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Preface 

N certain materials, the spreading of a laser beam owing to diffraction 
I can be compensated by the material nonlinearity and as a result the 
beam propagates without any change in its shape. Such non-diffracting 
beams are known as spatial solitons. These solitons have been observed 
in various nonlinear media including Kerr, photorefractive, quadratic and 
liquid crystals. Solitons arc ubiquitous in nature and have been studied 
in many branches of science. In the field of optics, temporal solitons, 
short temporal pulses that do not change shape as they propagate in a 
dispersive material such as an optical fiber, has been studied widely. It 
was first proposed in the year 1973 by Hasegawa and Tappert and observed 
experimentally in 1980 by ·:'dollenauer et al. 

In this thesis, we have studied the propagation of light beam through 
various nonlinear media like the cubic-quintic medium, the photorcfrac
tive medium and the photopolymer system. The fundamental mechanism 
responsible for the refractive index modulation in each of the three media 
are different. 

Chapter 1 gives a basic introduction to the concept of solitons. Differ
ent terms and concepts associated with soliton theory are introduced. Its 
historical development and current status are also given. A comprehensive 
review in the area of spatial solitons is presented. An introduction to the 
basic analytical and numerical methods used in this thesis is given. 

In Chapter 2, wc have studied two kinds of solitons, the (2 + 1) D 
spatial soli tons and the (3 + l)D spatio-temporal solitons in a cubic-quintic 
medium. The change in refractive index in such a medium occurs due to 
two competing effects, focusing due to the third order nonlinearity and 
defocusing due to the fifth order nonlinearity. We have studied the prop
agation of an optical high power cylindrically symmetric beam in such 
a medium both analytically and numerically. In this case, we have to 
consider the self-defocusing effect caused by the presence of free electrons 
produced due to plasma formation. Multiphoton absorption is a nonlin
ear process, in contrast with the one-photon absorption process. It has a 
self defocusing effect on the material. The counteracting self-defocusing 
effect of both photoionized free electrons and the quintic non linearity re
stricts the unbounded growth of the Kerr nonlinearity. Variational method 
is used to study the system analytically. Finite Difference Beam Propa
gation Method is used for the numerical analysis. In the second part 
of this chapter, we have studied the propagation of spatio-ternporal soli
tons (Light Bullets) through a cubic-quintic medium. The same approach 
is used to study the propagation of a pulsed high power beam through 

ix 
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a cubic-quintic medium with the effect of nonlillear multiphoton ioniza
tion. When a pulsed optical beam propagates through a bulk nonlinear 
medium, it is affected by diffraction and dispersion simultaneously and at 
the same time the two effects become coupled through the nonlinearity of 
the medium. Such a space-time coupling leads to various nonlinear effects 
like the possibility of spatio-temporal collapse or pulse splitting and the 
formation of light bullets. We could show the existence of stable light 
bullets in this medium using both analytical and numerical studies. Self
focusing in a plasma can balance the natural diffraction and channel a 
laser beam. Such effect is beneficial for many applications, since it helps 
increasing the length of the interaction between laser and medium. This 
is crucial, for example, in laser-driven particle acceleration, laser-fusion 
schemes and high harmonic generation. 

In Chapter 3, we have studied the evolution of light beam through 
a different kind of nonlinear media, thc photorefractive polymer. When 
illuminated, a space-charge field is formed in the photorcfractive material 
which induces nonlinear changes in the refractive index of the material 
by the electro-optic (Pockels) effect. This change in refractive index can 
counter the effect of beam diffraction forming a PR soliton. The light 
beam effectively traps itself in a self-written waveguide. As compared to 
the Kerr-type solitons, these solitons exist in t\VO dimensions and can be 
generated at low power levels of the order of several microwatts. We study 
modulational instability and beam propagation through a photorefractive 
polymer in the presence of absorption losses. The one dimensional beam 
propagation through the nonlinear medium is studied using variational and 
numerical methods. Stable soliton propagation is observed both analyti
cally and numerically. 

Chapter 4 deals with the study of modulational instability in a pho
torefractive crystal in the presence of wave mixing effects. Modulational 
instability is a universal process in which tiny phase and amplitude pertur
bations that arc always present in a wide input beam grow exponentially 
during propagation under the interplay between diffraction (in spatial do
main) or dispersion (in temporal domain) and nonlinearity. Modulational 
instability in a photorefractive medium is studied in the presence of two 
wave mixing. \Ve then propose and derive a model for fonvard four wave 
mixing in the photorefractive medium and investigate the modulational 
instability induced by four wave mixing effects. By using the standard lin
ear stability analysis the instability gain is obtained. Such instabilit.ies will 
be useful for pattern formation. Photorefractive materials are attractive 
for the studies of pattern formation as their slow time constant gives the 
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possibllity of observing the spatiotemporal dynamics of the system in real 
time. This also reduces the demands on experiment.al equipment where 
speed is often a crucial parameter. Another advantage of photorcfractive 
pattern formation is that patterns can be observed using optical powers 
of tens of mW. In contrast, pattern formation using other nonlinearities 
require optical powers of the order of 1 W. 

Chapter 5 deals with the study of self-written waveguides. Besides 
the usual analytical analysis, basic experiments were done showing the for
mation of self-written waveguide in a photopolymer system. Light induced 
or self-written waveguide formation is a recognized technology by which 
we can form an optical \vaveguide as a result of the self-trapping action of 
a laser beam passed through a converging lens or a single mode fiber. We 
report the observation of self-writing in a bulk photopolymer (Methylene 
Blue sensitized poly (Vinyl Alcohol)j Acrylamide (MI3PVAj Acrylamide)). 
We first present the model equation for the beam propagation through the 
photopolymer and analyze it using the variational method. A potential 
well formulation is developed. The results are further confirmed by doing 
experiments. 

The formation of a directional coupler in a phot.opolymer system is 
studied theoretically in Chapter 6. Directional couplers are the basis 
of several guided wave devices and arc mainly used for optical switching 
networks. It is a passive device which couples part of the transmission 
power by a known amount t.hrough two transmission lines which are very 
close to each other such that energy passing through one is coupled to the 
other. "Ve propose and study, using the variational approximation as well 
as numerical simulation, the evolution of a probe beam through a direc
tional coupler formed in a photopolymer system. The t.wo waveguides of 
the coupler are formed by direct self-writing. The waveguides so formed 
are permanent and can be used to guide light. We show that probe beam 
launched into one of the core can efficiently couple into the other core and 
the efficiency of coupling increases with the reduction of distance between 
the two waveguides. The coupler is analy:wd using the variational met.hod 
and the results are compared with that from direct numerical simulation. 
Both the result.s are comparable. An analytical result describing the be
havior of the coupler was obtained using the Lagrangian formulation. This 
result compares well with the results obtained for a st.andard linear direc
tional coupler. A potential well formulation is also developed which gives 
a physical insight into the dynamics of the coupler. 

The main results and conclusion of this t.hesis are given in Chapter 
7. The future prospects are also presented. 
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The beginning is the most 
important part of the work 

Plato (428 BC-348 BC) 

Optical Solitons : An Introduction 

1.1 Basic concepts and terminology 

S 
OLITONS have been the subject of intense studies in many different fields 

including hydrodynamics,l nonlinear optics,2 plasma physics3 and bi
ology.4 Electromagnetic waves have an innate tendency to spread as they 
evolve. Individual frequency components, which arc superimposed to form 
the wavepacket, propagate with different veloL:ities or in different diredions 
resulting in the spreading of the wavepacket. An example is the spreading 
of light pulses as they propagate in a medium due to the group velocity 
dispersion. As a result eaeh Fourier component of the pulse has a differ
ent velocity. The spreading of laser beam due to diffraction when passing 
through a medium is another example. Diffraction/dispersion of optical 
beams and pulses occurring in a medium is a linear effect. However, when 
nonUnear effects are present, it may compensate the linear effects and re
sult in the formation of optiL:al solitons, a localized pulse or beam which can 
propagate without decay. The word soli ton is commonly used for pulses 
in exactly integrable nonlinear-wave models. However, most physical non
linear systems arc nonintegrable but support self-trapped solutions and 
exhibit import.ant features and conserved quantities. Such self-trapped so
lutions were initially called "solitary waves". Soli tons and solitary waves 
differ from each other as the former do not couple to radiation on collision 
and the number of soli tons is conserved. I3ut both of them still exhibit 
particle like properties. As a result, in todays literature this distinction 
is, in general, no longer used, and all self-trapped beams are loosely called 
solitons. 

Optical soli tons can be broadly classified into two categories: Temporal 
soli tons and spatial soli tons, the distinction being that in the former dis
persion effect counteracts nonlinearity and in the later it is the diffraction 
effect. There is a third category of solitons, the spatio-tempora.l soli tons or 
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the commonly called "light bullets". Here both dispersion and diffraction 
effects are dominant. All the three kinds of soli tons are briefly introduced 
in the following sections. 

1.1.1 Temporal solitons 

This is the prototypical soliton which occurs in single mode optical fibers. 
It was first proposed in the year 1973 by Hasegawa and Tappcrt5 and 
observed experimentally in 1980 by l\!Iollcnauer et al.G The light wave in 
a fiber loses its energy as it. propagates through the medium either due to 
absorption or due to scattering. The loss in the fiber originates froIll the 
imaginary part of the linear refractive index no(w) and is given by 

Wo 
Cl! = -Irn(no), 

c 
(1.1) 

where c is the velocity of light and Wo is the frequency of light. The 
power loss can be expressed in terms of decibels per kilo meter (dB/km) 
as -20log(c-"") = 8.690'. The fiber loss depends upon the wavelength of 
light. Fig. 1.1 shows the loss spectrum for a typical low loss fiber J 
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"C -~ 0.4 
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Figure L 1: I\J('aslmxl loss slwdruUl uf Sillglt' mode silica li lwL Du.:-;lwd 
ClIrVP shows thc' cOlltribut.ion froIll Rayleigh scatt.ering? 
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Another process in fibers which results in loss is due to Rayleigh scat
tering. It is a fundamental loss mechanism occurring because of random 
density fluctuations embedded in the fiber material. As a result there is 
a local fluctuation in the index of refraction whlch scatters light in all di
rections. The Rayleigh scattering loss is proportional to A -4 and hence, 
it is dominant at short wavelength. This loss is intrinsic to any dielectric 
medium. The intrinsic loss level is 

(1.2) 

where C is in the range 0.4-0.5dB/(km f.lm4
) depending on the constituent 

of the fiber core. Successful fabrication of low loss fibers has resulted in 
the wide use of fibers in optical communication. Data is sent using these 
fibers. But after some distance, the pulse begins to disperse and the input 
data is no longer available at the output. One needs to put repeaters 
through out the transmission line for an effective data transfer. 

When an electromagnetic wave interacts with the bound electrons of a 
dielectric medium, the response of the medium depends upon the optical 
frequency w. As a result, the refractive index depends upon the frequency 
of light. This is known as chromatic dispersion. The origin of chromatic 
dispersion is related to the characteristic resonance frequencies at which 
the medium absorbs the electromagnetic radiation through oscillation of 
bound electrons. The effect of fiber dispersion is accounted for by expand
ing the mode propagation constant (J in a Taylor series about the frequency 
Wo at which the pulse spectrum is centered and is written as 

w 1 2 f3 (w) = n (w ) - = {3o + {31 (w - wo) + - {32 (w - wo) + ... , (1. 3) 
c 2 

where 
drr!{3 

{3n = (-) 
dw n 

W=Wu 

(m=O,l,2, ... ). (1.4) 

The parameters {31 and {32 are related to the refractive index n and its 
derivatives as 

(1.5) 

( 1.6) 

where ny is the group index and Vg is the group velocity. The parameter 
{32 is responsible for pulse broadening and is known as the group-velocity 
dispersion parameter. The variation of {32 with wavc!ength is such that 
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it decreases with increase in A, becomes zero at a particular wavelength 
known as the zero dispersion wavelength Ad (around 1.27;.an for silica) 
and becomes negative for further increase in wavelength. For wavelengths 
>. < Ari, the fiber is said to exhibit normal dispersion. In this regime, 
high frequency components of an opt.ical pulse travels slower than 100v 
frequency component.s of the same pulse. The case when A > Ad, that is, 
f32 < 0, is known as the anomalous dispersion regime. The high frequency 
components of the pulse t.ravel faster than the low frequency components 
in this regime. It. is in this regime of pulse propagation that optical fibers 
support solitons. 

For large distances of pulse propagation, as in case of fiber optic com
munication, in addition to the pulse dispersion nonlinear effects also be
come appreciable. The properties of a dielectric medium when an elec
tromagnetic wave propagates through it are completely described by the 
relation between the polarization and the electric field. \Vhen an intense 
light propagat.es through a dielectric medium, the response of t.he medium 
becomes nonlincar which is due to the anharmonic motion of bound elec
trons. As a result, the total polarization P induced by electric dipoles is 
no longer linear with the electric field E, but sat.isfies a relation of the form 

P = fO(X1.E + X2 
: E E: +X3 

: EEE: + ... ), (1. 7) 

where EO is the vacuum permittivity, Xl is the linear susceptibility and 
X2, X3, .. , are respectively the second, third and higher order nonlinear 
susceptibilities. In general Xj (j = 1,2, ... ) is a tensor of rank j + 1 if the 
medium is anisotropic. The physical processes that occur as a result of X2 
are distinct from those that occur due to X3. Second order nonlinear optical 
interactions occur only in noncentrosymmetric crystals, that is, there is 
no inversion symmetry in the crysta.l. But third order nonlinear optical 
interactions can occur both for centrosymmctric and noncentrosymmctric 
media. However, in media in which there is an inversion symmetry, like 
silica, X2 and the other higher even powers of Xj vanishes. 

The third order susceptibility X3 is responsible for various nonlinear 
phenomena occurring in an optical fiber such as third harmonic generation, 
four wave mixing, intensity dependent refractive index etc. The intensity 
dependent refractive index can be written as 

(1.8) 

where n(w)o is the linear refractive index and JEJ2 is the optical intensity 
inside the medium. Such llonlinearit.y is known as the Kerr nonlinearity. 
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If the optical intensity is high enough, in addition to the third order term, 
the refractive index will depend upon the fifth order non linear susceptibil
ity. Such materials are known as cubic-quintic nonlinear materials. In the 
case of fibers, the intensity dependent refractive index leads to a number 
of interesting nonlinear effects like self-phase modulation and cross-phase 
modulation. When an optical field propagates through a fiber, it expe
riences a self-induced phase shift and is known as self-phase modulation. 
The magnitude of the phase shift is given by 

(1.9) 

where ko = 27r /..\ and L is the fiber lengt.h. The second term is due to 
self-phase modulation. This is responsible for the spectral broadening of 
ultrashort pulses and the formation of optical solitons in the anomalous 
dispersion regime. A temporal opt.ical soliton is formed in the anomalous 
dispersion regime (f32 < 0) when the effect of group velocity dispersion 
is completely compensated by the self-phase modulation. In the normal 
dispersion regime (f32 > 0), the combined effects of group velocity disper
sion and self-phase modulation can be used for pulse compression. In the 
context of pulse propagation through a nonlinear media, a characteristic 
length known as the dispersion length is defined as 

(1.10) 

where T is the measure of the pulse duration. This length signifies the dis
tance in which the pulse broadens significantly when propagating through 
the fiber. The envelope of a light wave in a fiber can be described by the 
non linear Schrodinger (NLS) equation which has the formS 

.au 1 a2u 2 
2-;;;- + --a 2 + lul u = O. 

uZ 2 t 
(1.11) 

Here z repre:,;ents the direction of propagation, t represents the time in the 
group velocity frame and the third term originates from the Kerr effect. 

1.1.2 Spatial solitons 

In the field of optics, even though the temporal soli tons have been studied 
extensively, it was the spatial :,;oliton which was observed first by Bjorkholm 
and Ashkin9 in the early 1970s. Spatial solitons are self trapped beams of 
light which propagate through a nonlinear mediuIIl \vithout any diffraction. 
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It is the natural property of a beam of light to diverge when propagating 
through a medium. A collimated beam of light with a diameter d will 
spread with an angle Aid owing to diffraction. Such divergence is com
pensated and the beam propagates with out any change in its shape when 
propagating through a suitable nonlinear media. 

The intense beam of light modifies the optical properties of the medium 
through which it propagates such that it is focused inside the medium. 
This effect is known as self-focusing. Such effects are known as self-action 
effects in which a beam of light modifies its own propagation by means of 
the nonlinear response of the medium. If the effect is such that there is 
an exact balance between self-focusing and diffraction so that the beam 
of light propagates with a constant diameter, this is known as the self
trapping of light. There is a possibility of another effect which can occur. 
If the power of the beam is such that it is much greater than a critical 
power, then the beam can breakup into many components each having a 
power approximately equal to the critical power. This critical power in 
case of a Kerr type nonlinear media is obtained to belO 

Per = 71"(0.61)2 A6. 
BnOn2 

(1.12) 

The beam can self-trap only if the power of the beam is exactly equal to 
the critical power. The schematic illustration of the self-focusing effect 
and the self trapping effect is shown in Fig. 1.2. 

In one transverse dimension, diffraction can be formally considered as 
representing the anomalous dispersion in case of temporal solitons. We 
can define a characteristic length known as the diffraction length for the 
propagation of the soliton. This is the distance at which the beam broadens 
appreciably in space if the propagation is linear and is given by 

1 2 71" 2 
LdiJJ = 2kowo = -:\wo, (1.13) 

where Wo is the radius of the beam. 
The idea of controlling light with light by taking advantages of nonlin

ear optical effects, has become a topic of interest to many researchers and 
scientists. The fundamental benefit is in the possibility of avoiding any 
opto-electronic conversion process, and hence increasing the device speed 
and efficiency. It is in this scenario that these self-guided beams called 
"spatial soli tons" find importance. The areas of application include all 
optical switching devices,l1 optical computing, all optical polarization 
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Figure 1.2: Schematic diagram of self-focusing (top) and self-trapping (bot
tom ) effects occurring in a Kerr media. 

modulators,12 logic gates13 etc. The prospect of forming aH-optical switches 
and logic gates presents promise for generations of novel optical intercon
nects for computing and communications. 

From a mathematical point of view, continuous wave beam propagation 
in planar waveguides is identical to the phenomenon of pulse propagation 
in fibers because of the spatiotemporal analogy14 and is described by the 
NLS equation of the form 

. {)u 1 {)2u 2 
,- + -- + lul u = 0 

{)z 2 {)x2 ' 
(1.14) 
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where x represents the transverse dimension. This can be integrated ex
actly using the inverse scattering transform method. The one soliton so
lution of Eq. (1.14) has the following general form 

u(x, z) = Asech[A(x - Vz)] exp[iVx + i(V2 - A2)z/2 + i<p], (1.15) 

where A is the amplitude, V is the transverse velocity of soli ton and <p is an 
arbitrary phase. The mechanism underlying the propagation of continuous 
wave beams in planar waveguides and bulk media is quite different. The 
spreading of the beam due to diffraction has to be completely compensated 
by the nonlinearity. Much larger nonlinearities are required for observing 
spatial solitons and often such nonlinearities are not of the Kerr type. As 
a result the NLS equation can be generalized as 

8u 1 (8
2
u 8

2
u) 

i 8z +"2 8x2 + 8y2 + F(luI
2
)u = 0, (1.16) 

where F(luI 2) is the functional form of the nonlinear refractive index 
change nnl(I) with intensity I. Several different models have been used 
for the functional form and can be divided into three classes. IS 

• Competing nonlinearities 

For large intensities, the refractive index of the material deviates 
from the Kerr dependence and we have to include higher order terms. 
Such deviations have been observed for many nonlinear materials 
including PTS, AlGaAs, CdS and the nonlinear refractive index is 
modeled by a cubic-quintic form of nonlinearity 

( 1.17) 

where n2 and n4 have opposite signs. We have used this kind of 
nonlinearity to study spatial soli tons in chapter 2. 

• Saturable nonlinearities 

This results from the saturation of the nonlinearity at high pow
ers. This has been observed in many materials including two-level 
atomic systems, photorefractive materials etc. The nonlinearity is 
characterized by three parameters, the saturation intensity I sat , the 
maximum change in the refractive index noo and the Kerr coefficient 
n2 for small I. A phenomenological model of the form 

(1.18) 

can be used for describing the nonlinearity. Here p is a constant. 
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• Transitive nonlinearities 

In this kind of nonlinearity, the refractive index transits from one 
functional form to another as intensity increases. Such nonlinearity 
was used in the case of bistable soli tons. A simple model for the 
transitive nonlinearity has the form 

(1.19) 

1.1.3 Spatia-temporal solitons 

When both the spatial and temporal effects are present together, we get 
a different entity called the spatia-temporal soli tons or the "light bullets" . 
The word was first coined by Silberberg. 16 Spatia-temporal soli tons are 
packets of wave which are confined in all three dimensions (two transverse 
dimensions and one time dimension) while propagating. The effect of 
dispersion and diffraction is simultaneously present and is compensated 
by the nonlinearity of the medium. 

x 

Figure 1.3: Schematic diagram of formation of a spatiotemporal soli ton 
due to the simultaneous balance of diffraction and dispersion by nonlinear 
self- focusing. 17 
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That is both L disp and LdiJ J can not be neglected and their effects are 
canceled by the nonlinearity of the medium. Eq. 1.16 can be generalized to 
include both the temporal and spatial effects for describing the propagation 
of optical pulses in a bulk nonlinear medium as 

8u 1 (82u 82U) 182u 
i 8z + 2 8x2 + 8y2 + 2 8t2 + F(luI

2
)u = o. (1.20) 

Formation of spatio-temporal solitons may be understood as the result of 
the simultaneous balance of diffraction and group velocity dispersion by the 
transverse self-focusing and nonlinear phase modulation in the longitudinal 
direction, respectively. A schematic diagram of the formation of the spatio
temporal soli ton is shown in Fig. 1.3. 

Since all solitary wave solutions of the cubic NLS equation in dimension 
D ~ 2 are unstable, it is believed that optical bullets are unstable in a pure 
Kerr medium. For the stable propagation of multidimensional solitons, a 
suitable nonlinear media is needed. The requisites for the generation of 
stable completely localized spatio-temporal solitons in homogeneous me
dia are self-focusing nonlinearity, anomalous group velocity dispersion, and 
one or more processes that can prevent collapse of the pulse. Fibich and 
Ilan18 showed that small negative fourth-order dispersion can arrest spa
tiotemporal collapse of ultrashort pulses with anomalous dispersion in a 
planar waveguide with pure Kerr nonlinearity, resulting in (2 + 1) D op
tical bullets. In all previous theoretical and experimental investigations, 
spatio-temporal solitons were studied for nonlinearities different from Kerr 
nonlinearity. Towers and Malomed in 200219 had shown that complete 
stabilization of a cylindrical (2 + l)D spatial soli ton can be secured in a 
layered medium with nonlinearity management, i.e., periodic alternation of 
the sign of the Kerr nonlinearity along the propagation distance. Various 
theoretical models have been proposed for the existence of light bullets. 17 

Trapani et al. 20 reported the first evidence that the natural 3 D (tem
poral and spatial) spreading of a focused ultrashort wave packet can be 
balanced in transparent materials at high intensity. The underlying mech
anism is the spontaneous formation of an X wave characterized by an 
intense (i.e., nonlinear) central hump self-trapped through mutual balance 
with (essentially linear) dispersive contributions associated with coexisting 
slowly decaying conical tails (see Fig. 1.4). The experiment was carried 
out by exploiting self-focusing nonlinearities arising from quadratic non
linearity. They found that when a conventional laser pulse is launched 
into a lithium triborate crystal, the pulse spontaneously "reshapes" into 
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Figure 1.4: Intcnsity versus rand t of a nondiffr8cting nondispcrsive linear 
X wa.ve in a normally dispersive media.2o 

a nonlinear X wave which maintains its shape using the non-linear prin
ciples of a soliton. The same idea was used by Xu and Zeng.21 They 
also used the fact that in a quadratic nonlinear medium with normal dis
persion and non-vanishing group velocity mismatch between fundamenta l 
wave and second-harmonic pulses, the wave packets of two harmonics can 
be locked together in propagation in the form of walking X-shaped light 
bullets. The output wave packets develops into X-shaped light bullets with 
significant group delay time due to mutual dragging and significant shift
ing in spatiotemporal spectrum due to delayed nonlinear phase shift. They 
also showed that spontaneously generated phase-front tilting could balance 
the dragging force induced by group velocity mismatch and lead to zero
velocity walking X-shaped light bullets. Although the nonlinear X-waves 
are not localized solutions and thus not light bullets in the usual sense, 
they do exhibit a kind of 3D spatiotemporal self-focusing and trapping. 

1.2 Variational method 

The pulse/beam propagation through a nonlinear media is described by 
non linear partial differential equations which in general can not be solved 
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exactly unless for certain idealized conditions. Approximate methods have 
been used to study general nonlinear partial differential equations. Vari
ational method is one among them. Here wc will describe the variational 
method used in this thesis for studying the different nonlinear systems. 
The method first introduced by \Vhitham.22 It centres upon the use of an 
average Lagrangian density and the inevitable introduction of trial func
tions. \Vhitham points out that the variational approach is not a separate 
method and that it permits the development of quite general results but 
naturally the accuracy of any description must depend upon a judicious 
choice of trial functions. The variational method was applied to the NLS 
equation first by Anderson.23 By means of a Gaussian trial function and 
a Ritz optimization procedure, approximate solutions arc obtained for the 
evolution of pulse width, pulse amplitude and frequency chirp during prop
agation. The result so obtained was in good comparison with that from 
inverse scattering and numerical simulations. Since then the method has 
been used successively by various authors. 24-27 

The method proceeds by first writing the Lagrangian associated with 
the system under study. A suitable trial solution is assumed using which 
a reduced Lagrangian is obtained. A set of evolution equations called 
Euler-Lagrange equation is obtained by finding the variation of the various 
unknown parameters in the ansatz with respect to the reduced Lagrangian. 

Lagrangian formulation 

To illustrate the variational method, let us consider the nonlinear Schr-
6dinger equation of the form 

(1.21) 

where u is the field, z is the propagation direction, x and y are the two 
transverse dimensions and s is a parameter signifying the strength of the 
nonlinearity. The NLS can be restated as a variational problem by casting 
it in the form of the Euler-Lagrangc equation 

8 ( 8L) 8 ( 8L) 8 ( 8L) 8L 
fJz fJXx + fJy 8Xx + 8z 8X

lI 
- oX = 0, (1.22) 

where X = 11, or 'U,* and the Lagrangian L is given by 

i (* *) 1 12 1 2 sI ,1 L = "2 11Uz - U 11z + U;r: + U y 1 -"2 ul . (1.23) 
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It can be easily verified that the evolution Eq. (1.21) can be reproduced 
from the Lagrangian L using the Euler-Lagrange equation. The action 

functional is defined as 

[(u) = (;0 dz /00 LCu)dxdy, (1.24) 
lo -00 

where 
(L(11,)) = I: L(11,)dxdy, (1.25) 

is known as the reduced Lagrangian. 
In the Ritz optimization procedure, t.he variation of the action func

tional is made to vanish for a set of suit.able chosen function~ which are 
considered as the trial solution of the variational problem. Generally we 
choose a Gaussian trial function of the form 

. . 2· 2 
[ 

X 2 y2 ] 
11,(z, X, y) = A(z) exp - 2W(z)2 + - 2w(z)2 + 'tb(z)x + zb(z)y , (1.26) 

where A(z) is the maximuIll amplitude, b(z) is the curvature parameter, 
w(z) is the beam radius. Such a trial function is simple and general enough 
to incorporate the exact solution in the linear limit and the essential fea
tures of the self phase modulation. So onc expect that this particular trial 
function will produce a fairly good approximation to the solution of the 
NLS equation. The Euler-Lagrange equation~ for the reduced problem 
give four differential equations for the variational parameters A, A *, band 
w. The beam width w(z) and the chirp parameter b(z) are real parameter 
functions, whereas the amplitude A(z) is complex to allow the possibility 
of a wave number shift. The~e equations can be reduced to one single 
differential equation for the beam width of the form 

1 (dW)2 2 dz + II( w) = 0, (1.27) 

where IT is the potential which is a function of w(z). This implies that 
the evolution of the widt.h can formally be seen as the motion of a particle 
with unit mass in a potential IT. 

1.3 Finite difference beam propagation method 

A numerical approach is often adopted for understanding the problem 
of pulse/beam propagation through a nonlinear media. The various nu
merical schemes can be classified into two broad categories as the finite
difference method and the p~eudospectral method. Both the methods have 
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been extensively used for studying nonlinear systems.28- 31 We have used 
the finite difference method for studying t.he various systems considered in 
this thesis. In t.he finite difference method the derivatives at a point are 
approximated by difference quotients over a small interval. That is, 81Y/8x 
is approximated as o1Y/oJ; where ox is small. 

Finite-difference approximation to derivatives 

If a function u and its derivatives are single-valued, finite and continous 
functions of x, then using Taylor's theorem 

l1(X + h) = u(x) + hu'(x) + ~h2ull(X) + ~h311I11(.r) + ... , (1.28) 

and 

, 1 2 11 ( 1 3 "' lL(x - h) = lL(x) - hu (x) + 2h 11 x) - "6h' u (x) + ... , (1.20) 

Adding Eqs. (1.28) and (1.29) gives 

lL(x + h) + u(x - h) = 271(x) + h2u"(x) + O(h4), (1.30) 

where O(h4) denote terms containing fourth and higher powers of hand 
can be assumed to be negligible in comparison with lower powers of h. 
Hence we can write 

11 d2u 1 
u (x) = dx2 ~ h2 (u(x + h) - 2u(x) + u(x - h)), (1.31) 

with an error of order h2 . 

Similarly, subtra.cting Eq. (1.29) from Eq. (1.28) and neglecting terms 
of order h3 gives 

, d1l 1 
U (x) = -d ~ -(1l(x + h) - u(x - h)), 

x 2h 
(1.32) 

with an error of order h 2 . 

Now, if u is a function of the independent variables x and z, wc can 
divide the x - z pla.ne int.o sets of equal rectangles such that. 

x = ih, z = jk 

where i and .i are integers. Now the derivatives can be represcnt.ed as 

(1.33) 
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and 

(
OU) UHl - u j 

_ 7, 1 

OZ i,j - k ' 
(1.34) 

using a forward-difference approximation for ou/oz. 

Crank-Nicolson implicit method 

Crank and Nicolson proposed a method that i:,; convergent and stable for 
all finite values of k/h2 . They replaced [)2u/OX2 by the mean ofjts finite
difference representations on the (j+l)th and jth rows such that 

,j+1 HI ,HI j j j 

(
02U) = ~ (U'i+l - 2u-;, + Ui - I 1[-;'+1 - 2u; + Ui - 1) 
ox2 -i,j 2 h2 + h2 . 

(1.35 ) 

The method is illustrated by considering the NLS equation of the form 

(1.36) 

We consider the propagation of a one dimensional beam through a non
linear medium, Knowing the input field at z = 0, we need to find out the 
output field at z = L. The material is divided into planes v.rhich are equally 
spaced by k along the propagation direction z. The governing equation is 
written in the finite difference form as 

+ (1.37) 

Rearranging, we can write as 

(1.38) 

where 
k 

Ai = - 2h2 = Ci , 

k k '1 
B- = i + - - -luJ+ I 

1 h2 2 z ' 

and 
k k,' 

Di = i - h2 + 2Iu:;I. 
Eq. 1.38 is in the form of a tridiagonal matrix with J1 as the lower 

and upper diagonal element, If the initial condition, Le u(z = 0) is known, 
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then the right hand side consists of known quantity and can be expressed 
in the matrix form as 

Bl Cl 0 UI d1 

A2 B2 C2 U2 <12 

A;~ B3 (1.39) 
Cn - I 

0 Bn Cn Un dn 

Such a system can be solved using thc Thomas algorithm which is a 
simplified form of Gaussian elimination. 

Thomas Algorithm 

The method is as follows. The coefficients of the matrix are modified as 

For i = 1 to n - 1 

Cf = CI/B l , 

A~ = 0, 

dl

l = dI/B1. 

I Ci 

Ci = B· - AICI 
, 1. "-1 

d l _ di - A~di-l 
1 - B AICI . 

i - i i-I 

Now the field u at the first step can be obtained as 

Un = d~" 

and for i = n - 1 to 1 

( 1.4CJ) 

(1.41) 

(1.42) 

(1.43) 

(1.44) 

( 1.45) 

(1.46 ) 

Thc field at z = k step is obtaincd. KnO\ving the field at z = k, wc can 
find the field at z = 2k. R.epeating this throughout the material, \ve can 
obtain the output field at z = L. 
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1.4 Historical developments and current status 

The first scientifically documented report of a solitary wave came only 
in 1834 when John. S. Russell, a Scottish scientist observed a "rounded 
smooth and well defined heap of water" propagating in a narrow and shal
low canal "without change of form and diminution of speed". The word 
solitary wave was coined by Scott-Russell himself. This phenomenon at
tracted attention of scientists including Stokes, Boussinesq and Rayleigh, 
but a theoretical confirmation had to wait until 1898 when two Dutch 
physicists, Korteweg and de Vries,:}2 presented their famous equation now 
known as KdV equation. 

In 1955, Fermi, Pasta and Ulam33 investigated how the equilibrium 
state is approachcd in a onc-dimensional nonlinear lattice. It was ex
pected that the nonlinear interactions among the normal modes of the lin
ear system would lead to the energy of the system being evenly distributed 
throughout all the modes, that is, the system would be ergodic. The results 
of numerical analysis contradicted this idea. The energy is not distributed 
equally into all the modes, but the system returns to the initial state after 
some period (the recurrence phenomena). In 1965, Zabusky and Kruskal 
solved the KdV equation numerically as a model for nonlinear lattice and 
observed the recurrence phenomena. Zabusky and Kruskal3 coined the 
name "soli ton" to represent a solitary wave showing particle property. 

In 1964, Chiao, Garmire and Townes34 showed that the spreading of 
an optical beam could be avoided in a nonlinear optical medium. They 
discussed conditions under which an electromagnetic beam could produce 
its own dielectric waveguide and propagate without spreading. They con
sidered the case of a mediuIIl which possesses an intensity dependent index 
of refraction in which the beam could form its own wavcguide such that 
the refractive index is greater at the center of the beam than its wings. 
This results in a non-spreading propagation of the beam inside the self
formed waveguide. The phenomenon of self-trapping of an optical beam 
was thereby predicted. Later on in 1974, Bjorkholm and Ashkin9 reported 
steady-state self-focusing, self-trapping and self-defocusing of a continuous 
wave dye laser beam in sodium vapor. They used a circularly symmetric 
beam in a 2-D medium, namely, a cell filled with sodium vapor and op
erated their input laser near the sodium yellow line. At low powers, the 
laser beam diverged (diffracted) in the gas cell, whereas at higher pow
ers, the beam diameter self-stabilized and propagated without diffraction. 
This is the classical signature of a spatial soliton. They concluded their 
report with the words "Our demonstration of self-trappillg should simulate 
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further work to elucidat.e the general conditions under which self-trapping 
can occur". Ironically, this experiment did not. arouse the interest of the 
scientific community. It was more than ten years later that this field was 
revisited by Barthelcmy et a1. 35 They performed the first 1-D soliton ex
periments in waveguides using the reorientational nonlinearit.y of liquid 
carbon di~mlphide. 

It was only in the mid 1990s that the studies on spabal solitons gained 
momentum. It was during this time that the photorefractivc solitons and 
the quadratic solitons were proposed and observed. The first experimental 
observation of the spatial photorefractive (PR) solitons was reported by 
Duree et a1. 36 using a strontium barium niobate (SBN) PR crystal. By 
applying an external voltage (few hundred volts per centirneter), a clear 
focusing of the beam and soliton formation was observed. However, the 
soli tons observed in this particular experiment were of transient nature 
(so called quasisteady state) and existed only within a narrow temporal 
window before the screening of the external field actually took place. 

In 1994, Stepanovs group37 reported the first observation of steady
state screening soli tons in PR barium titanium oxide (ETO). This crystal 
possesses significantly weaker electrooptic properties than SBN and there
fore a much higher electric field (a few kilovolts per ccntirneter) was used 
to create solitons. In the sallle year, Shih et al.38 demonstrated the for
mation and propagation of st.eady-state screening bright spatial solitons in 
SBN crystal. Due to the extremely high value of electrooptic coefficient, 
the nonlinearity was high enough to allow for t.he creation of very narrow 
(less than 10 f..Lm in diameter) solitons. 

In 1995, Duree et a1. 39 reported the first experimental observations of 
dark, planar, spatial photorcfractive solitons, and photorefractive vortex 
solitons that are trapped in a bulk (three-dimensional) photorcfractivc 
media. Both the dark and vortex solitons possess the signat.ures of the 
photorefractive solitons: they are independent of absolute intensity, can 
afford significant absorption, and are inherently asymmetric with respect 
to the transverse dimensions of trapping. Since then a variety of such 
solitons, of both ID and 2D types, have been discovered and explored. 
This includes landmark advances, such as self-trapping of incoherent light 
by Mitchel and Segev in 199740 and the generation of ordinary solitons 
(Fleischer et 301 2003)4l and vortex (Fleischer et 301 2004,42 N eshev et a.1 
200443 ) solitons in optically induced photonic lattices, as \vell as robust, 
necklace shaped soliton clusters (Yang et al. 20051<1). 

Stepken et al.'15 investigated theoretically and experimentally the three 
dimensional propagation a.nd interaction of mut.ually incoherent screening 
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s at.ial soJit.ons in an SBN cryst al. They showed that the interaction of 
s~litons results in complex trajectories which typically show par tial mutual 
spiraHng, followed by damped oscillati~fls and the fusion o~ solitons. T~is 
non t rivial behavior is caused by the a lllsotropy of the nonhnear refractive 

index change in the crystal. 

Figure 1.5: :'vlu tual rot.at-ion nf iuII.ially cop lanar soli tons. (a) Ini ti al pO);i
tions of t he beams; (h) relat.i\'l' posit.iun vf t.he soli LullS at. the exit fm:e of 
t.he cr)'~ t . al for individllal propagation: (c) exit. positio[l uf till: sol itons for 
joint propagation. Thc; propagation distlltlc·(' was to mm (from Refl

';,). 

T wo circu lar beams (2 m W eaeh) derived from an argon ion laser with 
wavelength 514 .5 nm were directed by a system of mir rors and beam spJit
t ers such that t.hey were focused with Caussian diameters of 15 J.lm on the 
entrance face of the crystal, and were polarized along the c axis, to make 
use of the T:n electra-opt ic coefficient, which had a measured value of 180 
pM/V . A voltage of 2 kV was applied a long t he c axis and the beams were 
launched along the a axis. Both beams were made incoherent by reflecting 
one of t hem from a mirror mounted on a piezoelectric transducer driven hy 
an ac voltage at sevel'al kHz. A white light source WR.') used to control the 
degree of satura tiOll. The input aud output light intensity distribu tions 
were recorded with a GGD camera. F ig. 1.5 shows the experimental result. 

The lattice soli tons in photorefractive media were first predicted by 
Efremidis et a l. in 2002.46 Families of two-component spatial soli tons 
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ill a one-dimensional lattice with saturable oil-site nonlinearity (focusing 
or defocusing) in a photorefractive crystal was constructed by Fitrakis 
et a1. 47 They identified 14 species of vector solitons, depending on their 
type (bright/dark), phase (in-phase/staggered), and location 011 the lattice 
(on/off-site). Two species of the bright/bright type form entirely stable 
soliton families, four species are partially stable (depending on the value of 
the propagation constant), while the remaining eight species are completely 
unstable. Symbiotic soliton pairs (of the bright/dark type), which contain 
components that cannot exist in isolation in the same model, were also 
found. 

The role of resonance and dark irradiance for infrared photorefractive 
self-focusing and soli tons in bipolar InP:Fe is studied by Fresscngeas et 
a1. 18 They showed experimental evidence for photorefractive steady state 
self-focusing in InP:Fe for a wide range of intensities, at both 1.06 and 
1.55 pm. To explain the results, it is shown that despite the bipolar 
nature of InP:Fe where one photo carrier and onc thermal carrier are to be 
considered, the long standing onc photocarrier model for photorefractive 
soli tons can be usefully applied. 

Existence of long distance gap soli tons has been studied considering a 
self-focusing photorefractive nonlinearity by Ricter et a1. 19 They numeri
cally investigated the stability of one- and two-dimensional gap solitons for 
very long propagation distances both in self-focusing and in self-defocusing 
nonlinear photonic media and demonstrated that the existence of stable 
solitons in the first gap requires much stronger lattices in a self-focusing 
than in a self-defocusing medium. They further considered an anisotropic 
mode15o for the PR nonlinearity and numerically demonstrated that both 
focusing and defocusing gap vortex soli tons existed in this system. They 
found that both kind of solitons could be dynamically stable under certain 
circumstances. 

Quasi-Bragg-matched counter-propagating spatial solitons in a reflec
tion grating in the presence of a longitudinally modulated Kerr nonlinearity 
was investigated by Ciattoni et al. 51 The physical interplay of linear reflec
tion and Kerr self-focusing with the modulation in the nonlinearity yields 
a variety of elaborate self-action mechanisms. They analytically predicted 
the existence of symmetric soliton pairs supported by a pure Kerr-like ef
fective nonlincarity and derived two families of soli tons, associated with 
the linea.r gratlng eigenmodes, supported by an effective incoherent Kerr
like coupling arising from the exact balance bet.\vcen the modulation in the 
nonlinearity and the Kerr interaction due to beam interference. 

In an another investigation, 52 the effects of diffusion on the evolution 
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of steady-state dark and gray spatial solitons in biased photorcfractive 
media is studied. The system was studied numerically as well as using 
perturbative methods showing that the soli ton beams experience a modi
fication of their initial trajectory and that the center of the optical beam 
moves along a parabolic trajectory. Peccianti and Assanto53 investigated 
total internal reflection of nonlocal spatial optical soli tons at the inter
face separating two liquid crystalline regions which, biased by unequal 
external voltages, exhibit different walk-offs and nonlinear responses. The 
soli tons undergo nonspecular reflection, with an emerging angle differing 
appreciably from the incidence angle. The results can be used in tunable 
birefringent elements in soliton-based optical circuits and reconfigurable 
photonic interconnects. 

Tiemann et al. 51 suggested photorefractive spatial soU tons as optically 
induced information channels. They developed and demonstrated an ex
perimental technique to measure the information throughput of photore
fractive spatial solitons in accordance with Shannon's definition. They 
experimentally demonstrated that in the wavelength range of 1520-1630 
nm, it could be estimated as large as rv 90 Tbits/s. They also experimen
tally demonstrated a measurement of the group-velocity dispersion and 
showed the limitation of the pulse transfer rate of the induced waveguides 
to rv 6.2 THz. 

Recently, Fanjoux et al. 55 reported the observation of slow-light spa
tial solitons in a Kerr medium owing to light amplification by st.imulated 
Raman scattering. This was achieved in a CS2 nonlinear planar waveg
uide possessesing a strong self-focusing nonlinearity to generate the spa
tial Raman soli ton and a Raman susceptibility sharp enough to induce the 
slow-light process simultaneously. They showed that the Raman Stokes 
component is optically delayed by more than 120 ps for a 140 ps Raman 
pulse duration and only 3 cm of propagation length, while propagating as 
a spatial soli ton beam. 

1.5 Outline of the thesis 

This thesis deals with the study of light beam propagation through dif
ferent nonlinear media. Analytical and numerical methods arc used to 
show the formation of soli tOllS ill these media. Basic experiments have 
also been performed to show the formation of a self-written waveguide in a 
photopolymer. The variational method is used for the analytical analysis 
throughout the thesis. Numerical method based on the finite-difference 
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forms of the original partial differential equation is used for the numerical 
analysis. 

In Chapter 2, we have studied two kinds of solitons, the (2 + 1) D 
spatial solitons and the (3 + l)D spatia-temporal soli tons in a cUbic-quintic 
medium in the presence of rnultiphoton ionization. 

In Chapter 3, we have studied the evolution of light beam through a 
different kind of nonlinear media, the photorcfractive polymer. We study 
modulational instability and beam propagation through a photorefractive 
polymer in the presence of absorption losses. The onc dimensional beam 
propagation through the nonlinear medium is studied llsing variational and 
numerical methods. Stable soli ton propagation is observed both analyti
cally and numerically. 

Chapter 4 deals with the study of modulational instability in a pho
torcfractive crystal in the presence of wave mixing effects. IVlodulational 
instability in a photorefractive medium is studied in the presence of two 
wave mixing. We then propose and derive a model for forward four wave 
mixing in the photorefractive medium and investigate the modulational 
instability induced by four wave mixing effects. By using the standard 
linear stability analysis the instability gain is obtained. 

Chapter 5 deals with the study of self-written waveguides. Besides 
the usual analytical analysis, basic experiments were done showing the 
formation of self-written waveguide in a photopolymer system. 

The formation of a directional coupler in a photopolymer syst.em is 
studied theoretically in Chapter 6. We propose and study, using the 
variational approximation as well as numerical simulation, the evolution 
of a probe beam through a directional coupler formed in a photopolymer 
system. 

The main results and conclusion of this thesis are given in Chapter 
7. The future prospects are also presented. 

References 

[1] B. A. Dubrovin and S. P. Novikov, "Hydrodynamics of weakly deformed 
soli ton lattices. differential geometry and hamiltonia.n theory," RUBS Math 
Surv 44, 35-124 (1989). 

12] G. P. Agrawal, N()nlinea'T' Fiber- Optics (Academic Press, SaIl Diego, Califor
nia, 2001). 

P] N. J. Zabusky and M. D. Krnskal, "Interact.ion of "soli tons" in a collisionless 
plasma and the recurrence of initial states," Phys. Rev. Lett. 15, 240 - 243 
(19G5). 



REFERENCES 23 

[4] A. S. Davydov, Solitons in Molecular Systems (Kluwer Academic Publishers, 
Dordrecht, Holland, 1991). 

[5) A. Hasegawa and F. D. Tappert, "Transmission of stationary nonlinear op
tical pulses in dispersive dielectric fibers. i. anomalous dispersion," Appl. 
Phys. Lett. 23, 142-144 (1973). 

[6] L. F. Mollenauer, R. If. Stolen, and J. P. Gordon, "Experiment.alobservation 
of picasecond pulse narrowing and solitons in optical fibers," Phys. Rev. LetL. 
45, 1095-1098 (1980). 

[7] T. Li, Optical Fibcr Communications: Fiber' Fabrication, vo!. 1 (Academic 
Press, San Dicgo, 1985). 

[8) A. Hasegawa, Optiml Solitons in Fibcrs (Springcr-Verlag, berlin, 1989). 

[9] J. E. Bjorkholm and A. A. Ashkin, "cw self-focusing and self-trapping of 
light in sodium vapor," Phys. Rev. Lett. 32, 129 - 132 (1974). 

[10] R. Boyd, Nonlincar Optics (Wiley, New York, 1998), 3rd ed. 

[11] V. Van, T. A. Ibrahim, P. P. Absil, F. G. Johnson, R. Grover, and P.
T. Ho, "Optical signal processing using nonlinear semiconductor microring 
resonators," IEEE J. Sel. Top. Quantum Electron 8, 705-713 (2002). 

[12J G. Cancellicri, F. Chiaraluco, E. Gambi, and P. Pierieoni, "All-optical polar
ization modulator based on spatial solitan coupling," J. Lightwave Tedmol. 
14,513-523 (1996). 

[13] S. BIair and K. Wagner, "Cascaclable spatial-solitoIl logic gates," Appl. Opt. 
39, 6006-6018 (2000). 

[14] L. Berge, "\Vave collapsc in physics: principles and applications (,0 light and 
plasma waves," Phys. Rep. 303, 259-370 (1998). 

[15] Y. S. Kivshar and G. P. Agrawal, Optical Solitons - From Fibers to Phlonic 
Crystals (Academic Press, San Diego, California, 2003). 

[16] Y. Silberberg, "Collapse of optical pulses," Opt. Lott. 15, 1282-1284 (1990). 

[17J B. A. Malomed, D. Mihalache, F. \Vise, and L. Tomer, "Spatiotcmporal 
optical solitons," J. Opt. B 7, R53-R72 (2005). 

[18] G. Fibich and B. Ilan, "Optical light bullets in a pure kerr medium," Opt. 
Lett. 29, 887-889 (2004). 

[19J 1. Towers and B. A. ~1alomed, "St.able (2+1)-dirncllsional solitons in a layered 
medium with sign-a1t.emating kerr nonlinearity," J. Opt. Soc. Am. B 19, 
537-543 (2002). 

[20J P. D. Trapani, G. Valiulis, A. Piskarskas, O. Jedrkiewiez, J. Tl'llll, C. Conti, 
and S. Trillo, "Spontaneously generated x-shaped light bullets," Phy:::. Rev. 
Lett. 91, 093904 (2003). 



24 REFERENCES 

[21] H. Xu and H. Zeng, "Spontaneously generated walking x-shaped light bul
lets," Opt. Lett. 32, 1944-1046 (2007). 

[22] G. B. Whitham, Linear and Nonlincar Waves (John Wiley & Sons, New 
York, 1974). 

[23] D. Anderson, "Variational approach to nonlinear pulse propagation in opt.ical 
fibers," Phys. Rev. A 27, 3135-3145 (1983). 

[24] M. Karlsson, D. AndersoIl, A. Hook, and M. Lisak, "A variational approach 
to optical soli ton collisions," Phys. Scr. 50, 265-270 (1094). 

[2G] N, F. Smyth and A. L. Wort.hy, "Dispersive radiation and nonlinear twin-core 
fibers," J. Opt. Soc. Am. B 14,2610-2617 (1997). 

[2G] M. Chen, D. J. Kaup, and B. A, I\1alomed, "Three-wave solitons and con
tinuous waves in media with competing quadrat.ic and cubic nonlinearit.ies," 
Phys. Rev. E 69, 056605 (2004). 

[27] J,-K. Xue, G,-Q. Li, A.-X. Zhang, and P. Peng, "Nonlinear mode coupling 
and resonant excitations in two-component bose-einstein condensat.es," Phys, 
Rev. E 77, 016606 (20U8). 

[28] M. Margalit and M. Orenstein, "Simulation of passively mode locked lasers, 
using natural boundary conditions: multi pulse evolution and ordering," Opt. 
Commun. 124, 475-480 (1996). 

[:29] G. p, Agrawal, "Optical pulse propagation in doped fib er amplifiers," Phys. 
Rev, A 44, 7493-7501 (1991). 

[30] D. Yevick and M. Glassner, "Forward wide-angle light propagation in semi
conductor rib waveguides," Opt. Lett. 15,174-176 (1990), 

[31J R. Ratowsky and .T, A. Fleck, "Accurate numerical solution of the helmholtz 
equation by iterative Lanczos reduction," Opt. Lett. 16, 787-789 (1991). 

[32J D. J. Korteweg and F. de Vries, "On the change of form of long waves ad
vancing in a rectangular canal, and on a new type of long stationary waves," 
Philos. Mag. 39, 422-443 (1895). 

[:n1 E. Fermi, J. Pasta, and S. Ulam, "Studies of non linear problems," Technical 
Report. LA-1940 pp. 977-988 (1955). 

[34J R. y, Chiao, E. Garmire, and C. n. Townes, "Self-trapping of optical beams," 
Phys. Rev. Lett. 13,479--482 (1964), 

[:35] A. Ba.rthelemy, S. Mancuf, and C. Froehly, "Soliton propagation and sclf
confinement of laser-beams by Kerr opticalnonlinearity," Opt. Comlllun, 55, 
201-20G (1985). 

[:Hi] G. C. Dllree, J. L. Shultz, G . .J. Salamo, 1\:1. Segev, A, Yariv, E. J. Sharp, and 
R. R. Neurgaonkar, "Observation of self-trapping of an optical beam due to 
the phot.orcfractive efl'ecC," Phys. Rev. Lett. 71, 53~~-536 (1993), 



REFERENCES 25 

[37] 

[38] 

[39] 

M. O. Casti1lo, A. Aguilar, J. J. Mondragon, S. Stepanov, and V. Vysloukh, 
"Spatial solitons in photorefractive Bi1ZTiOzo with drift mechanism of non
linearity," Appl. Phys. Lett. 64,408-410 (1094). 

M. F. Shih, M. Segev, G. C. Valley, G. Salamo, 13. Crosignani, and P. D. 
Potto, "Observation of two-dimensional steady state photorefractive screen
ing solitons," Electron. Lett. 31, 82G-827 (1995). 

G. Duree, M. l'vlorin, G. Salamo, M. Segev, 13. Crosignani, P. D. Porto, 
E. Sharp, ancl A. Yariv, "Dark photorcfract.ive spatial soUtons and photore
tractive vortex soUtons," Phys. Rev. Lett. 74, 1978-1981 (1995). 

[40] M. Mitchel and M. Segev, "Self-trapping of incoherent white light,," Nature 
387,880·-883 (1997). 

[41J J. W. Fleischer, Tv!. Segev, N. K. Efremidis, and D. N. Christodoulides, "Ob
servation of two-dimensional discrete solitons in optically induced nonlinear 
photonic lattices," Nature 422, 147-150 (2003). 

[42] J. \V. Fleiseher, G. Bartal, O. Cohen, O. Manela, M. Segev, J. Hudock, and 
D. N. Christodoulides, "Observation of vortex-ring "discrete" soMons in 2 
D photOllic lattices," Phys. Rev. Lett. 92, 123904 (2004). 

[43] D. N, Neshev, T. J. Alexander, E, A. Ostrovskaya, Y. S. Kivshar, H. Mar
tin, 1. Makasyuk, and Z. Chen, "Observation of discrete vortex soli tons in 
optically induced photonic lattices," Phys. Rev. Lett. 92, 123903 (2004). 

[44] J. Yang, l. Makasyuk, H. 11artin, P. G. Kevrekidis, B. A. 11alomed, D. J. 
Frant.zeskakis, and Z. Chen, "Necklace-like soli tons in optically induced pho
tonic lattices," Phys. Rev. Lett, 94, 113902 (2005). 

[45] A. Stepken, 1\.1. R.. 13elic, F. Kaiser, W. Krolikowski, and 13. LUlher-Davics, 
"Three dimensional trajectories of interacting incoherent photorcfractive soli
tons," Phys. Rev. Lett, 82, 540-543 (1999), 

[46J N. K. Efrernidis, S. Sears, D. N. Christodoulides, J. \V. Fleischer, ancl 
M. Segev, "Discrete solitons in photorefractive optically induced photonic 
lattices," Phys. Rev. E 66, 046602 (2002). 

[47] E. P. Fitrakis, P. G. Kevrekidis, 13. A. Malomed, and D . .J. Franlzeskakis, 
"Discrete vector solitons in one-climensional lat.tices in photorefractive me
dia," Phys. Rev. E 74, 026605 (2006). 

[48] N. Fressengeas, N. Khelfaoui, C. Dan, D. \Volfersberger, G. Monlemezzani, 
H. Leblond, and M. Chauvet, "Roles of resonance and dark irradiance for 
infrared photorefractive self-focusing ami solitons in bipolar InP:Fc," Phys. 
Rev. A 75, 063834 (2007). 

[49] R.. Richter, K. Motzek, and F. Kaiser, "Long dist.ance :;tability of gap soli
tons," Phys. Rev. E 75, 016GO 1 (207), 



26 REFERENCES 

[fID] T. Richter and F. Kaiser, "Anisotropic gap vortices in photorefract.ive me
dia," Phys. Rev. A 76,033818 (2007). 

[51J A. Clattoni, C. Rizza, E. DelRe, a.nd E. Palange, "Counterpropagating spa
tial solitons in reflection gratings wit.h a longit.udinally moclulated kerr non
linearity," Phys. Rev. Lett. 98, 043901 (2007). 

[52] M. 1. Carvalho, tvL Facao, and D. N. Christodoulides, "Self-bending of dark 
and gray photorefractive solitons," Phys. Rev. E 76, 016602 (2007). 

[53] M. Peccianti and G. Assanlo, "Nonspecular total internal reflect, ion of spatial 
soli tons a.t. t.he interface between highly birefringent media," Phys. Rev. LetL. 
98, 113902 (2007). 

[5,1] M. Tiemann, J. Schmidt, V. M. Pet.rov, J. Pet.ter, and T. Tschudi, "Informa
tion throughput of photorefractive spatial soli tom. in t.he telecommunication 
range," Appl. Opt. 46, 2683-2687 (2007). 

[55J G. Fanjoux, J. rVIichaud, 11. Maillotte, and T. Sylvest.re: "Slow-light spat.ial 
solitons," Phys. Rev. Lett. 100, 013908 (2008). 



Solitons in Bulk Cubic-Quintic 
Media 

2.1 Introduction 

A
spatial soli ton results from the balance between linear diffraction and 

nonlinear self-focusing, usually with a Kerr-type ultrafast nonlinearity. 
This effect was discovered in 1964. 1 It was Askaryan in 19622 who first 
suggested the idea that an optical beam can induce a waveguide and guide 
itself in it. A light beam traveling either in vacuum or in a medium always 
broadens because of the light's natural wave property of diffraction. But 
if the beam is incident into a bulk nonlinear material, such as silica glass, 
it changes the refractive index of the material. The consequent variation 
of the velocity of light across the wavefront of the beam focuses the beam 
as if it were passing through a lens. The earliest experimental observation 
of the self-focusing of optical beams was made in 1964.3 If the diffraction 
of the beam can be compensated by the self-focusing of the beam, we get 
the so called spatial solitons. The perfect balance between diffraction and 
self-focusing which results in spatial solitons has been found to occur in 
one and two transverse dimensions, and the solitons are named (1 + 1)D 
or (2 + 1)D accordingly. When time is also included in the evolution equa
tion, we get the so called spatia-temporal solitons. These spatial soli tons 
have been found to occur in a variety of materials like Kerr materiahi, 
photorefractive materials, liquid crystals etc. Peccianti et al.4 set up an 
experiment to demonstrate all-optical switching and logic gate blocks using 
spatial solitons in liquid crystals. 

In this chapter, we study the propagation of an optical high-power 
cylindrically symmetric beam and a pulsed optical high-power b~am in a 
material characterized by cllbic-quintic nOlllinearity using both analytical 
and numerical methods taking into considerat.ion of the self-defocusing 
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effect caused by the presence of free electrons produced due to plasma 
formation. In section 2.2, a detailed study of two dimensional spatial 
soli tons in a bulk cubic-quintic medium is presented. Spatio-temporal 
Rolitons in such a medium stabilized by multiphoton ionization is studied in 
section 2.3. Both kinds of solitons are studied analytically and nUIllerically. 
We use the variational method35 with a Gaussian ansatz for the analytical 
analysis. Approximate solutions can be found using this method. The 
Finite Difference Beam Propagation rvlethod (FD-BPM) is used for the 
numerical analysis. 36 

The (1 + l)D spatial solitons, a continuous wave beam linearly confined 
in one transverse dimension and self-guided in the other transverse dimen
sion, arc stable to perturbations and have been observed experimentally. 
A (2 + l)D soli ton that is self-guided in both transverse dimensions is not 
stable with a Kerr-type nonlinearity. Additional mechanisms such as index 
saturation or inclusion of higher-order nonlinearity helps to stabilize the 
propagation of sl1ch beams. A simple model for the stable propagation of 
(2 + l)D solitons may be based on the cubic-quintic nonlinearity.5.6 This 
model has attracted considerable attention. It has been shown that the 
cubic-quintic nonlinearity correctly describes the dielectric respom;e of the 
polydiacetylene p-toluene sulfonate (PTS) crysta1.7 This type of nonlinear 
response is known for semiconductor-doped glassesB and various 7r conju
gated polymers. 9- 11 In these types of materials the refractive index, n, is 
of the form 

(2.1) 

where I is the beam intensity no is the linear refractive index and n2 and 
n4 are nonlinear coefficients with n2 > 0 and n4 < 0, i.e., the higher order 
nonlinearity is of the saturating kind. The propagation of spatial soli tons 
in a PTS like medium has been studied by various groupS.12-H 

Now, if we are using a high power laser beam we have to consid.er the 
phenomenon of plasma generation through multi photon absorption. For 
an extreme high power laser pulse of the order of 10 TW relativistic self
channcling in an underdense plasma has been predicted and experimentally 
observed over a plasma length of 3 mm. In this regime nearly all molecules 
of the medium are ionized and. relativistic self-focusing develops from an in
crease of electron inertia under the influence of t.he int.ense electromagnetic 
wave. vVhen such pulses are propagated through air, they can propaga.te 
over considerable distances hecause of the format.ion of filaments a.fter the 
plasma has been generated through multiphoton ionization of air.) G The 



Introduction 29 

d
. l've effects are less important in this case. The main mechanism Ispers 

behind the filament formation is related to a dynamic balance between the 
Kerr self-focusing and the defocusing ind ueed by the plasma. 16 

We study the propagation of an optical high power beam through a 
PTS like medium. In this high energy regime, we have to consider the phe
nomenon of plasma generation through multiphoton absorption. 17 1\·1 ulti
photon absorption is a nonlinear process, in contrast with the one-photon 
absorption process. It has a self defoeusing effect OIl the material. The 
counteracting self-de focusing effect of both photoionized free electrons and 
the quintic nonlinearity restricts the unbounded growth of the Kerr non
linearity. The study of spatial solitons in a bulk Kerr medium with multi
photon ionization has been carried out by Herrmann et al. 1S Couairon 19 

has studied the dynamics of light filaments formed when a femtosecond 
laser pulse propagates in air taking into consideration the plasma gen
erated using photoionization and has given an extensive review20 on the 
main aspects of ult.rashort laser pulse filament-ation in various transparent 
media such as air (gases), transparent solids and liquids. The refractive 
index now takes the form 

(2.2) 

where Ne is the number density of free electrons and NeT' is the critical 
plasma density. The beam evolution is studied using the cubic-quintic 
non linear Schrodinger equation with the effect of multiphoton ionization. 

Now, when a pulsed optical beam propagates through a bulk nonlinear 
medium, it is affected by diffraction and dispersion simultaneously and at 
the same time the two effects become coupled through the Ilonlinearity 
of the medium. Such a space-time coupling leads to various non linear ef
fects like the possibility of spatio-temporal collapse or pulse splitting and 
the formation of light bullets. The idea of "light bullets" was first pro
posed by Silberberg. 21 Optical spatiotcmporal solitons, or the so called 
"light bullets", have attracted growing interest because of their potential 
applications in ultra fast all-optical switching in a bulk medium. The bi
nary information once brought by temporal soli tons has to be retreated 
in all-optical systems. Therefore, there is a growing interest in spatio
temporal solitons. 22 In a medium with purely cubic Ilonlinear response 
light bullets (LB) formally exist. But in the higher dimensions (2D and 
3D) they are unstable against the spatiotemporal collapse induced by the 
combined effects of nonlinearity and anomalous dispersion. They are not 
stable in the uniform self-focusing Kerr medium23 uut stability ca.n be 
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achieved in saturable, 16,24 quadratically nonlinear ,25-27 and graded-index 
Kerr media.28 Spatio-temporal solitons can also be found in self-induced
transparency media,29 in off-resonance two-level systems,30 as well as in 
engineered tandem structures made wit.h quadratically nonlinear pieces.:H 

A fully localized "light hullet" in all the three dimensions of space and 
time has not yet been found in an experiment but two-dimensional (2D) 
spatio-temporal solitons in bulk X2 media, such as lithium iodate (LiI03 ) 

and barium metaborate (BBO) has heen observed.32 This was the first 
experimental observation of a 2D spatio-temporal solitons in a second har
monic generation setting. This experiment was performed using tilted
pulse technique using highly elliptical beams. As a result diffraction is 
minimal in the remaining spatial transverse dimensions. Stable spinning 
soli tons have also been predicted to exist in X2 media combined with the 
self-defocusing Kerr nonlincarity.33 Stable spinning soli tons of the same 
kind have also been found in an optical model based on the cubic-qllintic 
nonlinear Schrodinger equation.34 

2.2 Spatial solitons stabilized by multiphoton ion
ization 

2.2.1 Model equation and analysis 

An electric field E(r, t) in a dielectric medium satisfies 1Jaxwell's equation 
in the form 

2 182 D 
V E - c2 8t2 = \7('\1.E), (2.3) 

where D = €E is the displacement vector in the dielectric medium, with 
E being the dielectric constant relative to vacuum and it is approximately 
equal to n 2

; n being the refractive index. For a medium characterized 
by cubic nonlinearity, D can be written as, D = (no(w) + n2(w) IEI2)2E 
where, E = ![A(r,t)expi(wt - kz) + c.c]. Using this, we can reduce the 
Maxwell's equation to 

. 8A 2 2 
2~k {)z + V' A + 2kko'l121AI A = 0, (2.4) 

for a cubic medium where, k = w / c, ko = nok, and A is the amplitude of 
the beam. This is the cubic nonlincar Schrodinger equation. 

There are many materials which show quint,ic nonlinear cffect in ad
dition to the cubic one. In this case, the 1,faxwell':,; equation can be sirn-
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lifted to obtain the cubic-quintic nonlinear Schrodinger equation. Hence 
ihe dynamics of the amplitude A of a laser beam in a PTS like medium is 
governed by the cubic-quintic nonlinear Schrodinger equation of the form 

2ik 8A + \7 2 A + 2kkon21AI2 A + 2kkon41AI4 A = O. (2.5) 
8z 

Since we are using a very high power laser beam we have to consider the 
effect of multiphoton ionization as well. The reduced Maxwell's equation 
for the slowly varying amplitude A now takes the form 

. 8A 2 2 1 
2zk oz + \7 A + 2kkon21AI A + 2kkon41AI A 

j '1' 
-paA -(Xl iA(t')i 2N 

dt' = 0, (2.6) 

where N is the number of quanta necessary to ionize the molecules, 11 = 

t - z I v is the time of the moving frame of the pulse maximum and p and 
a are constants. 

Here, we are considering the propagation of the beam along the z 
direction and variation along the radial dircction. So we will use cylindrical 
coordinates for our analysis. Hence Eq. (2.6) takes the form 

BA 
2'ik- = 

8z 
1 8 ( OA) 2 

---;- 1'- + 2k)1l IAI A 
l' or or 

f
T, 

+2k>'2IAI
4 

A + paA -CXJ t A (t')1
2N 

dt, 

where >'1 = -kOn2 and >'2 = -kOn4' 

(2.7) 

The time dependence of the beam is taken into account by the ansatz, 
A(z, 1', "I) = B(z, r)T(ry). T(ry) is the normali;wd input shape. 

Eq. (2.7) can be obtained from the Lagrangian 

L 

(2.8) 

where 
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For a solution of this problem, let us assume a trial solution of the form 

r2 
B(z, r) = C(z) exp[- ()2 + ib(z)r2

], 
2w z 

(2.9) 

where C(z) is the maximum amplitude, b(z) is the curvature parameter, 
w{z) is the beam radius. Ideally, the trial function should include a possi
bility to model the dynamically varying radial shape function of the beam. 
But that will make the variational analysis more complicated. 

The reduced Lagrangian is then given by 

(L) = foo Lrdr, (2.10) 
./0 

Now we can find the variation of (L) with respect to the va.rious Gaus
sian parameters C(z), C(z)*, w(z) and b(z). We have 

(2.12) 

Thus the variation with C(z) and C(z)* gives 

Co(L) = .T CC* 3 + b ICl 2 T
w5 

BC '/, 2 zW z 2 

ICI 2 T 1 w5 
A. + __ {_ + 4b2 }- + _1 ICI4T3w3 

2k w 4 2 2V2 
A.2 6 4 3 pa ICI

2N
+

2 
:l 

+ 3y'3IC I T 1JJ + 2k (N + 1)5/2 Tg(TJ)W , (2.1:3) 

and 
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C JJ(L) = _iT C*C w;~ +b ICI2T
wfi 

ac* 2 Z Z 2 

+ 101
2 

T {_I + 4b2 } w
5 

+ ~ 101 4 T3 W 3 
2k w 4 2 2V2 

>"2 6 4 3 pa ICI
2N+2 ;~ 

+ 3J3IC1 T w + 2k (N + 1)5/2 Tg{r7)W . (2.14) 

Subtracting Eg. (2.14) from Eg. (2.13) and using Eq. (2.12), we get 

=> w(O)2IC(O)12 = w(z)2IC(z)12 = Eo. (2.15) 

Adding Eq. (2.13) and Eq. (2.14) we obtain 

i(CC; - C*Cz ) = -2bz 101 2 w2 
_ 2 ~~12 {~4 + 4b2

}W
2 

_ 2>"1 ICI4T2 _ 4>"2 ICluT 3 + 4pag(rJ) ICI
2N

+
2 

(2.1G) 
V2 3V3 2k (N + 1),~/2 

Now, the variation of (L) with respect to w{z) and b gives 

and 

a (L) = 0 => ~(w5ICI2) = Gb ICI 2 wS . (2.18) 
ab dz k 

. From this and considering the fact that w2 1CI2 is a constant, we can 
wnte 

dw 4uw 

dz 2k 
(2.19) 
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Thi" implies 

b(z) = ~ d(ln w). 
2 dz 

(2.20) 

Comparing Eq. (2.16) and Eq. (2.17) wc obtain 

Now, combining Eq. (2.21) with the derivative form of Eq. (2.19), \ve 

obtain 

20 36AIT2EO 

(2kFw3 4kV2w3 

24(2N + 1)pag(1])Ef( 
(2kF(N + 1)5/Zw2N+l . 

40A2T3 E5 
6kv'3w5 

Here ICI 2 has been eliminated by using the fact that w 2 1Clz = Eo. 

(2.22) 

On integrating the above equation, we get an equation for t.he variation 
of w(z) as 

1 (dw)2 "2 dz +II(w) =0. (2.23) 

This is analogous to the equation of a particle moving in a pot.ential 
welL The potential II( w) is given by 

II(w) _ _ 10 _ 18A1T z Eo 10AzT3 E(~ 
- (2k )2w2 4kV2w2 6kv'3w 4 

24(2N + l)pag(1])Eo'V 

- 2N(2k)2(N + 1)5/2w 2N + c. (2.2:1) 

The phase </:!(z) of C(z) (C(z) = IC(z)1 exp[i</:!(z)]) is obtained from Eq. 
(2.16) and also using Eq. (2.21) as 

cl</:! = _4_ + 7 Al ICI2 T2 + 8A2 ICl4 T3 
dz 2kw2 2V2 3v'3 

2 N· 
2(7 N + 4)pa g(1] ICI I (2.2G) 

+ (N + 1)2k (N + 1)',/2· 
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Introducing w{z)/wo = y{z), Eq. {2.23} becomes 

where 

with 

and 

~ (~~) 2 + IT (y) = 0, 

10 18AIT2 Eo 
/-L = - 4k2w~ - 4k/2w~ , 

lOA2T3 E~ 
v = - 6kV3w8 ' 

24{2N + 1 )pag(rl)E~ 
~ = - 2N{2k)2(N + 1)5/2w~N+2' 

c 
K=2· 

Wo 
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(2.26) 

(2.27) 

Now, let us assume that the beam at z = 0 has w{O) = 'Wo and 
[dw(z)/dzlz=o = O. This gives K = -(/-L + /1 + ~). 

Depending on the values of 1.1" v and ~ we ean identify four different 
regimes for the propaga.tion of the beam. 
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Figu.re 2.~:. Qualitative plot. of the put.ent.ial function IT(y) wheIl all t.he 
nonl~neantIes are of dcfoeusing nature (JI'~V > 0). Dotted lille represents 
the hnear case. ~ 
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1) Pt > O. This condition implies defocusing due to both third and 
fifth order nonlinearity as well as the nonlinearity due to the multiphoton 
effect. We can clearly see from Fig. 2.1 that the beam diffracts faster than 
in the purely linear case. 

2) -1 < Pt < O. This condition implies focusing due to the third 
order nonlinearity and defocusing due to a weak fifth order nonlinearity. 
The multiphoton effect is also of defocusing nature. We can see (Fig. 2.2) 
that the effect of nonlinearity is to focus the beam. 
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Figure 2.2: Qualitative plot of the potential function II(y) when third 
order nonlinearity is of focussing nature and all other nonlinearities are 
of defocusing nature (weak fifth order) (-1 < ILt < 0). Dotted line 
represents the linear case. 

3) -2.5 < Pt < -1. In this case the third order nonlinearity is of 
focusing type and there is a strong fifth order nonlinearity. A potential 
well has been created. The spreading of the beam is stopped at the zeros 
of the potential function (Fig. 2.3). 

4) Pt = -2.5. This is the limit case. The potential well has degener
ated into a single point. The diffraction of the beam is exactly compensated 
by the focusing effect of the nonlinearity and beam propagates without any 
change in its shape (Fig. 2.4). The collapse of the beam has been arrested 
and we get a stable (2 + 1)D spatial soliton which propagates through the 
medium without any shape change. 
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Figure 2.3: Qualitative plot of the potential function II(y) when third 
order nonlinearity is of focusing nature and all other nonlinearities are of 
defocusing nature (strong fifth order) (-2.5 < f!t < -1). Dotted line 
represents the linear case. 
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Figure 2.4: Qualitative plot of the potential function II(y) when focusing 
due to the third order nonlinearity is completely balanced by the defocusing 
due to the fifth order nonlinearity and multiphoton ionization (ft+v 
-2.5). This is the limit case. Dotted line represents the linear case. ( 

A three-dimensional plot of the normalized soliton intensity versus the 
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time." and the radial variable T is plotted (Fig. 2.5). 

Intensity 

Figure 2.5: Three-dimensional plot of the normalized soli ton intensity ver
SlIS the time "I and the radial variable 1'. 

2.2.2 Numerical analysis 

Eq. 2.6 is numerically studied using the Finite Difference Beam Propa
gation Method (FD-BPM). It is a cylindrical partial differential equation 
that can be "integrated" forward in z by a number of standard techniques. 
In this approach, the field in the transverse plane is represented only at 
discrete points on a grid, and at discrete planes along the propagation 
direction z. Given the field at onc z plane, we can find the field at the 
next z plane. This is then repeated to determine the field throughout the 
structure. 

Let 11':+1 denote the field at transverse grid point i and longitudinal 
plane Si, and assume that the grid points and planes are equally spaced 
by 6r and 6z apart, respectively. The radial and longitudinal dimensions 
are discretized by the values ri and z" according to the relations 

ri = i6r, (2.28) 

and 
(2.29) 

Simplifying we get a tridiagonal matrix of the form 

,T, ,,+l + d ,T,,,+ l ,T," +! ,T, 3 + .•.• + .... 
-Cl'*'i+l '*'i -C3 '*'i _ l =Cl'*'i+! C2'*'i C3'*'i_!' (2.30) 

This can be easily solved using Thomas Algorithm37 as discussed in 
section 1.3. Once the field at S is known, we can determine the field at 
s + 1 and so on. 



Spatio-temporal solitons stabilized by multiphoton ionization39 

We integrated Eq. (2.6) using the result obtained from the variational 

1 
"

IS as initial condition. The numerical parameters of the simulation ana y .. 
h been chosen so as to fit the usual expenmental configurattons. Here, 

as -12 2/ we have chosen no = 1.6755, n2 = 2.2 x 10 cm Wand n 4 = -8 x 
10-22 cm4 jW2 which are the nonli near coefficients of PTS at wavelength 
1600nm.38 Similarly, for AIGaAs, with no = 3, n2 = 1.5 x 10- 13 cm2 jW, 
n4 = -5 X 10-23 cm 4jW2 at wavelength 1550 nm. 38 The beam intensity 
is chosen as 1.1 x 109 W jm2• The outcome of these simulations (see Fig. 
(2.6) agrees very well with that obtained from the variational approach . 
The beam propagates without any change in shape. 
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Figure 2.6: Numerically computed beam profile after it. propagates a dis
t.ance of 1 nun through the medium. Here Intensity is in W jm? and dis
tance aud t ransverse beam profile are in micrometers. 

2.3 

2.3.1 

Spatio-temporal soli tons stabilized by multi
photon ionization 

Analytical and numerical a nalysis 

We can generalize Eq. {2.5} to include both the t emporal and spatial effects 
such that the new equation describes the propagation of an optical pulse 
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in a bulk medium whose transverse dimensions remain much larger than 
the beam size. In this case we have to include the effects of diffraction, 
dispersion and nonlinearity. Thus the general form of the (3+1)D nonlinear 
Schrodinger equation governing the evolution of the electromagnetic field 
A in a cubic-quintic isotropic dispersive medium can be written as 

8A 82A 82A 82A 
2ik 8z + 8r2 + 8x2 + 8y2 

2kAl IAI2 A - 2kA21AI4 A = O. (2.31) 

The change in the refractive index by the effect of Kerr nonlinearity, defo
cusing quintic nonlinearity and the self-induced ionization can be written 
as, n = no + n21 + n412 - N e /2noNer , where Ne is the number density of 
free electrons and N er is the critical plasma density. In this case, D takes 
the form D = (no(w) + n2(w) IEI2 + n4(w) IEI4 - Ne/2noNer )2 E, where, 
Ne = J~oo IEI2n dr'. Using a simple integration rule, the electron density 
can be approximated for an integration up to the peak of the pulse, as 
Ne = g(r)Na IEI2n , where g(r) = 0.5(rmin + r). 

Now the evolution equation can be written as 

8A 82A 82A 82A 
2ik 8z + 8r2 + 8x2 + 8y2 

2kAI1AI2 A - 2kA21AI4 A - /3(N) IAI2N A = 0, (2.32) 

where /3(N) is the N- photon absorption coefficient. 
Here we are considering the propagation of the pulsed beam along 

the z direction. We will take spherical coordinates for our analysis. The 
co moving coordinate r can be treated on the same footing as a spatial 
coordinate. We can introduce the spatiotemporal radius21 as, r = (x 2 + 
y2 + r2)1/2. Now Eq. (2.32) takes the form 

2ik
8A 
8z 

(2.33) 

We follow the standard variational method 35 for the analysis of this 
equation. For this we first write the Lagrangian of the above equation as 

L = {2 (A 8A* _ A*8A) + r2 8A 8A* 
2 8z 8z 2k 8r 8r 
222 

+ r
2 

Al IAI4 + r3 A21AI6 + ;k/3(N) IAI 2N+2 . (2.34) 
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We proceed by assuming a trial solution of the form 

r2 
A(r, z) = C(z) exp[- 2w(z)2 + ib(z)r2 + i~r2], (2.35) 

where C(z) is the maximum amplitude, w(z) is the beam width, b(z) is 
the curvature parameter and ~ is the phase. 

Now the reduced Lagrangian for the system can be written as 

(L) = Jo
oo 

Lrdr 

+ 

+ (2.36) 

Now we can find the variation of (L) with respect to the various Gaus
sian parameters C(z), C(z)*, w(z) and b(z): 

ca (L) _ C* a (L) i cc* 4 ic*c 4 
ac ac* ~ 2 z w + 2 zW . 

(2.37) 

This gives 

That is 

ca (L) + c* a (L) = iw4 (cc* _ C*c ) 
ac ac* 2 z z 

+ 6bz lCl 2
w

6 + 2
6
k ICI2{~4 + 4b

2
}W

6 

+ AIICl4w4 + ~A21C16w4 + 2{3(N) ICl2N w4 = 0 (2.39) 
2 9 k2 . 

The . t' vana Ion of (L) with w gives 
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and 

8~~) = iw3(CC; - C*Cz ) 

3 36 
+ 18bz lCI

2
w5 + klCI2w + k"IC1

2
b
2
w5 

+ ~11C14w3 + 2~>dCI6w3 + 4~~) ICI 2N w3 = 0. 

Similarly, after some algebra, we get the following equations: 

b_~dw 
- 2w dz' 

(2.40) 

(2.41) 

(2.42) 

Integration of Eq. (2.42) using Eq. (5.18) and introducing the normal
ized variables, w(z)/wo = y(z), gives an equation of the form 

where 

Potential 
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1 (d )2 "2 d~ +II(y) =0, 
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Figure 2.7: Qualit.ative plot of the potential function for different rnagni
tudes and sign of nonlinearity. 
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with 3 
~ = - (2k'wg) ' 

).1 Eo 
v = ---" 

6kwo 

1O>"2E6 
~ = 243kw8' 

_ _ 4{3(N ) ElN ) 
Q- , 

3k2N2(3N _ 4)w~3N+l) 

K = c/wg, 

and c is a constant of integration. 
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This represents a particle in a potential well. Based on the magni
tude and sign of the nonlinearity we can identify four different regimes of 
propagation. Only when the focussing due to third order non linearity is 
compensated by the defocusing due to fifth order nonlinearity and the free 
electrons produced due to plasma formation , we get a stable light bullet. 
All the four regimes are plotted in Fig. 2.7. The linear case is also plotted 
for reference (/5). When all the nonlinearities are of defocusing kind the 
beam diffracts even faster than the purely linear case (/1). 
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A stable light bullet is formed when the focussing of the beam is com
pletely compensated by the defocusing due to fifth order nonlinearity and 
the free electrons. This is the limit case (J4). The plots for intermediately 
high nonlinearity are shown in (J2) and (J3). 

In order to verify the results from the variational approach, we stud
ied the system numerically using the finite-difference beam propagation 
method (FD-BPM). The solution obtained using the variational method 
was used as the input for the numerical simulation. In our simulations we 
could observe a stable light bullet which propagated through the medium 
preserving its spatial and temporal radius. We propagated a 50 microm
eter, 20 fs pulse through a medium with cubic-quintic nonlinearity. The 
nonlinear parameters of the medium are no = 3, n2 = 1.5 x 1O-13cm2 jW, 
n4 = -5 x 1O-23cm4 jW2 at wavelength 1550 nm.38 The normalized ini
tial profile of the beam is shown in Fig. 2.8 and the output profile after 
5 diffraction lengths of travel through the medium is given in Fig. 2.9. 
From the figures we can clearly see that the beam propagated through the 
medium maintaining its spatio-temporal profile. This is the signature of 
the formation of light bullets . 
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Figure 2.9: Numerically computed normalized beam profile using the so
lution of variational method as the input after it propagates 5 diffraction 
lengths through the medium. 
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2.4 Conclusions 

In this chapter, first we have presented the studies on the propagation of a 
high energy laser beam through a PTS like medium characterized by both 
third and fifth order nonlinearities. We have employed both analytical 
and numerical methods. The energy of the beam considered in the present 
problem is sufficiently high enough to produce multi photon ionization. 
Solutions are obtained using the variational formulation. It is found that 
multi photon ionization helps in containing the catastrophic breakdown 
of the beam and helps in forming stable solitons. We could also show 
analytically the formation of stable solitons. This solution was taken as 
the initial condition for the numerical simulation. The soliton is found to 
propagate without any shape change. 

We have further shown the existence of stable light bullets in a medium 
with cubic-quintic nonlinearity and self-defocusing effect of free electrons 
due to plasma formation. The system was studied both analytically and 
numerically and the results were found to be in good agreement. These 
LBs have potential application in all optical communication. It has been 
demonstrated numerically that the three-dimensional low energy spinning 
solitons are unstable in the CQ model.39 The consideration of multiphoton 
ionization term in the evolution equation may stabilize the spinning light 
bullets in the cubic-quintic model. However, high-energy spinning solitons 
are stable in the cubic-quintic model. 
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Solitons in Photorefractive 
Polymers 

3.1 Introduction 

C
HAPTER 2 deals with the existence of solltons in a cubic-quintic nonlin

ear medium. In this chapter, we discuss with the photorefractive non
linearity. The Photo refractive (PR) effect was discovered in the 1960'sl 
and it was originally considered undesirable, since it led to scattering and 
deformation of collimated light beams. But soon photo refractivity was ac
cepted as a novel nonlinear phenomenon with application in holography, 
optical phase conjugation and optical signal processing. 2 The PR effect 
refers to the spatial modulation of the index of refraction in an electro
optic material that is non-uniformly illuminated. 'We study modulational 
instability and beam propagation in a photorefractive polymer in the pres
ence of absorption losses. The one dimensional beam propagation through 
the nonlinear media is studied using variational and numerical methods. 
Stable soli ton propagation is observed both analytically and numerically. 
The concept of photorefractivity and the band transport model is intro
duced in section 3.1.1. The PR soli tons is discussed in section 3.1.2. In 
section 3.2, the model for beam propagation through a PR polymer with 
loss effects is introduced. The propagation of broad optical beam through 
such a system is analyzed in section 3.3 and we calculate the steady state 
solutions and derive a dispersion relation for M1. Section 3.4 deals with the 
analytical analysis of the existence of spatial solitons in the PR polymer. 
~umerical studies on the system is discussed in section 3.5 and section 3.6 
gIves the conclusions. 
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3.1.1 Band transport model 

The physics of the PR. effect has been explained using a band transport 
model due to Kukhtarev et a1.3,4 The model assumes the existence of 
the donor and trapping centers located inside the energy band gap. In a 
photorefractive medium with an external bias electric field oriented along 
one of the transverse axes, an optical beam propagating along the z axis 
changes the refractive index due to the generation of free charge carriers 
and the subsequent creation of a space charge field by the light-matter 
interaction inside the material. Because the optically induced space charge 
field screens the externally applied electric field, the effective refractive 
index in a photorefractive crystal becomes a nonlinear function of the 
light intensity I, of the type that is analogous to a saturable nonlinearity. 
The physical mechanism behind the PR effect can be explained by a two 
step process. First the crystal has to be photoconductive implying that 
free charge carriers can be generated when light is illuminated upon it. 
Supposing that the electrons are the majority charge carriers, upon light 
illumination electrons can be excited from the crystal's conduction band to 
its valence band. These excited electrons move either by means of diffusion 
and/or drift due to external or internal electric field and might either 
be captured by the ionized donors or they move towards non-illuminated 
regions where they can be trapped by acceptor atoms. In the steady state, 
this process leads to charge separation inside the crystal (trapped electrons 
leave behind ionized donors) and a resulting space charge electric field. 
Since the crystal is electro-optic, the presence of the nonuniform electric 
field results in a modulation of its refractive index. The strength of this 
effect (i.e., refractive index change) is independent of the light intensity 
and is determined only by material parameters such as the electro-optic 
coefficients and the concentration of donor and acceptor centers. 

To describe the PR. effect, we start with the model equations presented 
by Kukhtarev et al. in 1979.3 For the sake of simplicity, we assume that 
all the donor impurities are identical and have exactly the same energy 
state somewhere in the middle of the band gap as shown in Fig;. 3.1. 
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Figure 3.1: Band transport model fur t.he photorcfractive effect. 

If Nj is the density of ionized donor atoms and Nd is the density of 
donor impurities, the rate equation is 

(3.1) 

where s is the photoionization cross section, i3d(uk is the dark generation 
rate, "(1' is the recombination rate coefficient, ne is the density of free 
electrons and I is the intensity of light. In the steady state, the rate of 
generation of free charge carriers equals the recombination rate 

(3.2) 

The current density j and the net charge density p are connected through 
the continuity equation 

[Jp = -\7 . = 0 at .J, (3.3) 

and is equal to zero when the system is in steady state. The rate of 
generation of electrons is the same as that of the ionized impurities except 
~h~t the electrons are mobile whereas the impurities are stationery. This 
~ l~portant for PR effect. The transport of electrons affect the electron 

enslty and the rate equation for the electron density can he written as 

anc aNt 1 . at -~ = ~\7.J, (3.4) 
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where e is the electronic charge (1.602 x 1O- 19C). If we neglect the pho
tovoltaic effect and assume that the contribution to current density j is 
due to only two process, the drift of charge carriers due to the electric 
field and the diffusion due to the gradient of carrier density, then we can 
express current density in terms of the static space-charge field Esc and 
the electron dcnsity as 

(3.5) 

Here J.Le is the electron mobility, kB is the Boltzman's constant and T is the 
absolute temperature. The Poisson's equation for the space-charge field 
can be written as 

(3.6) 

where £" is the low frequency dielectric constant and N A is the number 
density of negatively charged acceptor atoms that compensate for the ion
ized donors. The refractive index is modulated via the space charge field 
through the electra-optic effect 

(3.7) 

where nb is the unperturbed refractive index and reJ J is the effective 
electro-optic coefficient which depends on the specific light polarizat.ion 
and the crystal's geometry. The Helmholtz equation that describes the 
propagation of the light beam in (1 + 1) D has the form 

(
Ej2 fP) 

8x2 + 8z2 Eopt + (kon)2 Eopt = o. (3.8) 

In 1990, the PR phenomenon was first reported for a nonlinear or
ganic crystal 2-cyclooctylamino-5-nitropyridine doped wit.h 7,7,8,8- t.etra
cyanoquinodimethane5 and in 1991 for polymeric composites.6 It is com
posed of an optically nonlinear epoxy polymer bisphenol-A-diglycidylether 
4-nitro-l,2-phenylenediamine (bisA-NDPA), which was made photocon
ductive by doping with 30 wt% of the hole transport agent diethylaminoben
zaldehydediphenylhydrazone (DEH). This material provided a proof-of
principle that the simultaneous requirements of optical nonlillearity, charge 
generation, transport, trapping, and absence of interfering photochromic 
effects can be combined in one material to produce photorcfractivity. There 
are many reasons for pursuing the development of photorcfractivc poly
rners. i - 9 Polymers are easily proccssablc into thin film:; of high optical 
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uality, can be modified easily by chemical doping, and are compatible 
;ith integrated circuit processing techniques, making them potentially 
useful in integrated optical device applications. Polymer PR systems can 
yield larger refractive index change~ fa: equal ~ensities of gra~iI~g forming 
trapped charges when compared wIth lIlorgamc crystals. TillS IS because 
inorganic PR crystals with large electra-optic coefficients also have large 
de dielectric constants. A large dielectric constant screens the Coulomb 
field produced by trapped charges thus reducing the internal space charge 
field. For organic non linear materials, the nonlinearity is a molecular prop
erty arising from the asymmetry of the electronic charge distributions in 
the ground and excited states of the individual molecules. For this reason 
large electro-optic coefficients are not accompanied by large dielectric con
stants and a potential improvement in performance of up to a factor of ten 
is possible. Polymeric systems are also of considerable interest because 
their spectral properties can be smoothly varied by changing the struc
ture of polymers and polymeric composites. There is a great potential of 
doping such systems; in addition, they are cheap, readily processable and 
allow fabrication of parts of any shape and size which are compatible with 
modern microelectronic and optoelectronic devices, etc. 

3.1.2 Photorefractive solitons 

There has been tremendous growth in the field of optical spatial solitons 
since the first observation of self-trapping of light. ID When an optical beam 
propagates in a suitable nonlinear medium, solitons can be formed and can 
be propagated without any diffraction effect. Spatial soli tons with various 
dimensionality have been observed in various nonlinear media. The study 
of spatial solitons is considered to be important because of its possible 
applications in optical switching and routing. Scgev et a1. proposed a 
new kind of spatial soliton, the photorefractive solitoIl in the year 1992.11 
When illuminated, a space-charge field is formed in the photorcfractive 
material which induces a nonlinear change in the refractive index of the 
~aterial by the electra-optic (Pockels) effect. This change in refractive 
mdex can counter the effect of beam diffraction forming a PR soIiton. 
The light beam effectively traps itself in a self-written waveguide. As 
compared to the Kerr-type solitons, these soli tons exist in two dimensions 
and can be generated at low power levels of the order of several microwatts. 
The PR soli ton has been investigated extensively by various groups as it 
~as Potential applications in all-optical switching, beam steering, optical 
Interconnects etc. At present, three different kinds of PR. solitons ha.ve 
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been proposed: quasi-steady state solitons,lI screening solitons12,13 and 
screening photovoltaic 8olitons. 14 The screening PR solitons are one of the 
most extensively studied solitons. They are possible in steady state when 
an external bias voltage is applied to a non-photovoltaic PR crystal. This 
field is partially screened by space charges induced by the soli ton beam. 
The combined effect of the balance between the beam diffraction and the 
PR focusing effect results in the formation of a screening soliton. 

p 
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Figure 3.2: Sketch of drift dominated charge carrier transport proc:ess 
using a Gaussian intensity (a) and its eH·cct. on charge (lensity (b), space 
charge field (c) and rcfractive index modulat.ion (d). 

Fig.3.2 shows the effect of a drift dominated charge transport process. 
The Gaussian light intensity pattern induces a positive refractive index 
modulation giving a focusing structure. The effect of a diffusion dominated 
charge transport process is depicted in Fig. 3.3. The resulting space 
charge field is asymmetric and the net refractive index change represents 
an asymmetric and deflecting structure as compared to the drift dominated 
process. Therefore, to obtain a focllsing refractive index strllcture, t.he 
charge carrier transport process has to be drift dominated. Therefore, 
the crystal has to be biased by a dc-electric field in typical experimental 
setups for the generation of photorcfractive screening solitons. However) 
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the diffusion process is always present, and the net refractive index change 
consists of contributions from both the drift and the diffusion effect. 
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Figure :3.:3: Sketch of diffusion dominated charge carrier t.mnsport process 
using a Gallssian intensity (a) and it.s cft"CcL on charge density (b), space 
charge field (c) auu refractive index modulatioIl (d). 

Recently, a new kind of PR soliton, the photorefractive polymeric soli
ton, has been proposed1S and observed16 in a photorefractive polymer 
(made from a mixture of two dicyanomethylenedihydrofuran (DCDHF) 
chromophores (DCDHF -(3 and DCDHF -6-C7M) at a 1: 1 weight ratio sen
sitized with 0.5 wt.% of the charge generator bllckrninster fullerene(C6o)). 
The PR polymer was discovered in 1991. 17 Since then it has attracted 
much research interest owing to the possibility of using them as highly ef
ficient active optical elements for data transmission and controlling coher
ent radiation in various electra-optical and optical communication devices 
when compared to PR crystals. 

A unique feature of the PR nonlinearity is its ability to exhibit either 
self-focusing Or self-defocusing in the saIlle crystal by a simple reversal of 
the polarity of the biasing field. Hence, the same crystal can be used to 
strUdy either bright or dark solitons. I3ut in Cl PR polymer, the reversal 
o pal ·t 

an y does not bring about Cl. change in the sign of the nonlinear-
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ity. This is achieved by changing the polarization of the incident light. 
Another feature of the PR nonlinearity is that this effect is wavelength 
sensitive. Hence it is possible to generate solitons using one wavelength 
(and low optical power) and then use the soliton-supported channels to 
guide another, much stronger optical beam of a different wavelength. 

3.2 Model equation 

We consider an optical beam propagating along the Z axis of a non linear 
medium with the scalar electric field Eopt(x, z) = rjJ(x, z) exp[ikOrluz]v'Iu + 
cc. Substituting in Eq. (3.8) we get 

(3.9) 

where 6(n2
) = n2-nl, k = kOnb, ko = 27r/).., ).. is the free space wavelength 

of the beam and nb is the unperturbed refractive index of the material. 
The change in refractive index for x polarized light is governed by15 

(3.10) 

and that for y polarized light is governed by 

(3.11) 

For most of the PR guest-host polymers 

(3.12) 

Hence Eq. (3.9) can be simplified as 

(3.13) 

where 

(3.14) 

and 
Cy = -Cx /2, 

for x- and y-polariz:ed light, respectively. In Eq. (3.14), Nch is the density 
of chromophores, f-ld is the permanent dipole momellt of the chromophores, 
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k is the Boltzmann constant and Ta is the ambient temperature. 6a = 

: _ C¥.1, where all and 0:.1 denotes the polarizabilities of chromophores 
~allel and perpendicular to its dipole moment, respectively. The space

~harge field is obtained as 

Em+1 = E"'+1 10 + Iu 
se 0 1+ h ' (3.15) 

where Eo and 10 are, respectively, electric field Esc and soliton intensity I, 
far away from the soliton eenter, m is a material parameter and its value 
ranges from less than one to greater than three. IS 

Simplifying, the envelope equation for the propagation of a light beam, 
with amplitude cp, through a photorefractive polymer with loss effect is 
then obtained as 

(3.16) 

where 'Y = 10/ h is the intensity ratio for dark solitons and is equal to zero 
for bright solitons. The absorption loss is given by the last term in Eq. 
(3.16) where ao is the absorption coefficient of the material. 

Using the dimensionless variables ( = z/2kx6, ~ = x/xo, where Xo is 
an arbitrary spatial width, Eq. (3.16) can be normalized as 

(3.17) 

with {3 = {3x,y = k~X6Cx,yE5 and 0: = k;x6ao. For the case m = 1, Eq. 
(3.17) becomes 

(3.18) 

This represents the normalized equation for the slowly varying beam en
velope rjJ in a PR crystal. 

3.3 Nonlinear plane waves and their modulational 
instability 

Mo~ulational instability (MI) is one of the most fundamental effects as-
SOcIated with t" l' d' I 1 . . . wave propaga Ion m non mear me la. t causes t le llllLlally 
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uniform beam profile to breakup into a periodic pattern and, eventually, 
into periodically-spaced filaments. The instability can be intuitively de
scribed as the amplification of smal1 amplitude noise superimposed to the 
input beam. The MI phenomenon has been previously observed in various 
media like Kerr media,19 electrical circuits,20 plasmas,21 parametric band 
gap systems,22 quasi-phase-matching gratings2:l and discrete dissipative 
systems.24 The transverse instability of counter-propagating waves in PR 
media is studied by Saffman et a1. 25 

For studying the modulational instability, we first use a transformation 
of the form, cp = Q(O exp[-a(], which reduces Eq. (3.17) to 

2 

'Q Q f3( 1+,), )7rI+1 Q 1, (+ ~~ + 1 + IQI2e-2n( = O. (3.19) 

The next step is to find the steady state solution of the governing Eq. 
(3.19) which is obtained as 

Q((,O = v'Pexp[i<I>(()], 

where P is the input power and 

is the nonlinear phase shift and H[m!l' m!l' ;;~7, _e;n( J is the hypergeo
metric function. 

The linear stability of the steady state is studied by perturbing the 
steady state solution as 

Q((,~) = (v'P + a((, ~)) exp[i<I>(O]. (3.21) 

Substituting this in Eq. (3.19) and lincarizing around the solution we 
get 

2 P -2o( 
f3(1 + )2/m+l__ e a* = O. 

')' 1 + rn (1 + Pe- 2n()4/m+l 
(:t22) 

It is important to note that the above equation reduces to t.he equation 
governing the perturbation in a photorefractive crysta126 for rn = 1 and 
0: = O. 
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Now, we assume that the ~patial perturbation a((, e) is composed of 

two side band plane waves, Le, 

a((,O = U(() exp[ili(] + V(() exp[-ili~l· (3.23) 

Substituting Eq. (3.23) in Eq. (3.22) gives two coupled equations as 

follows 

U( = -i(1i2 + A)U - iBV*, 

vt = iBU + i(1i2 + A)V*. 

(3.24) 

(3.25) 

The above coupled equations can be written in the compact matrix 

form as 

where M is a 2x2 matrix given by 

(:J.2G) 

and 

a22 = -iB, 

a33 = iB, 

with 

and 
2 P -20« 

B = ,6(1 + )2/m+l__ e 
'Y 1 + m "7(1-+-P-c---=-2n-(::-C-)-:-4/c-m-+--:-1 . 

This equation has a nontrivial solution only if the determinant of the 
~atrix vanishes. The real part of the eigenvalues of the stability matrix 
m E~. (3.26) gives the gain associated with the system.27 The eigenvalucs 
are gIven by the following relation 
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(3.27) 

For A > 0, the perturbation grows exponentiaUy during propaga.tion 
with the growth rate or gain given by Re[A], indicating l\U. For m = 1, 
A = B and the cigcnvalue reduces to that in a PR crystal. 26 
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Figure :3.4: Normalized grov,rth rate as a function of normalized spatial 
frequency ~ for PR crystal (line), PR polymer wi (.h no lo:s:s (dot.t,(~d line) 
and PR. polymer with loss (thick line). 

The growth rate for the three cases: m = 1 and 0: = 0 (photorefractive 
crystal), m = 2 and Cl! = ° (photorefractive polymer with no loss), and 
m = 2 and 0: :f. ° is plotted in Fig. 3.4. Wc can see that for the same 
parameters, the gain for the PR crystal (line) and the PR polymer (dotted 
line) is almost same but there is a finite gain value even for ~ = 0 for the 
PR polymer. The effect of the absorption term is to reduce the gain (thick 
line). 

The growth rate as a function of input power P is plotted in Fig. 3.5. 
The MI gain increases with the input power. When there is no loss, the 
MI gain increases with power and saturates (Fig. 3.6). This is in contrast 
with that of a PR crystal. Here the IvII gain decreases with powcr28 (sce 
Fig. 3.7). 
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, 

Figure 3.5: Normalizer! gain C vcrsus normalized spat.ial frcquency '" and 
normalizl.:d input powCr P for PR polymer wit.h loss. 

G 
, 

Figure 3.6: Normalized gain G \'crSlIS nOI"ltHl.liz('d t>pat iaJ frequency t" and 
normalized . P f . mpul. power or PR polymer with no loss. 
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Figure 3.7: Normalized gain C versu~ nOTlllali7.cd spatial freqnency I;' and 
normalized input POWt)T P for PR crystaL 

3.4 Variational analysis for the beam propaga
tion 

In this section, we study t he propagation of a onc dimensional spatial soli
ton through the PR polymer. Since Eq. (3.17) is in general non-integra.ble, 
for our further analysis, we use the variational method for studying t.he 
dynamics of a light beam propagating through a photorefract ive polymer. 
The Lagrangian associa ted. with the system can be wri t ten ac:; 

L ~ (~(W - <I> ' <I> )+1<1> I'+(!(I + )I + m( 1+ 1 ):~:::) '0' 
2 ' '{ 1 1 _ m 1 + 1<1>1' c. (3.28) 

To proceed, a t rial solution of the form 

(' . 
<I>((,t;) ~ A(()cxp [- 2"(' + ih(()<'j , (3.29) 

is assumed. 
Substitut ing Eq. (3.29) In the Lagrangiall and t hen defining the rc-
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duced Lagrangian as (L) = Jooo 
Ldx we get, 

(L) :::: e2Ci({i(AA( - A* Ada ~ + 2bc:IA12a3 ~ 
1 2 2 3.Jff _2_ 2 v:rr + (a4 + 4b )IAI a 4 - (1 + ')') J+m fJlAI aT 

+ (1 + ')') 1;'" {1IAI 4 (a ) E + Cl, (:3.30) 
21+m V"4 

2 
where C :::: {1l ~~: (1 +')') I+m and l is a constant. The variational equations 
are obtained from the variational principle 

(3.31 ) 

where q represents the various variational parameters. Finding the vari
ation of the reduced Lagrangian with various variational parameters, wc 
get the following set of equations: 

A {} (L) 
{}A 

e2°{{iAA*a.Jff + 2b IA1 2 a3 .Jff 
c: 4 ( 4 

+ IAI2( ~ + 4b2 )a3 .Jff - (1 + ')') 1;'" fJlAI 2a V7r 
a4 4 2 

2 .Jff 
(:3.32) + (1 + ')') 1+", {1IAI 4a }, 

y'2(m + 1) 

A* {} (L) 
8A* 

e2O:({iA* A(a ~ + 2b(IA1 2a3 ~ 
1 .Jff 2 V7r 

+ IAI2(- + 4b2)a3 - - (1 + ')') 1+m{1lAI 2a-
a4 4 2 

_2_ V7r 
(3.33) + (1 + ')') 1';-", {1IAI4a }, 

y'2(m + 1) 

8 (L) 
c2O:C:{i(AA( _ A* Ad.Jff + 6bdA I2a2 V7r - = aa 4 4 

+ 2 2 1 2.Jff 2 2V7r IAI (12b - ----:-)a - - (1 + 1) hm {1IAI -
a i 4 2 

+ 
2 V7r 

(1 + ')') lone {1IAI'1 }, 
j2('1n + 1) 

(;Uil) 
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(3.35) 

(3.36) 

(3.37) 

The evolution of the beam in a PR polymeric medium is determined by 
the competition between two factors: diffraction (given by the first term 
on the right-hand side of (3.37)) and the nonlinear self-focusing (net effect 
of the second and third term). 

Integrating Eq (3.37) and introducing the normalization a( () / ao = 
y((), we get an equation describing the motion of a particle in a potential 
well 

1 (d )2 "2 d~ + II(y) = O. (3.38) 

The potential function is given by 

II(y) = f.L/y2 + 1/ log[y] - 1]/y + K, (3.39) 

where 
f.L = 3/2a6, 

1/ = 2,Blog(ao)/a6, 

and 
1] = 3,Be-2o

( /v'2a5· 
Here we have used the fact that 'Y = 0 for the case of bright solitons. 

Assuming that the beam at z = 0 has width a(O) = ao and using the 
boundary condition, [da(z)/dz]z=o = 0, we get, K = -(f.L -1]). When only 
the diffraction effect is present, that is in the absence of any nonlinear 
effects, the potential function takes the form 

(3.40) 
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Figure 3.8: Qualitative plot of the normalized potential function vs nor
malized width when f3 is positive. Dotted line gives the linear case. 
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Figure 3.9: Qualitative plot of the normalized potential function vs normal
ized width when f3 is negative (intermediately high nonlinearity). Dotted 
line gives the linear case. 
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Figure 3.10: Qualitative plot of the normalized potential function vs nor
malized width showing trapping of the beam. Dotted line gives the linear 
case. 

The potential function is plotted for different nonlinearity regimes. 
When the nonlinearity is of defocusing nature, Le., when the value of fJ is 
positive, the beam diffracts even more than that of the linear case (Fig. 
3.8). Now, for intermediately high focusing nonlinearity (fJ negative), a 
potential well is formed (Fig. 3.9). When the nonlinearity is sufficiently 
high, the potential well degenerates into a single point as in Fig. 3.10. In 
all these cases dissipation is considered to be very low. For the case a = 0, 
our variational results reproduce the earlier result obtained by Shih et al. 15 

3.5 Numerical Analysis 

In this section, we confirm our analytical solutions by numerical simu
lations. The system represented by Eq. (3.17) was studied numerically 
using the finite difference beam propagation method. A 10 j.Lm beam is 
propagated through different PR polymers with a wide range of absorption 
coefficients. The polymers with their absorption coefficients are given in 
table 3.1.9 The material parameters of the polymers are chosen as m = 2, 
Nch = 1.27x1021 cm-3 , j.Ld = 1.83x10-29 cm, 6a = 3.9xlO-23 , Ta = 300K 
and Eo = 70V / j.Lm. The propagation of the beam does not change even 
when the absorption coefficient is as high as 200cm- 1 (Fig. 3.11). The 
beam maintains its shape and thus propagates as a stable soliton. The 
beam propagates a distance of 10 ( in the normalized coordinates. This 
corresponds to 3 cm (10 diffraction length) of propagation through the PR 
polymer in the normal units. 
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Figure 3.11: Soliton propagation t.hrough the PR polymer 1. The soli ton 
propagates 3 cm through the material which corresponds to 10 diffraction 
length. 

SI. No Name wavelength (nm) O'o(cm I) 

NLO 
polymers BisA-NAS: 

1 29DEH 650 200 
Inert 

polymer host PMMk33 
2 DTNBl,0.2C60 676 20 
3 PC,20NPP,30 

TTA,0.25C60 633 0.4 
4 PMMA,30DPDCP, 

15TPD,0.3C60 676 2 

Table 3.1: Absorption coefficient of some photorefractive polymers 

3.6 C onclusions 

We studied the propagation of laser beam through a photorefractive poly
mer in the presence of linear absorpt ion loss . A spatial instability is shown 
to OCCur in this medium. Linear stability analysis was carried out to 
study the modulational instability of plane waves propagating through 
the medium. A comparison with the gain spectrum of P R crystal and P R 
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polymer with no loss is made. Variational method is used to derive a set 
of ordinary differential equations which describes the propagation of low 
power laser beam through the PR polymer. The system is then studied 
numerically. The beam propagates without any shape change for over 10 
diffraction length, even when the loss is as high as 200 cm -1. The varia
tional and numerical analysis show the existence of stable soli tons in the 
medium. The fact that PR polymers are relatively inexpensive and are 
compact enough to meet manufacturing requirements makes them ideal 
candidates for widespread applications. Additionally, these polymers are 
compatible with semiconductor laser diode wavelengths (680 urn) which 
keeps the manufacturing costs of devices lower than previously proposed 
systems. All applications predicted with the solitons in organic crystals 
can be realized in a PR polymer. 
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Modulational Instability in 
Photorefractive Crystals in the 

Presence of Wave Mixing 

4.1 Introduction 

M
ODULATTONAL instability (MI) in a photorcfractive medium is studied 

in the presence of two wave mixing. \Ve then propose and derive a 
model for forward four wave mixing in the photorefractive medium and 
investigate the IIlodulational instabiHty induced by four wave mixing ef
fects. By using the standard linear stability analysis the instability gain is 
obtained. This chapter is organi?'cd m, follows. Section 4.2 gives a general 
introduction to Holographic solitons. The basic propagation equation for 
the two wave mixing (TWM) geometry is presented in Section 4.3 and the 
modulational instability in this geometry is studied. In section 4.4 the gov
erning equations for the forward four wave mixing geometry is presented. 
The system is studied without using the undepleted pump beam approxi
mation. The standard linear stability analysis for the coupled equations is 
carried out and the gain spectrum is obtained. Section 4.5 concludes the 
chapter giving the main observations. 

Modulational instability is a universal process in which tiny phase and 
amplitude perturbations that are always present in a wide input heam grow 
exponentially during propagation under the interplay between diffraction 
(in spatial domain) or dispersion (in temporal domain) and nonlinear
ity. Instabilities and chaos can occur in many types of nonlinear physical 
systems. Optical instabilities can be classified as temporal and spatial in
stabilities depending on whether the electromagnetic wave is modulated 
temporally or spatially after it passes through the medium. Temporal in
stability has been studied by various authors1-:l and the first experimental 
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observation of NIl in a dielectric material was in 1986.4 The temporal MI 
occurs as an interplay between self-phase modulation and group velocity 
dispersion. In the spatial domain, diffraction plays the role of dispersion. 
When both diffraction and dispersion are present simultaneously, it results 
in spatio-temporall'vH.5 Recently, Wen et a1. 6 investigated 1U in negative 
refractive index materials. In a rather loose context, MI can be considered 
as a precursor of self-trapped beam formation. 

In the spatial domain, MI manifests itself as filamentation of a broad 
optical beam through the spontaneous growth of spatial-frequency side
bands. The MI is a destabilization mechanism for plane waves. It leads to 
delocalizatioIl in momentum space and, in turn, to localization in position 
space and the formation of self-trapped structures. During MI, small am
plitude and phase perturbations tend to grow exponentially as a result of 
the combined effects of nonlinearity and diffraction. As a result of MI in the 
spatial domain, a large-diameter optical beam tends to disintegrate during 
propagation. Castillo et al.1 havc provided experimental evidence of such 
induced MI in a photorefractive bismuth titanium oxide crystal. Saffman 
et a1. 8 study theoretically and experimentally the modlllational instability 
of broad optical beams in photorefractive media. The MI phenomena has 
been previously observed in various media like Kerr media,9 electrical cir
cuits,lO plasmas,ll parametric band gap systems, 1 quasi-phase-matching 
gratings12 and discrete dissipative systems.13 The transverse instability 
of counterpropagating waves in PR media is studied by Saffman et a1. 14 

From the above investigations, it is clear that the study of MI in a medium 
is both of fundamental as well as of technological importance. 

To introduce the concept of MI, we consider the (1 + 1)D Ilonlinear 
Schr6dinger (NLS) equation and show that this equation exhibits an insta
bility and leads to spatial or temporal modulation of a constant-intensity 
plane wave. The NLS equation has the form 

.12 
W z + 2"uxx ± lul u = 0, (4.1 ) 

where u is the amplitUde of the beam. The sign of third term is positive for 
a focusing type of nonlinearity and negative for defocusing nonlinearity. 

Equation 4.1 admits plane wave solutions of the form 

u(z, x) = 11,0 exp[i4>(z)J, (4.2) 

where Uo is a constant and corresponds to the input intensity. Substituting 
Eq. (4.2) in Eq. (4.1), we get 

rj>{Z) = ±u5z. (4.3) 
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Hence the plane wave solution can be written as 

u(z, x) = Uo exp[±in5z]. 

73 

(4.4) 

Such a solution shows that the plane wave of amplitude Uo propagates 
through the nonlinear medium without any change except for acquiring 
an intensity dependent phase shift. Now, we need to study the stability of 
these plane waves against small perturbations. For this we use the standard 
linear stability analysis method, which is an important technique to study 
the stability of solutions. The method proceeds by first perturbing the 
plane wave solution in the form 

u(z, x) = (uo + a) exp[±iu6z], (4.5) 

where a is a small complex perturbation. Substituting this in Eq. (4.1) 
and linearizing in a, wc get 

. 1 ( *) 2 W z + :.2a:rx ± a + a 11.0 = O. (4.6) 

Considering that the perturbation consists of two side bands, we can write 

a(x,z) = ul(z)exp[iKx] + vl(z)exp[-iKx]. (4.7) 

This gives a system of two coupled equations in Ul and U2 as 

. ( 1 2 2) . 2 * U 1 z = 2 -:.2 K ± Uo U 1 ± 'Wo v 1 , ( 4.8) 

* . 2 . (1 K2 2) * 
Vlz = =!=ZUOUI + 2:.2 =!= Uo VI' (:1.9) 

The above coupled equations ca.n be written in the compact matrix form 
as 

OzX = MX, 

where M is a 2x2 matrix given by 

and 

all = i( - ~K2 ± u 2 ) 2 0 , 

a22 ±' 2 1.110' 

a33 = . 2 
=!=zuo, 

a14 -C 2 2) 1, 2K =!= 11-0 -

(4.10) 

(4.11) 

(4.12) 

( 4.1~1) 

(4.14) 

(4.15 ) 
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Figure 4.1: Gain ::;pect.rnIll for 110 = 1 for a focllsing nonlin<'arity. 

This equation has a nontrivial solution only if the determinant of the 
matrix vanishes. The real part of the eigenvalues of the stabilit.y matrix 
in Eq. (4.11) gives the gain associated with the system. 15 The eigenvalucs 
are given by the following relation 

(4.16) 

For A > 0, the perturbation grows exponentially during propagation with 
the growth rate or gain given by Re[AJ, indicating MI. Equation 4.16 shows 
that the continuous wave solution is absolutely stable only in t.he case of 
a self-defocusing nonlinearity. The solution is unstable in the case of self
focusing nonlinearity. The gain spectrum of modulational instability in 
the case of focusing nonlinearity is shown in Fig. 4.1 for Uo = l. 

Four wave mixing in the phase conjugate geometry is widely used in 
photorefractive materials for various applications. It can be used to im
plement several different computing functions, Hi optical interconnects,17 
matrix addition,18 and optical corrclator. 19 NOlllinear solutions for pho
torefractive vectorial two-beam coupling and for forward phase conjugation 
in photorefractive crystals has been found in. 2o R.ecently ,Ha et a1. 21 ex
perimentally demonstrated degenerate, forward four-wave mixing effects 
in a self-defocusing PR. medium, in both onc and two transverse dimen
sions. They observed the nonlinear evolution of new model> a.s a function 
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of propagation distance, in both the near-field and far-field (Fourier space) 

regions. 

4.2 Holographic solitons 

Recently, a new kind of spatial solitons, holographic (HL) solitons was pro
posed by Cohen et a1.22 They are formed when the broadening tendency 
of diffraction is balanced by phase modulation that is due to Bragg diffrac
tion from the induced gra.ting. Holographic solitons are solely supported 
by cross-phase modulation arising from the induced grating, not involving 
self-phase modulation at all. In 2006,23 they showed that the nonlinearity 
in periodica.lly poled photovoltaic photorefractives can be solely of the cross 
phase modulation type. The effect.s of self-phase modulation and asym
metric energy exchange, which exist in homogeneously paled photovoltaic 
photorefractives, can be considerably suppressed by the periodic poling. 
They demonstrated numerically that periodically poled photovoltaic pho
torefractives can support Thirring-type (soli tons which exist only by virtue 
of cross phase modulation) (holographic) solitons. HL soli tons in PR. dissi
pative medium was studied by Liu.24 Existence of HL solitons in a grating 
mediated waveguide was studied by Freedman et a1. 25 

A spatial soli ton is formed in a nOlllinear medium when the optical 
beam modifies the refractivo index of t.he medium jn such a way that it 
induces a positive lens. As a result, the change in refractive index at the 
center of the beam is greater than that at its margins. The refractive 
index structure resembles that of a graded index waveguide. The beam 
then gets self-trapped and thus forms a spatial soliton. The mechanism 
responsible for this is the self-focusing effect. Anot.her mechanism that 
can support spatial soli tons arises from the non linear phase coupling that 
results from symmetric energy exchange between two or more mutually 
coherent beams. 

One such example is the quadratic solitons. Quadratic soUtons form 
by the mutual trapping and locking of multiple-frequency waves. The light 
does not change the refractive index in the case of quadratic nonlinearity of 
a noncentrosymmetric media. The nonlinear effects are observed when the 
fUndamental frequency becomes phase matched with OIle of its harmonics. 
The simplest case corresponds to the process of second harmonic genera
tion (SHG) or optical parametric generation (OPG), where a fundamental 
frequency wave and its second-harmonic generate each other. 
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Figure 4.2: Schematic of a Ht soli ton in a PR medium22 

The resulting soliton contains both the fundamental and harmonic 
fields, which in the simplest case exhibit a classical bell-shape. Soli
tons form when the material and light propagation conditions inside the 
quadratic nonlinear crystal are set so that the diffraction and dispersion 
lengths that measure the spreading of the beams and pulses , and the non
linear length that measures the strength of the frequency conversion pro
cess, are comparable. Each beam continuously loses some of its energy 
and regains the same amount, such that the net power in each beam is 
conserved.. In this interaction, the field that constitutes the acquired en
ergy (to each of the beams) is phase retarded relative to the primary field 
of each beam. Thus, as the acquired field is added to the primary field, it 
effectively slows the phase velocity of the beam. Hence, if the interaction 
occurs in such a way that the effect is more intense at the center of the 
beam (or for the lowest spatial frequencies of the beam), then it reduces 
or eliminates the broadening effects of diffraction. 

Such a phase coupling between two mutually coherent beams can be 
induced through a grating in the refractive index produced by the inter
ference of the two beams. This is the case in Ht soli tons. Fig. 4.2 shows 
the schematic representation of the configuration for the existence of HL 
solitons.22 Such a soliton is created in the absence of the self-action effect, 
solely due to the beam cross-coupling through the induced Bragg reflec
tion. Salgueiro et al. 26 studied the composite spatial soli tOilS supported by 
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mutual beam focusing in a Kerr-like nonlinear medium in the absence of 
the self-action effects. They predicted the existence of continuous families 
of single and two-hump composite solitons, and studied their stability and 
interaction. In 2007, two-dimensional holographic photovoltaic bright spa
tial solitons were observed in a CU:KO.25Nao.75Sr1.5Bao.54Nb5015 crystal in 
which two coherent laser beams, a signal beam, as well as a strong and 
uniform pump beam at 532 nm are coupled to each other via two-wave 
mixing.27 

In the case of a HL dissipative soliton, one beam acts as a pump beam 
to supply energy for the other beam, which behaves as the signal beam. 
In such a system the two beam coupling results in an asymmetric energy 
exchange between the two beams such that energy is transferred from the 
pump beam into the signal beam. There is a double balance occurring 
here: diffraction is balanced by nonlinearity and loss is balanced by the 
gain due to the asymmetric energy transfer. But only the signal beam can 
propagate as a soli ton. Both the bright and dark HL dissipative solitons28 

have been studied. 

4.3 Two wave mixing geometry 

The periodic variation of intensity due to interference of two beams of 
coherent electromagnetic radiation inside a PR material results in the for
mation of a volume index grating. The presence of this grating affects the 
propagation of these two beams. Due to perfectly phase-matched Bragg 
scatterings, the two beams are strongly diffracted by the index grating. 
Fig. 4.3 shows the Bragg scattering of the two beams due to the volume 
index grating. Beam 1 is scattered by the grating and it propagates along 
the direction of beam 2. Similarly beam 2 is scattered and it propagates 
along the direction of beam 1. 

In this section, we present the derivation of the model equation for 
the TWM geometry29,30 and study the MI in it. Consider the interaction 
of two laser beams inside a photorefractive medium (see Fig. 4.3). A 
stationary interference pattern is formed, if the two beams are of the same 
frequency. 
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,., ,., 
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Figure 4.3: Bragg scattering from the gratings formed. in PR media. Grat· 
ing induced by the pair of beams (top). Beam A2 is diffracted by the 
grating producing beam A I (middle). Beam Al is diffracted by the grat
ing producing beam A2 (bottom). 
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Let the electric field of the two beams be written as 

Ej = Aj exp[i(wt - kj.r)], for j = 1,2. (4.17) 

Here, Al andA2 are the amplitudes, w is the angular frequency, and kl 
and k2 are the wave vectors. 

The medium is assumed to be isotropic and both beams are polarized 
perpendicular to the plane of incidence. The total intensity of the beams 

is 
(4.18) 

which can be expressed as 

(4.19) 

where 
K = k2 - k l . 

The magnitude of the vector K is 211"/ A where A is the period of the fringe 
pattern. 

Eq. 4.19 represents a spatial variation of optical energy in the pho
torefractive medium. Such an intensity pattern will generate and redis
tribute charge carriers. As a result, a space charge field is created in the 
medium. This field induces an index volume grating via the Pockels effect. 
In general, the index grating will have a spatial phase shift relative to the 
interface pattern. 

The index of refraction including the fundamental component of the 
intensity-induced gratings can be written as 

[
nIAiA2. . ] n = no + 

21
0 exp[tq'>] exp[-tK.r] + cc , (4.20) 

where no is the index ofrefraction when no light is present, q'> is real and nl 
is a real and positive number. The wave equation reduces to the Helmholtz 
equation for highly monochromatic waves like laser beams which can be 
viewed as a superposition of many monochromatic plane waves with almost 
identical wave vectors 

(4.21) 

where E = El + E2 . 

Now let 
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Here A(x, y, z) is the complex amplitude that depends on position, 
(31 and (32 are the z component of the wave vectors kl and k2 inside 
the medium respectively and z is measured along the central direction of 
propagation. We solve for the steady state so that Aj is taken to be time 
independent. 

(4.22) 

Substituting Eq. (4.20) and solving by neglecting the second order term n~ 
and using the fact that for highly directional monochromatic waves with 
a > > A, 82 AI 8z2 can be neglected and we get 

(4.23) 

and 

(4.24) 

Now for the case when the two laser beams enter the medium from the 
same side at z = 0 

211' 
(31 = (32 = kcosO = TnocosO. 

Here, 20 is the angle between the beams inside the medium. Simplifying 
we obtain 

(4.25a) 

(4.25b) 

where 

( 4.26) 

is the complex coupling coefficient. A similar model was used to study the 
existence of Holographic solitons.22 

A prerequisite for obtaining Holographic focusing is that the induced 
grating be in phase with the intensity grating. If it is shifted by 11', then 
the grating leads to holographic defocusing. If it is ±7l'/2 phase shifted 
with respect to the intensity grating, then the interaction will yield an 
asymmetric energy exchange between the two beams beacuse of the two 
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beam coupling property of the photorefractive material. Therefore, <p = 0 
for the existence of bright soli tons. This gives the coupling constant as 

r = 27l'n I . (4.27) 
Acose 

The next step is to study the propagation of a broad optical beam 
through the PR medium. We study MI of a one dimensional broad optical 
beam. Hence the y dependent term in the transverse Laplacian in Eq. 
(4.25) can be neglected. For a broad optical beam, the diffraction term in 
Eq. (4.25 ) can be set to zero giving the steady state solutions as 

Aj = VPexp [ - i~~ z], (4.28) 

for j = 1,2. 
To study MI, we consider small perturbations of the steady state solu-

tions as 

(4.29) 

Substituting in Eq. (4.25) and neglecting the quadratic and higher 
order terms in aj, the perturbations al and a2 are found to satisfy the 
following linearized set of two coupled equations : 

.0al 1 02aI rp * 
z oz = 2kcose ox2 + 210 (a2 + a2), (4.30) 

.oa2 1 02 a2 r p * 
z oz = 2k cos e Ox2 + 210 (al + al)' (4.31) 

It is important to note that the evolution of the perturbations depend 
solely on the cross phase modulation. To solve Eq. (4.30) and Eq. (4.31), 
we assume that the perturbations be composed of two side bands: 

aj(x,z) = Uj(z)exp[i~xl + Vj(z)exp[-i~xl. (4.32) 

The substitution of Eq. (4.32) in Eqs. (4.30) and Eq. (4.31) results in 
a set of four homogeneous equations in UI , U2 , VI and V2 as 

(4.33) 

(4.34) 

(4.35) 

(4.36) 
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Figure 4.4: Growth rate as a function of spatial frequency for the two wave 
mixing geometry. 

This set has a nontrivial solution only if the determinant of the coefficient 
matrix vanishes. The eigenvalues of the system are obtained as 

(4.37) 

( 4.38) 

where A = k cos O. The plane wave solution is stable if perturbations at 
any wave number K do not grow with propagation. This is the case as long 
as K is imaginary. MI gain will exist only when Re[A] > O. This condition 
is satisfied only by the second set of eigenvalues. The gain associated with 
the system is given by 

(4.39) 

A typical plot of the gain spectrum is given in Fig. 4.4. We consider the 
case of BaTi03 crystal with a space charge field of 104V /m, electro-optic 
coefficient r42 = 1640 x 1O-I2m/V and refractive index n = 2.4 which gives 
a coupling constant r = 20 cm-I. Fig. 4.5 gives the variation of gain with 
the angle O. The gain increases with decrease in angle. 
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Figure 4.6: Forward four wave mixing in photorefractive media in the 
transmission geometry. 
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4.4 Forward four wave mixing geometry 

In the two wave mixing case, two coherent beams interfere inside a pho
torefractive medium and produce a volume index grating. In the case of 
optical phase conjugation, using four-wave mixing, a third beam is incident 
at the Bragg angle from the opposite side and a fourth beam is generated. 
Now we consider the situation in which the third beam is incident from 
the front at the Bragg angle and a diffracted beam is generated. That is 
we consider the interaction of four beams in a PR medium in the forward 
geometry. We assume that all the beams have the same frequency w. We 
propose a model for the observation of MI in a PR medium induced by 
four wave mixing. The method proceeds by first writing the four coupled 
equations for the present geometry. Of the four beams, let beams A2 and 
A3 be the pump beam, Al be the signal beam and A4 be the generated 
beam. Beam Al is coherent with beam A2 and beam A3 is coherent with 
beam A4. Thus the index grating consists of two contributions : Ai A2 
and A3A4. The index of refraction including the fundamental component 
of the intensity-induced gratings can thus be written as 

( 4.40) 

where k2 - kl = k4 - k3 = K. 
We have 

(4.41) 

and 
2 nOnl (Ai A2 + A3A4) 

n = 10 exp[i4>] exp[-iK.r] + cc. ( 4.42) 

This gives 
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Substituting the above equations in Eq. (4.21) gives 

82A1 . 82A2 . 82A3 . 
--2 exp[-z(31 Z] + -8 2 exp[-z(32Z] + -8 2 exp[-z(33 Z] 
8x x x 

8
2
A4 [.(3] 2·(3 8A1 [.(3] 2·(3 8A2 [.(3] + 8x2 exp -z 4Z - Z 1 8z exp -z 1Z - Z 2 8z exp -z 2Z 

8A3 . . 8A4 
2i(33 8z exp[-z(33 Z] - 2z(34 8z exp[-i(34Z] 

2 

w ~~n1 {(AiA2 + AjA4) exp[i<t>] exp[-iK.r] + c.c}. (4.44) 
c 0 

Multiplying Eq. (4.44) with exp[i(32Z] and equating the coefficients, we get 
the following four coupled equations for the present geometry: 

.8A1 1 2 r * * zTz = 2k cos {} \l.lA1 + 210 (A1A2 + A3A4)A2, (4.45a) 

.8A2 1 2 r * * zTz = 2k cos {) \l.lA2 + 210 (A1A2 + A3A4)A1, (4.45b) 

.8A3 1 ",2 A r (A A* A*)A 
z dz = 2k cos {} v.l 1 + 210 1 2 + A3 4 4, ( 4.45c) 

.8A4 1 ",2 A r (A* *) zTz = 2kcos{} v.l 2 + 210 1A2 + A3A4 A3, (4.45d) 

where 10 = h + h + h + 14 and (31 = (32 = (33 = (34 = k cos[{)]. 
The model permits plane wave solutions of the form Aj(x, z) = 

JPexp[-i~ioz]. The next step is to carry out a linear stability analysis of 
the plane wave solutions. For this the plane wave solution is perturbed as 

(4.46) 

where aj is a small complex perturbation. Inserting this into the coupled 
Eq. (4.45) and linearizing around the solution yields the equations for the 
perturbations: 

.8a1 rp 1 82a1 rp * 
z 8z = - 210 a1 + 2kcos{} 8x2 + 210 (2a2 + a2 + a3 + a4), (4.47) 

(4.48) 

( 4.49) 
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Now, we assume that the spatial perturbation a(x, z) is composed 0: 

two side band plane waves, i.e 

aj(x,z) = Uj(z)exp[i~xl + Vj(z)exp[-i~xl. (4.51: 

Substituting we get eight homogeneous equations as 

The eight coupled equations obtained above can be written in a com 
pact matrix form as, 8z X = MX, where M is an 8x8 matrix with X = 
[U1 U2 U3 U4 Vt V2* V3* V4*V, 

This system has a nontrivial solution only if the determinant of th€ 
matrix vanishes. The real part of the eigenvalues of the stability matrix 0: 

Eq. (4.52) gives the gain associated with the system.15 Out of the eight 
roots of the system, only the root with maximum positive value contribute: 
to the MI gain. Here only the eigenvalue given by 

_ ~(-Io~4+4Arp~2)1/2 
A2± - ±2A 10 ' 
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contributes to the MI of the system. 
We note that the gain vanishes for all values of t\, greater than t\,?nax = 

4Af P / 10 . Defining , = r P / 10 , we can rewrite the gain as 

-40 

/ 
/ 

20 

(4.54) 

40 

Figure 4.7: A typical plot showing the gain spectrum of the system in the 
forward four wave mixing process with respect to t.he spatial perturbat.ion 
/'i,. 

The variation of the gain coefficient in the forward four wave mixing 
process with respect to the spatial perturbation is plotted in Fig. 4.7. 
Such instabilities are useful for pattern formation. A transverse modula
tion instability of a single beam or counterpropagating beams is a general 
mechanism that leads to pattern formation in nonlinear optics.31 ,32 We 
expect that similar results will be obtained using the present geometry. 

4.5 Conclusions 

We first studied MI occurring in a PR medium in the two wave mixing 
geometry and further modeled the forward four wave mixing occurring 
in a PR medium and studied MI in this geometry. In both the cases, 
the geometry is such that the nonlinear effect is manifested through holo
graphic focusing. MI does not rely on self-phase-modulation self-focusing 
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but results only by virtue of the competition between induced periodic 
modulation of the refractive index and diffraction of the beam. The MI 
gain spectrum is obtained for both two wave mixing and forward four 
wave mixing geometry. Such instabilities will be useful for pattern forma
tion. Photorcfractive materials are attractive for the studies of pattern 
formation as their slow time constant gives the possibility of observing the 
spatiotemporal dynamics of the system in real time. This also reduces the 
demands on experimental equipment where speed is often a crucial pa
rameter. Another advantage of photorefractive pattern formation is that 
patterns can be observed using optical powers of tens of mW. In contrast, 
pattern formation using other nonlinearities require optical powers in the 
order of lW. 
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Self-written waveguide in a 
methylene blue doped 

photopolymer 

5.1 Introd uction 

T
IllS chapter deals with the observation of self-written waveguide inside 
a bulk Methylene Blue sensitized poly (Vinyl Alcohol)/ Acrylamide 

photopolymer material. We first study the system analytically using the 
variational method and then demonstrate the formation of a sclf-wriiten 
waveguide experimentally. Light from a low power He-Ne laser is focused 
into the material and the evolution of the beam is monitored. The re
fractive index of the material is modulated in the region of high intensity 
due to photo bleaching and photopolymerization effects occurring in the 
material. As a result, the beam propagates through the medium without 
any diffraction effects. The analytical study predicts stable propagation 
of two-dimensional laser beam through the material which is in agreement 
with the experimental observation. \Ve briefly discuss photosensitivity in 
section 5.1.1. In section 5.1.2, we present the model equation for the beam 
propagation through the photopolymer and analyzc it using the varia
tional method in section 5.2. A potential well formulation is developed. 
In section 5.3, we present the experimental details. Section 5.4 gives the 
conclusions. 

5.1.1 Photosensitivity 

A laser beam when focussed on to the edge of a photosensitive material can 
write its own waveguide and then get guided by this waveguide.1 In this 
process, the beam of light which initially diffracts, changes the refractive 
index of the medium. As time passes on, the heam dynamically creates 

Dl 
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a channel that counteracts diffraction and guides the beam through the 
material. 

Hill et al} in an experiment in 1977 using germanium-doped optical 
fiber observed Hill gmtings which are self-written. These gratings were 
formed due to the photosensitivity of the glass core to the 488 nm light 
launched into the core. The refractive index of the glass is increased per
manently by illuminating it with ultraviolet light at wavelengths near to 
250 nm. This phenomenon is known as photosensitivity. Later, Lam et 
a1.3 showed that photosensitivity at 488 nm is a two-photon absorption 
process and it was suggested that self-writing may occur for onc-photon 
wavelength of 244 nm, and this was demonstrated for a grating imprinted 
via photosensitivity. 

Light induced or self-written waveguide formation is a recognized tech
nology by which one can form an optical waveguide as a result of the 
self-trapping action of a laser beam passed through a converging lens or 
a single mode fiber. Self-writing is a relatively new and emerging area 
of research in optics. One of the first evidence of a self-writing process 
was reported in 1992 by Brocklesby et a1.4 who reported the experimental 
results on optically written waveguides in ion implanted BL1Ce3012. In
dependently, Frisken in 19935 demonstrated the formation of permanent 
uptapers in a UV-cured epoxy by a self-induced waveguide, created byex
posure to a continuous wave of wavelength 532 urn. Initially the material 
has a uniform refractive index and the light is confined in two dimensions. 
In the experiment, the beam of light self-writes the uptaper which guides 
it through the epoxy, and as the index changes arc long-lasting, uptapers 
written in this way can subsequently be used at other wavelengths. Since 
then, the phenomenon of self-writing has been reported in a number of 
photosensitive optical materials including UV-cured epoxy, planar chalco
genide glass, germano-silicate glass1etc. 

The physics of self-writing in all cases is very similar to the physics of 
spatial solitons6 which occurs due to the balance between linear diffraction 
effect and nOlllinear self-focusing effect. These waveguides have a number 
of advantages compared to other methods of fahricating waveguidcs such 
as epitaxial growth, diffusion methods and direct writing. 

The self-written waveguides so formed are of particular interest as these 
waveguides can be formed at low power levels and the material response 
is wavelength sensitive; therefore a weak beam can guide an intense beam 
at a less photosensitive wavelength. 
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Figure 5.1: Init,ial diffraction of a beam incident on a phot.osensit.ive ma
terial (t.vp). :Format.ion of a self-wri t.t.en wavegnide (hottom). The beam 
is guided in /.l Ie waveguide it, creates. 

These waveguides evolve dynamically, and they experience minimal ra
diation losses due 1.0 the absence of sharp bends. :Many processing steps 
are needed to form buried waveguides. But, if the buffer layer is tram;
parent at the writing wavelength, self-writing can be used to form these 
buried waveguides. 

Another application of self-written waveguides is in telecommunica
tion. The major ohstacles in t he widespread use of single mode fibers 
in the telecommunication industry are the problems associated with ef
fective low cost <:oupling of light into single mode optical fibcrs and the 
incorporation of bulk devices into opt ical fibcrs. A self-written waveguide 
structure induced by laser-light irradiation is considered as a. candidate for 
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convenient coupling technique between the optical fib er and waveguide.1-9 

Fig. 5.1 gives a schematic diagram of the self-writing process. When a 
Gaussian intensity is incident on a planar or bulk photosensitive medium, 
the beam initially diffracts. The refractive index of the medium changes in 
response to this illumination. A region of raised refractive index is formed 
along the propagation direction. This then reduces the diffraction of the 
beam and the beam is confined in the waveguide it creates. This is a self
written waveguide because the beam of light that creates the waveguide is 
subsequently guided by it. 

Polymer optical waveguidcs have attracted considerable attention for 
their possible application as optical components in future optical commu
nication systems; because fabricating waveguides from polymers is much 
easier than fabricating them from inorganic materials. 1O- 13 In recent years, 
experiments with photopolymerizable materials have produced promising 
results. Kewitsch and Yariv l1 demonstrated both experimentally and the
oretically, self-trapping and self-focusing in photopolymerizable materials 
(a liquid diacrylate photopolymer). They observed these phenomena af
ter an initial diffraction period lasting approximately 20s. Friedrich et 
a1. 15 fabricated a directional coupler using a three-dimensional waveguide 
structure. Recently, Jaeyoun et a1. 16 successfully fabricated artificial om
matidia (imaging unit of insect's compound eyes) by use of self-writing and 
polymer integrated optics. These biomimetic structures were obt.ained by 
configuring microlenses to play dual roles for self-writing of waveguides 
(during the fabrication) and collection of light (during the operation). 

In this work, we study the observation of self-writing in a bulk pho
topolymer (Methylene Blue sensitized poly (Vinyl Alcohol) / Acrylamide 
(MBPVA/ Acrylamide)). When the photopolymer is illuminated with light 
of appropriate wavelength (632.8 nm), the polymer chains begin to join. 
The length of these chains determines the density of these polymers. As 
a result the refractive index of the exposed part of the material changes. 
The change in refractive index occurs both due to photoblcaching of methy
lene blue and the photopolymerization effect. Photohleaching17 is a term 
that applies to techniques of exposing dye-doped materials to light whose 
wavelength lies within the spectral absorption bands of the composite dye
polymer system. The change in refractive index so produced is much larger 
than that of traditional nonlinear optical phenomena such as Kerr or pho
torefractive effects. However, the index change upon illumina.tion is not 
instantaneous as compared to these two cffects. 

In recent years, many types of photopolymerizabJe systems have been 
developed as holographic recording media. 18-

20 These materials have char-
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acteristics such as good spectral sem;itivity, high resolution, high diffrac
tion efficiency, high signal to noise ratio, temporal stability and processing 
in real time, which make them suitable for recording holograms. Because of 
these properties, photopolymer materials are useful in applications such as 
optical memories, holographic displays, holographic optical elements, opti
cal computing and holographic interferometry.21, 22 The most widely used 
photopolymer recording medium consists of acrylamide and poly(vinyl al
cohol).23,24 Owing to these properties and its use in holography, we chose 
MBPVA/ Acrylamide for our studies. 

5.1.2 Theoretical Model 

The photosensitive process in both glasses and polymers occurs slowly 
relative to the transit time of light inside the material. Hence the evolution 
of the beam inside the photopolyrnerizable material can be described by a 
paraxial wave equation of the fonn25 

. 8£ 1 2 2 i 
zkono 8Z + '2\7.1..£ + kono6n£ + '2konoet£ = 0, (5.1) 

where ko is the free space wave number, 611, is the change in refractive index 
and is time dependent, no is the initial refractive index and et accounts 
for the attenuation of the beam. The effect of photosensitive refractive 
index changes on light propagation is given by the third term and that 
of material loss by the fourth term of Eq. (5.1). For a bulk material, 
vi = {J2/aX2 + D2/Dy2 and £ is the amplitude of the electric field. 

Several phenomenological models have been proposed for the photo
sensitivity to account for the observation of refractive index modulation in 
various photosensitive materials. All the models assume that the refractive 
index increases upon illumination. Krug et a1. 26 used a model of the form 

86n 
Tt ex J, (5.2) 

to describe photosensitivity at 244 nrn and showed that it agrees well with 
the data. A simple model for the evolution of the refractive index is 

{J6n _ A JP at - p , 

which can be used when the index changes are relatively small. 

(5.3) 

Considering saturation effects in refractive index, it is observed that 
as the refractive index approaches the saturat.ion value 6ns , t.he increase 
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in 6n slows exponentially. This model has been used for saturation in a 
photopolymer,27 and it agrees with the experiments at 488 nm by Hand 
et a1. 28 The phenomenological model for the evolution of refractive index 
now has the form28 

(5.4) 

where, Ap is a real coefficient depending upon material properties, I = ££*, 
t is the time, p is 1 or 2 depending upon one-photon or two-photon process 
and 6ns is the maximum refractive index change in the photopolyrner. 
The input beam is assumed to be Gaussian. Solving this, we get an equa
tion which has a soliton soIution. 25 

For a wide range of acrylate photopolymers, the index response to an 
optical field is of the form 11 

1 1t
-

T 

6nl(X,y,z,t) = 6nlO { 1- exp [ - U
o 

0 1£(t')1 2 dt']}, (5.5) 

where 'I is the monomer radical lifetime and Uo is the critical exposure 
needed to induce polymerization. The expression for absorption photo
bleaching is approximately 

Eq. 5.1 can be normalized using the dimensionless variables z = 
Z/(konoa5), N = a5k5no6n, L = a5k6noQ' and defining x = X/ao, 
y = Y/ao and E = £/£0 as 

oE 1 2 i 
i oz + "2'\7J..E+NE+ "2LE=O, (5.7) 

where ao and £0 are the initial beam width and amplitude of electric field. 
For our analysis, we assume that the loss in the medium is negligible 
and hence, neglect the last terru in Eq. (5.7) and proceed. Assuming a 
refractive index modulation of the form given in Eq. (5.5), the evolution 
Eq. (5.7) can be written as 

.DE 12 { [11t-TIE(')121']} 1.- + -\7 J..E + Nw 1 - exp - - t (t E = O. oz 2 Uo 0 
(5.8) 
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At the beginning of the propagation, one can assume that the shape of the 
exciting beam has not changed, and hence can write 

Expanding the exponential gives 

and simplifying we get 

where 

and 

NI = NlOt!UO, 

N2 = ~ NlOt2!U~, 

NlO = a~k~no6nlO. 

(5.9) 

(5.11) 

The equation now has the form of a cubic-quintic nonlinearity. Both the 
cubic and quintic terms contribute to the self-focusing of the beam. 

5.2 Analysis using variational method 

We analyze the system using the variational method. This is an approx
imate method and is widely used to get an insight into the nature of the 
solution in cases where it is difficult to get an exact analytical solution. 'Ve 
will take cylindrical coordinates for our analysis. Hence the Lagrangian 
corresponding to Eq. (5.11) can be written as 

i ( 0 E* * a E) r a E a E* 4 (i 
L=-r E--E - +----rN1IEI -rN2 IEI. 

2 OZ OZ 2 ar or (5.12) 

The method proceeds by assuming a suitable trial solution of the form, 

1"'2 , 

E = A(z) exp[-~( )2 + ib(z)r2], 
2a z 

(5.13) 
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where A(z) is the amplit.ude, a(z) is t.he beam width and b(z) is the cur
vature parameter. This gives 

. 2 

L = ~1'exp[- a:~)2]{AA; - A*Az - 2ibz 1'21A12} 

l' 1'2 1'2 
+ -IAI2exp[-~~l{ - + 4b2r2} 

2 a(z)2 a4 

21'2 31'2 
- rNIIAI

4
exp[- a(z)2l-rN2IAI6exp[- a(z)2l. (5.14) 

Now the reduced Lagrangian for the system can be written as 

(L) = Iooo 
L1'd1' 

+ 

The next step is to find the variation of (L) with respect to the various 
Gaussian parameters A(z), A(z)*, a(z) and b(z). The variation with A(z) 
and A(z)* gives 

A 8(L) 
8A 

A*8(L) 
8A* 

Simplifying 

(G.1G) 

o =} :z (ia3 
A) 

= -iA* Aza3 + 3bz lAI 2a5 + ~IAI2( ~4 + 4b2 )a5 

2 a 
2 43 2 63 

- J2N1IAI a - J3N2IAI a . (S.16) 

A D (L) _ A* D (L) = 0 ===? ~(a2IAI2) = O. (5.17) 
8A DA* dz 

This gives 
(5.18) 



Analysis using variational method 

The variation with a gives 

Similarly, after some algebra, we get the following equations: 

1 da 
b=--

2a dz 
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(5.19) 

(5.20) 

(5.21) 

Integration of Eq. (5.21) and introducing the normalized variables, 
a(z)/ao = y(z), gives an equation of the form 

where 

with 

1 (d )2 2 d~ + II(y) = 0, 

tL v 
II(y) = 2: + 4 + K, 

y y 

1 NI Eo 
tL = 4a~ - 4J2a~' 

N 2 Eli 
v = - 6V3ag' 

c 
K=2' ao 

and c is a constant of integration. 

(5.22) 

(5.23) 

This represents a particle in a potential well. Fig. 5.2 gives the evolu
tion of the potential function for different regimes of propagation depend
ing upon the sign and magnitude of the nonlinearity. The bottommost 
curve (fl) gives the evolution of the potential when the nonlinearity is of 
negative sign. The beam diffracts even Illore than the linear case (rep
resented by curve f4). This means that the incident beam results in a 
decrease in refractive index which causes the beam to diffract even more 
than the linear case. Such light induced decrease of refractive index results 
in the formation of dark spatial solitOllS.:lO Curve f2 gives the evolution 
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Figure 5.2: Qualitative plot of the evolution of the potential funct.ion for 
different magnitude and sign of nonlinearity. 

for intermediately strong nonlinearity with positive sign. This represents 
a focusing nonlinearity and as a result the equivalent particle moves in a 
potential well and is confined in this well. A stable state is obt.ained when 
the diffraction of the beam is completely balanced by the refractive index 
change due to the self-writing process. This is the limit case (curve f3). 
Here the potential well has degenerated to a single point and the beam 
propagates without any shape change. 

A similar analysis of Eq. (5.7) can be done. Here we proceed by assum
ing that the refractive index saturates after sometime6 and hence do not 
consider the evolution of refractive index with time. Such an analysis does 
not show the effect of cancelation of diffraction. We will get a potential of 
the form given by Eq. (5.23) with the terms corresponding to NI and N2 
absent. This is the linear case and it shows that there is no confinement 
of the beam and the beam diffracts. 

5.3 Experimental method 

We will now describe the experiments performed, in our laboratory, to 
demonstrate the self-writing in the photo polymer. 

5.3.1 Sample preparation and optical properties 

Polymer materials are the most commonly used medium to fabricate opti
cal devices of any kind. Components so fabricated will be quite inexpen-
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sive. The incorporation of dyes into a polymer material results in a host 
of interesting optical phenomena. Photopolymer systems typically com
prise of one or more monomers, a photo-initiation system and an inactive 
component often referred to as a binder. The MBPVA/ Acrylamide solu
tion is prepared by sensitizing the 10% polyvinyl alcohol (PVA) solution 
(molecular wt 1, 25,000 MERCK) with methylene blue (MB) (SD Fine) 
and triethanol amine (SD fine) and acrylamide (SRL). The concentration 
of each of the components in the prepared solution is: Methylene blue : 
2.8 x 10-4 mol/liter, Triethanolamine (TEA) : 0.05 M and Acrylamide : 
0.381mol/liter. 
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Figure 5.3: Change in absorbance as a function of exposure. The topmost 
curve is the spectrum of unexposed film. The lower most curve is that of 
PVA/ Acrylamide film (prior to MB doping), 

Poly Vinyl Alcohol (PVA) doped with acrylamide has excellent trans
parency across the visible spectrum. The absorption peak of MBPVA/ 
Acrylamide is at 632,8 nm. The polymer films of MBPVA/ Acrylamide can 
be bleached to almost complete transparency in the visible on exposure. 
The absorption spectra of 2 mm thick films of the photopolymer at dif
ferent levels of exposure taken using a JASCO spectrophotometer (Model 
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V-570) are shown in Fig 5.3. The film is exposed to 0,50,75,150 and 500 
mJ of energy. The topmost curve is the absorption of unexposed film. 
The lowermost curve is the absorption spectrum of pure PVA doped with 
acrylamide. The film bleached to complete transparency after an expo
sure of 500 mJ. The refractive index before and after exposure is measured 
using an Atago DR-M2 refractometer. The initial refractive index of the 
MBPVA/ Acrylamide photopolymer is 1.5167. After the film is completely 
bleached, the change in refractive index is measured to be of the order of 
10-3 . The refractive index modulation saturates in about 1.5 sec. 
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Figure 5.4: Relative transmittance vs. exposure for an incident intensity 
of 5mW /cm2

. 

The real time relative transmittance of the film for an incident intensity 
of 5 mW /cm2 for 10 minutes is shown in Fig 5.4. From this also we 
can see that the film bleached to complete transparency after 500 mJ of 
energy. The maximum change in refractive index occurs at this point. This 
gradient in refractive index between the exposed and unexposed region 
results in the formation of a waveguide and the writing beam gets self
trapped in this self-induced waveguide. 
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L 

La,." S F 

Figure 5.5: Experimental setup for the observation of self-writing of a low 
power He-Ne beam in a liquid photopolymer. S:Shuttcr, F:ND Filter and 
L:Lens. 

5.3.2 Self-trapp ing experiment 

For the self-trapping experiment, freshly prepared solution of MBPVA/ 
Acrylamide is taken in a cuvette of dimension lcm x lcm x 5cm. Gaussian 
beam from a low power He-Ne laser (5 mW, 632.8 nm, Melles Griot) is 
focused to a spot size of 70 pm and allowed to pass through the material. 
The experimental setup for the observation of self-writing is shown in Fig. 
5.5. 

The beam propagates through the liquid photopolymer without any 
diffraction effects (Fig. 5.6). The observation of self-trapping in this sys
tem is of particular interest because MBPVA/ Acrylamide photopolymer 
can be easily prepared. The guides induced in this material are of perma
nent nature. So it can be used fo r the fabrication of new organic optical 
devices, photonic crystals31 etc. We could prepare 1 cm long waveguide 
as compared to the 1 mm guide created inside a bulk photopolymerizable 
resin by Dorkenoo et al. 32 using 5 pW power. For an increase in power 
they observed chaotic behavior. The irradiation power in our experiments 
is comparable to the power used by Yamashita et al.9 in an another ex-
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Figure 5,6: Propagation of the beam through the medium wit.hout any 
diffract ion effects. 

periment where the exposure time of around 5 min is required for the 
formation of the waveguide. To create a 1 cm long waveguide, it takes 
around 15-20 seconds. The current experiments have been done using liq
uid MBPVAj Acrylamide system, which results in a solid core and a liquid 
cladding waveguide. But its possible to observe self-writing in this system 
in an all solid form by allowing the solution to solidify. The suggested 
material has been originally developed for holographic applications and is 
quite inexpensive with a high diffraction efficiency. It has a low shrinkage 
during writing and can be cast into thickness of greater than 1 mm and has 
a very high sensitivity to the writing beam. These additional properties 
can be utilized for successful fabrication of devices in this material. 

5.4 Conclusions 

We have shown the stable propagation of a low power He-Ne laser beam 
through a liquid MBPVA/ Acrylamide photopolymer material. The beam 
propagated through the medium over a distance of 1 cm without any 
diffraction effects. The propagation of the beam can be described by the 
previously studied theoretical models. We have also studied the beam 
propagation using the variational method and both the analytical and ex
perimental results match well. The guides induced in this material are 
of particular interest owing to the fact that MBPVA / Acrylamide can be 
easily prepared and has low cost as compared to the materials used by 
previous researchers. The proposed material was originally proposed as 
a recording material in holography with suggested application in optical 
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memories, holographic displays, holographic optical elements and optical 
computing. The additional use of this material as a medium for writing 

waveguides which can be used to guide another light and which behaves 

as spatial soli tons can realize all-optical applications. We strongly believe 

that these guides can be used for the fabrication of integrated optical de

vices. 
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Dynamics of a light induced 
self-written waveguide directional 

coupler in a photopolymer 

6.1 Introduction 

W
E propose and study, using the variational approximation as well as 
numerical simulation, the evolution of a probe beam through a direc

tional coupler formed in a photopolymer system. Both the results compare 
well. An analytical expression is derived for describing the dynamics of 
the coupler. The expression compares well with that of the standard linear 
coupler. The two waveguides of the coupler are self-written by photopoly
merization. Such a coupler can be formed by direct self-writing using low 
power beams with wavelength corresponding to the sensitivity of the mate
rial. In section 6.2 the model equations are introduced and the variational 
formalism is developed. An analytic solution is derived for the system and 
the result is compared with the numerical results. The dynamics of the 
coupler is explained using a potential well formulation as well. Finally the 
results obtained are compared with that from the direct numerical sim
ulation of the original coupled partial differential equation. Section 6.3 
concludes the chapter. 

The phenomenon of optical tunneling can be used not only to couple 
energy from a fib er or a beam to a waveguide, but also to couple one 
waveguide to another. Couplers of this type are usually called directional 
couplers (DC) because energy is transferred in a coherent fashion so that 
the direction of propagation is maintained. Directional couplers are the 
basis of several guided wave devices and are mainly used for optical switch
ing networks. It is a passive device which couples part of the transmission 
power by a known amount through two transmission lines which are very 
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Figure 6.1 : Schematic illustration of a directional coupler. 

close to each other such that energy passing through one is coupled to the 
other.1 The separation between the waveguides determines the coupling 
efficiency. The schematic diagram of a DC is shown in Fig. 6.1. 

In an optical waveguide directional coupler where two identical single 
mode waveguides are close to each other with a gap only of the order of 
several wavelengths, 100 percent optical power is transferred, in principle, 
from one waveguide to the other Therefore, electro-optic modulation and 
switching with high extinction ratio (the ratio of the maximum and the 
minimum output levels) are possible.2 This energy is transferred by a pro
cess of synchronous coherent coupling between the overlapping evanescent 
tails of the modes guided in each waveguide. If one were to measure the 
optical energy density while moving in the z direction along one channel 
of a DC, a sinusoidal variation with distance would be observed . For a 
coupler to transfer any given fraction of the energy, it is necessary only to 
bend away the secondary channel at the proper point . In this way either a 
10 dB coupler for measurement padding, a 3 dB coupler for beam splitting, 
or a 100% coupler for beam switching can be made. The coupling length 
Le is determined by the propagation constant difference between the even 
and odd modes. Coupler fabrication is generally accomplished by using 
techniques such as photoresist masking, thin fi lm deposition and epitax
ial growth. Certain specialized methods such as, holographic exposure of 
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photoresist to make grating couplers, are also used. 
As discussed in Chapter 5, light induced or self-written waveguide for

mation can be used for the formation of an optical waveguide as a result 
of the self-trapping action of a laser beam passed through a converging 
lens or a single mode fiber. 3 The waveguides thus formed are of particular 
interest as these waveguides can be formed at low power levels and the ma
terial response is wavelength sensitive; therefore a weak beam can guide 
an intense beam at a less photosensitive wavelength.4 Materials which 
show change in refractive index with optical intensity has application in 
integrated optics.5,6 Kewitsch and Yariv demonstrated both experimen
tally and theoretically, self-trapping and self-focusing phenomena to occur 
in photopolymerizable materials (a liquid diacrylate photopolymer).7 A 
photosensitive material experiences long-lasting refractive index changes in 
response to illumination at specific wavelengths, and the larger changes in 
the refractive index occur in the regions with higher intensity of light. This 
results in creation of a waveguide-type structure which can reduce or even 
completely suppress the beam diffraction. A possible application of these 
permanent light-induced waveguides is in networks of optical interconnects 
between linear arrays of optical transmitters and receivers. 

The directional couplers have been studied both experimentally and 
theoretically. Lan et a1.8studied waveguides and directional couplers in
duced by two mutually incoherent photorefractive soli tons propagating in 
parallel at close proximity and Lu et a1. 9 by using incoherent white light. 
The nonlinear directional coupler was first discussed by Jensen.lO Switch
ing properties of such a device have been studied both theoretically ll-13 
and experimentally.14 First experiments were reported in 1987.15 The ef
fect of extra terms, such as gain or loss, in the standard coupler equations 
were considered by Wilson and Stegeman. 16 We study theoretically the 
coupling of light beam in a directional coupler formed in a photopolymer. 
Here the two waveguides are formed in a photopolymerizable material us
ing self-writing. 

6.2 Model equation and analysis using analytical 
and numerical methods 

A laser beam when focused on to the edge of a photosensitive material can 
write its own waveguide and then get guided by this waveguide.17 In this 
process, the beam of light which initially diffracts, changes the refractive 
index of the medium and dynamically creates a channel that counteracts 



Dynamics of a light induced self-written waveguide directional 
112 coupler in a photopolymer 

diffraction and guides the beam through the material. The physics of self
writing is very similar to the physics of spatial soliton formation 18 and is 
based on the self-action of light. 

An electric field A(r, t) in a dielectric medium satisfies Maxwell's equa
tion of the form 

1 [PD 
V'2 A - c2 8t2 = V'(V'.A), (6.1) 

where D = EA is the displacement vector in the dielectric medium, with 
E being the dielectric constant relative to vacuum and it is approximately 
equal to n2 ; n being the refractive index. D can be written as, D = 

(no + L::m) 2 A where, A = ~ [E(r, t) exp i(wt - kz) + c.c]. Using this we can 
reduce the Maxwell's equation to 

. 8E 1 2 2 
zkono 8Z + 2 V' ~ E + konot:mE = 0, (6.2) 

where ko = 21l" / A is the free space wave number, no is the initial refractive 
index, 6.n is the change in refractive index and E is the electric field 
envelope in the waveguide. 

This is the paraxial equation governing the wave propagation in a 
lossless photosensitive material. 19 This can be written in the dimen
sionless form by defining, z = Z/(konoa6), x = X/ao, y = Y/ao and 
N = a6k6no6.n. 

A series expansion technique for analyzing the waveguides which can 
be self-written in photosensitive materials and photopolymers have been 
studied by Monro et al. 19 The model is also studied using group theoretical 
methods in20 and using symmetry analysis. 21 The details of the refractive 
index modulation and the various phenomenological models for describing 
the evolution of refractive index have been discussed in Chapter 5. Here 
we consider only the permanent waveguides created by the self-writing 
process. Such permanent waveguides can be used for guiding another 
signal light or two such waveguides created very close to each other can be 
used as a directional coupler. 

The DC under study consists of two waveguides formed using self
writing. The advantage of such waveguides is that the waveguide remains 
permanent even after the writing beam is switched off. The two cores of the 
coupler are formed very close to each other such that there is no interaction 
between the two waveguides, except the evanescent wave coupling between 
the two waveguides. Beam propagation through such a coupler can be 
described in terms of two linearly coupled equations in the dimension less 
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form as 

(6.3) 

E j with j = 1,2 is the electric field envelope in the two waveguides and 
kc is the coupling constant. Here we are interested in the one dimensional 
case, that is propagation along the z axis and diffraction along x axis. 

6.2.1 Lagrangian formalism 

The coupled Eq. (6.3) is studied analytically using the variational method. 
The analysis is based on the Lagrangian associated with Eq. (6.3). The 
analysis proceeds by first assuming a suitable trial solution and then find
ing the reduced Lagrangian associated with the problem. The reduced 
Lagrangian has the form 

(L) = 100 Ldx, (6.4) 

where L is the Lagrangian of the system. The Lagrangian for our system 
is 

(6.5) 

with 

L
J
. = i [E. oE; _ E*:OEj ] + ~ 

2 J oz J oz 2 

NIEjI2, (6.6) 

and 
(6.7) 

where L j for j = 1,2 corresponds to the single Lagrangian and L12 repre
sents the interaction Lagrangian. 

For the solution of the problem, a simple trial function of the form 

1Pj(x, z) = Fj(z) exp(px2
) exp[iOj(z)], 

is assumed, where Fj , the amplitude of the field in the core and the phase 
OJ depend only on z variable and p is a constant. Substituting this in Eq. 
(6.5), we find the reduced Lagrangian 

(L) = 

(6.8) 
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Now, varying the effective Lagrangian with respect to the variational 
parameters Fj and (}j results in a set of four coupled nonlinear equations 
of the form 

d(}j 1 4kcF3- j ( 
- = -- + 2N - cos (}l - (}2), 
dz V7f Fj 

dFj . 
- = (-1)12kcF3- j sin((}l - (}2). 
dz 

To proceed further, we define the functions 

which is the new phase variable 

U(z) = F[(z) - Fi(z), 

variable for energy difference and 

F[ + Fi = N = constant, 

(6.9) 

(6.10) 

which gives the total energy. Using this, the set of four coupled nonlinear 
equations can be reduced to a set of two coupled ordinary differential 
equations: 

(6.11) 

which gives 
d(} 4kcUcos((}) = -------'--'-,-
dz (N2 - U2)1/2 ' 

(6.12) 

and 

(6.13) 

which gives 

(6.14) 

Eqs. (6.12) and (6.14) are solved numerically. Figs. 6.2 and 6.3 show 
the numerical result. Here the normalized energy difference in the two 
cores is plotted for different coupling constant values. The values of the 
parameter used are N = 10 and 100 which is the normalized total energy. 
At z = 0 the intensity in the first core is maximum. As the beam propa
gates through the first core, part of its energy is coupled into the second 
waveguide and finally at z = 50, the energy is completely coupled into 
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Figure 6.2: Qualitative plot of evolution of difference in energy in the two 
waveguides with respect to distance z for N = 10 with coupling constant 
a) kc = 0.016 b) kc = 0.15. 

the second waveguide (Fig.6.2a). This coupling of energy between the two 
waveguides occurs in a periodic manner and depends upon the coupling 
coefficient. The coupling coefficient is related to the distance between the 
two waveguides. If the distance is large the coupling is low (see Figs. 6.2a 
and 6.3a). When the distance between the two waveguides is less, the cou
pling efficiency increases (see Figs. 6.2b and 6.3b). Increasing the energy 
has no effect on the dynamics of the coupler (Fig.6.4). The coupler studied 
here is a linear coupler with no nonlinear effects. As a result we do not 
observe nonlinear switching at high intensities. 

6.2.2 Analytic solution 

We now derive an analytic solution for the dynamics of the coupler. For 
this, the system of Eqs. (6.12) and (6.14) is recast into a single equation 
by first finding out a constant of motion for this coupled system. As the 
Lagrangian (Eq. (6.5)) does not contain ()j, we can obtain the constant of 
motion from Eq. (6.12) as 

(6.15) 
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Figure 6.3: Qualitative plot of evolution of difference in energy in the two 
waveguides with respect to distance z for N = 10 with coupling constant 
a) kc = 0.02 b) kc = 0.2. 

Using this we can write a single equation for U as 

( 6.16) 

Eq. 6.16 can be solved exactly to obtain U(z) as 

(6.17) 

where 

This is the exact solution for the linear coupler describing the sinusoidal 
variation of energy in each core.22 Increasing the power has no effect on 
the dynamics of the coupler. Changing the coupling constant modifies the 
period of switching. The same result is obtained numerically (see Figs. 
(6.2 and 6.3)). 
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Figure 6.4: Qualitative plot of evolution of difference in intensity in the 
two waveguides with respect to distance z for N = 100 with a) kc = 0.016 
b) kc = 0.15 c) kc = 0.02 d) kc = 0.2. There is no change in the coupler 
behavior with increase in energy. 

6.2.3 Particle in a well description 

To get a physical insight into the process of coupling, we follow the method 
of Anderson23 to describe the dynamics of the coupler in terms of a particle 
moving in a potential well. The equation describing a particle moving in 
a potential well has the form 

1 (dU)2 '2 dz + II(U) = 0, ( 6.18) 

where II(U) is the potential. 
Simplifying Eq. (6.16) gives 

~:~ = - ((4kc)2(N2 - U2) - G2r1/2 (4kc)2U~~. (6.19) 

That is, 

(6.20) 
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Figure 6.5: Plot of the potential well for ke = 0.05 and ke = 0.5. The 
equivalent particle is initially at rest at U = + 1 

Integrating Eq. (6.20) gives 

! (dU)2 = ~8k2U2 
2 dz C > 

(6.2 1) 

where 
I1(U) = Bk;U', (6.22) 

is the potential. 
Let the equivalent particle be subjected to the following initial condi

tions: 

U(z = 0) = +1, 

~~Iu=o = 0 

and the potential function is such that, 

I1 (U = 0) = 0 

dIll 0 = 
dU u=o 

I1 (± I) = Bk' , 
dIl l ±16k;. = 
dU U = ±l 

Since it is a linear coupler , there is no effect when the input energy 
is increased. The particle is initially at rest at U = + 1. Complete en
ergy transfer occurs when the particle reaches U = ~ l. For a particular 
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coupling constant, a complete and periodic energy t ransfer is predicted in 
agreement with Eq. {6.17}. Now, when the coupling constant is lowered, 
the initial height of the well is lowered and the well is flattened. The par
ticle takes longer time to reach U = -1, which means that the period is 
increased. The two cases are plotted in Fig. 6.5. We find that the particle 
takes longer time to reach U = -1 when the coupling constant is changed 
from kc = 0.5 to kc = 0.05. This is in agreement with the numerical results 
of Figs. 6.2 and 6.3. 

6.2.4 Direct s imulat ion 

Fig. 6.6 gives the result of direct numerical simulation of the coupled 
partial differential Eq. (6.3) for the same parameters as that used in the 
variational method. Both the results are comparable. Ft{z) gives the 
intensity in the first core and F2 (z} that in the second core. The periodic 
switching behavior is clearly observed. The coupling length increases when 
the coupling constant is reduced. There is no change in the dynamics of 
the coupler when the energy of the input beam is increased. 

6.3 Conclusions 

We have proposed and studied the dynamics of a directional coupler formed 
in a photopolymer system. The two waveguides of the coupler are formed 
by direct self-writing. The waveguides so formed are permanent and can 
be used to guide light. We could show that probe beam launched into one 
of the core can efficiently couple into the other core and the efficiency of 
coupling increases with the reduction of distance between the two waveg-
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uides. The coupler was analyzed using the variational method and the 
results were compared with that from direct numerical simulation. Both 
the results were comparable. An analytical result describing the behavior 
of the coupler was obtained using the Lagrangian formulation. This result 
compares well with the results obtained for a standard linear directional 
coupler. A potential well formulation was also developed which gives a 
physical insight into the dynamics of the coupler. 
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What we call the beginning is 
often the end. And to make 
an end is to make a beginning. 
The end is where we start from. 

T. S. Eliot (1888-1965) 

Results and Conclusion 

T IlE study of spatial solitons and its realization is an active area of re
search. Such self-trapped states can attract and guide beams and can 

be considered as inducing optical waveguides that can guide another beam 
of a different wavelength or polarization through the effect of induced cross
phase modulation. Many such waveguides can create a sclf-reconfigurable 
waveguide network of virtual circuitry giving greater versatility over more 
conventional waveguides and devices. The variety of nonlinearity accessi
ble is far broader and the physical phenomenon are much richer in the case 
of spatial soli tons as compared to their temporal counterpart. Following 
are the main conclusions of this thesis. 

• \Ve studied spatial solitons in a cubic-quintic medium stabilized 
by multi photon ioniLmtion. Analytical analysis, using variational 
method, and numerical analysis is carried out for studying the propa
gation of a high power laser beam through such a nonlinear medium. 
In order to apply the variational method to problems which involves 
physical effects such as plasma defocusing and the delayed Kerr ef
fect that cannot, in principle, enter in the Lagrangian, we made an 
assumption that the test function has separable variables. It is then 
possible to derive the evolution equation for the beam width and 
other variational parameters. The system is analyzed numerically 
and the existence of two dimensional spatial soli tons is established. 

• We further explored the existence of spatio-temporal solitons in such 
a medium. The existence of light bullets is established both analyt
ically and numerically. Such effect is beneficial for many applications, 
since it helps increasing the length of the interaction between laser 
and medium. This is crucial, for example, in laser-driven particle 
acceleration, laser-fusion schemes and high harmonic generation. 

• \Ve then studied the existence of spatial eiOlitOIlS a.nd modulational 
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instability in media exhibiting photorefractive nonlinearity. We have 
predicted the existence of photorefractive polymeric soli tons 
in a photorefractive polymer with absorption and study the modu
lational instability occurring in it. 

• We derived the model equations describing the propagation of laser 
beams through a photorefractive material in the presence of tV'fO wave 
mixing and forward four wave mixing geometry. "Ne then studied 
modulational instabilit.y in a photorefractive crystal in the presence 
of these two effects and showed the existence of modulational 
instability. Such instabilities are useful for pattern formation. 

• We then focused our attention on light beam propagation through a 
photopolymer material. We have demonstrated the practical real
ization of self-trapped states in the photopolymer system. 
Formation of self-written waveguides in a photosensitive material is 
also analyzed using variational method. 

• The same system is considered again and the formation of a direc
tional coupler in such a system is predicted theoretically. 

FUture prospects 

There are many frontiers still to be explored in optical soliton physics. 
The temporal solitons in fibers is well studied and is being used for practi
cal applications in modern wavelength-division-rnultiplexing fiber systems. 
There arc many open problems in the field of spatial soli tons. One needs a 
suitable medium with proper nonlinearity that can sust.ain spatial solitons. 
Also, the medium should be such that wc require only low power lasers for 
generating solitons. 

1. The model equations derived for the study of .l\U in the two wave 
and forward four wave mixing geometry in Chapter 4 can be used for 
studying the existence of Holographic soli tons in a PR medium. Such 
soli tons exist only by virtue of the cross-phase modulation effects. 

2. The directional coupler formed in a photopolymer material, studied 
in this thesis can be realized practically in the laboratory and its 
characteristics can be studied. Such a coupler can be created easily 
llsing low cost materials. The photopolymer material di:-:;cussed in 
Chapter 5 becomes more important when nano-particles are doped 
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into the photopolyrnerizable material. In such a case the refrac
tive index modulation is much more permanent in nature. Suitable 
equations can be derived to describe the propagation of light through 
such a medium. This equation can be analyzed using analytical and 
numerical techniques for possible existence of solitons. 

3. The model equations can be further extended to include the effect of 
coupling as a result of two closely written soliton induced waveguides. 
Based on the results obtained theoretically, a nonlinear directional 
coupler can be fabricated. 



" Karmani ave adhikars te 

ma phalesu kadachana 

ma karmaphal hetur bhoo 

ma sangostu akramani" 

- Bhagavad Gita 

you have the power to act only 

you do not have the power to influence the result 

therefore you must act without the anticipation of the rei;ult 

without succumbing to inaction 



List of Symbols 

nb unperturbed refractive index 

et loss in the material 

,Bd,,,·/.: dark generation rate 

Xl linear susceptibility 

X2 second order non linear susceptibility 

X: l third order nonlinear susceptibility 

( dielectric constant relative to vacuum 

(0 vacuum permittivity 

~fT recombination rate coefficient 

A wavelength of light 

p.c electron mobility 

wo, w frequency of light 

c velocity of light 

D displacement vector 

/.;13 Boltzman's constant 

k" coupling constant 

Tlo(w),n linear refractive index 

Nil number density of negatively charged acceptor atoms 

Nd density of donor impurities 

N,t density of ionized donor atoms 

N., number density of free electrons 

ne density of free electrons 

N c]' critical plm,ma density 

I'''.i'.f effective electro-optic coefficient 



absorption coefficient, 40 
anomalous dispen;ion, 5 

band transport model, 50 
beam propagation method, 38, 44 

chromatic diDpersion, 3 
Crank-Nicolson implicit method, 15 

diffraction length, 44 
directional coupler, 110, 112 
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