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Abstract

We report the experimental observation of subcritical Hopf bifurcation and the existence of non-oscillating “windows” in the
dynamics of a Ne-Nd hollow cathode discharge with discharge current as the control parameter.

Recent developments in the field of non-linear dy-
namics have brought to light various systems show-
ing deterministic chaos [1]. One of the well studied
systems which has wide applications in pure and ap-
plied sciences is the electrical discharge in gaseous
media where problems associated with stability, tur-
bulence, etc., are very important. Even though the os-
cillatory phenomenon in discharges is known for a
long time [2], it is only recently that various non-
linear properties leading to chaos in a discharge
plasma have been identified. Experimental observa-
tion of period doubling [3], intermittent chaos [4,5]
and quasi-periodic routes [6,7] to chaos have been
reported in steady state plasma. Self-generated oscil-
lation by an optogalvanic effect in a hollow cathode
discharge [8], instabilities and chaos in laser systems
have also been reported [9,10]. These universal
characteristics of the chaotic behaviour can be ob-
served by monitoring voltage, current or emitted light
[2,11], and their features depend mainly on the na-
ture of the discharge. Experimental observation of
subcritical Hopf bifurcation in a NMR laser with an
injected signal has been reported by Holzner et al.
[12]. Recently Singh et al. [13] observed backward
Hopf bifurcation in a hollow cathode discharge lamp
in which vanadium is used as the cathode material

and neon as the buffer gas. By taking the dc discharge
current as the control parameter to describe the dy-
namics of the plasma, they observed a metastable
“window” in the control parameter (at 4.3 to 4.7
mA), in which discharge oscillation takes a fre-
quency state of 0.6 kHz, which is a metastable state;
and the oscillations ultimately goes over to 0.9 kHz
for a current > 4.7 mA.

In this Letter we report the observation of subcrit-
ical (inverse) Hopf bifurcation and the existence of
more than one “window” in the oscillating states in
a Ne-Nd hollow cathode discharge. The concept of
bifurcation can be described by a forced oscillator.
Here when the control parameter is changed, the be-
havior of the system changes from one state to an-
other at a critical value of the control parameter [ 14].
The point in the parameter space where this occurs is
called bifurcation point. In a normal bifurcation, os-
cillations always start from zero amplitude. How-
ever, in subcritical Hopf bifurcation the oscillation
starts with a finite amplitude. Another property of the
subcritical Hopf bifurcation is hysteresis, i.e. if the
bifurcation is studied with the control parameter
being reduced, the threshold will be different from
that observed with the control parameter being in-
creased. Thus, oscillation which starts with a finite
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amplitude and the existence of a hysteresis in the bi-
furcation diagram
bifurcation.

A schematic of the experimental setup 1s shown in
Fig. 1. A commercial hollow cathode lamp (Catho-
dean UK) which contains a Nd cathode and a ncon
buffer gas is operated at low current. The discharge
was excited by applying a stable ripple-free d¢ voltage
using a highly regulated power supply (Thorn EMIL
PM28B). The discharge current is limited using a re-
sistance which is in series with the power supply. The
output signal, across the load resistance was moni-
tored using a 200 MHz digital storage oscilloscope
(Iwatzu, DS-8621) through a blocking capacitor.
Thus when we talk of a signal it is the ac signal and in
the non-oscillating state the output is zero.

After striking the discharge in the hollow cathode
tube, the current was decreased to the lowest value
where the discharge is stable. When the current was
gradually increased in the presence of the discharge
it was found that pure sinusoidal oscillations start
with a finite amplitude at the threshold current /=,
As the current is further increased, at /=1, the oscil-
lations stop abruptly corresponding 1o the dc state
which is continued till / = /5. Above /; oscillations with
a complex wave form (having more than one fre-
quency) start again with a finite amplitude till /=14,
and after that the oscillations stop and it goes to a d¢
state. We were not able to go beyond i, ~ 5 mA due to
the limitations of the power supply. The various states
in the dynamics of the plasma are designated as
follows,

State I: i<, .
non-oscillating state .
State II: 1, <i<is .

oscillating state - stable. 5.26-2.27 kHz .
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Fig. |. Experimental setup.

indicates subcritical Hopf

State Iz 75 sty
non-oscillating state
State Vi 7y <tig, .

oscillating state - metastable.  526-434 Hz .

State Vii=, .
non-oscillating state .
1, =0.83mA, /=246 mA
L =42mA. ;=496 mA |

Fig. 2a shows these regions in the bifurcation dia-
gram in which the amplitude of oscillations as a func-
tion of the discharge current in the dynamics of the
plasma is given. CRO traces of the discharge oscilla-
tions at various states arc shown in Fig. 2b. The ob-
scrvation of an intermediate oscillating state in the
bifurcation has been reported previously [12]
whereas in the present work we observed a non-oscil-
lating intermediate state in the dynamics as the dis-
charge current is varied. Oscillations in state II start
at 0.83 mA with a frequency of 5.26 kHz and the fre-
quency of oscillation in this state decreases with cur-
rent to 2.27 kHz at 2.46 mA. For state IV it also de-
creases with current (Fig. 3) from 526 Hz (at 4.2
mA) to 434 Hz at (at 1,=4.96 mA).

The oscillating state 11 1s found to be very stable,
1.¢. the oscillation amplitude remains constant with
time if we fix the current between /, and /,. When the
discharge current is in the vicinity of /=1, state IV
decays to the non-oscillating state V. The relaxation
of the state from IV to V 1s fast when 7 1s close to /4
while it is slow when 7 is near /5. Fig. 3 shows the vari-
ations of the amplitude of the oscillation as a func-
tion of time in the left edge of the second oscillating
regime. This indicates that state 1V is a metastable
state.

When we go in the reverse direction, 1.¢. when the
discharge current is decreased, the critical currents are
shifted to lower values demonstrating the existence
of hysteresis (Fig. 4). This hysteresis is an indication
of subcritical Hopf bifurcation in which the dc state
is a fixed point and the oscillating state is a limit cycle.
In the reverse direction the frequency of oscillation
is less than that in the forward direction of i (Fig. 5).
From the presence of two oscillating states (Il and
1V} and three non-oscillating states (1. [l and V) we



P.R. Sasi Kumar et al. / Physics Letters A 196 (1994) 191-194 193

250
a
o (@
£ 200
w150 \
&)
> |
F 1004 o
o ? \
= 574
z 3,i *
i I
B -anale! e
[} 4 5
E
200ps
=
|
O.
O
1'ms (b)
/_\6_
Tl
< ()
>4
Q
>
L
521
Ll
¥
o
OA =T T =] T T 2]
0 1 2 3 4 5
CURRENT (mA)

Fig. 2. Bifurcation diagram of the plasma dynamics with dis-
charge current as the control parameter. (a) Variation of the sig-
nal amplitude with discharge current. (b) Time evolution of the
oscillation for (I) state II and (I1) state IV. (¢) Variation of the
frequency with discharge current.

can think of a series of subcritical Hopf bifurcations
in the dynamics of the discharge plasma with win-
dows of a non-oscillating state in between them.
Switching between a fixed stable point to a stable limit
cycle takes place as the discharge current is increased.

The observation of “windows™ may be due to the
presence of noise in the discharge system. A quanti-
tative analysis is not possible because most under-
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Fig. 3. Relaxation of oscillating state IV to the non-oscillating
state V.
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Fig. 4. Hysteresis in the amplitude of oscillation.
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Fig. 5. Hysteresis in the frequency of oscillation.
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standing of the processes in a hollow cathode 1s qual-
itative in nature. However a general mechanism that
leads to chaotic behaviour in discharge and model-
ling of the plasma dynamics showing the windows in
the bifurcation diagram has been discussed in a few
papers [11.13]. Dynamics of a gas discharge can be
studied by considering only the macroscopic proper-
ties based on the fluid equations obtained from av-
erage values such as number density, velocity and en-
crgy. The plasma acts as a conducting fluid and most
of the basic properties of the gas discharge can be ¢x-
plained on the basis of the fluid equations. The rate
of the plasma formation is determined by the rate of
neutral ionization by primary electrons and the
plasma decay time. The amplitude of oscillation de-
pends on the density of electrons # and is controlled
by [15]

an N
m +Vir=an— fpn- . (1)

where ¢ is the drift velocity, while o and f§ arc the

ionization coefficients, respectively. The drift veloc-

ity depends on the electric field according to
ne . kT

n=— —yk——7yVn {
n m

[

;* being the electron-atom collision frequency and «.
m. k and T having their usuval meaning. The above
equations coupled to Maxwell’s equations constitute
a set of non-linear partial differential equations. The
investigation of partial differential equations for pos-
sible chaotic behaviour is still in a beginning stage

[3].

In summary. subcritical Hopf bifurcation has been
observed in the dynamics of a Ne~Nd hollow cath-
ode discharge with discharge current as the control
parameter. The existence of the non-oscillating state
windows in the bifurcation diagram. the amplitude
and the frequency of oscillations. hysteresis. etc.. are
investigated.

References

{1]J).P. Eckmann, Rev. Mod. Phys. 53 (1981) 655.
{21 T. Donahue and G.H. Dtcke. Phys. Rev. 81 (1951 ) 24&.
{3]7T. Braun, J.A. Lisboa, R.E. Francke and J.A.C. Gallas. Phys.
Rev. Lett. 39 (1687) 613
1471 P.Y. Cheung, S. Donovan and A Y. Wong, Phys. Rev. Lett
61 (1988) 1360.
[5]4 Qin. L. Wang, D.P. Yuan, P. Gao and B.Z. Zhang, Phys.
Rev. Lett. 63 (1989 163
16] D. Weixing, H. Wei, W, Xiagodong and C.X. Yu, Phys. Rev.
Lett. 70 (1993) 170,
171 S.H. Fan. S.Z. Yang. J H. Dai. §.B. Zheng, D.P. Yuan and
S.T. Tsai, Phys. Lett. & 164 (1992 295,
[8]1 K. Tochigi, S. Maeda and . Hirosc. Phvs. Rev. Lett. 37
(1986) 711
{91 C.0. Weiss, W, Klische, P.S. Ering and M. Cooper. Opt
Commun. 52 (1985) 403
[10] P.W. Milouni. M.L. $hih and J.R. Ackerhalt. Chaos in laset-
matter interactions { World Scientific. Singapore, 19871,
{1H] V.O. Papanyan and Y I Grigorvan, Phys. Lett. A 164 (1992
43.
| 127 R. Holzner, B. Derghetti. M. Ravani and E. Brun. Phys.
Rev. A 36 (1987 12801,
[13]R. Singh. P.S.R. Prasad, J.K. Bhattacharjee and R.K
Thareja, Phys. Lett. A 178 (1993) 284,
{141 P. Berge. Y. Pomeau and . Vidal. Order within chaos
{Wiley, New York, 1984
[ 151 B.E. Cherrington, Gascous clectronics and  gas  lasers
( Pergamon, Oxford. 19791



