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ABSTRACT

Fourier transform methods are employed heavily in digital signal processing. Discrete Fourier
Transform (DFT) is among the most commonly used digital signal transforms. The exponential
kernel of the DFT has the properties of symmetry and periodicity. Fast Fourier Transform (FFT)
methods for fast DFT computation exploit these kernel properties in different ways. In this thesis,
an approach of grouping data on the basis of the corresponding phase of the exponential kernel of
the DFT is exploited to introduce a new digital signal transform, named the AM-dimensional Real
Transform (MRT), for 1-D and 2-D signals. The new transform is developed using number-
theoretic principles as regards its specific features. A few properties of the transform are
explored, and an inverse transform presented. A fundamental assumption is that the size of the
input signal be even. The transform computation involves only real additions. The MRT is an
integer-to-integer transform. There are two kinds of redundancy, complete redundancy & derived
redundancy, in MRT. Redundancy is analyzed and removed to arrive at a more compact version
called the Unique MRT (UMRT). 1-D UMRT is a non-expansive transform for all signal sizes,
while the 2-D UMRT is non-cxpansive for signal sizes that are powers of 2. The 2-D UMRT is
applied in image processing applications like image compression and orientation analysis. The
MRT & UMRT, being general transforms, will find potential applications in various fields of

signal and image processing.
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SYMBOLS AND DEFINITIONS

Zz - Set of integers

N - Integer, N € Z, mostly used to indicate size of input signal
n - Signal time index

X, - 1-D signal sample at

k - Frequency index

P - Phase index

) AL 1-D MRT coefficient at k. p.

m - Signal spatial index in the vertical direction
ny - Signal spatial index in the horizontal direction
Xom - 2-D signal sample at ny, n,

k - Frequency index in the vertical direction

ky - Frequency index in the horizontal direction
R - 2-D MRT coefficient at k; %, p.

g(a,b) - Greatest Common Divisor (GCD) of integers a and &
alb - a divides b

(a))y - Remainder of a/b (Modulo operation)

q - Integer

gezZ - g is an element of set Z

[a,b] - {ge Z:a<q<b}

|_aJ - Smallest integer lesser than or equal to «

$(N) - Totient function of N

(4,B) - Inner product between vectors 4 and B

Vg - For all values of ¢

= - Such that
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Chapter I
INTRODUCTION

1.1 Transforms in Digital Signal Processing

A digital signal is a sequence of numbers, real or complex, that represents an information-bearing
quantity over discrete co-ordinates of time, space or another variable. Digital signal processing
has long come to play a pivotal role in almost all fields of technology. It involves various
methods of dealing with digital signals, e.g., analysis and modeling of signals, their coding and
transmission, compression, restoration etc, In the process of analyzing signals for further
processing, signal processing theory makes use of a fundamental class of operators called signal
transforms. Transforms convert the original signal into a form which enables relatively simpler
analysis than in the original form. The exact effect of the transform on the signal is unique for
each transform. Hence, different signal processing applications may use different transforms, of

which many kinds exist.

Transforms can thus be considered to be the fundamental components in digital signal processing,
where a majority of operations are performed in the transform-domain. Continuous transforms
like Fourier and Laplace transforms were the earliest transforms used in analog signal
manipulation. Signal processing operations utilizing these analog transforms were implemented
using low pass, high pass, and band pass filters and spectrum analyzers. With the advent of digital
computers, signal processing became digital in nature, and digital signal processing has been an
area of heavy research activity. New specific applications of digital signal processing have

resulted in development of application-specific transforms.

The introduction of the Fast Fourier Transform (FFT), in 1965 by Cooley and Tukey [1], became
a turning point in the evolution of digital signal processing. The FFT gave an impetus to all
branches of digital signal and image processing and it gave rise to numerous applications for the
FFT. The Walsh transform, introduced in 1970, found applications in signal processing. This was
followed by the development of a large family of fast transforms. Requirements in data
compression led to preferences for transforms that had the property of energy compaction.
Transform domain processing has been found suitable for signal and image restoration,
enhancement, and feature extraction. The Discrete Cosine Transform (DCT) has the energy
compaction property and is the underlying transform in the JPEG and MPEG standards for image,

audio, and video compression. The next major step in the evolution of transform-based signal



processing was the introduction of the wavelet family of transforms in the 1980s. Wavelets
provide a better local representation of signals in contrast to the global representation that is
characteristic to Fourier, DCT, and Walsh-Hadamard transforms. Basis functions of the wavelet
transform are generated from a primary function, the mother wavelet, by means of coordinate
shift and coordinate scaling operations. Since their introduction, wavelets have gained a great
popularity. Currently, wavelets constitute a well-established and widely-used part of signal

processing transform theory, and have found a wide range of applications.

Main directions of growth in the field of transforms for signal and image processing [2] are
(1) further development of application-specific transforms.

(i1) perfecting numerical representation of natural transforms for new applications

(iii) research aimed at enabling local adaptivity of transform domain processing of signals.
(iv) exploration of the use of digital transforms in new applications, and

(v} development of new practical transform domain processing methods to meet growing

demands.

1.2 Linear transforms

A linear transform maps an N-point input vector, x, into a K-point output vector, y, as follows

y=A4*x,

Vi1

where 4 is an N x K matrix of real or complex coefficients and 4* is the X x N conjugate
transpose of 4. The inverse relationship is given by

x=By,
A and B being related as,

Ba*=1,
1 being the N x N identity matrix. For the case N = K, B and A are related by

B = 4*



Transform coefficients may be expressed as
Y, = a;x, qg=0,1,..,N-1

where g, is the gth column of the N x N matrix, 4, also called the kemnel of the transform. The

inverse transform may be expressed as
ANl
=D Vb,
q=0

where b, is the gth column of the N x N matrix, B.

Defining the inner product between two N-dimensional vectors, v and w, as

N-1
(vow)=2 v,
g=0
The transform is said to be orthogonal if
<a,.,aj>=0, Vi# ],
and an orthogonal transform is defined to be orthonormal if

P21, Vi

{a;,a;) =a;
The Karhunen-Loeve Transform (KLT) is an orthonormal transform that has much theoretical
significance since it is considered the optimal transform for applications such as signal
compression on account of its property of decorrelating the input, providing best energy
compaction among all orthonormal transforms. The transform kernel of the KLT is formed from
the eigenvectors of the covariance matrix of the input signal. Hence, the KLT is considered a
data-dependent transform, which distinguishes it from most other orthonormal transforms that

have data-independent kernels.

Transforms can be classified as real transforms or complex transforms. The basis of classification
implied here is the presence or absence of complex terms in the kemel of the transform. For
example, the DFT is a complex transform since its kernel contains the complex exponential. On
the other hand, the kernel of the DCT contains only a cosine term and hence the transform
coefficients of the DCT are also real, provided the input data is real, making the DCT a real
transform. Further, real transforms may be classified on the basis whether they transform integers

to integers. Integer-to-integer transforms have the advantage of ease of implementation.



1.2.1 Complex transforms

1.2.1.1 Discrete Fourier Transform (DFT)

The forward and inverse DFT of an N-point sequence x, are defined as

N-1 o Dj2ank

Ve=2.xe ¥ k=01 ,N-1,and
=0

N- Jj27nk

1 Pdidiia
X, e ¥, n=0,1..,N-1,respectively.

1
M

The DFT decomposes the input as a linear combination of complex exponential waveforms of the

uniformly spaced frequencies.

1.2.1.2 Number Theoretic Transforms (NTT)

NTTs are discrete Fourier transforms that are defined over finite fields or rings. A forward and

inverse NTT pair is defined by
N-]
¥ = xa™,, k=012,.,N-1
n=0
and
N-1
Xy :((N‘lzyka-nk))M, n=0,1,2,,..,N—1
=0

where N is the transform length, @ is a root of unity and M is the modulus. Arithmetic is
performed modulo M, where M can be a prime M = p, a power of a prime M = p” or a composite
number that results in NTT pairs defined over a Galois field. Only a small subset of NTTs has

properties that make them useful for practical purposes.

1.2.1.3  Fractional Fourier Transform (FRFT)

The Fractional Fourier transform (FRFT) is a generalization of the Fourier transform. The FRFT

of a function x, 1s defined as

T T L2 .
JGD g eota @ [-ﬂ’c_om_f_kf
R - koot

2 sina}x dt

Filxl=y, =—/——=e ? e
[x 1=y m I t

-0

The inverse FRFT is given as

4

F My l=————0e 2
L] \/27rsinae Ie

—0

o x 2 .
_1('4_'2') jkicota = [&a__ &

2 sina]ykdk,



where a=aqr/2. When a=x/2, the FRFT reduces to the conventional Fourier transform.
Depending on the value of a, called the fractional operator, the actual operation performed on the
signal by the FRFT kernel varies. The FRFT has been extended to the discrete domain using

many methods.
1.2.1.4 S Transform

The S transform is a time-frequency representation obtained by extension of the ideas of the
wavelet transform, and is based on moving, scalable Gaussian windows. It combines advantages
of the Fourier transform and the wavelet transform by providing a frequency-dependent
resolution of the time-frequency space along with local phase information. The § transform is

defined as

- If‘ (T !) f —j2rfr .
Sz, )= _[x \/__ e dt , and the inverse as

x, = 0}{ ?S(r,f)dr}e-’z”ﬁdf

-0 (—o

The discrete S transform is defined as

S(qT _) Z H{’n'kn}—ZIt:mZ/nleﬂmnq/N’ n ;,_,0,
m=0

and the inverse discrete S transform is obtained as

N-1 N-1
W(KT) = Z{;,ZS[q ,NT}} JREHIN,

g=0

1.2.2  Real Transforms
1.2.2.1 Discrete Hartley Transform (DHT)

The Hartley transform is an integral transform that shares some features with the Fourier
transform. It produces real output for a real input, and has the duality property. In comparison, a
real input is not transformed to a real output by the DFT. Consequently, there is a data
redundancy in the transform domain where only one half of the 2/ real values, representing the
real and imaginary parts of the transform coefficients, are carrying any useful information. A

modification in the definition of DFT is done in DHT to remove this drawback. The complex
kernel of the DFT, given by e™/2™*'¥ = cos(2znk / N)— jsin(2znk / N)is replaced in the discrete

Hartley transform by the real kernel cos(27nk / N) +sin(2znk / N) , also called the cas function.



1.2.2.2 Discrete Cosine Transform (DCT)

The 1-D DCT of an N-point sequence x, is defined as
N-1
ye=ad)Y x, COS{M}, k=0,1,.,N-1
n=0 2N

where

a(O)z\g, a(k)z\/%, k=1,.,N-1

1.2.2.3 Modulated Lapped Transform (MLT)

The 1-D MLT [3] decomposes a signal into over-lapping blocks. The overlap between adjacent
blocks is L samples. Hence, each block has 2L samples, where each sample belongs to two
blocks. The transform is defined by

Vi ™ COSB["‘%X“%H k=0,.,L-1 n=0,.,2L-1

where £, is a sine-shaped window function with period 4L symmetric about the block centre (2L-

1)/2.
hnz\/zsin i(n%-lJ n=0,.,2L-1
L 2L 2

The basis functions of 2-D MLT py, . » is obtained by
pk,l,n,m = wk.nwl.m

The 2-D MLT transform of a signal s, ,, is given by

2L-t2L-}
S0i= 2 SumPasnm Kl =0,.,L-1

1.2.2.4 Lapped Directional Transform (LDT)

The LDT [4] is derived from the MLT and a time-inverted and sign-inversed version of the MLT,
referred to as MLLT’. The basis functions of the 1-D MLT’ are given by

w‘k,n=hnsin{%(n—%}(k+%ﬂ k=0,.,L-1 n=0,.,2L-1

The basis functions of the 2-D MLT’ are given by
p,k,/,n,m = W'k,n w’l,m

The 2-D MLT’ of signal s, ,, is given by



s
,mp ki.nm

The LDT is obtained by using both the MLT and the MLT’

%M~

3 " . w
Sf-uz, 12 -5 i~172,j-1/2 if 1>0,7>0
pa— 1 M . .
Y;.j - Si—li2,—j-1/2 +S i—42,-j-12 if i>0,j<0
Y, . if i<0

i
where ij =-L +1/2,-L+3/2,...,-1/2,1/2,..., L —3/2, L-1/2.
The LDT contains twice as many coefficients as the original image. The advantage of the LDT

over the ML T is that it is capable of distinguishing between mirrored orientations in the image.

1.2.3 Wavelet Transform

The Continuous Wavelet Transform (CWT) of 1-D signal x, is defined as

= ojx LW' (ﬂ)d’
BN PN
where a and b are real and * denotes complex conjugation, and y(¢) is the mother wavelet. If the

mother wavelet satisfies

0 < C <0, then the inverse transform is

’

co Jk\P(w)!

The Discrete Wavelet Transform (DWT) can be defined in terms of discrete-time multiresolution

decomposition, in which the signal is decomposed to yield a low-resolution signal v,{ and wavelet
coefficients w’/, j=1,2,....J , where J depends on the number of levels of decomposition. The
DWT can be computed by the inner products

w=(x,h7 ) J=12,.

J_ . sy
Vi —<xn, n—2”k>

where g is the analysis scaling filter, and fzn is the analysis wavelet filter. The inverse DWT

reconstructs the signal as a linear combination of shifted synthesis wavelets weighted by the

corresponding wavelet coefficients, plus a very low resolution approximation of the signal, as



J - .
Xp = sz:“/kh:-sz + ;Vﬁg:{-z’k

=l
where g, and /i are the synthesis scaling and wavelet filters respectively. Since shift-variance

and other issues like lack of directionality are drawbacks of the real DWT, complex wavelet

transforms, having complex wavelet filter coefficients, have been proposed,

1.2.4 Integer Transforms

Integer transforms are discrete transforms which map integer inputs to integer outputs. Some
integer transforms use only integer arithmetic, i.e. all the elements of the transform matrix are
integers, whereas some other integer transforms use floating-point arithmetic for integer-to-
integer transformation. The over-riding advantage of integer transforms is their simpler
implementation when compared to non-integer transforms. Transforms such as the Walsh-
Hadamard transform and the Slant transform have integer-valued kernels. Integer trigonometric
transforms, formed from approximations of the corresponding trigonometric transforms, and
integer wavelet transforms, constructed by using lifting techniques, are commonly employed in

image processing applications such as lossless compression.

1.24.1 Walsh-Hadamard Transform (WHT)

The forward 1-D WHT is given by

1 A= im0
¥, :ﬁzxn(_n = s k=012,..N~-1
=0

where the summation in the exponent is performed in modulo 2 arithmetic, and 5,(z) 1is the vth bit
in the binary representation of z, and N is a power of 2.

The Hadamard matrix is a square array of plus and minus ones whose rows and columns are
orthogonal to one another. The product of the Hadamard matrix and its transpose is the identity

matrix. The lowest order Hadamard matrix is of order two, and is given by

o)

If N=2" (n an integer), and Hy is a Hadamard matrix of order N, then the Hadamard matrix H,y

of order 2N can be obtained recursively as

H, H,
et ]
hi N

The 1-D WHT 8-point transform kernel is shown in Figure 1.1.
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Figure 1.1. Transform kernel values for 8-point 1-D WHT
1.2.4.2 Haar Transform

Haar functions are defined as

ho(n)=h0,0(n):ﬁ, nefo,1]

1
27 £];1$n<qﬂ2
27 27
1
h(n)=h (n)=——1-— -pp2 Z<n<i k=2° +g—1
RSN/ T T 1
0, otherwise, for n€[0,1]
For the Haar transform, n = m/N, m = 0,1,...... NV - 1. The Haar transform matrix for N= 8 is
shown in Figure 1.2,
11 1 11 11 1]
1 1 1 1 -1 -1 -1 -1
V22 2 -2 0 0 0 o0
1o o o0 o0 V2 V2 V2 -2
82 2 0 0o 0o 0 0 o0
0 0 2 -2 0 0 0 0
0 0 0 0 2 -2 0 0
0 O 0 0 0 0 2 -2

Figure 1.2: Transform kernel values for 8-point 1-D Haar Transform



1.2.4.3 Integer Trigonometric Transforms

Integer transforms have been obtained for the trigonometric transforms i.e. DWT, DFT, DCT and
DST, by replacing the real components in the transform kernels by integers. The transform kernel

matrix for one version of 8-point 1-D integer DCT is given in Figure 1.3.

[1 11 1 1 1]
5 3 2 1 -1 -2 3 -5
3 -1 -3 3 -1 1

3 -1 5 2 2 5 1

I -1 -1 1 1 -1 -1 1
2 -5 1 3 3 -1 5 2
1 -3 3 -1 -1 3 -3 1
11 -2 -5 5 -3 2 -1

Figure 1.3 : Transform kernel values for 8-point 1-D integer DCT
1.2.4.4 Integer Wavelet Transforms

Different approaches to construct integer wavelet transforms exist. An important method is to
obtain integer-to-integer wavelet transforms [5] by the use of the lifting scheme, which ensures
perfect reconstruction. In this method, the wavelet transform is factored into lifting steps in which

the filter output is rounded off to the nearest integer.

1.2.4.5 Modulo Transforms

Modulo transforms [6] offer a new method for construction of orthogonal transforms that map
integers to integers, and are an alternative to the lifting scheme. They are based on a theory of
quantizing transform coefficients, called critical quantization. Modulo transforms are reversible,

have rational coefficients and unit determinant.

1.2.4.6 Radon Transforms

The classical Radon transform is a continuous transform. The Radon transform of a 2-D signal is
defined on a family of straight lines. The value of the transform is the integral of the signal along

this line. Describing a straight line as ¢ = mg + 7, the Radon transform is defined for this line as

R(r,m)= u]x

—c0

dyg

T+mq.,q



With the advent of computers, the Radon transform was seen to have potential applications in
tomography and image processing. This necessitated the introduction of discrete versions of the
continuous Radon transform. Various approaches have been proposed for a Discrete Radon
Transform (DRT). A DRT proposed by Gertner in [7] on a quadratic array of N x N numbers is
described as follows:
Let

((ac+bd)), =0, 0<c,d<N-1
be a system of linear congruences. Assume that a direction on a square grid N x N is denoted as
(¢, d). Direction (c’, d’) is said to be orthogonal to direction (c, d) if

((cc'+dd"),, =0
The solutions to

((ac'+bd ")y =€
are said to be orthogonal to the solutions of ({ac + bd))y = 0. The solutions for each value of ¢ =
0, 1,2, ..., N-1 can be considered to be N discrete parallel lines.
For a given direction (¢, d), the discrete Radon transform is defined as the sum of the data over

the corresponding orthogonal directions to {c, d) for each value of e.

d) _ —
RED =Y > x,; e=012.,N-1
i jUdij= (e’ + jd Ny =e)

Discrete Periodic Radon Transform (DPRT):

Case 1: Nis prime: The DPRT of x, . is defined as

"

N-1
Xy (d)=)%,,, 0<dsN-1
=0

N-1
Xi(dy=Y Xy (asmmyys 0Sd,m<N-1

n=0

Case 2: Nis a power of 2: The DPRT is defined as

N-1
XNd)= D Xaraomy,me  OSdSN-1, 0<s<(N/2)-1
n,=0

N-1
Xo(d)=Y %, qaemmy,» OSASN-1, 0<m<N-1
n=0 '
Inverse DPRT:

Case 1: Nis pnme: The inverse DPRT is given by

11



N[ZX (((ny ~mn))y) - be(d)+X (n )}

m=0

Case 2: Nis a power of 2: The inverse DPRT is given by

log, N-1 2 N-1
e = Sn, Z om =7 2 X (),
N S
where
Ni2-12-1 Nz b _]N
S IR (CEITD MRS B Y5 P (LN WIRE.Y
m=0 ;=0 §=0 j=0

Orthogonal Discrete Periodoc Radon Transform (ODPRT):
The ODPRT of 2-D signal of size N x N, where N is a power of 2, consists of three components,
given by,

Xd)=X(d)-X(d+N/2), 0<ms<N-1,0<d<N/2-1
X'(d)=X(d)-X?(d+N/2), 0<d,s<N/2-1
X'lll.'l3 =Xy ¥ X vt T Xnonizn, T Xnnzmeniy 0SS SN/2-1

The inverse ODPRT is given by
N/2

T CURNCRNREE o I TR RS- IEH(CEERN

m=0

1.3 Motivation

The Discrete Founer transform (DFT) is important in many applications. In most of the DFT
computation techniques, the real data will be converted into complex form, and the computations
will be in complex form, which increases the computation time and the memory requirement. One
complex multiplication requires 4 real multiplications and 2 real additions. Two memory
locations will be required to store one complex data. Also, the computation time will be more for
multiplication than addition. Thus, the speed of computation can be improved by reducing the

number of complex multiplications. Direct computation of 2-D DFT computation involves

N* complex multiplications corresponding to an N x N data. An alternative definition for 2-D

DFT computation was proposed in [8] as given below

M-l
Yoo = D Y0WE (1.1

p=0
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where Y,:”,; = Z Xps ™ Z X (1.2)

V{m n)=>z=p V(mmy=tz=p+M
2= ((nk, +mky)) (1.3)
M=N/2

This method involves N°/2complex multiplications in the transformation. As N increases, the
computational complexity will increase exponentially in both the methods. Since Yk(‘f’k{ is a
mapping of the data onto the planes corresponding to twiddle-factor axes of the 2-D DFT,

frequency-domain analysis of signals can be made using Yk(.i)z‘ If a transformation from time

domain to frequency domain and vice-versa using Y,‘(l‘? in (1.2) is developed, complex arithmetic

can be avoided and it would involve real additions only. This motivates the development of the

new transform proposed in this thesis.

1.4 Outline of thesis

A survey of the literature on major signal transforms including most of those reviewed in the

current chapter is done in Chapter I1.

In Chapter 111, the 2-D MRT is described in detail. The forward transform is presented in section
3.2 and the method for direct computation of 2-D MRT is presented in section 3.3. The conditions
for existence of the 2-D MRT coefficients are given in section 3.4. Also presented in this section
are general solutions for indices of data elements that belong in a 2-D MRT coefficient. In section
3.5, a closed-form expression for 2-D MRT computation obtained as a result of the analysis in
section 3.4 is presented. A few important properties of the 2-D MRT are presented and proved in

section 3.6. Finally, the inverse 2-D MRT for N a power of 2 is detailed in section 3.7.

Chapter IV presents the study of 1-D MRT. The forward 1-D MRT is proposed in section 4.2, in
which direct 1-D MRT computation is discussed and a few examples of 1-D MRT are given for
various signal sizes. Section 4.3 is dedicated to the analysis of 1-D MRT. Topics treated in this
section include phase index of 1-D MRT coefficients, existence of 1-D MRT coefficients,
dependence of phase index on frequency index, and a closed-form expression for 1-D MRT. In
Chapter III, although redundancy was observed, it was not explored further. A detailed study of
redundancy is done in section 4.4. Two types of redundancy — complete redundancy and derived
redundancy are described in this section. The redundancy in 1-D MRT is removed to obtain 1-D

UMRT in section 4.5, in which UMRT computation and the number of UMRT coefficients also is

13



presented. The important distinction between the 1-D MRT and the 1-D UMRT is that the 1-D
UMRT has the same number of coefficients as the data, unlike the expansive 1-D MRT. In
section 4.6 the 1-D inverse UMRT is presented. The inverse 1-D MRT can be obtained by using
the inverse 1-D UMRT. A method of 1-D signal representation using 1-D MRT is presented in

section 4.7.

Complete redundancy in 2-D MRT is analyzed and a redundancy-eliminated representation called
UMRT is arrived at in Chapter V. Divisor and non-divisor rows and columns, complete
redundancy between rows/columns, number of unique 2-D MRT frequencies and unique 2-D
MRT coefficients are the topics described in section 5.2, The 2-D UMRT is obtained from 2-D
MRT by removing the complete redundancy present in the latter. The forward and inverse 2-D
UMRT for N a power of 2 is presented. An N x N representation for these 2-D UMRT

coefficients is also presented in section 5.3.

The thesis concludes with Chapter VI which presents applications, discussion, conclusion and
areas for further research. Applications of 2-D MRT in generation of image blocks, and of 2-D
UMRT in image compression and orientation estimation are presented in section 6.2, A few
important issues relevant to the MRT and UMRT are discussed in section 6.3. The chapter

concludes by stating a few possible areas for further research in section 6.4.
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Chapter 11
REVIEW OF LITERATURE ON SIGNAL TRANSFORMS

2.1 Introduction

A review of the literature on signal transforms would be helpful in realizing the depth and
richness of the field of signal transforms. There is a multitude of transforms that have been
developed over the years. The DFT is among the most popularly used transforms in signal
processing. Many methods have been proposed for efficient computation of the DFT. In Chapter
1, some important transforms were described. In this chapter, the literature corresponding to these

various transforms is reviewed.

22 DFT/FFT

Many FFT methods have been developed to perform fast DFT computation. In [1], a procedure to
compute the N-point DFT that requires a number of operations proportional to N log N rather than
N was presented. This paper proved to be a landmark in signal processing, and led to intensified
research on other FFT methods. In [9], Yavne proposed a method that requires the least number
of additions and multiplications for real and complex data for FFTs of length-2". An alternative
form of the FFT was proposed in [10]. In contrast to earlier methods that required multiplication
by complex constants, this algorithm requires either real or purely imaginary constants for
multiplication, hence reducing the number of multiplications. However, this method requires a
greater number of additions. A split-radix approach for length-2" was proposed in [11], in which
radix-2 is used for the even part of the transform and radix-4 for the odd part. This method has the
same number of multiplications as [10], but much fewer additions. Rader [12] showed that the
DFT of a sequence of N points, when N is a prime nuinber, is circular correlation, and proposed
an FFT based on this finding. In [13], number theoretic transforms are developed for fast
computation of digital convolution. Winograd proposed the Winograd Fourier Transform
Algorithm [14]. This algorithm uses Winograd’s theorems on computational complexity for small
and large values of sequence lengths. For large lengths, the Chinese remainder theorem was
proposed to be used as part of the algorithm. Theoretically, this method required lesser number of
multiplications than the Cooley-Tukey method. However, Winograd’s algorithm was found to be

difficult for practical implementation.

The prime factor algorithm for FFT was proposed in [15], in which Rader’s idea of conversion of

DFT into convolution and results on implementation of short convolutions with minimum
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number of multiplications was combined to produce efficient algorithms for long sequences.
Nussbaumer in [16] introduced polynomial transforms, which have circular convolution property
and hence could be used for fast computation of convolutions. In [17] efficient FFT algorithms
are derived from polynomial transforms. Granata et al. [18] used the tensor product for modeling
and designing FFT algorithms, making use of the strong connection between tensor product
constructs and modern computer architectures. For multi-dimensional DFTs, row-column method
and vector radix methods have been used [19]. In [20], the split-radix approach is extended for
vector-radix FFT to two and higher-dimensions. Saidi {21] presents a new FFT algorithm, the
decimation-in-time-frequency algorithm, which is obtained by combining the decimation-in-time
and decimation-in-frequency algorithms, thereby reducing the number of real multiplications and

additions. This approach can be extended to vector-radix multidimensional FFT algorithms also.

Guo et al. [22] present an approach that uses symmetric properties of the basis function to remove
redundancies in the calculation of the DFT. They develop an algorithm called the Quick Fourier
Transform which has a simple structure and is well-suited for DFTs on real data. Recently, Lundy
and van Buskirk [23] present a new matrix to derive real and complex FFT algorithms for length-
2°, This approach leads to arithmetic operation counts that are better than previously published
results of the earlier years. Also, Johnson and Frigo [24] present a recursive modification of the
split-radix FFT algorithm that matches the record of lowest number of arithmetic operations in
[23]. Polynomial algebra and the Chinese Remainder Theorem were the foundations of many
early FFT and fast convolution algorithms, to which Winograd has made considerable
contribution. Following on this line, Puschel [25] extends the polynomial algebra framework to
include most trigonometric transforms used in signal processing. They have developed a new
theory called the algebraic signal processing theory, which relates algebra to linear signal
processing. Using this theory, a class of new algorithms including general-radix algorithms for

the DCTs can be obtained. In this theory, each unique signal model has its own class of Fourier

transforms.

Ansari [26] presents an extension of the DFT defined as a linear combination of the forward and
inverse DFTs of a sequence, with the coefficients of the linear combinations forming a new real
transform for a real sequence, called the Discrete Combination Fourier Transform (DCFT). The

DHT is seen to be a special case of the DCFT.
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23 FRFT

The fractional Fourier transform (FRFT) is a generalization of the classical Fourier transform.
Almeida [27] recognizes the utility of the FRFT to signal processing, presents its properties,
interprets the FRFT as a spectrum rotation of the signal in the time-frequency plane, and studies
its relationships with time-frequency representations like the short-time Fourier transform and the
Wigner distribution. An algorithm for efficient and accurate computation of the FRFT is given in
[28]. In [29], a general definition for FRFT is formulated for four signal classes. Soo-Chang Pei
[30] proposed the discrete version of the FRFT, the discrete fractional Fourier transform
(DFRFT), and established the relationship between FRFT and DFRFT. A closed-form analytic
expression for DFRFT is obtained in [31]. However, an alternative definition of the DFRFT is
presented in [32]. The DFRFT approach is extended to DCT and DST in [33], yielding
corresponding new transforms for each. Relations between fractional operations like fractional
convolutton, fractional correlation etc and time-frequency distributions are explored in [34]. A

new method for DFRFT computation is presented in [35].

24 Time-frequency transforms

Mathematically, the two approaches to time-frequency analysis are the linear transform approach
and the nonlinear operations approach. The non-linear approach attempts to produce an energy
distribution in the time-frequency domain. Gabor proposed linear transforms for time-frequency
analysis in [36]. That approach is to characterize a time function in time and frequency
simultaneously, known as the Gabor expansion. A time-frequency description of a signal is
obtained by performing Fourier analysis on the signal as it appears when seen through a set of
identical Gaussian windows translated with respect to each other in time. Difficulty in computing
Gabor transform coefficients limited use of the Gabor transform earlier. The proof of existence of
the Gabor expansion of a signal into a discrete set of Gaussian elementary signals is given in [37].
The discrete Gabor transform and Gabor expansion for infinite sequences are developed in [38].
A Gabor transform for real, discrete signals is presented in [39], along with a computationally
attractive method for computing the transform. A method for calculating the coefficients of the
Gabor expansion, in the case of oversampling, is presented in [40]. Undersampled discrete Gabor
transforms are investigated in [41]. A related time-frequency transform, the Zak transform was
developed in [42]. Discrete Zak transform (DZT) and fast algorithms are presented in [43]. The

DZT is shown to be a generalization of the short-ttme Fourier transform in [44].
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2.5 Lapped transforms

A class of unitary transformations, called lapped orthogonal transforms (LOT) is investigated in
[45]. An exact derivation of an optimal LOT is presented in [46]. A related transform, the
Modulated Lapped transform (MLT) is presented and the LOT has been generalized in [3].
Dietmar and Kunz proposed the Lapped Directional Transform (LDT), a real-valued lapped
transform for 2-D signals in [4].

Integer versions of the various lapped transforms, called the Integer Lapped Transforms (ILT) are
proposed in [47] and [48]. An orthogonal and orientation selective lapped transform, the Lapped
Hartley transform (LHT) is presented and its properties evaluated in [49].

2.6 DHT

The DHT, introduced by Bracewell in [50] is a transform that maps a real-valued sequence to a
real-valued spectrum,; it is closely related to the DFT. A set of FFT-type algorithms for fast
computation of DHT is developed in [51]. Data compression properties of the DHT on a Markov-
I signal are studied and compared with those of Fourier transform in [52]. The DHT is
generalized into four classes and fast algorithms for the generalized transforms derived in [53].
Uniyal [54] showed that the fast Hartley transform algorithm is not superior to real-valued FFT

algorithms.

A split-radix algorithm capable of flexibly computing the DHT of various sequence lengths is
presented in [55] and improvements on these algorithms in [56]. A radix-2x2x2 algorithm for 3-D
discrete Hartley transform is presented in {57]. A direct method for computation of a length-N
type-II generalized DHT from the coefficients of two adjacent length-N/2 generalized DHTs is
presented in {58]. Fast algorithms for computing sliding-window generalized DHT are proposed
in [59).

2.7 DCT

The discrete cosine transform is defined in [60], where it is computed using the FFT. Eight
different types of DCTs exist [61]. [62] presents a fast DCT algorithm that has reduced
computational complexity compared to DCT computation using FFT. A fast DCT for 2-D signals
is presented by Makhoul {63], making use of complex multiplications. Haque [64] presents 2-D
fast DCT algorithms for power-of-2 dimensions that require only real multiplications and

additions. A factorization of the DHT is used to obtain fast DCT algorithms in [65]. A DCT-type
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orthogonal transform, called the Hadamard-structured DCT (HDCT) and its fast algorithms are
proposed in [66]. A fast and modular N x N 2-D DCT algorithm using N-point 1-D DCT
computations and butterfly stages is presented in [67], a simplification which is presented in [68].
Bi et. al [69] propose a fast algorithm for type-II 2-D DCT that achieves savings on the number of
arithmetic operations and decomposes the 2-D DCT into various combinations of cosine and sine
sequences. Polynomial transform algorithms for multidimensional DCT (M-D DCT) are

proposed in {70]. Fast algorithms for M-D DCT are presented in [71] and [72].

Cham [73] proposed conversion of DCT into integer cosine transforms (ICT) by replacing the
real components by integers. The conditions for approximating order-8 sinusoidal transforms by
orthogonal integer transforms using integer arithmetic are derived in [74]. General methods have
been derived to obtain the integer transforms from a non-integer transform in [75], where integer
transforms analogous to DFT, DST and DHT are presented. A method to factor type-II DCT into
lifting steps and additions and then obtain a type-II integer DCT (IntDCT-II) free of floating-
point multiplications is proposed in [76]). Integer-to-integer DCT algorithms that use floating-
point arithmetic are presented in [73]. Cosine transforms are characterized in an algebraic

framework in [77].

2.8 Wavelet transforms

Relationships between the Fourier coefficients of a periodic signal and its wavelet coefficients are
derived in [78]. The wavelet transform for discrete-time signals leading to the discrete wavelet
transform is dealt with in [79], [80] and [81]. Invertible integer-to-integer wavelet transforms are
constructed using the lifting scheme in [5]. The representation of the Fourier transform by a
wavelet transform that uses a fully scalable modulated window is presented in [82]. Approaches
to reducing the problem of shift variance in the DWT are reviewed in [83]. A method for
designing translation invariant directional dyadic wavelet transforms is proposed in [84]. The
phaselet transform, an approximately shift invariant redundant dyadic wavelet transform, is

proposed in [85].

The contourlet transform, proposed in [86] is a two-dimensional transform that can capture the
inherent geometrical structure in images. It is hence a purely two-dimensional approach in that it
differs from the separability approach of computing 2-D transforms by their corresponding 1-D
transforms. The curved wavelet transform {87] applies 1-D filters along curves for efficient image

representation. The interval wavelet transform 1s used to obtain efficient edge representation in
(88]).



2.9 Radon Transforms

[89] describes the discrete Radon transform (DRT) and its exact inversion algorithm. It is shown
that the DRT can be used to compute the classical RT, and that the DRT inversion procedure can
be used to invert the classical RT. The DRT is used to generalize the classical RT for straight
lines to include curves and weighted curve functions. In [90], a scheme of finite Radon transform
on images of prime size is investigated, and image representations using the finite Radon
transform are discussed. A discrete periodic Radon transform (DPRT) and its inversion are
proposed in [91]. The DPRT preserves important properties of the continuous Radon transform.
The inversion formula is developed using the Fourier slice theorem, and is free from
multiplications. The DPRT introduced in [91] exhibits redundancy, is an expansive transform,
and non-orthogonal. The same authors introduce an orthogonal discrete periodic Radon transform
(ODPRT) in [92] using a new decomposition approach that eliminates redundancy. Realization
methods and inverse ODPRT are also presented in the same paper. Applications of the ODPRT in
2-D circular convolution and blind image resolution are presented in [93]. A discrete Radon
transform based on images of size p” x p" where p is prime (p > 2) is presented in [94], in which

corresponding ODPRT for the new size is also developed.

2.10 Two-stage DFT Computation

Two-stage DFT computation methods have been presented in the literature, as in [95]. The
Discrete Fourier Pre-processing transform (DFPT), which is part of the strategy used in [95], is a
pre-processing transform obtained by decomposing the cosine and sine functions of the DFT in

terms of another set of functions.

2.11 Conclusion

The literature review shows that research continues along different lines on the various categories
of signal transforms. Faster algorithms and methods to perform transform computation continue
to be presented and improved upon. At the same time, newer transforms appear in the literature.
These transforms are often extensions of an existing transform. In the case of trigonometric
transforms, their corresponding fractional transforms have evolved as a major area of research
developed. A recent trend is the development of application-specific transforms, especially for
use exclusively in image processing. Integer approximations of transforms and integer-to-integer

transforms have been proposed.
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Chapter 111
DEVELOPMENT OF FORWARD AND INVERSE 2-D MRT

3.1 Introduction

Transforms are used to find an alternative domain where processing of the task at hand is easier
to perform. Fourier transform is popular to map a signal from time domain to frequency domain.
The Discrete Fourier Transform (DFT) is the digital implementation of the Fourier transform and
has many fast implementation algorithms. In the DFT computation, even when the data is reai-
valued, the DFT coefficients will be complex. In [8], 2-D DFT representation was modified in
terms of real additions, which requires N/2 complex multiplication in the computation of each of
the N DFT coefficients. However, complex multiplications can be avoided if the signal is
represented in terms of the signal components which would otherwise be multiplied with the
exponential term in the DFT representation developed in {8]. Further, this results in a new way of
analyzing signals. Hence a new real transform, named MRT is developed, which can represent
signals using real additions and without complex arithmetic, and which offers a different way of

signal analysis.

3.2 Forward Transform

The 2-D DFT Yk,,k, of a 2-D signal x 0< n,m<N-1 isgiven by

L
N-1 -]
Vg = 2 2 % W IR 0<hiky SN- 1 (3.1)
n=0n,=0
-jiz

where W, =e ¥

Since the twiddle factor W) is periodic, (3.1) can be expressed as
N-1 N-I

AEDIDIEIN. Ak (32)

e n=0 n2_=0 )
The exponent ((m k) + mk;)v=p, 0 <p <N -1 is satisfied by a set of (n,, n,) for a given (&, &,).
Hence, by grouping such data and applying the property that W72 =-W7?, (3.2) can be

expressed as

M-l

Y= 2 HRWE (3.3)
2 p=0 1572
where
= DI Xy O0<psM-1 (3.4)
V{n,n,)=z=p Vi m)=z=ptM
z=((mk, +nyky)) (3.5)
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M=N/2 (3.6)
The computation of the N?DFT coefficients Y, ;, using (3.3) and (3.4) involves M complex

multiplications each, and thus a total of N’/2complex multiplications for any even N,
given Yk(]”,()2 L If Yk("? is developed as a transform, the transformation would involve only real

additions and no complex multiplications. Thus, a new transform is proposed, with (3.4) as the

forward transform relation. The transformation maps the data x, , of size N x N into M matrices

Y,\_(lfji ,forp=20,1, ..., M -1, each of size N x N. Since it maps a matrix of real data into M

matrices of real values in the frequency domain, the proposed transform is named as an M-

dimensional Real Transform (MRT).

Since the property W7 N2 o —W 7 is used in arriving at the formulation in (3.3) and the definition
of the MRT in (3.4), a central condition regarding the value of ¥ in the MRT context is that ¥
needs to be even, In the remainder of the thesis, this condition is assumed.

From (3.4), the forward 2-D MRT can also be expressed as

N-1 N1
AAED I I A S 0<k,k,<N-1, 0<p<M-1 (3.4a)
. m=0n,=0 ; ; :
1, ((mk, +nk)))y=p
Ay kypmm, =171 (Omk +mpky))y = p+ M (3.4b)
0, otherwise

Hence, the transform kernel of 2-D MRT is defined by (3.4b).

3.3 Direct Computation

The direct computation of MRT can be carried out by the following steps, for a given value of &,

kh&p:

1) Initialize the MRT coefficient to zero.

2) For each (n;,n,), calculate the term z in (3.5) which involves two multiplications n;k; & nks,
and a modulus operation w.r.t. N.

3) Perform a logical comparison to check the conditions z=p, orz=p + M.

4) Depending on which condition is satisfied, add or subtract the data element corresponding to

indices (n,,n,) to or from the current value of MRT coefficient respectively.
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x =
iy 89 92 6 27 85 8 30 50

— — — —_
3360 -11 149 -11 -8 -11 149 -1 0 53 0 316 0 -53 0 316
20 43 142 -6 88 137 -102 10 <73 209 -88 -51 91 -157 18 45
206 -88 125 116 82 -88 147 116 0 214 0 71 0 -214 0 -7
Y(O) _ 20 -6 -102 43 88 10 -142 137 Y{l) _ 121 -16 10 210 95 -24 -138 118
&k, 4 199 195 199 -62 199 195 199 ky ok, 0 -157 0 -68 0 157 0 68
20 137 -142 10 8 43 -102 -6 73 157 88 45 91 209 .18 51
206 116 147 -88 82 116 125 -88 0 82 0 125 0 82 0 -125
20 10 -102 137 88 -6 -142 43 \-_121 24 -10 -118 95 16 138 -210
— — —
0 134 139 -134 0 134 -139 -134 0 -316 0 53 0 316 0 -53
68 104 94 -139 -56 48 62  -61 121 210 -138 -16 95 118 10 24
-16 37 295 59 130 -37 -69 59 0 125 0 -82 0 -125 0 8
Y(Z) _ -68 139 -62 -104 S6 61 94 48 Y(S) - 73 51 18 -209 91 45 -B8 -157
k .k, 0 122 345 -122 0 122 -345 -122 Ky Ky 0 -68 0 -157 0 68 0 157
68 48 94 61 56 104 62 -139 -121 -118 138 24 95 -210 -10 16
16 -59 69 37 -130 -59 -295 37 0 71 0 214 0 71 0 -214
68 61 -62 48 56 139 -94 -104 L73 -45  -18 157 91 51 88 209

Figure 3.1: An 8 x 8 signal and its MRT matrices

For a particular value of (4,,%,), the number of data elements involved in forming all associated

MRT coefficients is M. Since there are N pairs (k,k,), there are thus N 4 computational steps 1—

4. An example of a 2-D signal of size 8 x 8, and its associated 2-D MRT are shown in Figure 3.1.
The following observations can be made from the 2-D MRT presented in Figure 3.1.
1) There are 4 MRT matrices of size 8§ x 8 corresponding to the given data of size 8 x 8.

Similarly, there will be M MRT matrices of size N x N for a given data of size Nx N.

2) The total number of 2-D MRT coefficients will be N*/2for a data matrix of size N x N.
Hence for N = 8, there will be 256 coefficients.

3) There are a large number of zero-valued coefficients in the MRT matrices. There are no zero-

valued coefficients in Y,éo,f , 16 such positions in Yk(,li & Yk(f,l , and 4 in Y,((lzz , a total of 36 such

positions for N = 8.
4) The MRT matrices are highly redundant. Many MRT coefficients share the same magnitude,

although the sign may be different. e.g. ¥} =¥{¥, ¥y =¥/,
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Since there are many MRT coefficients that are zero-valued, it is unnecessary to perform the
normal computational steps for such values of (k;, &;) & p. There is thus scope for reducing
computational complexity involved in MRT computation. Also, if an (n,,n,) satisfies z = p, then
it cannot satisfy z = p + M. Hence, the comparison operation need not be performed for both z=p

and z = p + M. Thus a mathematical analysis of the MRT computation is performed in the

following section.

3.4 Analysis

From the preliminary observations made above, there is a need for detailed analysis of the
transformation so as to simplify the computation. Thus, there is a need for identifying the trivial
MRT coefficients in the computation.

3.4.1 Existence of 2-D MRT Coefficients

In Figure 3.1 many of the MRT coefficients, like YO(IO) , are zero-valued. The first step involved in
the computation of the MRT coefficient is the location of those input data elements (n,,7,) that
satisfy the congruence ((n,5,+ nyk,))xy = p. This becomes (((n; x 0) + (1, x 0)))y = 1, for Yo(,lo)’ k=
0, k, = 0, p = 1. No values of (n,, n,) satisfy this equation. Hence, no valid MRT coefficient exists
for the set of values, &y = 0, &, = 0, p = 1. Such MRT coefficients, although invalid, are

considered zero-valued. There are numerous sets of such invalid coefficients represented as zero

as is observed from Figure 3.1. A few other examples of such coefficients in Figure 3.1
areYO(f]),Yz(’i) , Yﬂ) , )’6('32) etc. These trivial MRT coefficients can be eliminated from the MRT

computation. Thus, there is a need for the analysis of existence of MRT coefficients, which is
explained below.,
From (3.4), the MRT is seen to be comprised of two summations, and a data element

x, » belongs in either of these summations provided its index (n,n,) is a solution of the

congruence equations associated with the summations. The first summation is Z x_ . for

7y,
Y(n.m)=>z=p

which the associated congruence equation is, using (3.5),
((mky +myky )y = p (3.7)
The data elements X, corresponding to the solutions (n,m,) of (3.7) are defined as the positive

group of the MRT coefficient.

The second summation is Z x, , which has the corresponding congruence equation

n.n
V{m.n)ospeM
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(mky +nk )y =p+ M (3.8)
The data elements x, . corresponding to the solutions (r,n,) of (3.8) are defincd as the negative
group of the MRT coefficient.

Let g = ((mi(kv/glk), k2)) + nfko/g(ky, k2))))w so that (3.7) becomes

(glk k) =p (3.9}
From Appendix A.3, (3.9) has 4 = g(g(k,, &,), N) solutions mod N provided the condition d | p is

satisfied. g has incongruent solutions of the form

g=g,+(N/d)t, 0<1<d (3.10)
where g, 1s a particular solution of (3.9).

Hence, the condition for existence of a positive group is that d = g(g(ki, k), N) = gki, k», N) is
divisible by p, i.e. g(ki, k2, N) | p.
The condition for existence of positive group is:

A: gk, ko, M) | p,

Similarly, the condition for existence of negative group is

B: glki, bz, N) [ (p + M).
If gky, k2, N) | p and glky, kb, N) | M, then gk, ks, N) | (p + M). If s0, then both positive group and
negative group exist for the MRT coefficient ¥, k(fk)z . If condition A is satisfied and if g(ki, k3, N) |
M is not satisfied, then condition B is not satisfied. In this case, only positive group exists

forlf',flf?, . Similarly, if condition A is not satisfied and if g(k,, k, N¥) | M is also not satisfied, then
if condition B is satisfied, then only a negative group exists for Y,‘(l"”k), . Hence, it may be concluded

that an MRT coefficient Yk(.i); has positive and negative groups only if the condition g(k;, &, V) |
M is true. If this condition is false, then either a positive group or a negative group exists, but both
cannot exist together.

The data groups present in the MRT coefficient having been defined, a detailed analysis of the
data groups is presented below, which will identify the relations among data elements within a

group.

3.4.2 General solutions for elements in a group
Given the particular solution gy, the solutions to n; & n; have to be obtained. A general solution
to (3.9) can be written as
g=Ng +q,,9€Z (3.11)
s (k! g (ky ks )ny +(ky 1 g (ky kg Dy — Ny =g, (3.12)
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Using Bezout’s lemma {(Appendix A.1), the minimum value of the quantity ((k»/a)n, — Ng,) in
(3.12) is given by g(k,/ g(ki, k2), N). Hence, (3.12) can be expressed as

(ky/ gCky ko)) + gk, gk ,ky),N)g, =q,, 9, €Z (3.13)
From (3.13), it is seen that n, has g(k,/ g(ki,k2), k2 / g(ki, k2), N) solutions mod g(k, / g(ki, k2), N),
and hence one solution mod g(k,/ g(ki, k2), N), since g(k, / g(ky, k2), k2! g(ky, k), N) = 1. This can
be justified as follows: g(k, / g(ky, k), ka/ glky, k), N) = glglhky/ glky, ko), kol glky, k2)), N), and
glki/g(ky, k), ko / g(ky, k) =1, from ged property in Appendix A.4. Hence, g(g(k;/ gk, k), ka/
gtk k), M) = g(1, Ny = L. Thus, g(ki/ glks, ko), Ko/ gk, k), N) = 1.
Hence, n; has N/g(k)/g(k:, k), N) solutions in the range [0, NV - 1]. Given nyq is a solution, n, has
the general solution

n =n,+glk, 1 glk, k), Nt , 0<t<(N/g(k,/ glk,,k,),N))-1 (3.19)
The number of solution-pairs (7, 1) in the range {[0, N-1], [0, N - 1]] can be determined only by
determining the number of solutions »,, corresponding to one particular solution rn;q of »; in the
range [0, N - 1]. Given ny, (3.12) can be written as

(&, / gk, k)ny, +(k, / glky,k,))n, = Ng, +q, (3.15)

Sk, ! gk k) )y — Ny = w, = (k, gk ky )nyg (3.16)
From (3.16), n, has g(k/g(k1,k2),N) solutions mod N, for a given n;p. Hence, the total number of
solution-pairs Tof,,, is found by the product of two factors:

i) fi, the number of solutions of n; in the range [0, N - 1], and

if)  f3, the number of solutions of n, that exist for every solution of r,
As seen already,

f1=N/glk, ! glk,ky), N} (3.17)

12 =gk, [ gk, k), N) (3.18)
From (3.17) and (3.18),

Tot,, = f.f,=N (3.19)

Thus, there are N solution-pairs (3, ;) in the range [[0, N - 1], [0, NV - 1]]. These solution pairs
correspond to a particular solution g, of (3.9). If (3.9) has 4 = g(g(k,, k), N} solutions, then the
total number of solution pairs in the range [{0, N- 1], {0, N- 1]] is given by dN .

Similarly, (3.8) becomes

((glhy, k) =p+M (3.20)
(3.20) has d = g(g(ki, k), N) solutions mod N provided the condition g(k;, k) | (p + M) is

satisfied. g has incongruent solutions of the form

g=qo+(N/d)y, 0<r<d (3.2
In (3.21), gy 1s a particular solution of (3.20).
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Hence, the condition for existence of a negative group is that d = g(g(k, &), N) = glky, ks, N)
divides p + M, i.e. g(ky, k2, N)| (p + M). By using exactly the same analysis that has been done for
(3.7, it can be shown that the total number of solution pairs of (3.8) in the range [[0, N- 1], [O, N
- 1]] is given by dN, where d = g(g(ky, k2), V).
The general solutions for elements in a group are given by:

no=ny+glk, / glk,ky),N)t, 0<t<(N/g(k,/!glk,k,),N))~1, and

ny, =ny, +g(ky/ glky k), N)t, 0<t<(N/g(k/glk,k,),N))-1.
where nj9 and 5y, are particular solutions, i.e. they are the indices of one of the elements in the

group.

3.5 2-D MRT - Closed-form Computation

The analysis shows that the forward MRT computation in (3.4) can be modified so as to eliminate
the computation and logical operation associated with (3.5). In this way, MRT computation can
be made simpler. Hence, the forward MRT relation is modified in this section.

Recalling from (3.4), (3.5) & (3.6), 2-D MRT has the following definition:

) _
Y,:ﬁ,?— Z K~ z X, 0<psM-1
V{m,m)=z=p Y n,)om=p+M
z=((nk, +nk,))y
M=N/2

The matrices Y,fl‘}‘) forp=0,1, ..., M -1 are the MRT matrices.
Recalling (3.7),

((nky +nk)))y = p

nk +mk,~Ng=p, geZ
Using Bezout’s lemma, n,k, —Ng =q,g(k,,N), q €Z

nk +g(ky, N)q = p
m has g(k,, k,, N) solutions mod g(k,, N). Hence, there are Ng(k,,k,,N)/ g(k,,N)solutions mod
N. Also, for the same value of n, if

((nk, +(n, +V)k,))y =p VveLZ (3.22)
then, ((vk,))y =0. (3.23)
vin (3.23) has g(k,, &) solutions mod N. Hence, 1, has g(k,, N) solutions for the same value of ;.
So, given a particular solution (ny, 713), another solution at a different »n; has the value

no=ngy+g(k,,N)/ glk,,ky,N).If (ni+ u, n, — v} is a solution of (3.7), then
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((n +wke, +(n, V)&, y=p uveZ (3.24)
From equations (3.7) and (3.24),

((uky = vky))y =0 (3.25)

() = (k) (3.26)
In the most general case, solutions to (3.26) can be obtained by using congruence tables involving
u, v, k, k; & N. Extended Euclidean algorithm (Appendix A.5) also can be used for its solution.
Trial-and-error is another possible approach. However, for special cases for the values of &) & 4,

it is possible to obtain the value of v by direct division. The value of u has already been obtained
as g(ky, N) / g(ky, by, N).
Hence, (3.26) becomes

(Ve Dy = (U glky, M)/ gk, hy s N))) (3.27)
In summary, it has been established that for given values of &, k,, p and N, solutions to r; occur
at a gap of g(k,, N) / g(ki, k;, N). Further, for a given solution #,, solutions to n, occur at a gap of
Nig(k,, N) columns. Finally, for a change in vaiue of n, by g(k, N)/ g(ky, k2, N), a corresponding
value of n, is obtained from the solution to v in (3.27). The same conclusions hold for solutions
to the negative group congruence equation

((nky+ni, Ny =p+M
Using the above knowledge, the following closed-form formula is proposed for 2-D MRT.

Mgthdo Ny gl M- glk, NF1
=3 D (s + /g, N/ gl b, Ny (5 — v+ uNY gl NY) ) —
i s (3.28)
(g + jiglky, N)/ gk Fep, NYy (rig = 11y + 1N/ 8Uhy, ND)y )

In the formula, ny,ny,n, & ny are particular solutions for the positive and negative groups
respectively. The limitations of closed-form formula are

1) There is need for calculation of the parameter v, and this is not always simple.

2) Particular solutions for positive and negative groups need to be available.
Particular solutions
In the closed-formula proposed in (3.28), the particular solutions for positive and negative groups
need to be computed. A particular solution for the positive group is one pair of solutions to the
positive group congruence equation. Given (n,y,n,,), the negative group particular solution pair

- - . -~ _ _+ - _ .t
(ny9,7,) can be obtained. Assume n,, =n/, +e, nyy=n+f, e feZ

(o + 3k )y = p (3.29)
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(((mo + &)k, + (3 + IRy = p+ M (3.30)
From equations (3.29) & (3.30),

((eky+ e,y =M (3.31)
For a negative group particular solution to exist in the same row as a positive group particular

solution, ¢ = 0. Hence, (3.31) becomes
((F))y =M (3.32)
Using Appendix A.3, fhas a solution if g(k,, N) | M. Hence, positive and negative group solutions
exist in the same row if g(k;, N) | M. To obtain a solution for fin (3.32), an evaluation is done if
the ratio ky/g(ks, N) is always odd, provided g(k,,N)| M. Let ¢ = g(ky, N). Then, N =qt,tc Z
M =(q/2)t )
Since g | M, q | (¢/2)t
g/ Dt=qt't'el
~t'=t/2
For ¢ to be an integer, ¢ has to be even.
Also, k; can be expressed as
ky=gqt, . t,=k,/q, el

glgt.gty=q, - g(t,H =1
Thus, ¢, is odd, and hence the ratio, &,/ g(ks, N), is odd. Assume /" has the solution,

S=(N/2g(ky,N)) (3.33)
Using (3.33), the LHS of equation (3.32) becomes,
((N/2g(ky, Nk y = (N1 2)ky [ g(ky, Ny (3.34)

The RHS of (3.34) is equal to O if the ratio k; / g(ks, N) is even, and equal to M if the ratio
k, !/ g(k,,N) is odd. However, the ratio has already been found to be odd. Hence, the RHS of
(3.34) is equal to the RHS of (3.32), and thus, the proposed solution in (3.33) for f is valid. In
conclusion, if g(kz, N) | M, ny =ny,, and

By =hyy+ f =m0 +(N/2g(k;, N)) (3.35)
Using the same logic, the following can also be concluded: if g(k;, N) | M, n,, = ny, , and

nyp =y +[N/(2g(k,, N))) (3.36)
When both g(k,, N) | M and g(k;, N) | M do not hold, gk, ks, N) | M does not hold, and this

implies that a negative group and positive group do not exist together. Figure 3.2 gives a flow-

chart illustrating a method for finding particular solutions for all phase indices, given (k;,k,).
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Given k. k. a=g(glky, k), N) 51 =(((ky/ gk, N))_l ))(.\'/g(/.-,,.\-')) s

5 =(((k / gk ’N))_I))(_-\’/g(k,,;\’))

N
alM
Y
g(kl)N) > g(kbN),
gk, N} M N 3 5
Y
d=0
d=0
» h
4 S=ds),
S={(ds,))

h=((dg(k, N)),,

e=({dg{ki, N ns
r=({(s:(V +e-dglk, N}/ glky, N))x

((dg(ki, Ny < glky, N)

i((h+w))y)=f
Sy =((wsy /(28 ke, MDD
0w S{N/gtk, NN 1

d=d+ 1

d=glk,,N)/a

A

i{dg (b, N )+ w)= f i(e + w)= f
Jdg(k , N)+ wy=((ws,)), Jlerwy=r+((ws)))y

0sws(N/2g{ky,, N))—1

d=g(k,,N)la

u=1i,v=j+N2g(ks, N}

gl My | M i Py Py

Y

[

<
-

A

Output iju,v

Figure 3.2: Flowchart showing computation method for MRT particular solutions

30



Algoarithm corresponding to flow-chart in Figure 3.2:

Leta = g(k,,k,,N) - Calculate s, = (%, /g(kZ,N))_l))(N/g(kz,N)) » 8 =(((k / glr aN))—]))(N/g(kI,N))

if a|M is satisfied
{
if g(k,,N) |M is not satisfied, interchange ( g(k,,¥) & g(k,,N) ) and (51 & 52)

ford=0: (g(k,,N)/a)- 1

{
S=mod(ds;,N);
if mod(d g(k,, N) N)< g(ky, N)
{
for w=0: g(ky,N):M- g(ks, N)
{
i(dglk,N)+w)=1,
j(d g(ky,N) +w)=mod((w/ g(k,, N) )s2,N);
Wd gk, N) + w) = mod((w/ g(k,, N) )s;+ N2 g(k,,N) ),N);
}
}

{
e =mod(d g(k,,N), g(k:,N))

r=mod(s,(N+e-d g(k,N) )/ g(k,,N) ,N)
forw=0: g(k,,N) M- g(k,,N)
{
i(etw)=f;
J(etw) = mod(r + (w/ g(ky, N} )s2,N)
Wetw) = mod(r + (w/ g(k,, N) )so+ N(2 g(k,,N) ),N)
}

else

N

1
u=i
if g(k,,N)|M is not satisfied interchange (i & /) and (u & v)

}
else
{
ford=0:(g(k,,N)/a)-1
{
f=mod(ds),N)
h=mod(d g(k,N) M)
forw=0: g(k,,N):(N- g(k,, N))
{
i(mod(htw, M) =f
J(mod(i+w,M)) = mod((w/ g(k;, ) )s2,N);
}
}
u=hLv=J,
u(0:a:M- a/2)=0; V(0: a:M- a/2)=0; i(a/2: a:M- a)=0; j(a/2: a:M- a)=0;
}
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In Figure 3.2, i, j represent arrays containing the particular solutions for positive group of all
phase indices and u, v represent similar arrays for the particular solutions for negative group of all
phase indices.

3.5.1 Comparison
In the direct method of computation for 2-D MRT outlined in section 3.3, there is a need to
perform a logical comparison for each data index(n,,n,) . In contrast, the computation using the

closed-form formula in (3.28) avoids this computational step. However, closed-form computation
requires overhead in the form of calculation of particular solutions. The simulation results of both
the methods give exactly same values for the coefficients. A timing comparison is done for the
two MRT computation methods and the results, for values of N varying upto 128, are plotted in
Figure 3.3 and tabulated in Table 3.1, and. For small values of N, the direct method is faster.
However as the value of N increases, it is seen that closed-form method performs exceedingly
faster. All computer experiments in this thesis were run on MATLAB 6.5 Release 13, on an HP
laptop, with Centrino—duo T2400 CPU running at 1.83 GHz, having 0.99 GB RAM, and running
on Windows XP.

—+— Closed form
—&— Direct method

Figure 3.3: Plot showing 2-D MRT computation time using direct and closed form methods
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Table 3.1: Time companison between direct MRT computation and closed-form MRT computation.

N Direct {seconds) Closed-form N Direct (seconds) Closed-form
4 0.031 0.031 68 116.672 48.609
6 0 0.078 70 134.734 56.266
8 0.016 0.093 72 155.28t1 53.063
10 0.015 0.188 74 177.656 71.422
12 0.047 0.266 76 202.782 69.11
14 0.078 0.469 78 230.672 77.25
16 0.094 0.625 80 261.593 77.359
18 0.172 0.922 82 295.891 99.015
20 0.281 1.172 84 333.281 8§6.672
22 0.453 1.75 86 374.953 115.468
24 0.688 1.875 . 88 420.078 108.062
26 1 2.859 90 469.735 118.062
28 1.453 3.156 92 524.047 127.766
30 2.047 3.969 94 583.531 153.688
32 2.766 4.719 96 647.609 133.813
34 3.828 6.39 98 717.703 171.656
36 S 6.328 100 793.219 161.406
38 6.547 8.968 102 875.578 183.547
40 8.406 8.937 104 964.313 186.031
42 10.719 11.079 106 1060.89 227.125
44 13.468 12.453 108 1163.516 199.015
46 16.797 16.109 110 1275.406 242.484
48 20.719 15.015 112 1394.922 232.969
50 25.391 20.141 114 1523.688 264.062
52 30.812 20.891 116 1661.109 272.719
54 37.172 24.438 118 1809.718 322.687
56 44.5 25.484 120 1966.032 267.765
58 52.984 33.063 122 2136.594 360.141
60 62.625 29.485 124 2315.875 339.094
62 73.781 40.781 126 2507.406 357.922
64 84.953 39.438 128 2669.11 369.234
66 100.61 45.438

3.6 Properties

A few properties of the 2-D MRT are analyzed in the following sections.

3.6.1 Linearity

If x, , 2> YR

and x', . MRy 'ﬁ_fz,z

then for any real-valued constants ¢; and a,,

A, , T, T aYE Y (3.37)
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Proof

Recalling from (3.4), (3.5) & (3.6),

Z xnl,n2 - Z x": W1y = Ykif;‘)z

Yy )=2=p V(n,n)=>z=p+tM
where z =((mk, +nyk,)), and M =N /2
. '
R Z (ax, - T ”h”l)
Y(mny)=c=p

[
- Z (al'xn],n2 ta,x nl,nz)
Y (m,n y=>z=p+M

— 1
- Z alx"l»nz + Z azx My,

V{n,n)=>:==p V{n,n)=>z=p

_ _ '
Z alxrq My Z a2x ny,ny

Yim,n)==p+M Y(ny,n,)=>z=p+M

— [
- al Z xnl My + a2 Z x s

V(m.n,)={z=p) V{m.,n)=>(2=p}

L)
_al Z xn, M - aZ Z X oy

V(n.ny)=z=ptM Y (n,ny)=>z=ptM

= al( Z xn, My - Z ‘xn‘.n2 )

V{m,n)=>z=p V{n ny)y=>z=p+M
! ¥
+ay( Z X, T Z x n.,nz)

V{nn,)>z=p Yn,n)=>==p+M

— (p) «p)
=a¥ e ra Y

Thus, the 2-D MRT is a linear transform.
3.6.2 Reversal

By signal reversal, the following operation is meant: Given the signal x, , , the reversed signal is

given by X,y «-ny, - An example of such an operation done to a 6 X 6 signal is shown in
Figure 3.4.

(p)
If x AMRT Yk,,k:

Ry MR,

()
and xg_,y Y7, > then

A(=ny Dy R

I, p=0
.y (p? - . — ’
SYPL =shh pi=((M - p)ys s—{_l %0 (3.38)
I
Proof
{p)
x((_"x )),v,(('”:))‘\' <ﬂ—)Y kl ,kl
{p) _ _
Yeh = Z X(=m )y dl=m)), Z X(-n ) A=)
V{m.ny)=>z=p Y {m.n,)>z=p+M

Substituting 1, = (N =) y.%, = (N =)y s
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(@

©

(2)

Yr(P) —

Yu(P)

{p) _
Yk =

p) _—
Y Kk,

L . , 70y
V(mun =2(((~r )y hH=m))y k) Dy =p

()= (b +1aka ) =((N=p D)y

&k,

V(. Y= (m 0ok, )y =((M— p+M )}y

Y!(P) _

ks

L

. ydp) — y(P)
S Yn =T

n,n

0y _
Rk

1))
Ve =

Y(M—p)

kyky

— y(M=phy)
—sYkhk1 “

p'=((M=p)y,

95 46 92
23 2 74
61 82 18
49 44 41
89 62 94
76 79 92

1837 140 646
-32 85 48
612 74 711
7 94 100
612 -7 528
32 90 47

0 154 -715
-117 51 21
-542 -160 483

0 104 115
-683 51 -711

78 20 -17

0 107 476
<78 69 -62
683 -141 €43

0 13 26
542 151 598

| 117 213 -§7

41 14

Yy, )= (ke + 1k, = (N =( p+M D)y

¥ (= (ke +1aks )y =((M - pY)y

89 20 75
6 20 45
35 60 93
81 27 47
1 20 42

93 646
134 47
90 528
103 100
90 711
134 48

0 -476
-69 57
-32 -598

0 -26
29 -643
100 62

0 715
-100 17
=29 711
0 -119
32 483
69 21

-154
20
-5l

-104
160
.51 |

(b)

{t)

(b

y'©

y'

)

Vo 32 (=m0 )y ki H (= Dy e N y=pr M

x =
iy 7,

ky k,

il

kK,

ny .y

1837 -107
78 -51
542 -74
-7 113
542 51
78 -90

—

0 -154
117 -85
612 -141

0 104
683 -7
=32 213
0 -140
3269
683 -160
0 94
612 -151

Lal17 -20

1 92 79 76
81 94 62 89
35 41 44 49

6 18 82 6l
89 74 2 23
41 92 46 95

715 -93 715
-48 -100 57
643 -32 528 51
119 103 119
528 -32 643
57 -100 -48 -5194

-646 0 -476 140
-62 69 47 20
-483 90 -711 1SI
100 0 26 -94
-598  -29 -711 160

17 -134 21 -69

476
221
711
-26
711
47

0 646 154
134 -17 213
29 s98 7
0 -100 -104
~90 483 141
69 62 85

Figure 3.4: (2): A 6 x 6 signal; (b): (a) reversed; (¢), (e) & (g): MRT matrices of (a); (d), (f) & (h): MRT
matrices of (b).

3.6.3

Circular shift

If the 2-D signal is circularly shifted in either direction, the following is the behaviour of its

correspondinng(lf;l . Each MRT coefficient can potentially undergo a shift in the value of p to

which it belongs, as also a sign-change. The position of the coefficient within the ¥ x ¥ MRT

matrix corresponding to the new value of p is retained without any change. This is illustrated

using an example in Figure 3.5.

. MRT
Givenx, , «—>

(P)
A

l>k2 ’
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Xnny = Xm-r))y (n=0))y

' MRT | v/(p)
andx, , «—— 1%

ol e k4 .
ke ks -, (p-rk-ck,))y2M
Proof:
{p) — -
Y= X X 2 Fun
Y{ny,ny)=z=p Y(n n)=>=ptM
(p) _— ' _ '
Y by T Z x’*l W Z x"l o
V(@ n)=A(mk sk, Dy =p Ynymy )= ((mk+maks ) y=p+ M
W p) _
Kk, = Z X(m=r)y(m=c)y Z X(my=r)y (ny=chly
Y (ayny)={((mky +nky )y =p Y(n.ns )=>{mktnyky ) o= pt M
Substituting n, =((n, —r))y,n, =((n, — <))y
(p) _— —
YW= X . X,
(0, )= ((mk +nyk, N =(( p-rki=cky)) I {riy 1y ) Ok 0ok )}y =((p—rky—cky + M )y
(p) _ _
YW= X . X,
V()= (ke + 1y ) e =(( P~k =k, Y e W (o Sy gk D) =(( vy —cky )+ M
(p) — y{p-rk—ck,))y
Y ko Yk,.lg ' *
_ —rky=ck,))
Y7, =YSErhekie o (p-rk —cky))y <M
— ((p—rk—ck,))
YP), ==Yl (p - =chy))y 2 M
LYRP) = gy prhcka)l sod b (p—rky—ck)y <M
oLk k& )
e [ -1, (p-rk—ck,))y2M
3.6.4 Circular convolution
(p)
Ifxnpnz‘%Y,ﬁ_k:
' {p)
and xn]."y&» ky &y
! w p)
and X, ®x") "'z“ﬂ’y e
where ® denotes circular convolution, then,
¥ 1 <p+l
wWp) _ (@) yilr=ay) - q<pP
Y dydey T Zsyknsz Kyoky i d ﬁ{ 17 gz p+l (340)
j=0 - q=p
Proof
Let xn, M = xn, My ®xn,,n2
. N1 N ,
Knpomy = Xy i X =50 (=)
7=0/,=0
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85 68 30 15 50 34 312 43 54 59 66
53 38 19 70 90 29 34 85 68 30 15 50
_ 20 83 19 38 82 34 ' 29 53 38 19 70 90
@ = 67 50 68 36 64 53 (b) o 3420 83 19 38 82
84 71 30 85 82 73 53 67 50 68 86 64
2 43 54 59 66 31 73 %4 71 30 85 82
1925 42 664 5 664 42 1925 34 474 5 474 34
106 32 60 38 58 10 21 54 60 23 -8 10
y© 670 122 678 58 672 20 yO© _ | s e 45 en 14
(© kky = 41 144 -10 43 -10 144 (d kky 41 90 34 43 34 90
670 20 672 58 678 122 _ 53114 672 45 662 -122
06 10 58 38 60 32 21 10 .18 23 60 -54
_ - — —
0 81474 0787 34 0 42787 0 664 8l
126 54 45 58 18 27 06 21 45 38 35 27
) 531 132 -585 45 502 1 ‘ 724 132 678 -8 502 20
@ Yok = 0 97 34 0 85 90 o Ve = 0-144 8 0 -10 07
724 14 751 8 662 1S 670 -1 751 58 585 15
21 26 35 23 -6 21 126 26 S8 S8 56 32 |
— - a /
- - 0 81 664 0 787 42
0 34 787 0 474 81 -126 32 56 58 58 26
21 21 56 23 35 26 y@ _ |67 15 sas 58 75t
y@ 724 15 662 8 751 -14 ) ki = 097 10 0 85 144
® JYix= 09 85 0 34 -97 724 20 502 8 678 132
31 -1 502 45 585 -132 106 27 35 38 45 21
| 126 27 18 -58 45 -54_] - —

Figure 3.5: (a): A 6 x 6 signal; (b): (a) circularly shified by 1 row and 1 column; (c), (e) & (g): MRT

matrices of (a); (d), () & (h): MRT matrices of (b).

wp) _— o
Y kpk: - Z xﬂp"g
V{n,n,)=((mk+nky )y =p

N-1 N-I
= Z Z Z J]J’ (("l_JI))\ {1~/ Dy

V("l S ):((”xkl +”:kz Ny=p j;=0 ]3_0
N-1 N-1

- Z Z Z X X g m iy
V{m.m) =k +nk, D y=p+M ;=0 j,=0

)

7=0=0 Y(n.m)=>((mk+mk, )y=p

Y (ki +sky )y =p+M

X joo b2 M=) Ay o)

X5 1% i) ki)
V(nl Y2 ((mky+naky ) o= p+ M

>

v("x a1 Y= (b +naks )) = p

Letg = ((jlkl + /,k3))y - In (3.41), the terms x;

Xim =i Dy =1y

~.

~..M< “..'MZ

1( P~k + ik N w)
Al,k

l

indices (J, f,) are such thatg = ((j k, + jzkz))N . Also, Y‘i,“’;:v’z) =

N-1N-—-
u(p) Z Z X, v(P'fl)
k] ka Jis /1 ky ks
4=0j,=0
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X, n,

2

Xm0 w7 V)

Y5y 1, )= (k4 maky )) = p+ M

(3.41)

;, will have a common multiplicand ¥ '(” ‘7) if their

_y'a
Y7, - Hence,



N-1

=20 X T

g=0 V(i.j)=2{ Akt ik y=¢

M1 -l
=2.( 2, RN ED N GEED I W96

q=0 V(j, sjz )=(((j|k|+j1kﬂ_ ))\:q) (l=‘M V(j| ‘jz = jlkx*jzkz ))\ =q
M- < y M-1 < )
— P9 _ P=q
- Z ( Z xf.»fz )Y ky ks Z ( Z le J )Y ky ks
q=0 V(j] W ):b((j)lﬁ"'jzkz Ny=q g=0 v(jl -jg )_—‘3((j1k|+j2k1 Ny=g+M
£ y {9
_ . p q
- Z ( Z 'xl] NE Z Ji »Jv)
‘I=0 Y i ia =Xkt ik ) y=q V(o AUk + ok Dy =g+M
— {9} ~(p-q)
ZY kb Yk (3.42)

[ (p~aNs)
When(p 9)<0, Y79 = -y

Thus (3.42) can be wntten in the following manner,

M-t
e =3 oyl o , g<p+l
Ky ke =3 Kkt Rk, -1, q2p+1

3.6.5 Isometric Transformations

There are eight isometric transformations generally used in image processing. Besides the
original signal, the seven other transformations are 1) 90°rotation, 2) 180°rotation, 3)
270°rotation, 4) reflection along mid-vertical axis, 5) reflection along mid-horizontal axis, 6)
reflection along diagonal, and 7) reflection along cross-diagonal. Bracewell et al [96] have
presented a theorem which determines what the 2-D Fourier transform becomes when the signal
is subjected to an affine co-ordinate transformation. Using this theorem, the relevant

transformations in the 2-D MRT domain can be derived.

If the original block is denoted f and the transformed block is denoted g, and they are related in

the following manner,
g(n,n,) = f(xn +yn, +z,an, +bn, +c)

and if F & G stand for the MRT of f'and g respectively, then G and F are related in the following

manner.

Gi"Z, st(""’ (3.43)

k, = ((xk, + yk,))
k, = ((ak, +bky))y

p'=({(p+w)y
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w =k ((x2)OR(ac)) + k,((yz)OR(bc)) (3.44)

={ L (p+wy <M
L (prw)y =M

In the above mapping, the parameters (x, ¥, z) and (g, b, ¢) take the values shown in table 3.2

corresponding to each transformation. The OR function in (3.44) is defined as

h 0ha={ 1, (B #0) or (h, =0)
-1 h=0,k=0
Table 3.2: Isometric transformations in MRT domain

Transformation X y z a b c
90° 0 1 0 -1 0 N-1
180° -1 0 N-1 0 -1 N-1

270° 0 -1 N-1 1 0 0

mid-horizontal -1 0 N-1 0 1 0
mid-vertical 1 0 0 0 -1 N-1
Diagonal 0 -1 N-1 -1 0 N-1

Cross-diagonal 0 1 0 1 0 0

3.7 Inverse Transform (2-D IMRT) for N a power of 2

Since the DFT and the IDFT are duals of each other, and the MRT is related to the DFT, it can be
intuitively assumed that the inverse MRT is a dual of the forward MRT. Hence, the following
formula is proposed for inverse 2-D MRT for N power of 2:

1 M-l (
- P _ (p) _
Yoy, = 27 > DI A > e 0<n,m<N-1 (3.45)
p=0 | Y(k ky)=>z=p Yk by )=>z=p+M

Proof

The terms in 3, ¥R andin Y %% in (3.45) are the MRT coefficients in
Yk k)=z=p ) V(k k)= 2= pe M :

which x, , is present. In other words, these are the values of (k;,k,) that satisfy the two equations
(3.7) and (3.8), respectively,

((mky + k) = p

((mk +nky))y=p+M.

N

But any term Yk("? which contains X, _will also have other terms x, h such that ((n.k; + nyko)In

7t

= p. The proof may be divided into two parts: (i) to show the need for division by the factor N°in

(3.45), and (i) to demonstrate that all other terms x, , besides x,  that occur in
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Z Yk(“;() and Z Y k(.,;‘k): such that they satisfy the following linear congruence
V(& k) )=>z=p Yk k) z=p+M

equations ((n.k; + npk>))v = p and ((nky + npka))y = p + M respectively, cancel each other leaving

behind the term Mx, , .

Division by N*:

For any (n,,n,), the total number of MRT coefficients Yk(“? whose indices (k), &y, p) solve (3.7) or
(3.8) is N?. This is proved using the following cases.

Case (a): (n; #0, m, #0)
The indices (k,k,) of Y% in which x, , is present can be found by solving the linear

congruence equations (3.7) and (3.8).

(3.7) can be written as the linear equation

mk +nk, +Nt=p (3.46)
(3.46) can be written as
g(n,m)g+Nt=p (3.47)
" n
qg= k + k,,
g(n,ny) l g(n,m) ?
g =mk +nk,
e ' n,

1= oMy =
g(nl)nz) g(nl’nz)
(3.47) has g(g(n), ny), N) solutions mod N. The general solution is of the form ¢ = Ns + go, s € Z,

¢qo being a particular solution.
mk, +nyk, = Ns +q, (3.48)
The number of solutions of (k,%,) in the range [[0, N - 1], [0, N - 1]] can be found by

multiplying two quantities: (i) the number of solutions of %, in the range [0, N - 1], (ii) the number
of solutions of &, for a given solution of k.

Given a particular solution (kq, k20) of (3.48), then
m (ko + mt Y+ 1y (kg — 1)) = Ns +qp,4, €Z (3.49)

The values that &, can have is determined by the relationship between n,f, and N. Using Bezout’s
lemma,

mt +Nt, =t,g(n,,N), t,t,eZ (3.50)
Using (3.50), (3.49) can be written as

1 (fg +4,80m, N) = N )+, (g ~1t )= Ns+q,, t€ Z (3.51)
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ko + 180, N)+1y (g ~1it) =NE“+ gy, 5'=(s+ 1) (3.52)
From (3.52), it is seen that k; has the general solution k,, +£,g(n,,N). Thus, two successive

solutions differ by g(n;,N). The number of solutions of &, that lie in the range [0, N - 1] is
thus N/ g(n,, N .
The number of solutions of k; for the same value of &; can be found from the number of solutions
for j in the following equation.
g =mk, +ny(k, + j) (3.53)
n;/’c1 + n; (k,+))=Ng,+q, J.q €U 3.54)
From (3.48) and (3.54),
n,j—N(g +5)=0 (3.55)
The number of solutions of j is given by g(n,,N}. One of these solutions will be j = 0. The
number of soiutions of 4, for the same value of 4, is thus g(n'z,N),
The number of solutions of (%, ;) in the range [[0, N - 1], [0, N - 1]] is thus N. There are an equal

number of solutions to (3.8). Thus, for a given value of p, there are 2V solutions for (k,,k,). Fora

given value of p, ¢ in (3.47) has g{g(n,, ny), N) solutions. The total number of solutions is thus
2Ng(g(ny, m), N).
The number of possible values of p is given by M/g{(g(n,, n,), N) since p has to be a multiple of

glg(ny, m), N). The total number of solutions over all values of p is thus
L, =2Ng(g(n,n)), N)(M / g(g(m,n,),N))= N* (3.56)
Example:

LetN=8,nm=1,m=1

(3.7) can be written as

kj+k,+Nt=p,
g+Nt=p
q=k +k,
k +k,=Ns+gq,

Let p = 0, hence g, = 0, and, (k, &) = (0,0), (1,7), (2,6), (3,5), (4,4), (5,3), (6,2), (7,1) are
solutions. Similarly, there are 8 solutions to (3.8) also, and thus 16 solutions associated with this
value of p. The possible values of p = 0, 1, 2, 3. The total number of solutions over all these

values of p is thus 64.

Case (b): (n;=0,n; #0) or (n; #0, n; = 0)
Assume n;= 0. Thus, (3.46) becomes
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nk,+Nz=p (3.57)
Hence, there are g(n,, N) solutions for 4; which occur in the range [0, &V - 1]. For each solution of

k,, there are N solutions of k; since n; = 0. Accounting for the solutions to (3.8), there are
2Ng(n,, N)solutions for a given value of p. The total number of solutions over all values of p is

thus

L, = 2Ng(ny, NY(N / 2g(n,,N)) = N’ (3.58)
Case (¢): (n,=0,n,=0)
Here, (3.46) becomes

Ok, +0k, +Nz=p (3.59)
Thus all values in (k;,k,) 0 are solutions of (3.59), yielding N’ solutions in the range [[0, N -

1}, [0, N - 1]]. Thus, for all possible values of (n,,n,), the total number of MRT values

Yk(lf}l whose indices (k,, ks, p) solve the equations (3.7) or (3.8) is N”. The summation in (3.45)

would have the termyx, , repeating N*times. To obtainx, , the summation thus needs to be
divided by N?.

(ii) Cancellation of other terms X

Given a termyx, , and another term x, . that occur with positive signs in the expansion of MRT

coefficient Yk(’f’,l , there could possibly be other MRT coefficients in which these two terms occur

together. The frequency indices of the MRT coefficients in which these two terms occur with

positive signs can be found from the solutions of the following equations

({(mk, +n,k))y = p (3.60)
(ke +mpky )y = p (3.61)
Similarly, the terms x, , and x, , could occur in the same MRT coefficient, but with opposite

signs. The frequency indices of such MRT coefficients can be found from
((mk, +mk )y =p (3.62)
((nk,+nk,))y=p+M (3.63)
From the method followed for solution of (3.7), it may be recalled that there are g(g(k;, &), V)

solutions mod N to (3.60). Assume that (ko 4y) 1s a particular solution. Thus, k; has solution

k =k + rz;t and k; has solutionk, = k,, — n;t . Substituting the values of k15 and &y in (3.61),

((n, g = myt) + 1, Uhyg = 1))y = p (3.64)
(kvg, ko) 1s a solution of (3.61) also.
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Hence

((ngkyq + ok Ny = P (3.65)
From (3.64) and (3.61),
(nn, ~myn)t+Nz=0 (3.69)

The number of solutions of ¢ is g(n,n, —n,n,, N). Thus, the total number of common solutions of
(3.60)and (3.61) is g(g(k,.k,), N)g(n,n, —n,n,N).

Similarly, the number of solutions to (3.62) and (3.63) can also be shown to be
g(g(k,k,), N)g(n,n, —nn,N). Thus the terms cancel each other leaving behind only b A

Two other possibilities are that x, , will be both negative for some frequency indices and will be

n

of opposite signs in some other frequency indices. The number of such frequency indices is also

same as the two cases above. Thus, the proof of inverse MRT is complete.

38 Conclusion

2-D MRT, which has been introduced in this chapter, is a new real transform for 2-D signals. It is
formed by grouping data elements on the basis of the twiddle-factor phase to which it
corresponds in the context of the DFT definition. Hence, this is a new way of analyzing a signal,
from the point of view of phase. The MRT thus carries both frequency and phase information.
The MRT is, however, an expansive transform since there are A MRT matrices of size N x N for
a data of size N x N. Among these matrices, there are both zero-valued positions as well as
redundancies. Removal of these could result in a more compact and efficient form of the MRT.
This calls for a detailed study of the phenomenon of redundancy in MRT. Since this analysis

would be simpler to do in a 1-D context, the 1-D version of MRT is presented in Chapter IV.
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Chapter IV
DEVELOPMENT OF FORWARD AND INVERSE 1- D MRT

4.1 Introduction

2-D MRT has been developed and analyzed in chapter III. A detailed study of redundancy that
occurs in 2-D MRT was not taken up in chapter III. Due to the simplification provided by the
reduction of dimension, it would be convenient to develop 1-D MRT and study it completely and
then use this knowledge in further study of 2-D MRT. Hence, in this chapter, the 1-D MRT is
developed, and analyzed in detail. Finally, the 1-D MRT is simplified by removing redundancy to
obtain the 1-D UMRT.

4.2 Forward 1-D MRT

The 1-D MRT Yk“’) of a 1-D sequencex,, 0 <n< N -1, is defined as
YP = Z x, - Z x,, 4.1

VYn=>((nk))y=p Vam((nk))y=p+M
k=012,...N-1, p=0,12,..M-1,and, M=N/2.
In (4.1), &k is the frequency index, and p is the phase index. Thus 1-D MRT maps an array of
length N into M arrays, each of length . Hence the mapping involves computation of MN

coefficients in terms of real additions. The 1-D MRT can also be expressed as

N-1

ASEDIV A 0<k<N-1, 0<p<M-1 (4.1a)
n=0
1, (rkNDy=p
Ak,p,n = ~1’ ((nk)),v =p +M (41b)
0, otherwise

Thus, the kernel 4, ,, maps the data x, into the 1-D MRT Y, k(" ).

4.2.1 Direct 1-D MRT Computation

The 1-D MRT Yk(p) ,k=0,1,2,..N-1, and p=0,12,..M -1, of the given sequence x,,
0<n< N -1, 1s computed as follows, using real additions only.

1) For a given k & p, initialize "’ =0.

2) Foreach value of n, 0 <n <N -1, compute z = ((nk))y

Ifz=p, P =YP +x_,elscifz=p+M, ¥? =¥" —x_, else go to the next value of .
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3) For each value of &£ & p, repeat steps 1-2.

Example 4.1:

Letx=[95 23 61 49 89 76 46 2], N=8,
Then, Y7’ the corresponding MRT of x, is
yO=1441 6 77 6 141 6 77 6]
YP=10-53 047 0 53 0 -47]
Y =1 0 15 48 -15 0 15 48 -15]
Y¥¥'=10 47 0-53 0-47 0 53]

The direct method requires N computations of z and its logical checking for every MRT
coefficient. Computation of all MRT coefficients corresponding to one frequency involves
addition of N data. Thus, the total number of additions involved in the MRT computation
IsSN(N-1).

42,2  Examples

In this section, the relation between 1-D MRT coefficients and data for values of N=4, 6, 8 & 10

are presented.

4221 1-DMRT forN=4

The relations between 1-D MRT coefficients and corresponding data elements, for N = 4, are

given below. The corresponding transform kernel representations 4, , are shown in Figure 4.1.

0y _ 0y _
1. Xy =x,+x +x, +x 2. YV =x-x
M _, _ 0) _ . _ _
. YV =x-x 4. YV =x-x +x,-x
0y _ _ I _
5. WW=—-x,+x, 6. Y'=-x+x
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4222

Figure 4.1: Kernel representation 4y, of 1-D MRT for N=4

1-D MRT for N=6

The relations between MRT coefficients and corresponding data elements, for N = 6, are given

below. The corresponding transform kernel representations Ay, , are shown in Figure 4.2.

1.
3
5
%
9

11
13.

YO =x,+x +x, + 2, +x, +x,
Yl(l)=xl—x4
Yz(z) =X +Xx
KO =

Ys(l) ==X + X

N e

1
1
14

| o< =]

46

Y(°)=xo—x3
Y®=x,-x
Yz(l)'—'—xz —Xs
B =y =0 +xy = x5 +x, — x4
B0 =x-x
: Ys(z) =~k +%,




4.2.2.3

Figure 4.2: Kernel representation 4y, , of a few 1-D MRT coefficients, N = 6

1-D MRT for N=8

0) _
Bimktntn +x,+x,+%+X 4%

0 =5 —
=x-x

3.
Ylm =X, — X4 s,
Yz(o)=x0—x2 +X, =X, 7.
Y3(°) =Xy — X4 9.
P = +x 11.

() = = =
B X=X 4% — %+ % — X + X, ~ %,
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The relations between data elements and corresponding MRT coefficients, for N = 8, are given

below. The graphical representation of some the relations are shown in Figure 4.3.

0=y
P =x,-x,
B =x-x+x-x,
B =x-x
Y =,



13.
15.
47
19.
21.

Figure 4.3: Kernel representation 4y, , of a few 1-D MRT coefficients, N = 8

Ys(o)=xo_x4
Y5(2)=x2—x6

Y =%y =, +x, — %
7O =5,

Y7(2) ==X +X
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14.
16.
18.
20.
22,

YO =—x +x
12 = +x
YP =—x +x,— x5 +x,
Y =—x+x,

(2 = o
Y37 =—x +x;



4.2.2.4 1-D MRT for V=10

The relations between data elements and corresponding MRT coefficients, for N = 10, are given

below.

0) _
Lo Xy =g+ 42, 4 Xy + X+ X+ X+ X+ X X

2. YO =x -x 3. Y0 =x-x,
4. KP=x-x A
6. YW=x,-x 7. 0 =x,+x
8. YV =-x-x 9. Y B =x +x,
10. ¥ =—x,-x 1. Y =x,+x,
122 Y0 =x, ~x, 13. YV =—x,+x,
14, Y2 =x,-x, 15. ¥ =x —x,
16, Y\¥ =—x, +x 17. Y9 =x, +x,
18. ¥ =—x,-x, 19. YP=x,+x
20. Y =-x,-x, 21, Y =x +x,
22, YO =xy—x 4%, - X, X, X5 X — X, + X — X
23. Yéo) =X, +X; 24. Yé(l) =-x; =X,
25, YP =x, +x, 26. Y =—x, - x
27 Y® =x, +x, 28. YO =x,—x,
29. ¥V =x —x 30. YV =—-x +x,
31, Y =—x, +x, 32 Y¥=x,~x
3. 39 =x, +x, 34, ¥V =-x,-x,
35 3P =x, +x, 36. B =—x —x,
37, ¥ =x+x 38. YO =x, - x,
39. Y =—x, +x, 40. Y =-x,+x
41. )’;(3) =-x,+X, 42. YW =-x +x;

4.2.2.5 Observations

The following observations can be made about the relationships between 1-D MRT coefficients

and the data, as laid out in sections 4.2.2.1 - 4.2.2.4 for various values of N.

1) For all values of N, MRT coefficient YO(O’ is made up of the simple addition of all the elements
of the data.
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2) For all values of N, there is one and only one MRT coefficient which is made up of alternate

additions and subtractions among all the elements of the data. Such coefficients are of the

form YA(,O) , as seen in coefficient no. 4 corresponding to N = 4, coefficient no. 8 corresponding to

N =6, and coefficient no. 12 corresponding to N = 8.

3) For all values of N, some MRT coefficients are made up of only a subtraction among two
elements of the data. Examples are in coefficient nos. 2, 3 & 5 corresponding to N = 4.

4) Some MRT coefficients are made up of only one addition among two elements of the data.
Examples are in coefficient nos. 5, 7 & 9 corresponding to N = 6. Some MRT coefficients are
made up of a negated addition among two elements of the data. Examples are in coefficient nos. 6
& 10 corresponding to N= 6.

5) There exist MRT coefficients that are exact negations of other MRT coefficients. If the sign of
such an MRT coefficient is inverted, another MRT coefficient of the same order N is obtained.
Examples for this are the pairs of coefficient nos. 3 & 14 corresponding to N =6, nos. 6 & 11
corresponding to N = 6, and nos. 6 & 39 corresponding to NV =10.

6) There exist MRT coefficients that are exactly equal to other MRT coefficients. More than one
MRT coefficients share the same value for some values of order N. Examples for this are the pairs
2 & 12 corresponding to N= 6, 4 & 32 corresponding to N =10, and 10 & 18 corresponding to N
=10.

7) For any N, ¥”and Y\’ are the only MRT coefficients that involve all the elements of the

data.

4.3 Analysis

From the preliminary observations made above, a detailed analysis of the 1-D MRT coefficients
is necessary. Data elements form positive and negative groups. The phase index of an MRT
coefficient has particular significance. The existence of a 1-D MRT coefficient can be explained
on the basis of number theoretic principles. The conditions of existence relate the phase and
frequency indices. The index of a data element in positive and negative groups can be found
using different methods. It is possible to re-write the forward 1-D MRT in (4.1) in the form of an
arithmetic series. The MRT has physical significance. These aspects are discussed in the

following sub-sections.
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4.3.1 Data Elements in an MRT Coefficient

The first group corresponds to those data elements whose indices satisfy the congruence relation
((nk))y = p, and the second group corresponds to the elements with indices that satisfy the

congruence relation ((nk))y = p + M. Thus there are two congruence relations:

((nk))y =p (4.2)
(k) =p+M (4.3)
(a) Positive Data Group:

The group of data elements whose indices satisfy the congruence relation ((nk))y = p is defined as

the positive data group of the 1-D MRT coefficient Y*.

(b) Negative Data Group:

The group of data elements whose indices satisfy the congruence relation ((nk))y = p + M is

defined as the negative data group of the 1-D MRT coefficient ¥{*.

Example 4.2:
From section 4.2.2.3, the data elements xo, x;, x4 and x;, form the positive group of the MRT
coefﬁcienton), and data elements x;, x3, xs and x;, form the negative group of the MRT

coefficient Y,

4.3.2 Phase Index in MRT

An MRT coefficient has two indices, the frequency index and the phase index. By formal
definition of the MRT, the phase index has values in the range [0, M - 1].

(a) Valid Phase Index

Although the MRT definition is such that the phase index has values in the range [0, M - 1], the

nature of the linear congruence equations involved makes it theoretically possible for the value of
phase index p to have values in the range [0, N - 1]. Given an MRT coetficient¥\”’, a value for

the phase index p in the range [0, N - 1] is defined to be a valid phase index for a given frequency
index kif k | p.

51



Example 4.3:

For N=6,if k=2, then p =0, 2, & 4 satisfy k | p, and hence these are valid phase indices for this

value of k.

(b) Allowable Phase Index

A phase index p is defined to be an allowable phase index if p < M. The allowable phase index
actually is the phase index that is referred to in the formal definition of MRT.

Theorem 4.1

(P) — _ylptM)
Lo ==Y

Proof
The elements n, that are in the positive group of the MRT coefficient ¥” can be found as

solutions of

((nkNy =p (4.4)
The elements 7, that are in the negative group of the MRT coefficient Y{”’can be found as

solutions of
((nk)y =p+M (4.5)
The elements #, that are in the positive group of the MRT coefficient ¥”**) can be found as

solutions of

((nk)y =p+M (4.6)
The elements n, that are in the negative group of the MRT coefﬁcientY,f” *#) can be found as

solutions of

((mk)y =p+M+M = p+ N, which can be written as

(kD = p 4.7
From (4.4) and (4.7), it can be inferred that

n =n, (4.8)
From (4.5) and (4.6), it can be inferred that

n,=n, (4.9)
From (4.8) and (4.9) and the definition of MRT in (4.1),

Yk(p) =Zrza ~an
=an.—Zna,
=—(Z"<,~Z"b')
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= _yf((P*M )

LY =y

4.3.3 Existence of 1-D MRT Coefficient

Equations (4.2) and (4.3) that define the I-D MRT are linear congruences. A basic theorem from
number theory, given in Appendix A.3, provides necessary and sufficient condition for a linear
congruence to be solvable [97]. 1t also gives the number of incongruent solutions if the linear

congruence is solvable, and also a formula for finding the solutions. Using this theorem, the

conditions for existence of MRT coefficient ¥’ for data of order N can be stated as a theorem:

Theorem 4.2

An MRT coefficient ¥ ¥ exists for data of order N if either of the following two conditions is
satisfied:

Condition 1: g(k,N)] p

Condition 2: g(k, N)[(p +M)

If condition 1 holds, there are elements in the positive data group of the MRT coefficient. If

condition 2 holds, there are elements in the negative data group of the MRT coefficient.

Proof

An MRT coefficient Y{” exists for data of order N when there are data elements whose indices

satisfy (4.2) and/or (4.3), in other words, when linear congruences (4.2) and/or (4.3) have

solutions. From Appendix A.3, the necessary and sufficient condition for (4.2) to be solvable is

that g(k,N)[ p. Similarly, g(k,N)!( p+M)becomes the necessary and sufficient condition for
(4.3) to be solvable. Hence, if the two conditions g(k,N )‘ pand/or g(k,N)|(p+M)is satisfied,

an MRT coefficient Yk“” exists for data of given order N . If condition 1 is satisfied, there are

elements in the positive data group, and if condition 2 is satisfied, there are elements in the

negative data group.

From Appendix A.3, a linear congruence ((nk))y = p, if solvable, has g(k, N) solutions mod N.
Hence, n has g(k,N)solutions in the range [0, N - 1] and thus g(k,N)data elements in the
positive group. Also, given np is a member of the positive group (particular solution), the other

solutions are given by n=n, +(N/g(k,N))t, 0 <t <g(k,N), which are, in other words, the

53



other members of the positive group. The solutions of » are congruent modulo N, i.e. if np is a
solution, ny + N is also a solution. Hence, if the value of n obtained from the general solution
exceeds N, it is understood that this value of » actually corresponds to the data element with index
{(n))x. It can be assured that the value of n obtained from the general solution does not exceed N
by assuring that the particular solution n, is the numerically smallest particular solution in the
range [0, N - 1]. The same explanation holds for the number of data elements in the negative
group and also the general expression for data elements, since the structure of the linear
congruence equations corresponding to both groups is the same. In this context, the following can

be concluded:

The indices of the data elements in the positive (or negative) data group of an MRT coefficient

form an arithmetic progression of the form

Ny, Ny + N SNy T 2N SNy + SN no+w, (4.8.1)
g(k,N) g{k,N) g(k.N) gk, N)
given n,is the smallest member of the positive (or negative) data group.
. N
Defining g, = ,
gk N)
(4.8.1) can be written as,
R g+ 8,1+ 28,0 T 38 e ny +(glk,N)-1)g,,or (4.S.1a)
n,+jg,,  J=[0,(gk,N)-1)] (4.8.1b)

4.3.4 Dependence of Phase Index on Frequeney Index

The existence of 1-D MRT coefficients can be studied for their dependence on the frequency

index k.

(a)k=0

When k = 0, the left-hand side of (4.2) becomes g(0, N}, which is equal to N. Thus the condition
for existence of positive group becomes N | p. The only value of p that satisfies this condition is p
= (. Hence, for k = 0, the positive group exists only for p = 0. From (4.3), the condition for
existence of negative group becomes V| (p + M), which is satisfied only when p = M. Hence, the
negative group exists only for p = M, when & = 0. However, from theorem 4.1, this negative
group is only a sign-reversal of the positive group for p = 0. If the value of p is restricted to the

range [0, M — 1] as in (4.1), then the existence condition for negative group is not satisfied by any
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value of p, which implies the non-existence of a negative group. Thus, an MRT coefficient with &

=0 exists only for p = 0, and it has only a positive group.

) k=1

When £ =1, g(4,N)= 1. For this case, the existence condition (4.2) becomes 1 | p. This
condition is satisfied by all values of p in the range [0, A — 1]. Similarly, the negative group
condition in (4.3) is also satisfied by all values of p in this range, since the condition is

1|(p+M). Hence, when £ = 1, MRT coefficients exists for all values of p in the range

[0,M —1]. Also, positive and negative groups exist for all MRT coefficients when k= 1.

Q) k=2

Since Nis even, g(k,N) = 2. The positive group condition here becomes 2 | p. This is satisfied by
all even values of p in the range [0, M — 1]. The negative group condition is 2 | (p + M). The
solutions of this condition depend on the value of N.

(i) M is even: When M is even, 2 | (p + M) is satisfied by all even values of p.

(ii) M is odd: When M is odd, 2 | (p + M) is satisfied by all odd values of p, since the sum of

two odd numbers is even.

In summary, when £ = 2, MRT coefficients have positive groups for even values of p in the range
[0, M —1]. Negative groups exist for odd values of p when M is odd and for even values of p
when M is even. For M even, MRT coefficients with £ = 2 have positive and negative groups for
even p, and MRT coefficients with odd p do not exist. For M odd, MRT coefficients exist for all

values of p, having only positive groups for even p and only negative groups for odd p.

(d) General Value k&

(i) k & N are relatively prime: In this case, g(k,N)= 1. The condition for existence of positive

data group becomes 1 | p, and that for the negative data group becomes 1 | (p + M). These two
conditions are exactly same as those for & = 1. Hence, the conclusions are also the same as that
for k= 1; when g{k,N)= 1, MRT coefficients corresponding to & exist for all values of p in the

range [0, M — 1]. So do positive and negative data groups.

(i1) k is a divisor of N: When £ is a divisor of N, g(k, N)= k. The condition corresponding to (4.2)

here becomes & | p. This condition 1s satisfied when p is a multiple of k. The number of such p in

the range [0, NV - 1] is given by N/k. The values of p are thus p =0, &, 2k ... N - . The condition
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corresponding to (4.3) is now & | (p + M). When & | p, the condition & | (p + M) has solutions only
if k is a divisor of M. This implies that an MRT coefficient has both positive and negative groups
only if k is a divisor of M. If k is not a divisor of M, only one among the positive and negative

groups exists, for a given value of p, as discussed below.

(a) k is a divisor of M: It has been seen in the above paragraph that the valid phase indices for
which MRT coefficients have positive groups are given by p =0, k, 2k ... N—k There are N/k

such valid phase indices. When k& | M is satisfied, negative groups also exist for all these MRT
coefficients. However, from theorem 4.1, Yk(”) =—Y,f" *M) A general term of the series of valid

phase indices can be written as dk, where d is an integer in the range [0, (N/ k) — 1]. Since k | M,

there exists an integer ¢ < M such that ¢k = M. Hence, for a valid phase index p in the range
[0,M —1] (allowable phase index), Y{7*® =Y{#**) =_y» This implies that for every valid
allowable phase index p, there is a valid non-allowable phase index p+ck such that
7P = —y!#*® 'MRT coefficients corresponding to these non-allowable phase indices differ only

in sign from their allowable phase counterparts. Thus, these non-allowable phase indices may be
negiected since they provide MRT coefficients that are sign-reversed versions of MRT
coefficients provided by allowable phase indices. There are thus M / k allowable phase indices
and hence M / k MRT coefficients, the phase indices being given by the arithmetic series p =0, £,
2k, 3k... M — k. MRT coefficients corresponding to these phase indices have both positive and

negative groups simultaneously.

(b) & is not a divisor of M: In this case, for a valid phase index, only one among the positive or
negative groups exists. The valid phase indices still form an arithmetic series p =0, &, 2k ... N -

k. Since k is a non-divisor of M, there does not exist an integer c that satisfies p + ck=p + M, and

hence, the possibility that ¥?’ = ~¥{#***) does not exist. Thus, for p > M, where p is a valid phase
p k & p

index, there is no valid phase index p - M. However, the relation ¥» =-¥*™is still valid.

Thus, for p > M, there exists an allowable but non-valid phase index of value p - M. To express

the MRT corresponding to a valid phase index p > M in terms of an allowable phase index, the
relation ¥# ==Y may be used. When & | p, the condition k | (p + M) has solutions only if &

is a divisor of M. Thus, MRT coefficients formed by valid phase indices have only positive
groups. The negative of the MRT coefficient formed by the valid phase index p greater than M,
p > M is the MRT coefficient formed by the allowable non-valid phase index p - M. Hence, the

positive data group of the MRT coefticient with p > M becomes the negative data group of the
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MRT coefficient with allowable non-valid phase index p — M. Thus, among the M allowable
phase indices, a subset of them consists of valid phase indices, while the other subset consists of
allowable non-valid phase indices of the form p - M that are obtained from valid phase indices

p>M.
The distance between two successive valid phase indices is k. Given an allowable and
numerically smallest valid phase index p, < M, assume that the nearest allowable non-valid phase
index is p,. The valid phase index corresponding to p, is p, = p» + M. Given q is the smallest
integer such that gk > M,

Py =p+gk
This equation can be justified along the following lines. p; is the nearest allowable non-valid
phase index to p, p, is the smallest allowable valid phase index. There does not exist a valid
phase index p, = p; + M. The next valid phase index is thus given by p, = p, + gk, since g is the
smallest integer such that gk > M

PP =gk-M
Since k | NV, there exists an integer ¢ such that N = tk. Hence, M/k = /2. Since £ is not a divisor of
M, 1/2 cannot be an integer. For this, 7 has to be odd. & = N/¢. Since, division of an even number

by an odd number yields an even number, % is even. Since &k | N and k& is even, it follows that
k/2)| M.

Hence,

M=dk/2,deZ

Spy—p =gk—dk/2

Py ~p=2q(k]2)y-dk/2

PP =(2q-d)(k/2)
The value of (2g — d) cannot be greater than 1, since, then in that case,

p-pzk
As assumed earlier, p, is the numerically smallest allowable valid phase index and p; is the first
valid phase index greater than M. Hence, the distance between p,and M has to be lesser than .
Thus, the distance between p, and p; has to be lesser than 4. Hence,

p—p=k/2 (4.10)
The next valid index after p, is given by

Dy=p tk 4.11)
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From (4.10) and (4.11),

Py—py=k/2
If p, is the next valid phase index after p, , then

Pa=py+k (4.12)
p, has a corresponding non-valid allowable phase index p, given by

Pi=pi—M (4.13)
From (4.12) and {4.13),
Ps=py+k

S p—py=k/2

Hence, there is an allowable non-valid phase index between every successive pair of allowable
valid phase indices. The MRT coefficient formed by these allowable non-valid phase indices will

have the same magnitude and opposite sign as the MRT coefficient formed by the corresponding

non-allowable valid phase indices,

The sequence of allowable phase indices would thus be:

k k k
Pos Do +E,p0+k, Do +3-2—, ........... , p0+M~§. (4.8.2)

When £ is not a divisor of M, MRT coefficients exist for these allowable phase indices and they
will have either a positive group or a negative group only. There are N/ k allowable phase indices
in this case, and when % is a non-divisor of M, N/ k is odd. Since k is a divisor of N, the condition
for existence for solutions is £ | p. The smallest value of p that satisfies this condition is p = 0.
Hence, the first valid allowable phase index is po = 0. This phase index corresponds to an MRT
coefficient with a positive group only, and the next allowable phase index is k/2, which
corresponds to an MRT coefficient with a negative group only. This property alternates till the
last allowable phase index M — (k/2) is reached. This last phase index corresponds to an MRT
coefficient with only a positive group, since the total number of allowable phase indices is odd. In
other words, it can be concluded that MRT coefficients with only a positive group have allowable
phase indices that are even multiples of k/2, starting from 0 and ending at (N - k) /2. The
number of such MRT coefficients is hence given by ((N/2k) + (1/2)). Similarly, the MRT
coefficients with only a negative group have allowable phase indices that are odd multiples of

k /2, starting from k/2 and ending at M - k. The number of such MRT coefficients is given by
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((V/2k) - (1/2)). The total number of 1-D MRT coefficients is thus N / k, and the sequence of

allowable phase indices is:

0.5 kak . M-k (4.8.3)
22772 2

The sequence of allowable phase indices that correspond to MRT coefficients having only
positive groups is

0, k,2k,......... J(N-k)/2, (4.5.4)
and the sequence of allowable phase indices that correspond to MRT coefficients having only
negative groups is

k72,302, 5k/) 2y, M —k (4.5.5)

43.5 Particular Solutions for Data Groups
From (4.S.1a), the indices of the elements of the positive (or negative) data group of an 1-D MRT
coefficient form an arithmetic series of the form
PosMo + 8resllg T 28,51y +38 4. ny +(g(k,N)-1g,,
given ng is the smallest member of the positive (or negative) data group. Using this arithmetic
series, the indices of data elements that are present in the positive and negative data groups of an
MRT coefficient can be found out. However, this formula pre-supposes the knowledge of a
particular solution #ny. This sub-section deals with the value of this particular solution. The linear
congruence equation ((nk))y = p is solvable only if g(k,N)|p. Two cases for the value of & need

to be considered here.

(@) k adivisor of N

When & is a divisor of N, g(k,N)= k. Hence, the linear congruence ((nk))y = p has a particular
solution n, = p/k, so that ((nok))n = {((p/R)))y = p-

Theorem 4.3

(a) When £ is a divisor of &, the index n. of the first element in the positive data group of an
MRT coefficient ¥#’is given by n. =p / k.

(b) For k a divisor of M, if data element with index » occurs in the positive data group of an MRT

coefficient ¥’ , then the data element with index n + (M / k) occurs in the negative data group of

the same MRT coefficient.
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(c) The index of first data element in the positive group of an MRT coefficient ¥?’, when & is
not a divisor of M is given by n.= p / k. The index of first data element in the negative group of

an MRT coefficient ¥#’, when & is not a divisor of M is given by n. = (p+M)/k.

Proof

(@) The index of the first element of MRT coefficient ¥{#'is the smallest solution of the
congruence equation, (4.2),

(nk)y=p-
Solutions exist for (4.2) only if g(k,N)divides p, which can be written as g(k,N)| p, i.e. k| p,
since g(k,N)=k.
Since & | p, the smallest solution to (4.2} is n. = p/k, and thus »n. = p/k is the first element in the
positive data group of MRT coefficient Y.

The condition g(k,M )=k is necessary for both positive and negative groups to be present in an

MRT coefficient.

(b) Given ((rk))y = p.
“(n+ %)k))N = Dy + (kD = p+ M

Thus, if data element with index » occurs in the positive group, data element with index n + M/k

occurs in the negative group since ((n + M/ k) y=p + M.

(c) From (4.8.3), when £ is not a divisor of M, the sequence of allowable phase indices is

0. v 3% . M-k
27 >

From (4.8.4), the sequence of allowable phase indices that correspond to MRT coefficients
having only positive groups is

0,k,2k,........... ,M—ﬁ.

2
From (4.8.5), the sequence of allowable phase indices that correspond to MRT coefficients
having only negative groups is

k 3k Sk
2’2727
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The allowable phase indices that provide MRT coefficients with only positive groups are valid
phase indices. Hence, the first data element that satisfies ((nk))y = p is obtained by the straight-
forward division p / k since & | p is satisfied, p being a valid phase index. Hence, index of the first

data element in the positive groupis n,=p/ k.

Also, the allowable phase indices that provide MRT coefficients with only negative groups are
actually non-valid allowable phase indices. Given a non-valid phase index p., the valid phase
index p. corresponding to p. is given by p. = p_+ M. Hence, index of the first data element in the

negative group is n= (p + M)/k.
(b) k, a non-divisor of N

In this case, n, = p/ g(k,N) cannot be a solution since g(k,N)# k. The extended Euclidean

algorithm (Appendix A.5) can be used to find a particular solution for this case.

Example 4.4:

If the existence of MRT coefficient }’2(2) needs to be checked for N = 8, using theorem 4.2, the

sufficient conditions are g(2,8) | 2 and/or g(2,8) | 6. Both of these conditions are satisfied, since
£(2,8)= 2, and both 2 | 2 and 2 | 6 hold. Hence, the MRT coefficient Yz(z) exists for N = 8.

Checking existence of MRT coefficient Y, for N = 8, this MRT coefficient does not exist since
both the necessary conditions g(2,8)|1 and g(2,8)| 5 do not hold. Similarly, (4.S.1) gives the
indices of the data elements that make up the MRT coefficient. The number of coefficients in the
positive group of MRT coefficient ¥* for order 8 is equal to g(2,8)= 2, and in the negative
group of the same MRT coefficient is also g(2,8)= 2. Given nyis an index present in the positive

group {n, can be obtained by finding a particular solution for {4.2), other indices are given by

n=ny+(@8/g(2,8)), where 0<r<g(2,8). Thus,n=no+ 44, 0<1<2.

43.6 1-D MRT: Closed-form Expression

From the definition of MRT, and from the arithmetic series of indices of members in the positive
and negative data groups in (4.S.1a), and, given n, is a member of the positive group, and ». is a

member of the negative group, a 1-D MRT coefficient can be expressed in the following manner:

P — . - -
Ylf —[xn' +)"’++3x +),"’+2gL +xn‘+3g‘ ........... +x’l*+(g(k,‘.\r}_l)gk:|
(4.14)
[X’L +x"_ +g, +x"_ +2g, +xn_ +3g, Fricnreene +x" Helk Ny g, :|
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This can be further simplified as

gk, N)-1

Yk(p) = Z l:xnﬁj& _‘xn-—jgx] (4.14a)

=0
{(4.14a) is a closed-form formula for computing 1-D MRT coefficients. However, an important

requirement in (4.14) is that the index of one member each of the positive and negative groups
respectively needs to be known beforehand. As discussed earlier, the extended Euclidean

algorithm provides these indices.

When £ is a divisor of N, theorem 4.3(a) specifies the value of the index of the first element in the
positive group, n. = p / k. Also, from theorem 4.3(b), there exists a relation between an index in
the positive group and an index in the negative group, given k is a factor of M. Hence, given n., n.
=n, + (M / k). When k is not a divisor of M, theorem 4.3(c) gives the value of phase indices that
correspond to MRT coefficients that have only positive groups, and MRT coefficients that have

only negative groups.

Case 1: Structure of 1-D MRT Coefficient When £ 1s a Divisor of M

When £ is a divisor of M, n, = p / k, and n. = n. + (M / k). Also, g(k,N)= k. Using these

relations to rewrite (4.14),

P _ _
¥ —I:x,_, IR ATRE AEEE A a— +x, (H)h}
K Kk Kk Kk Kk k P
(4.15)
|:sz FXp 3w T Xy sy Xy gy T +X, (2,(_1),,,}
K2k k2 k 2k Kk 2 K %
On further simplification,
k-l
(7 — -
Y= Zl:xjm,_;_ X(2j+DN+2p } (4.15a)
el 2%k

p=0,k2k .. M-k
Case 2: Structure of MRT Coefficient when & is a non-divisor of M

When £ is not a divisor of M, it has been found in section 4.3.4.4 that positive and negative
groups cannot exist together for the same MRT coefficient. For certain values of p, only positive
groups exist. For other values of p, only negative groups exist. As seen, for positive groups,
n" =p/k, and for negative groups, n" = (p + M)/k. An MRT coefficient with only a positive

group has the following form:
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P —
¥ —{x_p TXp N FXp 2y FXp gy X, oy (4.16)
ko Kk k ko kk k

which, when simplified, becomes

k-1
y = Z{xmp } (4.162)

i P

p=0,k 2k ... M~ k2

Similarly, an MRT coefficient with only a negative group has the following form:

Py |
Y9 = [ pibt FXpuag ¥ Xy Tt Xy ey
k k Ok k k k k

(4.17)
which when simplified, becomes

k-1
A _Z{ X e pert } (4.17a)

Jj=0 k

p=k2,3k2,.. M-k
Case 3: Structure of MRT Coefficient when & is co-prime to N

When £ is co-prime to N, g(k,N)= 1. Thus, there is only one element in the positive group and
similarly only one element in the negative group. The values of 7. and s. need to be found out
using the Euclidean algorithm or by trial-and-error method. The MRT coefficient will have the
form
W =x -x, (4.18)
p=0,1,23 ... M-1.

437 Physical Significance of MRT

An MRT coefficient has both frequency and phase indices. In the MRT coefficient Y7, k is a

frequency index, and p is a phase index. In comparison, a DFT coefficient has only one index,
and that is the frequency index. Hence, a distinguishing feature of the MRT coefficient is the
presence of an extra index, the phase index. The presence of this index provides some
information regarding phase of the signal. This point can be best examined from Figure 4.3,

which shows the basis vectors of an MRT coefficient for N = 8. Consider the basis vector for
MRT coefficient YI(O) . The value of the frequency index of this MRT coefficient indicates that the

coefficient provides information about presence of frequency content k£ = 1 in the signal. Hence,
there is a positive peak and a negative peak in the basis vector which indicates one frequency

cycle. The location of the positive peak of the frequency cycle is dependent on the value of this
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phase index. The distance of the negative peak from the positive peak depends on the frequency.
The physical significance of an MRT coefficient is this: the phase index specifies the starting
time of the frequency cycle. The MRT can hence be considered a time-frequency representation
of the input signal. In contrast to the DFT which is a frequency transform, the MRT, though
directly related to the DFT, has localization in time as well as in frequency. Also, MRT
coefficients can be considered to be constituent parts of the DFT; parts which, if weighted by the
exponential kernel, would yield the DFT of the corresponding frequency. For N = 8§, DFT

coefficient Y, can be expressed in terms of corresponding MRTs as

Y, =YW + YWy + YOW + 0wy

44 Redundancy in MRT

In section 4.2.2.5, one of the observations made regarding 1-D MRT is that the coefficients are
sometimes exact negations of other coefficients, i.e. a number of 1-D MRT coefficients can be
obtained by reversing the sign of an MRT coefficient. Also, MRT coefficients are sometimes
exactly equal to other MRT coefficients, i.e. more than one MRT coefficients share the same
values. In general, for certain values of N, a group of MRT coefficients having different
frequency and phase indices, have the same magnitude. The sign of the coefficients may or may
not be the same. This phenomenon can be looked at in different ways. First, it means that the
same information is represented by various MRT coefficients. This implies that such MRT
coefficients share some common properties. MRT is a measure of signal content at a specific
frequency and pertaining to a specific phase/temporal location. Thus, when many MRT
coefficients have the same value, this means that the information conveyed is the same for all
these combinations of frequency and phase indices. Hence, there is an element of predictability
involved between different combinations of frequency and phase on the basis of their associated
MRT coefficients. Secondly, predictability leads to the next aspect of redundancy. The presence
of the same value at different frequency/phase indices indicates an element of redundancy in the
transform. If this repetition can be accurately predicted, then a simpler transform structure can be
evolved by removing the redundant MRT coefficients to yield a transform that has no
redundancy. Hence, a detailed analysis of different redundancies present in MRT coefficients is

performed as follows.
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441 Complete Redundancy

By complete redundancy, it is meant that another MRT coefficient has exactly the same

magnitude as Y;*’ except for a possible difference in sign.

From a basic theorem [98] in number theory,

if

gy =d (4.19)
and h is a multiplication factor, then

((hg) n =hd (4.20)

“edthny

If g(h,N)=1, (4.20) becomes

((hg))y =hd (4.21)
Given Y&, n satisfies

((nk)y = p (4.22)
and n'such that

(n'E)y=p+M (4.23)
If there is /# such that g(h,N)= 1, using (4.19), (4.20) & (4.21),

((n(hk))y = hp (4.24)
and

((n'(rk))y =h(p+M) (4.25)

(n'(hk)))y =hp+hM (4.26)

Since g(h,N)=1, s odd, and hence

hp+hM =hp+M (4.27)
Using (4.27), (4.26) may be written as

((n'(hk))y =hp+ M (4.28)
From the definition of 1-D MRT, and (4.24) & (4.28), it is seen that » and »n' form the MRT
coefficient ¥ . Using (4.22), (4.23), (4.24) & (4.28),

(p) _ y({(hoDy
Yk _Y((hk))«-

If ip> M, then

((hpN)yY . _y(hp=M)
Yewone = Ynen, (4.29)

since
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Yk(p) - _Yk(p—M) - _Yk(p+M)

Hence, the following theorem on redundancy can be stated:

Theorem 4.6
: (7 y s _ y(p)
Given Y, ”’, for all 4 such that g(h,N)=1, "Wy, k- Afor {(hp))y < M, and,
Yoyt _ _y(p)
(k) k- for ((hp))y= M. (4.30)

Theorem 4.6 shows that redundancy can be predicted from the values of N and the values of the
frequency and phase indices. Given a pair of frequency index and phase index (%, p), the
frequency and phase index pairs of all other MRT coefficients that are redundant with respect to
the MRT coefficient with frequency and phase index pair (%, p) can be found out from theorem
4.6, which states that the condition for redundancy is that the multiplication factor that relates the

frequency indices of two redundant MRT coefficients is co-prime to N.

Example 4.5:

Let N = 6. From section 4.2.2.2, it is seen from coefficients nos. 2, 3 & 4 and from 12, 13 & 14
that MRT coefficients corresponding to £ = 5 are completely redundant with those corresponding
to k= 1. Relations of complete redundancy exist also between MRT coefficients with £ = 2 and

k=4. The only integer A, other than 1, in [0, 5], that satisfies g{h,6) = 1, is & = 5. Since
5=({(5x1)), and 4 = ((5 x 2)), this explains redundancy between k=1 & k=5, and k=2 &
k =4, respectively.

4.4.1.1 Significance of Frequency Index

The value of the frequency index # is significant with regard to the predictability of other MRT
coefficients &' from knowledge of MRT coefficient with frequency index k. If k'=hk and
g(h,N) =1, then there exists redundancy between MRT coefficients of the two frequency indices
k& k'.

(a) Frequency index co-prime to N

When £ =1, all those values of &' that are co-prime to N can be obtained from MRT coefficients

with frequency index k= 1,

(b) Frequency index, Divisor of N
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If k' is a divisor of N, then %'cannot be obtained by multiplying an integer k¥ with an integer 4,
k'=hk , such that g(h, N)=1 and &k #k'. This can be explained as follows: Assume that k' can
be expressed as k'=hk,and A#1, and k #1. Then, both 4 and & are divisors of N too. Hence,
gh,Ny=h, and g(k,N)=k. Thus, if either h=1land k#1,0or A#land k=1, then h=k', or
k=k', which is a trivial solution. Thus, there cannot be an 4 such that g{#, N)=1, and MRT

coefficients with frequency indices that are divisors of N cannot be redundant to each other.

(c) Frequency index, Non-prime Non-divisor of N

Assume a frequency index k'exists such that k'=hk, such that g(h,N)=1and k#k'. If k' is

non-prime, it has a non-unity gcd with o, i.e. it has a non-trivial common divisor with N. Hence,
even if it is not a divisor of A, it can be obtained by complete redundancy from the common

divisor.

Theorem 4.7
MRT coefficients with frequency indices that have common gcd w.r.t. N are all completely

redundant to each other.

Proof

Assume k; and k; are two frequency indices that have common ged w.r.t. N.

gk, N)y=k (4.31)

glk,,N)=k (4.32)
Assume A exists such that

g(h,N)=1 (4.33)

From (4.33), # and N have only one common divisor, and it is one. The extra divisors of the
product #k; when compared with divisors of &, will be the divisors of A. Since none of these extra
divisors (except divisor 1) are also present in &, the common divisors among Ak, and N are the

same as the common divisors among k; and ¥, which implies that,

glhk, N) =k (4.34)

((hk))y =hk,—Ng ,if 0<hk -Ng<N, gel (4.35)
Using (4.35) and gcd property

g(((hk\))y,N) = g(hk, — Nq,N) = g(hk,N) = k (4.36)
From (4.32) and (4.36),

ky, =((hk))y (4.37)
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From (4.33) & (4.37), and using theorem 4.6, it can be concluded that frequency indices k; and &
are completely redundant. Hence, theorem is proved.

Example 4.6:

Let N = 8. From section 4.2.2.3, the following relations can be verified:

YO =Y ® =y©® =y ®,

YO =¥ ® =—y® = y®

Y =¥ =¥® =¥ and,

YO =¥ =¥® =y,
Since k = 1, 3, 5 & 7 share the same ged of 1 w.rt. N, there is redundancy among MRT
coefficients of these frequencies. Similarly, sinceg(2,8)=g(6,8)=2,¥" =¥/, and

(2) _ _y()
Y® =-y®,

4.4.1.2 Redundant Frequency Groups

Theorem 4.7 implies that frequency indices can be grouped on the basis of their ged w.r.t. N All
non-divisor frequency indices are related to divisor frequency indices through multiplication
factors / such that g(4, N)=1. Thus the multiplicative factors, that are co-prime to &, are at the
heart of the phenomenon of complete redundancy. The number of possible multiplication factors
that are involved in complete redundancy is given by Euler's totient function ¢(N), defined as the
number of positive integers < N that are co-prime to &, where 1 is counted as being co-prime to
all numbers. Given 1-D MRT coefficients of frequency k=1, there are ¢(N)-1 other frequency
indices whose associated MRT coefficients can be derived from the MRT coefficient with £k =1.
Along with &k =1, these ¢(N)frequency indices thus form the set of frequency indices that have
g(k,N)=1. There are similar sets of frequency indices that have common gecds w.r.t. &, and each
set is associated with a particular divisor of N. The size of this set of frequency indices can be

derived for a divisor k of N. There are ¢(N)possible multiplicative factors that can be used to

generate other members of the set of frequency indices corresponding to k. From theorem 4.6, the

equation for complete redundancy is &'=((hk)), , where g(h,N)=1. Also,

(CrD)y = (Cr+ VD) (4.38)

(4.38) implies that the set of k’that is generated from divisor k is unique only for multiplicative

factors in the set [0, (V / k)-1], and repeats thereafter for the remaining sets of the same length.
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Hence the problem now gets reduced to &'=((hk)),,, where g(h,N/k)=1. The number of such
multiplicative factors & is ¢(N/ k), and these factors are the totatives (Appendix A.6) of N/ k.
Hence, the number of frequency indices that are related by complete redundancy to a frequency

index k is given by @¢(NN / k) and they are obtained by k'=((hk)), where g(h,N/k)=1.

From mumber theory [99]
> éd)=N, ifN>1, (4.39)
diN

From (4.39), the sum of the terms @(N/k)over all divisors of N is given by N,

sincez¢(d )= Z¢(N /d) . Hence, all the N frequency indices k£ =[0, N —1] have been mapped.

AN diN

Thus, all frequency indices of 1-D MRT can be classified on the basis of their gcd w.r.t. N.

Theorem 4.8

There exists one-to-one mapping between phase indices of 1-D MRT coefficients of frequencies &

and k' related through complete redundancy.

Proof

For two MRT coefficients of frequencies k£ and &'that are related through complete redundancy,
the number of phase indices corresponding to each frequency is the same since
g(k,N)=g(k',N), and the number of phase indices is given by N/g(k, N). The phase indices are
in the range [0, M - 1]. From theorem 4.6 on complete redundancy, the relation between phase is
given by p'=((hp)),, g(h,N)=1.Using theorem on reduced residue systems in Appendix A.8,
on multiplication with 4, the resultant set of phase indices p’also will have the same composition
as the original set. Multiplication of the phase indices in {0, M - 1] by # and then performing
modulus w.r.t. M reproduces the set, but with the order of the elements in the set possibly altered.

In this way, the phase indices of MRT coefficients of two completely redundant frequencies are

completely mapped to each other.

Example 4.7:

Let N= 8. From section 4.2.2.3,

0) _ yv(0)
=r",

1y _ vi(3)
Yl - Y} ’

2y — _y(2)
¥ =-¥*", and,

69



Y =y®.
Since k=1 and % =3 are redundant through the co-prime h = 3, the set of phase indices of k=1,
p={0,l,2,3} , when subjected to the operation p'=({(hp)),, would result in p'={0,3,6,1} ,
which reduces to p':{0,3,2,1} after the condition ((fip))y < M is checked and relevant sign

change. Hence, p= {0,1,2,3} mapsto p'= {0,3,2,1} .

4.42 Derived redundancy

The concept of complete redundancy has been presented in section 4.4.1. For N =6, from 2, 3, 4
& 8 in section 4.2.2.2

YO =70 -y ® 4 y® (4.40)
Also, from 1, 5, 6 & 7 in section 4.2.2.2,

YO(O) —Y® - Yz“’ + Yzm (4.41)
For N = 6, all MRT coefficients with & =1combine to re-appear in the MRT coefficient
withk =3. The same happens between MRT coefficients of frequency k=2andk =0. Thus,
although MRT coefficients with & =3and & =0 do not exhibit complete redundancy, they are
actually formed by combinations of unique MRT coefficients of frequency k=land k=2
respectively. These MRT coefficients can thus be derived from combinations of other unique
MRT coefficients. Hence, there exists an element of redundancy in these coefficients, but it is not

complete redundancy. These may thus be called derived redundant coefficients and the

phenomenon may be called derived redundancy.

An MRT coefficient is called a derived MRT coefficient if it can be obtained by a combination of
other MRT coefficients. The main feature in derived redundancy is that more than one MRT
coefficient, all of the same frequency, is completely present in another MRT coefficient of a
different frequency. It is a relationship in which one MRT coefficient ‘4’ completely contains
another MRT coefficient ‘B’, but ‘B’ only partially contains ‘4’. ‘4’ is a combination of other

MRT coefficients, with each of which ‘4’ has the same nature of relationship that it has with ‘B’.

Let Y be an MRT coefficient of type ‘4’, and Y7 be an MRT coefficient of type ‘B’. The
congruence relations for YA("“) are ((nk))y = p, and ((nk))x = p. + M. The congruence relations for

Yk(," Yare ((nk My =pand ((nk"), = p+M . Assume that a relation k'=dk exists between k and

k'. Hence, ((dnk))y=pand ((dnk))y=p+M . ((dnk)),=p may be written as
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((nk))y =p/dif g(d,N)=d, and d|p. In other words, d should be a divisor of N. From
((nk))y = p/d and ((nk))y = pa, p, =p/d . Multiplying both sides of ((nk))y = pa + M by d,
((dnk)y = dp, + dM. If d is odd, this can be written as ((dnk))y = dp. + M, which becomes
((nk")y = p+M . Hence, if there is an odd divisor 4 of N, k'=dk , then derived redundancy
exists between Y’ and Y. Hence, it can be concluded that derived redundancy cannot occur

when N is a power of 2 since N has no odd divisors. For all other even values of &, derived

redundancy occurs since N would have odd divisors. The smallest value of p that satisfies

p,=p/dis obtained whenp <N . Let the lowest phase index among the group of MRT
coefficients of frequency & will be p; = p/d. Other values of the phase indices will be

P, =(p+N)/d,(p+2N)/d etc.

From (4.15), given a frequency index , and a phase p;, MRT coefficient ¥?) has the following

structure:
YP =l x 4x o +X, . +X +x -
5 FXg N T Xp oy Ty sy 5 DN
kK kK k kK k &k %
(4.42)
l:x&l +x&ﬂ +x&ﬂ +x£ TN eeeeeraes +x& m_m,il
k2 k 2k k 2k Kk 2% k2
An MRT coefficient of the same frequency £, but another phase p;, Yk(p ? has,
Py -
Y,f lixﬂ+x&+—,‘/+xﬂ+ﬂ+x&+ﬂ ........... +x& (H)N}
k k & k k k k k k
(4.43)
l:x&ﬁ+x&£ﬂ+x&ﬂ+x& Jp e +x&_ (ZH)M}
Kk kK k& X k&

P = -
% -[x£+x£+ﬁ+x£+zﬂ+xﬂ+yg ........... +x, (H)ﬂ}
P O K
(4.44)
X +x + F X gpgeeernesenes +x
{ p,M T ¥p 3 Txp sm TXp M LLZL‘_U‘_J
P I T O kK
By derived redundancy,
(P) — y(p) (p,) (P}
L =Y +Y7 w4+ (4.45)
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The difference between the index of the first element in the positive group and the index of the

second element in the positive group of MRT coefficient Y{”is g'=N/k'. The difference
between the first index of the positive group of MRT coefficient Yk(”')and the first index of

positive group of MRT coefficient ¥,%is g = (p; — p;)/k. From (4.42), (4.43), (4.44) & (4.45),

derived redundancy occurs when g=g'and p,/k=p/k’.

. EZ(PJ_P;')
Tk k
Nk
~Ap—p)= x (4.46)
pk’
Also, p=+—+—
P

The number of valid phase indices for MRT coefficient ¥”is N/k'. Similarly, the number of
valid phase indices for MRT coefficient Y%’ is N/k. There are %'elements in positive group of
Y{?’, and k elements in positive group of ¥;”’. When derived redundancy exists between MRT

coefficient of higher frequency ¥”’and MRT coefficients of lower frequency ye Yk(p 7 etc.,

the number of MRT coefficients of the lower frequency k that should combine to form one MRT
coefficient of a higher frequency is k% k. There are N /k'MRT coefficients of frequency &', and
N/ k MRT coefficients of frequency k. For N/ k coefficients of frequency & to combine to form
N 7k’ coefficients of frequency k', k' k coefficients of frequency k& need to combine to form one
coefficient of frequency k'. Given py is the smallest valid phase index of the k7kMRT
coefficients of lower frequency & that combine to form the MRT coefficient of higher frequency

k', using (4.46), the valid phase indices of the k'kMRT coefficients form the following

sequence: +ﬁ +2& +3—N—k- +N—Nk
! Pos Do k!,po k',po JREaa » Do iR
Assume there is an integer ¢ such that
Nk
Z=M,
q X

which when simplified becomes,
k'=2qk
Hence, if k'=2¢k, there will be a term p, +gNk/k'= p,+M in the sequence of valid phase

indices, and hence any term p such that p < M will have another term p+gNk/k’'= p+ M in the
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sequence. Thus, MRT coefficient Y”’ will be a sum of MRT coefficients with valid phase indices
that form a sequence which contains elements of the form p and p +M. From theorem 4.1,

(p) . _y(ptM)
Y =-,

Hence, a sum of MRT coefficients having valid phase indices in this sequence will have zero
elements, which implies the non-existence of the MRT coefficient. Hence, for a lower frequency
k and a higher frequency %' that satisfy k'=2gk, it is not possible for MRT coefficients of the
lower frequency to combine to form an MRT coefficient of the higher frequency. The relation
Y = -y """ cannot exist between any two valid phase indices in the above sequence if there
is no integer ¢ such that gNk/k'=M . Hence, there would be non-allowable valid phase indices

that are greater than M and these would have corresponding allowable non-valid phase indices.

The distance between successive valid phase indices is Nk/k'. Given an allowable and
numerically smallest valid phase index p; < M, assume that the nearest allowable non-valid phase
index is p,. The valid phase index corresponding to p; is p, = p, + M . Given q is the smallest

integer such that gNk/k'>M ,

Nk
=D +‘1?
Nk
PP = q?—M (4.47)
For derived redundancy, it is required that
k'=dk
where d is an odd integer.
Ne N
kood’
N _dvk
22K
Using (4.47),
Ne N Ne dNe_ oo Nk
7 k2 7 k2% 2k
Nk
-0, =2q-d
p-p=(2q )Zk‘

The value of (2¢ - d) cannot be even since it is a difference between an even integer 2¢ and an

odd integer d. The value of (2¢ - d) cannot be greater than 1 since then
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- D =
b~ h X

As assumed, p; is the numerically smallest allowable valid phase index and p, is the first valid

phase index greater than M. Hence, the difference between p, and M has to be lesser than

Nk /k'. Thus, the distance between p| and p; has to be lesser than Nk /k’'. Hence,
e
2k’

There is thus an allowable non-valid phase index between every couple of allowable valid phase

P~ D=

indices. The MRT coefficient formed by these allowable non-valid phase indices will have the

same magnitude and opposite sign as the MRT coefticient formed by the corresponding non-

allowable valid phase indices.

The sequence of allowable phase indices would thus be:
PELLIY L S . NN
Do» Do 2k"p0 o » Po Sp , Do T
Hence, the equation for derived redundancy can be stated as:

ety (pe ™ (-) (por L2y
SIS 7 A NS AL L T "

There are N/ k' groups of MRT coefficients of lower frequency & that combine to form N/’
MRT coefficients of higher frequency &'. There are k% kMRT coefficients in each of these
groups. Also, the structure of each of these groups is the same. The smallest possible phase index
for MRT coefficient of frequency %' is given by p = 0. The phase index of the first MRT
coefficient of lower frequency k that are related through derived redundancy to the MRT
coefficient of frequency k' is p; = p/d = 0. The next higher phase index of MRT coefficient of
frequency k' is given by p =k'. The phase index of the first MRT coefficient of lower frequency
k related through derived redundancy to this MRT coefficient of frequency k'and phase &' is
given by p, =k'd =k . Hence, the MRT coefficient of frequency &' and phase p is given by

PNy Nk p M, P+ w——)
Y(p) Y(pd) Y" T +Y" £ Y" %0 Y"

p=0k 2k 3k".... M-k’
In the discussion so far, the assumption has been that & | M. In case this condition does not hold,

the number of MRT coefficients of frequency & is given by N/k. If k | M does not hold, then k'| M
does not hold either. Hence, the number of MRT coefficients of higher frequency k'is given by
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N/k'. For a frequency index k'that is not a divisor of M, from section 4.3.4.4, the sequence of
values of allowable phase indices is given by

po,p0+k?,po+k',p0+3%, ........... ,p0+M—kE.,whercp0=0.
Hence, the MRT coefficient of frequency &'and phase p is given by

Nk p Nk p INK p ., Nk
, B B E (Eet-0)
(p) _ yipid) k k’ 2k d 2k'
FAED A A A A +Y, ,
p=0,kY2,k"3kY2,...... M k"2
In summary,
by S G GHeRMY M) ¢ prenan)
AR AL A +Y, 5 A T Y, , (4.48)

p=0k,2k 3k .. M—k,  ifk|Mk|M
p=0,k /2,k,,3k (2,.., M-k /2, otherwise.

s Ny

k
-1 k
. (p+iM )
ie Y7 = i (-yr* , (4.48a)
=0

J
p=0,k,,2k 3k, ..M~k if k|M,k |M
p=0,k,/2,k, 3k /2,..M—k_ /2, otherwise

Thus, a new representation of the MRT can be derived by removing the various types of

redundancies present in the MRT, as explained in the next section.

Tables 4.1:(a)-(¢) show the mapping between divisors, odd divisors and non-divisors
corresponding to complete redundancy and denved redundancy for various values of N. The
divisors of N are in the first column. The co-primes and odd-divisors of N are in the first row.
Non-divisors are obtained from divisors through multiplication with co-primes and modulus w.r.t.
N. The entire set [0, N — 1] is accounted for in this way, as seen in the tables. Also, there is

derived redundancy relationship through multiplication with odd divisors.
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Table 4.1(a): Complete redundancy and derived redundancy relations for N =6

N=6 Co-prime 0Odd divisor
5 3
1 5 3
2 4 6
3
6

Table 4.1(b): Complete redundancy and derived redundancy relations for N= 12

N=12 Co-primes 0Odd divisors
5 7 11 3

i 5 7 11 3

2 10 6

3 9

4 8 12

6

12

Table 4.1(c): Complete redundancy and derived redundancy relations for N= 18

N=18 Co-primes Odd divisors
5 7 11 13 17 3 9

1 5 7 11 13 17 3 9
2 10 14 4 8 16 6 18
3 15
6 12
9
18
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Table 4.1(d): Complete redundancy and derived redundancy relations for N =24

N=24 Co-primes Odd divisors

5 7 11 13 17 19 23 3

1 5 7 11 13 17 19 23 3

2 10 14 22 6

3 15 21 9

4 20 12

6 18

8 16 24

12

24

Table 4.1(e): Complete redundancy and derived redundancy relations for ¥ = 30

N=30 Co-primes 0dd divisors
7 11 13 17 19 23 29 3 5 15
1 7 11 13 17 19 23 29 3 5 15
2 14 22 26 4 8 16 28 6 10 30
3 21 9 27
5 25
6 12 18 24
10 20
15
30

45 1-D Unique MRT (1-D UMRT)

On the basis of the concepts of complete redundancy and derived redundancy, 1-D MRT
coefficients can be classified as unique and relatively unique. It is seen that MRT coefficients that
are of divisor frequencies, cannot be obtained from other divisors through complete redundancy.
Hence they are called unique MRT coefficients. However, if such divisors are related to other
divisors through multiplication by an odd divisor, then they exhibit derived redundancy. For

example, for N = 6, although ¥ = 3 is a divisor frequency and cannot be obtained through
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complete redundancy from any other divisor frequency, it exhibits derived redundancy since it
can be obtained through derived redundancy from &k = 1 using the odd divisor 3. Such divisors are
thus only relatively unique. Removing the relatively unique divisors frequencies from the group
of unique divisor frequencies, only those divisor frequencies remain which are not related to other
divisor frequencies through multiplication by an odd divisor. These divisors can be considered
absolutely unique. For N = 6, the list of divisor frequencies is given by the set {1, 2, 3, 6}.
Removing relatively unique divisor frequencies 3 & 6 from the set would result in the absolutely
unique divisor set {1, 2}. Absolutely unique divisors should not be expressible in form &'=dk,

where d is an odd integer. Among the divisors of N, the only divisors that satisfy this requirement

are those that are powers of 2, as observed in the above example. If k'=2“, then for any value of
k and odd values of d other than d = 1, k'# dk . Hence, the set of unique divisors of N consists
only of those divisors that are powers of 2. MRT coefficients having unique divisor frequencies
are called unique MRT (UMRT) coefficients. Thus, 1-D UMRT is composed of all MRT

coefficients that have frequencies that are powers of 2.

4.5.1 Number of Unique Coefficients

There are totally MN MRT coefficients, as in section 4.2, for a 1-D signal of length V. It is sought
to determine the exact number of UMRT coefficients. A frequency that is a power of 2 yields
unique coefficients. Since &k = 0 = ((N))y, and N is a power of 2, then £ = 0 is a frequency that
yields a unique coefficient. Similarly, if N is not a power of 2, £ = 0 does not yield UMRT
coefficients. Hence, the set of unique coefficients vary depending on whether ¥ is a power of 2 or

not.

Case 1: N a power of 2

The frequency indices that produce unique coefficients for N power of 2 are themselves powers
of 2. The first frequency index is & = 1, and followed by £ = 2, 4, ..., N. The number of unique

coefficients produced by each frequency index % is given by the number of allowable phase
indices for each frequency index k. From section 4.3.4, for an MRT coefficient Yk(” )to exist, p

should be divisible by &. When & = N, this condition has only one solution for p, p = 0. All other
frequency indices have M / k coefficients each. Hence, the total number of UMRT coefficients is
given by

Tot=1+ ]oiw —

4
=0
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log, M 1
=1+ M Z Y
=0 2

1_ (1/ 2)(]og2 M +l)

=1+M( B

=1+ N(1-27(eD)
“1+ N(-—)
N

=N

Hence, the number of UMRT coefficients, when N 1s a power of 2, is NV,

Case 2: N not a power of 2

Assume k'is the frequency index that is the highest power of 2 and also a divisor of N. Let
N =dk'. Here, d has to be an odd integer; otherwise, if d is even, then %'cannot be the highest
power of 2 that is a divisor of N. Since d is odd, k' cannot be a divisor of M since d/ 2 is not an
integer. There are N /k'valid phase indices and thus N /k'MRT coefficients when k' is not a
divisor of M. All divisors of N that are powers of 2 and lesser than %'are divisors of M. These are
k=124, ..., k'/2. There are M/k MRT coefficients for all these frequency indices. For N not a
power of 2, k= 0 is a frequency that can be obtained by derived redundancy. A frequency k=0
can also be considered to be k= N, since ((V))y =0. This frequency N is related to k' by N =dk’,
where d is odd. This is a sufficient condition for derived redundancy. Hence, unlike the case
when N is a power of 2, & = 0 does not produce an absolutely unique MRT coefficient. Hence, the

total number of UMRT coefficients over all frequencies is given by

N Iog,(k'/Z)M
T0t=—‘+ —[

ko= 2

_ n{~log, (k¥2)-1)

RWE i)
k' (1/2)
I N
k' 2k’
=N

It can thus be concluded that the number of unique MRT coefficients, needed to represent a 1-D
sequence of size N, is N irrespective of the type of N, corresponding to frequencies that are

powers of 2 and divisors of N, starting from k= 1.
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452 1-D UMRT Computation
The 1-D UMRT coefficients can be computed as below:
(i) Napowerof2

N-
0) _
YO - Z Xy
n=0

k-1
YAFP):Z[XM_X(UHJMZ;J} k=2, 0<t<log, M, p=tk, OSts%_l

j=0 k 2k

(i1) N not a power of 2

k-1
Yk“”=Z("f~+p—xm+n~+2p}' k=2, 0sr<(log,k)-1, p=tk, 0srs

ROk 2k k
k-l

Yk('p)=z xjN+p] p=tk OSfﬁﬂ,—l
JON ke ko2

k-1 [
Yk(,p)z—Z[ijpﬂ] p:tk'+%, OStsﬂﬂz

j=0 k
where k' is the highest frequency index that is a power of 2 and also a divisor of V.

4,6 1-D Inverse UMRT

Since there are N 1-D UMRT coefficients, it can be expected that a 1-D signal can be completely
reconstructed from its UMRT representation. Since the MRT is a many-to-many mapping, there
would be many corresponding UMRT coefficients in which x, is present. Hence, the inverse
procedure for recovering x, from UMRT coefficients would logically involve only those UMRT
coefficients in which x, are present. Since the forward MRT is a process of subtraction between
summations of two groups of data elements depending on the value of z = ((nk))y, the inverse
process would also proceed along similar lines. The phase indices of UMRT coefficients in which
x, are present can be found by muitiplying » with each unique frequency. An inverse formuta that

is based on these arguments is presented below along with the relevant proof.

4.6.1 N, apower of 2

Theorem 4.9
Given the UMRT of a 1-D signal of size N, N being a power of 2, the 1-D signal can be
reconstructed from its UMRT by the following formula
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log, M

L yemy g<p<n-1 (4.49)

_1 o
xn—NYO + 2(+l 2'

=0
Proof

The data element that needs to be recovered from the UMRT is given by x,. For any frequency
index k, the value of the phase index p of the UMRT coefficient ¥{* that contains x, is given by

((nk))y = p. Thus for a frequency that is a power of 2, k = 2°, the UMRT coefficient that contains

X, 18 Yz(fza"»” .The UMRT coefficient YO(O’ contains all the elements of the data including x, sifice

(nk))x = 0, Vn, when k = 0. In (4.49), ¥”is multiplied by (1/N), and the other UMRT
coefficients by (1/2°*'). As a result, the x, that is present in these coefficients is multiplied by the
corresponding factors. The resultant factor f that multiplies x, as a result of the summation can

thus be found by adding up these individual multiplication factors.

1 \Dg-,M 1
=—+
f N g 2t+l
1 log, M e
f==1+ > 27D
_ ~—(log, M+l)
ol 1oty
YN 2 1
2
1 1
=—+1--==1.
4 N N

Hence, as a result of the summation, one of the components of the result is the data x,.

A UMRT coefficient Yz(fza"))"’ contains other terms besides x,. For the summation formula to be

correct, these other terms that occur in the various UMRT coefficients Y;,fza"»"' need to vanish. To

prove that they do, the first observation is regarding the smallest frequency index & where any of
the other data elements occur along with x,. Here, Yo(o) is excluded since it contains all data
elements and all these elements have a positive sign. Excluding YO(O) , another element occurs
along with x, first when frequency index & = 1. For example, for N = §, Yl(o) =x, — x, - Hence, if
xg 1s the data to be found, it 1s seen that x; occurs with an opposite sign along with x, in the MRT
coefficient corresponding to & = 1, given by ¥”. From (4.S.1), when &k = 1, g(k, N) = 1, and

hence there is only one data element in both positive and negative groups. Also, from theorem

4.3(b), the distance between an element in the positive group and a corresponding element in the
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negative group is given by M/ k. Hence, the data elements x, and x4, Occur with opposite signs,

in any MRT coefficient ¥”, i.e. having frequency & = 1. Similarly, for frequency index k = 2,

the data element x,., occurs with positive sign since Yz(p V= X, = Xpsas T Xpearz - Xosswia, given

((nk))x = p. From section 4.3, the distance between two successive data elements in a positive or
negative group is given by N/ g(k, N). Since £ is a divisor of M, this distance becomes N/ k. From

theorem 4.3(b), the distance between the first data element in a positive group and the first data
element in a negative group is given by M / k. Hence, if an element x, occurs along with x, in a

UMRT coefficient Yk(" )but with opposite sign as x,, then,

N
n’=n+qaddi (4.50)

where ¢,4; is an odd integer. At the next higher frequency k'=2k , (4.50) becomes

n‘=n+qadd£ 4.51)
k 1
From (4.S.1b), the general form for a data element x,, of same sign present along with element x,

in the MRT coefficient Yk(," )is given by (since &' is a divisor of N, g(k',N) =k")

n'=n+j£ (4.52)
k!
where j =0,1,2,3,... k'~ 1
It is seen that (4.51) is a special case of (4.52). The same holds for any higher frequency of the

form k'=2*. Hence, given k is the smallest frequency index at which any element x; occurs
along with x, with opposite sign as x,, for all higher frequencies 4'=2*, the element x, occurs
along with x,, however, with the same sign as x,. An example can be used from section 4.2,2.3;
for N =8, Yl(o):xo - X4, Y2(°)=xo~x2 + x4 — x5, and Y;o’:xo —x1+ X, —x3+ x4 — X5+ x5 — X7.
Considering data element x,, it is seen that it occurs with opposite sign as xo in Y%, and with
same sign as x, in coefficients of higher frequencies, k =2 & k=4. Conversely, it can also be
concluded that any element x, that occurs with element x, in a UMRT coefficient of a frequency
k'and has the same sign as x, also occurs along with x, in a UMRT coefficient & such that
k'=2*, but having opposite sign as x,.

Given k is the smallest frequency index at which any element x,', occurs along with x, with

opposite sign as x,, the multiplication factor associated with x, from the inverse formula is
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(-1/2k). For all higher frequencies up to M, the multiplication factor ist/2k’, k'= 2k 4k..M.

Thus the sum of the series

1 1 1 1 1

b — L — 4.53
/ N 2k 4k 8k 2M ( )

will provide the value of the multiplication factor fassociated with element x,, .

Assume k = N/q. First the sum of the following series can be found

1 1 1
—+—+..— =1,
4k 8k 2M

log, M 1
fa = +1
J'=l°822/>lf'; 2J

The number of terms in this summation is log, ¢ — 1.

_q (-2"%) g g-2_g-2

vy

AN Y 2N q¢ 2N
From (4.53),
gt L, L L,g-2 9 1.
N 2% N 2 2N 2N 2%

Thus, all other data elements x; that occur along with x, in the various MRT coefficients in the
summation of the inverse formula cancel out, leaving behind only the desired data element x,.
Hence, the formula for inverse UMRT is proved.

Example 4.8

Let N=4, and let x, be the data element to be determined. The unique frequencies are k=0, 1, 2.

The corresponding phase indices ((nk)); are p = 0, 1, 2. YO(O) =Xy X+ X, X5, Y,(” =X, = X;,

Yz(z) =—Y2(°) =—X, +X — X, +x;. The associated multiplication factors in (4.49) for these three
MRT coefficients are 1/4, 1/2, and 1/4 respectively. First, the effect of the multiplication factors
on x; when using (4.49) can be calculated. It is seen that the sum of these factors gives 1, thus
ensuring x, is available as the result of (4.49). The sum of the multiplication factors for x, gives

1/4 — 1/4 = 0. For x;, this is 1/4 — 1/4 = 0. For x,, this becomes 1/4 — 1/2 + 1/4 = 0. Thus, xy, x3

and x; cancel out, leaving behind only x,.
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4.6.2 N, Not a power of 2

Theorem 4.10
Given the UMRT of a 1-D signal of size N, N not being a power of 2, the 1-D signal can be
reconstructed from its UMRT by the following formula

1 . log, k'~1 1 .
X, :;Yk‘."'" gy -2—[;);(}2 My (4.54)
=0

where k'is the highest frequency index that is a power of 2 and also a divisor of M.

Proof
The data element that needs to be recovered from the UMRT is given by x,. For any frequency

index £, the value of the phase index p of the UMRT coefficient ¥? that contains x, is given by

{(nk))y = p. Thus for a frequency index that is a power of 2, k = 2% the UMRT coefficient that
contains x, is Y@ The UMRT coefficient Y is multiplied by (1/k"), and the other
2 k

UMRT coefficients are multiplied by (1/2""'). The resultant factor £ that multiplies x,, as a result of
the summation can be proved to be using the same method used in section 4.6.1 for case 1.
Similarly, using the method adopted for case 1 in section 4.6.1, it can also be shown that other
data elements other than x, cancel out in the summation, leaving behind only the desired data

element x,. Hence, the proposed formula is proved.

4.6.3 Anyeven N

From (4.49) and (4.54), for the two categories of values of &, it can be observed that the structure
of both formulae is similar. In both, there is a summation term and a second term that contains
only one UMRT coefficient. First, a comparison can be made between the two single-coefficient
terms of both equations. The denominator in (4.49) for this term is N, while the denominator in
(4.54) for the same term is k'. N is the order of the data, while &' is the highest power-of-2
divisor of N. When N is a power of 2, the value of k' is actually equal to N. Hence, the
denominator for these terms in (4.49) and (4.54) can be generalized as k', the highest power-of-2
divisor of &, irrespective of whether N is a power of 2 or otherwise. However, the frequency
index of the first term in (4.49) is zero, while that of the corresponding term in (4.54) is k'. A
generalizing term for both these values is (( £*))y. This term becomes zero for values of N that are
powers of 2, and it remains k'for other values of N. Next, the summation terms in (4.49) and

(4.54) may be compared with each other. The upper limit of the summation in (4.49) is log;M
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while it is logy(£')-1 in (4.54). As discussed above, for N a power of 2, k'= N. Hence the term
log,(k*)-1 becomes log,(V)-1 which is equal to log,M. Thus the upper limit can be generalized
to the term logy( k')-1. There is no further difference between (4.49) and (4.54). Thus, in light of
these observations, (4.54) can be generalized to be applicable to any even value of N. Hence, the
following equation can be used for signal reconstruction from UMRT, for a signal of size N, N

being any even.

Ly, " 1 iy
—_ )y a)lx
x" - ka((k'))_v Y z 2r+1 YZ’ (4'55)
t=0

where k' is the highest power-of-2 divisor of V.
{4.55) makes use of the relation¥?) =—-Y{#**) given by theorem 4.1. (4.55) can also be

expressed in a way that shows the duality in the inverse transform relation with the forward

transform. Then there would be a need for checking if the value of ((nk)),s exceeds M or not.

As an example, (4.55) can be used to reconstruct the 8-point 1-D sequence used as an example in

section (4.2.1). Since N=8, £'=8, and 7 in the summation in (4.55) takes the values 0, 1, & 2.

Table 4.2: Example showing reconstruction of 8-point 1-D sequence using inverse 1-D UMRT.

N 0 1 2 3 4 5 6 7

(k=%), YO /g | 55125 | 55125 | 35.125 | 55125 | $5.125 | 55125 | 55.125 | 55.12

(t=0), Y /2 3 -26.5 75 235 3 26.5 75 | 235

(=1, Y@ 4 | 1925 12| 1925 [ -12 19.25 12 | 1925 | 12

(t=2) yu@ms) g 17.625 | -17.625 17.625 | -17.625 17.625 | -17.625 17.625 | -17.625
> L4

Xp 95 23 61 49 89 76 46 2

Number of computations:

From (4.55), it is seen that in order to reconstruct a data element, an MRT coefficient of each
power-of-2 divisor frequency is required. The total number of MRT coefficients required is hence
given by the number of power-of-2 divisors of N. Given k'is the highest power-of-2 divisor of N,
the number of power-of-2 divisors of N is given by log, k' + 1, which thus gives the number of
MRT coefficients involved in the computation of each data element. Also, each of the

corresponding MRT coefficients needs to be multiplied by a scaling factor. Table 4.3 shows the
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number of UMRT coefficients required for computing 1-D inverse UMRT for different values of
N.

Table 4.3: Number of UMRT coefficients involved in inverse 1-D UMRT for a few values of N.

N k’ log k' +1
4 4 3
6 2 2
8 8 4
10 2 2
12 4 3
14 2 2
16 16 5
18 2 2
20 4 3

4.7 1-D Signal Representation

In section 4.5, it is shown that a 1-D signal of size N could be represented by using 1-D UMRT
coefficients with frequencies that are powers of 2. It is also shown that the number of such
UMRT coefficients is equal to N. However, there are applications which need non-power-of-2
frequencies in the signal representation. Thus some of the UMRT coefficients can be replaced by
exploiting the derived redundancy relationship between the UMRT coefficients and MRT
coefficients having non-power-of-2 frequencies. Hence, from the UMRT coefficients spread over
M arrays of the MRT, it is required to form a single array of N UMRT coefficients to represent
the 1-D signal in the UMRT domain. Both of these representations are proposed in the following

sub-sections.

4.7.1 Representation using 1-D UMRT

MRT coefficients of a 1-D signal have two indices, the frequency index 4 and the phase index p.
It is sought to arrive at a 1-D array comprising UMRT coefficients. Hence, there is a need for a
mapping from the indices (£, p) of a UMRT coefficient to the position v of that coefficient in the
1-D transform array. This mapping needs to be known in the reverse direction also, from the
position index to the frequency and phase indices. The following mapping is proposed to this

effect. x4 is the largest divisor of V that is also a power of 2. The mapping is done in such a way
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that MRT coefficients appear in the 1-D array in ascending order of the frequency. Since k= 0
corresponds to k= N, MRT coefficients with frequency £ = 0 appears last.
(k,p) > v:

k'=ky, /2 }

w=N-M/k Jor k=l D

k'=k
k#=((k
o N-NIE } for k= (U Dy
v=v +|p/k']
Similarly, the reverse mapping relations are given by the following relations:

v (k, p)

N-N/k<v<N-N/2k

k={1,2,4,8..k,/2} v<N-N/k,
p=k(v=-N+N/k)
ke=((k
(U D VEN-NIE,
p=ky(v=N+N/k,)/2 »

Tables 4.4 and 4.5 shows the mappings for N =8 and 12 respectively.

Table 4.4: Proposed mapping between 1-D UMRT indices and array indices, for N= 8

kpy | L,O) | (LD | (1,2) | (1) | 20 | 22 | 40 | (0,0)

v 0 1 2 3 4 5 6 7

Fable 4.5: Proposed mapping between 1-D UMRT indices and array indices, for N= 12

(kp) | (1,0) | (LD) [(1L2) | (L3) | (14 | (LS [(2.0) | (22) [ (24) [(40) | (42) | (44)
v 0 1 2 3 4 5 6 7 8 9 10 11

472 Representation associating derived redundancy to UMRT

In sec. 4.7.1, a 1-D signal was represented in the UMRT domain in terms of power-of-2
frequencies. However, the derived redundancy that exists between these UMRT frequencies and
other frequencies allows for alternate representations of the 1-D signal using MRT coefficients.

Consider an example, N = 12. The set of UMRT frequencies, defined here as the basic set of
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frequencies, corresponding to this value of N, is k= {1, 2, 4}. There exists one odd divisor of N, d
= 3, which gives rise to derived redundancy between each frequency in the basic set and a

corresponding frequency given by ((dk))y. The relevant equations are given below.

Y3(0) — YI(O) ﬁYl(2) +Yl(4)

Y3(3) — Yl(l) _Yl(3) +YI(S)

Y()(O) - YZ(O) _ YZ(Z) + Y2(4)

YO(O) — Y4(0) _};(2) +Y4(4)
In the signal representation proposed in section 4.7.1, the set of UMRT coefficients on the RHS
of the equations above could be used for a UMRT representation of the signal since they
correspond to the power-of-2 frequencies. Now, a possible alternative method of representation is
to replace one element each from the RHS of these equations with the corresponding derived
MRT coefficient on the LHS in the UMRT representation of the 1-D signal. In the method

proposed earlier, the output would be the set of UMRT coefficients {YX(O) YI(I) YI(Z) YI(3) VAN
7O v r® y® v® v v} In the presently proposed method, ¥,'¥’ would be replaced
by its corresponding derived MRT coefficient ¥, and similarly YI“) by, 1,2 by¥”, and
Y@ by ¥{®. The output set is now given by {¥@ ¥ y@ y® y® y® y©® ¢y y® y©

¥® ¥/}, The inverse transform developed in section 4.6 requires all the MRT coefficients of

the basic frequencies. Hence, in order to obtain the 1-D signal from the present set of MRT
coefficients, coefficients corresponding to all the UMRT frequencies are required. However, the
entire set of coefficients corresponding to the UMRT frequencies is not available in this method,
since some of them have been replaced by derived MRT coefficients. However, using the derived
redundancy equations, the replaced UMRT frequency coefficients can be obtained from the
coefficients actually available in the set of output coefficients. Once the entire set of UMRT

coefficients is available, the 1-D signal can be obtained by performing the inverse UMRT on this

set of coefficients.

Formalizing the above, let N have n odd divisors. Hence, all of these divisors would produce
derived redundancy. Also, let k'be the highest power-of-2 divisor of N. Hence, the UMRT set of
frequencies 1s given by {1 2 4 8 ... k'}. Each of these frequencies would have corresponding
derived frequencies obtained from products with the odd divisors. Let the set of odd divisors be

given by {x; x; ... x,}. Let k, be a frequency related to a UMRT frequency & through derived
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redundancy. The derived redundancy equations relating MRT coefficients of frequencies &, and &
are recalled here from (4.48):

k k k k k k
e G G2 ((p#3M) (AP CE-DMY

P =15 -¥, +1 % Y, +..+ Y5

p=0k 2k 3k ..M~k if k| M,k |M

p=0,k /2,k 3k /2,..M~k_ /2, otherwise

The proposed method is to replace one of the MRT coefficients on the RHS by the MRT

coefficient on the LHS, i.e. ¥;”’. There are &, /k MRT coefficients on the RHS. One among these

has to be chosen to be replaced by Y”’ in the output set. A logical choice is to choose the
coefficient in the centre among the RHS coefficients. The serial position of this coefficient is

k k
C-(p+((=2-1Y2)M )
iven b (1‘L+1).-/2. The MRT coefficient corresponding to this position is ¥, “ k . Hence,
g Y G, P g p X

K,k
( (p((-1))M)
the coefficient Y, k g among the set of UMRT coefficients of frequency k is replaced

by the derived coefficient Y,ff’ ). Since, there are M/k, derived-frequency coefficients, M/k, UMRT

coefficients are replaced in this manner by the corresponding derived frequency MRT
coefficients. After this replacement, there are only (M/k — M/k,) UMRT coefficients of frequency
k remaining in the output set. Half of them occur serially before the M/k, derived frequency
replacement coefficients in the output set, and half of them after. The sequence of phase indices
of the first half of these UMRT frequency coefficients is given by p = 0, &, 24, ....((1/2)}(M/k —
Mik)-Dk. The sequence of the latter half is given by p = (M-(1/2)(M/k — Mik)-1k, (M-(1/2) (M/k
- Mik )k, (M-(172) (M/k — Mik)tDk, .... , M-k. Thus, the proposed placement of the output
coefficients has been arrived at. But this has been done only for one derived frequency. However,
in the general case, there can be more than one odd divisor of N, and hence more than one derived
frequency for a UMRT frequency. Here arises the problem of forming the output set of
coefficients containing coefficients from all the UMRT frequencies and the derived frequencies.
Thus, in the placement method exchange the UMRT frequency with the corresponding derived
frequency coefficient. The following procedure is proposed for ¥ = 1 and its derived frequencies.
By using relevant values for the starting and ending serial positions for each frequency in a 1-D
array, the following steps can be used for all UMRT frequencies and their associated derived
redundancy frequencies:

1) All odd divisors are sorted in ascending order.
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2) The value (1/2) {(M/k — M/k,) + 1 is calculated for each k,. This is the serial position of the first
derived frequency coefficient of frequency %, in the output set. Also, the value M~(1/2) (M/k —
Mk} is calculated. This is the serial position of the last derived frequency coefficient of
frequency £, in the output set.

3) For each k,, starting from the smallest value, coefficients of frequency %, are placed at locations
starting from the above-calculated first serial position until a first serial position corresponding to
the next higher value of &, is reached.

4) For each k,, starting from the smallest value, coefficients of frequency £, are placed at locations
starting from the above-calculated last serial position until a last serial position corresponding to
the next higher value of %, is reached.

5) For the highest value of %,, all MRT coefficients of £, will be present in the output set.

Figure 4.4(a) shows the array of UMRT coefficients of N = 12 which is modified according to the
proposed placement method for derived and basic frequency MRT coefficients to yield the new

array shown in Figure 4.4(b).

Also, it is possible to replace any of the UMRT coefficients of power-of-2 frequencies with

UMRT coefficients that are completely redundant with the former.

(0) €] (2) (3) 4) (5) {0) (2) 4) ()] (2) (4)
rO [0 [y [y [y [y [y [ @ [y [ rO T v,

(a)
YO [ YO yO y® [ y@ x| y@ | y@ | y@ | YO | v | v®

]

(b)

Figure 4.4: (a) - Placement of UMRT coefficients for N =12, (b) - Proposed placement of MRT and
UMRT coefficients for N= 12

The 1-D signal can be reconstructed from the above UMRT representation, including non power-
of-2 frequencies, by the following method. The signal reconstruction using the inverse UMRT, all
the coefficients corresponding to the power-of-2 frequencies are required. Since in the present
representation consists of coefficients corresponding to power-of-2 frequencies as well as derived

non-power-of-2 frequencies, the preliminary task is to re-convert the derived frequency
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coefficients into their corresponding power-of-2 frequency coefficients. From (4.48a), relating a

derived frequency coefficient £, with its power-of-2 frequency counterpart k:
Tt
Yk(.v) — i (-7, K ,
=0

p=0k 2k 3k ..M~k if k| M,k |M
p=0,k /2,k 3k /2,...M—k_ /2, otherwise

3%ps
In the alternate representation using non-power-of-2 frequencies, the power-of-2 frequency

ko k
(—(p+((/-DI2)M )}
coefficient ¥, * is replaced by the derived frequency coefficient Yk“’ ). Hence, during

the reconstruction, the reverse process needs to be performed, i.e. the coefficient Yk(” ) is to be

&

Gy
replaced by the coefficient Y, *

. The reconstruction formula may be written as

k
-
) (—: (p+iM))

1.k
k., 1k 1 & (-3 ko (==
(=(p+- (T -DMY) (% 2 o (e M) & .
kT2 k 3 2 k
Yk ", =(_1)2 k Yk(,p)" (_DJYk , - 2: ("l)JYk (4.56)
=0 = ’;+1)

A i e
From (4.56), it is seen that higher the value of %,, the number of coefficients that are in the first
half of the set of power-of-2 frequency coefficients in the output is higher. The same is true for
the number of coefficients in the latter half of the set of UMRT frequency coefficients. This also
implies that the number of UMRT frequency coefficients replaced by derived frequency

coefficients is lesser, higher the value of %,. Hence, lower the value of &,, more the number of

replaced UMRT frequency coefficients.

4.8 Conclusion

1-D MRT is a new representation of 1-D signals and involves only real additions. However, the
MRT is expansive and redundant. The 1-D UMRT removes these features of MRT to give a real,
invertible, non-expansive 1-D signal transform for any even value of N. The derived redundancy
property of the transform ensures flexibility in signal representation by allowing for inter-
frequency conversion. A 2-D counterpart for the 1-D UMRT, sharing the inversion and non-
expansion properties, could be a useful tool for 2-D signal processing. The study of complete

redundancy in 2-D MRT is performed to denive 2-D UMRT and is presented in Chapter V.,
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Chapter V
DEVELOPMENT OF FORWARD AND INVERSE 2-D UMRT

5.1 Introduction

The occurrence of redundancy in 2-D MRT is observed in section 3.2, and a detailed study of
redundancy in 1-D MRT is performed in section 4.4. In this chapter, the study of redundancy
performed in Chapter IV is extended to the 2-D MRT. Complete redundancy in 2-D MRT is
investigated, and 2-D UMRT is developed by eliminating complete redundancy in 2-D MRT.

5.2 Redundancy in 2-D MRT

The 2-D MRT is developed with the assumption that the data is a square matrix of size N x N,
where N is even. It is observed in sec. 4.4.1.2 that the divisors of ¥ form groups comprising of the
divisor and associated non-divisors, where all members of the group have a common ged w.r.t. N.
Extending this result to 2-D signals, rows and columns can be classified into divisor
rows/columns and non-divisor rows/columns. The mapping between each divisor and related non-
divisors in the case of 1-D translates to mapping between rows/columns and non-divisor
rows/columns. Complete redundancy can exist between divisor columns and non-divisor
columns, and also within divisor columns. These issues are studied and expressions for the
number of unique frequencies and the number of UMRT coefficients derived in the following

sections.

5.2.1 Mapping of Divisors

It can be recalled from section 4.4.1.2 that integers in the range [0, N - 1] form groups on the
basis of their respective gcd w.r.t. N. For eg, for N = §, each element in the set of integers {1, 3, 5,
7} share the common ged of 1 w.r.t. N. Similarly, the common ged is 2 for the set {2, 6}, 4 for
{4}, and 8 for {0}. In each group, one element is a divisor of &, and the other elements can be
derived from this divisor element by multiplication with integers that are co-prime to V. For
example, in the set {2, 6}, 6 can be obtained by multiplying 2 with 3, 3 being co-prime to 8.
These divisors, 0, 1, 2, 4 thus form the generators of the non-divisors for N = 8. In this manner,
all non-divisors can be mapped to the divisors of any even N. Hence, each divisor along with its
set of associated non-divisors can be considered to be a group identified by the common gcd of
all the elements in the group, and this ged is equal to the value of the divisor. Since each divisor

has an associated ged group, the number of such groups is equal to the number of divisors of .

92



This property is used in analyzing the redundancy in 2-D MRT. The analysis can the done in
terms of rows or columns. In the following sections, although a column-wise approach is used,

the concepts developed apply equally to rows as well.

5.2.2 Divisor Columns

A divisor column is defined as the set of frequencies (k,k,) where k; = [0, N - 1], and k; is a
divisor of N. Consider the operation ({{(/tk())n,((#k2))v}, where g(h,N)=1. Since k, is a divisor,

the product ({1k;))x will produce another element in the group of integers that share a common
value of k, for the ged w.r.t. N. Also, ((#k;))w is 2 non-divisor of N. The product ((#k)))y will
similarly produce a value that has the same ged w.r.t. N as & has. Since &; = [0, N - 1], k; can
belong to any one of the groups corresponding to the common ged w.r.t. N. Multiplication of each
ky in the range [0, N - 1] with a co-priine to N implies multiplication of each gcd group in the
same range with a co-prime to N. The result of each product is the same group, however with the
position of the elements within the group altered. For example, when N = 8, multiplying the ged
group corresponding to ged 1, {1, 3, 5, 7}, with the co-prime 5 and taking the modulus w.r.t. N =
8 results in the group {5, 7, 1, 3}, and the similar operation with the ged group corresponding to
ged 2, {2, 6}, results in the same group {2, 6}. Thus, the union of all these product groups would
still form the set of integers in the range [0, N - 1]. Hence, the product ((hk))y for k=[0, N - 1]
maps in a one-to-one manner to integers in the range [0, N - 1]. In conclusion, the operation
(R D), ((Ako))n) signifies another column, and since ((hky))y 1s a non-divisor of N, the new
column is a non-divisor column. In this way, the N columns of the N x N matrix can be classified
into divisor columns and non-divisor columns. Similarly, the N rows can also be classified into
divisor rows and non-divisor rows. Since the mapping between divisor columns and non-divisor
columns takes place through multiplication by a co-prime to N, using theorem 4.6, there is
complete redundancy between the divisor columns and corresponding non-divisor columns. This

1s studied in section 5.2.3

523 Complete Redundancy between Columns

Since non-divisor columns are completely redundant with divisor columns, the divisor columns
can be considered unique columns, and the number of unique columns is thus equal to the number
of divisors of N. Since there is complete redundancy between the divisor columns and
corresponding non-divisor columns, from the knowledge of the MRT coefficients corresponding
to the divisor columns, the MRT coetficients corresponding to all the non-divisor columns can be

found. The number of non-divisor columns that are redundant with a divisor column can be
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obtained by extending the results of section 4.4.1.2. From that section, the number of non-divisors

that are related by complete redundancy to a divisor k is given by ¢(N/k) and they are obtained
by k' = ((hk))wu where g(h,N/k)=1. Hence, given a divisor column ([0, N - 1], k;), the number
of columns completely redundant with this divisor column is given by ¢(N/k,) . For example,
when N = 8, there are ¢(N/k,) = ¢(4) =2 redundant columns when k; = 2, as can be observed in

Figure 3.1. Complete redundancy can exist within divisor columns also. From a certain number of
unique frequencies within a divisor column, all other indices of the divisor column can be
obtained through complete redundancy. This is discussed in section 5.2.4, where an expression
for the number of unique frequencies (k,,) where k satisfies g(k, ¥) = k, for a given column £; is

obtained.

5.2.4 Complete Redundancy within Divisor Columns

Given a frequency (4,,k,), complete redundancy exists within the column k; if ((hky))y = ka,
given g(h,N)=1. ((hk2))y = k, being a congruence equation, from Appendix A.3, the general
solution for 4 is given by h=hy+ Nt/ g(k,,N), 0 <t <N - g(k,,N), hy = 1. From section
4.4.1.2, the number of integers that share a common gcd &, w.r.t. N, is given by ¢(N/k,) . Hence,
the number of co-primes in the set of co-primes to N that are sufficient to generate all elements in
the gcd group corresponding to k; is also given by ¢(N/k,). The number of co-primes to N is
given by #(N). From among these ¢(N)co-primes, since only ¢(N/k,) are needed to generate
the ged group, more than one co-prime among the set of @(N)co-primes maps to the same
element in the gcd group, and thus more than one co-prime maps k; to itself. The number of co-
primes that maps an element in a gcd group to itself is thus given by @§(N)/ HN/k,) = i(k;).

Thus, the number of co-primes 4 that satisty ((hk;))y = k2 and g(h, N) = 1 is also /(k,).
Let Nbe

9
N= H};.a' (5 1)
=l
The totient function (Appendix A.7), is defined as

#(N)=N-= — (5.2)
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Let k, = li[r‘.w‘ (5.3)

=l

9
Niky=[]r™ (5.4)
=]
fl (n-1
¢(N/k2)=(N/k2)’i‘;V‘_=’i;.‘”¥— (5.5)
f;-
Visva 2w,
(rn-=1
() = g(N)Y G(N | k) = by =2 (5.6)
f;-
i=1,Vi=a,=w,

I(k,) is the number of co-primes that cause k; to be mapped to itself by ((4k2))s. If the same co-
prime 4 maps & such that ((hk;))x # ki, then this is an example of redundancy within divisor
column k,. However, if ((hk,))v= ki & ((hk2))w = ka, then (((hk))w.(hk2))w) = (k,k;) - Thisis only
a trivial form of redundancy. Within a column, the 4, indices from [0, N - 1] can be grouped on
the basis of their ged w.r.t. N. I(k) is the number of co-primes that map an element of ged group &
to itself.
Example 5-1:
Let N=24 and (k), k2) = (2,3).
Totatives of N= {1, 5,7, 11, 13, 17, 19, 23}

H(N)=¢(24) =8

(N /k,)=¢(8) =4

I(ky) = B(N) 1 BN [ oy) =2
Let elements counted by /(k;) form the set of co-primes L(k;). In example 5.1, L(ky) = {1, 17}.
The totatives of N can be divided into two sets of 4 co-primes each for the case &, = 3. A pair of
co-primes from each group have the property that they map a member of the gecd set
corresponding to k; = 3 to the same member itself. The co-prime pair {1, 17} has this property. If
any element of divisor column 3 is multiplied with either of the co-primes 1 or 17, the resultant
product also belongs in the same divisor column, since ({1 x 3)),,=((17 x 3)),4 = 3. Hence, given
any element in divisor column &, whose first index belongs to a ged set, multiplication with co-
primes 1 and 17 ensures that the product element also is in the same divisor column with a first

index that is in the same gcd set. This resultant element is thus redundant with the original
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element, and this is an example of redundancy within the same column, provided the resuitant
product of the first index is not equal to the first index of the original element. In that case, the
original element has simply mapped to itself, thus it is a case of trivial redundancy, i.e. ((2k1))ns
((hkx))x) = (k,k,). Hence, two conditions must be satisfied for redundancy within the same

column:

1) The second index should map to itself ({(k;))y = k), and,

2) The first index should not map to itself ((k\)n # k)).
In other words, the set of co-primes that map #; to itself (1 & 17 in the example above) and the set
of co-primes that map the first index k; to itself should not have any common elements (other
than 1, which corresponds to trivial redundancy). From Appendix A.3, a co-prime that maps a

divisor to itself has the general equation

h=ho+ Nt/ g(k,,N),0<¢t< glk,,N), ho=1 (5.7
Since divisors are under consideration here, g(k,, N) = k,, and (5.7) can be written as

hy=1+Nt/k, 05, < ky (5.8)
Similarly, corresponding co-primes for &, have the form

h =1+ Nt/k, 0<t <k (5.9
If there are common elements among 4, and &, then, for some value of ¢, and #,,

hy=hy=h. (5.10)
For such values, from (5.8) - (5.10),

Ntk = Nty/k, (5.11)

tiky = thky (5.12)

tiky - ki =0 (5.13)

From (5.13) and Appendix A.2, t; has g(k,,k,) solutions mod &, and #, has g(k,,k,) solutions
mod k,. Hence, the number of common elements among 4, and 4, is given by g(k,,k;).

A particular solution for (5.13) is #; = 0, t, = 0. General solutions are given by

t = qik/glk, k), = qholglk, k) q1g2 € Z (5.14)
From (5.8) & (5.14),

hy =1+ N(gk/g(ky, ko)) ks (5.15)

=1+ Maq/gki, k2)) (5.16)

Similarly,

hy =1+ Ng/gk, k) 5.17)
(5.16) and (5.17) can be combined as

h=1+ Nglg(ki, k2), (5.18)
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(5.18) is the equation for the integers that map the pair (k;,k,) to itself. But there is the additional
requirement that 4 is a co-prime number. The number of such co-primes /4 is hence given by
I(g(k,,k,)). Hence, the number of co-primes that satisfy the condition (((hk\))n,((Fk2))w) =
(k,k,) is given by /(g(k,,k,)). This implies that the number of frequency indices completely
redundant with a given frequency index (ky, k) is given by ¢(N)/I(g(k,,k,)), which, using (5.6),
becomes ¢(N/ g(k,,k,)).

The number of elements in the set of integers that share a common ged &, w.r.t. N is given by
@(N / k). The number of elements in this group that are unique in column %; is hence given by
¢(N/k)/1(k,), assuming there are no common elements among L(k;) and L(k;). For example
5.1, if ki = 2, then the number of elements in the ged set corresponding to this value of & is
¢(N/2)= 4, given by {2, 6, 10, 14}. If k, = 2, then the number of co-primes that map 2 to itself,
given by i(ky) = 2, is {1, 13}. Hence, each frequency (k,k,), where & is an element in the gcd
group ki, is completely redundant with another frequency (k',k,), where k'#k, besides being
trivially redundant with itself. The number of unique frequencies among the group (k,k,) is thus
assumed to be ¢(N/k,)/I(k,) . However, the number of common co-primes among L(k;) & L(k)
is given by /(g(k, k,)), and these co-primes are {1, 13}. Since I(g(k,k;)) = 2, these common co-
primes cause trivial redundancy and thus do not cause complete redundancy. Hence, to account
for the presence of these common co-primes, the expression presently obtained, ¢(N/k)/I(k;),
needs to be multiplied by the factor /(g(k,, k;)). Thus, the number of unique frequencies (k,k,) in
column ; such that all k£ has the common ged &, w.r.t. N, i.e. g(k, N) = k,, is given by
_ PN T k)I(glk, k)

Ui = I(k,) ©-19)
_ $(MN)i(glk),k,)) (5.20)
I(k))I(ky)
_OWNTk)PN 1 k) (5.21)
¢(N 1 g(k,,k,))
Example 5.2;

Table 5.1 shows the values of U ks evaluated for all possible values of &, &, for N=8. Given N =

8, ¢(N)=4, (1) =1, (2) =2, (4) = 4, and /(8) = 4.
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Table 5.1: Values of Uk,,k, evaluated for divisor frequencies ki, k> for N= 8.

kx 1 2 4 8
ky
1 4 2 1 1
2 2 2 1 1
4 1 1 1 1
8 1 1 1 1

(5.19) - (5.21) give the number of unique frequencies in column k; for ged &; w.r.t. N. The next

objective is to compute the number of unique frequencies over all divisor columns.

5.2.5 Number of unique frequencies

Since analysis needs to be done in terms of divisors, it is suitable to express N in terms of its

prime divisors as given below.

Let N=]]r® (5.22)
=l

The divisors of NV are given by the different powers of prime divisor r.
The number of unique 2-D MRT frequencies for any given divisor can be considered first. For

any given value of g(k,, k»), the number of 4, that share this gcd with 4, can be calculated.

£

9
Let by =] [r* ,and & =] [5" (5.23)
i=1 i=l

L i
gk ) =T T =T I (5.24)
i=l

i=1
From (5.23) and (5.24), the following cases arise:
1) If u; < w;, the possible values of v; are given by,
V= (5.25)
if) If u; = w,, the possible values of v; are,
viz=u, i+ L, u+ 2,43, 4 (5.26)

ii1) If u; = w; = a;, the possible values of v; are,

Vi=a;= U (5.27)
Hence, from (5.23), (5.24) and (5.25), if u; <w;, for all i, then
ki = gtk k) (5.28)

Sk =Hglkyky))  if Viju <w.

If u; = w; tor some i,
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k = r gk, k,), 0<b<a —u (5.29)
1 i 1972 i i i

Visu=w,
Hence, from (5.29) and (B.2) in Appendix B.2,

l(kl)z( H ribi]l(g(k,,kz)), 0<b <ag -u,-1 if Vi,v,#a, (5.30)

Vissu=w,
:( 1 (4-1)][ I1 r/’f}z(g(k,,kz)), 0<b <a -u-1,if v,=q (5.31)
Visv=q, Yisv, g,
The number of unique frequency indices for a given value of {(k,,k,)is given by (5.20). For a
given value of g(k,k,), the values of k; corresponding to g{k,,k,)are known from (5.25) —
(5.27). If the number of unique frequencies corresponding to each such value of %, is calculated
using (5.20) and these are summed, the number of unique frequencies U(g(k,k,),k,)

corresponding to the given values of g(k;,k,)and k; are obtained.

. NI (g (k)
~U((glk k), k) = oo D Ll 5.32
O D Y TTTS .32)

In (5.32), the notation V&, = g(k;,k,) implies that the summation is done for all values of k, that
satisfies the specific value of g(k,,k,).

Considering the case when N has only one prime divisor r, for u = w,

since g{k;,k,)and k; are constant,

¢(N)1(g(kl’k2)) 1
Ug(k,, k), k) =208 0 ) b
(8. K). k) (k) Vk%k,,kz)l(k[)
_ ¢(N)1(g(k1’kz))( 1 + 1 . 1 .
I(k;) gk, ky)  ri{glk, k)  rPl(g(k,k,))
1 1
@ M )
r l(g(klskz)) ¥ (r=Di(g(k, k)
N 1T 1 1
= k) 1+ Ny + 7 Fon e + r“’"‘”(r—l)) (5.33)
Simplifying,
11 1 (F-D
(l+;+r—2+"""r‘“~‘”)— r(“'”(r—l) (5.34)
) r“ -0 1 _r
h (r(""_l)(r 7 r‘“~“>(r—1)) Tl (:33)
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HN) r (5.36)

(k) (r=1)

U(g(kl,kz)akz) =

Example 5.3:
When N =8, r=2.If k, =2 and g(k,,k,)= 2, the condition u = w is satisfied, and hence from
(5.36), U(2, 2) = 4. These four unique frequencies are (0,2), (2,2), (4,2) and (6,2). It can be

verified that all these 4 frequencies are such that g(k,k,)= 2.

Ifu<w, ki = glky, ko), I(k1) = l(g(ky, k2)), hence

P(N)I(g(k,ky)) _ ¢(N)
Ulg(k, k), k) = =
(s : I(k)i(ky) I(k,)

(5.37)

Example 5.4:
For N =38, if k, = 4 and g(k,k,)= 2, the condition u < w is satisfied, and hence from (5.37),
U(g(k\,ky), k;) = 1. This unique frequency is (2,4), and g(2,4) = 2.

Ifw=a, &u=w, k= g(k,k,), (k)= g(k,k,)), hence

_HN)l(gk k) V)
Ulethoh) )= iy 1)

If N has two divisors, r| & ry,

(5.37a)

when u; = wy, and 1, = wy,
k= g(kysky), riglhi,ky), iE gtk ky), 78 (R ko),
gk k), nglk,ky), nnglh,ky), 1irglk,k,),...
~rn gk k), gk ky), nn gk ky ), rlzrzazg(klakz)’ ------ niry gk, ky)
Ulg(k,,k,).k,) = ¢(N)l(g(k_l,kz)) L =
(k) Vhig (ki kz) l(kl)

— ¢(N)l(g(k1’kz))( 1 + 1 + 1 4
I(k,) I(g(k,ky))  rl(glk,k,)) "Izl(g(kwkz))
+ 1 + !
(@-1) (@, _
RO (glkky)) R (- Di(g(ky,k,))
1 1 1
+ + +5 +...
rzl(g(kl’kz)) rlrzl(g(kl,kz)) h rzl(g(k]akz))
+ 1 + !
ROk k) ROV = Dnd(g(k,k,))
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1 1 1
+
rzzl(g(kpkz)) nrl(glky,k, )) rrl(g(k,k, ))
1 1
{a,-1} 2 + (a,-1) 2 +
n T l(glh,k)) n (n, =Dy 1(glky, k)

1 1 1
oy Dl k) AP DIk k) OIS 0y~ Dl k)
1
+ (a=1} -1 (3,=1) - k k )
i (rl )rz (rz )(g( i z))
¢(N)(l+ +—+ ...... 1_1 + _11
l(k) n rl(ﬂx ) rl(ﬂ; )(,.1_1)
+l+L+ L + L + L
nonno A R A0
+L+—1——+ 1 + L L +
rz "1"22 'i r22 (a~1) 2 rl(a,—l)(rl _1)’,22
1 1 1 1 )
rz(az-l)(rz_l) rlrza l)(rz_l) (“; b (ﬂ, 1)(,. _1) (an‘l)(rl _l)rz(az'l)(rz _1)
1
¢(N)( +—2—+ ...... (al_l o )(l+l+—12—+ ...... (1_1 +— _II )
YR 0= s n Y 5 ()
N _n (5.38)
(k) (5 =1) (1 -1)
Similarly, if #;= wy, and u, <wy,
Visgihhy LK) n-l i) ri-1
and if u; <wy, and v, = w,,
EEED _ n gk, k) ) = 20D 2 (5.38b)
V=g (k k) (k) rh-1 (k) r, -1

If u; <w) and u, <w,, then k, = g(k,%,), hence I(k)) = /(g(k,k,)), and,

dN)(g(k, k) _ pN)
U(g(k ky).ky) = 1)tk 1) (5.39)

The number of unique frequencies for a given pair (g(k,,k,),k,) has been obtained and the next

logical step is to obtain the total number of unique frequencies for N by summing the term

U(g(k,k,),k,) over all values of divisor k; of V.
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Let N have only one prime divisor. In this case, &> can have the values 1, 7, I

As seen earlier, when u = w, U(g(k,,k,),k,)is given by (5.36) and , when u <w, U(g(k,.k,),k,)
is given by (5.37). The total number of unique frequencies for a given value of k,, defined by
B(ky), 1s thus obtained by summing U(g(k,k,),k,)over all possible values of

g(k,,k,) corresponding to this value of k,. For any given value of &, = r”, the possible values of

gk, ky)are, gk, k,)=r", u=0,1,2,3,..w For ky <N, using (5.36) and (5.37), B(k,) is thus

given by
N &
Blky) = ) [(Zl) } (5.40)
¢(N)[ + } (5.41)
I(ky) r-1
From Appendix B.1,
if ky <N, i(ky) = ky = r", else l(ky) = ' (r-1) (5.42)
Hence, for k, = 1, r, ¥, ...r*"
B(k,) = ‘“{Y) [w+ L} : (5.43)
r r—1
And, for k, = N= 1", ((k,))y = 0), and using (5.37a),
B(k,) = af( ) [a +1]. (544)
Example 5.5:

When N = 8, and k, = 4, the possible values of g(k,k,)are g(k.k,)=1, 2 & 4. Using (5.37),
U(,4) =1, U2,4) = 1, and using (5.36), U(4,4) = 2. Summing these values gives B(4) = 4.
Verifying this value of B(4) using (5.43),

B(4)=M[2+—2—}:4.

4 2-1

Continuing with N = 8, when k, = 8, the possible values of g(ki, k,) are gk, k)= 1,2, 4 & 8.
Using (5.37), U(1,8) = 1, U(2,8) = 1, U(4,8) = 1 and using (5.37a), U(8,8) = 1. Summing these
values gives B(8) = 4. Verifying this value of B(8) using (5.44),

¢(N)
B(8) = - 1)[3 1]=4
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To obtain the total number of unique frequencies for a given N, defined as U, the terms B(k;)

needs to be summed for all divisors k; of N.

U= Blk,)
Vk,

Z¢mn[ rJ+ oY) v

w=0

B al w ((r )1 a+l
—¢<A0[g;{rw-+(r_l}(rwJ}+,ﬂ4(,_l)}

Simplifying,

"Z'll:i}gr”—l—ar+a
w (r‘l)Zra—l

w=oL7

SRS

From (5.46) and (5.47),

Slw ((r )1 _{(r"-D(r+h-a(r-1)
Z:;[r +(r—lj(rw H (r-1%r""

From (5.48), (5.45) becomes,

U=4(N) (r"—l)(r+1)—a(r—1)+ (a+1)
(r=10°r"" i r-1)
[ —alr -1+ (r—1)a +1)
=) e }
et -Dr ) - (r-1)a-a-1)
=6 o D }
IO NGRS | (e e ()
o e }
From Appendix A.7,
sy =N
UzN(r—lJ (r =(r+)+(r-1)
r (r-*rt

_[g) (r* -D(r+1)+(r-1
Ay (r-Dr!
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_ _}:"_ r*-D(r+D)+(r-1
L (r-1)r*!

:[(r“—l)(r+l)+(r—1)]

(r-1
_( 0D (5.50)
(r=1
Example 5.6:

For N = 8, the possible values of k;are k; = 1, 2, 4 & 8. Using (5.43), B(1)=8, B(2)=6, B(4)=4
and using (5.44), B(8) = 4. Summing these values gives U = 22. Calculating U from (5.50) to

verify the value obtained above,

p=EDC+D o
(2-1)

The total number of unique frequencies when N has one prime divisor is given by (5.50).
Considering the case when N has two prime divisors 7 and 73,

let N=n"r" (5.51)
Number of divisors = (a; + 1)(a; + 1)

Let k, =1"n," (5.52)

Let g(k k) =1"n" (5.53)
For a given value of k;, number of possible values of g(ki, k) = (w, + 1)(w; + 1), since u; =
0,12,....w, 13=0,12,...., w,.
(i) When w; < a,, w; <a,
From Appendix B.1, /(k,) =k, =r"r"
(a) When u; <wy, u; < wy,

u;=0,1,2,...w-1,  1,=0,1,2,...., wy-1
The number of such values of g(4,,k,)1s wyw,.
From (5.28), k, = g(k,,k,), hence k) = I(g(k,k,)). From (5.39) and Appendix B.1, the number
of unique frequencies for a given value of g(k,,4,) & k; is hence given by
$(N)
1 F

A3t “':
hn

U(g(k,ky) k) = (5.54)

(b) When 1) = wy, 1, < wy,

w=w,w 1l .. a, w=i,
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From (5.38a), . l(ggkl,kz))z
Vkogtky (k) n-1

The number of possible values of g(k;,k,)is w,, since u; = 0,1,2,...., w, - 1. Hence, from (5.32)
and Appendix B.1,

Ulglk,k,),ky) = ﬂN—) d (5.55)
iRt -1
(¢) Similarly, when u) <w), t; = w,,

Vi=u, wEw,,mtl a4

From (5.380), 3 l(g(kvkz)): 7
k=g (k k) (k) n-l

The number of possible values of g(k;,k,)is wy, since 11, =0,1,2,...., w; - 1. From (5.32),

Ulglky) k) =28 1o (5.56)

“
Rt -1
(d) When u; = wy, ti; = wy,

vi=wo,wm+ 1, .,al, wm=Ew,wt L@

Fom(s.38), Y ‘8luk)_ i n
Yk =g (ki .ky) l(kl) I -1 r, -1

There is only one possible value of g(k,k2), since 1y = wy, uy = ws.

U(g(k,,k>k)—¢(N) L (5.57)

Wy

it =1 -1
The sum of (5.54), (5.55), (5.56) & (5.57) each scaled appropriately by the corresponding number
of possible values of g(k,,%,)gives the number of unique frequencies over all possible values of

gk, k,) for a given value of k,, for the case wy <a,, w, <a,.

B(k,)=——- SN {w1w2+w2( d )+w,( & ]+[ d ]( & ﬂ (5.58)
r 2“ r—1 -1 r-1)n-1

(iywi=a, wm<a

From Appendix B.1, I(k,)=#"""(r, - 1)r,"
(a) When uy < wy, u <wy,
u =0,1,2,....,w-1, w; =0,1,2,...., wp-1
No values of u; and u, that satisfy this condition.

From (5.28), ki = g(k,,&,), hence I(k\) = I(g(k,,k,)) . From (5.39),
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#(N)

rlwl—l (n-Dn"

Ulg(k,, k), k) = (5.59)

(b) When u; = wy, uy <w,,
visw,witl, a4, w=uw
I(g(k,k
Since u; =w; = ay, vi= ay, and k; = g{k,k,), (ki) = Kg(k,,k,)). Hence, Z gk, k) =1
V=g (k.ky) l(kl)
The number of possible values of g{k,k,)is w,.

P(N)

Ulg(k,k, ), ky) = —————
(g(l 2) 2) rlwlfl(rl_l)rzwz

(5.60)
(¢) Similarly, when u; < wy, u; = wy,
Vi = Uy, VZ:WZ,W2+1,...,02

From (5.38b), Z l(g(kl’kZ )) - 5
V=g (k k) I(k,) rn-1

The number of possible values of g(k,,k,)is w).

¢(N) n

rlu.'ﬁI (rI _ l)rzw2 rz 71

U(g(k,ky) k) = (5.61)

(d) When u; = wy, uy = wy,
vi=w,witl,.L,a, w=Ewwmtl g
Since u; = wy = a,, and using the method used to obtain (5.38),

I(g(k,,k,)) __h

Vhi=>g (k ky) (k) n-l

There is only one possible value of g(k,,k,)
P(N) n

rl“""l(r1 - -1

Ulglk, k). k) =

(5.62)

From (5.59), (5.60), (5.61) & (5.62) and appropriate scaling, the number of unique frequencies

over all possible values of g(k,,%,)for a given value of &, for the case w, = a;, w, < a; is given

by,
B(kz)zfﬁg(_N“)_T ww, + W, ¥ e (5.63)
TR rn-1 r -1
(111) Similarly, when w; < a,, w, = a,,
Blly)=—2 N | T || (5.64)
RS Gl n-1l) \n-l
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(iv) Finally, when wy = a;, wy = a5,
From Appendix B.1, /(k,) ="' (n, = 1)1, (r, - 1)
(a) When u; <wy, uy <wy,
1;=01,2....wi-1, uw=0,12,..., w-1
The number of possible values of g(k,,k,)1s wiw,.

k = g(k,,k,), hence I(k)) = I(g(k:,k2)), and Z Hglkk) =]
k=g (k k) I(ky)

-1 ¢(A¢Iz)—1 (5.65)
=D (-0

U(glk, k) ky) =

(b) When u; = wy, uy <ws,

vi=w,witl..,a, wm=u

Since = = a1, v = a1, and ki = gk, k), k) = gy o). Hence, 3, X&) )
Vi =>g (K, ) (k)

The number of possible values of g(k,,k,)is w,.

#(N)
-0 (- (5.60)

(c) Similarly, when 1) < wy, u; = w,,

U(g(k, k). k) = -
1

V= Uy, V2 = Wy, W +1, ey A2

I(g(ki,ky)) -1

Since u; =wy = ay, vy =a, and k, = g(k,,k,), I(k)) = Kg(k,k2)). Hence,
Yk =g {k k) I(k,)

The number of possible values of g(k,4,)is w..

HN) (5.67)

NGRS GRSV

(d) When u; = w, u; = w,

U(glky,ky).ky) =

vi=wp,witlo a, m=w,wtla

Sinece = a,, Uy = ay, Z I(g(kl’kz)) -1
Yk =g (k%) l(kl)

There is only one possible value of g(%,,%,). From (5.32) and Appendix B.1,

. _ ¢(N)
U(g(ki;ky),k,) T <) (5.68)

From (5.65), (5.66), (5.67) & (5.68) and doing appropriate scaling,
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[wiwy +wy +w; +1]

) (V)
B(kz) - rla‘_l (r[ _ 1) rz"l_[ (rz _ 1)

i pv)
A )R (R 1)

From (5.58), (5.63), (5.64) & (5.68a), the total number of unique frequencies of N can be

[(a, +1)a, +1)] (5.682)

calculated as

l a, -1 a,
U= ¢(N){ZZ 11,142 ZZ "‘r" r‘1—1+zz W B2

;=0 w,=0 nn =0 w,=0 h w=0 w,=0 h'n
-1 a,-1

929
MWy

—Ow—Orl rZ

a,-1 a,-1
( 1 + Z G'P"IIZ(aI__+ 1)“': + Z al -1 rz_(al 4:"1) —
T S =DR T =D )
o@D S @) @) }

=LA R VA= T (R (RS VA RN CRR VORD

~¢<N>[Z ZW2+5 Fu,Sug L

Mo —
n,—O | w—0 n W =0 h'h 1 —Orz —Orl w, —0r2
-1

-1 a
. a+l Ew a+l % r.
2 1 W, 1 2
+Z w _1+ Z o + a1 2 W,

-1 bl
w=0H )s ~0 rz n u‘ (rn-1 =0 12 o (r-1) wy=0 13 ‘(=1
LG+l & W, 4] o L_atl a, +1
= : = , = =
T -Daon” BT (=Dt BT -D R (D)

—¢(N>{f - {Zf—ﬁ‘%ZILJrﬂ}

— 2 a.l —
b w0 holaoon® (-1

a,-1 a,-1 a,~-1
K 1% w 1 1 (a,+1)
A —“{Z T Xt

_-1)«,=0r1 w3=0r2_ K- w2=0r2- n- (rZ —1)

~1 -1
rlal (rl_l)wl=0r1I w:=0r2. K- W_,=0r2. n: (rl_l)

—¢(N)[Z % ——li(—%}h——lzi‘—ﬁ—} 5:9)

. a;-1 —_ 2 >l -
“,—01 n-liaon™ R w=02" N lwy=0h" N (n-1

From (5.49a),

]L (a+1) =(r"~1)(r+l)+(r—1)

y r i r-1 (r-10r"

U= ¢(N){(,]al D+ D) + G —1)}{(@*2 D+ 1) +(r, _1)}

(=D (=17

108



s (i 1)(r2—1)[(r1 ~1){(r +1)+(r1—1)][(r2“’—1)(r2+1)+(r2-—1)}

7‘1"2 ( _1)2’ia1 ( _1)2 a,—1

=[(r1“‘ —D)(r +1) + (7 —1)]{(5"2 —1)(r, +1) +(r, -1)}
(n-1 (=1

{(rr' ~ 103 +1) H}[(rfz 1) +1) +1} (5:70)
(rn-1) (-1

Thus, an expression for the number of unique frequencies has been obtained for N that has two

prime divisors.

Example 5.7:

Let N=6,s0thatr; =2,7,=3,a,=1,a,= 1, §(6) = 632—1-3—3—1—2.

() Whenw, <a;,, w,<a,
wi=0, wy,=0.
@) uy <wy, uy <wy,
No values of u; and i, that satisfy this condition.
b) uy = wy, uy <wy,
No values of u; and u, that satisfy this condition.
(Cur<w, uy=w,,
No values of u; and u, that satisfy this condition.

(d) uy = wy, uy = w,,

=0, =0
V1=0, 1, Vz'_—'O,].~
From (5.57),

2 2 3
Ly==———_<¢
vy 12-13-1

From (a), (b), (c) & (d),

B)=U(,1)=6

(1)_{( 2 ](331}}

({Hwi=a, wm<a
wi=1, wp=0.
(@) 1y <wy, Uy <wy,

No values of «; and u; that satisfy this condition.
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(b} uy = wy, uy <wn,

No values of 4, and u;, that satisfy this condition,
(©) ur <wi, uy = wy,

1, =0, =0

V1=0, V2:0, 1.

From (5.61), U(1,2)==——=3

3
3-1

— | N

(d) uy =wi, 1y =wy,
=1, u=0.
v=1, v»=0,1.

From (5.61),

23
U(2,2)=—-~—=3
(2.2) 13-1

From (a), (b), (c) & (d),
B(2)=U(,2)+U(2,2) =6

B()= %H%) +(%ﬂ

(i) w, <a,w, = ay

6

W1=0, W2=1.

3(3):(331){(231]{22—1)}:4

(ivywi=a,wm=a;

wi=1, w,=1.
(@) uy <wy, uy <wy,
=0, ;=0
The number of possible values of g(k,;k,)is 1.

2 —_
U6 =575 =1

(b) uy = wy, t; <wy,
uy=1, w=0
vi=l, w»n=0
The number of possible values of g(k,k,)is 1.

2

U(2,6):6_—1)=1
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(©) up <wp, u; =wn,
u;=0, w=1
v=0, ;=1
The number of possible values of g(k,k,)is 1.

2
UB,6)=——=1
(3,6) GoD)

(d) w1 =wy, Uy =wy,
U1=l, L{z:l

w=1l w=1

There is only one possible value of g(k,k,).

U(6,6) =1
From (a), (b), (¢) & (d),
B(6) = G- 2 3 ——[@+1D(1+1)]=4

U = B(1) + B(2) + B(3) + B(6) = 20

Verifying this value using (5.70),
:[(2—1)(2+1) +1}[(3—1)(3+1)

+1}=(4)(5) =20.

(2-1 (3-D
IfN, =x",and N, =", from (5.50),
(" D +1)
Uy = { b J (5.70a)
and,
U, :[MH} (5.70b)
: (rz -1

given g(n,r)=1.
IfN=N\N, =r"»", from (5.70), (5.70a), and (5.70b), Uy =U, U,, . Hence, it can be concluded

that the number of unique 2-D MRT frequencies is a multiplicative function. By mathematical

induction, for N that has g prime divisors, N = liI , the number of unique frequencies is hence
i=1

given by

GV CES VN
U= 5.71
[ ) 57
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The number of unique frequencies to be used in a representation of 2-D MRT using only the
MRT coefficients corresponding to these unique frequencies is given by (5.71). Table 5.2 shows
the number of unique frequencies calculated using (5.71) for various values of N. Now, the
number of unique MRT coefficients corresponding to these unique frequencies is to be found out,
as described below.

Table 5.2: Number of unique frequencies for various values of ¥

N Representation of | No. of unique N Representation of No. of unique
N in terms of frequencies N in terms of frequencies
prime divisors prime divisors

4 2 10 42 237 180

6 23 20 60 2°35 350

8 2 22 64 2° 190

10 25 28 80 2's 322

12 233 50 100 2% 52 370

14 27 36 128 27 382

16 27 46 144 2° 3" 782

18 23" 68 180 2735 1190

20 2’5 70 200 257 814

24 23 110 210 2357 1260

30 235 140 256 28 766

32 2’ 94 324 2°3° 1610

36 273 170 500 2'5° 1870

40 2°5 154 512 2° 1534

5.2.6 Number of Unique Coefficients

If the number of unique 2-D MRT frequencies is available, it is possible to determine the number
of unique 2-D MRT coefficients. The case when V has only one prime divisor is considered first.
If that prime divisor is assumed to be 2, then N is a power of 2. The next case is when N has two
prime divisors, Since there 1s a prime divisor other than 2, such values of & are not powers of 2.
The expressions obtained for these two cases can be generalized for the case when N has any

number of prime divisors. From section 3.4.1, the existence of a 2-D MRT coefficient is

dependent on whether g(k,,k,,N) | p and g{(k,k,,N) | (p + M). Also, an MRT coefficient has
positive and negative groups only if the condition g(k,k,,N) | M is true. Similarly, using

theorem 4.2 and the explanation given in 3.4.1, a 1-D MRT coefficient has positive and negative
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groups only if the condition g(k,N) | M is true. For & a divisor of N, g(k,N) = k. From section
4.3.4, the number of 1-D MRT coefficients associated with divisor frequency k is M / k, if k | M,
and N/ kif k | M is not satisfied. In the 2-D case, for unique frequencies corresponding to divisor
columns, g(k,,N)=k,, and hence, g(k,k,,N)= g(k,k,). Thus, for a given value of g(k,,k,),
the number of MRT coefficients is M/ g(k,k,), if g(k,k,) | M, and N/ g(k,k,)if g(k, k) | M

is not satisfied.

Given the number of unique frequencies corresponding to the given values of g(k,,4,)and k,
U(g(k,k,).k,), the number of unique MRT coefficients corresponding to these values of

g(k,,k,)and k,, defined by A(g(k,,k,),k,), is given by

M
U(g(kpkz);kz)ma g(kl,kz)IM
A(g{k k), k) = ‘]’VZ (5.72)
U(g(klakz)akz) 5 otherwise
g(ky,ky)

The total number of unique 2-D MRT coefficients corresponding to g(k,k,), defined by
Cg(k,,k:) , can be found by summing the LHS of (5.72) over all possible values of %,. Finally, the
total number of unique MRT coefficients for a given value of N, defined by C, can be found by
summing C ¢t ) OVET all possible values of g(k,,k,). The analysis presented below proceeds

along these lines.

Case ) N=r",r=2
The possible values of g(k,,k,)are g(k,k,) =+, 0<u<a
Given g{(k,,k,), k, has to be greater than or equal to g(k;,k,), hence kb, =r", u<w<a
The number of unique frequencies for a given value of g(k), k;) and &, is given by (5.36), (5.37)
& (5.37a). When g(k,,k,) =1, & k; = 1, and since /(1) = 1, the number of unique frequencies is
given, from (5.36), by

U= g ,

N _¢Nyr N

LAQLD=UQD) =
GLH=UaD5 =271

(5.72a)

Similarly, when g(k,,k,) = 1, other possible values of k, = r, 7, ..., 7, then the number of

unique frequencies is, from (5.37),
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Uk, =
AT
ﬂ{?%, lsw<a-1
ALK ==1 " 5.72b
rflr-1 27
Let Cg(kI o) be the total number of unique MRT coefficients corresponding to g(k,, ;).
# Cotty = 2 ARk k), (5.73)
Hence, from (5.72a) and (5.72b) and (5.73),
r “l 1 N
Ci=pN) —+) —+—— | —
i =4 )I:r—l =r r"_l(r—l)jl 2
Simplifying the terms in RHS,
&l 1 1
gbrw -1y - (5-74)
a—i
Fi) DL ISR SR (5.75)
—rt T er-n (r-1
Hence,
a-l
AR 3R - _(r+h (5.76)
r=1 3" -0 (7=
~.C, =¢(N){’—”P (5.77)
r—-1]2

Considering the case of g(k,,k,) = r, the possible values of &, are k, = r, /#,...r". When k = r, I(r)
= r; the number of unique frequencies is given from (5.36) as

$(N)r
r(r-1)

_$WMN)r N
B r(r—1) 2r

And for k= 7, (5.37) gives

U(r,r)=

A(r,r)

U(r,r2)=@.

A(r,r2)=?i(2i)l

re 2r
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” 2—, 1<w<a-1
.
Alr)y=14 " N N (5.78)
ra_l(r—l);’ -

Summing all such terms, the number of unique MRT coefficients for g(k,,k,) = ris given by

ot -

Generalizing from (5.79), for g(k,k,) = P, 0 <d <a -1, the number of unique 2-D MRT

v =4(N)
r

a-l
c :¢<N>[ r L +1}N=¢(N>r+11 PN ()
r—1 2r r o r—12r r=12r

coefficients is given by

r+1 N 1

When g(k,k,) =7, g(k,k,) | M is not satisfied, hence there is N/ g(k,k,) =N/ r*=1MRT
coefficient for each unique frequency. Also, the only possible value of k; is k; = /. Also,
I(r*)=r""'(r—1). Hence, from (5.37a), the number of unique MRT coefficients for g(k,, k) = r°
1s given by

__ )
Cr" - r“_l(r~1) (581)

(5.80) and (5.81) give the number of unique MRT coefficients for each possible value of
g(k,,k,) . The total number of unique MRT coefficients for a given N can be obtained by adding

the number of unique MRT coefficients corresponding to each value of g(k,,k,)and is given by

(r+D) NS T ¢(N)
ZC =¢(N Yron 2 [; 2“}7%‘0—1) (5.82)
:¢(N)(r+1)l(r2“ - 1 P(N)

(r=12 (7= 70 -

W [N o
(r=br*tl 2r-t r°

Using (5.49b),

CZ{N(V‘D 1 }{N r (’20‘1)+1} 6:83)
ro (k=D 2r-1 7
l:N(r_l) L _J:],and,sincer:Z

r (r-Dr*
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2a _
E r (r 1)+1 :"20
2r-1 r°

~e=[[r*]=N (5.84)

Hence, for V a power of 2, the number of unique MRT coefficients is N7 .

Example 5.8:
Tet N=28.

The possible values of g(k,k,) =1, 2, 4, 8. k; has to be greater than or equal to g{k,k,)for a
given g(k,k,). When g(k,k,) = 1, & &, = 1, and since /(1) = 1, the number of unique
frequencies is given, from (5.36), by

uqQ, 1)_¢(N)r 8.

Similarly, when g(k,,k,) = 1, other possible values of 4, = 2, 4, 8, then the number of unique
frequencies is, from (5.37), U(1,2) = 2, U(1,4) = 1, U(1,8) = 1. Since there are 4 MRT
coefficients associated with g{k;,k,) = 1, from (5.72), 4(1,1) = 32, A(1,2) = 8, A(1,4) = 4, A(1,8)
= 4. The total number of MRT coefficients for g(k;, k2) = 1, and all possible values of k; = 1, 2, 4,
8 is given by

C, = A0 D+ A4(1,2) + A(1,4) + A(1,8) =48
Similarly, when g(k,,k,) = 2, the possible values of k; are k, = 2, 4, 8. When 4, = 2, the number

of unique frequencies is given from (5.36) as

U(2,2) :__;é;gﬁ) _

And for k, =4, (5.37) gives U(2,4) = 1, U(2,8) = 1. 4(2,2) = 8, 4(2,4) = 2, A(2,8) = 2. Summing,
the number of unique MRT coefficients for g(k,k,) =2 1is

C,=4(2,2)+ A(2,4)+ A(2,8) =12
Using similar approach, U(4,4) =2, U4,8) =1, 4(4,4)=2,A4(4,8)=1, UBB8)=1, A(8,8) = |
and Cy = A(4,4) + A(4,8) = 3. Also, Cg = Az = 1.
The total number of unique MRT coefficients for N=8 is thus C=C; + C, + C4+ C3 = 64.
Hence, for N = 8, the number of unique MRT coefficients is N =64.

Case (i1): N =r"n"
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The possible values of g(k,k,)=r"n", 0<u <q,0<u,<a,. Given g(k,k,), k» has to be
greater than or equal to g(k;,k,), hence k, =r"n", u, <w <a,u, <w, <a,.
The total number of unique 2-D MRT coefficients corresponding to a specific value of g(k,%,),
defined by C,( , ,, is

Cothy = 3> Mgtk k) i) (5.85)
In the following, only a few of the possible values of g(k;,k,)are considered in detail since the
analysis is similar for the remaining values. Similarly, for a specific value of g(k,k,), analysis is
done only for a few possible values of &, in order to avoid repeating similar steps.
To begin with, let g(k,k,) =1
When %, = 1, from (5.57), the number of unique MRT coefficients is given by

AL =U(, 1)——¢(N) 1’—11: (5.86)
For k, = r,, from (5.55),
Atn) =) ¥ - 2D Y
rn n-12
Thus, in general, for &, =17,
ALY =UQ, 1" )N ¢(fv) AN cw <a, -1
rt on-12
And fork,=nr",
A(l,rf’):U(l,r;-‘)E:—ﬁ(L—rl-——ﬂ (5.87)
2 B n-rn-12
Similarly, when &, = ry,
R e (5.88)
rn rp-12
Ay =UQ RN I n N a1
2 rl“‘ rz—l 2
AQ )y =UQ1,nr" ¥ ﬁ(N) oY
2 7 -Dr-12
For kz ryr,
N N N
AlLry) =U () Y = 20 (5:89)
2 rnnp 2
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N_JdMNMN

ALY =UL R R™) —
nnt 2

, 1€<w<g -1, 1€w,<q,-1

__N) N
rlw'rznz-l(rz ___1) 2 3

1<w £q,~1

A(la r]a‘ rzwz) — U(l, r]alrzwz)ﬂ = %A{’ 1< "VZ < aZ _1
A

a4 o a N N N
A(l”‘llrz')—:U(l,}‘lxrz‘)_: a1 ¢( a)_] A
2 1" (h-DR (-1 2

The summation of A(1, k;) over all possible values of &, gives

C1=¢(N)§H non o don lon 1 x l

rn=1rn-1 rnr-1 r’zrl—l 'r’“z_l(rz—l)rl—l

1, /11 11 1 1 1 n 11 11 1 1
N AR Y el I vy et T I T
nn=l nn nr hri{n-1) rrn=1 r'n rir rirr(n-1)

1 n 1 1. 11 1 1
e P R R R S R PN
=l s re e {n-1

1 r 1 1 1 1 1
+ — :_ 4 — —+— — F e — (5.90)
re (n-Hnr-1 re (n-Dn ré (rl—l)rZ re (rl—l)rf (n-1

s
=¢(N)

rno 1 1 1 7 11 1
——t =t t—t St
n-1 nr n r (=D in-1 n n re(n -0

Using (5.76),

C =¢(N)E[—r‘ H}[—rzﬂ} (5.91)
2in-1{n-1
Next, the case of g(k,,k,} = r; is considered. For k, = r,, the number of unique MRT coefficients
is
Arr)=Ulrr) =) i n N (5.92)
2r, rn n-1rn-12n
For &k, = rf ,
Ay ) = U,y =D 1 N (5.93)
r2 r2 }’1 -1 27‘2
Generalizing,
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N _¢N) n N

Wy 2
r ryt n-12rn

Alry, 1) =U(r,1n")

1<w,<a, -1
— .2
For k, =1,

a N 14 N
Ay =2 N
B (n=-)n-12n

For kz =rry,

Aoy =2 2 T
ny rh—12p
Generalizing,
A(ry,R"n) = $) r_zﬂ_’ 1<w <g -1

LW =
Bt rp=12n

gN)  nn, N

Ay, 1) =
R TP P

— 2
Fork, = nr,,

N) N
A(rz,r[r22)=?(—2)—
nry o 2n

Generalizing,

_ ¢ N

W,
Alr,n'n?) ===
Rt 2n

1w <q, -1, 25w, <a, -1

pN) N

Alarr) = —
22 2 rlal_l(rl _1),‘2“2 27‘2 ’

<w,<a, -1

- N
A(rz,n“‘rz“f)=—;f5—g)—£, 1<w <a -1
R (n=1) 2n

a4, N N
A(rzgrilrz'): a1 ¢( a?—l —
RO =D (s -1 2

Summing the terms A(r», k) for all possible values of &,

C,=¢(N)£ L_’z_l_,__l_ h +L ny 1
2 2 r] 1

r

1 r 1 1 1 1
+H— At ——
nh =1 nrloonr, nr (n-1

+er+1+1+ +L____—1
r.zr2 r-1 r[zr:2 rzr_,3 I‘,2 rﬁaz—l(”z"l)
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~lrn-1r r; rn -1 r; rn—1 r’ (=D r-1

(5.93a)

(5.94)

(5.95)

(5.96)



1 r 1 1 1 1 1 1 1
Foreen e . ot aa et e e
" -1r r“ oot r]' re (n,-1

1 r 1 1 1 1 1 1
+ a1 —+ a,-1 —2+ a1 _3+”"+ a-1 a,-1
=D n=ln =D k(- =D e (-1

(5.97)
=¢(N)--]\Ll L+l+i2+....+ _11 2 +i+%+....+Tl—
2ry rer,—l h n A G VI cSel TS ’;a’ (n=1)
2 nin-1]n-1

In (5.98), the term N/2r, corresponds to the value of g(k,,k,)and the term (1/r;) corresponds to
H(g(ky, k2)). Thus, in general, if g(k,k,) =r"r"and N ="r", and if u; < a;, u; < a;, the number
of unique MRT coefficients corresponding to this value of g(k,k,) is given by

N 1 n+lr+l

Uy M M M 1’
2rn"? R r=1n -1

C ooy = B(N)

u <a,u, <a, (5.99)

Similarly, when g(k;,k,) =7, the number of unique MRT coefficients is

C. =¢(N) 2}\1 Ll (5.100)

re o (-1 -1
And, when g (k,,k,) =rr,, this is given by
N 1 r+1

2np rlr"z_](r2 -)r-1

C . =4(N) (5.101)

Since N is even, either », = 2, or r, = 2. Assume r; = 2.
When g(k,k,) =r"r", 0Sw, <a,, g(k,k,)| Misnot satisfied.
Hence, when g(k,,k,) =r"r", 0<w,<a,-1,

N 1 (r, +1)

R R (=R (-

C ooy =$N)

Finally, when g(k,,k,) =n"r",
N 1
C'iql'§'2 =¢(N) a; .. a;

A T (=D (-]

Summing the terms corresponding to all the possible values of g(k,k,), the total number of

(5.102)

unique MRT coefficients, defined by C, can be obtained as
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=33 Cop

§=014,=0
N+l +1 N +1r+1 +1r, +1
L C= g T AR g I B gy AR (5.103)
2nr-1n- -1nr 2r rn-1r-1
N r+ln+l N 1 rn+1
N T N o, ‘
2=V n=ln -1 2r; ;=11
r+1r+1 n+lr+l N 1 r+1
+@(N Az - L -2 ... — L
# ) r=1r-1 HIW ) rrt n=1n-1 ¢(N)2r12 rer T (=) r-1
+¢(N) N rl+1r2+1 N rl+1r2+1 ..... SN )_ 1 rn+1
-lrn- n-1 rz—l 2rt i (i =) -
N r+lrn+1 N r+lnp+1
el N) T PN — 2
25 p-1n-1 2rf -l —1
N 1 r+1
+..p(N) 7 ey :
25" P (-1 -1
N rn+l N "+l
+ N
p )"~r("-">(r,—1) r2—1+¢( )r“‘r("' -1 r-1
N 1
+onn $(N)— o e
Rt (n - (n-1)
g Xinthinrly L L % n L
2 rl—ltrz—l }’2 r‘2 r':'(az ) rz—lrjz
Lzrlﬂ ntl 1+L+L4+ ..... L ; +r—2%
ARt Rt I A A o B R Y
L“rIH r ] 1+L+L+ ..... ! - |+ 2 1:
na-ln-lo o i Il P
..... Loty b 1, n
Fa p=1in -1 ot ey =1,
700, ML S Rl PR SO SRS S U (5.104)
=1l -1 ro rf"!'” r,—1,%
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r2+1[1+1+1+ 1 }L 7, L:rz+1r22“2—l 1 o1

51 . rf ..... rz({,;l) r, -1 rzag -1 rz -1 r2a =2 -1 rzag
_ rZZtL, _l rZZ rz 1
(r -1y’ rzza n-1 re
2a; _
= h :{(rz Dr, +1} (5.105)
(rz *1)7‘:2 (rz -1
C=¢(N)N At 1+%+L4 ..... 1 - 4] {( Dry 1}
2in-1 1A A (=D (n-1)
23, _
+¢(N)N— 4 4 {(’2 Dr, +1} (5.106)
r -l (r,=Dr (1)

20 _
C=@¢(N)N 17+l +i2+l4+ ..... —i— +L2 i 4] 2[(’2 D5 4
21 R A A R A= (=1L (D)

= pVN|| i (’1“‘"1”‘“{ ; {(rzzaz_l)’m

-0l 20D ] el (D

= (N)N ho -("12aI -y 4_11 h {(”22“1 -Dn +1_ (5.107)
LO-os L 260-) ) -l (D

sy = NN =D ARG D =) (5.108)

nr !
. }";nzl‘zaé (ri —1)(7‘2 - ]) n 2 a3 2 |:(r]2¢1| —1))‘1 N 1}{(5’10; —1)"2 +1} (5109)
i (i =Dr® (n—1r= L 207D (r,—1)
_ {(’;(a; ‘_11))’1 +1M(’2(2 ' :3’2 +1} (5.110)
1 2

This analysis, extended along similar lines, to N that has ¢ prime factors would give,

forN=IZIr;°-,
i=l
G -Dn I -Dr,
{201—1) }H[ (r-1 } G110

H

)

Since, | = 2, the term {EL——)” + 1} reduces to 2*% | so that (5.111) can be re-written as
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q 2a; _ q
C=22“‘H{u+1},given N=2“IH;;."' (5.112)
=2 (-1 i=2

Example 5.9:
This example illustrates how to calculate the number of unique MRT coefficients for a given
value of N, and N is chosen as 6. Since the divisors of 6 are 1, 2, 3 & 6, the possible values of
gk, p)=1,2,3,6.
For g(k),k;) = 1, the possible values of k; =1, 2, 3, 6.
From (5.36) & (5.72a), U(1,1)=6, AL, = (U, 1D))3) =18
From (5.37) & (5.72b), U(1,2)=3, A(1,2)=(U(1,2))(3) =9

U(1,3)=2, A(1,3)=(U(1,3)(3)=6

U(,6)=1, A(1,6) =(U(1,6))(3)=3
Thus,

Cr=A(1,1) + A(1,2) + A(1,3) + A(1,6) = 36, which can be verified using (5.91) or (5.99).
Similarly,

U(2,2)=3, A(2,2)=(U2,2))(3)=9

U2,6)=1, A(2,6) = (U(2,6))(3)=3

C,=A4(2,2) + A(2,6) =12

U(3,3)=2, A(3,3)=(U33)(1)=2

U@G,6)=1, A(3,6)=(U3B,0))1)=1

C;=A43,3)+A4(3,6)=3

U(6,6) =1, A(6,6) = (U(6,6))(1)=1

Cs=A(6,6)=1

C=C;+C;+C3+C4=52, as can be verified using (5.112).

Table 5.3 shows the total number of MRT coefficients and the corresponding number of unique

MRT coefficients calculated using (5.112) for various values of N. For N a power of 2, there are
N?UMRT coefficients. An expansion factor can be calculated by taking the ratio of the RHS of
(5.112) to N*?. This is defined as E to be

q J2a,
52 {( -1y, +1}

C i (r, —]) q (’}20(+1 _1)
T 2o U

i=2
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e U o /U I | 2 1 1 1
_ {(r, 7 Za_r, )=H EIL L (5.112a)

i=2 r r r

Table 5.3: Number of unique 2-D MRT coefficients for various values of ¥

N Nin Number | Number E N Ninterms | Number of | Number E
terms of | of MRT of of prime MRT of
prime | coeffici | UMRT divisors coefficients | UMRT
divisors ents coeffici coeffici
ents ents
4 2 32 16 1 42 237 37044 2964 1.68
6 23 108 52 1.44 60 2235 108000 6448 1.79
8 2 256 64 1 64 2 131072 4096 1
10 25 500 124 1.24 80 2's 256000 7936 1.24
12 273 864 208 144 | 100 252 500000 12496 | 1.25
14 27 1372 228 1.16 | 128 2’ 1048576 16384 1
16 2 2048 256 1 144 2°3° 1492992 30976 | 1.49
18 23 2916 484 149 | 180 2’35 2916000 60016 | 1.85
20 2’5 4000 496 124 | 200 2’5 4000000 49984 | 1.25
24 2’3 6912 832 144 | 210 2357 4630500 91884 | 1.98
30 | 235 13500 1612 179 | 256 28 8388608 65536 1
32 2° 16384 1024 1 324 24 3f 17006112 | 157456 | 1.5
36 | 273 23328 1936 149 | 500 2'5 62500000 | 312496 | 125
40 2°5 32000 1984 124 | 512 2° 67108864 | 262144 1

From Table 5.3, it can be inferred that the expansion factor increases in proportion to the number
of distinct prime divisors of N. For a given number of primme divisors, there is also an increase in
expansion factor in proportion to the exponents of the prime divisors, although this increase is
relatively less rapid when compared to increase of number of prime divisors.

Thus the number of unique frequencies and the number of unique MRT coefficients
corresponding to the unique frequencies are identified in section 5.2, 2-D signal can be
represented in terms of the UMRT coeffictents corresponding to the set of unique frequencies by

removing redundancy and is explained in Section 5.3.

5.3 Signal representation using 2-D UMRT coefficients

The number of unique MRT coefficients corresponding to a 2-D signal has been presented in

section 5.2.6. It was found that when N is a power of 2, the number of unique MRT coefficients is
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N?and is same as the number of signal samples. All other MRT coefficients can be derived from

this set of N? coefficients. These coefficients may hence be considered as unique MRT (UMRT)

representation for 2-D signals, yielding a new, real non-expansive 2-D signal transform.

5.3.1 Choosing Unique Frequencies

The number of unique frequencies and the number of UMRT coefficients have been obtained in
(5.71) and (5.112) respectively. One possible method to obtain the set of unique frequencies is to
choose all powers of 2 as values for &, and to find out the possible values of k, for each k,. Let N
= 2% ky = 2" ky = 2". To identify the unique frequencies (k,k,), the following cases are
considered.
(1) k< N, glky, k3)<ky: Since gk, k,) <k, ki = g(k,,k,), hence I(k)) = I(g(k,, k2)); since k<N,
{(k2) = k,. Hence, from (5.20), the number of unique frequencies is given by @(N)/k, = N/ 2k,
since ¢(N)=N/2, for N a power of 2. Thus, out of the ¢(N/k,)elements in the totative set of
N !k, only N/ 2k, are required to generate the unique frequencies. Hence, there is redundancy
relation between elements in totative set of ¢(N/ k) w.r.t. column k. If Zy;, and Zy are defined
as the totative sets of N/ ky and N respectively, h & h, are two elements in Zyy,, and /4 is an
element of Zy, and if (A k18w, (k1)) = ((h2k))x, k2) , then the elements ik and Ak, are
redundant w.r.t. column k,. Hence, the condition in which ((fmi&k1h))w, ((Fam)n) = ((Bk)), k2)
occurs needs to be explored. The element 4 needs to be a solution of ((%k,))x = k,. Solutions are of
the form h = 1 + tN / ky, 0 <t < k. The other relevant equation is (i kih))x = ((h:k)))n- Let
hy=h+d.

((hiki(1 + tNTR2)))w = (A + dYki))w

((iky + mkitNTk))n = (ko dR))x

((hikitNTk))n = ((dki))x

((k(d - mENTk2)))w =0

d - h\tN/ky = vNIk,

d = htNlk, + vNik,
Using Bezout’s lemma,

d=g(N/k, N/k) (5.113)
Hence, elements &k, and Ak, are redundant w.r.t. &, if d satisfies (5.113).

The first element in Zyy, is 1. Hence, if i, =1, then hy=h, +d =1 +g(N/ ky, N/ k).
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In the present case, g(N/ k», N/ k) = N/ k,. Hence, if h, = 1 + (N / k), then there is redundancy
between ki and ((hh))y w.r.t. k,. The senal position of 2, = 1 + (N / k;) among the elements of
Zym can be found from the distribution of co-primes of N that are powers of 2. As seen from
Table 5.4, when N is a power of 2, every odd integer is co-prime to N, and hence it is possible to
accurately predict the serial position of any element in Zy.

Table 5.4: Totatives for a few integers that are powers of 2

N o (V) M Totatives of ¥

4 2 2 1,3

6 2 3 1,5

8 4 4 1,3,5,7

10 4 5 1,3,7,9

12 4 6 1,5,7,11

16 8 8 1,3,5,7,9,11,13,15

24 8 12 1,5,7,11,13,17,19,23

32 16 16 1,3,5,7,9,11,13,15,17,19,21,23,25,27,29,31

The first co-prime element is 1, and from then on, every second integer belongs in Zy. The
element at any serial position ¢, is thus given by (24, - 1). Conversely, an element ¢, will have a
serial position (g, + 1)/2 in Zy. Hence, the serial position of element /i, = 1 + (N / &) is thus (1 +
(N/ k) +1)/2=1+(N/2k). The number of unique frequencies (k,k,)in column k%, such that
glk, N) = ky, is given by N/ 2k;. Since the co-prime 4, = 1 + (N / k&), at position 1 + (N / 2ky), is
redundant w.r.t. #; = 1, none of the co-primes lesser than this value of 4, have a corresponding
value of A, that is lesser than 1 + (¥ / k,). Hence none of them are redundant w.r.t. k,. Also, the
number of these co-primes is N/ 2k,, which is equal to the number of unique frequencies. Hence,
these N/ 2k, co-primes can be used to generate the N / 2k; elements of ged £ w.r.t. N that are
unique in column &; by multiplying each of them with k.

(2) ka< N, g(ky, ky) = ky: Since k,< N, I(ky) = ka. Also, I(g(ky, k) = (k). When g(k,,k,) =k, the
possible values for k| are, ky = ky, 2k,, 4k, ..., M, N. Hence, corresponding values for /(k;) are, /(k;)
= ky, 2ky,..M, M, since N) = (M) = M. The number of unique frequencies, from (5.20),
corresponding to each value of 4, is hence given by (N / 2ky), (N/ 4ky),..., 1, 1. Using the same
arguments used in case 1 above, the unique frequencies can be found by multiplying & with the

first M / (k) elements in Zy.
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(3) k2 = N, glky, k) < ky: ki = glky,ky), k) = Hg(ky, k2)). I(ky) = (N) = M. From (5.20), the
number of unique frequencies is 1. Hence, the unique frequency can be chosen to be ;.

@) k; =N, g(ky, kz) = ky = N: ky = N. I(k)) = l(g(k1, k2)). The number of unique frequencies, from
(5.20), is 1 and the unique frequency is thus ky = N.

Example 5.10:
In this example, cases 1-4 are considered for N = 8.
(D) k< N, glkyky) <k
ky=2, glk,,k,) =1, hence k; = 1, I(k)) = Uglk,, k2)) = 1, k) = 2. From (5.20), the number of
unique frequencies (k,k,) in column k; such that g(k, N) = k; is 2. The number of elements in gcd
set of k; = 1 is given by ¢(N/ k) = #(8) =4 . Hence, out of these 4 elements, only 2 are unique in
column 2. Zg = {1, 3, 5, 7}. by, hy & h are elements in Zg, and if ((hikih))n, (aM)n) = (((h2k)w,
ky) , then the elements 1,k and hk; are redundant w.r.t. column k.. Hence, the condition in which
(({h1R))e,((2h))s) = (((h2))s,2) occurs needs to be explored. The element A needs to be a solution of
((2h))s = 2. Solutions are of the form A =1+ 4¢, 0 <t < 2, i.e. A =1, 5. The other relevant
equation is (A A))v= ((h))n. Let hy=h; +d.

((hi(1 + 40))s = (A + d)))s

((hi + 40k = (It d))s

((4m0))s = (d)s

(((d-4m))=0

d-4h=38v

d=4h+8v
Using Bezout’s lemina, the smallest value of d is

d=g(4,8)=4
Hence, elements A, and A, are redundant w.r.t. 2 if d = 4.

The first element in Zg is 1. Hence, if A, = 1, then i, = A, +d=1+4 =35,
Hence, there is redundancy between 1 and 5 w.r.t. 2. The serial positic.)n of &, = 5 among the
elements of Z; is position 3. The number of unique frequencies (k,k,) in column k; such that

g(k,N)=k, is 2. Since the co-prime k;, = 5, at position 3, is redundant w.r.t. h; = 1, none of the

co-primes lesser than this 5 have a corresponding value of #; that is lesser than 5. Hence none of
them are redundant w.r.t. k. Also, the number of the co-primes is leeser than 5 is 2, which is

equal to the number of unique frequencies. Hence, these 2 co-primes, viz. 1 & 3, can be used to
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generate the 2 elements of ged 1 w.r.t. N that are unique in column 2 by multiplying each of them
with k; = 1.

(2) k=12, g(k,,k,) = 2: Since k, < 8, l(ky) = 2. Also, I(g(k, k2)) = I(k;) = 2. When g(k,k,) =k,
the possible values for & are, k; = 2, 4, 8. Hence, corresponding values for I(k;) are, I(k) =2, 4, 4,
since /(8) = I(4) = 4. The number of unique frequencies, from (5.20), corresponding to each value
of k; is hence given by 2, 1, 1. Using the same arguments used in case 1 above, the unique
frequencies can be found by multiplying k, with the first 4 / I(k,) elements in Zg.

(3) k=0, g(k,k,) <2t ky =2, l(ky) = I(g(ky,k,)) = 2. I(k;) = 4. From (5.20), the number of
unique frequencies is 1. Hence, the unique frequency can be chosen to be k;.

(4) k=0, g(k,ky) =0: ky=0. I(k)) = (k) = [(g(k;,k,)) = 4. The number of unique frequencies,
from (5.20), is 1 and the unique frequency is thus &, = Q.

From cases 1-4 studied above, the following procedure can be used to generate the UMRT

frequencies and the corresponding UMRT coefficients for NV a power of 2:

1) Fork,=1toN,

2) For glky, k)= 1to k/2, ky= g(k,,k,)and for gk, k) =k, ki=kto N

3) Calculate number of frequencies w = ¢(N)/(g(k,,k,)) / I(k)I(k,) .

4) Multiply the first w elements of Zy by k; to obtain the UMRT frequencies (k,k,)in
column £,, such that g(k,N)=4,.

5) For g(k,,k,) <N, the number of valid phase indices is given by M / g(k,,k,), and these

are given by p =0, g(k,k,), 2 g(k,k,), ..M - g(k,,k,)and for g(k,k,) =N,p=0.

Table 5.5 gives the UMRT frequencies and the corresponding number of UMRT coefficients
derived using the above procedure for N = 8. k2 takes the values 1, 2, 4 & 8. For a particular
value of k2, the possible values of g(k1,k2) are enumerated. For each such value of g(kl,k2), the
corresponding values of k1 are also shown. The UMRT frequencies corresponding to these values
of k1 and k2 are calculated. The total number of unique MRT coefficients is found to be 64. The
number of redundancies are also found. The total number of all coefficients taking into account
each UMRT coefficient along with its corresponding redundant MRT coefficients (this can be
found by summing all elements in the nght-most column of Table 5.5) gives a total equal of 216,
which when added to the number of zero-valued positions (non-existent MRT coefficients),

which is 36 for N= 8 (as seen in section 3.3) gives the total number of 2-D MRT coefficients for

N =8 as 256, which equals N°/2.
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Table 5.5: Unique frequencies for N= 8

ky | glkvkr) | ka No. of UMRT No. of No. of No. of
unique frequencies unique redundancies coefficients
frequencies coefficients | ¢ (Ng(k,k2)) including
redundancies
1 1 1 4 (1,1, (3,1), 16 4 64
(5,1), (7.1)
2 2 2,1, (6,1) 8 32
4 1 @G, 4 16
8 1 ©0,1) 4 16
2 1 1 2 (1,2), (3,2) 8 4 32
2 2 2 (2,2),(6,2) 4 2 8
4 1 (4,2) 2 4
8 1 (0,2) 2 4
4 1 1 1 (1,4) 4 4 16
2 2 1 2.4) 2 2 4
4 |4 1 (4,3) 1 1 1
8 1 (0,4) 1 1
8 1 1 1 (1,0) 4 4 16
2 2 1 (2,0) 2 2 4
4 4 1 (4,0) 1 1 1
8 8 1 (0,0) 1 i 1

The basis images corresponding to the UMRT coefficients are shown in Figure 5.1, (2) — (c). The
corresponding UMRT coefficient is obtained by addition of data elements in white-shaded cells
and subtraction of data elements in black-shaded cells in the basis images. The data elements
corresponding to grey-shaded cells are not part of the particular coefficient. The UMRT basis

images have a spatial-filtering nature, being composed of 1, -1, and 0.
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(0,0,0) (1,0.2)

(1,0,3) 2,0,0) 2.0.2)

0,1,0) o,.L1

(3,1,0) (ENNY] (3,1,2) (3.1,3)

Figure 5.1 (a): Basis images corresponding to the UMRT coefficients for N = 8, identified by (k;, k3, p)
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(7,1,0) L1

022) (1,2,0) (1.2,1)

(1,22) (12,3) (2,2,0) 222)

Figure 5.1(b): Basis images corresponding to the UMRT coefficients for N = 8, identified by (k, &2, p)
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(14,3) (2,4,0)

(6,2,0) (6,2,2)

(1,42)

(242) (4,4,0)

Figure 5.1(c): Basis images corresponding to the UMRT coefficients for N = 8, identified by (k, ks, p)

5.3.2 N x N Representation of 2-D UMRT

Two approaches were used to represent the N> UMRT coefficients in an N x N matrix. The first

approach is based on the algorithm given below.

Placement algorithm:

Initialize y1 (N, log,N,M) = 0, y(N,N) =0,
k=[0,1,2,48, M],g=[1,2,4.NA4),i=1
For j, = 0 to log,N, increment by log, N

For j, = 0 to log;N

Forp=0toM -1

include =0, count=0

Forny=0toN—1

Fornmy=0toN—1

z= ((mk() + nak(i))n

Ifz=p
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inciude =1, count = count + 1

YI(KG), j2, p) = y1(kG), j2, p) + A(m, n3)
elseifz=p+ M

include =1, count = count + 1

yI(kG), j2, p) = y1 (G, J2. p) - A(ny, m2)
If include =1

ii=round((i — V)N), ib=i—- (N 1)
Wiy, 1) = y1 (k(j1), j p)

kiindex(iy, ;) = k(1)

kyindex(iy, iy) = k(j,), pindex(iy, i) = p
elementcount(i,, i,) = count

i=i+1

For j, =0 to log,N — 2

maxrange = logq(f,), bottomofrange =0
For numberofranges = 0 to maxrange
topofrange = N/(2maxrange—numberofranges),
kistep = 2(numberofranges)

For k) = bottomofrange to

topofrange — k\step, increment by kstep
Forp=0toM—-1

include =90, count=0
Forn,=0toN—1

Forn;=0toN—1

2= ({mky + nag(i2))w

Ifz=p

include =1, count = count + 1

Yi(ky, jo p) =yi(ky, jo, P) + A(ny, 12)
elseifz=p+ M

include =1, count = count + 1

yi(ky jo, p) =1 (ky, j2 P) = A(ny, 13)

If include=1

L=round((i — D/N), =i—5LH(N—- 1)
Wi, ) =yI (ky, j2 p)

klindex (i;, 12) = kl

kyindex (i, ir) = g{j), pindex (i1, ) =p
elementcount(i,, i) = count

i=i+1

y(i), i2) = y(iy, i) elementcount(i), iy)

In the algorithm above, kjindex (i\, i,), kindex (iy, i,) and pindex (i\, i2)(i;,i,) give the values of
ki, k; and p of the UMRT coefficient that will be placed in the N x N array at position (i,i,). The

placement of UMRT coefficients for N =8 in an 8 x 8 array according to the algorithm is shown

in Figure 5.2.
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i>

_

0,0,0 1 1,0,0 | 1,0,1 {1,0,2 ;1,03 {200 |20,2 (4,00
0,40 11,40 1141 | 1,42 [ 143 1240 1242 1440
0,10 {0,1,1 j0,1,2 {0,1,3 {1,1,0 | 1,1,1 | 1,1,2 | 1,1,3
2,1,0 121,11 2,1,2 1213 {310 {3,1,1 |3,1,2 ! 3,13
4,10 |1 41,1 | 41,2 (413 |510 |51,1 {512 |53
6,1,0 [ 61,1 | 612 [613 710 {711 712|713
0,2,0 0,22 | 1,20 | 1,2,1 | 1,2,2 | 1,23 | 2,20 | 222
3,20 13,21 |3,22 |3,23 |420 |422 {620 |622

Figure 5.2: Positional details of 8 x 8 2-D UMRT matrix formed by placement algorithm, specified by

values of (k;, ks, p)

From Figure 5.2, it is seen that the algorithm accommodates all UMRT coefficients

corresponding to k; = 0, & 4 in the topmost 2 rows. The next 4 rows hold coefficients

corresponding to k; = 1, and the last 2 rows containing k, = 2. This approach is is somewhat

arbitrary and mechanical since there are no appropriate mathematical relations linking the

positions with the UMRT indices. To remove this shortcoming, the following method is proposed

for representing the N2 UMRT coefficients in an N x N matrix and vice versa when N is a power

of 2. (u, v) represents the index of the UMRT coefficient Yk(ﬁc) in the proposed N x N matrix.

1) (kl’kZ’p) _>(uav)

If k,=0
u=k+2p
v=N-1

If k, #0

u=k+N(p), 'k
v=N-N/k,+{plk]
2) (u,v) > (kisky, p)
If v=N-1
I (GO
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(5.114a)
(5.114b)

(5.115)

(5.116)

(5.117)



k,=0 (5.118)

p=(u-k)/2 (5.119)
fveN-1
k= () (6, N Yy (5.120)

k={1,2,4,816,.M}
k,=k if N=-(N/k)y<v<N-(N/2k) (5.121)
p=@—k)k/N)+k,(v-N+(N/k,)) (5.122)

The placement of UMRT coefficients for N=8 in an 8§ x 8 array, according to (5.114) - (5.116) is

shown in Figure 5.3.
v
_—
0,1,0 |0,1,1 {0,1,2 |0,1,3 10,20 0,22 | 0,40 |0,0,0
u 1,0 1,10 1,12 413 11,20 11,22 [ 1,40 ]1,0,0

2,10 | 2,1,1 [2,12 | 2,13 1220 (222 [2,40 |2,00
3,10 | 3,10 | 3,12 | 3,13 3,20 322 | 1,41 | 1,01
4010 | 41,0 | 412 [413 (4,20 422 44,0 |4,00
51,0 50,0 | 512 51,3 [1,21 (123 | 1,42 | 1,02
6,10 | 61,1 | 612 613 620 |622 |242 |20.2
7,00 | L1 [712 7,13 | 32,1 (323 [ 1,43 | 1,03

Figure 5.3: Positional details of 8 x 8 2-D UMRT matrix formed from (5.114) — (5.116), specified by
values of (ki, k>, p)

5.3.3 Inverse 2-D UMRT

From (3-45) in section 3.7, the formula for inverse 2-D MRT is
1 MA ) )
—_ ph __ P, _
Xop = Z )}:& Z Y,(qk_' 0<n,n, <N-1
O\ Vb loyom=p ik Ymrmpet
Every data element x, , is involved in formation of N ?MRT coefficients, and these N MRT
coefficients are used to obtain the data element in the inverse process. However, from section

5.2.4, an MRT coefficient ka{;}l is completely redundant with @(N/g(k,k,,N)) MRT

coefficients. In other words, there are $(N/g(k,,k,, N))MRT coefficients that have the same

composition of data elements. Hence, in the inverse transform for any of these common data
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elements, all these @¢(N/g(k,k,, N) MRT coefficients need to be used. Hence, when these

PN/ gk, ky,, N)MRT  coefficients are added together, the sum is equal
tod(N/ g(kl,k2,N)))"k(lf’k)z. Hence, since there are only N?UMRT coefficients, only these

N?coefficients need be used in the inverse transform, provided they are weighted by the
term$(N / g(k,, k,, N)).
Hence, the inverse 2-D UMRT can be obtained as follows:

1) For each data element Xy n,

2) Initialize, s = 0.

3) For each UMRT frequency (&4, k2),

4) Calculate g = ¢(N/ g(k,,k,,N))

5) Calculate z = ((nki+ nyka))w.

6) If0 Sz<M,s=s+qu(:,l,elses=s—qu(lf;2M)

N x,.,=s/ N?

In this way, the methods for generating the N* UMRT coefficients of an N x N image and also

for reconstructing the N x N image from the N2 UMRT coefficients have been presented. In this
context, a notable feature is that while the input is two-dimensional, the output is three-

dimensional since the MRT coefficient has three variables. This could be an impediment in

practical use of the 2-D UMRT. Hence, if a method can be developed to represent the N? UMRT
coefficients in the form of an N x N matrix just like the input image is represented, then this

would make use of the MRT representation easier.

5.4 Derived Redundancy in 2-D MRT

Derived redundancy, which was explained for 1-D signals in section 4.4.2, has its counterpart in

2-D signals also. For example, for N=6,
(0) _ y(O) (1} {(2)
By=Yy Yy +Y", and
(0) _ (O (1 (2)
g =Y,y —hy +4;
From these examples, though it can be intuitively stated that odd divisors are responsible for

derived redundancy, a detailed study of derived redundancy in 2-D MRT and inferences of

possible differences from the 1-D case remain to be explored. For N a power of 2, derived

redundancy does not exist, which is proved by the fact that there are N> UMRT coefficients for
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such . However, for N not a power of 2, number of UMRT coefficients is greater than N2. This

results in an expansive UMRT as shown in table 5.3. However, exploiting derived redundancyj, it

might still be possible to express the 2-D signal using only N UMRT coefficients, though the
remaining coefficients may have to be re-calculated for performing the inverse transform for

signal reconstruction.

5.5 Conclusion

In this chapter, complete redundancy in 2-D MRT is analyzed in detail. Redundancy between
divisor columns and also within divisor columns are analyzed. An expression is obtained for the
number of frequencies of the form (k,%,) in a column £; such that g(k,N)=k,. The total number
of unique frequencies, for any even value of N, is calculated over all divisor columns. The

number of UMRT coefficients, for any even value of N, is also derived using the expressions for

the number of unique frequencies. The number of UMRT coefficients is found to be N* when N
is a power of 2. Hence, when complete redundancy is removed from 2-D MRT, the resulting 2-D

UMRT is non-expansive when & is a power of 2, but expansive when N is not a power of 2. A

method is presented to arrive at the frequency and phase of the N2 UMRT coefficients when N is
a power of 2. A method to perform the inverse 2-D UMRT, when ¥ is a power of 2, is also
presented. Hence, a real, non-expansive transform has been developed through UMRT, when N is
a power of 2. Denived redundancy has not been removed from 2-D MRT yet. Once this is done,

there is scope for obtaining a non-expansive, non-redundant UMRT when A is not a power of 2.
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Chapter VI
APPLICATIONS, PISCUSSION AND CONCLUSION

6.1 Introduction

The MRT and the UMRT being general-purpose transforms, they can be applied for signal
processing tasks of 1-D and 2-D signals in general. Also, if extended to higher dimensions, they
could have applications for higher dimension signals as well. A few applications of 2-D MRT and
2-D UMRT are attempted to justify its applicability. One application of 2-D MRT — generation of
image blocks, and two applications of 2-D UMRT - image compression and orientation
estimation, are presented in this chapter. A few aspects of particular interest related to the MRT
and UMRT are also discussed in the chapter. Finally, the conclusion is presented along with a few

directions for further research.

The 2-D MRT can be used to generate a variety of image blocks from a given image block. The

idea is to manipulate the MRT matrices of an image block in different ways.

The main steps involved in image compression are (i) creating of image sub-blocks, (i1) transform
coding of each sub-block, (iii} quantization and (iv} entropy coding. The 2-D UMRT can be used

as the inherent transform for image compression problem,

Many methods have been applied to the task of describing directionality in images. Oriented

patterns have been described by using a flow coordinate system in [101]. Lapped Directional
Transforms (LDT) unambiguously detect spatial orientations from spatial energy [4]. A

directional filter bank whose pass band regions provide directional information has been proposed
in [102]. Directional wavelets like curvelets [103] and contourlets [86] have basis functions that
localize in space and angle. Fingerprints are widely used as biometric identification tools and
fingerprint recognition is popularly used for automatic personal identification. The pattern of
ridges and valleys on the surface of a fingertip define the fingerprint. The orientation field of a
fingerprint {s defined as the local orientation of the ridges of the fingerprint. Estimation of the
orientation field is an important step in the fingerprint identification process. Applications
requiring knowledge of ridge orientation include enhancement, singular points detection, ridge
detection, and fingerprint pattern classification. Techniques proposed for orientation detection
include gradient-based methods [104-105], spatial convolution, polynomial model [106] and

directional Fourier filtering [107].
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6.2 Applications of 2-D MRT/UMRT

Since a new representation of 2-D signals using 2-D MRT and 2-D UMRT coefficients have been
obtained, three application scenarios are considered.

6.2.1 Generation of Image Blocks

As already seen, the 2-D MRT of an N x N image block has M MRT matrices of size N x N. If
these M matrices are manipulated suitably and the inverse 2-D MRT is performed, the resulting N
x N signal is an image block that is newly generated from the original block. An assumption here

is that M is prime. The following are a few of the manipulations that were considered.

1) Sign change: All MRT matrices except Y,‘(io,\) are multiplied by -1, and the inverse MRT is
done to obtain a new block.

2) Constant scaling: All MRT matrices except Yk(‘o,z are multiplied by a constant scaling factor,
and the inverse MRT gives the new block. Different choices of the scaling factor can be used.

3) Variable scaling: All MRT matrices except Y,((IOZ are multiplied by different scaling factors

keeping Y,:O,f unchanged and the inverse is taken.
4) Total variable scaling: All MRT matrices are multiplied by different scaling factors, and the

inverse is taken.

5) Adjacent exchange: The adjacent MRT matrices, except ),k(]?z'z , are interchanged. For example,
Yk(‘lz is interchanged with Yk(‘z,z , and Yk(l}i is interchanged with Yk(ldz .

6) Reverse exchange: The MRT matrices except Yk(‘o,z’ are exchanged in a reverse order. For
example, if N=10, ¥} is exchanged withY\"} , and Y?) is exchanged with ¥’} .

P ks g K ks K ks g K, ks

7) Middle exchange: The MRT matrices except¥,", are exchanged along the middle element.
¥i9 is exchanged with Y™ For example, if n = 14, Y1} is exchanged with ¥, |,
and Yk‘fﬁ is exchanged with )’;(lj ,22 .

The image blocks generated from a single image block using the manipulations 1-7 separately
and in combination are shown in Figure 6.1. The numbers above each block identify the
associated manipulations performed to obtain the block. The top-left block with number 1 is the
original block. For example, a block with label ‘26’ has been obtained by computing the MRT of
the original block and then using a particular value for scaling factor in operation 2 followed by

operation 6 on the computed MRT, and finally taking the inverse MRT of the manipulated MRT.
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6.2.2 Image Compression
An image compression technique using UMRT is proposed in the following steps:
1. The image to be compressed is divided into sub-images of size 8 x 8

2. Forward 2-D UMRT is applied to each sub-image block
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Figure 6.1: Image blocks generated using MRT manipulation from a single image block.

3. Quantization is applied to the UMRT coefficients. Many quantization methods are possible.
The approach used here is to divide all UMRT coefficients by a positive integer and to round off

the result.
4. UMRT coefficients ;o) , Y50, YO, X, Y37, X33 & Y3 are divided by half the quantization
factor used to divide all other coefficients. The mean intensity of the image is represented by ¥¢.

The remaining coefficients cited above correspond to vertical structure which is strong in most
natural images. Typical values for this quantization factor lie in the range from 5 to 50.

5. The above coefficients are scanned first, followed by the remaining coefficients in sequential
order from the top row. Long runs of zeros will result for each sub-block as a result of this

scanning order.
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6. The coefficient Y(,{_g) is a DC coefficient. Single-delay DPCM differences are taken for DC

coefficients. Combinations of non-zero AC coefficients and zero run-lengths are grouped. These
are then coded using Huffman tables specified in the sequential mode of the JPEG standard [100].
7. At the decoder, the compressed bit-stream is decoded and the coefficients are then re-
arranged using the same scanning order and multiplied by the same quantization matrix used at
the encoder.

8. Lastly, inverse MRT is applied to each block to obtain the reconstructed image.

The results of image compression using UMRT on five commonly used test images is shown in

Table 6.1. Two examples of a reconstructed image are shown in Figure 6.2.

(b) 0.5 bpp, 31.54 dB c) 1 bpp, 35.55dB

Figure 6.2: Original and reconstructed images, ‘Lenna’
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Table 6.1: Compression results obtained using UMRT on 5 test images

PSNR(dB)
Image 0.25 bpp 0.50 bpp 0.75 bpp 1.0 bpp
Lenna 2834 31.54 33.72 35.55
Barbara 22.84 25.96 28.27 30.59
Mandrill 22.28 24.22 25.93 2741
Goldhill 26.81 29.18 30.41 32.11
Cameraman 27.98 32.06 34.79 38.14

6.2.3 Orientation Estimation
By orientation of a pattern (assuming that the grey-cells indicate a UMRT pattern) is meant the
angle 0 between the horizontal axis and the UMRT pattern, as shown in Figure 6.3. Recalling

from section 3.5, for a given solution n,, solutions to n, occur at a gap of N/ g(k,,N)columns.

Also, if a data element has the index (»,,n,) and is present in Y;(.f'r}» , then Y,f:?i will contain a data

element in the row given by n, + g(ka, N)/g(ky, ka, N).

A\ 4

Figure 6.3: Analysis of UMRT pattern orientation

The column number of this data element is given by n, — v, where v satisfies (3.27). In other
words, (n,n,) and (n, + g(k», N)/g(ky, ks, N), n; = v) belong in Y% . Using this knowledge, the
following analysis may be done regarding directionality of certain UMRT patterns. Assume k, =

1. Hence, k; = g(k;, N) = 1 and, v = ky & g(k,, N)/g(k,, k;, N) = 1. Thus, given (n,n,),

(n, +1,n, —v) also belongs in Yk(ﬁ.-). . Also, there is only one data element in a row. The angle @ is

142



calculated as tan” 1/v. If k; = ¢, thentan(@) =1/¢q . Also, (N - ¢))y = ((-g))n. Hence, if iy = g, v

=g, and if k; = N — ¢, v = - q. The magnitude of v is the same, but the direction of the change
represented by v is opposite to each other. Hence, if 8 is the angle between the pattern and the
horizontal axis in the positive direction for k; = g, then if k&; = N — g, 8 is the angle between the
corresponding pattern and the horizontal axis in the negative direction. Hence, the angle between
this pattern and the horizontal axis in the positive direction is(180° —@). The pattern angles

corresponding to a few UMRT frequencies when N = 16 are shown in Table 6.2,

Table 6.2: Pattern orientations for a few UMRT frequencies, N = 16.

Frequency index of UMRT Direction of pattern Frequency index of Direction of pattern

coefficient (degrees) UMRT coefficient {degrees)

{1,0) 0 3, 18

(2,0} 0 4,1 14

{0,1) 90 5,1 11

(1,1) 45 (12,1) 166

2,1} 27 (13,1) 162

(14,1) 153 (15,1) 135
{0,y 90 1,2) 63

(1,2) 117

MRT coefficients form well-defined patterns in the 2-D signal domain that are unique for each
coefficient. Basis images can be plotted that show how pixel locations in an image combine to

form each MRT coefficient. Figure 6.4(a) shows basis images corresponding to MRT

coefﬁciemsYlff”, Ylfll’, Y, P and Y](f’) respectively for N = 8. The basis images formed by MRT

coefficients )ﬂfg),}"fé),)"fé] and Yl(f)) respectively are shown in Figure 6.4(b). The corresponding

MRT coefficient is obtained by addition of data elements in white-shaded cells and subtraction of
data elements in black-shaded cells in the basis images. The grey-shaded cells do not involve in
the computation. It is evident from the basis images that MRT coefficients can be viewed as the
results of performing a spatial-filtering operation on the image block using different spatial
masks. The nature of each mask is determined by the basis image corresponding to each MRT

coefficient.

From (4.S.1), since incongruent solutions to a linear congruence equation form an arithmetic
progression, solutions to the two linear congruence equations relevant to MRT form 2-D patterns

in the spatial domain. The constant difference of the arithmetic progression depends on the values
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Figure 6.4 (a): Basis images corresponding to MRT coefficients Y,Elm , Ylf]” , }1{,2 )and Ylf,: 2

Figure 6.4(b): Basis images corresponding to MRT coefficients Y,fg) , Ylff,) A Y,‘g )and Y,ff,’

(®)

Figure 6.5: Global patterns formed by union of: (a) MRT coefficients with frequency index (1,1), (b)
MRT coefficients with frequency index (1,0).

of k, and k,. Hence, given k, and k,, the basic structure of the spatial pattern associated with all
MRT coefficients having these frequency indices are the same, irrespective of the value of the
phase index p. The exact location of the pattern on the image lattice depends on p. Thus, spatial
patterns of MRT coefficients having common frequency indices k; and k, but different phase
indices p are all parallel to each other. Further, the union of all these spatial patterns covers the
entire image block. This set of all patterns is a pattern in itself and may be called a global pattern
for the frequency index (k,,k,). The global pattern is a filter mask that spatially filters the entire
image block. Figure 6.5(a) shows the global patterns formed by the union of MRT coefficients
with frequency index (1,1). Thus, the basis images in Figure 6.5(a) form the components that
make up the global pattern in Figure 6.4(a) associated with an 8 x 8 MRT. Similarly, the global

pattern
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Figure 6.6 (a): Global patterns formed by UMRT coefficients for N= 16, (k»=1)

corresponding to frequency index (1,0), shown in Figure 6.5(b), have the basis images shown in-
Figure 6.4(b) as its components.

UMRT coefficients can be used to estimate fingerprint orientation by the following steps:

1. The input fingerprint image is divided into non-overlapping square blocks of size 16 x 16,
which is a commonly-used block-size in fingerprint image processing.

2. The UMRT of each block is computed.

3. Figure 6.6 shows the global patterns associated with UMRT coefficients for N = 16. 15 sets of
UMRT coefficients shown in Table 6.2 are used for direction analysis. These coefficients are

chosen on account of the strong directionality of their associated patterns, and likeness of these

patterns to the ridge flow in a fingerprint image. For a frequency index (k;,%,) , the sum of
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Figure 6.6(b): Global patterns formed by UMRT coefficients for N = 16, (ks = 2, 4)

absolute values of each UMRT coefficient with index (k,, k>, p) for all applicable values of phase
index p is calculated. This value may be called a pattern strength indicator associated with a given
frequency index (&, k).

Py k) =Y |17, |
P

4. Because of the highly directional nature of ridges in a fingerprint image, blocks other than
singular points will have a single dominant direction. This dominant direction is identified by the
frequency index (k;,k,) which gives maximum value for the pattern strength indicator defined
above. The absolute value of the UMRT coefficients is taken since the present objective is only to
estimate the strength of a pattern in a particular direction in an image block. The sign of the
UMRT coefficient gives information about the relative location of the dark and light areas of the

pattern and hence it is not relevant to the present application.
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Figure 6.6(c): Global patterns formed by UMRT coefficients for N= 16, (k, =0, 8)

This method has been used to estimate orientation field of some fingerprint images to study the
accuracy of orientation estimation. Figure 6.7(a) and Figure 6.7(b) show two examples of the
results on fingerprint images taken from database DB2 of [108]. The estimated orientation of
each 16 x 16 block is indicated by the mark superimposed on each block in the fingerprint image.
Since it is difficult to obtain an objective error measure, the performance of the method has to be
judged by manual inspection. On observation of the results, it is seen that MRT coefficients can
be used to obtain a fairly accurate estimate of the orientation field of the fingerprint image. When
the fingerprint image is of good quality, the method will have very high accuracy.

147



Figure 6.7(a): Results of fingerprint orientation estimation using MRT coefficients.

Figure 6.7(b): Results of fingerprint orientation estimation using MRT coefficients.
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6.3 Discussion

The overlying theme of the thesis has been to present a new method of digital signal
representation which is based on a grouping of data based on the value of the exponential kernel
associated with each data in the DFT context. Further, the symmetry and periodicity of the
exponential kernels used in the DFT were also exploited. The following issues are considered

worthy of discussion regarding the new transforms.

1. Real output:
The DFT transforms a real input to a complex output. However, the MRT produces real output

for real input data. This is seen as an advantage in the context of the numerous real-valued

applications.

2. Grouping based on angle:

The MRT is formed by grouping data on the basis of the angular values taken by the exponential
kernel. Although the data is not multiplied by the twiddle factor, the value of the twiddle factor
influences the value of the MRT. Due to this, complex-domain analysis can be performed using

MRT. The DFT can be readily obtained by suitable post-processing of the MRT.

3. New approach:
The DFT maps signals from time-domain to frequency-domain. However, it requires N*and

(3/4)N*log N complex multiplications in direct DFT and radix-2 vector radix FFT respectively

for an N x N data. In [8], 2 modified DFT relation was introduced that requires N* /2 complex
multiplications at the final stage. The 2-D MRT presented in Chapter III, obtained from the
modified DFT relation, requires only real additions. The direct computation of 2-D MRT requires
computation of z for each coefficient and a logical checking which adds complexity to the
computation. Hence, a closed form representation is derived exploiting the patterns present in the
MRT. The 2-D MRT computation maps an N x N data into M matrices of size N x ¥, and has
considerable redundant coefficients. Thus, the 2-D UMRT is developed removing the redundancy
present in 2-D MRT. Hence, the development of 2-D UMRT gives an N x N matrix from an N x
N data using only real additions. DFT gives only global information whereas MRT can be used
for extracting both global and localized information. Thus, the 2-D UMRT is a compact

representation of 2-D signals in the frequency domain using only simple real arithmetic.
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4. Computation;

The computation of 2-D UMRT involves identification of the frequency and phase indices
followed by computation of the coefficients using either the direct method or the closed form
computation. In applications like generation of images, 2-D MRT will be advantageous and can
be derived from 2-D UMRT by adding the redundancy. 2-D DFT can be derived from 2-D MRT
by multiplying with the twiddle factors associated with each MRT coefficient. Thus, three
methods are possible for 2-D MRT computatien: (i) Direct computation, (ii) Closed form
computation, and (iii) Computation from 2-D UMRT coefficients. A plot comparing the
computation times for the three methods is shown in Figure 6.8. In the direct method, the
computation time is highest. It is reduced when the closed form computation is used. In the
method using UMRT coefficients, only the UMRT coefficients need to be computed. All the
remaining MRT coefficients can be computed through complete redundancy from the UMRT
coefficients. The computation of UMRT coeflicients requires knowledge of particular solution

which could be an overhead in computation.

5. Frequency indices:

In the DFT, the frequency indices are directly given by £, =[0, 1,2, N-1], % =[0,1,2,N-1]. In
the UMRT, for NV a power of 2, the frequency indices (k;, k,} are arrived at using methods based
on number theory principles. Using the mapping between the frequency and phase indices (4, 42,
p) and indices (u, v), the indexing of the UMRT coefficients also can be similar to that of the
DFT.

6. Orientation:

In the Fourier domain, the power spectrum of a directional pattern clusters along a line through
the origin, and the orientation of the pattern is perpendicular to this line. The MRT has orientation
properties too. The MRT’s orientation property provides information about the orientation of a
pattern as well as the spatial location of the pattern. MRT coefficients are formed by sums and
differences of data elements along well-defined patterns, and hence can be considered to be
strength-indicators of spatial patterns in an image. A few MRT coefficients represent highly

directional patterns and these can be used to identify directional features in images.

7. Space-frequency transform, Separability, Orthogonality:
The DFT is a frequency transform. The MRT, in contrast, can be considered to be a space/time-

frequency transform, since it has both frequency and phase indices. 2-D MRT can not be

150



implemented by row-column decomposition. The UMRT is an orthogonal transform and can be
verified using examples. It can be made orthonormal by suitably adjusting the scaling factors in

the forward and inverse transforms.

| —— Direct method | |
'~ —— Closed form | o |
2500, 2 UMRT method o
| @ |
| §
20001L i ;
| 4 |
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Figure 6.8: Plot showing 2-D MRT computation time using direct method, closed form method, and
computation from 2-D UMRT coefficients

8. Expansive transform:

As observed in Chapter III, the MRT is an expansive transform, requiring more memory space
than the original signal. Although the MRT can be converted into the non-expansive UMRT, the
indexing of the UMRT is not straight-forward and hence there is an issue of complexity here. The
presence of the third dimension introduces a certain level of compiexity in MRT/UMRT
representation. The 2-D MRT and 2-D UMRT are inherently three-dimensional, although the
UMRT can be mapped into an N x N matrix. Also, the size of the signal ¥ is required to be even.

9. Relation with other transforms:
The relationship of MRT with the DFT is inherent in the very definition of the MRT. Considering
other transforms, there is a connection between the 1-D Haar transform and the 1-D UMRT, for N

a power of 2. The basis vector of the 1-D Haar transform can be obtained by a modification of the
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basis vector of the 1-D UMRT for N a power of 2.. The 2-D MRT and 2-D UMRT have
connections with Radon transforms like the DPRT and the ODPRT that are based on linear
congruences. A subset of the ODPRT coefficients is seen to have values equal to a subset of 2-D
UMRT coefficients, i.e. those corresponding to ged(k, k) = 1. Two-stage methods being
composed of a pre-processing stage and a post-processing stage, the MRT can be considered to be
a pre-processing transform. The DFT can be computed by using the MRT as the first stage of
computation by using suitable post-processing stages. The basis image of the DFPT also is
composed of 1, -1, and 0, similar to that of the MRT and UMRT. Like the DCT, the UMRT is a
real and non-expansive transform. However, the DCT has the important property of energy

compaction which has made it a popular transform.

6.4 Conclusion and Further Work

This thesis has presented work that has been done on the development of a new transform, named
MRT and its simplified version called the UMRT. The motivation for the new transform is to
process data on the basis of associated kernel values while avoiding the multiplication with the
kernel, and to utilize the symmetry and periodicity properties of the exponential transform kernel
of the DFT, while maintaining the capability for frequency-domain analysis. The MRT expresses
the data in terms of simple additions among various data elements. If required, the DFT can be
obtained from the MRT. Hence, the MRT is a new and simple way of expressing and anaiyzin g
1-D and 2-D signals. While both the 1-D MRT and 2-D MRT are expansive and redundant; the 1-
D UMRT is non-expansive and non-redundant for all even values of N. The 2-D UMRT is non-
expansive and non-redundant for N a power of 2, and expansive and non-redundant for N not a
power of 2. However, there are computational requirements to arrive at the unique frequency
indices, and indexing issues to represent the UMRT in a matrix. The idea of utilizing transform
kernel symmetries to arrive at simpler signal representations appears to have further potential. A

few possible directions for further study are presented below:

1. The concept of derived redundancy has been studied for 1-D signals only. Since derived
redundancy is an important aspect of MRT theory, it is necessary to explore the occurrence of

derived redundancy in 2-D signals also.

2. 2-D UMRT for N a power of 2 has been described in Chapter V. The study of UMRT for N
that is not a power of 2 remains to be performed. It has been found that the number of unique
coefficients is greater than N” for N not a power of 2. However, using derived redundancy, an

attempt could be made to obtain an N x N representation when & is not a power of 2.
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The work on inverse MRT for N not a power of 2, though started, remains to be completed.

The inverse for the case when M is prime has been obtained.

In Chapter 11, the properties of the 2-D MRT are described. Further properties of the MRT
remain to be explored. Also, properties of the 2-D UMRT offer another possible direction for

further investigation.

New applications can be found for the 2-D UMRT by studying its properties in detail. A few
potential applications are in image de-noising, image filtering, and pattern analysis etc.
Methods could be found for optimum use of the transform in applications like image

compression and orientation analysis.

The directional feature of MRT and its pattern structure has potential applications in areas
which require a simple tool to describe directionality of images. Although global MRT
patterns were made use of in this thesis and sign of coefficients ignored, the sign of individual
MRT coefficients too conveys important information regarding relative location of light and
dark areas in images. Applications that could take advantage of this feature of the MRT need
to be identified. The use of MRT in the broad areas of pattern analysis and computer vision

requires to be further explored.

The MRT approach could be applied to other transform kemels.

The applicability of MRT in analyzing time-varying signals is to be explored.
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APPENDIX A

A.1 Bezout’s Lemma:
For all integers a and b there exist integers s and ¢ such that

ged(a,b) =sa +tb

A.2 Linear Diophantine Equation

Diophantine equations are equations that require integer solutions. The linear Diophantine
equation ax + by = ¢ has a solution only if ged(a,b)divides c. In that case, there are infinite
number of solutions given by: x =x + (b/ ged(a,b) ), y =yo — (a/ ged(a,b) ), where (xo,y0) is a

solution, teZ.

A.3 Theorem on Linear Congruence
The linear congruence ((nk))y = p is solvable if and only if d | p, where 4 = gcd(k, N). If d | p then
it has d incongruent solutions. The linear congruence, when solvable, has the general solution n =

ng + (N/d)t, where 0 <t < d, and ny s a particular solution.

A.4 Greatest Common Divisor (gcd).

Definition: Let a,b,ceZ. If a#0 or b#0, gcd(a,b) is defined to be the largest integer d such
that d | a and d | b and is denoted as g(a,b).

ged properties.

1.Ife|a then—e | a.

2.1f a =0, then the largest positive integer that divides a is |a|.

b)).

4. ged(a,b) = ged(b,a).

3. ged(a,b)=ged(ldl,

5.1f a#0 or b#0, then gecd(a,b) exists and satisfies

b}.

0 < ged(a,b) <min {|a|,

6. ged (a,b,c) = ged(ged (a,b),c).

A.5 Euclidean Algorithm, Extended Euclidean Algorithm.
The Euclidean algonthm is used to determine the ged of any two integers.

Let a,be Zbe such that a>b>0. Set ,=a and r, =5 . Suppose that
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ry=rg,+n,0<n <p
h=ng +n,0<n<n

2 =t e 1,087, <1y

r,_

Tom1 = 10
Then, gcd(a,b) =r, = (the last non-zero remainder).
Proof:

Since r,2r >r,>..., there is an n such that r, =0. Therefore, the algorithm does terminate

eventually.
ged(a,b) =ged(r5,1) = ged (ry — gyri, 1) = ged (1, 1)

Similarly, ged(r, )= gcd(rl,rz) =ged(n —q1y. 1) = ged(n,n,), etc.
Therefore, ged(a,b) = gcd(rz,rl) =..=gcd(r,,r,_ ) =7,
Given positive numbers a and b, the extended Euclidean algorithm computes (4, «, v) such that
d =ged(a,b) = au +bv.

1. Seta =a,a,=bx=1x,=0;,y=0y,=1

2. Let q=|_a1 /aZJ

3. Seta =a,,a,=a,-qa,; X, =%, X, =X, +qX,; ¥, =Y,, ¥, =¥, + q¥,.

4. If a,>0 go backto Step 2.

5. If ax —by, >0 return (d,u,v)=(a,,x,~y,), else retun (d,u,v) ={a,—x,, ).

A.6 Totative.
Definition: A totative of N is a positive integer less than or equal to a number N which is also

relatively prime to &, where 1 is counted as being relatively prime to all numbers. For example,

there are eight totatives of 24, {1, 5,7, 11, 13, 17, 19, 23}.

A.7 Totient Function.
Definition: The totient function #(N), also called Euler's totient function, is defined as the

number of positive integers < N, that are co-prime to (i.e., do not contain any factor other than 1

in common with) », where 1 is counted as being co-prime to all numbers. The totient function
¢(N) can be simply defined as the number of totatives of N. For example,¢(24)=8. It is

mathematically expressed as
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1
#(N) = NH(I - —j
"y r
A.8 Residue Systems

Complete residue system: A set of m integers such that each element of the set 4;, 1 < i <m,
produces a unique value for mod(4;, m) is called a complete residue system modulo m. For

example, the set {0, 1, 2, 3, 4, 5} is a complete residue system modulo 6.

Reduced residue system: Given a complete residue system modulo m, the subset of a such that

ged(A;, m)=11is called a reduced residue system modulo 7. The size of this set is given by p(m).

Theorem: If {4,, ..., Ay} 1s a reduced residue system modulo m and if gcd(q,m) = 1, then {g4,,

.oy @4y0m} also is a reduced residue system modulo m.
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APPENDIX B

B.1 Values of function /(%):
Let N = Hr

and k= fl

where N and k are integers, and »; are prime divisors.

[T - I1 ¢:-1

(k) = ¢(N) _ j Vizas, Iilric' Visa=,
N/ k) ﬁ — ﬁ .
Vi=pa,=c; Vi=a,=c,
Case (i): /V has one prime divisor:
N=r?
~k=r°, ¢=012,..,a
Ifc<a,
ITe-
KR = ==k, ca#c
11~
if a=c
Ifc=a,
[Te-n
A= T = (-1 = =p(N)
[1- ’
if a=c

k, k<N
ORI -
r (r - 1)’ k= N

Case (ii): /V has two prime divisors:

— 1,0
N=n"n
. =S -N _ _
Sk=rn2 ¢ =012,..,a, ¢,=012,..,q,

If ¢ <a,c <a,,

[T &-D

_ c Vi=ba,=c, g _
ARy = e YRR s

IT »

Viza,=c,

, Va4 #C,a, %,

Ifc,=aq.c,<a,,
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[T -

. _ 6 C Vida=g ah- 1_ o1 I e
AR =R —— =y — =1 (=D, ey =c,a, 2

-
i
II'}

Vizba,=c,

If ¢, <a,c,=a,,

11 ¢&-p

Vioa,=¢, -1 -1
_c,c, € ,.60 12 — 3 C1 42 _ . -
sAk) =R ————=x"r, r =1 (n-1), va#c,a,=c
2
[1 #
Visa,=¢

Ifc=a,c,=a,,

IT &-p

. _ 0 U6 Yimvasc _ ¢ c,ri_‘lrz_l c*c .. _ _
SAK) =Rt — =n'n? oRcE (’i Wr =1, va=c¢,a9,=¢
h h
[T »
Vioa=c,
k
) ¢ <a,c<a,
-l Cy
. n (=D, G =4, <a
l(k)= ¢ .ol
Rt (n 1), € <q,6 =0

KOs =D -1, G=4,6 =0

B.2 Multiplication Property of function /(k):

Let Nzli[ i
i=1
q
and kznr;“,
i=1
[T ¢-v , [T ¢:-1
Visda=c, ¢, Vima,=c
(k) = k_:'q— H,;.V:’qh
[T - [T~
Vi=a,=c; Vi=a,=c,

9
Let 1 =] [r", d,=0if a =c,

IT¢-5 I ¢

Vi=a,=e Viz>g =
l(k')v:k' =4,=¢, :tk =a,=e
g 9
I1 - 1
Vi=a,=¢, Vi=ua,=¢,
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[T -
_ +d, ViDa;=¢,+d;
- Ig] ’}C q

Fi
Vi=a,=c;+d;
[T - [[ &-»
¢ Yisa,=c, d. Vioa#c,a,=c,+d;
— po p o
EH q ! q
i=1 i=1
1~ IT =
Vimdva=¢,; Visva=c,,a,2¢;+d,

[T -
— Ig]rfdi Viﬁaﬁ!c..,ai:cﬁdi l(k)

6
Vissa#c.a,=c+d;

[ 0 e T T el

Yi=a#c,,a;#¢;+d; Visag#c,.a;5c;+d; Vi=a#c; a,=c,+d,

- d; d-1

= IT = II »* [l @-vjiw
Vissa#c,,a;xe,  ViDaEc,a;=¢ Vi=>a,#¢,,0;=¢;

If Vi,a, #e¢;, then (B.1) becomes

1(k3=[ fl r;"‘}l(k)==[Ig]rf"}(k)=”(k)

Viza#c,.a,7¢; i=t
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