose that 1I(b) holds.

Consider the vertices u;s, ujs in Hy where 4,5 € {1,2,...,n}
and u;s are the pendant vertices in H;. We can find a spanning
subgraph of H; whose components are K o, K and K; where
u;s are the vertices in the components of K., Ki; and u;s
are the vertices in the K;. Then in G, the vertices u;v, where
p € {1,2,...,ny} form a subgraph whose components are K o
and K; ;. Now, (ujv,, u;vp11) where p € {1,2,...,ny — 1} form

K 1s. Hence, G has a {K 1, K 2 }-factor. O

Lemma 4.1.7. Let G = H,[1Hy be a connected graph where
H, and Hy are not complete graphs and have at least one vertex
with at least one pendant vertex attached to it. Then G has a
{K1n}-factor where n < t and t is the mazimum degree of an

induced subgraph K, in Hy or Hs.

Proof. If H; and H, have at least one vertex with at least
one pendant vertices attached to it, then H; has a { K, }-factor

and H has a { K ,}-factor where p, ¢ < ¢ and ¢ is the maximum
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degree of an induced sub graph K, in H; or Hy. Hence, G has
a { K1, }-factor where n < t and ¢ is the maximum degree of an

induced subgraph K, in H; or Hj. O]

Theorem 4.1.8. Let G = H[JH;5 be a connected graph where
H, and Hy are not complete graphs. Then G has a {K,, Cy}-
factor where n < t and t is the maximum degree of an induced

subgraph K, i Hy or H,.

Proof. Follows from Lemma 4.1.6 and Lemma 4.1.7. ]

Theorem 4.1.9. Let G = Hy* Hy where x € {{0,X, o} and Hy,
Hy are connected graphs. Then G has a { K ,,, Cy}-factor where

n <t andt is the mazimum degree of an induced subgraph K ;

m Hl or Hg.

Proof. Follows from Theorem 4.1.2, 4.1.5, 4.1.8 and the fact
that the Cartesian product of two connected graphs is a span-
ning subgraph of the strong product and the lexicographic prod-

uct of graphs. O]
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4.2 Path factors of Hypercubes and
Hamming graphs

Theorem 4.2.1. The hypercube @Q,, has a {P,}-factor.

Proof. We prove the theorem by induction.
Let n = 2.
Then @5 is Cy and it has a path of length four.
Let n = 3.

Then @3 has a {P,}-factor as shown in Fig 4.1.

1 L]

BOINIS]

Fig 4.1: The graphs )5, Q)3 with a P,-factor.

Assume that for n = k, @y has a {P,}-factor.
Next, we have to prove that Q1 has a {P;}-factor. We have
Qi1 = QrUK,. Now, in G the vertices ujvy, u1vs, ..., uvex form
Pys, since @y has a {P,}-factor. Similarly, usvy, ugvs, ..., Uk

form P,s. Hence, Qr.1 has a P,-factor. O
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Theorem 4.2.2. A Hamming graph G = K, UK, 0K, 0 .. UOK,,
has a {Ps, Py}-factor.

Proof. Let G = K, 0K,,0K,,0 ... OK,,.

Suppose that there exist one n; such that n; < n; and 7 > 3.
We know that the Cartesian product is associative. Hence, we
consider G as G = (K,,,0K,,0K,, ... OK,, )JK,,. Let
H = (K,,0K,,0K, 0 .. 0K,,). Thus G = HOK,,. Let u;
and v, where j € {1,2,3,...,|H|} and p € {1,2,3,...,n;} be the

vertices of H and K, respectively.

If n; = 0 mod 3, then K, has a Ps-factor. Consider u;v,-
u;v, where j € {1,2,3,...,|H|} and p,q € {1,2,3,...,n;} in G.
Since n; = 0 mod 3, K,, has a Ps-factor and hence G has a

Ps-factor.

If n; = 1 mod 3, then we can find a spanning subgraph of
K,, whose components are P53 and P where vy, v, ..., v,,_4 are
the vertices in the components of P; and v,,_3, Uy, —2, Un,—1, Un,
are the vertices in the components of Py. Now, in G the vertices
ULV, UUp, ..., U, —4Vp Where p € {1,2,3, ..., |H|} form a subgraph

whose components are Ps. The (w;v,,_3, wjUn,—2, UWjVp,—1, UjUn,)
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where j € {1,2, ... ,|H|} form Pys. Thus, G has a {Ps, Py}-

factor.

If n; = 2 mod 3, then we can find a spanning subgraph of K,
whose components are P; and Py where vy, vy, ..., v,,_g are the
vertices in the components of P and v,,_7, Vs, 6, ..., Un,—1, Un,
are the vertices in the components of P;. Now, in G the vertices
U;jU1, UjV2, ..., UjUn,—s Where j € {1,2,3, ..., |H|} form a subgraph
whose components are Ps. The (u;vy,, 7, 4;Un,—6, UjUn,—5, UjVn, 1)
and (wjVn,—3, UjUn,—2, UjUn,—1, UjVy,) Where j € {1,2.3,...,|H|}

form Ps. Thus, G has a {Ps, Py }-factor. O
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Chapter 5

Domination criticality in
the Cartesian product of
graphs

A connected dominating set is an important notion and has
many applications in routing and management of networks. In
this chapter we study the Cartesian product of graphs G with
connected domination number, 7.(G) = 2,3 and characterize
such graphs. Also, we characterize the k - v - vertex (edge)
critical graphs and k - 7, - vertex (edge) critical graphs for

k = 2, 3 where v denotes the domination number of G. We also

Some results of this chapter are included in the following paper.
1. Chithra M.R., A. Vijayakumar, Domination criticality in product graphs
(communicated).

139
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discuss the vertex criticality in grids.

5.1 Domination critical graphs

Theorem 5.1.1. Let G = H{[JH, be a connected graph. Then
v(G) = 2 if and only if Hy = Ky and Hy is either a Cy or has

a universal vertew.

Consider G = K,[1Cy, then a minimum dominating set of G
is
D = {ujvy,ugus}. If G = Ky[0H,, where Hj has a universal ver-
tex v;, then a minimum dominating set of G is D = {ujv;, usv; }.

Hence, 7(G) = 2 in both the cases.
Conversely suppose that v(G) = 2.

Suppose that both H; and Hy are not complete graphs.
Then, v(G) = min{|H,|, |Ha|} > 3.

Hence, at least one graph (say) H; should be complete.

Let G = K,,,0H,.
Suppose that H; is a complete graph of order at least three. If Hy

has a universal vertex, then a minimum dominating set of G con-
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tains vertices from each layer of G and 3 < v(G) < min{n,, n2}.
If Hy does not has a universal vertex, then v(Hsy) > 2 and a min-
imum dominating set of G contains vertices from each layer of G
and 3 < 7(G) < ny. Thus, in both the cases v(G) > 3. Hence,
ny = 2. Thus, G = K3[H,.

Let ny > 2.
Then (G) < min{2y(Hs), noy(K3)} = min{2v(Hs),na} (1).
From (1) we have v(G) = 2 only when Hs has a universal vertex,

since ny = 2.

Next, we consider the case when v(Hs) > 2.

Let ny > 5.

Suppose that Hs contains a vertex v; of degree (ny — 2) and
v; is not adjacent to v;, then y(Hz) = 2. Now, a minimum
dominating set of G is D = {uyv;, uov;, wyv;} and v(G) = 3.
Suppose that H, contains a vertex of degree at most (ny — 3),
then v(Hy) = 2. Let v, be a vertex of degree (ny —3) and is not
adjacent to v, and v, in Hy. Then, in G the vertices u,v; and
uov; dominate 2n, — 4 vertices and the remaining four vertices
U1V, U1 Vy, U2V, and usv, cannot be dominated by a single vertex.

Hence, in these cases v(G) = 3. Thus, ny < 4.
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Now, by an exhaustive verification of all graphs with ny < 4

it follows that G = K,0C,.

Illustration of Theorem 5.1.1

(i) (ii)

Fig 5.1: (i) G = K,0C, 4(G) = 2 (ii) G = K,OK, 4, 7(G) = 2.

Corollary 5.1.2. Let G = H,[1H5 be a connected graph. Then

G s 2 -y - vertex critical if and only if G = Cy.

Proof. In Theorem 5.1.1 we have characterized the Cartesian
product of graphs with v(G) = 2. Hence, we need to prove the

theorem only for such Gf.
First, note that G = K,[1C) is not 2 - v - vertex critical.

Now, consider G = K,[K,,, where ny > 3. Then, a min-
imum dominating set D = {ujv,, usv,} of G contains a ver-
tex from each layer of K,,. Now, let a vertex u;v, where p €

{1,2,...,n9}, be deleted. If p = z, then we can find another
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minimum dominating set D = {uyv,, usv, }. If p # x, then the
minimum dominating set D = {ujv,, usv,} of G remains the
same. Thus, in both the cases 7(G' —v) = 7(G) =2 Yv € V(G).
Hence, Hy = K.

Consider G = K,[1H; where H, is a not complete graph
with a universal vertex v,. Then, a minimum dominating set
D = {uyv,,usv,} of G contains a vertex from each layer of Hs.
Now, let a vertex ujv, where ¢ € {1,2,...,n2}, be deleted. If
p # ¢, then the minimum dominating set D = {ujv,, ugv, } of G
remains the same. If p = ¢, then in G the vertex uyv, dominate
the ny vertices uov; and the remaining ns vertices cannot be
dominated by a single vertex, since we have deleted the universal
vertex from the layer of Hs. Hence, v(G) > 3. Thus, G =

K5[JH, is not 2 - ~ - vertex critical. O]

Corollary 5.1.3. Let G = H[1H, be a connected graph. Then

G is 2 - v - edge critical if and only if G = Cy.

Proof. In Theorem 5.1.1 we have characterized the Cartesian
product of graphs with v(G) = 2. Hence, we need to prove the

theorem only for such Gf.
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First, note that G = K,[1C), is not 2 - v - edge critical.

Consider G =2 K,[1H,, where Hy is a not complete graph
with a universal vertex or a complete graph with ny > 3. Let an
edge uyv, —ugv; where ¢ € {1,2,3, ... ,no}, be added. Then, the
addition of an edge does not make either G' a complete graph or
a graph with a universal vertex. Thus, v(G) remains the same.

Hence, Hy = K. ]

Corollary 5.1.4. Let G = H[1H5 be a connected graph. Then
Y(G) =v(G) =2 if and only if Hy = Ko and Hs has a universal

vertex.

Proof. Tt suffices to show that the dominating set of G in

Theorem 5.1.1 is connected.

Consider G = K,[Cy. Then a minimum dominating set of
G is D = {uyv1,ugvs} and y(G) = 2. From Fig 5.1, it is clear

that, < D > is disconnected.

Consider G = Ks[JH5 where Hs is a complete graph or a not
complete graph with a universal vertex v,.
Then a minimum dominating set of G is D = {uyv,, usv,} and

< D > is connected. Hence, 7.(G) = v(G) = 2. O
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Corollary 5.1.5. Let G = H[1H5 be a connected graph. Then

G 15 2 - 7y, - vertex critical if and only of G = C).

Corollary 5.1.6. Let G = H[1H, be a connected graph. Then

G is 2 - 7. - edge critical if and only if G = CYy.

Theorem 5.1.7. Let G = H{[JH, be a connected graph. Then
v(G) = 3 if and only if G is the Cartesian product of any one
of the following graphs where,

(a) Hy = K3 or P3 and Hy has a universal vertex.

(b) Hy = Ky and Hy has a vertex of degree ny — 2.

(¢) Hy = Ky and Hy has a vertex v, of degree no—3 and is not ad-
jacent to the vertices v, and vy with N[v,|UN[v,|U{v,} = V(Ha3).
(d) Hi = K3 or Py and Hy = C}.

Proof. Let G = H{JH; where H; is a K3 or P; and H, has
a universal vertex v;. Then, a minimum dominating set of G is
D = {uyv;, ugv;, uzv; } and y(G) = 3.
If G = K,UH, where Hy has a vertex v; of degree ny —2 and v
is not adjacent to v, in Hj, then a minimum dominating set of
G is D = {wv;, usv;, uyv,} and y(G) = 3.

Further if G = Ky;[JHy; where H; has a vertex v, of degree
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ne — 3 and is not adjacent to the vertices v, and v, with N[v,| U
Nlvg) U{v,} = V(H;), then a minimum dominating set of G is
D = {uyv,, ugvy, usv, } and v(G) = 3.

Now, G = H,00Cy where H; is a K3 or P, then a minimum

dominating set of G is D = {ujvy, ugvs, ugvy } and y(G) = 3.
Conversely suppose that v(G) = 3.

(I) Suppose that both H; and Hj are complete graphs, where

1,12 2 4.

Then v(G) > min{4,4} = 4. Thus, at least one graph (say)
H; has order ny < 3. But v(G) = 3 only when H; is a K.

Hence, G = K3UK,,, where ny > 3.

(IT) Suppose that H; is a complete graph and Hj is not a

complete graph.

If ny, ng > 4, then 4(G) > 4. Thus, to prove the theorem

we have to consider the following cases.
(1) Let ny = 2 and ny = 3, then v(G) = 2.

(2) Let ny = 2 and ny > 4.
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Consider G = K5[0H,. From (1) we have v(G) < min{2vy(Hz), ns}.
Thus it is clear that we do not have to consider the case when

v(Hz) = 1, since 7(G) = 3. Hence, v(Hs) > 2.

If v(Hy) > 3, then 7(G) > 4. Hence, we need consider only

the case when v(Hs) = 2.
Now, suppose that Hj is not a complete graph with y(Hy) = 2.
Suppose that a minimum dominating set of Hy is D = {v,, v,}.

Let a minimum dominating set of G be D = {uyv,, u1v,, uav, }.
The vertices uyv, and u,v, dominate ny + 2 vertices in G. Now,
the remaining 2ny — (ny +2) = ny — 2 vertices will be dominated
by a single vertex uqv,, only if deg(v,) = ny — 2. Hence, Hs has

a vertex of degree ny — 2. This, proves (b).

Let a minimum dominating set of G contain a vertex wujv,
where v, is not a neighbour of v, and v, in Hy. The vertex
u1v, dominate the ny — 1 vertices uyv, and usv,, where x # r €
{1,2,...,n9} in G. If the dominating set contain the vertex usv,,
then the vertices uyv, and usv, dominate 2n, — 4 vertices in G.
The remaining four vertices u;vg, u1v,, u2v, and usv, cannot

be dominated by a single vertex and hence v(G) > 3. Thus,
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the dominating set does not contain the vertex wusv,. Since, a
minimum dominating set of G' contain the vertex u;v, and v,
is not a neighbour of v, and v, in Hs, the dominating set of G
should contain the vertices ugv, and uyv,. Now, the remaining
2ns — (ng —1) = ny+1 vertices will be dominated by the vertices
usv, and usv,, only if N{v,|UN[v,] = V(Hz)—wv,. Hence, Hy has
a vertex v, of degree ny — 3 and is not adjacent to the vertices

v, and v, with N[v,] U N|v,] U {v,} = V(H,). This, proves (c).

(3) By an exhaustive verification of all graphs with ny = 4 it

follows that G = K3C,.
(4) Let ny = 3 and ny > 4.

Consider G = K30H,. Let v(Hy) > 2, then v(G) > 4.

Thus, Hs has a universal vertex.
(5) Let ng = 3 and ny > 3.

Consider G = K,,,[1P;, then a minimum dominating set of
G is
D = {uyvy,uyv9,ugv3}. The vertex ujv; dominate the vertices
w;vy where i € {1,2, ... ,ni}, since H; is a complete graph.

Similarly, the vertices uj;vy and wyv3 dominate the remaining
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vertices in G. Thus, 7(G) = 3.

(IIT) Suppose that both H; and H, are not complete graphs.
If ny,ny > 4, then v(G) > 4. Hence, ny = 3 and ny > 4.
If v(Hs2) > 3, clearly v(G) > 4. Hence, the domination number

of Hs is at most 2.

We know that v(G) < min{3v(Hz),ns}.
If v(Hs) = 1 where v; is a universal vertex in Hs, then v(G) = 3.

Hence, G = P3;[0H5 where Hy has a universal vertex.

Now, suppose that v(Hs) = 2 and ny > 6, then by a similar
argument of I1(2) it follows that «(G) > 4. Hence, ny < 5.
By an exhaustive verification of all graphs with n, = 3,4,5 it

follows that G = P;1C,. O

Illustration of Theorem 5.1.7.

EH O @ HE

(a) (b) (© (@)

Fig 5.2: (a) G = P0K, 3, 7(G) = 3.
(b) G = KQDC4, ’Y(G) = 3.
(C) G = KQDK373, ’Y(G) = 3.
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Corollary 5.1.8. Let G = H[1H5 be a connected graph. Then

G is a 3 -y - vertex critical graph if and only if Hy = Hy = K3.

Proof. 1t suffices to prove that v(G —v) < v(G) Yv € G of
Theorem 5.1.7.

Consider G = K3UK,,, where ny > 4. Then, a minimum
dominating set D = {ujv,, usv,, uzv,} of G contains a vertex
from each layer of K,,. Now, let a vertex wu, where p €
{1,2,...,n2}, be deleted. If p = z, then we can find another
minimum dominating set D = {ujv,, usvy, usv,}. If p # x,
then the minimum dominating set D = {ujv,, usv,, usv,} of G
remains the same. Thus, in both cases v(G — v) = v(G) =3
Vv € V(G). Hence, Hy = K.

Consider G = K3UH, or G = P30H, where H; has a uni-
versal vertex v;. Then, a minimum dominating set
D = {uqv;, ugv;, ugv; } of G contains a vertex from each layer of
H,. Now, let a vertex ujv, where g € {1,2,...,n2}, be deleted. If
i # ¢ then, the minimum dominating set D = {ujv;, ugv;, uzv; }
of G remains the same. If p =4, then in G, the vertices usv; and

uzv; dominate the 2n, vertices and the remaining nsy vertices
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u1v,, where ¢ € {1,2,...,n2} cannot be dominated by a single
vertex, since we have deleted the universal vertex from the layer
of Hy. Hence, v(G) = 3. Thus v(G —v) = v(G) Yv € V(G).

Hence, G = K3UH, or G = P3[1H, is not 3 - v - vertex critical.

Consider G = Ks[1Hy where Hy has a vertex v; of degree
(ne —2) and is not adjacent to the vertex v;. Then, a minimum
dominating set of G is D = {ujv;, uov;, wyv;} and v(G) = 3.
Now, let a vertex ujv, where ¢ € {1,2,...,ns}, be deleted. If i #
¢, then the minimum dominating set D = {uv;, usv;, uyv;} of G
remains the same. If ¢ = 7, then in G, the vertices ugv; and uyv;
dominate the ny + 1 vertices and the remaining ny — 1 vertices
u v, cannot be dominated by a single vertex, since we have
deleted the vertex wjv; from the layer of Hy. Hence, v(G) > 3
and G = Ky[H,, where Hy has a vertex v; of degree (ng — 2),

is not 3 - v - vertex critical.

Consider G = K5U1H,, where Hj has a vertex v, of degree at
most (ny—3) and v, is not adjacent to v, and v,. Then then by a
similar argument, as in the above case, it follows that v(G) > 3.
Hence, G = K,[1H,, where H, has a vertex of degree at most

(ny — 3), is not 3 - ~y - vertex critical.
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Consider G = K3[1Cy, G = PC, and G =2 Ky[C5. In all

these cases GG is not 3 - 7 - vertex critical. O]

Corollary 5.1.9. Let G = H,[1H5 be a connected graph. Then

G s a3 - - edge critical graph if and only if Hy = Hy = Kj.

Proof. 1t suffices to prove that 7(G +e) = 2 Ve ¢ G of

Theorem 5.1.7.

Consider G = K3[H, or G = P3[1H,, where H, has a uni-
versal vertex v; and ny > 4. Then, a minimum dominating set
of G is D = {uyvy1,ugvy, uzvy }. In G, the vertex u;v; dominate
the ny vertices uyv;, where i € {1,2,3, ... ;ny} and usv; dom-
inate the ny vertices ugv;, where i € {1,2,3, ... ;ny}. Let an
edge ujv; — ugvy, be added. Then, in G the vertex u;v; dom-
inate the ny + 1 vertices ujv;, ugv,, where ¢ € {1,2,3, ... ,no}
and usv; dominate the ny — 1 vertices ugv;, where ¢ # p €
{1,2,3, ... ,na} and uzv; dominate the ny vertices usv;, where
i €{1,2,3, ... ,ny}. Hence,the minimum dominating set D =
{uyvy, ugvy, uzvy } of G remains the same. Thus, ny = 3. By an
exhaustive verification of all such graphs, it follows G is a 3 -

- edge critical graph if and only if H; = Hy = K.
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Consider G = K,[1H,, where H, has a vertex v; of degree
ny—2 and v; is not adjacent to v;. Then, a minimum dominating
set of G is D = {wv;, ugv;, uyv;}. In G, the vertex ujv; dom-
inate the ny — 1 vertices ujv,, where p # j € {1,2,3, ... ,no}
and uyv; dominate the ny — 1 vertices usv,, where p # j €
{1,2,3, ... ,no}. Let an edge ujv; — upv;, be added. Then, in
G the vertex u,v; dominate the ny vertices ujv,, usv;, where
p #j € {1,2,3, ... ,ny} and uyv; dominate the ny — 1 ver-
tices uqvy,, where p # j € {1,2,3, ... ,ny} and the remaining
one vertex u,v; is not dominated by the vertices u;v; and ugv;.
Hence, the minimum dominating set D = {uv;, uov;, u1v;} of G
remains the same. Thus, G = Ks[1H,, where Hy has a vertex

v; of degree ny — 2, is not 3 - v - edge critical.

Consider G = K5>UH,, where Hy has a vertex v, of degree
at most (ny — 3) and v, is not adjacent to v, and v,. Then, by a
similar argument, as in the above case, it follows that y(G) = 3.
Hence, G = K5[1H,; where Hs has a vertex of degree at most

(ne — 3), is not 3 - v - edge critical.
In all other cases, GG is not 3 - 7 - edge critical. ]

Corollary 5.1.10. Let G = H,[JH, be a connected graph. Then
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Y(G) = v(G) = 3 if and only if Hy = K3 or Ps and Hy has a

universal vertez.

Proof. Tt suffices to prove that the dominating set of G in

Theorem 5.1.7 is connected.

Consider G = K3[H, or G = P3[1H,, where Hy has a uni-
versal vertex v;.
Then, a minimum dominating set of G is D = {ujv;, ugv;, usv; }

and v(G) = 3. Also, < D > is connected. Hence, 7.(G) = 3.

Consider G = K,yUH,, where Hj has a vertex v; of degree
(ne — 2) and v; is not adjacent to v,.
Then, a minimum dominating set of G is D = {uyv;, ugv;, u1v, }
and 7(G) = 3. Also, < D > is disconnected, since v; is not

adjacent to v, in Hy. Hence, 7.(G) > 4.

Consider G = K>UH,, where Hy has a vertex v, of degree
(ne —3) and v, is not adjacent to v, and v, with N[v,] U N[v,]U
{v,} =V (Ha).

Then, a minimum dominating set of G is D = {ujv,, usv,, usv, }
and v(G) = 3. Also, < D > is disconnected, since v, is not

adjacent to v, and v, in Hs. Hence, 7.(G) > 4.
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In all other cases, 7(G) = 3 and < D > is disconnected.

Hence, 7.(G) > 4. O
Corollary 5.1.11. Let G = H{[JH, be a connected graph. Then
G is a 3 - . - vertex critical graph if and only if Hy = Hy =
Ks.

Corollary 5.1.12. Let G = H,[1H, be a connected graph. Then

G is a 3 -, - edge critical graph if and only if Hy = Hy = Kj.

5.2 Vertex criticality in grids

Theorem 5.2.1. Let G = P, UPF,,. Then G is vertex critical
if and only if G = Py,01P,.

Proof. It suffices to prove the converse.

Let G = P,,00F,,, where ny,ns > 3.
Let wjv; € D, where i # 1,ny. Since, each vertex in D will
dominate at most five vertices, it will dominate two vertices
from the P,, - layer at u; and two vertices each from the
P,, - layer at u;—; and FP,, - layer at w1, where u; 1, u;1; are

the neighbours of u; in P,,. Let a vertex w;v;_;, be deleted.
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Then, the minimum dominating set D of G remains the same.

Hence, GG is not a vertex critical graph. Thus, ny = ny = 2. [

Theorem 5.2.2. Let G = P, UP,,. If ny,ny > 4, then a min-

imal dominating set of G is disconnected.

Proof. Let u;v; € D. Since, the maximum degree of a vertex
in GG is four, each vertex in D will dominate at most five vertices,
it will dominate two vertices from the P, - layer at u; and two
vertices each from the P, - layer at u,_; and P,, - layer at u;;1,

where w;_1, u;11 are the neighbours of u; in P,,.

Now, suppose that the vertex u,v;41 € D. If p # 4, then
< D > is disconnected. If p = i, then D should contain a
vertex either from u; v, —w;—1vy or from w;1v, — u;11vy, since

ni,no = 4. Then, < D > is disconnected. O

Corollary 5.2.3. Let G = P,,0P,,. Then~.(G) =~(G) if and
only if G is any one of the following graphs where,

(a) G = P,OP,.

(b) G = R,OP;.

(c) G = POP;.

(d) G = POP,.



Concluding Remarks

In this thesis we have discussed mainly two metric related no-
tions - the diameter variability and the diameter vulnerability,
in graph products. Also studied are the notions of the compo-
nent factors and the domination criticality. This study is quite
far from being complete. We list below some problem which we
found are interesting, but could not be attempted for various

reasons.

1. Obtain an upper bound for D*(G * H) and D~*(G * H)
where % € {{J,X, o}.

2. Characterize the graphs with f'(G %« H) = diam(G) + 1,

where % € {X, o}.

3. Characterize the graphs with f'(G) = f(G).
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4. Study some other component factors of the graph products

5. Characterize the graphs with v(G « H) = 2,3 where
x € {X, 0}.

6. Characterize the graphs with 7.(G *« H) = 2,3 where
x € {X, 0}.



List of symbols

V(G)
V(G)]
E(G)
B(G)
<V>
Ed

%]

Cycle of length n

Path of length n — 1

Complete graph on n vertices
Star graph of size n

Degree of v

Maximum degree of vertices in G
Minimum degree of vertices in G
Diameter of GG

Distance between u and v in G
Complement of ¢

Vertex set of G

Number of vertices of G

Edge set of G

Number of edges of G

Graph induced by V

Smallest integer > x

Greatest integer < x
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List of symbols

GoH

D7*(@), D¥(G), D°(G)
@n

K, UK,,U .. UOK,,
f(G)

(@)

Chp(u,v)

D.(G)

1(G)

7e(G)

Vertex connectivity of G

Edge connectivity of G

G is isomorphic to H
Cartesian product of G and H
Strong product of G and H
Lexicographic product of G and H
Diameter variability of G
Hypercube on n vertices
Hamming graph

Fault diameter of G

Diameter vulnerability of G
w-container between v and v
w- wide diameter of G
Domination number

Connected domination number
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