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Chapter 1

Introduction

1.1 Background of the problem

There has been a steady increase in the research relating to the study of
graphs as they are the mathematical models of various real-world complex
networks like the world-wide web, social networks, email networks, biologi-
cal networks etc. One of the most important aspects of such networks that
researchers have been trying to study is centrality, which measures the de-
gree of influence or importance of an individual with in the network under
consideration

Centrality is in fact one of the fundamental notions in graph theory
which has established its close connection with various other areas like So-
cial networks, Flow networks, Facility location problems etc. Even though
a plethora of centrality measures have been introduced from time to time,
according to the changing demands, the term is not well defined and we
can only give some common qualities that a centrality measure is expected
to have. Nodes with high centrality scores are often more likely to be very
powerful, indispensable, influential, easy propagators of information, sig-
nificant in maintaining the cohesion of the group and are easily susceptible
to anything that disseminate in the network.

Nodes with low centrality are considered to be peripheral. They have
very little significance in any kind of group activity and thus contributes
very less in maintaining the cohesion of the group. While the above said
are their disadvantages they are not without advantages. They are compar-

atively insulated from the spread of anything undesirable say, contagious
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diseases in the case of human networks, viruses in the case of computer
networks etc and are usually subjected to lesser traffic flow.

Sabidussi [108] gave a set of conditions that a measure should possess
in order to qualify to become a centrality measure. One of these was that
adding an edge to the node should increase its centrality and another was
that adding an edge anywhere in the network should not decrease the cen-
trality of any node. These are not generally acceptable as many of the
centrality measures do not possess these qualities. That is, Sabidussi’s
condition are insufficient to define centrality. Freeman in [43] categorised
the class of all centrality measures in to three-degree, betweenness and
closeness. Degree centrality of a node is the number of nodes to which a
particular node is directly attached and it gives the extend of exposure of
a node to attract anything that is spreading in the network. The closeness
centrality gives an account of how close a node is to all the other nodes in
the network and it measures the cost involved in spreading an information
from a node to other nodes of the network. Betweenness centrality gives
the frequency with which a particular node appears in the shortest path
between other pairs of nodes. It reflects the capability of a node in control-
ling the flow of information between other pair of nodes. For more on the
various centrality measures, see [20].

Facility location problems, where the purpose is to identify the locations
for setting up a facility like hospital, fire station, library, ware house, depot
etc for a given a set of customers, from the time of its inception, has been
heavily relying on the concept of centrality. The locations chosen should
be optimal and the criteria for optimality depends on the nature of the
problem, but it is accepted that it depends on the distances between the
various locations. When we are looking to place an emergency facility
like fire station or hospital, the location is chosen in such a way that the
maximum response time between the site of facility and the emergency

is kept to a minimum. This is called the effectiveness oriented model.
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When the facility is something like a shopping mall, where the objective is
to minimise the total transportation cost from the facility point to all its
customers, the location is chosen in such a way that sum of the distances to
be covered is a minimum. This is usually referred to as efficiency oriented
model. There is a third approach known as equity oriented model where
the location for a facility is to be chosen such that it is more or less equally
fair to all the customers. Issue of equity is relevant in setting public sector
facilities where the distribution of travel distances among the recipients
of the service is also of importance. That is, the inverse of measures of
dispersion like range, mean deviation etc are used as the centrality measure
in such models. In practice, we calculate the inequity measures and the
location having the least inequity measures are considered to be the central

points.

1.2 Preliminaries

This section introduces various graph theoretic terms that are being used in
the coming chapters. The description of certain terms that are frequently
used through out this thesis are given as definitions. A graph G consists
of a finite nonempty set V' = V(G) of vertices to together with a set,
E = E(G), of unordered pairs of distinct vertices. A pair e = {u,v} of
vertices u and v of G is called an edge of G having end vertices u and v.
We write e = uv and say that v and v are adjacent vertices; vertex u and
edge e are incident with each other, as are e and v. If two edges e; and es
are incident with a common vertex then they are adjacent edges. A graph
H is a subgraph of G, if V(H) C V(G) and E(H) C E(G). If Gy is a
subgraph of G then G is a supergraph of G. For any set S of vertices of G,
the induced subgraph (S) is the maximal subgraph of G with vertex set S.
If v is a vertex of a graph G then G — v is the subgraph of G consisting of

all vertices of G except v and all edges not incident with v. The removal
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of a set of vertices S, which is the removal of single vertices in succession,
results in G —S. If u and v are nonadjacent vertices of GG then G +wuw is the
graph obtained by addition of the edge uv to G. A walk of a graph is an
alternating sequence of vertices and edges vgejvies ... v,_1€,v, beginning
and ending with vertices, in which each edge is incident with two vertices
immediately preceding and succeeding it. The integer n is the length of the
walk. This walk is referred to as a vg-v,, walk. Here vy and v,, are called the
origin and terminus respectively and vq,...,v,_1 its internal vertices. If
the origin and terminus are identical the walk is called a closed walk. When
all the edges of a walk are distinct then it is called a trail and further if
all vertices are also distinct then it is called a path. A path on n vertices
shall be denoted by P,. A closed trail whose origin and internal vertices
are all distinct is called a cycle. A cycle of length n, denoted by C,, is
called an n-cycle; an n-cycle is odd or even according as n is odd or even.
A graph G is connected if there exists a path between any pair of vertices
of G. An acyclic graph is one that contains no cycle. A tree is a connected
acyclic graph. A graph in which each pair of distinct vertices are adjacent
is called a complete graph and is denoted by K, if it contain n vertices. A
subset S of V is called a clique if every pair of vertices of S are adjacent.
A graph is bipartite if its vertex set can be partitioned into two subsets
V1 and V5 such that each edge has one end in V; and the other end in V5.
(V1, V) is called a bipartition of G. A complete bipartite graph, K, n, has
a bipartition (Vi,Va) where |Vi| = m, |Va| = n and each vertex of Vj is
adjacent to every vertex of V. The complement G¢ of a graph G is the
graph with vertex set V', two vertices being adjacent in G¢ if and only if

they are not adjacent in G.

Definition 1. For two vertices v and v of G, distance between u and v

denoted by dg(u,v) , is the number of edges in a shortest u-v path.

Definition 2. The eccentricity eq(u) of a vertex u is H‘l/az)é) da(u,v).
ve
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When G is obvious, we write d(u,v) and e(u) for dg(u,v) and eg(u)

respectively.

Definition 3. A vertex v is an eccentric vertex of u if e(u) = d(u,v).
A vertex v is an eccentric vertex of G if there exists a vertex u such that

e(u) = d(u,v).

The set of all vertices which are at a distance ¢ from the vertex w is
denoted by Nj(u). The set of all vertices adjacent to z in a graph G,
denoted by N(z), is the neighbourhood of the vertex x. For an S C V,
neighborhood of S denoted by N(S) = |J N(u).

uesS

Definition 4. The diameter of the graph G, diam(G), is Hxl/a()é) e(u). The
ue
radius of G, denoted by rad(G), is mi(nG) e(u). Two vertices u and v are
ueV
said to be diametrical if d(u,v) = diam(G).

Definition 5. The interval I(u,v) between vertices u and v of G consists
of all vertices which lie in some shortest path between u and v. The number

of intervals of a graph is denoted by in(G).

Definition 6. A vertex u of a graph G is called a universal vertez if u is

adjacent to all other vertices of G.

Definition 7. A vertex v of a graph G is called a cut-vertex if G — v is
no longer connected. Any maximal induced subgraph of G which does not

contain a cut-vertex is called a block of G.

Definition 8. [15] A finite sequence of vertices 7 = (v1,...,vx) € V¥
is called a profile. For the profile # = (vy,...v) and = € V(G), the
remoteness Dg(z,m) is > d(z,v;). When the underlying graph is ob-

1<i<n
vious we use D(z,7) instead of Dg(x,m) and further if the vertex is also

obvious we use D(7) instead of D(z, ).

The Hypercube @, is the graph with vertex set {0,1}", two vertices
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being adjacent if they differ exactly in one co-ordinate. A subcube of the
hypercube @), is an induced subgraph of @,,, isomorphic to @, for some
m < n.

The graph on n vertices formed by joining all the vertices of a (n —1)-cycle
to a vertex is a wheel graph and is denoted by W,,.

A graph G is a block graph if every block of G is complete. A graph G is
chordal if every cycle of length greater than three has a chord; namely an
edge connecting two non consecutive vertices of the cycle. Trees, k-trees,

interval graphs, block graphs are all examples of chordal graphs.

Definition 9. [71] Let G be a graph with vertex set {vy,...,v,} and let
{Bi,...,B,} be the blocks of G. Then the Skeleton Sg of G is a graph
with V(Sg) = {v1,...,0n,B1,...,B,} and E(Sg) = {(v;, Bj)|vl- S V(BJ)}

Figure 1.1: A block graph and its skeleton graph

Definition 10. A graph is a unique eccentric vertex graph(written UEV
graph) if every vertex has a unique eccentric vertex. The unique eccentric

vertex of the vertex u is denoted by 4.

Definition 11. A graph G is self centered if all the vertices of G have the

same eccentricity.
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Definition 12. [54] A graph G is called even if for each vertex u of G
there is a unique eccentric vertex u, such that d(u,u) = diam(G). In other

words even graphs are self centered, UEV graphs.
Definition 13. [54] An even graph G is called balanced if deg(u) = deg(u)

for each w € V, harmonic if uv € E whenever uwv € E and symmetric if
d(u,v) + d(u,v) = diam(G) for all u,v € V.

Gobel and Veldman in [54] proved that every harmonic even graph is
balanced and every symmetric even graph is harmonic. They also gave
examples of harmonic graphs that are not symmetric and balanced graphs

that are not harmonic.

(a) Harmonic but not symmetric even (b) Balanced but not harmonic
graph even graph

Figure 1.2

Definition 14. The Cartesian product GOH of two graphs G and H has
vertex set, V(G) x V(H), two vertices (u,v) and (z,y) being adjacent if
either v = z and vy € E(H) or uz € E(G) and v = y. For more on graph
products see [57].

Given integers ¢ and j, we introduce the following notations

1Ppj=1+jift4+j<n
=i+j—nifi+j>n
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iSnj=1—gifi—j=1
—i—j4+nifi—j<0

1.3 Synopsis

In this thesis graph theoretic studies on various centrality measures are
being conducted. The rest of the thesis is organised as follows.

Chapter 2 is devoted to the literature survey on various centrality mea-
sures.

In Chapter 3 we identify the S-center of different classes of graphs such
as trees, complete graphs, block graphs, wheel graphs, complete bipartite
graphs, odd cycles and symmetric even graphs. We give some results re-
garding centers of dominating boundary sets of symmetric even graphs.
Center Number of a graph is introduced as the number of distinct center
sets of a graph. Center number of the above classes of graphs are found
out. We introduce a new class of graphs called Center Critical Graphs and
characterise them.

Eccentricity measures how far is a vertex from the furthest in the graph. In
some cases it is desirable to reduce the eccentricity of a vertex by introduc-
ing additional edges to the graph. One special case of this problem is when
addition of only a single edge is permissible. In chapter 4 we introduce
the concepts Pacifying Edges and Shrinking Edges in a graph and the same
are identified for paths, odd cycles an symmetric even graphs.

Chapter 5 discusses the median sets of various classes of graphs and enu-
merate them.

Chapter 6 focuses on equity based centrality, introduces the concept of
Partiality, Fair Center and Fair Sets of graphs and fair sets of some specific
classes of graphs are identified.

Chapter 7 is devoted to the study of Antimedian graphs and a generalisa-
tion of it called weakly antimedian graphs. Antimedian block graphs and
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weakly antimedian trees are characterised and new classes of antimedian
and weakly antimedian graphs are introduced.
Finally, chapter 8 concludes the thesis by summarizing the results of the

previous chapters and gives some problems for further study.






Chapter 2

Review of literature

In this chapter we make a detailed survey on the various graph theoretic
centrality measures like center, median, antimedian etc. The survey is

conducted on a structural rather than algorithmic point of view.

2.1 Center

The center of a graph consists of those vertices with minimum eccentricity,
where eccentricity of a vertex is the maximum distance of the vertex among
the set of all vertices. The problem of finding the center of a graph has
been studied by many authors since the nineteenth century beginning with
the classical result due to Jordan [70] that the center of a tree consists of
a single vertex or a pair of adjacent vertices. The graph center problem is
interesting from both a structural and an algorithmic point of view. Harary
and Norman in [59] proved that the center of a connected graph lies with
in a block of the graph. Kopylov and Timofeev in [80] stated without
proof that given a graph G there exists a graph H such that center of H,
C(H) = G.Buckley et al. in [24] demonstrated that for n > 2 and a graph
G there exists a graph H such that vertex and edge connectivity of H
equal to n, chromatic number of G, x(G) = x(H) + n and C(G) = C(H).
A planar graph which can be drawn such that all vertices are on the outer
face is called an outerplanar graph. A graph is maximal outerplanar if it is
outerplanar and adding an edge makes it non-outerplanar. A.Proskurowski
[103, 104] showed that only a finite number of graphs can be centers of
maximal outerplanar graphs and generalized this result for the class of 2-
trees which contains maximal outerplanar graphs. A graph is chordal if

every cycle of length greater than 3 contains a chord. Laskar and Shier in

11
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[83] proved that for a connected chordal graph the center always induces
a connected subgraph. Soltan and Chepoi in [112] proved that the center
of a connected chordal graph has diameter at most 3. Truszczyski [116]
proved that the center C'(G) of a unicycle graph containing the cycle C' is
either K1 or K9 or C(G) C C.Chepoi in [29] characterised the centers of
chordal graphs. It was shown by Nieminen in [90] that the center vertices
of a chordal graph constitutes a convex vertex set. Chang [28] showed that
the center of a connected chordal graph is distance invariant, biconnected
and of diameter no more than 5. He proved that for any connected chordal
graph with diam(G) = 2 rad(QG), center of G, C(G), is a clique and for any
connected chordal graph with diam(G) = 2 rad(G) — 1, diam(C(G)) < 3.
He also gave a a necessary and sufficient condition for a biconnected chordal
graph of diameter 2 and radius 1 to be the center of some chordal graph
and further conjectured that diam(C(G)) < 2 for any connected chordal
graph with diam(G) = 2 rad(G) — 2. Vijayakumar et al. in [98] disproved
this conjecture. Chepoi in [30] gave a linear time algorithm for finding the
center of a chordal graph. If G is a nontrivial graph then its line graph
L(G) is the graph whose nodes are the edges of G and two nodes in L(G)
are adjacent if and only if the corresponding edges are adjacent in G. It
was proved by Knor et al. [79] that given a graph G there exists a graph
H such that G is the center of H and the Line graph of G is the center
of Line graph of H. The i-iterated line graph of G, LY(G), is given by
LY(G) = G and LY(G) = L(L"Y(G) for i > 1. For a graph G such that
L?(G) is not empty, Knor et al. [78] constructed a supergraph H such
that C(LY(H)) = L(G) for all i, 0 < i < 2. Buckley et al. [23] defined a
graph G as an L-graph if all its diametrical paths contain a central vertex.
They proved that C(GOH) = C(G) x C(H), where GOH is the Cartesian
product of the graphs G and H. They further proved that if either C'(Q)
is a bridge or C(G) = {z} where = does not lie in a cycle then G is an

L-graph. An L-graph is an Li-graph if all its diametrical paths contain
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all its central vertices, it is called an Ls-graph if G is an L-graph and no
diametrical path of G contains all central vertices of G and it is called an
Lo graph if it is neither L; nor Ls. Gliviak and Kys [52] gave upper and
lower bounds for the number of elements in the center of all L-graphs, that
is, Li-graphs, Lo-graphs and Ls-graphs. Gliviak et al. [51] showed that the
central subgraph of any two-radially maximal graph contains an edge and
that those of them that have a star as the central subgraph are sequential
joins of complete graphs. If G is a simply connected set of lattice points
with graph structure defined by 4-neighbour adjacency, Khuller et al. in
[73] showed that the center of G is either a 2 x 2 square block, a diagonal
staircase, or a (dotted) diagonal line with no gaps. Pramanik [102] proved
that for every non-trivial connected graph H there exists a graph G such
that H is the center of G and the inserted graph of H is the center of the
inserted graph of G.

2.1.1 Self-centered graphs

Buckley in [21] determined the extremal sizes of a connected self-centered
graph having p vertices and radius r. Akiyama and Ando [1] character-
ized graphs G for which both G and G¢ are self-centered with diameter
2. Akiyama et al. in [2] characterised self-centered graphs with p vertices,
radius 2 and minimum size. Laskar and Shier [83] showed that a connected
self-centered chordal graph has radius < 3. Nandakumar and Parthasarathy
[97] proved that a unique eccentric vertex graph is self-centered if and only
if each vertex is eccentric. Das and Rao in [39] sowed that there are no self-
centered chordal graphs with radius =3 and characterised all self-centered
chordal graphs. Buckley in [22] showed that a self complementary graph
with diameter d is self-centered if and only if d = 2. Klavzar et al.[75]
introduced Almost Self-Centered graphs as the graphs in which all but two
are central vertices. The block structure of these graphs is described and

constructions for generating such graphs are proposed. They also showed
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that any graph can be embedded into an Almost self-centered graph graph
of prescribed radius. Balakrishnan et al. in [7] characterised almost self

centered median and chordal graphs.

2.1.2 Some generalizations of center

Slater in [109] generalized the concept of center of a graph to center of
an arbitrary subset, say S, of the vertex set of the graph and called it S-
center. He proved that the S-center of a tree consists of a single vertex or
a pair of adjacent vertices. Chang in [120] studied the S-center of distance
hereditary graphs and proved that the S-center of a distance hereditary
graph is either a connected graph of diameter 3 or a cograph. He also
proved that for a bipartite distance hereditary graph the S-center is either
a connected graph of diameter < 3 or an independent set. The Steiner
distance of a set S of vertices in a connected graph G is the minimum
size among all connected subgraphs of G containing S. For n > 2, the
n-eccentricity e,(v) of a vertex v of a graph G is the maximum Steiner
distance among all sets of n vertices of G that contains v. The n-center of
G, C,(GQ), is the subgraph induced by those vertices of G having minimum
n-eccentricity. Oellerman [95] showed that every graph is the n-center of
some graph. It was also shown that the n-center of a tree is a tree and
characterized those trees that are n-centers of trees. In [94] he described
an algorithm for finding C,,(T) of a tree. Another generalisation of the
center problem, called the p-center problem, was studied algorithmically
by many authors [31, 42, 55, 58, 72, 86, 101, 121].

2.2 Median

The Median M(G) of a graph G consists of those vertices that minimises
the sum of the distances to all vertices of the graph. The first known

result is by Jordan [70] who proved that the median of a tree consists of
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a single vertex or a pair of adjacent vertices. If v is a vertex of the tree
T, the maximal number of vertices of a branch of T from v is called the
weight at v. The vertex of T with the minimal weight is called the Centroid
of T. Zelinka [122] proved that the median of a tree coincides with its
centroid. Slater [110] showed that for every graph H there exists a graph
G whose median is H, and that the median of a 2 — tree is isomorphic
to K1,Ks or K3. Hendry [65] proved that for every two graphs G and
H, there exists a connected graph F' such that C'(F) = G and M(F) =
H, where C(F') and M(F') are disjoint. Holbert [66] went a step further
proving that for every two graphs G and H and positive integer k, there
exists a connected graph F' such that C(F) = G and M(F) = H and
d(C(H),M(H)) = k. That is, even though both center and median are
”centers” of a graph they can be arbitrarily far. On the other hand, they
can also be arbitrarily close. Novotny and Tian [93] proved that for any
three graphs G, H and K, where K is isomorphic to an induced subgraph
of both G and H, there exists a connected graph F' such that C(F) = G,
M(F)= H and C(H)N M(H) = K. The periphery P(G) is the subgraph
induced by those vertices of G having maximum eccentricity. Winters in
[118] proved that for any graph G, there exists a connected graph H such
that M (H) = F and dg(u,v) < 2 for all u,v € V(H). Given graphs G and
H and an integer m, he gave a necessary and sufficient condition for G and
H to be the median and periphery, respectively, of some connected graph
such that the distance between the median and periphery is m. Necessary
and sufficient conditions were also given for two graphs to be the median and
periphery and to intersect in any common induced subgraph. Dankelmann
and Sabidussi in [38] showed that given any connected graph H , there
exists a connected graph G whose median is an isometric subgraph which
is isomorphic to H. Soltan[111] showed that the median of a ptolemaic
graph is connected and Niemenen in [90] established that the median of a

ptolemaic graph is complete.
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2.2.1 p-median

The concept of median has been generalised to p-median, where p is any
positive integer. This is a set of p vertices that minimises the sum of the
distances of each vertex to its nearest vertex in the p-vertex set. The p-
median problem has been mostly approached algorithmically and Hakimi
in [56] gave a method for solving the p-median problem and since then the
problem has been approached algorithmically by many authors [3, 4, 25,
45, 55, 61, 67, 68, 72, 81, 85, 99, 106, 114].

2.2.2 Median of a set

A generalization of the median problem is to find the median of a subset
of the vertex set. In this case a median is a vertex that minimizes the sum
of the distances to all the elements of the subset. If S is any subset of V'
then the median of S was called as S-centroid by Slater [109]. He proved
that S-centroid of a tree is a path and that if S contains odd number of

elements then S-centroid contains a unique vertex.

2.2.3 Median of a profile

Another generalization was to find the median set of a profile, a sequence
of vertices. In this case a median is vertex that minimizes the sum of
the distances to all the elements of the profile, taking into consideration
repetition of vertices in the profile, see [55]. The set of all medians of a
profile is called the median set of the profile. If u and v are vertices of a
graph G, then I(u,v) consists of vertices of the shortest paths between u
and v. A graph G is called a Median graph if for every triple of vertices
{u,v,w} of G, I(u,v) NI(v,w)NI(u,w) contains a unique vertex. Bandelt
and Barthelemy [13] proved that the median set of any profile of odd length
in a median graph consists of a unique vertex and that the median set

of any profile of even length is an interval. Mulder in [89] designed the
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Majority Strategy for finding the median of any profile in a tree. Bandelt
and Chepoi [14] conducted further studies on the median sets of profiles of
a graph and they characterised the class of graphs with connected median
sets. Medians of profiles with bounded diameter has been studied in [9] and
it has been proved that medians of such a profile can be obtained locally,
either in a properly bounded isometric subgraph or in an induced subgraph
that contains the profile. A subgraph H of a (connected) graph G is an
isometric subgraph if dg(u,v) = dg(u,v) holds for any vertices u,v € H .
Let G be an isometric subgraph of some hypercube (such graphs are also
called partial cubes). The smallest integer d such that G is an isometric
subgraph of Q4 is called the isometric dimension of G and denoted idim(G).
Balakrishnan et al. in [6] designed an algorithm that computes the median
of a profile in a median graph in O(n idim(G)) time. Balakrishnan et al.
in [11] considered another method called plurality strategy for finding the
median set of a profile of a graph. They have showed that plurality, Hill
climbing and steepest Ascent Hill Climbing [107] produces the median set of
a profile if and only if the induced subgraph of the median set is connected.
The concept of profiles has been generalised to signed profiles [12] where
each vertex is assigned a positive or negative sign. This has significance in
location theory where a particular facility may be preferred by some of the
clients and may be rejected by some others. It is proved that hypercubes
are the only graphs in which majority Strategy, starting from any initial

vertex, produces the median set for any signed profile on the graph.

2.3 Antimedian and Anticenters

The main objectives in a facility location theory are usually the minimisa-
tion of the sum of the distances, minimisation of the maximum distance etc
and they have been discussed earlier. But when we have to place a facility

that is obnoxious or undesirable such as nuclear reactors or garbage dump
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sites we go for maximisation instead of minimisation. This has recently
gained much importance due to rapid industrialisation and urbanisation.
The graph induced by the set of vertices that maximises the sum of the dis-
tance to all other vertices of the graph is called the antimedian of a graph
and the graph induced by the set of vertices with maximum eccentricity is
called its anticenter.

Church and Garfinkel [32] studied the one-facility maximum median (max-
ian) problem, providing an O(mnlogn) algorithm where m is the number
of edges and n is the number of vertices. Minieka[88] proposed methods
for finding the anticenter and antimedian of a graph. Antimedian and
anticenter problems were later studied algorithmically by many authors
[16, 33, 34, 35, 36, 37, 113, 115].

Bielak and Syslo [19] proved that every graph is the antimedian of some
graph. Vijayakumar and S.B.Rao [105] showed that if G; and G5 are any
two cographs, then there is a cograph that is both Eulerian and Hamil-
tonian having G; as its median and G4 as its antimedian. Balakrishnan
et al. [5] proved that for an arbitrary graph G and S C V(G) it can be
decided in polynomial time whether S is the antimedian set of some profile.
They further proved that if G and H are connected graphs with connected
antimedian sets then GOH has connected antimedian sets. Balakrishnan
et al. in [8] showed that given graphs G and J and an integer r > 2, there
exists a graph H such that G and J are the median and the antimedian of
H and dy(G,J) =r.

2.4 Distance related extremal graphs

Extremal graph theory focuses on the study of graphs that are extremal
with respect to any particular property under consideration. Graphs hav-
ing extremal properties with respect to distance based graph parameters

like radius and diameter have been extensively studied.
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Graphs having extremal properties with respect to distance parameters like
radius and diameter have been studied extensively. Ore in [96] defined a
graph to be diameter mazximal if the addition of any edge to the graph
decreases the diameter of the graph and gave a characterisation of such
graphs. Caccetta and Smyth [27] gave a general form of diameter maximal
graphs with edge connectivity k, diameter d, number of vertices n and hav-
ing the maximum number of edges.

A graph G is diameter minimal if the deletion of any edge increases the
diameter of G. This class of graphs were studied by many authors|26, 41,
47, 53, 62, 63, 64, 100, 119] .

A graph G is called radius minimal if radius of G — e is greater than radius
of G for every edge of G. Gliviak[46] proved that a graph is radius minimal
if and only if it is a tree.

Any graph G such that radius of G 4 e < radius of G for every e € G is
called a radially maximal graph . Vizing in [117] found an upper bound
on the number of edges in radially maximal graphs and a lower bound
was found by Nishanov [92]. Nishanov in [91] studied some properties of
radially maximal graphs with radius » > 3 and diameter 2r — 2. Harary
and Thomassen [60] characterized radially maximal graphs with radius two
and showed that there exists infinitely many radially maximal graphs with
radius three. Gliviak [50] proved that any graph can be an induced sub-
graph of a regular radially maximal graph with a prescribed radius r > 3.
A graph G is two-radially maximal if G is noncomplete and for each pair
(u,v) of its nodes such that d(u,v) = 2 we have r(G + wv) < r(G). Gliviak
et al. in [51] proved that the central subgraph of any two-radially maximal
graph contains an edge and showed that those of them that have a star
as the central subgraph are sequential joins of complete graphs. Gliviak
[48] gave an overview of results for radially maximal, minimal, critical and
stable graphs. Knor [76] characterized unicyclic, non-selfcentric, radially-

maximal graphs on the minimum number of vertices. He further proved
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that the number of such graphs is ﬁr?’ +O(r?). In [49] it was conjectured
that if G is a non-selfcentric radially-maximal graph with radius » > 3
on the minimum number of vertices then G is planar, has exactly 3r — 1
vertices, the maximum degree of G is 3 and the minimum degree of G is 1.
Knor [77] with the help of exhaustive computer search proved this result
for r = 4 and 5. Directed radially maximal graphs were studied in [44] and
[49].



Chapter 3

Center Sets and Center

Number

3.1 Introduction

Slater in [109] generalized the concept of center of a graph to center of an
arbitrary subset of the vertex set of the graph. For any subset S of V' in the
graph G = (V, E), the S-eccentricity, eg,s(v) (in short eg(v)) of a vertex
v in G is Igrcleaéc(d(v,x)). The S-center of G is Cs(G) = {v € Vl]eg(v) <
es(x)Vx € V}. For a graph G, an A C V is defined to be a Center set if
there exists an S C V such that Cg(G) = A. In this chapter we identify the
center sets of some familiar classes of graphs such as block graphs, complete
bipartite graphs, wheel graphs, odd cycles, symmetric even graphs etc and
enumerate the number of distinct center sets of these classes of graphs. But
before that we introduce a class of graphs called center critical graphs and
characterise them.

It shall be interesting to find the a vertex set of minimum cardinality whose
center is the same as the center of the whole graph. Searching on this line
we stumbled up on a class of graphs where the center of none of the proper
subset of the vertex set is the same as the center of the graph and they are

defined as center critical graphs.

3.2 Center Critical graphs

Definition 3.2.1. A graph G is said to be center critical if for all proper
subsets S of V, we have Cs(G) # C(G).

21
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Us

U1

V2 U3

A cent itical h
(a) A center critical grap (b) Cs, not center critical

C{vlyv27U3,U4}(G) = {Ul, V2,V3, V4, U5}
=C(G)

Now, we shall give characterisation of center critical graphs. For that

we require the following theorem from [97]

Theorem 3.2.2. A UEV graph G is self-centered if and only if each

vertex of G Is an eccentric vertex.

Theorem 3.2.3. A graph G is center critical if and only if G is both
self-centered and a UEV graph.

Proof. Let G be a center critical graph having vertex set {vy,...,v,}. First
we shall prove that for every v; € V there exists a v; € V such that v; is
the unique eccentric vertex of v;. Assume the contrary. Let there exist a
vertex, say v, such that v is not an eccentric vertex of any vertex. Let
S = V \ {vx}. Then for every vertex v; of G, es(v;) = e(v;) since the
eccentric vertices of v; are in S. Since the eccentricities of none of the
vertices change, Cs(G) = C(G) contradicting our assumption that G is
center critical. Hence every vertex of GG is an eccentric vertex.

Let v, be such that when ever v is an eccentric vertex of v, then there
exists a vertex vj such that v} is also an eccentric vertex of vy. Again take

S = V \ {vr}. Since every vertex vy that has v as an eccentric vertex
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has another eccentric vertex, we have eg(vy) = e(vg). As above we get
that Cs(G) = C(G), a contradiction. That is, we have proved that each
vertex v;, 1 <4 < n is a unique eccentric vertex of a vertex, say vg, where
v; = v; for some j, 1 < j < n. Since {v],...,v,} = V and each v] has
a unique eccentric vertex each vertex of G has a unique eccentric vertex.
Now, it is also obvious that every vertex is an eccentric vertex. Therefore
by Theorem 3.2.2, G is self-centered. Conversely assume that G is both
self-centered and unique eccentric vertex graph, and let rad(G) = r. Then,
again by Theorem 3.2.2, every vertex of GG is an eccentric vertex. Therefore
for every z € V there exists a y € V such that © = §. Let § C V and
x € V\S. Then e(y) = r and since § = =z € V\ S, es(y) < r. Let
z € S. Then es(z) = r. Hence Cg(G) # V which shows that G is center

critical. O

Remark 3.2.1. Cj is a graph that is self centered but not center critical,
as it is not a UEV graph. In fact all odd cycles are self centered but not

UEV and hence are not center critical.

3.3 Center Sets of Some Graph Classes

Prior to identifying the center sets of various classes of graphs we recall the

following lemma by Harary et al. in [59].

Lemma 3.3.1 (Lemma 1 of [59]). The center of a connected graph G is

contained in a block of G.

We generalize this lemma to any S-center of a graph and the proof is

almost similar to the proof given there.

Theorem 3.3.1. Any S-center of a connected graph G is contained in a
block of G.
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Proof. For an S C V assume that Cs(G) lies in more than one block of
G. Then G contains a vertex v such that G — v contains at least two
components, say, G1 and Ga, each of which contains a vertex belonging to
Cs(G). Let u be the vertex of S such that d(u,v) = eg(v) and P be the
shortest u — v path. Then P does not intersect at least one of G; and G,
say G1. Let w be the vertex of Gy such that w € Cg(G). Then v belong to
the shortest w — u path and hence

es(w) = d(w,u) = d(w,v) + d(u,v) =1+ eg(v)

contradicting the fact that w € Cs(G). Thus for any S C V, Cs(G) lies in
a single block of G. U

3.3.1 Center sets of Block graphs

Proposition 3.3.2. Let G be a block graph with vertex set V' and blocks
Bi,...,B,. For 1 < i < r,let V(B;) = V;. The center sets of G are
singleton sets {v},v € V(G) and V; for 1 <i < 7.

Proof. If S = {v}, then eg(v) = 0 < eg(z) for all z € V. Therefore
Cr(G) = {v}. Hence {v}, where v € V are all center sets.

Let S be a proper subset of V;, 1 < ¢ < r containing at least two
elements. Hence eg(x) = 1 for every z € V; and eg(z) > 1 forallz € V-V,.
So Cg(G) = V;. Therefore each V;, 1 < i < r is a center set.

Consider S C V(G) containing at least 2 elements from 2 different
blocks, and let x be a cut vertex of G with eg(x) = k. Also assume that
d(x,v) = k where v € S. Let P : z = xo21...2:Zp41...Zx = v be the
shortest x — v path. See that eg(z1) = k — 1. Since the eccentricities will
never decrease to zero, we can find two vertices in P (may be identical) say
xr, and x,41 so that eg(z,) = es(xy4+1) = k — r. Then for every vertex y

in the block containing z, and z,1, es(y) = k — r and as we move away
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from this block the S-eccentricity increases. Hence the S-center of G is the
block containing x, and z,41.

Now let eg(z,) = k—r and eg(xy4+1) = k—r+1. Then for every y other
than z, in the block containing z, and z,1, es(y) =k —r + 1 and as we
move away from this block the S-eccentricity increases. Therefore S-center
of G is z,. Hence the center sets of block graphs are {v}, v € V(G) and
Vi,1<i<r. O

As a consequence of Proposition 3.3.2, we have the following corollaries.
Corollary 3.3.4, is a theorem of Slater in [109].

Corollary 3.3.3. The center sets of the complete graph K, with vertex
set V are {u},u € V and the whole set V.

Corollary 3.3.4 (Theorem 4 of [109]). The center sets of atreeT = (V, E)
are {u},u € V, and {u,v},uv € E.

Corollary 3.3.5. The induced subgraphs of all center sets of a block

graph are connected.

Now we shall find the center sets of some simple classes of graphs such
as complete bipartite graphs, K,, — e, Wheel graphs, etc. First we identify
the center sets of bipartite graphs K,, ,, m,n > 1. When mor nis 1, K, ,

is a tree whose center sets have already been identified.

3.3.2 Center Sets of Complete bipartite graphs

Proposition 3.3.6. Let K, , be a complete bipartite graph with bipar-
tition (X,Y’) where | X| =m > 1 and |Y| =n > 1. Then the center sets of

K, pn are

1. V=XUY
2. X
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3.Y
4. {v}veV
5. {z,yh,xre X,yeY

Proof. First we shall show that each of the sets described in the theorem
are center sets. Let A C V(K,,,) and let Ay = ANX, and let Ay = ANY

1. If |[A1] > 1 and |Az| > 1, Ca(Kpp) = V.

2. If Ay =0 with ’AQ‘ > 1 then CA(Km,n) =X.

3. If Ay =0 with ’Al‘ > 1 then CA(Km,n) =Y.

4. If |A;| =1 and |A2| > 1 then Co (K, n) = {2} where A; = {z}

5. If |[Ag| =1 and |A;| > 1 then Cu (K, ) = {x} where As = {x}

6. If [A;| = |A2| = 1 then Ca(Ky,n) = {z,y} where Ay = {z} and

Az = {y}

Thus Ca(Kp ) is one of the sets given in the theorem and the result
follows. [l

INlustration 3.3.1. Here we give the center sets of K54 with vertex set

{v1,v9,v3,v4,u1, U2, usg, uyg, us }. The center sets are

Figure 3.1: K54

1. {’Ul, V2, V3, Vg, U1, U2, U3, U4, U5}
2. {v1,v2,v3,v4}
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3. {u1,ug, us, uq, us}

4. {vi}, {vo}, {vsh {va}, {ur }, {ua}, {us}, {ua}, {us}

5. {vi,ur}, {va, ur}, {vs, w1}, {va, ur }, {ug, v1}, {ug, va}, {ug, vs}, {us, va},
{us, v1}, {us, va}, {us, vs}, {us, va}, {ua, v1}, {ug, v}, {ua, v3}, {ua, vat,
{us,v1}, {us, v}, {us, v3}, {us, va}

3.3.3 Center sets of K,, — ¢

Next we shall find the center sets of another class of graphs, K,, —e. When
n = 2, K, — e is a pair of isolated vertices and when n = 3, K,, — e is path
and center sets of this has been identified in Corollary 3.3.4. The following

theorem identifies the center sets of K,, — e for n > 4

Proposition 3.3.7. For the graph K,, — e(= zy), n > 4, the center sets

1. {v},veV
2. V\{z}

3. VA {y}

LV )
5.V

Proof. As in Proposition 3.3.6, initially we prove that all the sets described

in the theorem are center sets.

1. For each v € V, C,y (K, —e) = {v}.

2. Let AC V besuchthat |A| > 1,y € Aandz ¢ A, then Cx (K, —e) =
3. For AC Vsuchthat |[A| > 1,z € Aandy ¢ A, Ca(K,,—e) = V\{y}.
4. Let A CV be such that z,y € A. Then Cy(K,, —e) =V \ {z,y}.

5. For A CV be such that |A| > 1, z,y ¢ A Cx(K, —e)=V.

Now we have found the centers of all types of subsets of V' and therefore

above mentioned sets are precisely the center sets of K,, — e. O
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INustration 3.3.2. Consider Kg — e with vertex set {vy, ve, v3, v4, v5,v6}

and e = v1vy9. Then the center sets are

A} {va} {vsh {va} {vs}, {ve}
2. {v1,v3,v4,v5,06}

3. {ve,v3,v4,v5,06}

4. {vs,v4,v5,06}

5. {v1,v2,v3,v4,v5,v6}

—_

U1

(%) V6

U4 § U5

U2

Figure 3.2: Kg —e, e =uv

3.3.4 Center sets of Wheel graph

Now we shall identify the center sets of wheel graphs. The wheel graph
Wy is K4 and their center sets have already been identified. First we prove
the case for n > 6. The center sets of W5, the only remaining case, will be

given in the remark after the Proposition 3.3.8.

Proposition 3.3.8. Let W,, n > 6, be wheel graph on the vertex set
{v1,...,v,} where v, is the universal vertex. Then the center sets of W,

are
1. {1)2‘}, 1 < 1

<
2. {vi,vp},1<i<n—1
3. {vi,vj,v,}, where viv; € E(Cp_1)

n
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4. {v;,vj, vg, vp} where v, vjv, € E(Cy—1)

Proof. First we shall prove that each of the sets described above are center

sets.

L. For 1 <i < n, Oy (G) = {vi}.

2. Let S = {vie,_41,i,Vig, 11} es(v;) = es(vy,) =1 and eg(v) = 2 for
all other v € V' and therefore Cs(G) = {v;, v, }.

3. For S = {v;,vig, _ 1,00}, Cs(G) =S = {vi,vig,,_,1,Un}-

4. For S = {vj, v}, Cs(G) = {vis, 11, Vi, Vies,,_11,Vn}-

For all S C V such that S # {v,}, es(v,) = 1 and hence for all § C V
such that S # {v;}, 1 <i <n-—1, v, € Cs(G). Now, let A be such that
A contain v; and v; such that de,_, (vi,v;) > 2. Let S C V be such that
Cs(G) = A then obviously S # {v;}, 1 < i < n. We have v, € Cs(G) with
es(vn) = 1 Therefore v; and v; belong to Cs(G) implies there exist a vertex
v in V(Cp—1) such that d(v;,vx) = d(vj,vr) = 1 which is impossible by
the choice of v; and v;. Hence v; and v; of V(C,_1) belong to a center set
implies d¢,,_, (vi,v;) < 2. Also v;, vig,,_,2 belong to Cs(G) implies vig, ;1
belong to C's(G). Hence the center sets are precisely those described in the

theorem. 0
U3

Vg U2

U
Us 2 U1

V6 U8

v7
Figure 3.3: Wy
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Illustration 3.3.3. Consider the wheel Wy with vertex set
{v1, v2,v3,v4,v5, V6, V7, 08,09} and having vg as the universal vertex. The

center sets are

L {vi}, {va}, {vs}h {va}, {vs}, {ve}, {vr}, {vs}, {vo}

2. {vy,v9},{va,v9}, {v3,v9}, {va,vo},{vs,v9}, {ve,v9}, {v7, 09},
{’08,’09}

3. {v1,v2,v9}, {va,v3,v9}, {vs, v, v9}, {v4,v5,v9}, {v5,v6,v9},
{ve,v7,v9}, {vr,v8,v9}, {8, v1,v9}

4. {v1,v9,v3,v9}, {va,v3,v4,v9}, {v3, V4, v5,v9}, {v4, V5, V6, V9 },
{vs,v6,v7,v9}, {vs, v7,vs,v9}, {v7, 8, v1,v9}, {8, v1, V2, 09}

Remark 3.3.1. Let {v1,v2,v3,v4,v5} be the vertex set of W5 with v as
the universal vertex. All sets of the types given in the Proposition 3.3.8
are center sets in the same manner. Since the outer cycle is of length 4,
Clor vy (Ws) = {va,v4,v5} and Clyyy 0,3 (Ws) = {v1,03,v5}. By the argu-
ments similar to that given in the proof of Proposition 3.3.8, the center sets

of Wy are precisely,
L {vi}, {va}, {vs}, {va}, {vs}
2. {vy,vs},{ve,vs5}, {vs, v5}, {va, v5}
3. {v1,v2,v5}, {va,v3,v5}, {vs, v, v5}, {vg, 01,05}
4. {v1,v9,v3,v5}, {va, V3,04, v5}, {v3, V4, 01,05}, {va, V1, V2, 05}

5. {/Ula U3, /05}5 {UQ) V4, U5}

Remark 3.3.2. The subgraph induced by any center set of a wheel graph
is connected. In fact, the subgraphs induced by all center sets of any graph

with a universal vertex are connected.
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U1 V4

Us,

(%) U3

Figure 3.4: Wi

3.3.5 Center sets of Odd cycles

Theorem 3.3.9. Let Cy,41, n = 2 be an odd cycle with vertex set
V =A{v1,...,v9n41}. An A C V is a center set of Coy,y1 if and only if

either A =V or A does not contain a pair of alternate vertices.

Proof. If A =V then it is a center set namely, of itself. So assume A # V.
Let A C V be such that it contains three consecutive vertices say, v1, v2, v3.
Assume there exists an S C V with A = Cg(G). Let d be the S-eccentricity
of a vertex of A. Then there exists a vertex v; in S such that d(vq,v;) = d.
d(vg,v;) = d implies v; and vy are the eccentric vertices of v; which means
d=mnor A=V. Hence d(va2,v;) # d. d(v2,v;) = d+1 implies eg(vy) > d+1.
Hence d(vq,v;) = d—1. Then there exists a vertex v; such that d(vs,v;) = d
and d(vi,v;) = d — 1. Then as explained above d(vs,v;) cannot be d and
therefore d(v3,v;) = d + 1. This means that eg(vs) # es(vs). Hence any
three consecutive vertices cannot be in a center set. Now, assume that

A C V is such that it contains a pair of alternate vertices and does not
contain the middle vertex, say, contains v; and vz and does not contain vs.
Assume A = Cs(G). Let eg(v1) = eg(vs) = d. Then eg(ve) = d+ 1. Let v;
be a vertex in S such that d(va,v;) = d+1. Obviously d(vi,v;) = d(vs, v;) =

d and this implies v; is the eccentric vertex of vy or d(vy,v;) = n. But since
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Cony1 is an odd cycle either d(vq,v;) = n or d(vs,v;) = n, a contradiction.
Hence if A is a center set then it cannot contain a pair of alternate vertices.
Conversely assume that A is such that it does not contain any pair of
alternate vertices of the cycle. Now take S to be the set of all vertices
of Co,41 which are eccentric vertices of vertices of A° and which are not
eccentric vertices of any of the vertices of A. It is obvious by the choice
of A that such vertices do exist. Since an eccentric vertex of at least one
of the two neighbours of each vertex of A belong to S and none of the
eccentric vertices of any vertex of A belong to S, for each vertex x of A,
es(x) = n — 1. Since at least one of the eccentric vertices of each vertex
of A belong to S, for each vertex y of A, eg(y) = n. Thus A = Cg(G).
Hence the theorem. O

Corollary 3.3.10. For the odd cycle Copy1, n > 2, if A is a center set
then either |A| <norA=V.

Proof. Let Copy1 = (v1,v2,...,V2p41,01).

Case 1-n is odd.

Subcase 1.1: Only one among v1,v5 and vg is in A.

Let Ay = {vi,v9,v3}, A2 = {vg,v6}, ..., Ap—1 = {von—2,v2n}, Ay =
{von—1,von+1}. A contains at most one vertex from each A;. Therefore
|A] < n.

Subcase- 1.2: Exactly two vertices among v1,v9 and vs are in A.

With out loss of generality we can assume that they are v; and vo. Then
v3, V4, Vo, and von4q are not in A. Let Ay = {vs,v7}, Ay = {vg,vs},
Az = {vg,v11}, .\ An—3 = {von—a,V2n-2}, An—2 = {v2,—1}. A contains at
most one vertex from each A;. Hence [A| <n—2+2=n.

Case 2: n is even.

Subcase 2.1: Only one of vy, v9 and vy is in A.
Let Ay = {v1,v2,v4}, A2 = {v3,v5}, A3 = {ve,v8},42 = {v7,v9} ...,
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Ap—1 = {von—2,v2n}, An = {von—1,v2n41}. A contains at most one vertex
from each A;. Therefore |A| < n.

Subcase 2.2: vy and v are in A.

Then vs, vy, vo, and vo,4+1 are not in A. Let Ay = {vs,v7}, As = {vg,v8},
As = {vg,v11}, .., Apn—3 = {van—3,v2n-1}, Ap—o = {van_2}. A contains at
most one vertex from each A;. Hence [A| <n—-2+2=n.

Subcase 2.3: v; and vy are in A. Then v9, v3, vg and vg,, are not in A. Let
Ay = {vs,vr}, A2 = {vg,v10}, A3 = {vg,v11}, ..., An—3 = {v2n_3,V201},
Ap—o = {vapt+1}. A contains at most one vertex from each A;. Hence
Al <n—24+2=n.

Thus in all the cases |[A] < n. O

Corollary 3.3.11. For any m < n, there exists an S C V(Cyp41) such
that |Cs(C2n+1)| =1m.

Proof. Let Copy1 = (v1,02,...,V2541,01).

Given an m < n, we shall prove the existance of a subset of V(Coqy,41) of
size m which does not contain any pair of alternate vertices. Take
2n+1—m circularly arranged 0’s. Number these 0’s 1,2,...,2n+1—m. If
m is even put two 1’s each between the first and the second 0’s, third and
the fourth 0’s etc up to (m — 1) and the m** 0’s. If m is odd put two 1’s
each between the first and the second 0’s, third and the fourth 0’s etc., up
to (m—2)" and the (m — 1) 0’s and one 1 between m*™ and (m 4 1) 0’s.
In both these cases we get a circular arrangement of 0’s and 1’s that has m
1’s and does not contain a pattern of the type 101 or 111. Starting at an
arbitrary point represent these bits by vy, v, ..., vo,11 and form the vertex

set corresponding to the 1’s. This is a center set have m vertices. U
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V4 V3 V2

U1

Us Vg U7

Figure 3.5: C~

Illustration 3.3.4. Consider the odd cycle C5.

Here A = {v1,v4,v5} is a center set, since it contains no pair of alternate
vertices. A¢ = {vg,v3,vg,v7}. The set of eccentric vertices of A¢ which are
not eccentric to any of the vertices of A is {vs, vg}.

€{us,06} (V1) = 2, €fug,06} (V2) = 3, €{ug,05} (V3) = 3, €fug,06} (V4) = 2, €{ug,05} (v5) =
2, €fuy061(V6) = 3, €13 w6} (vr) = 3 Thus

Clus6) (C7) = {v1,v4,05}. {v1,v4,05,v6} is not a center set since it con-

tains (v4,v6) and (v1,ve), pairs of alternate vertices.

3.3.6 Center sets of Symmetric Even graphs

The following theorem gives the center sets of some familiar classes of
graphs such as even cycles, hypercubes etc. Here we recall the following

definition.

Definition 15. For an § C V, a vertex x € S is called an interior vertex
if N(z) CS. An S C V is called a boundary set of G if does not contain

any interior vertices.

Theorem 3.3.12. Let G be a symmetric even graph. An A C V is a
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center set if and only if either A=V or A is a boundary set of G.

Proof. Since symmetric even graphs are self-centered Cy(G) = V. So as-
sume A C V. Let A be such that A = Cg(G) for an S C V and let = € A.
Suppose eg(x) = k with d(z,y) = k where y € S. If k = diam(G) then
A =1V. So assume k < diam(G). Then since G is a symmetric even graph
there exists a vertex z adjacent to = such that d(y,z) = k + 1. Therefore
es(z) 2 k+1or z ¢ Cg(G). Hence if A is a center set such that A C V,
then there exists an = in A such that {z} U N(x) NS¢ # 0.

Conversely, suppose that A C V satisfies the condition given in the
theorem. We need to find out an S C V such that A = Cs(G). Since G
is symmetric even it is self-centered and unique eccentric vertex. Let A€
denote the set of eccentric vertices of A°. Let € A. Then there exists a z’
adjacent to z such that ' € A°. Then 2/ € A¢. Since d(z',2') = diam(QG)
and r and 2’ are adjacent d(z,2’) = diam(G) — 1. Also since G is unique
eccentric vertex there does not exist an z in A€ such that d(x, z) = diam(G).
Therefore, ez(x) = diam(G) — 1 and for every y € A, ex=(y) = diam(G).
Since G is self-centered for every x € A, ege(x) = diam(G) — 1 and for
every y € A¢, ege(e2’) = diam(G). Therefore C4c(G) = A. Hence the

theorem. O

Corollary 3.3.13. For the even cycle Cs,, if A is a center set then either
Al <[] or A=V.

Proof. Suppose A is a center set such that [A| < 2n. To prove |A| < [%2].
Since A is a center set A cannot contain three consecutive vertices of the
cycle. Let each vertex belonging to A be represented by 1 and each vertex
not belonging to A be represented by 0. Thus we get a circular arrangement
of 0’s and 1’s such that two successive 0’s contains at most two 1’s between
them. From this we can conclude that m 0’s can accommodate at most

2m 1’s between them. If A" # V is a center set of maximum cardinality
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2n
3
2n — [%ﬂ 1’s. In other words |A'| = 2n — f%"} = L%"J Since A’ is a center

set of maximum cardinality, we have |A| < L%"J Hence the corollary. O

then the binary representation of A’ will have exactly [22] zeros and hence

Next we have another corollary similar to the Corollary 3.3.11.

Corollary 3.3.14. For any m < L%”J, there exists an S C V(Ca,) such
that |Cs(Cay)| = m.

Proof. Similar to the proof of Corollary 3.3.11 O

Now, we recall the following definitions.

Definition 16. An S C V is a dominating set in G if every vertex in

V'\ S is adjacent to a vertex in S.

Next, we shall prove a result regarding the centers of dominating sets of
symmetric even graphs. But for that we require the following propositions
from [54].

Proposition 3.3.15. Every harmonic even graph is balanced.

Proposition 3.3.16. Every Symmetric even graph is harmonic.
Combining the above two propositions we get the following proposition.

Proposition 3.3.17. Every Symmetric even graph is balanced.

Theorem 3.3.18. Let G be a symmetric even graph and let S C V. Then
Cs(G) = S¢ if and only if S is a dominating set.

Proof. Assume Cg(G) = S¢. Suppose S U N(S) # V. Then there exists
an x € V such that x ¢ S and x ¢ N(S). That is z and all its neigh-
bours belong to S¢. Let x1,...,x be the neighbours of . By proposition
3.3.17, deg(u) = deg(u). Let y1,y2,...,yr be the neighbours of z. We have

d(x;,z) = diam(G) — 1 for 1 < i < k. Since G is symmetric even there
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exists a vertex adjacent to Z, say y;, such that d(z;,y;) = diam(G) for
1 < i < k. Hence Z and all its neighbours belong to S¢. This contradicts
the condition for S¢ to be a center set.

Conversely suppose S U N(S) = V. Let x € S¢. Then # € S¢. Since
SUN(S) =V, z € N(S). Therefore there exists an z € S such that z
is adjacent to . Then d(z,z) = diam(G) — 1. d(z,z") = diam(G) for
some 2’ € S implies both y € S¢ and 2z’ € S are the eccentric vertices
of x a contradiction to the fact that the graph is unique eccentric vertex.
Hence eg(z) = diam(G) — 1. Now let x ¢ S°. Then since every vertex is
an eccentric vertex, x € S and therefore there exists a w in S such that
d(x,w) = diam(G). Thus Cs(G) = S°. O

For a graph G, let DB(G) denote the class of dominating boundary
sets, that is, dominating sets which are also boundary sets. We have the
following theorem on the centers of sets which belong to such a class of sets

in a symmetric even graph.

Theorem 3.3.19. Let G be a symmetric even graph. Let S CV be such
that S € DB(G). Then Cs(G) = S’ if and only if Ce/(G) = S.

Proof. Suppose Cs(G) = S’. Since SUN(S) =V, Cs(G) = S¢. That is
S’ = §¢. For every z € S, ege(z) = diam(G). Since G is unique eccentric
vertex graph and S is a boundary set, for every = € S, egz(z) = diam(G) —
1. Hence Cg/(G) = Cg(G) = S. Conversely assume Cg/(G) = S. To prove
Cs(G) = S'. Since Cs(G) = S¢ we need only prove that S’ = S¢. Let
z €S Ifz € Sthen z = § where y € S. Then we have d(x,y) = diam(G).
Since S is the S’-center of G this implies C'¢(G) = V. But this contradicts
the fact that S is a boundary set. Hence x € S¢ or S’ C S¢. Now to prove
that S¢ C S’. On the contrary assume that there exists an x € S¢ such
that = ¢ S’. Let x = 7§ where y € S¢. Since the eccentric vertex of y, z,
does not belong to ', eg(y) < diamG — 1. If z € S’ then z € S¢. Let
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z = w where w € S Since SU N(S) = V there exists a w' adjacent to
w such that w’ belong to S. We have eg/(w') = diamG — 1. This implies
y € S, contradicting the choice of y. Therefore S’ = S¢. U

Theorem 3.3.20. Let G be a symmetric even graph. Then
i) S € DB(G) if and only if Cs(G) € DB(G).

ii) For S1,S5 € DB(G), Cs,(G) = Se if and only if Cg,(G) = S;.

Proof. i) Suppose S C V is such that S € DB(G) and let S’ = Cg(G).
Since S’ is a center set of a symmetric even graph if and only if it
is a boundary set, to prove that S’ € DB(G) we need only prove
that S’ U N(S') = V. Since SUN(S) =V, " = S¢. Let z ¢ 5.
Therefore 2 € S since the graph is symmetric even. Let & = 7 where
y € S. Since S is a boundary set there exists a vertex 3’ adjacent
to y such that y' € S° We have d(z,y') = diam(G) — 1. Since G
is symmetric even there exists a vertex x’ adjacent to z such that
d(«',y") = diam(G). That is 2’ € S¢ or 2’ € S’. In other words
x € N(S). Hence S’UN(S’) = V. Conversely suppose S’ C V is such
that S € DB(G) and Cs(G) = S’ for an S” C V. To prove S € DB(G).
By the previous theorem Cs(G) = S’ implies Cg/(G) = S. Now S’ C V
is such that S’ € DB and Cg/(G) = S and hence as proved earlier we
can prove that SUN(S) =V or S € DB(G).

ii) This part is obvious from Theorem 3.3.19.

INlustration 3.3.5. Let G be the 12-cycle with vertex set {vy,...,v12}.
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Figure 3.6: C9, a sylr(r]lmetric even graph

Take the vertex set S = {v1, v3, v5, vg,v11}. This is a dominating bound-
ary set. We have that Cs(G) = {v1,vs,v4,v6, V8, V10, v12} = S¢ and this is
again a dominating boundary set It can also be verified that Ce(G) = S.
Consider A = {vy, v3, vy, v7}.

A¢ = {vy,v5,v6, 08,09, 010, V11, V12}.  A° = {vs,v11,v12, V2,03, V4, V5, V6 }-
eze(v1) = Bege(v2) = 6, exe(vs) =5, ege(va) = 5, e(vs) = 6,

eqe(vs) = 6, eqe(vr) =5, ege(vs) = 6, e4e(vg) = 6, e4e(vio) = 6,

eze(v11) = 6, ege(v11) = 6. Hence C5(Ch2) = A.

3.4 Enumerating Center Sets

In designing and modelling networks it is important to have more center
sets to locate facilities. Therefore the number of center sets is a good
indication to the structural well-behaviour of the graph. In this section we
enumerate the center sets of various classes of graphs. We first give the

following definition.

Definition 3.4.1. The number of distinct center sets of a graph G is
defined as the Center number of G and is denoted by cn(G).

The following lemma gives the center numbers of some familiar classes

of graphs. The proof of the lemma follows from the Corollary 3.3.3, Theo-
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rem 3.3.6, Corollary 3.3.4, Theorem 3.3.7 and Proposition 3.3.8 respectively,

so we omit the proofs.

Lemma 3.4.1. Let G be a graph on n vertices then,

1. en(G) =n+ 1 when G = K, the complete graph on n vertices.

2. en(G) = n+ 3 when G = K,  the complete bipartite graph with
p,q > 1.

3. en(G) =2n — 1 when G is a tree.
4. en(G)=n+4when G=K, —e,e€ E,n > 4.
5. If G is the wheel graph W,, then

en(W,) =4n—-3ifn > 6
=4n—-1itn=>5

3.4.1 Center number of Even and Odd cycles

We now find the center number of odd and even cycles. For that we in-
troduce the following terms. Suppose we have n linearly arranged objects.
Let L(n, k) denote the number of ways of choosing k objects from these n
objects so that no three consecutive objects are simultaneously chosen. Let
Li(n,k) denote the number ways to choose k objects from these n objects
so that no two objects from alternate positions are simultaneously chosen
and let La(n, k) denote the number of ways to choose k objects from these
n objects so that no two objects from consecutive positions are simultane-
ously chosen.

Consider n circularly arranged objects where n > 4. Let R(n,k) denote

the number of ways to choose k objects from these n objects so that three
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objects from three consecutive positions are not chosen and Ri(n,k) de-
note the number ways to choose k objects from these n objects so that no
two objects from alternate positions are simultaneously chosen. Here we
assume n > 4 since we are interested only in cycles of length greater than

3.

Lemma 3.4.2. L(n.k) = (i) ("5") = GZ5) (") + G2 (") -
(ho) ("5 4

Proof. A particular choice of k£ objects from n objects can be represented
by a binary string of size n where a 1 at the i** position indicates that the
ith object is chosen and a 0 at the j** position indicates that the j** object
is not chosen. So the number of choices of the required type is actually the
number of binary strings of size n having k£ 1’s and not containing three
consecutive 1’s. Let xy denote the number of 1’s before the first 0, for
1 <i<n—k-—1,let x; denote the number of 1’s between the it" 0 and
the (i + 1) 0 and let x,,_; denote the number of 1’s after the (n — k) 0.
Therefore the total number of 1’s in a binary string is o+ x1+ -+ Ty _k-
For a binary string of our choice, 0 < z; < 2. Hence Lj(n, k) is the number

of different solutions of the equation
ro+xi+ - F 2y =k0< 2 <2 (3.1)
Now consider the product

(A+t+t3) x-x (14+t+1%) (3.2)

/

(n—k+1) times

In the expansion of this product, taking t¥° from the first term, t¥* from

the second term, ..., tY»—* from the n — k+ 1** term we get t¥oty1+-tin—x
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Therefore any solution of the equation
Yot+y1+.. + Yk =kO0<y <2 (3.3)

gives us the term y* in the expansion. In other words the number of
solutions of equation 3.3 is the coefficient of t* in expression 3.2. Since the
Equations 3.1 and 3.3 are same, we get that L(n, k) is the coefficient of t*
in (14 ¢t4 2"kt

(14t 4 2)nk+l = Loy
S\ 1t
— (1 _ t3)n—k+1(1 _ t)—(n—k-i-l)
—(1- (" k+1)t3 + (™ 12c+1)t6 >
><< (" k+1)t+(n k+1) —i—---—i—(Z)tk—i----)

Thercfore L(n,K)= (1)(""§) = (i) (") + (=) () -
(2:9) (n,3+ ) o
The series on the right hand side is finite as all the terms after a finite

number of terms shall be zero. O

Lemma 3.4.3. R(n,k) =L(n—1,k)+2L(n—4,k—2)+ L(n—3,k—1),
n>4, k>2

Proof. Let the n circularly arranged objects be v1,...,v,. The set of all
objects such that no 3 objects from 3 consecutive positions are chosen can
be divided in to the following types.

Type 1 The object v, is chosen and the objects v,,_1 and v; are not chosen.
Then the total number of choices is L(n — 3,k — 1). (See Figure 3.7)
Type 2 The objects v, and v,,_1 are chosen and vy is not chosen. v, and

Up_1 are chosen implies v,_o is not chosen. In this case the number of
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Figure 3.7

choices is L(n — 4,k — 2).

The objects v, and v; are chosen and v,_1 is not chosen. Again as in the

previous case the total number of choices is L(n — 4,k — 2).

The object v, is not chosen. Here the total number of choices is L(n—1, k).
Therefore R(n, k) = L(n —1,k) +2L(n — 4,k —2)+ L(n—3,k—1). O

It is obvious that

R(n,k) = 1whenk=0

= nwhen k=1

Now we have determined R(n, k) for all n > 4 and k > 0.

Theorem 3.4.2. The center number of the even cycle Cyy, is
14)

14+ > R(2n,k).
k=1

Proof. By the Corollary 3.3.13, the maximum cardinality among the center

sets other than V is |22 and by the Theorem 3.3.12, R(2n, k) gives the

3
number of center sets of size k where k < L%”J Also V' is a center set.
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15
Hence en(Coy) =1+ 23: (2n, k). O
k=1

Illustration 3.4.1. Consider the even cycle C15. Here n = 6. Then

8

cen(Crp) =1+ Y R(12,k) (3.4)
k=1
It is obvious that
R(12,1) = 12. (3.5)

R(12,2) = L(11,2) + 2L(8,0) + L(9,1)
L(11,2) = (1) =55, L(8,0) = 1 and L(9,1) = 9. Hence,

R(12,2) =55+ 2+ 9 = 66 (3.6)

R(12,3) = L(11,3) + 2L(8,1) + L(9,2)
L(11,3) = (5) (@) - ) () = 165 — 9 = 156.
L(8,1) =8 and L(9,2) = (}) = 36. Hence,

R(12,3) = 156 + 16 + 36 = 208 (3.7)

12,4) = L(11,4) + 2L(8,2) + L(9, 3)
11,8) = (1)) ~ ()(3) = 330 - 64 = 266
5) = 2

= ()0 -

SN— w
I
—

() (7) =84 — 7= 77. Hence,

R(12,4) = 266 + 56 + 77 = 399 (3.8)

R(12,5) = L(11,5) + 2L(8,3) + L(9,4)
£(11,5) = () - Q) () = 462 — 196 = 266

L(8,3) = (3) (o) = (6) (1) =56 — 6 =50
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L9,4) = (D) = (©)(5) =126 — 36 = 90. Hence,
R(12,5) = 266 + 100 + 90 = 456 (3.9)
R(12,6) = L(11,6) + 2L(8,4) + L(9,5)
L(11,6) = () (5) = (3) (1) + () (3) = 462 = 836 + 15 = 141
L(s,4) = () — ()(3) = 1025 =45
L9,5) = () () — (5)(}) = 126 — 75 = 51. Hence,
R(12,6) = 141 4 90 + 51 = 282 (3.10)
R(12,7) = L(11,7) + 2L(8,5) + L(9,6)
L(11,7) = (7)) = (D) + (1) (3) = 330 = 350 + 50 = 30
L(8,5) = (5) (o) = (5) (1) = 56 — 40 = 16
L(9,6) = (¢) (o) = (5) (1) + (0) (5) = 84 =80 +6 = 10. Hence,
R(12,7) = 30 4+ 32+ 10 = 72 (3.11)
R(12,8) = L(11,8) + 2L(8,6) + L(9,7)
L(11,8) = () (5) = (5) () + () (3) = 165 — 224 +-60 = 1
L(8,6) = (5) (o) = () () + () (5) =28 =30 +3 =1
LO,7) = (@) () = () () + () (5) = 36 =45+ 9 = 0. Hence,
R(12,8) =14+240=3 (3.12)

Using equations 3.5 to 3.12 in 3.4 we get

en(Cr2) = 1412 466 + 208 + 399 + 456 + 282 + 72 + 3 = 1499

Before proving the center number of odd cycles, we prove the following

lemmata. We first find La(n, k) for given values of n and k.

Lemma 3.4.4. Ls(n, k) = ("72‘“).
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Proof. As in Lemma 3.4.2, we give a binary representation for a particular
choice of k objects that conforms to the conditions specified in the definition
of La(n,k). For each 1 in this binary representation we count the total
number of 0’s preceding this 1. So if we have k 1’s then we get £ numbers
from {0,1,...,n — k} and all these are distinct since there should be at
least one 0 between any two successive 1’s. Thus corresponding to each
choice of k objects of the desired type we get a unique set of k distinct
numbers from {0, 1,...,n—k}. Conversely each choice of k distinct numbers
from {0,1,...,n — k} gives us a unique choice of k objects from n linearly

arranged objects satisfying the specified condition. Thus we get a one-to-

one correspondence between the k-element subsets of {0,1,...,n —k} and
the choices of k objects as specified in the definition of Ly(n, k). Hence
Ly(n, k) = (" 7). O

Lemma 3.4.5. Li(n,k) = ZioLg(L%J,E)LQ(f%Lk —0).

Proof. Consider n linearly arranged objects. Choosing k objects from these

n objects such that no two objects are from alternate positions can be done

as follows. First choose £ objects from [§ ] objects in the odd positions such
that no two objects are consecutive among these [ %] objects. This can be
done in L([5],¢) ways. Now choose k — £ objects from the remaining

| 5] objects in the even positions, such that no two objects are consecutive
among these |5 ] objects. This can be done Ly(|5 ],k — ) ways. Hence

Li(n, k) =éLz((%M)L2(L%J,k—€)- 0

ko, .
Lemma 3.4.6. Li(n,k)= > (LEJEEH) Uﬂ-lg(ﬁ;f)ﬂ).
=0

Proof. The proof follows from Lemma 3.4.5 and Lemma 3.4.4. U
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Lemma 3.4.7. Ri(n,k) = Li(n—2,k)+2L1(n—5,k—1)+3L1(n—6,k—2),
n>=6k>2.

Proof. Let the n circularly arranged objects be vq,...,v,. The set of all
choices of k objects such that no two objects occupy alternate positions can

be divided in to various types.

Type I: Both v, and v,_; are not chosen. In this case the total number

of choices is L1(n — 2, k) (See Figure 3.8).

Un

Figure 3.8

Type II: v, is selected and v,_1 is not selected. wv, is selected implies
Un—o and vg are not selected. The number of choices where vq
is selected is Li(n — 6,k — 2) and the number of choices where
v1 is not selected is Li(n — 5,k —1). Hence the total number of
such choices is Li(n — 6,k —2) + Li(n — 5,k — 1).

Type III: v, is not selected and v,_1 is selected. As in the previous case
the total number of such choices is
Ll(n—6,/<:— 2) —|—L1(n— 5,k — 1).

Type IV: Both v, and v, _jare selected. v,, and v,_; are selected implies
v1, V9, Un_o and v,_g are not selected. Therefore the number of
choices of this type is Li(n — 6,k — 2).
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Hence, Ri(n,k) = Li(n—2,k)+2L1(n—5,k—1)4+3L1(n—6,k—2). (3.13)

O
Now it is easy to see that

Ri(n,k) = 1, whenk =0
= n, whenk=1ork=2andn=4or5

= 0, whenk >3, n=4orb

Thus we have determined R;(n, k) for all n > 4 and k > 0.
Now with the help of Theorem 3.3.9 and Corollary 3.3.10, we have the
center number of the odd cycle Coy11, n > 2.

Theorem 3.4.3. The center number of the odd cycle Cypi1, n > 2, is

1+ Z R1(2’I’L +1, k‘)
k=1
Illustration 3.4.2. We shall find out the center number of the odd cycle

C11. We have that
5

en(Cn) =1+ Ri(11,k) (3.14)
k=1
It is obvious that
Ri(11,1) =11 (3.15)

From equation 3.13 we have that
R1(11,2) = L1(9,2) + 2L1(6,1) + 3L1(5,0)

2
Ly(9,2) = > (50

= R+ +E)E) =6+20+3=29
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L;(6,1) =6 and L;(5,0) = 1. Therefore,
Ri(11,2) =29+ 12+ 3 =44 (3.16)
R1(11,3) = L1(9,3) + 2L1(6,2) + 3L1(5,1)
L49:3) = (o) ) + (1) (2) + () (;) = 1+ 24415 =40
L1(6,2) = () 5) + () () + () (o) =1+9+1 =11
Li(5,1) = 5. Therefore,
Ri(11,3) =40 +2x 11 +3 x5 =177 (3.17)
Rl(ll, 4) = L1(9, 4) + 2L1(6, 3) + 3L1(5, 2)
Li9,4) = () () + () () = 4+18 =22
L1(6,3) = (1) (5) + (5) () =3+3=6
Li(5,2) = (8) (g) + (f) (i’) =146 = 7. Therefore,
Ri(11,4) =224+2x6+3x7=055 (3.18)
Ry1(11,5) = L1(9,5) + 2L1(6,4) + 3L1(5,3)
L2095 = () () =3
Li6.4) = ()¢) -1
Li(5,3) = (f) (;) = 2. Therefore,
Ri(11,5) =3+2x1+43x2=11 (3.19)

Using equations 3.15 to 3.19 in 3.14 we get
en(Cr1) =1+11+444+ 77455+ 11 =199
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3.5 Conclusion

In this chapter the generalisation of the center of a graph to the center
of arbitrary vertex sets have been explored particularly with reference to
some special classes of graphs like K, Ky, , K, — e, odd cycles and a
more general class of graphs called symmetric even graphs. In the process
of identification of center sets of odd cycles and symmetric even graphs
we have devised methods for finding a set whose center is a prescribed
set. The duality property of dominating boundary sets of symmetric even
graphs with respect to the center function has been also brought to light.
For any graph there may exist subsets of the vertex set whose center is the
same as the center of the graph and therefore we can look for such sets
with minimum cardinality. Searching on this line we came across a class of
graphs where none of the proper subsets of the vertex sets has center equal
to the center of the graph. We called them the center critical graphs and
characterised them as self centred, unique eccentric vertex graphs. Finally
we have enumerated the number of distinct center sets of some of the graphs

mentioned above.



Chapter 4

Pacifying and Shrinking edges

4.1 Introduction

Extremal graph theory mostly deals with studying the classes of graphs
that are minimal or maximal with respect to certain conditions. Most of
the literature on distance related extremal graph theory is concerned with
identifying the class of graphs that are radially maximal, radially minimal,
diameter minimal, diameter maximal etc[see section 2.4]. The eccentricity
of a vertex can be decreased by adding edges and it shall be interesting to
identify such edges particularly in networking problems where, by adding
a minimum number of edges we may be able to reduce the distances of an
actor from other actors in the network remarkably and thus can increase
its significance in the network. This is useful for the actor as well as the
whole network as it increases the cohesion of the network at a minimal cost.
In this chapter we take a particular case of this problem where we add a
single edge. Given that we are allowed to add a single edge, we identify the
edge(s) that when added to a graph reduces the eccentricity of a vertex the
most. We also identify the edge(s) that reduces the radius of the graph the
most. Such edges are being introduced as pacifying and shrinking edges

respectively.
Definition 4.1.1. For a vertex w € G, an edge uwv ¢ E(G) is defined to
be a pacifying edge of w if eqiyw(W) < eGqay(w) for all xy € E(GC).

It is not necessary that every vertex of a graph has pacifying edges. One
trivial example is the complete graph where every vertex has eccentricity
one. There are other non trivial examples. Take the complete bipartite

graph K, , where m,n > 2. Each vertex of this graph has eccentricity

51
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two. Since m,n > 2 by adding an edge between any single pair of non-
adjacent vertices the eccentricity of none of the vertices reduces. In other
words no vertex of K,, , has a pacifying edge. Cs is another example of a
graph in which no vertex has a pacifying edge.

The following is an example of a graph in which some vertices have pacifying

edges while some others do not have any pacifying edge.

Figure 4.1: Graph having vertices with and without pacifying edges

Here, zw, uy and zv are the pacifying edges of z,y and z respectively as
they reduce the eccentricity of these vertices from 2 to 1. But, the vertices

u,v and w do not have any pacifying edge.

Observations
The following are some simple observations that can be made on the paci-

fying edges of the vertices of a graph with more than two vertices.
1. Every vertex having a unique eccentric vertex has a pacifying edge.

2. Every vertex whose eccentricity is greater than 2 and whose eccentric

vertices are all mutually adjacent has a pacifying edge.

3. A vertex of a graph of diameter 2 has a pacifying edge if and only if
its degree is |V| — 2.
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4. (5 is a graph in which no vertex has a pacifying edge. In fact, it is
later shown later that in all other cycles every vertex has at least one

pacifying edge.

4.2 Pacifying edges of some classes of graphs

4.2.1 Pacifying edges of a path

In the following theorem we identify the pacifying edges of the vertices of

a path.

Theorem 4.2.1. Consider the path P, with end vertices a and b and let
w € V(P,). Assume that d(w,a) < d(w,b).

1. If d(w,a) = d(w,b) then w has no pacifying edges.
2. Let d(w,b) < 2d(w,a) with d(w,b) = d(w,a) +t,0 < t < d(w,a).
Then the pacifying edges of w are given by the following

i. Edges wjws’s such that wy € w-b path, we € w1-b path, d(wy,w) =
m where 0 < m < d(w,a) — 5L and
t+ 1< d(wy,ws) < d(wy,b) when 0 < m < d(w,a) —t,
t+1<d(wi,we) < 2(d(w,a) —m) when
d(w,a) —t <m < d(w,a) — 2L
ii. Edges wiws’s such that wy € w-a path, wy € w1-b path, d(wy,w) =
m where
0 <m < dw,a) — % and t +2m + 1 < d(wy,ws) < d(wy,b)
when 0 < m < d(w,a) —t,
t+2m+1 < d(wy,ws) < 2d(w,a) when
d(w,a) —t <m < d(w,a) — ZL.
3. When 2d(w,a) < d(w,b) < 3d(w,a) with d(w,b) = d(w,a) + t,
d(w,a) <t < 2d(w,a), the pacifying edges of w are given by the

<
<

following
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i. Edges wjws’s such that wy € w-b path, we € w1-b path, d(wy,w) =

_ ot
2

m where 0 < m < d(w, a) and

t+ 1< d(wy,we) < 2(d(w,a) —m)
ii. Edges wjwy such that wy € w-a path, we € wi-b path, d(wy,w) =

m where 0 < m < d(w,a) — 2L and

t+2m+ 1< d(wy,wy) < 2d(w,a)
4. When d(w,b) > 3d(w,a),

i. If d(w,b) = 3n for some integer n, then the pacifying edges are
a. wiwy where w; = w and 2n < d(wy,ws) < 2n + 2.
b. wywy where wi is the vertex adjacent to w on w-b path and
d(wy,w2) = 2n
c. wywe where wq is the vertex adjacent to w on w-a path and
d(wy,we) =2n + 2
ii. If d(w,b) = 3n + 1 for some integer n then the pacifying edges
are wiwy where wi = w, wo € w-b path and

2n+ 1 < d(wy,w2) < 2n + 2.
iii. Ifd(w,b) = 3n+2 for some integer n then the only pacifying edge

is wiwg where wy = w, wy € w-b path and d(wy,wy) = 2n + 2

Proof. In a path with end vertices a and b every vertex has either a or b as
its eccentric vertex. By adding a single edge we can reduce the distance of a
vertex to at most one of a and b. That is by adding a single edge eccentricity
of a vertex can be at most reduced to the smaller of its distances to a and
b. Let d(w,a) = y.

Case 1: d(w,a) = d(w,b).

By the above statements w has no pacifying edges.

Case 2:d(w,b) < 2d(w, a).

That is d(w,b) = y + t where 0 < t < y. Consider the graph G + (w, b).

Let w’ be the eccentric vertex of w in the unique cycle of the graph
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G+ (10,5). gy oy (10,0) = y and degy ) (w, ) < 3 and dg o) (w,5) =
1. Therefore eq.y(wp)(w) = y. Hence by the observations that we made at
the beginning of the proof (w,b) is a pacifying edge of the vertex w.

i. Now take a vertex w; in the w-b path at a distance m(> 0) from w.
Join it to vertex wq at a distance ¢ from wy in the wi-b path. Let w)
be the eccentric vertex of wy in the unique cycle of G + wyws. Assume
¢<t+1 Thent+1—-¢>0o0ory+t+1—-4—m+m—y>0. That is
(y+t+L—m)+m+1>y. But (y+t+€—m)+m+1is dgtw,w,(w,d).
Therefore the egyuww,(w) > y. In other words, wjws is not a pacifying
edge. That is if wjwe is a pacifying edge of w, d(wy,we) =€ >t + 1.
If £ > 2(y — m) then d(wy,w}) > y — m and therefore d(w,w}]) > y.
Hence ¢ < 2(y —m). Thatist + 1 < £ < 2(y — m).

Also m >y — 41 & 2(y —m) <t + 1. Therefore 0 < m <y — L.
Now m < y—tifand only if 2(y —m) > y+t—m. Thatism < y—t
if and only if 2(y —m) > d(wy,b). In this case t + 1 < ¢ < d(wy, b).
When m >y —t,t+1<0<2(y —m).

dlw,b) <t+l<=y+t-m<t+l<=m>y—1L

Therefore when m < y — ¢, d(wq,b) >t + 1.

Conversely, let wy and wy be such that d(wy,w) =m < y—tand t+1 <
d(wy,wy) < d(wy,b). Since d(wy,wq) >t + 1, t —d(wy,wy) +1<0or
y+t—d(wi,wy)+1<y. Thatis y+t—d(wy,we)—m+m—+1<y. In
other words dg 4w w, (w,b) < y. Since m <y —t, d(wy,b) < 2(y —m)
and therefore d(wq,ws) < 2(y —m). Hence d(w,w]) < y where w} is
the eccentric vertex of wy in the unique cycle of G + wiws. That is
eG+wiw, = Y. That is, the edge wjwy is a pacifying edge of w.

Now assume that y — 2L > d(wy,w) = m >y —t and

t+1 < d(wy,we) < 2(y— m) Since y— 5L > d(w1,w) = m we have that
t+1 < 2(y —m). We have already proved that when d(wy,ws) > t+1,
d(w,b) < y. Since d(wi,w2) < 2(y — m), d(w,w}) < y. That is
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ii.

eGtwiw, (W) = y. Hence wyws is a pacifying edge of w.

Take wy at a distance m from w in the w-a path and let wy be at
a distance ¢ from w; in the wi-b path. Let ¢ < t +2m + 1 . Then
t—f+2m+1>0o0ry+t—L+m+m+1>y. This gives, y+t— (£ —
m) +m+1 > y. That is dgiww,(w,b) > y. Therefore wjws is not
a pacifying edge of w. In other words for a pacifying edge wyws of w,
dwi,we) =€ =t+2m+1. £ >2y = d(w,w’) >y where v’ is the
eccentric vertex of w in the unique cycle of G + wywsy. Hence £ < 2y.
Therefore t +2m + 1 < £ < 2y.

2y <t+2m+1 & m > y—%. Hence m < y—%. When
m<y—t m+y+t <2y Thatis d(w,b) < 2y. Therefore when
0<m<y—t t+2m+1 <l <d(wp,b) and when y—% >m>y—t,
t+2m+1 < ¢ <2y Here d(wy,b) <t+2m+1 = m+y+
t<t+2m+1 = y<m+1orm >y—1. Therefore when
m<y—t, dlwy,b) >t+2m+ 1.

Now we shall prove that if w; and wsy are such that w; € w-a path,
dwi,w) =m, 0 <m < y—tand t+2m+1 < d(wy,w2) < d(wy,b)
then wyws is pacifying edge of w. d(wy,ws) =t +2m+ 1 then y+1t —
d(wy,w2) + m~+m+1 <y or dgww,(w,b) <y. Also

dwy,ws) < d(wy,b) < 2y =  dgtww(w,w') < y where w' is
the eccentric vertex of w in the unique cycle of G 4+ wijws. Hence
eGrwiw, (W) = y. or wiwsy is a pacifying edge of w. Let w; and wo
be such that w; € w-a path, d(w;,w) = m, y — % >m>=y—t
and t 4+ 2m + 1 < d(wy,w2) < 2y. It can be easily seen that wjws is
pacifying edge of w.

Thus for w € V(P,) such that d(w,b) < 2d(w,a) the pacifying edges are
precisely those given above.
Case 3: 2d(w,a) < d(w,b) < 3d(w,a).

i.

Let w; be a vertex in the w-b path at a distance m(> 0) from w and



4.2. Pacifying edges of some classes of graphs 57

wy be at a distance £ from w; in the wi-b path. It can be seen as
above that if d(wy,wy) < t+ 1 or > 2(y — m) then wjwy cannot be

a pacifying edge of w. That is for an edge wywy to be pacifying edge
41
2
2(y —m) < t+ 1. Hence m should be such that 0 < m < y — &L
Conversely if wy and wy are such that wy is in the w-b path, d(w,w;) =
m, 0 <m <y— 5L and t +1 < d(wy,ws) < 2(y — m) then it can be

shown as in the previous case that wyws is a pacifying edge.

t+1 < d(wy,we) < 2y. As in previous case, when m > y —

ii. wy is in the a-w path we is in the wi-b path, d(wi,wy) = ¢ and
d(wy,w) = m. It can be easily proved that wiws is a pacifying edge if
andonlyif0<m<y—% and t+2m+ 1 < £ < 2y.

The above two cases precisely give the pacifying edges of w when

2d(w,a) < d(w,b) < 3d(w,a).

Case 4: d(w,b) > 3d(w,a).

We have the following subcases.

Subcase 4.1: d(w,b) = 3n.

By adding an edge between a pair of vertices at a distance less than 2n the
eccentricity of w can be reduced at most to n + 2. Now, if we join a pair
of vertices at a distance greater than 2n + 2, since the resulting cycle has
radius at least n + 2, the eccentricity of w is at least n + 2. Also if we join
w to v where d(w,v) = 2n then dg () (W, w') =1, day () (w,b) =n+1
and dg4(w,0)(w,a) < n. Hence eqi(yw)(w) = n+ 1. If we join a pair of
vertices at a distance 2n+1 or 2n+2 the resulting cycle has radius n+1 and
therefore eccentricity of w is at least n+ 1. Let wq(# w) and ws be pair of
vertices at a distance 2n such that w; belong to w-b path and wsy belong to
wi-b path. Then dgyw,w, (w1, w]) = n where w] is the eccentric vertex of
wy in the unique cycle of G 4+ wywy and therefore dg yw,w, (W, w}) = n+ 1.

Hence egwyw, (W) = n+ 1.
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Let w1 (# w) and we be pair of vertices at a distance 2n such that w; belong
to w-a path and wy belong to w;-b path. Then dg i, w, (w,b) = n + 3 and
therefore egiw,w,(w) = n + 3. From these observations we can conclude
that by adding a single edge the eccentricity of w can be reduced at most
ton+1.

Let wy and ws be pair of vertices such that w; belongs to w-b path, ws
belongs to wi-b path and d(wi,w) = m. Join wy and wa. dGiw,w,(w,b) =
3n — (d(wy,w2) —1) = 3n+1—d(wy,ws). If wiwsy has to be pacifying edge
of w then dgquwyw, < n+ 1. That is, 3n + 1 — d(wy,wz) <n+1 or
d(wy,ws) = 2n. d(wi,wz) > 2((n+1) —m) = dw,w)) >n+ 1.
Therefore, if (w1, w]) is to be a pacifying edge of w then

d(wy,wz) < 2((n+1)—m). Hence we have, 2n < d(wq,ws2) < 2((n+1)—m).
This is possible only when m =0 or 1.

When m =0, 2n < d(wy,ws) < 2n+ 2 and when m = 1,

2n < d(wy,wsz) <

2n < d(wi,wy) <
n+ 1.

Let w; and wy be such that w; belongs to w-a path, we belongs to w;-
b path and d(wi,w) = m(> 0). d(wi,w2) > 2(n + 1) implies that the

cycle formed by joining w; and we has radius greater than n + 1. That is,

2n. In fact it is easy to verify that when m = 0 and
2n 4+ 2 or m = 1 and d(wy,w2) = 2n, €Giwiw,(W) is

dGtwiws (W, w') > n+1 where w' is the eccentric vertex of w in the unique
cycle of G+ wywsy. In other words eg 4w, (w) > n+ 1. Hence if wjws has
to be pacifying edge of w then d(wy,ws) < 2(n + 1).

2n 4 2m > d(wi,w2) = 3n — (d(wi,w2) —m)+1+m>n+1.

That is, dgtw w, (W, 0) > n 4+ 1 or eGiww,(w) > n+ 1. Hence

d(wy,ws) = 2n + 2m. Thus we get 2n + 2m < d(wy,wz) < 2n + 2. This is
possible only when m = 1 and we get d(w1, w2) = 2n+2. When d(w;,ws) =
2n+2 and m = 1, we have dg 4w w, (w,0) = n+1 and dgywyw, (W, w') = n+1

where w' is the eccentric vertex of w in the unique cycle of G +wjws. That
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iS, eGruwywe (W) =n + 1 or wywy is a pacifying edge of w.

Thus the pacifying edges of w are precisely the following.

wiwy where wy = w, we belong to w-b path and d(ws, w) = 2n.
wiwy where wp = w, wy belong to w-b path and d(wg, w) = 2n + 1.

wiwy where wp = w, wy belong to w-b path and d(wg, w) = 2n + 2.

e o oo

wrwy where wy belong to w-b path, we belong to wi-b path, d(wq,w) =1
and d(we,w) = 2n + 1.
e. wjwy where wy belong to w-a path, wy belong to w-b path, d(wy,w) =1
and d(wg,w) = 2n + 1.

Subcase 4.2: d(w,b) = 3n + 1.

Since d(w,b) > 3d(w,a) we have n > d(w,a). Joining w to a vertex v
in the w-b path such that d(w,v) = 2n 4+ 1 reduces the eccentricity of w
to n + 1. If we join two vertices at a distance less than 2n + 1 then the
eccentricity of w reduces at most to n + 2. If we join two vertices at a
distance greater than 2n + 2 then the resulting cycle has radius at least
n + 2 and therefore there exists at least one vertex whose distance from w
is at least n+ 2. Therefore a pacifying edge should be between two vertices
at distance 2n + 1 or 2n + 2. In both these cases we get cycles having radii
n+ 1 and therefore eccentricity of w in the resulting graph is at least n+ 1.
Thus, the pacifying edges of w are precisely those edges that reduces its
eccentricity to n + 1.

Let wy and ws be such that d(w;,w) = m(= 0), w; belongs to the w-b
path and wy belongs to the wi-b path. For wiwsy to be a pacifying edge
of w, dgiwyw,(w,w],) < n+ 1 where w] is the eccentric vertex of w; in
the unique cycle of G + wjwe. That is, the radius of the cycle should
be less than or equal to n +1 — m. Hence d(wjwse) < 2(n + 1 — m).
Similarly, dg4w,w,(w,b) should be less than or equal to n + 1. Hence
3n+1—d(wy,wa) —m+m+1<n+1ordw,ws) = 2n+1. Thus, we get
2n 4+ 1 < d(wy,w2) < 2(n+ 1 —m). But this is possible only when m = 0
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and in this case 2n + 1 < d(wy,wy) < 2n + 2. It can be easily verified that
when m = 0 and d(wy,w2) =2n+ 1 or 2n + 2, egiw,w, (W) = n + 1.

Let wy and we be such that d(wi,w) = m(> 0), w; belongs to the w-a
path and wy belongs to the wi-b path. For wyws to be pacifying edge of w,
dG+wywy (W, w') should be less than or equal to n+1 where w' is the eccentric
vertex of w in the unique cycle of G +wjws. That is, d(wy, we) < 2(n+1).
Also, dgwyw,(w,b) < n+1 gives 3n+1— (d(wy,w2) —m)+1+m <n+1
or d(wy,wz) = 2n+2m+1. Thus we get 2n+2m+1 < d(w1,wy) < 2n+2.
This is not possible for any positive values of m. Hence the pacifying edges
of w are wywy where wy = w and d(wi,wy) =2n+1 or 2n + 2.

Subcase 4.3: d(w,b) = 3n + 2.

Joining w to a vertex v in the w-b path such that d(w,v) = 2n + 2 reduces
the eccentricity of w to n + 1. If we join two vertices at a distance less
than 2n + 2 then the eccentricity of w reduces at most to n + 2. If we join
two vertices at a distance greater than 2n + 2 then the resulting cycle has
radius at least m 4+ 2 and therefore there exists at least one vertex whose
distance from w is at least n+ 2. Hence a pacifying edge should be between
two vertices at distance 2n + 2. In this case we get a cycle having radius
n—+ 1 and therefore eccentricity of w in the resulting graph is at least n+ 1.
Thus, the pacifying edges of w are precisely those edges that reduces its
eccentricity to n + 1.

Let wy and ws be such that d(w;,w) = m(= 0), w; belongs to the w-b
path and wo belongs to the wi-b path. For wywsy to be a pacifying edge
of w, dgwyw,(w,wi,) < n+ 1 where w) is the eccentric vertex of w;
in the unique cycle of G + wiywy. That is the radius of the cycle should
be less than or equal to n + 1 — m. Hence d(wi,wz) < 2(n + 1 — m).
Similarly, dgiw,w,(w,b) should be less than or equal to n + 1. That is
3n+2—dw,w2) —m+m+1<n+1ordwy,ws) > 2n+2. Thus we get
2n 4+ 2 < d(w,w2) < 2(n+ 1 —m). But this is possible only when m = 0
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and in this case d(wi,wz) = 2n + 2. It can be easily verified that when
m =0 and d(wi,w2) =2n+ 2, eGiwiw, (W) =n + 1.

Let wy and we be such that d(wi,w) = m(> 0), w; belongs to the w-a
path and wsy belongs to the wi-b path. For wyiws to be pacifying edge of w,
dG+wywy (W, w') should be less than or equal to n+1 where w' is the eccentric
vertex of w in the unique cycle of G +wjws. That is, d(wy,we) < 2(n+1).
Also, dgwyw,(w,b) < n+1 gives 3n+2 — (d(wy,w2) —m)+1+m <n+1
or d(wy,wy) = 2n+2m+2. Thus we get 2n+2m+2 < d(w,wy) < 2n+2.
This is not possible for any positive values of m. Hence the pacifying edge
of w is wiwy where w; = w and d(wy,wy) = 2n + 2. Thus we have listed

the pacifying edges of all the different types of vertices of a path. O

As an illustration of the above theorem 4.2.1, consider the following

example.

Example 4.2.1. Consider the path Pi7 = vivsy...v17.

U2 V4 Ve Ug V10 V12 V14 V16

INNNNNNNN

U1 U3 (% U7 (%] U11 Vi3 V15 U17

Figure 4.2: Path Pi7

The following tables give the pacifying edges and the reduced eccentric-

ities of certain vertices of this path.
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Table 4.1: Pacifying edges of vertices where d(w,b) < 3d(w, a)

Vertex .
() d(w,a) |d(w,b)|t|m d(w1,w2) pacifying edges €Py7 | ePyytwywy
w1 € w — b path
6 10 |4]0 5 < d(wi,ws2) < 10 |vrvi7, vrvie, V7015, | 10 6
— V7V14, V7V13, V7V12
; 1| 5<d(wr,w2) <9 |vsviz, vsvig, VgUis,
< VsV16, V8V1T
C\\l/ 2| 5 <d(wi,w2) <8 |vovia, vovis,
= V9U16, V9V1T
S 3| 5<d(wi,w2) <7 [viovis, viovis,
5 V10V17
w1 € w — a path
1|7 < d(wi,w2) <11 |vev13, V6V14, V6U15,
V6V16, V61T
2| 9 < d(wr,ws) <12 |vsv14, UsV15,
U5V16, V517
3 11 < d(wi,w2) < 13| vavis, vavie, Vav1IT
=% w1 € w — b path
S 0] 7<d(wi,ws) < 10 |vev1s, vev14, 11 5
A% V6V15, V6V16
~V
s 2 W6 aT7< d(w1, w2) <8 |v7v14, V7015
?‘é w1 € w — a path
N 1 | 9 < d(w1,w2) < 10 |vsvl4,vsvls

Table 4.2: Pacifying edges of vertices where d(w,b) > 3d(w, a)

3

~| =

» A o

8| 5| 3| n|m|duw,w) pacifying €P7| €P1r+wiws
eSS

2 S | S edges

w1 € w — b path

Vs 4 12 4 0 8 < d(wl,wg) < 10 V5013, U5V14, 12 5
V5015
1 d(wl,wg) =8 VeUV14
w1 € w — a path
1 | d(w1,w2) =10 | V4V14
[va | 3]13[4]0]9<d(wi,w) <10 [ waviz,vavia [ 13 |5 |
[vs | 2 [14[4]0 | dw,wy) =10 | vsvis |14 [5 |
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4.2.2 Pacifying edges of Odd Cycles

Theorem 4.2.2. Let G be the odd cycle Coy+1(n > 2) with vertex set

{’Ul, e ,02n+1}.

1. Ifn is even the pacifying edges of a vertex v; are

(a) ViVidon41n (d) ViVi®ap41(n—1) (g) Vidon+11Vidan11n
(b) Uivi@2n+1(n+1) (6) vi@2n+11vi@2n+l(n+1)(h) Ui92n+1lvi@2n+1(n+l)
(C) vivi@2n+1(n+2) (f) Vioon4+11Vidant1n

2. If n is odd the pacilying edges v; are vivig,, ,,n and Vivig, . (n41)-

Proof. 1. Suppose n is even. Add the edge v;vig,,,,n- Then we get two
cycles, say C] and C%, both containing v; and having n+2 and n+ 1
edges respectively. n + 2 is even and v; has eccentricity & + 1 in C]

= 5 +1. Similarly by adding the edge

ViVigo, 41 (n+1) the eccentricity of v; reduces to 5 +1. Adding the edge

and consequently egv;viq,  »
ViVig, .1 (n+2) We get cycles Cf and C where C has n + 3 edges, (Y
has n edges and both contain the vertex v;. C has radius § 4 1 and
C5 has radius 5. Therefore v; has eccentricity § +1 in the new graph.
Similarly adding the edge v;v;g,, ., (n—1) reduces the eccentricity of v;
to 5+1. Adding an edge between v; and a vertex other than vig,,, n,
Vigon1(n+1)s Vidansr(n+2)> Vidans:(n—1) We get two cycles C7 and C,
both containing v;, and one of them having radius greater than 5 + 1.
Therefore eccentricity of v; in such a graph is greater than 5 +1. Now
we add an edge between v; and vy such that j, k # i. Let C| and C}

be the resulting two cycles. Take two cases.
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Viogn4+11 Vidant1(n+2)
............................ o——9 Ui@2n+l (n+1)

............................ ——o Ui@2n+ln
Vidan411 Vidant1(n—1)

Figure 4.3: Odd Cycle Coy1

Case 1: v; € (] where |E(CY)| < |E(CY)|. That is, C} has at
least n + 2 edges or radius of Cj is at least § 4+ 1. Assume d(v;,v;) <
d(v;, vg). Let 05 be the eccentric vertex of v; in C4. That is d(v;, v;) >
5 + 1. Therefore d(vg,v;) > 5. Since n > 2, § > 1.

d(vs, v5) = min{d (v, v;) + d(vj,v;), d(vi, vg) + d(vg, v5)}
> min{d(vi,vj) + g + 1, d(vi, vk) + g}

d(vi,vj) = § + 1 only when d(v;,v) = d(v;,v;) = 1 and this implies
n = 2. Since n > 2 we have d(v;,v;) > § + 1. Hence vjv;, is not a
pacifying edge of v;.

Case 2: v; € V(C}) where E(C%) > E(C7). Here we shall consider

two sub cases.

Subcase 2.1: |E(C))| =n+2 and |E(C])| =n+ 1.

Assume d(v;,v) < d(v;,vg). Let U be the vertex that is eccentric to
both v; and vy, in C]. Then d(v;,v;) = d(vi,vj) + 5. But d(vs, ;) =
5 + 1 when v; is adjacent to v;. In this case we have that the eccen-
tricity of v; is § + 1. In other words, for the vertex v;, the edge vjvy,
such that v; is adjacent to v; and de,, ., (vj,Vk) = dcy,,, (Vi,Vk) =N
is a pacifying edge of v;. Consequently, the edges vig,, ,11Vigg, 1 (n+1)

and vio,,, , 11Vi@,, .10 are pacifying edges of the vertex v;.
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Subcase 2.2: |E(C))| =n+ 3 and |E(C})| = n.

Let 0 be the vertex eccentric to v; in Cf. Then

d(vivﬁj) =
d(vi,v;) + 5 if d(vi, v;) < d(v;,vg)

d(vi, vg) + d(vj,v5) — 1 = d(vs, v;) 5 —1if d(vi,v;) = d(v;, vg)

d(vi,vj) = d(v;,vg) = 2 implies n = 2. But we have n > 2. Hence
d(vi,vj) = d(v;,v) implies both are greater than 2 or

d(vi,v;) > % + 2. This gives, v;v, is not a pacifying edge. Hence we
assume that d(v;,v;) < d(v;,vx). Then d(v;,v;) = d(v;,v;) + 5.
Thus d(v;,v;) = § + 1 if and if only if v; is adjacent to v;. In other
words, for the vertex v;, the edge vjvy such that v; is adjacent to v;,
dcy,. 1 (vj,v) =n — 1 and d(v;,v;) = n is a pacifying edge of v;.
Consequently, the edges vig,,,11Vigo,1n A0 Vi, 11Vig, 41 (n+1)

are pacifying edges of the vertex v;.

Subcase 2.3: |E(C})| > n + 3.
In this case eqy(v;) 2 5 + 2 or ecy, ., (vi) = § + 2.
Thus we get that the pacifying edges of v; are precisely

(a) ViVidopt1n (e) Vidon+11Vidant1(n+1)
(b) ViVigo, .1 (nt1) (£) Vicsn 11Vidaniin
(c) ViVidont1(n+2) () Vidon1+11Vi@anr1n
(d) ViVigg, .1 (n—1) (h) Vi, 11Vigen, 1 (n+1)

Assume n is odd. Joining v; to vig,,,,,n We get two cycles C] and Cj

having n + 1 and n + 2 edges respectively. Then C] and C have

radii 242, Therefore the eccentricity of v; in both Cf and C} is 2L
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ntl
7
adding the edge v;v;q,, | (nt1) the eccentricity of v; reduces to

or eccentricity of v; in the G + v;vig,, . \n 18 Similarly by

nil,
Now, let v; be joined to any vertex other than vg,,,,» and
Vigony1(nt+1)- Lhen one of the cycles formed contains at least n + 3
edges. That is, the radius of that cycle is "T*'g or eccentricity of v; in
the new graph is at least "T‘H)’ Hence any such edge cannot be a
pacifying edge of v;. Suppose we join v; and v;, where j,k # 7. Let
C7 and C be the two cycles formed where |E(C})| < |E(C4)|. Here
we shall consider two cases.

Case 1: Suppose v; € V(C1). Take the following subcases.
Subcase 1.1: |E(CY)| =n+1 and |E(C})| =n+ 2.

Then Cj is an even cycle. Let d(v;,v;) < d(v;,vg). Let 0; be the
eccentric vertex of v; in CY.

d(vi, v;) = d(v,v;) + d(vj,v5) = d(vs,v;) + 2L > 2L Hence
eG+vve < "TH That is, v;vy is not a pacifying edge.

Subcase 1.2: If |[E(C})| > n + 3 then the radius of C} > " 4 1.
Then d(v;,v;) > " + 1 where v; is the eccentric vertex of v in C}.
That is, the eccentricity of v; in G + vjvy, is at least "T'H + 1 or vjvy
is not a pacifying edge.

Case 2: Suppose v; € V(C}). We have that |[E(C%)| > n+ 2. Again

we consider two sub cases.
Subcase 2.1: |E(C))| = n+ 2. Let v; be the eccentric vertex of v;
in C].

d(?}i, Uj) + d(?}j, 1)3) if d(vi, Uk) > d(?}i, Uj)

d(v;,v;) =
(v19;) d(vi,v;) + d(vj, 0;) — 1 if d(vy, vp) = d(v;,v))

d(vi,v) = d(vi, vj) = d(vi,v5) = d(vi,v5) + nTH - L
d(vi,v) = d(vi,vj) =1 = our cycle is C3 which is not the case.
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Hence d(v;,v;) > 1 or d(v;,v;) < 2. So vjuy, cannot be a pacifying
edge of v;.
If d(vs, vg) > d(vs,v;) then

d(vi, v5) = d(vi,vj) + d(vj, v5)
n+1

= d(vi,v;) +

. n+1
Hence egv,0, (Vi) > "5~

Subcase 2.2: |E(C})| > n+ 3. This implies d(v;, ;) > 22 where

. That is, vjvy is not a pacifying edge.

0; is the eccentric vertex of v; in C%.
In other words v;vig,, 1n and v;Vig, . (ns1) are the only pacifying

edges of v;.

4.2.3 Pacifying edges of Symmetric Even graphs

Next we shall identify the pacifying edges of vertices of a symmetric even
graph. Let G be a symmetric even graph. From the definition it is clear that
if diameter of G is d, then for every u,w € G, d(u,u) = d(u,w) +d(w,u) =
d. That is d(u,w) = m implies d(@, w) = d —m. Since d(w,w) = d we have
d(u,w) =d— (d—m) =m.

Now we shall find the pacifying edges of vertices of a symmetric even graph.

Theorem 4.2.3. Let G be a Symmetric Even graph having diameter d.
Then

1. If d is even then the only pacifying edge of a vertex v is vv.

2. If d is odd the pacifying edges of v are
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(a) All edges vy such that y is either ¥ or a vertex adjacent to .
(b) All edges xv such that z is either v or a vertex adjacent to v.

Proof. Let v and vy be vertices such that d(vy,v) = 71, d(ve,v) = 9 and
d(v1,v) < d(ve,v). Now consider the graph G + vivy. If d(v1,v) = d(va,v),
then dgyv,v,(v,0) = d and hence the eccentricity of v does not decrease.
So we can assume that d(vi,v) < d(ve,v). Let u be a vertex belonging
to a shortest v-ve path. If d(u,v) = m, then, since G is symmetric even,
d(u,v) = m. Therefore d(ve,u) < 79 +m. d(ve,u) = ro +m — £ implies
d(u,i) =d—rg—m-—+re+m—~{=d—{, a contradiction to fact that G is
self-centered. Hence d(vq, @) = ro + m. That is, the length of the shortest
path from v to u in G+wvqvy passing through the edge vive is r1+1+79+m.
Thus dg4v,0, (v, @) = min{d —m, r1 + 1 + 79 + m}.

Let w be a vertex in the shortest v-vp path such that d(w,v) = k(ie
d(w,v) = k) and r; + 1 +ro+k =d—k or d—k — 1 according to the
parity of 1 + 7o + 1 and d. For any vertex = such that d(v,z) < k, we
have that dgyy,v,(v,2) < 71+ 712 + 1+ k and for any vertex z such that
d(v,x) > k we have dgiy,v, (v, ) < d— k. That is w is an eccentric vertex
of v in G 4+ vyvy. Hence the eccentricity of v is dg v, (W0, v). Now we shall

consider two cases.

1. Assume d is even. When r; + r9 is odd 71 + 79 + 1 is even and
hence ri +r9o +1+k =d—k or k = %— ”‘L;iﬁq and therefore
eGtmvy(V) =T1+r2a+1+k= % + 7”1+52+1.

When r1+79 is even 1 +7r9+1 is odd and hence r{+ro+1+k = d—k—1
or k = g - % and therefore egiy v, (V) =1+ 10+ 1+d =
ribrg 14§ - R 4y g

Thus eg1v;v, (v) = 44 [mEr2]. This is a minimum when 71 = ro = 0.

That is, the only pacifying edge is vv.

2. Assume d is odd. When r{ 4+ r9 is odd, 1 + 79 + 1 is even and hence
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rm+ro+1l+k=n—k—1orx = %—LQQH and therefore
eGtvvy (Vi) =11+ 1o+ 1+d= d;21 + ”+£72+1 When r{ + r9 is even
r1+r9+1isodd and hence ri +ro+1+k=n—kor x = %—%
and therefore eg iy, (V) =11 + 12 + 1 + k = &L 4 1trd2

Thus €G-y, (v) = G2 + [2H2+2 | This is a minimum when r =
ro =0orry = 1,r9 = 0orry = 0,750 = 1. Consequently, the

pacifying edges are

(a) All edges vy such that y is either v or a vertex adjacent to v.

(b) All edges zv such that x is either v or a vertex adjacent to v.

O

Remérk 4.2.1. The theorems 4.2.2 and 4.2.3 prove that every vertex of
a cycle Cp(n > 5) has at least one pacifying edge.

4.3 Shrinking Edges

In this section we consider the problem of identifying the edge(s) when
added to a graph decreases its radius the most. This helps in having centers
which are more effective than the previous centers. We call such edges the
shrinking edges and shrinking edges of paths, odd cycles and symmetric

even graphs are identified.

Definition 4.3.1. For a graph G, an edge uv € E(G°) is called a Shrinking
Edge if rad(G + uwv) < rad(G + zy) for every xy € E(G°).

We shall identify the shrinking edges of certain classes of graphs.

Corollary 4.3.2. (to Theorem 4.2.1) Let P, be a path vertex set {vy,...,vn}.
Then

1. ifm = 4n+1 for some integer n then the shrinking edges of P,, are the

pacifying edges of Vp_1,Vn, Vng1, Vnt2, V3n, U3nt1, V3nt2 and v3n 3.
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2. if m = 4n + 2, the shrinking edges of P,, are the pacifying edges of
Uns Unt1s Unt2, Usn41, Usnt2 and vspys.

3. if m = 4n + 3, the shrinking edges of P,, are the pacifying edges of
Unt1; Un+2, Uant2 and vsny3.

4. if m = 4n + 4, the shrinking edges of P,, are the pacifying edges of

Unyo and v3,y3.

Proof. Let m = 4n+1. Consider an edge uv in Pf,. If uv is a pacifying edge
of any of the vertices mentioned in the theorem, then by the theorem 4.2.1
the eccentricity of this vertex in P, +wuv is n+ 1 and the eccentricity of all
other vertices is > n+ 1. Therefore rad(P,, + uv) = n+1. Also if uv is not
a pacifying edge of any vertices of P, then the eccentricity of all vertices of
P,,+uv > n+1. Therefore rad(P,,+uv) > n+1. Therefore, shrinking edges
are precisely the pacifying edges of vn—1, Un, Unt1, Unt2, Usn, Usnt1, Usn+2

and v3,13. All other cases can be proved in exactly the same way. O

The table 4.3 gives the shrinking edges of P,,, when m = 4n + 1,4n +
2,4n + 3 and 4n + 4. In each of theses cases the radius is reduced to n + 1.
The following corollary identify the shrinking edges of an odd cycle.

Corollary 4.3.3. (to Theorem 4.2.2) Consider the cycle Coy, 1 having
vertex set {v1,...,va41}. An edge vv; in C5, | is a shrinking edge if and

only if it is the pacifying edge of some vertex v;.

Proof. Let n be even. If vjv;, an edge of C§, , is a pacifying edge of
a vertex vy then egiy;v; (vp) = 5 + 1 and also for all vy # vy, we have
€Gtvw; (Ve) = § + 1. Therefore rad(G + v;v;) = 5 + 1. By adding a single
edge(any of the pacifying edges) the eccentricity of every vertex can be
reduced exactly to § + 1. Therefore an edge is a shrinking edge if and only
if it is a pacifying edge of some vertex. Similarly the case when n is odd.
Here instead of 5§ + 1 we have % O
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71

Table 4.3: Shrinking edges of path P,

m |shrinking Edges C(Pm + uv)
Un—2U3n Usn
Un—1V3n—1 U3n
Vn—1U3n V3n
Un—-1U3n+1 Un—1,U3n, U3n+1
UnU3n—1 Usn
UnU3n V3n, U3n+1
in +1 UnU3n+1 Un,y U3n, U3n+1
UnU3n+2 Uny Un+1,U3n+1, U3n+2
VUn+1U3n V3n
Un+1U3n+1 Un+1,VU3n+1
Un+1U3n+2 Un+1,Un+2, U3n+2
Un+1U3n+3 Un+1,Un+2, UV3n+3
Un+42V3n+1 Un+2
Un42U3n+2 Un+41, Un+2
Un42U3n43 Un+2
Un+42V3n+4 Un+2
Un+3U3n+2 Un+2
Un43U3n43 Un+2
Un—-1U3n+1 V3n+1
UnU3n V3n41
VUnV3n+1 V3n+1
UnU3n+2 Un, U3n+1, U3n+2
Un+1U3n+1 V3n+1
dn + 2 Un41U3n+2 Un+41,V3n+2
Un+1U3n+3 Un+1,Un+2,U3n+3
Un42U3n4-2 Un+2
Un+2U3n+3 Un+2
Un+42U3n+4 Un+2
Un+3U3n+3 Un+2
VnU3n+2 V3n+2
Un+1U3n+2 V3n+2
n+3 Un+1U3n+3 Un+1,U3n+3
Un42U3n43 Un+2
Un42U3n44 Un+2
Un+1U3n+3 V3n+3
dn +4 VUn42U3n+4 Un4-2

Finally, we give the shrinking edges of symmetric even graphs
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Corollary 4.3.4. (to Theorem 4.2.3) Consider the symmetric even graph
G. An edge uv in G° is a shrinking edge if and only if it is the pacifying

edge of some vertex v.

4.4 Conclusion

In this chapter we introduced the concept of pacifying edges and shrinking
edges of the vertices of a graph and the same has been identified for paths,
odd cycles and symmetric even graphs. It is established that the pacifying
edges of the vertices of a path depends on the ratio of the distance of the
vertex to the end vertices. A far as the odd cycles and symmetric even
graphs are considered, the pacifying edges of any vertex depends on the
parity of the radius of the graph. Shrinking edges of the path depends on
the remainder that we get on dividing the length of the path by four. Any
edge that is a pacifying edge of some vertex of the odd cycle or symmetric

even graph is shown to be a shrinking edge of the graph.



Chapter 5

Median Sets and Median Num-
ber

5.1 Introduction

In this chapter we study another centrality measure called median. In fact,
the generalisation of the median of a graph to median of arbitrary profiles
of a graph is being considered. Given a graph it is possible to have infinitely
many profiles, but the number of distinct medians of these profiles is finite
and in many cases it much less than the maximum possible number of
2™ — 1. We make an enumeration of the number of distinct medians of all
profiles of a graph.

For the profile 7 = (vy,...,v;) and x € V, the set of all vertices = for which
D(z,7) is minimum is the Median of m in G and is denoted by Mg ().
When the underlying graph is obvious we write M (7) instead of Mg(m).
A set S such that S = M () for some profile 7 is called a Median set of
G.The number of distinct Median sets in G is called Median number of
graph G and is denoted by mn(G). Here we identify and enumerate the
median sets of various classes of graphs. But before that we have a small

result connecting the median number and the interval number of a graph.

Proposition 5.1.1. For any graph G = (V, E) on n vertices, in(G) <
mn(G) < 2" — 1.

Proof. The upper bound is obvious as it is the number of nonempty subsets

of the vertex set. For every v € V, v is a median set of the profile (v).

73
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For every u,v € V the set I(u,v) is the median set of the profile (u,v).
Therefore in(G) < mn(G) < 2" — 1. O

5.2 Median number of some classes of graphs

5.2.1 Median number of Complete graphs

Proposition 5.2.1. mn(K,) = 2" — 1, where K, is the complete graph

on n vertices.

Proof. In K,, each nonempty subset of the vertex set is a median set,
namely, of the profile formed by taking all the elements of the set exactly
once. Therefore the number of distinct median sets is the number of non-
empty subsets of V' which is 2" — 1. O

5.2.2 Median number of K, —e

Proposition 5.2.2. If e = uv is an edge of K,, n > 3, then the class of
median sets of K,, — e consists of V together with all subsets of V' which

do not simultaneously contain u and v.

Proof. Let e = (u,v) € E. For every vertex set S such that {u,v} ¢ S,
there exist a profile which has S as its Median set, namely the profile
formed by taking the vertices of S exactly once. Let m be a profile which
does not simultaneously contain v and v. Then M () is a subset of the
set of vertices corresponding to the profile 7 and hence does not contain
u and v. Now, let m be a profile which contain both u and v. Then if u
or v is repeated more than the other in the profile then D(u,7) # D(v,7)
and so they cannot appear together in the M (7). Assume that 7 contain
both v and v where both are repeated the same number of times. Let
the profile be (z1,..., 2k, u,...,u,v,...,v), m > 1. For z;,1 < i < k,
—_—— A —

m times m times
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D(zj,7m) < k—142m. Also, D(u,m) = k+ 2m and D(v,7) = k + 2m.
Therefore M (m) does not contain both w and v. Now the profile (u,v) has
V as its Median set. Hence V is the only Median set which contain both
u and v. Therefore the class of all Median sets of the graph consists of V'

and all subsets of V' which do not simultaneously contain » and v. U
Corollary 5.2.3. mn(K, —e) =3 x 272 .

Proof. If e = uv, by the above proposition, the median number of K,, — e
is one more than the number subsets of V' which do not simultaneously

contain u and v.

mn(Kn —e) = (1) + (3) = ("57) + (3) = (") + -+ (20) = (25) + ()
=2"—1-(2"?%-1)
—on _ 2n72

=3 x 2" 2

O

Illustration 5.2.1. Consider the graph Kg — e given in figure 3.2. Here

e = v1vg. All the subsets of V except the following are center sets.

—_

. Av, v}

. Avr, v, 03}, {v1,v2, v4}, {v1, V2, 05}, {v1, v2, 6}

. {v1,v9,v3,v4}, {v1,v9,v3, 05}, {v1,v2, 03,06}, {v1,v2, 04,05},
{v1,v2,v4,v6}, {v1,v2,v5,06}

. {v1,v2,v3, 04,05}, {v1,v2,v3, 04,06}, {V1, V2, V3, V5, 06},

{v1,v2,v4, 05,06}

w N

W

Proposition 5.2.4. [13] Let G = (V, E) be a Median graph. For any
profile 77 in G the Median Set is an interval I(u,v) in G.
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5.2.3 Median number of Block graphs

First, we shall evaluate the median number of trees.

Proposition 5.2.5. The Median number of a tree T" on n vertices is
net (3)

Proof. Since T' is a median graph, by the above proposition all Median sets
are intervals. As observed in the proof of proposition 5.1.1 all intervals are
Median sets. Therefore, class of Median sets of T is precisely the class of
intervals of T which is the class of all paths inT. Hence the Median number
is the number of distinct paths in 7" which is n + (Z) O

Now we shall identify the median sets of block graphs which are in fact

generalisations of both complete graphs and trees.

Lemma 5.2.1. The median sets of a block graph are either intervals or

cliques.

Proof. Let G = (V,E) be a block graph and let Si denote its skeleton
graph which is a tree. Let m = (v1,...v) be a profile in G. Consider the
same profile 7 in S¢ and let Mg, (7) be the median of 7 in Sg.

First assume that there exists a vertex v of G in Sg such that v € Mg ().
Then Dg,(v,7) < Dg,(x,m) for every x € V(Sg). For each u € V,
ds (u,v;) = 2dg(u, v;) and therefore Dg,, (u,m) = 2D¢(u, 7). Hence

D¢ (v, ) < Dg(u,m) for every u € V(G). Hence,

veE Mg, (r) = wve&Mg(m) (5.1)
Conversely if v € Mg (m) then
D¢g(v,m) < Dg(z, ) (5.2)

for every x € V(G).
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Consider 7 as a profile in the tree Sg. Since S¢ is a tree, Mg, ()
is a path. If uy,...up are the vertices of GG in this path in the order of
occurrence, then by 5.1 and 5.2, uy,...,u; form the median of 7w in G.
There exists a block containing u; and us, say Si, a block containing us
and ug, Sa, ..., a block containing ug_1 and ug, Sp_1. Hence uy...uy is
an interval in G.

Now assume that 7 is a profile of G such that, Mg, () does not contain any
vertex of G. Then Mg, (m) = {S} where S corresponds to a block of G. Let
u1,Us ... U, be the vertices adjacent to S in Sg. That is, ui,us ... u, are
the vertices belonging to a block(corresponding to S) in G. Since S is the
only median of 7, Dg, (ui,7) > Dg,(x,m) for 1 <4 < r. This implies that
as we move from S to any of its adjacent vertices in S¢, Dg, () increases
and hence as we move further Dg, () further increases. In other words
minimum of D¢g(7) is a subset of {ui,...,u,}. or the median of 7 in G
is a clique. Hence the median sets of a block graph are either intervals or

cliques. O

Theorem 5.2.6. The median number of a block graph is the number of

intervals + number of cliques of size greater than 2.

Proof. Let G be a block graph. If G is complete then, since singleton sets
and pairs of adjacent vertices are the intervals the theorem is obvious. So
assume G is not complete. Consider the interval I(u,v) where u and v
are non adjacent. Then if 7 = {u,v}, M(w) = I(u,v). Also any clique
is a median set, namely, of itself. Hence the sets of intervals(this includes
cliques of size 1 and 2) together with cliques of size greater than 2 forms
the set of median sets of a block graph. In other words

mn(G)=number of intervals + number of cliques of size greater than 2. O
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5.2.4 Median number of Hypercubes

Initially, we quote the following theorem.

Proposition 5.2.7. (Imrich et al.,[69]) Let @, be a hypercube. Then, for
any pair of vertices u,v € @, the subgraph induced by the interval I(u,v)

is a hypercube of dimension d(u,v).
Theorem 5.2.8. For the Hypercube Q,, mn(Q,) = 3"

Proof. Since @, is a Median graph, by Propositions 5.2.4 and 5.2.7 every
Median set of @, is a subcube. Also in any graph G, I(u,v) is the median
set of the profile (u,v), where u, v € V(G). Thus in a hypercube every
subcube is a Median set. Therefore, the Median sets of (), are precisely the
induced subcubes. So the Median number of @, is the number of subcubes
of Q. Every vertex of ), contain r co-ordinates where each co-ordinate is
either 0 or 1. Keeping k co-ordinates fixed and varying 0 and 1 over the
other r — k positions we get a subcube of dimension r — k. By varying 0’s
and 1’s over these k positions we get 2F such subcubes. The k positions to
be fixed can be chosen in (Z) ways. So, the total number of subcubes of
dimension r — k is 2F x (,’;) Therefore the total number of subcubes of Q,
is > (5) x2F=3". O

0<k<r

5.2.5 Median number of Wheel graphs

Theorem 5.2.9. Let W,, n > 7 be the wheel graph with vertex set
{v1,v2,...,0n_1,v,} and having v,, as the universal vertex. The median

sets of W, are

(1) {vi},1<i<n
(2) {vi,vi@(n,l)l}a 1<i<n—-1
(3) {vi,vp},1<i<n—1
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(4) {vi, v, Vig 11 <i<n—1
(5) {vi, vj,on}l < 0rj <m =1, de, (03, 0g) >3

(6){vi’vi@(nfl)lavi@(n,l)%vn}a 1<i<n—-1.

Proof. Let Cp,—1 be the cycle vy, va,...,v,-1,v1. Each singleton set {v;},
1 < i< n—1,is a Median set. The sets {v;,v;}, where v; and v; are adjacent
are also Median sets. The profile (vi,vi@(n_l)l,vn), 1 <7< n-— lhas
{W,Uz‘@(n,l)l,vn} as Median set. The set {vi,vi@(nfl)l,vi@n_lg,vn} is the
Median set of the profile (v;, vi@(n71)2)' Let m = (x1,x2,...,x) be a profile
of W, which contain the universal vertex v,. Then since m contain the
vertex vy, D(vy,7) < k— 1. If some v;, 1 < i < n— 1, belong to M ()
then D(v;,m) < k—1 and this implies x; = v; at least for some j. Also, the
number of z;’s with d(v;, z;) = 2 is less than the number of repetitions of
v; in w. Let vg be such that d(vg,v;) = 2. Then vy belong to M (7) implies
number of repetitions of vy is greater than the number of repetitions of v;
in the profile 7. But these two statements are contradictory. Thus for a
profile which contain the universal vertex the Median set cannot contain
two vertices which are at distance 2. Hence the only possible Median sets

for such a profile are
i) sets of type {v;, Ui@(n,l)l}
ii) sets of type {v;, v, }
iii) sets of type {v;, Vi (115 Un }.

Now, let # = (x1,...,2x) be a profile which does not contain v,. Then
D(vy,m) = k. If some v;,1 < i< n—1belong to M(x), then D(v;, 7) < k.
Let v; be such that v; € M(m) and d(v;,vj) = 2. Then D(v;,7) < k. since
D(vi,m) <k,

number of zeroes in {d(v;, x1),...,d(v;,xx)} > number of twos in {d(v;, x1),

..., d(vi, ) . Similarly, number of zeroes in {d(v;,x1),..., d(vj,zp} =
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number of twos in {d(vj,z1),...,d(v;, zx}.
Thus, number of repetitions of v; in 7 = number of repetitions of v; in 7.
Now, let dc,,_, (vi,v;) = 2. Without loss of generality, we may assume that

J =1 ®@n-1) 2. If some vertex other than v;, Vigy(_1)1> Vidd (_1)2 belong to m

(
then D(v;, ) = D(vj, ) > D(vn, 7). lfvig, 1 € 7 then D(vig,,_,1,7) <
D(v;,m). Therefore m can only be (v;,...,v;,vj,...,v;) where v; and v;
are repeated the same number of times. Since j = i ®(,_1) 2, we have
D(vi,m) = D(vj,m) = D(vn,m) = D(vig,_,y1,7) and for all other z € V,
D(x,m) > k. Hence

M(m) = {vi,vig,_1 1, Vier,_1y2, Un}- I do,_ (vi,vj) # 2 then some vertex

(

other than v; and v; belong to 7 will contradict the fact that v; and v;
belong to M(m). Therefore, in this case also m = (v;,...,v;,v),...,v;)
where v; and v; are repeated the same number of times. Here D(v;, 7) = k,
D(vj,m) =k, D(vy,m) = k and for all other z € V, D(z,7) > k. In other
words M (m) = {v;,vj,vn}.

Hence the only Median sets are

) {v},1<i<n

2) {vi,vi@(nfl)l}, 1<i<n—-1

3) {vi, v}, 1 <i<n—1

4) {vi,vn,vi@(n_l)l}, <i<n—-1

5) {vi,vj, v}l < 0,5 <n—1,deg,_ (vi,v5) >3
6){%‘,Uz‘@(n,l)lavz'@<n,1)2avn}, 1<i<n-1.

(
(
(
(
(
(

O

Remark 5.2.1. When n = 6 all the above mentioned sets except in item

5 are median sets. The sets mentioned in item 5 are not present in Wy
Corollary 5.2.10. For the wheel graph W,,, n > 6, mn(W,,) = %

Proof. By Theorem 5.2.9, for n > 6,
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mn(Wn)=n+n—1+n—1+n—1+w-|—n_1:%.

When n = 6, w = 0. Thus by Remark 5.2.1 we have mn(W,,) =
% for n > 6. O

Illustration 5.2.2. We shall list the median sets and thus find the median
number of Wy(See figure 3.3).

L {oi}, {va}, {vs}, {va}, {vs} {ve}, {v1} {va}, {vs}

2. {v1,v2}, {vo,vs}, {vs,va}, {va,v5}, {vs,v6}{vs,v7}, {v7, 08},
{vs, v1}

3. {v1,v9}, {va,v9}, {vs,v9}, {v4,v9}, {vs,v9}{ve,v9}, {v7,v9},
{vs,vo}

4. {v1,v9,v9}, {vo,v3,v9}, {v3,v4,v9}, {v4, 05,09},
{05506509}{2}6’”7’”9},{1)7’/08’/09},{/08,2}1,2}9}

5. {v1,v4,v9}, {v1,v5,v9}, {v1,v6,v9}, {v2,v5,v9}, {v2,v6,v9},
{1)2,1)7,1)9}, {1)3,?)6,?}9}, {1)3,1)7,1)9}, {1)3,1)8,1)9},{1)4,1)7,1)9},
{v4, vs,vo},{vs, vs, vo }

6. {v1,v2,v3,09}, {v2,v3, 04,09}, {V3,v4,v5,v9}, {V4,v5,v6,09},
{’1)5,’06,’07,Ug}{v6,’l)7,’l)8,’09},{U7,’l)8,’l)1,’09},{1)8,1}1,”02,1}9}

Thus the median number of Wy is 94+-8+8+8+12+8 = 53. From the formu-

lae for median number of wheel graphs we have mn(W,,) = W =53

Now we shall identify the median sets and hence compute the median
number of W5 having vertex set {v1, ve,vs,v4,v5} where vs is the universal
vertex. Each singleton set, pair of adjacent vertices and triple of vertices
that induces a clique are median sets, namely of itself. As we proved in
the theorem it can be shown that a profile containing the vertex vs cannot
contain two vertices at distance 2.

Now assume that 7 is profile that does not contain vs and M (7) contains vy

and v3. Then assume that v; is repeated n; times in the profile for 1 < i < 4.
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Then D(vi,m) = ng + 2n3 + ng, D(ve,7) = n1 + ng + 2ng, D(vs,7) =
2n1 + ng + ng and D(vg, ) = n1 + 2ny + n3. Since v; and vg belong to
M (m) we have that ny = n3 and ny = nyg. This gives D(v;, ) = 2n1 + 2ns
for i < i < 5. Hence M(7m) = {v1,v92,v3,v4,v5}. That is, this is the only
median set that contain two vertices at distance 2. Thus the only median

sets of W5 are

—

[\)

. {vi,vj} where v; and v; are adjacent.

w

. {vi,vj, v} where v;,v; and vy, induces a clique.

W

. {v1,v2,v3,v4, 05}

Hence the median number of Wj is 18.(See figure 3.4)

5.2.6 Median number of Complete Bipartite graphs

Theorem 5.2.11. For the complete bipartite graph K, ,, m < n, m > 2,

all nonempty subsets of V (K, ) are median sets.

Proof. Let (X,Y) be a bipartition of K,,, with |[X| = m and Y| = n.
Let X = {z1,...,zp} and Y = {y1,...,yn}. Let A be a k-element sub-
set of X with & < m. Without loss of generality we may assume that
A={z1,..., 28}

If £ < n, take 7 = (x1,...,2%,Y1,...,Yn). For each z;, 1 < i < k,
D(z;,m) =2(k—1)+n. For each z;, k+1 < i <m, D(z;,7) = 2k +n. For
each y;, 1 <i < n, D(y;,7) =2(n — 1) + k. Therefore, A = {z1,..., 2} =
M (7).

If k =n, then ™ = (y1,...,yn) has Median set A = {z1,...,xx}. Therefore,
every subset of X is a Median set.

Now, let B CY with B ={y1,...,yx}
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If £ < n then as in the previous case 7 = (z1,...,Zm, Y1, .., Yk) has Me-
dian set B.
Now, let k& > m and let 7 be the profile (1, ... 21, ..., Tm, -« o s Tiny Y1y -« - Yk),

where each z; is repeated the same number of times,(say) 7.

For each y;, 1 <i < k, D(y;, ) = 2(k — 1) +mr, for each y;, k+1 < i < q,
D(y;,m) = 2k +mr, and for each z;, 1 <i < n, D(x;,m) =2r(m—1) + k.
Moreover, 2(k — 1)+ mr <2r(m—1)+k < k—-2<(m—-2)r & r > %

(m > 2). That is, if each z; is repeated r times where r > % then

M (m)=B.

Now, let C = {z1,..., 2k, 91, -, Yr}, L <k <m, 1 <7 < n.

Take m = (Z1, ..., @1, oy Thye ooy Thy Ylyeve s Ylye -+ s Yry - - -, Yr) Where each
x; is repeated s, times and y; is repeated s, times.

For each z;, 1 <i <k, D(x;,m) =2(k — 1)s, + sy, for each y;, 1 <i <7,
D(y;,m) = 2(r—1)sy+ksy, for each ;, k+1 < ¢ < p, D(xj, ) = 2ksy+7rsy
and for each y;, r+1 <i < q, D(y;, ) = 2rsy+ksy. Any z;, k+1<i<p
or y;, r+ 1 < i < g cannot be in M (7).

Now, 2(k — 1)sy + rsy = 2(r — 1)sy + ks & (k — 2)s, = (r — 2)sy.
Hence for any s, and s, such that (k — 2)s, = (r — 2)s,, the profile
(T1y e e @1y s Ty oo s Ty YLy oo ey Yy« -« s Yrs - - - » Y ), Where each z; is repeated
s, times and y; is repeated s, times, has C' as its Median. Therefore, every

nonempty subset of X UY is a Median set. U

The following corollary is an immediate conclusion of the theorem.

Corollary 5.2.12.

2m+tn _ 1 when m < n,m > 2

mn(Kmn) =19 when m =n = 2

)

2
DS when m =2, n > 2
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Proof. When m < 2 and m < n from the theorem we have that all
nonempty subsets are median sets. That is, mn(Ky,,) = 2™t — 1 If
m = n = 2 then we get C4, a median graph and the median sets of such
graphs have been identified as intervals and therefore its median number is
9..

So we assume that m = 2 and m < n. Let ({1,229}, {y1,92,...,yn}) be
the bipartition. It is clear that {1} and {z2} are median sets. The profile
(y1,Y2,---,Yn) has {x1,x2} as the median set. Thus all subsets of {x1, x5}
are median sets. Let m be a profile and let ky be the number of repetitions
of y1 in 7, ko be the number of repetitions of y, in =, ..., k;, be the number
of repetitions of ¥, in m, 1 be the number of repetitions of x1 in m and /5
be the number of repetitions of o in 7

D(y1,m) =Ly + Lo +2(ky + k3 + -+ k)

D(xy,7m) =2lo+ (k1 + -+ + ky) and D(xo,7) = 201 + (k1 + -+ + ky,) Let
y1 € M (m). Then,

O +lo+2(ka+ks+- - -+ky) <min{2lo+ (k1 +--+kpn), 200+ (k14 - -+kn) }
Here shall take some cases

Case-1: {1 < ly. Then we have 1 + 0y +2(ko+ks+---+ky) <201+ (k1 +
-+ ky) and 1 + fo > 2¢1. Therefore, 2(ko + ks + -+ ky) < k1 +---+ ky
or ki > ko+ksy+---+k, Hence ki +ks+---+k, > ko+ks---+k,. Hence
y2 ¢ M(m). Thus, in this case no other y; is in M (n). If ko + -+ -+ k, = {1
and k; = f then we get that M(m) = {x2,y1}. This in facts gives that
{zs,y;}i =1,2,1 < j < nare all median sets.

Case-2: Assume ¢4 = 0y = {. D(xy,m) = 20+ (k1 + --- + k,) and
D(xg,m) =20+ (k1 + -+ ky) and D(yy,7) = 204+ 2(ko + ks + -+ + ky)
and therefore

20+ 2(ko + ks + -+ + kn) <20+ (k1 + - + k). That s,

ko + ks + -+ kp < ky.

Subcase 2.1: ky + k3 + - -+ + k, = k1. Further let k; = ky for some i say
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2. Then M(m) = {x1,22,y1,y2}. That is, {z1,22,v;,y;}1 < 4,5, < n are
all median sets. If k; # ky for any i then M (7)) = {x1,29,y1}. That is,
{z1,z2,y2} is a median set. Hence {1, z2,y;}, 1 < 1,7, < n are all median
sets.

Subcase 2.2: ky+ks+---+ky < k1. In this case M (m) = {y1}. Therefore

{yi}, 1 <i < n are all median sets.

Thus the median sets of K, ,, m = 2,n > 2 are

1. {z;},i=1,2

2. {561,562}

3. {wiy;}i=1,2,1<j<n

4. {yi}, 1<i<n

O. {$1,$27yz‘}7 1< 2‘7j7< n

6. {$1,$27yz‘,yj}7 1 g Z‘7j7g n

7. {xlax2,ylay25 s ayn}
Hence the median number of K3, where n > 3 is given by 2+1+2n+n+
n+ n(n;l) +1= n2+’;n+8 |

1 1)
Y1 Y2 Y3 Ya Ys

Figure 5.1: Ko5

Illustration 5.2.3. Here we shall list the median sets of different types
in K2,5.
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1. M(x1) = {1}

2. M((y1,92,Y3,Y4,Y5)) = {w1, 72}

3. Let m = (z1,21,%2,Y1,Y2,y2). Then D(x1,7) =5,D(x2,7) =7,
D(y1,m) =7, D(y2,7) =5, D(ys,m) =9, D(ya,m) =9,
D(ys,m) = 9. Hence M(7) = {z1,y2}.

4. M((y1)) =A{y1}

5. Let m = (21, %2,91,Y1,Y2,Y3), D(x1,7) =6, D(x9,7) =6
D(y1,m) = 6D(y2, m) =8, D(ys,m) =8, D(ys,m) =10,
D(ys,m) = 10. Hence M ((x1,x2,y1,Y1,Y2,Y3)) = {T1,T2,y1}

6. m={21,22,91,Y1,Y2,y2} D(21,m) =6, D(z2,m) =6,

D(y1,m) =6, D(y2,m) =6, D(ys,m) =10, D(ys,m) = 10,
D(ys,m) = 10. Hence M ((x1,z2,y1,Y1,Y2,93)) = {T1,%2,91, Y2}

5.2.7 Median number of Cartesian Products

Definition 5.2.13. Let m; and 72 be profiles in graphs G; and G respec-
tively with w1 = (uq,...,uy,) and o = (v1,...,v,) then we define m x my
by m x mp = ((us,v5)|1 <i<m,1<j<n).

w1 X o is in fact a profile of G10Gs.
If V(Gy) = {u1,...,un}, V(G2) = {v1,...,u,}, m1 = (u1,uq,us) and
o = (v1, V2, v2) then m X g is
((u1,v1), (u1, v2), (U, v2), (w1, v1), (u1, v2), (U, v2), (U2, v1), (uz, v2), (uz, v2))
Lemma 5.2.2. Let m; and 7o be profiles in the graphs G; and G re-
spectively. If Mg, (m1) = My and Mg, (ma) = My, then Mg, 0, (m X ma) =
My x Ms.

Proof. Let my = (ug,ug,...,Uy), T2 = (v1,v2,...,v,) and M = M (7 x72).
w1 Xy = ((ug,v1), .oy (U1,0n),y ooy (Umy01)y e ooy (U, Up)). IE
(z1,91), (22,92) € V(G10Gy), then

dc,o6, ((z1,91), (T2,92)) = da, (1, y1) + da, (22, y2), see[9].
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For an (z,y) € V(G10G»),
D((.%'7y),71'1 XT(?): n Z d(xaul)—i_m z d(y7vl)
1<i<m 1<i<n

Let (a,b) € My x My ie a € My and b € Ms. Then,

Z d(a,u;) < Z d(z,u;),Yx € V(Gy)

1<is<m 1<i<m
S dbv) <Y dly,vi), Yy € V(Ga)
1<isn 1<isn

Therefore,

n Z d(a,u;) +m Z d(b,v;) <n Z d(z,u;) +m Z d(y,v;),

1<i<m 21<i<n 1<i<m 1<i<n

V(z,y) € V(G10OG2)

Hence, D(((Z, b)?ﬂ-l X 7T2) < D((x,y)aﬂ-l X 772)5 \V/(Cﬂ,y) € V(GIDGQ)
Thus, (a,b) € My x My = (a,b) € M or M; x My C M
Now, let (a,b) € M

D((a,b),m X M) =n Z d(a,u;) +m Z d(b,v;)

1<i<m 1<i<n
<n E d(xaul)+m E d(y’vi)’
1<i<m 1<i<n

V(x,y) S V(Gl X GQ)
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If for some o’ € V(Gy1), >, d(z',u;) < > d(a,u;), then

1<i<m 1<i<m
n Z d(z',u;) +m Z d(b,vi) < n Z d(a,u;) +m Z d(b,v;)
1<i<m 1<i<n 1<i<m 1<i<n

This contradicts (a,b) € M = M (m x m2).
Therefore Z d(a,u;) < Z d(x,u;),VYr € V(G1) and

1<i<m 1<i<m

Z d(b,v;) < Z d(y,u;),Yy € V(G2)

Hence, a € My and b € M, or (a,b) € My x M,. That is,
M = M1 X MQ. |

Theorem 5.2.14. Consider the graphs G; = (V1, E1) and Gy = (Va, E3).
An M C V(G10G2) is a median set if and only if M = M; x My where M;

and Mo, are median sets of G1 and G respectively.

Proof. By the above lemma the product of Median sets of G; and Gy is
again a Median set of G10OG5. Now, let M be a median set of G10G5,
with M = M(w) where 7 = ((u1,v1), ..., (ug,vx)). Let m = (uq,...,ug),
o = (v1,...,0%), M1 = M(m) and My = M(ms). Let (a,b) € M.

We have

Z d(a,u;) + Z d(b,v;) < Z d(x,u;) + Z d(y,v;), Vo € V(G1),

1<i<k 1<i<k 1<i<k 1<i<k

Vy S V(Gg)
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kDY dlayw) + kY dbe) <k Y dw)+k Y dly,v),

1<i<k 1<i<m 1<i<k 1<i<m

V(x, y) S V(Gl DG2)

In other words, D((a,b), 71 xm2) < D((x,y), 71 X m2), ¥Y(z,y) € V(G10Gs).
o (a,b) € M(my x mg) or M C M(my X ma).

Let (a,b) € M(m x m). Then D((a,b),m X m) < D((z,y),m X m2),
Vo € V(Gy),Vy € V(G2). That is

kDY dlau)+k D> db) <k D> dmu)+k Y dy,v),

1<i<k 1<i<k 1<i<k 1<i<k

Vz € V(Gy),Vy € V(Gs).

> d(a,u) + D dbe) < Y dmu) + Y dy, ),

1<i<k 1<i<k 1<i<k 1<i<k

Vz € V(Gy),Vy € V(Gy).

L d((a,b), (s v) < Y d((2,y), (ui,v), Y@, y) € V(GIOGy).

1<i<k 1<i<k

Therefore, (a,b) € M which implies M (m1 xm2) C M or M = M (71 X mwa) =
M (my) x M(m2). Thus, the class of all median sets of G1OGj3 is the same

as the class of all Cartesian products of median sets of G1 and Go. O

Corollary 5.2.15. mn(G10G2) = mn(G1) x mn(Gs)

We can generalise the above result to the product of any (finite)number

of graphs.
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Corollary 5.2.16. IfGy,...,Gk are k graphs, then
mn(G10...0G) = mn(Gi) X ... x mn(Gg)

The above corollary can be used to find the Median number of various

classes of graphs.
Corollary 5.2.17. For the hypercube Q,, mn(Q,) = 3".

Proof. Since Q, = K>O...0K>,
—_——

r times

mn(Q,) = mn(Ksa) X ... x mn(K3)

/

v
T times

=3x...%x3
———

r times
=3

Corollary 5.2.18. If G is the Grid graph P,OP;, mn(G) = ((3) + 1) x
((5) + ).

Corollary 5.2.19. If G is the Hamming graph K, 0K,,0...0K, ,
mn(G) = (2P —1) x (2P2 — 1) x ... x (2P —1).

5.2.8 Median sets of Symmetric Even Graphs

Lemma 5.2.3. The only median sets of a symmetric even graph G which

contains a vertex and its eccentric vertex is V(G).

Proof. Let a and b be two eccentric vertices of the cycle G which belong
to M (m) where m = (z1,...,xy) is profile in G. Let D(a,m) = D(b, ) = s.



5.2. Median number of some classes of graphs 91

Then

D(a,7)+ D(b,m) = d(a,z1)+...+d(a,zr) +d(b,x1)+ ...+ d(b,xg)
= d(a,z1) +d(b,x1) + ...+ d(a,zx) + d(b, x)
= d(a,b)+...+d(a,b)

k times

= kr

Hence 2s = kr Now, suppose M (7) # V. Then there exists an « € V such
that D(z,7) > s. Thatis, d(z,v1)+...+d(z,vr) > s. Let y be the eccentric
vertex of z. d(y,v1)+...+d(y,vr) = s. Therefore, d(z,vi)+...+d(z,vg)+
d(y,vi) + ...+ d(y,vr) > 2s. That is, d(x,y) + ... + d(z,y)(k times)> 2s
or kr > 2s, a contradiction. Therefore,any set distinct from V' which is
a Median set cannot contain two eccentric vertices. Also, M((a,b)) =V,
since a and b are diametrical and I(a,b) = V. Hence the only median set

of G which contain a vertex and and its eccentric vertex is, V. ]

Corollary 5.2.20. For a symmetric even graph G with |V (G)| = 2r,
mn(G) < 3".

Proof. Let V be the vertex set of G with V. = {wvy,...,v9.}. Let A=
{§ : S CV and S does not contain any pair of eccentric vertices}. By
the above lemma the set of all Median sets is a subset of AU {V'}. Hence
mn(Cy) < |A|+ 1. Let B; = {v;,viyr}, 1 < i < r. Now A consists of all
subsets of V' which does not simultaneously contain both the elements from
the same B;, 1 < i < r. The number ways of choosing a k-element subset of
V' so that it belongs to A is the product of the number of ways of choosing
k B;’s from the r B;’s and the number of ways of choosing one element from
each of these chosen B;’s. That is, (}) x 2%. Therefore [A| = >, _; (}) x 2~.
Hence mn(G) < ( Y. () x20)+1= Y (7)) x2F=3". O

1<k<r 0<k<r
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5.3 Conclusion

We have identified and enumerated the median sets of different classes of
graphs. In the course of proving theorem 5.2.14 it was shown that median
set of any profile in a Cartesian product graph is the product of the median
sets of its projections. For symmetric even graphs, we proved that any
S C V such that S does not contain a pair of eccentric vertices is a median
set. As far as the hypercubes are concerned all such sets are not median
sets. In fact the median sets are precisely the subcubes. For the hypercube
@, the median number is 3" and this is much less than the bound, 32“1,
provided by the above corollary. In the case of even cycles, another class
of symmetric even graphs, all the sets mentioned above were seen to be
median sets with the help of computer programs. That is the median
number of even cycles are seen to achieve this bound. We could not find a

mathematical proof of this and hence we propose the following conjecture.

Conjecture 1. Given the cycle Cy, having 2r vertices, an S C V(Cy,) is
a median set if and only if either S = V(Cs,) or S does not contain a pair

of eccentric vertices and therefore mn(Cs,) = 3".



Chapter 6

Fair Sets

6.1 Introduction

The measures of centrality that we have discussed, center and median corre-
spond to the effectiveness oriented model and the efficiency oriented model
of the facility location problems. A third approach is the equity oriented
model where equitable locations are chosen, that is locations which are more
or less equally fair to all the customers. Issue of equity is relevant in locating
public sector facilities where distribution of travel distances among the re-
cipients of the service is also of importance. Most of the equity based study
of location theory concentrate either on comparisons of different measures
of equity [84] or on giving algorithms for finding the equitable locations
[17, 18, 74, 82, 87]. Also in many optimization problems, we have a set
of optimal vertices. If we want to choose among these, one of the impor-
tant criteria can be equity or fairness. In this chapter we define a measure
called partiality and various classes of graphs are studied in respect of this

measure of centrality.

Definition 6.1.1. For an z € V and S C V, min(x, S) denotes the mini-
mum of the distances between x and vertices of S and maz(zx,S) denotes
the maximum of the distances between x and vertices of S. The partiality
of x with respect to set S in G, denoted by f(x,S) = max(z, S)—min(z, S).
For a given vertex set S, the set {v € V : f(v,s) < f(z,5) Vx € V} is de-
fined as the fair center of S and is denoted by FC(S). Any S’ C V such
that S” = FC(S) for some S C V, |S| > 1, is called a fair set of G.

93
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Example 6.1.1. Consider the following graph and the vertex set S =
{v1,v3, v5,v6}-

V4

U1 V2 U3

Us

Figure 6.1

The table below shows the distances of all the vertices of the graph to

vertices vy, vs, vs and vg and the last row shows the difference between

the maximum and the minimum of each column.

Table 6.1
V1 | U2 | V3| Vg | Vs | Us
U1 0 1 2 3 3 3
VU3 2 1 0 1 1 1
Vs 3 2 1 2 1 2
Vg 3 2 1 2 2 0
f (v, S ) 3 1 2 2 2 3

Here f(v,S) is minimum for vy and hence FC(S) = {vq}

6.2 Graphs with connected fair sets

In this section we characterize those chordal graphs for which the subgraph

induced by fair sets are connected.
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Theorem 6.2.1. For any tree T, the subgraph induced by any fair set is

connected.

Proof. Let A be a fair set with A = FC(S) where S = {vy,...,v;}. Let
u,v € A. Assume that vy, ..., v; are such that d(u,vy) < -+ < d(u,vg). Let
P be the path uuy ... u,v. At each stage as we move from u to v through
the path P, let dq,...,d; denote the distance between the corresponding
vertex of the path and vy,..., v respectively. At w, f(u,S) = d — dj.
Since in any tree, the distances of two adjacent vertices from a given vertex
differ by one, we have f(u1,.5) is either f(u,S) or f(u,S)+1 or f(u,S)+2.
To prove f(u1,S) = f(u,S), we consider the following cases.

Case 1: f(u1,5) = f(u,S) + 2.

We first consider f(ui,S) = f(u,S)+ 2. This is possible only when dj, in-
creases by one and d; decreases by one as we move from u to uy. Therefore,
as we traverse from u to v through P, and the graph is a tree, d; always in-
crease by 1, so that the partiality cannot decrease. Hence f(v,S) > f(u,S)
which is a contradiction to the assumption that u,v € A.

Case 2: f(u1,5) = f(u,S) + 1.

Subcase 2.1: As we move from v to uj, di increases by one and the
role of vy is taken by some other vertex say vs. Then similar to the Case
1, we can see that f(v,S) > f(u,S), and a contradiction is obtained.

Subcase 2.2: The role of vy is taken by another vertex, (say) vg_1,
so that the maximum distance remains the same(here dy_1) and d; de-
creases by one. Now as we move from u; to ug, since there was an in-
crease in d(u1,vg_1) as compared to d(u, vi_1) the maximum distance keeps
on increasing so that the partiality becomes non decreasing. Hence the
f(v,8) > f(u,S), a contradiction to our assumption that u,v € A.

From the contradictions of Cases 1 and 2, we obtain f(u,S) = f(u1,S).
So that u; € A and in a similar fashion we can show that V(P) C A. Since

u and v are arbitrary vertices of A, we can see that A is connected. Hence,
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we have the theorem. O
Next we prove that the above result can be extended to block graphs.

Corollary 6.2.2. In a block graph, the subgraph induced by any fair set

is connected.

Proof. Let G = (V, E) be a block graph. Let v1,v9,...,v, be the vertices
of G. Let By, Bs,...,B; be the blocks of G. For any block graph G, its
skeleton S¢ is a tree [71]. (See figure 1.1). Also if dg(vi,vj) = d then
dse(vi,v;) = 2d. If S = {vi,...,v,} is a subset of V(G), then for any
vertex v;, partiality fo(vi,S) = 3fs.(vi,S). Hence if v, € FC(S) with
fa(v, S) = p, then fg. (v, S) = 2p. Also for every v; # v, fso(vi,S) >
2p. Now, let v, be another vertex in G such that fg(vy,,S) = p. Then
fse (v, S) = 2p, fa(vm,S) =2p and fs,(vi, S) = 2p for every i =1,...,n.
Since S is connected there exists one path connecting v; and vy, in Sg, say
v B 1Byt - - - Bjn—1vm. Since we know that in a tree as we move along
a path once partiality increases it cannot decrease fs,(v;,S) < 2p,i =
[+1,...,m— 1. But since partiality always greater than or equal to 2p,
fsq(vi,8) = 2p,i = 1,1+ 1,...,m — 1,m. Therefore fg(v;,S) =p, i =
IL,I+1,...,m—1,m. Since v; and v;y1 are adjacent to B; they belong to
same block in G. Therefore v; and v, are adjacent in G. Similarly v;yq
and v;yo are adjacent in G. Hence we get a path v, vi11,...,0m—1ym in G
connecting v; and vy, all of whose partiality is p, the minimum. Therefore

induced subgraph of any fair set is connected. O

The following theorem gives us an insight in to the structure of a chordal
graph and this is being used to characterise chordal graphs with connected

fair sets.

Theorem 6.2.3. [40] A graph G is chordal if and only if it can be

constructed recursively by pasting along complete subgraphs, starting from
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complete graphs.

Theorem 6.2.4. Let G be a chordal graph. Then G is a block graph if
and only if the induced subgraph of any fair set of G is connected.

Proof. Suppose G is a block graph. Then by Corollary 6.2.2, for any S C V'
the induced subgraph of FC(S) is connected. Conversely assume that the
subgraphs induced by all fair sets of G are connected and assume that G
is not a block graph. Since G is chordal, there exist two chordal graphs G
and G9 such that G can be got by pasting G; and Gs along a complete
subgraph say, H, where |V(H)| > 1. Then there exists two vertices u and
v such that u € V(G1)\V(H), v € V(G2)\V(H) and u and v are adjacent
to all vertices of H. Consider the vertex set V(H). Since u and v are
adjacent to all vertices of H, f(u,V(H)) = f(v,V(H)) =1—-1= 0. For
all z € V(H), f(z,V(H)) = 1. Hence FC(V(H)) contains the vertices u
and v and any path from u to v pass through the vertices of H which have
partiality one. In other words the subgraph induced by the fair center of
V(H) is not connected, a contradiction. Therefore the subgraphs induced

by all fair sets of G are connected implies G is a block graph. O

As an illustration of Theorem 6.2.4, we have the following example.
v V2

V6 U1

U5 U3

Figure 6.2: A Chordal graph with disconnected fair sets

For V(H) = {vs,v4,v5}, we have A = FC(V(H)) = {va,v6}, the in-

duced subgraph of A is not connected.
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6.3 Fair sets of some classes of graphs

In this section, we find the fair sets of some class of graphs, namely Com-
plete graphs, K, —e, K., »,, the wheel graphs W,, odd cycles and, symmetric

even graphs. Before that we have the following lemma.

Lemma 6.3.1. For any graph G = (V, E) all the fair sets A of G are of
cardinality either |V or less than V| — 1.

Proof. Let A be fair set of G and assume that A # |V|. To prove |A4| <
|V| — 1. If possible let |A| = |V| — 1. Let A= FC(S) where S C V. Let y
be the vertex which is not in A. For each z € A let f(z,S) = k. Also we
have f(y,S) > k.

If y € S then we have min(y,S) = 0. So we must have maz(y,S) > k.
Therefore there exists an z in S such that d(y, z) > k and this implies that
z ¢ A, a contradiction to the fact that |A| = |V| — 1. Hence for each x in
S, f(z,8)=k.

Next let y ¢ S. Let min(y,S) = r and maxz(y,S) = k +r + s where
r,s > 0. Since min(y,S) = r there exists a vertex w adjacent to y such
that min(w,S) = r — 1. Since f(w,S) = k we have max(w,S) = k +
r—1l=k+r+s—(s+1) =mazx(y,S) — (s+1). Since s > 1, we have

|max(y, S) — max(w,S)| > 2, a contradiction. O

6.3.1 Fair sets of Complete graphs

Now we identify the fair sets of complete graphs.

Proposition 6.3.1. For the complete graph on n vertices K,,, any A C V
such that |A| #n — 1, is a fair set.

Proof. Let S CV with |S| > 1. Then for every z € S, f(z,S)=1-0=1
and for every y ¢ S, f(y,S) =1—1=0. Therefore FC(S) = S¢. Also if
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|S| =1 then FC(S) = V. Hence all A C V such that |A| #n — 1 is a fair
set. O

6.3.2 Fair sets of K,, — ¢

The following proposition gives the fair sets of K, —e

Proposition 6.3.2. Let G be the graph K,, —e with V(G) = {v1,...,v,}
and let e be the edge v1v2. Then A C V is a fair set if and only if [A| #n—1
and either {v1,v2} C A or {v1,v9} C A°.

Proof. Let {v1,v2} C A with |A] <n — 1. Then |A¢| > 2. For each z € A,
f(z,A°) =1—1= 0. For each z € A°, f(x,A°) =1 — 0 = 1. Therefore
FC(A€) = A. Now, let {v1,v2} C A°. For each x € A, f(z,A°) =1-1=0.
flo1, A9) =2 —-0=2, f(ve,A°) =2 — 0 = 2 and for every other z in A°,
f(z,A°) =1—0=1. Hence FC(A°) = A.

Conversely, Let A be a fair set. We first prove that |A| # n — 1. If
|A] = n — 1 then |A°| = 1 so we have FC(A®) = V. If B is any set such
that FC(B) = A then |B| > 1. If {v1,v2} C B, then FC(B) = B¢ # A.
If vy € BN A and vg ¢ B then FC(B) = B\ {va} # A. If {v,v2} C B¢,
then again FC(B) = B¢ # A. Hence |A| #n — 1.

Now let us assume that there is a set B with FC(B) = A. Suppose neither
{v1,v2} C A nor {v1,v2} C A°. Without loss of generality, we assume
vi € Aand vo ¢ A. If {v1,v2} C B, then FC(B) = B® # A. If v; €
BN A and v ¢ B then FC(B) = B\ {va} # A. If {v1,v2} C B€, then
again FC(B) = B¢ # A. From these we arrive at a contradiction to our
assumption that FC(B) = A. Hence either {vi,v2} € A or {v,va} C
Ac. O

Illustration 6.3.1. Consider Kg — e given in figure 3.2. The fair sets of
this graph are given bellow. First five are the fair sets that contain {vy,vs}

and the next four are the fair sets that exclude v; and ws.
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1. {v1,v2}

2. {v1,v9,v3}, {v1,v2,v4},{v1,v2, 05}, {v1, 02,06}

3. {v1,va,v3,v4},{v1,v2,v3, 05}, {v1,v2,v3, 06}, {v1, V2, V4, V5 },
{v1,v2,v4, 06}, {v1,v2,v5,06}

4. {v1,v9,v3,v4, 05}, {1, V2, V3,04, 06}, {v1, V2, V3, V5, V6 },

{v1,v2,v4,v5,v6}

{v1,v2,v3,v4,v5,v6}

{vs} {va, } {vs}, {ve}

{vs, va}, {vs, vs}, {vs, v6}, {va, vs}, {va, v6}, {vs, v6}

{v3, v, v}, {vs, va, 06}, {04, v5,v6}, {v3, V5, V6 }

{v3, v, 05,6}

© ® N o

6.3.3 Fair sets of Complete Bipartite graphs

The following proposition identifies the fair sets of complete bipartite graph
G = Kyn.

Proposition 6.3.3. Let G be a complete bipartite graph K,,, with
bipartition (X,Y’) where |X| = m and |Y| = n. Let A = A; U Ay where
A; C X and A C Y. Then A is a fair set if and only if |4;] # m — 1 and
|Ag| #n — 1.

Proof. We prove the proposition case by case.

Case 1: |[Aj] <m —1and |A2| <n—1.

Then A = (X — A1) U (Y — Ag). For, each x € A°, f(z,A°) =2—-0=
and for each z € A f(x,A°) =2—1=1. So, FC(A®) = A.

Case 2: A=XUY.

We can see that F'C(A) = A.

Case 3: |[Aj| =m and |Az] <n—1.

Then as in the Case 1, we have FC(A°) = A.

Case 4: |Aj]=m —1and |4A3] =n— 1.

Here |A¢| = 2 let it be {zp,yn} where z,, € X and y, € Y. For each
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x € Ay, f(z,A°) = 2—1 =1, for each z € Ay, f(z,A°) =2—-1=1.
f(@m, A°) = f(yn, A) =1—-0=1. So FC(A°) = X UY.

Case 5: |A1|=m —1and |Az| <n—1.

Let Ay = X \{z1}. Foreach z € Ay, f(z,A°) =2—1=1, for each x € Ay,
flz,A°) =2—-1=1. f(21,A°) =1—-0 =1 and for each x € Y \ Ao,
f(z,A°)=2—-0=2. So FC(A°) = A U Ay U{x1} = X U As.

Case 6: |A1| =m — 1 and |43 = n.

Then, we FC(A%) =X UY.

We can easily see that the cases 1 to 6, determine the fair centers of all

types of subsets of V. Hence the proposition. O

As a simple illustration of Proposition 6.3.3, we have an example which

discuss the Case 1 of the proposition.

INlustration 6.3.2. Consider the graph K54 in figure 3.1 , with par-
titions X = {ui,u9,us,uq,us} and Y = {vy,vs,v3,v4}. By choosing
A1 = {ur,ug,us}, Ay = {v1,v2}, A° = {ug,us,vs,v4}, we can see that
FC(A°) = A.

6.3.4 Fair sets of wheel graphs

Now we consider the case when the graph is a wheel W,,. We first prove

the case when n > 6.

Theorem 6.3.4. Let W,,, (n > 6) be the wheel graph with vertex set
{v1,...,Upn—1,vn}, where v, is the universal vertex. Let C,,_1 be the cycle

induced by {vi,...,v,—1}. Then the fair sets of W,, are
1. {1)2‘}, 1 < 1< n,

2. {ws,v;} such that v;,v; € V(Cp_1), do,,_, (vi,v5) = 2,
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3. V(Wh),

4. All sets of the form Ay U{v,} where Ay C V(Cy—1) and G[A;] is not
an induced path of length greater than n — 6.

Proof. We prove the theorem first for n > 6.We use the notation v;(or
Vi) for vigp_(n—1)(0r Vg1 (n—1)) Wheni+k >n—1(ori—k < 1). First,
we prove that the four types of sets described in the theorem are indeed
fair sets.

1. Let S = {vie, 11,Vn,vie, 1}, 1 <i<n—1. f(v;,S) =0 and for all u
other than v; we have f(u,S) > 0 so that FC(S) = {v;}. For S =V,
f(vn,S) =1 and for all u other than v, we have f(u,S) = 2, so in this
case we can see that FC(S) = {v,}. Hence {v;}, 1 < i < n are all fair

sets.

2. Let S = {vp,vi}, 1 <i<n—1. f(vis, 11,95) = f(vie,_,1,5) = 0 and
for all other u, f(u,S) > 0. Hence F'C(S) = {vis, .1, Vie,_,1}. In other
words any {v;,v;} such that v;,v; € V(Ch-1), do,_, (vi,vj) = 2 is a fair

set.

3. Let S = {vi,vigg,,_11,n} f(vi,S) = f(vig, _11,5) = f(vp,S) =1—-0=
1. For all other u, f(u,S) =2 —1=1. Hence FC(S) =

4. Now let S C V be such that v,, € S and S contains at least one pair
of vertices v; and v; such that dc,_, (vi,vj) > 2. Then for every u € S
such that u # vy, f(u,S) =2-0= 2, f(v,,S) =1—-0 =1 and for
every v ¢ S, f(v,S) =2—1=1. Hence FFC(S) = S°U{v,}. This gives
us that for any A C V such that v, € A and V(C,,—_1) \ A4 is none of the
following subsets of V(C),—1) is a fair set.

(a) {vi},1<i<n—1.
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(b) {vi,vig, 41}, 1 <i<n—1.
(¢) {vi,vig, 12}, 1<i<n—1.
(d) {vi,vig, 11, Vip, 42}, 1 <i<n—1

The set A; U {v,} where A; is the complement in V(Cy,_1) of a set

mentioned in 4c above, is the fair center of {v;, viy1, vit2, vn}

Therefore the only sets containing {v,} which have not been identified as
fair sets are sets of the type A; U{v,} where A; is a path of length greater
than n — 6. Now let A = A; U {v,} where A; C V(C,—1) forms a path
of length greater than n — 6. Assume there exists an S C V such that
FC(S)=A. If S C V(Cy—-1) then f(v,,S) = 0 and it is impossible to
have f(u,S) =0 for every u € A;. Hence S cannot be a subset of V(C),_1)
or v, € S. If S contains a v; and v; of C,,—; so that dc,_, (vi,vj) > 2
then FC(S) = V(Cr_1)\ SU{v,}. So FC(S) = A implies V(C,,_1) \ S =
A;. We have that v; and vj;, two vertices such that de,_, (vi,v;) > 2,
does not belong to V(Cy,—1) \ S. By the choice of A; such two vertices
cannot be simultaneously absent from A;. Hence V(C,_1) \ S # A4;, a
contradiction. So assume S does not contain two vertices v; and v; such

that dc,_, (vi,vj) > 2. Hence S should be any one of the following:

a) {vi,vp}, 1 <i<n—1
b) {Ui7vi@n7117vn}7 1 < { g n—1.
c) {vi,vig,_12,Un}, 1 <i<n—1

d) {vi?vi@n—ll?vi@n—12?vn}? I<i<n—1

But we have already found out the fair centers of all these sets and none of
them have A as its fair center. Hence an A = A1U{v, } where A1 C V(Cj,—1)
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forms a path of length greater than n — 6 is not a fair set. Now we have

the following observations
A. For an S C V(Cy—1), v, € FC(S)
B. If S contains v; and v; of C,,_1 where d¢,,_, (vs,v;) > 2 then v, € FC(S)

C. Any A = Ay U{v,} is fair set if and only if A; is not a path of length
greater than n — 6 in V(Cj,_1).

D. For any S C V such that v, € S and v;,v; € S = d¢,_, (vi,v;) < 2,

fair centers are sets of any of the following forms.
i) {vi}
i1) {vi,vig, 2}
iti) V(W)
iv) {v1,...0, Vg, 12,---,Un_1,Un}, a set of type described in C.

Hence the only fair sets of W, are those described in C and D above.
When n=6 all sets described in item 4 of the theorem are same as those
described in item 1. The rest of the proof is same as above. Hence the

theorem. 0

Illustration 6.3.3. Consider Wy given in Figure 3.3. Here
{v1,v2,v3,v4,05,v9} is not a fair set as the graph induced by
{v1,v9,v3,v4,v5} is a path of length 4 and n — 6 = 3. Similarly

{v1, v2,v3,v4, V5, Vg, V9 }, {V1, V2, V3, V4, V5, Vg, U7, Vg } etc are also not fair sets.

We are not listing the whole fair sets as the list is too long.

When n = 4, we can see that Wy = K4, so we prove the case when
the graph is a wheel W,, for n = 5, where we get a proposition, which is

entirely different from Theorem 6.3.4.



6.3. Fair sets of some classes of graphs 105

Proposition 6.3.5. If G is W5 with V' = {v1,va,v3,v4, v5}, where vg is
adjacent to all other vertices and vjvaugvgv; is the outer cycle, then the

only fair sets of G are {vs}, {vi,vs}, {va, v}, {v1,v3,v5}, {v2,v4,v5} and V.

Proof. Given a non empty vertex set S, let dy,ds,...d; be the distances
of the vertex vy from the vertices of S where d; < dy < ... < di. Then
the distances of v3 from vertices of S are 2 —dg,2 —dg_1,...,2 — dy where
2—dp <2—dp_1<,...,<2—d;.

Hence f(v3,S) =dx —dy =2—dy — (2—di) = f(v1,5). Hence if A is any
fair set, v1 € A implies v € A. Similarly v, € A implies v4 € A.

Now f(v;, V) =2for 1 <i <4 and f(vs,V) = 1. Hence FC(V) = {vs}.
Similarly we can observe that FC({vs,v4}) = {v1,v3},

FC({vs,v3}) = {va,v4}, FC({v1,v3}) = {v2,v4, 05},

FC({v2,v4}) = {v1,v3,v5} and FC({v1,v2,v5}) = V. Hence the fair sets
of Wy are precisely those described in the theorem. O

6.3.5 Fair sets of Paths

Lemma 6.3.2. Let P, be path vivg...v,. Let S = {v;,viy,..., v},
where 1 < iy <ig < ...<iE <n. Then FC(S) C FC(S’") where

o {viy, Viy+iy , Vi, } if 88 is an integer.
— 2

TR .
{’Ul'l,UtilgikJ,’U{il;ik-l,'Uz‘k} if 2575 is not an integer.

Proof. From theorem 6.2.1 the induced subgraph of any fair set in a path

is connected and is therefore an interval. Suppose % is not an integer.

Let d(ULi1+ikJ,’Ul'k) = d('l}’-i1+ik-|,’l)l'1) = d. Then f(vL¢1+¢kJ,S’) =d. As
2 2 2

we move towards v; partiality remains to be d up to U’_i1+\_i1-2kik J]. After
atl o)

this partiality increases. Similarly f (v[ilzi”,S/) = d. As we move towards
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vy, partiality remains to be d up to v | Ut and after wards partiality
|t

increases. Therefore

FC(S) = {U"il"'“;#k‘]"l’ ce ’ULik‘H%&WJ} (61)

max(z, S) is minimum for z = Uity and v
2

[

by one as we move from these two vertices towards v; and v,, respectively.

i1 ik and max(z, S) increases
2

Also difference between min(x,S) of two consecutive vertices can be at

most one. Therefore at least one of v it and Upintiy belong to FC(S").
2 2

|

Let |%5%| = a. Hence max(v i1+ikJ,S) = max(v il+ik-|,5) = a. Now we
2 2

| [

shall take three cases.

Case 1:Both Uy st and Upintigg belong to S. Let 4, be the largest
2 2

integer such that i; < i,, < [%L v;,,, € S and let 4; be the smallest
integer such that [M] <4 < ik, v, € S. Then in this case

Fo(s )_{v ; +L%—1&J AR zl+(—2—&'1+' 1 } C FO(S).
Case 2: One of vtzﬁsz and U’—zl-l»zk] 1s present in S and the other is ab-
'Ll+sz G S and

sent. Without loss of generality we may assume that v
’—zlgzk-l ¢ S

f(vL%J’S) = a and f(v(%],b”) = a — 1. As we move away from

|

v

i1 +iy 4 towards v, partiality remains the same up to v Lt and from
i+l J
’— 2 1 |_ 1 :2_&

there onwards partiality increases. Therefore

FC(S) = {v[%r...,vtilﬂt_y&u} C FC(5).

Case 3:Both UL%&J and 0(%&1 does not belong to S.

Assume | 5% | i, < gy — 28], Let | 2% | —j,, = band 4, — [13%] = c.
Then f(UL%J’S) =a—-0b f(v (%1,5) =a—(b+1)if b < ¢ and
f(v(%PS) =a—bif b=c. That is,

f(v(%w,S) < f(vL%J,S).If f(v(%w,S) =a — (b+ 1) as we move
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from Upistis) towards vy, partiality remains to be a — (b+ 1) up to U ity
Ifb=c f(UL%J’S) = f(v(%PS) = a — b. Hence in both the cases
FC(S) = {v[%r... ’UL#J}' In other words FC(S) C FC(S’). When
il

—“;i’“ is an integer | [%] and the proof is similar. O

Corollary 6.3.6. Let S’ be as in the Lemma 6.3.2 and t be an integer.

2t if d(vgy,v;,) = 4t or 4t + 2

Length of FO(S') =
20+1  ifd(vy,,v,)=4t+1ordt+3

Proof. We shall assume that v;; = v;.

Case 1: d(v;,,v;, ) = 4t. So i, =4t + 1 and

FC(S") = {U’_1+L14;42t+lj_|,. .. ,vt4t+1+[;+42t+1u} = {v441,...,V3t+1}, a path
of length 2t.

Case 2: d(v;,,v;,) = 4t + 1. Then iy = 4t + 2 and hence,

FC(S") = {U’_1+L1-242t+2j_|,. .. ,vt4t+2+r;+42t+2u} = {v41,...,V3t42}, a path
of length 2t + 1.

Case 3: d(v;,,v;,) =4t + 2 = i, = 4t + 3 so that

FC(s) = {’U’_1+L1+24t+3j_|7...,’l)lh4t+3+[;+4t+3u} = {vt12,...,V3¢42}, a path
of length 2t.

Case 4: d(v;,,v;, ) = 4t + 3. Then iy = 4t + 4 and thus

FC(s) = {U(HLHMHJ]’”"UL4t+4+f1+4t+4WJ} = {vt+2,...,V3143}, a path
of length 2t + 1. ’ ’ O

Corollary 6.3.7. Let S’ be as defined in the Lemma 6.3.2 with length of
FC(S') equal to d. If 8" CV with diam(S") < diam(S") then the length
of FC(S") is atmost d + 1.

Theorem 6.3.8. Let P be the path viva... v, . A= {v;,Vit1,...,05} Is

a fair set if and only if either
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(i)i=1andj=mn or
(ii) |[55*] < min{i — 1,n — j}

Proof. If A = {vy,...,v,} then it is a fair set because FC({v1,v2}) = A.
Now assume that A # {v1,...,v,}. Suppose j —i is odd and let j — i =
2a + 1.

O s i
v v; B Bl vj Un
— e oz — e .- — o
J]— ]
1 —1 <—|_TJ—> <—£qu n—yj
j —1iis odd
Vij+i
U1 v =n vj Up,
e RN IS o — o
] J—1
i1 — 37 -3 — n—j

j —11is even

Figure 6.3

Without loss of generality we may assume that ¢ — 1 < n — 5. Sup-
pose i —1 > a. Let S be the set {vi—q,VitasVitatl,Vit3at1}. Since
a<i—1<n-—j, i_qVit3qa+1 € V(P). As in the proof of lemma 6.3.2

we get that FC(S) = {U’_i_a+Li7a+i+3a+1J_|,...,’Ul_i+3a+l+(ifa+i+3a+le} =
2 2
{vi, ..., Vig2a41} = {vi,...,v;}. Hence A is a fair set. Now Suppose
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i—1<a. Let S = {v1,Vita,Vitatr1,V2it2q}. Then,

FC(S) = {U[IH%JV . ,ULQHQQH%]J} = {0(#1’ . ,ULW#GHJ}.
Since i — 1 < a, Upitatly lies towards the right of v; and V| sitdat1 | towards

left of v;y94+1. Hence FC(S) C A and length of FIC(S) < length of A —2.

By lemma 6.3.2 any set with end vertices v and wvo;19, cannot have A as

the fair center. From Corollary 6.3.7 it follows that any set with diameter

less than that of S cannot have A as its fair center. If S is any set with end

vertices v, and v, from equation 1 it is clear that if p = 1 and ¢ > 2i42a or

p > 1 and g > 2i + 2a then FC(S) # A. In other words A is not a fair set.

Similarly we can prove the case when j — ¢ is even. Hence the theorem. [

Illustration 6.3.4. Consider the path Ps with vertex set

{v1,v2,v3,v4, U5, 06, v7, U8}

(%1 (%] (%] (%! Us V6 U7 Ug

Figure 6.4: Pg

Here {va,v3}, {v2,v3,v4}, {v2,v3,v4,v5} are all fair sets, but {vy, v3, v4, v5, v6}

is not a fair set since i — 1 = 1, and L%J =52 = 2 > 1. Similarly

{v3, v4,v5,v6,v7} is also not a fair set.

6.3.6 Fair sets of Odd cycles

In the next theorem we find out the fair sets of odd cycles

Theorem 6.3.9. Let the graph G = Ca,11 be an odd cycle with vertex
set V.= {v1,...,vop41}. A CV is a fair set if and only if for every pair
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of consecutive vertices in A, the vertex which is eccentric to both theses

vertices is also in A.

Un4-2

Figure 6.5: Odd cycle Coy,41

Proof. Let v; and vy be a pair of adjacent vertices and let v, 12 be the vertex
which is eccentric to both v; and vy. Let v1,v9 € A CV where A = FC(S)
for some S C V. Let min(vi,S) = dpmin and max(vy,S) = dmas. Since
vi,v9 € A, f(v1,S) = f(ve,S). We shall consider here two different cases.
Case 1: min(ve,S) = dmin + 1 and max(vy,S) = dpmas + 1. Then there
exists a vertex v € S such that d(vi,v) = dpar and d(ve,v) = dypaz + 1.
Then d(vpi2,v) = m — dpae. If there exists a vertex v € S such that
d(Vms2,v") < m — dmae then d(v',v1) > dpes, a contradiction. Hence
min(vp42,5) = d(vp42,v). Similarly there exists a vertex u such that
d(u,v1) = dpin and d(u,v2) = dpmin + 1. maz(vy42,S) = d(vpgo,u) =
m — dpin. Therefore f(vy42,5) =m — dmin — (M — dmaz) = dmaz — dmin =

f(v1,8) = f(ve,S). That is v, 42 € A.

Case 2: min(vy, S) = dpmin and max(ve, S) = dpas- Let u and v’ be such
that min(v1,S) = d(vi,u) and min(ve,S) = d(va,u'). maz(vyye,S) =
m — d(vi,u) = m — min(v1,S) = m — dymin. Let v and v’ be such that
max(vy,S) = d(vy,v) and maz(ve,S) = d(ve,v"). If v = ¢ then v =

Un42. In this case min(vy,42,S5) = 0. Therefore f(vy42,S) = n — dpin =
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max(vy,S) — min(vy,S) = f(v1,5). If v # v, d(vy,v) = d(v1,v') =
dymaz—1. Hence min(vy12,5) = d(vpi2,v) = d(vp42,v") = m—(dmaz—1) =
N — dmae + 1. Therefore f(vp42,S) = n — dpin — (0 — dppaz + 1) =
Aoz — Amin — 1 < f(v1,S5) = f(ve,S). This contradicts the fact that
v1,v9 € FC(S) and so we rule out this possibility. Hence in all the possible
cases v1,v2 € A = vp49 € A.

Conversely, assume that A C V is such that for every pair of consecutive
vertices v, v;+1 in A, vy4i41 belong to A. Let vy,... vk, £ > 1, be con-
secutive vertices belonging to A. Then v,12,Vn43,-..,Un1k belong to A.

Without loss of generality we may assume that

i) A does not contain any consecutive set of vertices other than the above

two.

i1) vp4+1 does not belong to A.
Now, construct the set S as follows
step I) If k = 3r or 3r + 1 for some integer r then set
S = {va,vs,...,v3.—1}. If k = 3r + 2 then then set S =

{/U3a/065 s 5/037'}'

step IT) Add to S the vertices v;,n +2 < i < n + k of A, which are not

an eccentric vertex of any of the vertices in S.
step I1I) Add A€ to S.

Let 2 € V\ A. Then z € S and therefore min(x,S) = 0. Let y and z be the
eccentric vertices of z in G. Take note that yz is an edge. If {y,z} C S¢,
then we have {y, z} C A. Since z is an eccentric vertex of y and z, we have
x € A, which is not true. Hence either y or z belongs to S, and we have
max(zx,S) = n, so that f(z,S) =n.

Let z € A be such that both the neighbours of x do not belong to
A. Then x ¢ S and neighbours of x belong to S and min(x,S) = 1.
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Let z7 and x5 be the eccentric vertices of x. Then z1,29 ¢ S implies
either 1,29 € {v1,..., 0t} or 1,29 € {vni2,...,Vnsr}. In the former
case T € {Unt1,...,Untk} and in the latter case z € {vy,...,v;} and this
is not possible by the choice of x. Hence either 1 or xo belong to S.
Hence max(z,S) = n. Therefore f(x,S) = n — 1. By the way of choice
of vertices v;, 1 < i < k, in S either min(v;, S) = 1 and maz(v;, S) = n or
min(v;, S) = 0 and max(v;, S) = n—1. Hence f(v;,S) =n—1for1 <i < k.
Forn+2 <i<n+k, v; ¢ S implies eccentric of v; belong to S. Therefore
in this case min(v;, S) = 1 and maz(v;, S) = n or f(v;,S) = n — 1. Now,
forn+2 < i< n+k, v; €S implies min(v;,S) = 0. Now an eccentric
vertex of v;, m+ 2 < i < n+ k, belong to S implies v; ¢ S. Hence for
v; € S eccentric vertices of v; ¢ S. Also there are no three consecutive
vertices among v;’s, 1 < i < k, absent from S. Hence max(v;,S) =n —1
for n+2 < i < n+k. Also the two eccentric vertices of vy, 11, vr and Vg1
does not belong to S. Hence if v,y ;11 € S, f(vpirt1,5) = n—1. Therefore
for each v; € A, f(v;,S) =n —1 and for each v; ¢ A, f(v;, S) = n. Hence
FC(S)= Aor Ais a fair set. O

We have an immediate corollary for Theorem 6.3.9 and the proof follows

from the proof of Theorem 6.3.9.

Corollary 6.3.10. If A C V(Ca,4+1) contains no two adjacent vertices
then A is a fair set of Copq1.

Corollary 6.3.11. The only connected fair sets of an odd cycle Coy41

are singleton (vertex) sets and the whole vertex set V.

Proof. By the Theorem 6.3.9, {v;},1 < i < 2n+ 1 and V are fair sets.
Now let A C V be a connected fair set of Cy,+1 which contains more than
one element. Let v;,v; € A. Then there exists a path connecting v; and

vj in A without loss of generality we may assume that it is v;, viy1,...v;.
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v, vi41 € A implies vy4;41 € A. Therefore a path connecting v; and
Un+i+1 lies in A. Since this path contains n + 2 consecutive vertices by the
theorem we can conclude that A should also contain the other n—1 vertices

or A=1V. O

Illustration 6.3.5. Consider the odd cycle C5 = v1vs, ... vi5v1. Let A =
{v1, va,v3,v5,v6, V9, V10,V13}. v1 and vy are a pair of consecutive vertices
and the vertex eccentric to both v1 and wvo, vg, also belong to A. Similarly,
(v, v3) and (vs,vg) are pairs of adjacent vertices and the vertices eccentric
to these pairs namely, vig and vi3 also belong to A. Hence as per the
theorem, A is a fair set. According to the construction given in the theorem
we have

S = {v2,v4,v7, 08,11, V12, V13, V14, V15 }. €s(v1) = 6, eg(ve) = 6,

es(vs) = 6, eg(ve) = 7, eg(vs) = 6, es(vg) = 6, es(vy) =7, es(vg) = 7,
es(vg) = 6, es(vio) = 6, es(v11) =7, es(vi2) = 7, es(v13) = 6, es(via) = T,
es(vis) = 7. Therefore Cg(Ci5) = A.

6.3.7 Fair sets of Symmetric Even graphs

Proposition 6.3.12 (Proposition 4 of [54]). Let v and v be vertices of a
symmetric even graph G of diameter d. If v € N;(u) and v € N;(u), then
i+j=d.

The following theorem characterises the fair sets of symmetric even

graphs.

Theorem 6.3.13. Let G be a symmetric even graph. An A CV is a fair

set if and only if for every vertex x € A, T € A.

Proof. Let diam(G) = d. Assume A C V is a fair set with FC(S) = A
where S = {v1,...,vx} and and let x € A. Let d(x,v;) = d;,1 < i < k.
Without loss of generality we may assume that d; < do < ... < dg. Then
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f(z,S) =dy — dy. By proposition 6.3.12, d(z,v;) = d; = d(Z,v;) = d — d;.
Therefore f(z,5) =d—d; — (d—dy) =di, —di. Hence x € A=z € A,

Conversely, assume that A C V is such that + € A = Z € A. To prove
A = FC(S) for some S C V. Let A = {z1,...,Zm,T1,...,Tm}. Let
S =V \{x1,...,xm}. Suppose for every z;, 1 < i < m some neighbour
of z; is in S. Then f(x;,S) = d(z;,;) — 1 = d — 1(Here the minimum
distance is 1 since x; ¢ S and some neighbour of z; is in §). For each
zi,1 <i<m, f(£;,5) =d—1-0 = d— 1(Here the maximum distance
is d — 1 since z; ¢ S and some neighbour of z; is in S. The minimum
distance is 0, since ; € S). Now, for a y different from z;, z;, 1 < i < m,
min(y,S) = 0 since y € S and maz(y,S) = d since y € S. Therefore
f(y,S) = d—0 = d. In other words FC(S) = A. Now, assume that
there exists an xj, say x1, such that neither x; nor any of the vertices
adjacent to x; are in S. That is the vertices adjacent to x; are among
X9, T3,...,Tm. Let x; be a vertex adjacent to 1. Then min(x1,S) > 1 and
max(zy1,S) = d. Therefore f(z1,5) = maz(x1,S) — min(z1,S) < d — 2.
Let xj, be a vertex such that a neighbour of z, is in S. Then min(xy, S) =1
and maz(xy, S) = d and therefore f(zx,S) = d—1. Therefore FC(S) # A.
Let S; = {x1} U S\ {z1}. Now, min(z1,S;) = 0 since z; € 51 and
maz(xy1,S1) = d — 1 since z; is adjacent to 7 and barz; € S;. Hence
f(x1,51) = d—1. Also, min(a7,51) = 1 since z; € S1 and max(z1,S51) =d
since x1 € Si. Hence f(21,51) =d — 1. For a y € V such that y # z;, z;,
1 < j < m we have that min(y, S1) = 0 and max(y,S;) = d(y,y) = d and
therefore f(y,S1) = d. If for every y € V either y € Sy or some neighbour
of v is in S7 then as above it can be shown that F'C(S;) = A. Otherwise,
let 22 be a vertex such that neither xo nor any of the vertices adjacent to
x9 are in S7. It is clear that zo # x;, 77. Let So = {x2} U S \ {z2}. Then
min(x1, S2) = 0, max(z1,S2) = d(z1,%;) = d— 1 and therefore f(z1,S1) =
d — 1. min(a,S2) = d(z1,%;) = 1, max(z1,S2) = d(z1,21) = d and
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therefore f(2,S2) = d—1. we have min(zg, S2) = 0. The vertices adjacent
to xo are among £, x3, . . . , £, and their eccentric vertices x1, 3, . . . , T, are
in Sy. Hence max(xy,S2) =d— 1. Thus f(x2,52) = d—1. min(zs,S52) =1
since Ty is adjacent to the vertices that are eccentric to the vertices adjacent
to xe and max(zy,S2) = d(72,x2) = d. Hence f(z2,S2) =d—1. If Sy is
such that for every y € V either y € S7 or some neighbour of v is in S}
then FC(S2) = A. Else, we continue the above process and it should be
noted that the partiality of the vertices that are added and deleted at each
stage is adjusted to d — 1, the partiality of all the vertices that have been
added and deleted in the previous stages are maintained to be d — 1 and
the partiality of all vertices different from z; and 7 are equal to d . At
most in m stages, we shall get an S’ such that f(z;, ") = f(z;,5") =d—1
for 1 < j < mand f(y,5") =d for y # xj,&;. That is, FC(S") = A and
that proves the theorem. O

Corollary 6.3.14. The only connected fair set of an even cycle Cy,, is

the whole vertex set V.

Proof. Let A be a connected fair set of Cy,,. Let u € A. Then by the above
theorem u € A. Since A is connected at least one of the paths connecting
u and @ should be in A. Again by the theorem the eccentric vertices of the
vertices of this path should also be in A. Hence A =V. O

Illustration 6.3.6. Consider the even cycle Cg = vivs...v15v1 a Sym-
metric even graph. We shall a find a vertex set whose center is

A = {v1,v2,v3,v4, V5, V9, V10, V11, V12, V13 } -

Let S = {vg,v7,vs,v9,v10,V11 , V12, V13, V14, V15, V16}. Since neither vy nor
any of the vertices adjacent to ve belong to S set S; = {ve} U S\ v1p.
Again, neither vy nor any of the vertices adjacent to vy are in Sj. Set,

Sy = {vs} U Sy \ v12. Now for every v € V either v or a neighbour of v is
in Sy. we have FC(S2) = A.
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6.4 Fair sets and Cartesian product of graphs

Next we have an expression for the fair center of product sets in the Carte-

sian product of two graphs

Theorem 6.4.1. Let G; = (V1,E1) and Gy = (Va, E2) be two graphs.
Let S; C Vi and Sy C V,. Then FC(S; x S3) = FC(S1) x FC(S,) where
FC(S1 x S3) is the fair center of S1 x Sy in the graph G10G2, FC(S1) is
the fair center of Sy in the graph G1 and FC(Ss) is the fair center of S in
the graph Gs.

Proof. Let (z,y) € Vi x Vo, S1 = {u11,u12,...,u1;} and
Sy = {ua1,...,ugm} where uy; is the vertex nearest to z and wuy; is the
vertex farthest from x and we; is the vertex nearest to y and wue,, is the

vertex farthest from y. For (uy;, ug;) € S1 x So

d((x,y), (ui1,u21)) = d
d(x,u;)

(x,u11) + d(y,u91)
(
d(
(

+ d(y, uz;) (= d((z,y), (w1, uzs)))
x,uy) + d(y, uzm)

NN

I
=N

€z, y)a (ull, u2m))

That is, if w11 is the vertex nearest to = in S;7 C Vi , uop is the vertex
nearest to y in Sy C Vb, uy; is the vertex farthest from z in S; C V; and
Ugm is the vertex farthest from y in Sy C V5 then (uq11,us21) is the vertex
nearest to (z,y) in S x So and (u1 1, u2,m) is the vertex farthest from (z,y)
in S; x Ss

feioa,((w,9), 81 x S2) = d((,y), (u11, u2m)) — d((@,y), (u11,u21))
= d(x,uu) + d(y,uQm) - d(x,un) - d(yau21)
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= d(z,uy) — d(z,un + d(y, uzm — d(y, ug1)
= fG1('T,SI) +fG2(fE,52)

Now, let u; € FC(S7) where S; C V; and let uy € FC(S3) where Sy C Va.
That is fg,(u1,51) < fe,(z,51), Vo € Vi and fg,(u2,S2) < fa,(y, S2),
Vy € Va. Therefore fg,(u1,51) + fa,(u2,52) < fa, (7, 51) + fa,(y, S2). So,
faioa, ((u1,u2), S1%x82) < fa,o06,((2,y),S1x52), V(z,y) € Vi x Va. Hence
(ul,uQ) S FC(Sl X SQ) in G10GSs.

Conversely, assume that (uj,uz) € FC(S1 x S2) in G10G2 where S; C V;
and So C V5. That is, fo,oa,((u1,u2),S1 X S2) < foyoa,((2,y),S1 X S2),
where S1 C Vj and Sy C Vi, Vo € Vi, y € V. Therefore, fg,(u1,51) +
fas(u2,52) < fa,(%,51) + fa,(y, S2), Vo € Vi and y € Vo or fa, (u1,51) +
fGa(uz, 52) < fe,(z,51) + fa,(ug, S2), Yo € V1. That is, fe,(u1,51) <
fa,(x,51), Vo € V1. Hence, u; € FC(S1) in Gy. Similarly us € FC(S2) in
G Thus, FO(Sy x S2) = FO(S)) x FC(Ss). O

Corollary 6.4.2. Let G; = (V4,E1) and Gy = (Va, E3) be two graphs.
Then the subgraph induced by FC(S] x Ss), where S1 C V; and Sy C V;
is connected in G10Gy if and only if the subgraph induced by FC(Sy) is
connected in G and the subgraph induced by FC(Ss)is connected in G.

6.5 Conclusion

In this chapter we have initiated a structure based graph theoretical study
on equity oriented centers which has been called fair centers. The difference
between the maximum and minimum of distances from a given vertex to
set of vertices has been chosen as the criteria for its fairness with respect
to that set and hence repetition of vertices does not make any difference.
Thus the concept of profile of vertices does not have any significance in this

criteria of fairness. But we can consider a lot of other criteria for fairness
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like the sum of the deviations or mean deviation and in this case sets can be
generalised to profiles. Fair centers of various classes of graphs have been
determined. While identifying the fair sets of odd cycles and symmetric
even graphs, methods for finding the set which has a given set as the fair
set have been devised. It has been proved that all fair sets of a tree are
connected and the result has been generalised for block graphs. Moreover
block graphs have been characterised as the class of chordal graphs with
connected fair sets. In the thousands of graphs that have been examined
using computer programs, block graphs were the only graphs where the
subgraphs induced by all fair sets were connected. So we put forward the

following conjecture.

Conjecture 2. A graph G is a block graph if and only if the induced

subgraph of all of its fair sets are connected.



Chapter 7

Antimedian and weakly An-
timedian graphs

7.1 Introduction

The graphs in which every three vertex profile have a unique median is
called a median graph. This has significance in minimisation problems.
Maximisation problems have also gained importance owing to the growing
need for locating undesirable facilities and the maximisation analogue of
median graphs has been defined by Kannan et al. in [10]. Antimedian
graphs were introduced by them as the graphs in which for every triple
of vertices there exists a unique vertex x that maximizes the sum of the
distances from z to the vertices of the triple.

For the profile # = (v1,...v;) and x € V, the set of all vertices z for
which D(z,7) is maximum is the Antimedian of 7 in G and is denoted by
AM (7). A graph G is called an Antimedian Graph if every triple of G has
a unique antimedian. Let v, v9,---v, be the vertex set of the path on n
vertices P = P, and let GG;,2 < i < n—1 be the rooted graphs with roots y;
respectively. Let G be the graph obtained from the disjoint union of P and
the graphs Gy, such that for ¢ =2,--- ,n — 1, y; is identified with v;. Then
G is a belt, with support P and ears G;s. A belt is even, if the support is
an even path. If, in addition, the depth of G; is at most L%J for i < 5
and at most |2==1| for ¢ > Z, then it is called a thin even belt.

119
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Figure 7.1: A Thin Even Belt

In a graph G, let (ug, v1) and (ug, v2) be two edges. Then d((uy,v1), (uz,v2))

is defined to be min{d(u1, u2), d(u1,v2),d(vy,usz), d(vy, v2)}.
Here we identify antimedian block graphs, define weakly antimedian graphs,
identify weakly antimedian trees and construct a new class of antimedian

and weakly antimedian graphs.

7.2 Some Antimedian graphs

Lemma 7.2.1. Let G be an antimedian block graph. Then G contains
exactly two diametrical vertices a and b. If P is the shortest (a,b) path
then G is a belt with P as support, d(a,b) is odd and for any triple of

vertices either a or b is its antimedian.

Proof. Let a and b be a pair of diametrical vertices. Suppose d(a,b) is
even. Let y be the middle vertex of P. Since no vertex can be farther away
from y than a and b, a and b are the antimedians of the profile (y,y,y),
contradicting the fact that G is antimedian. Therefore d(a,b) is odd.

Now assume that G is not a belt with P as support. Then there exist a
vertex x in G such that the shortest (z-P) paths meet P at two adjacent
vertices z and 2’. Suppose it meet P at a pair of non adjacent vertices. Then

we shall get a cycle involving vertices of more than one block a contradiction
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to the fact that G is a block graph. Hence all the vertices at which the
shortest x-P paths meet P are mutually adjacent or belong to a single
block. Also, since P is a shortest a-b path it cannot contain more than two
vertices from a single block. Hence the shortest z-P path meets P at at

most 2 vertices and if it meets at two points they should be adjacent.

LRSS

Figure 7.2: z-P path meeting P at a pair of adjacent vertices.

Let uv be the edge of P such that d(a,u) = d(b,v). Assume that
d(zZ',uv) < d(ww', uv) for every edge ww' such that d(z/, P) = d(a',w) =
d(z’,w") for some vertex z’ in G. Also assume that d(z,a) > d(z/,b). Let
wi be such that d(wy,u) = d(z,v).

Now, consider the three vertex profile (w1, u, z). If D(a, (w1, u,2)) = k then
D(b, (wy,u,2)) = k+1,D(a, (wi,u,2")) = k+ 1 and D(b, (wy,u,z")) = k.
If 2” lies on z-z and z-2’ paths such that z” is adjacent to both z and 2’
then D(b, (w1, u,2"”)) = k+ 1 and D(a, (wy,u,z")) =k + 1.

Now we shall prove that for (wq,u,z) and (wy,u,z2’) either a or b is its
antimedian. Assume that ¢ € V(G) is the antimedian of (wy,u, z). Let the
shortest (c-P) path meet P at ¢/. Then ¢’ cannot be on the a-w; part or
b-z part of P since b is the only vertex diametrical to a and vice versa.
Let ¢ lie on (z,u) part of P. Vertex c¢ is an antimedian of (wy,u, z) implies
¢ is an antimedian of (a,u,b). Let 7 be the profile (a,u,b). Assume that

d(c,a) is odd and d(c,b) is even.
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d(e,m) —d(b,m) = d(c,a)+d(c,u)+d(c,b) — (d(b,a) + d(b,u) + d(b,b))
= d(c,a) —d(b,a) + d(c,u) — d(b,u) + d(c,b)

This being the sum of three even numbers is even. Let w] be the ver-
tex adjacent to b on P and 7’ be the profile got by replacing b in m by
wj. Then D(c,n") — D(b,n") = D(¢,m) — D(b,7) — 2. Repeat this pro-
cess and if the profile at the i stage is 7 then D(¢, 7)) — D(b, 7)) =
D(c,7=1) — D(b,7(~1D) — 2. In this process no other pendant vertex y
can be the antimedian of any 7" since the sum of the distances to y will
start to increase only when all vertices of the profile falls in the a-y path
and in this case D(b,7®) > D(y, 7~V since b is the eccentric vertex of
a. Finally we get a profile 7(®in which D(c,7®)) = D(b,7(¥), that is 7(¥)
has two antimedians ¢ and b, a contradiction

Now, let ¢ lie on the (u,w;) part of P. As in the previous case we
can take the profile 7 = (a,u,b) and continue the same process. Let
a,ui,us, ... u;,u be the a-u part of P. If the profile (k) = (a,u,u) is
such that D(c,7®) > D(b,7*)) then take 7D = (a,u;,u), 7*+2) =
(a,uj,u;), TF3) = (a,uj41,u;) ete. Here also D(c, 7)) — D(b, 7)) =
D(e,70=D) — D(b,7(~1)) — 2 and no other pendant vertex y can be the
antimedian of any 7). As in the previous case we get a profile 7(%) such
that D(c,7®) = D(b,7®)), that is 7(*) has two antimedians ¢ and b, a
contradiction Therefore (w1, u, z) has either a or b as its antimedian.

By a similar argument we can prove that (wy,u, 2’) has antimedian a or b.
Therefore (w1, u, 2”)) has also antimedian a or b. But since D(a, (w1, u, 2)) =
k and D(b, (w1, u,2")) = k we have D(a, (w1,u,2")) =k + 1 and

D(b, (wy,u,2")) = k+ 1. That is, (wi,u,2”)) has two antimedians a and
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b, a contradiction. Hence z = 2/. In other words G is a belt with P as its
support.

Let = be an arbitrary vertex different from a and b. Let z’ be a vertex
such that 2’ € P and d(z,P) = d(z,2"). Let d(2'a) < d(2'b). Suppose
d(z,2') > d(a,2’). Then d(x,b) > d(a,b) which implies a and b are not
diametrical. If d(z,z") = d(a, ') then (b,b,b) has two antimedians. Hence
d(z,2') < d(a,z’). Now it is clear that for every x,y € V such that at least
one of z and y is different from a and b, d(x,y) < d(a,b). That is a and b
are the only diametrical vertices. Now, let 7 = (u,v,w) be a triple of G.
Suppose z # a, b is the antimedian of . Now clearly z should belong to an
end block of G. If z belong to the block B and B # K» then there exists a
non cut vertex z’ in B. Let Vg denote the set of all non cut vertices of B.

Hence z, 2’ € Vg. Now we shall consider different cases .

Case 1: Let all of u,v and w ¢ V. Then D(z,7) = D(2/,7) contradicting
G is antimedian.

Case 2: u,v ¢ Vg, w € Vg. D(z,m) = d(z,u) + d(z,v) + d(z,w) =
d(z,u) + d(z,v) + 1. Replace w by w’ where w' is the cutvertex belonging
to B. D(z,7") = d(z,u) + d(z,v) + 1. D(w,n’) = d(w,u) + d(w,v) +1 =
d(z,u) +d(z,v) + 1. For every z in V\ Vg, D(z,7') < d(z,u) +d(z,v) + 1.
Then, 7’ has two antimedians z and w, a contradiction.

Case 3: u ¢ Vg, v,w € Vp.

Subcase 3.1: v =w = z. D(z,m) =0+ 0+d(z,u). D(z',7) =d(z,u)+2.
This contradicts the fact that z is antimedian.

Subcase 3.2: v = z,w # z. D(z,7) = d(z,u) + 1,D(w,7) = 1+ d(z,u)
contradicting GG is antimedian.

Subcase 3.3: v,w # 2

D(z,m) = d(z,u) + 2,D(w,7) = d(z,u) + 1. For any other vertex z,
d(z,7) < d(z,u) + 2. Replace w by w' where w' is the cutvertex be-
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longing to B. D(z,7') = d(z,u) + 2, d(w,7’") = d(z,u) + 2 and for all z,
d(z,7) < d(z,u) + 2. Therefore 7’ has two antimedians a contradiction.
Case 4: u,v,w € Vp. Let w’ be the cutvertex of B. Then D(w',7) >
D(z,m) contradicting that z is the unique antimedian of 7. Hence B = Ko
and z should be a leaf.

Now in the way we proved that (wi,u, z) has a as its antmedian we prove

that for any three vertex profile 7 either a or b is its antimedian. O

Now we shall give the necessary and sufficient condition for a block

graph to be antimedian. Before that we quote two theorems from [10].
Theorem 7.2.1. Let G be a thin even belt. Then G is antimedian.

Theorem 7.2.2. Let T be a tree. Then T is an antimedian graph if and

only if it is an thin even belt.

Theorem 7.2.3. Let G be a block graph. Then G is an antimedian graph

if and only if it is a thin even belt .

Proof. By Theorem 7.2.1 we know that thin even belts are antimedian. It
remains to prove that among block graphs thin even belts are the only
antimedian graphs. Let G be an arbitrary antimedian block graph. By
Lemma 7.2.1, G has exactly two diametrical vertices v and v and let P :
U = viV2...v, = v be the u-v path in G. Let G; , 1 < i < r, be the
maximal subgraph of G that contains v; and no other vertex of P. We
have that G is an even belt with P as support G;’s as the ears. Let d; be
the depth of G; , 1 <7 < r. Suppose that for some ¢ < § the condition
d; < (igz) is not fulfilled. Hence 3d; > ¢ — 2 and let w be a vertex from T;
with 3d(w,v;) > i—2 or 3d(w,v;) > i—1. Consider the triple 7 = (u,v,v).
Clearly D(v,7) < D(u,m) = 2(r — 1). However D(w,7) = 3d; +i— 1+

2(r — i) > 2r — 2. We have a contradiction with Lemma 7.2.2 since w is
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also an antimedian vertex. By symmetry we have an analogue proof for

: T
Z>§. O

Theorem 7.2.4. Let H be a symmetric even graph of diameter £ and let
u and v be a pair of diametric vertices of H. Let G be the graph obtained
by adjoining to H paths of length m and n at u and v respectively. Then
G is Antimedian if and only if

1. diameter of G is odd
2 m+n>~

3. F+3n>Land 5 +3m >/

Proof. First we shall assume that diam(G) is odd, m+n > £, 5+3n > £ and
% +3m > £. Let a and b be the diametrical vertices of G with d(a,u) = m
and d(b,v) = n. Let 7 be the profile (u1,ug,us). We shall prove that G is
antimedian by showing that 7 has a unique antimedian. Here we shall take
different cases.

Case 1: Each of uy, us and ug either belong to a-u path or b-v path. Then
since d(a,b) is odd and a path of odd length is antimedian 7 has a unique
antimedian.

Case 2: uq,us belong to a-u path and ug belong to H. Let = be vertex in
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H at distance k from v. Then d(z,u;) = d(v,u1) — k, d(z,u2) = d(v,us) —
k and d(z,us) < d(v,usg) + k. Hence D(z,7) < D(v,m) for every x # v in
H. As we move from v to b, D(7) increases by three at each step. As we
move from u to ug, D(m) decreases by one at each step and as we move from
from ug to uy, D(7) increases by one at each step and as we mover further
D(r) increases by three at each step. Therefore we can conclude that D(m)
attains the maximum at a or b. But since d(a,b) is odd, D(a, ) # D(b, ).
Hence 7 has a unique antimedian.

Case 3: uj belong to a-u path, us belong to H and us belong to b-v
path. We shall first prove that the antimedian of =7 is either a or b. If
at all a vertex other than a and b is the antimedian of 7, then it should
be a vertex belonging to H. If that particular vertex is the antimedian
of m then it should be the antimedian of (a,us2,b). Hence without loss of
generality we may assume that m = (a,ug,b). Let u}, be the eccentric vertex
of ug in H. Let d(u,ul) = d so that d(v,ul) = ¢ —d. Then D(ul,7) =
l+d+m+L—d+n=20+m-+n. Let w be a vertex different from v/, in H.
Then D(w, ) = d(w,u)+m+d(w, ub)+d(w,v)+n < 20+m+n, D(a,n) =
0+m+l—d+m+Ll+n = 2m+20—d+n, and D(b,7) = 0+n+d+m—+~l+n =
m+2n+{+d. D(a,m) < D(ub,n) and D(b, 1) < D(ub, ) implies

2m+20 —d + 204+ m+n (7.1)

<
<20+m+n (7.2)

n
m-+2n+0+d

Adding inequalities 7.1 and 7.2 we get 3m+3n+3¢ < 404+2m~+2n or m+n <
¢, a contradiction. Hence antimedian of 7 is either a or b. But since d(a, b)
is odd antimedian of 7 is unique.

Case 4: uy belong to a-u path, us,us € H. Assume that a vertex different
from a and b is the antimedian of 7. So it should be a vertex of H. Hence
in 7 we may replace u; by a. Consider the profile 7/ = (u,uz,uz). If w

is the median of 7’ and if the w’ is the eccentric vertex of w in H then,
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antimedian of 7’ in H is w’. Therefore among the vertices of H, D(m) is
maximum for w’ or Antimedian of 7 is w’. Since w’ is the eccentric vertex
of w, replacing us and ug by w in 7 increases D(w', w) by d(ug, w)+d(us, w)
and therefore antimedian of (a,w,w) is also w’. Therefore without loss of
generality we may assume that 7 = (a, w,w). Let d(u,w) = d.

D(u,m) = m+2d, D(a,7) = m+d+m+d = 2m + 2d, D(w', )
C+l04+L0—d+m =30—d+m = m+ 2d+ 3(¢{ —d) and D(b, )
(—d+n+Ll—d+n+n+l+m=m+2d+3n+3({—d)—d. D(a,7) < D(w,)
and D(b, ) < D(w, ) give

m<3(€—d)or%<€—d (7.3)
3n+3(0—d)—d<3(—3dor3n<d (7.4)

Adding these two inequalities we get 3 + 3n < £, a contradiction. Hence

7 = (u1,u2,ug) has antimedian a or b.

D(a,n) =d(a,u1) + d(a,us) + d(a,us)
D(b,7) = d(b,u1) + d(b,uz) + d(b, u3)
=3(m+n+1{)— (dla,ur) + d(a,uz) + d(a,us))

D(a,m) = D(b,m) = 2(d(a,u1) + d(a,u2) + d(a,us)) = 3(m +n+4{)

Therefore 3(m + n + £) is even or m + n + £ is even contradicting the fact
that d(a,b) is odd. In other words 7 has a unique antimedian.

Case 5: uj,uz and ug belong to H. As in the previous cases initially we
prove that a or b is the antimedian of w. Assume the contrary. Then the
antimedian should be the antimedian vertex of 7 in H. Antimedian of 7
in H is the eccentric vertex of median of 7 in H. Let w be the median of

7 and let w’ be the eccentric vertex of w in H. Therefore antimedian of 7
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is w'.

Let d(uj,w) = dy, d(ug,w) = d2 and d(us,w) = ds.

Then d(uy,w’) =€ — dy, d(ug,w') =€ — dy and d(ug,w’") = € — ds.
Therefore D(w', 1) = 30 — (d1 + da + d3).

Let d(u,uy) = ey, d(u,us) = ey and d(u,us) = es

Then d(v,u1) =€ — ey, d(v,uz) =€ — ey and d(v,usg) = £ — es.

Therefore d(a,u;) = m+ey, d(a,us) = m+es, d(a,us) = m+es, d(b,u;) =
n+/¢—eq, dbug) =¢—eg and d(b,ug) = — e3 +n.

Hence D(a,m) = 3m+ (e1 +ea+e3) and D(b,m) = 3n+ 3¢ — (e; + ez +e3)
D(w',7) > D(a,7) and D(w',7) = D(b, ) gives

30 — (dy + da + d3)
30 — (dy + da + d3)

3m + (e1 +ea + e3) (7.5)
3n+ 3l — (e1 + ea +e3) (7.6)

\ARR\V

Adding these inequalities we get
66—2(d1+d2—|—d3) 23(m—{—n)—|—3€

Therefore 3¢ > 3(m +n) + 2(dy + da + dg) or £ — 2(dy + dg + d3) > m +n,
a contradiction to the fact that m +n > ¢. Therefore antimedian of 7 is
either a or b. Now, assume that D(a,7) = D(b, 7). Then

3m+e+egtes = 3In+Ll—eg+€—eg+f—e3.
That is, 2(e; +ea+e3) = 3n+3(—3m

Therefore 3(n + ¢ —m) is even or n+ ¢ —m is even. This implies n+ ¢+ m
is even contradicting the fact that d(a,b) is odd. Hence 7 has a unique
antimedian.

Thus we have proved that for every three vertex profile 7, antimedian of 7

is unique. In other words, G is an antimedian graph.
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Conversely, assume that GG is an antimedian graph. We shall prove the

following

1. Diameter of G is odd
Let diameter of G be even and let x be the vertex of G such that
d(x,a) = d(z,b). Then the profile (z,z,z) has two antimedians

namely, a and b, a contradiction. Hence diameter of G is odd.

2. m+n>¢
On the contrary, assume that m +n = £ — p where p > 0. Let
be a vertex of H such that d(u/,u) = n+p. Since m +n+p = ¢,
n + p < £ and hence such a v exists in H. Let v/ be the eccentric
vertex of v in H. For each z € V(H), d(z,a) + d(z,b) = d(a,b)
and d(z,u') < d(v',u') for every z # v’ in H. Therefore D(z,7) <
D(V',7) for every x # v’ in V(H). Also for every vertex y which is
either in a-u path or b-v path, D(y, ) < max(D(a, ), D(b,7)). Now,
D(a,n) =d(a,b)+m-+n+p, D(b,7) = d(a,b)+n+f—n—p = d(a,b)+
{—p=d(a,b)+m+n and D(v',7) = d(a,b)+¢ =d(a,b)+m+n+p.
Hence 7w has two antimedians a and v/, a contradiction. Therefore
m-—+n > /.

3. +3n>Lland 5 +3m >/{

Assume that % 4+ 3n < {. Let «' € V(H) be such that d(v/,u) = r
and d(u',v) = s where 7 = 3n. 2 +3n < { =7r+5=3n+s.
Therefore 3 < s. Now consider the profile 7 = (a,u/,u’). Let v' be
the eccentric vertex of v/ in H. Then D(v',w) = £+ ¢+ s + m. Now,
let z € V(H) be such that d(x,v") = k. Then d(z,u') = ¢ — k and
d(z,a) < d(v',a) + k. Therefore D(x,7) < D(v',7) for all z # v’ in
H. Also it is obvious that for any vertex y in the a-u path or b-v
path, D(y,7) < maz(D(a,n), D(b,)).

D(a,m)=0+m+r+m+r=2m+2r, D(b,7) =m+n+{+n-+
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s+n+s=m+3n+2s+fl=m+r+s+s+f{=m+2(+ s and
D', 7) =20+ s+m. Since m < 3s, 2m+2r < 20+ s+m. Hence
has two antimedians, v" and b, a contradiction. Therefore T+3n >4

and similarly we can prove that 5 + 3m > /.

None of the conditions in the above theorem is redundant.

Consider the following graphs.

Figure 7.3: H;

Hyhasm =2, n =2and { = 5. Diameter is odd(9), 5 +3n = 5 +3m =
6.66 > ¢ =5 but m+n =4 < 5=/ and hence is not antimedian.

Figure 7.4: Hy
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Hyhasm = 1,n = 5and ¢ = 5. Diameter is odd(11), m+n =6 >5 =/,
T +3n=1533 > ¢ but 3 +3m = 4.66 < £ and hence is not antimedian.

Figure 7.5: Hjs

Hshasm=3,n=3and{=4. m+n>{, 5 +3n>Land 5+3m >/,

but diameter is even(10) and hence is not antimedian.

Theorem 7.2.5. Let H be a symmetric even graph of diameter ¢ and let
G be a graph obtained by joining a path P of length m to H. Then G is

antimedian if and only if

(1) diameter of G is odd
(2)m>30orm=3(—1

Proof. Let the path P be joined to H at the vertex u and let b be eccentric

vertex of w in H. Let a be the unique pendant vertex of G. That is, a
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and b are the diametrical vertices of G. If d(a,b) is even then let u’ be the
vertex of G such that d(u’,a)=d(u’,b). Then 7 = (a,u’,b) has antimedians
a and b. Therefore we assume that d(a,b) is odd.

Case 1: m < /.

Let u; be a vertex at a distance m from b in H and let u’l be the eccentric

vertex of u; in H. Consider the profile 7 = (a,u1, b).

D(a,7) =0+ d(a,u1)+ d(a,b)
=m+Ll—m+L+m
=20 +m.

D(uy,m) = d(u},a) + d(uy,ur) + d(uf, b)
=d(a,b) + d(u},ur)
=l+m+/
=2{+m

Let x € V(H). Then

D(z,7) =d(z,a) + d(x,b) + d(z,u)
= d(a’a b) + d(xaul)
= {+m + d, where d, < ¢ and d, = ¢ only when = = u}.

Therefore D(z,7) < D(uj,w) for all z € V(H). Also, it is obvious that
for any vertex x in the path P, D(z,7) < max(D(a,n), D(b, 7). Thus for
any © € V(GQ), D(z,7) < D(a,m) = D(u}, ) or m has two antimedians,
namely, a and u}. Hence m < £ is not true.

Case 2: / <m < 2/.

Let m = ¢ +t. Here we consider two subcases.

Subcase 2.1: ¢ is even.

Let uy be a vertex such that d(uj,b) = % and let u} be the eccentric vertex

of up in H. Let m = (a,u1,u).
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D(a,m)=0+m+m+l—L=2m+0-1L
Db,m)=L+m+Ll+Lt=m—t+m+l+Li=2m+(-1%

For any x € H such that d(z,b) =k, d(z,u) = d(b,u) — k,

d(z,a) = d(b,a) — k and d(x,u1) < d(b,u1) — k. Hence D(z,7) < D(b, ).
Therefore 7 has two antimedians a and b.

Subcase 2.2: ¢ is odd.

Let u; and ug be vertices of H such that d(uj,b) = % ug belong to u-
up path and is adjacent to u. Let m = (a,u1,u2). d(b,a) = d(uh,a) + 1,
d(byug) = d(ub,uz) — 1 and d(b,u1) = d(uy,u1) — 1. Hence D(b,7) =
D(ub, ) — 1. Therefore D(z,m) < D(u, ) for every € V(H). In other
words D(z,7) < D(uj, ) for every x € V(G).

t+1
D(a,ﬂ):O—i-m—i-l—i—m—i—ﬁ—%
t+1
:2m—|—1—|—€—%
1t

t4+1
D(ug,w):£—1+m+%+1+£

t+1
:B—i-m—l—%—i-m—t
t

1—
=2m o+l 4 ——

Therefore 7 has two antimedians, a and u), a contradiction. That is,
? <m < 2/ is not true.

Case 3: 20 <m <3, m=#3(—1

Let m =3¢ —t, t > 1. Take two subcases

Subcase 3.1: ¢ is even.

Let uy be such that d(ui,b) = £ — L. Let m = (a,u1,u). Let u; be such
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that d(ui,b) = ¢ — 5. Consider the profile 7 = (a,u1,u).

t t
D(a,ﬂ):0—|—m+§—i—m:2m—|—§

D(byr) =m+ 4 l+0— L

2
t
= 30— =
m + 5
+m4t t
=m-+m — =
2
t
=9 e
m—i—2

Therefore D(a,7) = D(b,7) As in case 2 D(z,7) < D(a,7) = D(b,m) for
every € V(G). Hence 7 has two antimedians a and b, a contradiction.
Subcase 3.2: ¢ is odd.

Let w1 be such that d(uq,b) = — % and let ug be such that usy is adjacent

to uw and ug lies on the shortest u-uj path. Let m = (a,u1,uz). Then

t—1
D(a,w):0+m+T+m+1

t—1
=2m+ 1+ ——

t+1
:2m—|—i

2
t—1
D(ug,w):€—1+m+€+£—T+1

t—1
=3/ -
+m 5

t
=m+t+m— ——

2
t+1
=2 S
m + 5
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Also it can be seen that D(z, ) < D(u), ) for every x € V(G). Hence 7
has two antimedians a and u), a contradiction.

Case 4: m=3(—1orm >3/

Let m = (uq,us2,us). Here we shall consider some subcases.

Subcase 4.1: uj,us and us belong to a-u path.

Since d(a,b) is odd, 7 has a unique antimedian.

Subcase 4.2: uy,us € a-u path and ug € H.

Let # € H be such that © # b and d(z,b) = k. Then d(x,u1) = d(b,u;) — k,
d(z,ug) = d(b,us) — k and d(x,us) < d(b,ug) + k. Therefore D(z,m) <
D(b,m). Similarly for every y € (a,u) path such that y # a, D(y,7) <
D(a,m). Hence antimedian of 7 is a or b. Since d(a,b) is even D(a, ) #
D(b, ). Therefore m has a unique antimedian.

Subcase 4.3: u; € a-u path and ug,u3 € H.

First we shall prove that antimedian of 7 is a or b. If there exists a vertex
different from a and b which is an antimedian of « then it should be a
vertex of H. Hence we can assume that m = (a,u2,u3). Consider the
profile (u,ug,us). Then its antimedian in H is the eccentric vertex of its
median in H. Let  be the median and let y be the antimedian. Therefore
Antimedian of 7 in G is also y. This implies the antimedian of (a,z,z) is
also y. Hence without loss of generality we may assume that = = (a, x, ).

Let d(u,x) = d.

D(y,m)=0+L+{—d+m=30—d+m
D(a,m)=m+d+m+d+0=2m+ 2d

D(a,m) < D(y,m) = m < 3 —3d. If d > 1 we get m < 3( — 3, a
contradiction. So the only possibility is d = 0 and this implies y = b. We
shall prove that D(a, ) # D(b, 7). On the contrary assume that D(a,7) =
D(b, 7).

Let d(u,uz) = do and d(u,us) = ds so that d(b,us) = ¢ — dy and d(b,uz) =
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¢ — ds. Therefore,

D(aaﬂ-) = d(a’a CL) +d(a’au2) +d(a,u3)
=0+m+dy+m+ds
:2m+d2+d3

D(b’ﬂ-) = d(ba CL) +d(b’ u2) +d(b’ U3)
:m—|—€+€—d2—|—€—d3
:m+3€—d2—d3

Therefore D(a,7) = D(b,n) implies 2m + dy + d3 = m + 3( — dy — d3 or
2(d2 + d3) = 3¢ — m. In other words 3¢ —m is even. This means that 3¢
and m are of the same parity or £ and m are of the same parity. Hence we
get that ¢ +m is even, a contradiction to the fact d(a,b) is odd. That is 7
has either a or b as its antimedian and D(a, ) # D(b, ).

Subcase 4.4: u;,us and uz belong to H.

Here also we first prove that antimedian of 7 is either a or b. If a vertex
other than a or b is an antimedian of =, then it should be a vertex of
H, infact, the eccentric vertex of a median of (u1,us,us). Let x be the
median of (u1,ug,us) and y be its antimedian. Let d(u,u;) = dy, d(u,us) =
da, d(u,us) = ds, d(z,u1) = e1, d(x,uz) = ey and d(z,u3) = es. Then
d(y,u1) = € — ey, d(y,u2) = £ — ey and d(y,u3) = ¢ — eg and therefore
D(y,m) = 30 — (e1 + e2 + e3). Also,we have d(a,u1) = m +di, d(a,u2) =
m + dg and d(a,us) = m + ds. Hence D(a,m) = 3m + di + ds + ds.
D(a,m) < D(y,n)

= 3m+d; +do+d3s <30 —(e1 +e2+e3)

= 3m < 30— (e1 +e2+e3+di +dy+ds)

= m<l— %(61 + e+ e3+di +da +ds), a contradiction to the fact that
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m =3¢ —1 or m > 3(. Hence D(a,n) > D(y, ) or a is the antimedian of
.

From these different cases we can conclude that G is antimedian if and only
if d(a,b) is even and either m = 3¢ — 1 or m > 3. O

7.3 Weakly Antimedian Graphs

Balakrishnan et al. concluded [10] by suggesting a study on the class of
graphs in which any triple of distinct vertices has a unique antimedian. It

is this class of graphs that we consider in this section.

Definition 7.3.1. A Graph G is said to be Weakly Antimedian if any

triple of distinct vertices has a unique antimedian.

An immediate conclusion is that every antimedian graph is weakly anti-
median. The following is an example of a graph that is weakly antimedian,

but not antimedian.

v
Figure 7.6: Weakly Antimedian graph that is not antimedian

Here each of the distinct triple has a unique antimedian and therefore
is weakly antimedian. But consider the profile (w,w,w) .u,v,x are all its

antimedian vertices. Hence it is not an antimedian graph.

Proposition 7.3.2. The path P, is weakly antimedian if and only if n is

even.
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Proof. Since Py, is antimedian, it is weakly antimedian. Also Py, is not
weakly antimedian. For, let Py, = {z1,2Z2, * Tp_1,Tn, Tnt1,: " Ton—1}-
Consider the triple 7 = (x—1, Tpn, Tnt1). d(z1,2p-1) =n — 2, d(z1,2,) =
n—1, dlx1,xp+1) = n, d(xop—1,2n-1) = n, d(xop-1,2,) = n — 1 and
d(xon—1,Tnt+1) = n — 2. Therefore D(x1,7) = D(z9p—1,7) =3n—3

Also for all z;, i # 1,2n+ 1, D(z;, ) < 3n— 3. Hence, the triple m has two

antimedians or Ps, 1 is not weakly antimedian. O
Proposition 7.3.3. (), is weakly antimedian if and only if n = 4

Proof. Cy is weakly antimedian since it is antimedian, see [10]. Let C), be
an odd cycle with vertex set {x1,x2, -+ ,x9,—1}. Now consider the triple
of vertices m = (z1, 2, x9,—1). d(x1,2,) = r — 1, d(z2,2,) = 7 — 2 and
d(xor—1,2,) = r— 1. Therefore D(x,,n) = 3r —4. Similarly D(x, —1,7) =
3r—4. It is obvious that for all other vertices the sum of the distances is less
than 3r — 4. Now let C,, be an even cycle with vertex set {x1,x2, -, 22},
r > 2. Let m = (21,23, xp42). d(x1,2,41) = 7, d(z3,2,41) = r — 2 and
d(xyy2,2r41) = 1. Therefore D(x,y1,7) = 2r — 1. Similarly D(z,43,7) =
2r — 1. Also, for all other vertices sum of the distances is less than 2r — 1.
Hence D(z,7) is maximum for z,;1 and z,43. Therefore C), is not weakly

antimedian when n # 4. O

Proposition 7.3.4. If the Cartesian product of two graphs G and H is

weakly antimedian, then both G and H are weakly antimedian.

Proof. Suppose GOH is weakly antimedian and G is not weakly antime-
dian. Then there exists a triple of distinct vertices, say (g1, g2, g3) which
has two antimedians. Let ajand as be the antimedians of the triple. Con-
sider the vertex h of H. Let (h,h,h) have b as an antimedian. Then
the triple ((g1,h), (92, h), (g3, h)) of three distinct vertices of GOH has two

antimedians (a1,b) and (asg,b), a contradiction. O
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The converse of the above theorem is not true. Figure 7.7 gives two

graphs G and H and the corresponding GOH.

U
T w
a b c d
v

(v,0)
Figure 7.7: G,H and GOH

Consider the triple 7 = ((w, a), (w, b), (w,¢)), D((u,d),7) =9,
D((v,d),7) =9, and D((x,d),7) = 9. For all other vertices it is less than 9.
Therefore, the above product graph is not Weakly antimedian even though
both G and H are Weakly Antimedian.

Note: Let G be a graph and u € V(G). Then the multiplication of G with
respect to u is the graph obtained from G by replacing u by two adjacent
vertices v’ and ©” and joining them by an edge with all the neighbors of w.
Contrary to the case of Antimedian graphs, multiplication of a Weakly an-
timedian graph with respect to a non antimedian vertex need not give a

Weakly antimedian graph. The following serves as an example
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/" v

Figure 7.8: G and G.w

Here a is a non antimedian vertex. The multiplication of G with respect
to a is

The triple (a’,a”,d) does not have a unique antimedian.

Lemma 7.3.1. Let T be a weakly antimedian tree. Then T contains
exactly 2 diametrical vertices a and b. Moreover d(a,b) is odd and any

triple of vertices have either a or b as its antimedian.

Proof. Let a and b be arbitrary diametrical vertices in T" and let P be an a-b
path in 7. Suppose that d(a,b) is even. Then, let y be the middle vertex of
P. Let x be the vertex adjacent to y in the a-y path and let z be the vertex
adjacent to y in the b-y path. Let d(a,b) = 2k, d(a,y) = k and d(b,y) = k.
Consider the profile 7 = (z,y,z). Then D(a,7)=k+1+k+k—1=3k
and D(b,m) = 3k. Let u be a vertex such that u # b and z € (u,y) path.
Let d(u,y) = I. Then d(u,z) =1 —1 and d(u,xz) = [ + 1 and therefore
D(u,m) = 3l. D(u,7) > D(b,7) implies 3] > 3k which implies k¥ > I. We
have d(a,y) = k and d(y,u) = l. Therefore d(a,u) = k + 1 > 2k which
contradicts that a and b are diametrical vertices. Therefore if u is a vertex
such that z # b and z € (u,y) path then u cannot be the antimedian of
m = (x,y,2). Similarly if u is a vertex such that v # a and = € (u,y)

path, then u cannot be the antimedian of 7 = (z,y,2). Now let u be a
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vertex such that neither x nor z belong to (u,y) path. Let d(u,y) = r
then d(u,z) = r+ 1 and d(u,z) = r + 1 and hence D(u,7) = 3r + 2.
Hence 3r +2 > 3k or 3r > 3k —2or r > k—%orr} k. r > k implies
d(a,u) > 2k, a contradiction to the fact that b is a diametric vertex of a.
Assume r = k. Then consider the profile (a, a1, as) where a; and ay are the
vertices immediately succeeding a in the path P. Now let a vertex v be such
that neither a nor ag belong to (v, aq) path. Then since a is a diametrical
vertex of b, v should be adjacent to a;. Then D(v, (a,a1,a2)) =5 and if v
has to be an antimedian of (a,a;,as), T should be a star graph where a,
as and v are pendant vertices and aq is not a pendant vertex. If T does
not contain any vertex different from these four then the profile (a,v,az)
has three antimedians, a, v and as. This contradicts the fact that T is
weakly antimedian. If T has a vertex different from v, say v/, then the
profile (a, a1, as) has more than one antimedians say v and v'. Hence we
can conclude that if v is the antimedian of (a, a1, ag) then v should be such
that a1 and ag lies in the a-v path. But for every such v, D(v, (a,a1,a3)) <
D(b,(a,a1,a2)). Now, D(b,(a,ai,a2)) =k+k—1+k—2=3k—3 and
since r = k, D(u, (a,a1,a2)) = 3k — 3. That is, the profile (a,a;,as) has
more than one antimedian, u and b, a contradiction. Therefore r < k or
D(u,m) < k—14+k+k = 3k—1. In other words u cannot be the antimedian
of m = (z,y,2). Hence m has two antimedians a and b, a contradiction.
Therefore d(a, b) is odd.

Let = be an arbitrary vertex different from a and b. Let 2z’ be a vertex
such that 2’ € P and d(z,P) = d(z,2"). Let d(2'a) < d(2'b). Suppose
d(z,2') > d(a,z’). Then d(x,b) > d(a,b), which implies a and b are not
diametrical. If d(x,2’) = d(a,«’) then (b,b1,bs), where by and by are the
vertices immediately preceding b in the path, has two antimedians. Hence
d(z,2') < d(a,z’). Now it is clear that for every x,y € V such that at least
one of z and y is different from a and b, d(x,y) < d(a,b). That is a and b
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are the only diametrical vertices.

Now to prove that for any profile of distinct vertices either a or b is its
antimedian. On the contrary assume that z ¢ {a,b} is the antimedian of
m = (u,v,w). Then z should be a leaf. If degz > 2 then z has a neighbour
x such that d(x, ) > d(z,7) which is not possible. so z is a leaf of T'. Let
2’ be the first vertex of the z-a path that is on P.

Suppose u ¢ P and let u' be the first vertex on the w-a path that is
on P. Since D(a,m) < D(z,7) and since D(a, ) is reduced at least as
much as D(z,7) when we change u to v/ we find that D(a, (v/,v,w)) <
D(z, (u',v,w)). So a is also not the antimedian of (u’, v, w). Analogously b
is also not the antimedian of (u’, v, w). Therefore if u',v’, w" are the vertices
on the u-a, v-a, w-a paths then if neither a nor b is the antimedian of
(u,v,w) then neither a nor b is the antimedian of (u/,v’,w’). Equivalently
if for a given profile m = (u, v, w), the profile 7’ = (u’,v’, w’) has either a or b
as its antimedian then m = (u, v, w) also has either a or b as its antimedian.
So without loss of generality we may assume that m = (u,v,w) where u, v,
w belong to the path P.

Now, assume that the antimedian of 7 is z, a vertex different from a and
b and let z meet the path P at the vertex at 2’. If u, v and w belong to
a-z'(b-2") path then D(Z',7) < D(b,7) (D(2',7) < D(a,w)) and therefore
2’ cannot be the antimedian of 7. So assume that u belong to z’-a path and
w belong to z’-b path. If 2’ is the antimedian of 7 then it is the antimedian
of (a,u,b). Therefore we assume that = = (a,u,b). Now we shall take two
different cases.

Case 1: v belong to a-2’ path. Asin Lemma 7.2.1 we can see that D(z/,m)—
D(b, ) is even and we follow the same procedure followed in Lemma 7.2.1.
That is, Let wq be the vertex adjacent to b on P and 7’ be the profile got
by replacing b in w by wi. Then D(z,7’) — D(b, ') = D(z,7) — D(b,7) — 2.
Repeat this process and if the profile at the i** stage is 7 then D(z, ﬂ(i)) -
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D(b,7®) = D(z,70=1) — D(b,7(=D) — 2. As explained there, in this
process no other pendant vertex y can be the antimedian of any (9. Finally
we get a profile of distinct vertices, 7*)| in which D(z,7*) = D(b, 7(¥).
That is 7(%) has two antimedians z and b, a contradiction.

Case 2: v belong to b-z' path. Here also we follow the same procedure to
get ()’s as described in the Case 2 of Lemma 7.2.1. If 7(*) = (a,wy, wy,)
is such that wy # wy and D(b,7®)) = D(z,7*)) then we have a profile
of distinct vertices having more than one antimedian. Next, assume that
D(z,7®)) = D(b,7®) where 7¥) = (a,wy, w;,). Then consider the profile
ak+D) = (a,wk_1,wis1) where wg_1 and wgyq are the vertices adjacent
to wy, in the path P. Then D(z,#**Y) = D(z,7(®)) and D(b,n¥)) =
D(b,n¥t1D). If at all a vertex different from z and b has to become the
antimedian for 71 it should be a vertex z; such that wy lies both in
21- wk_1 path and z1- wgy1 path. Let D(b,ﬂ'(k)) = D(z,w(k)) = d. Since
d(z1,a) < d(b,a) and d(z1,wy) < d(b,wy) we get that D(z, 7)) < d —
3. Therefore D(z,7**V) < d — 1. But D(b,7*tD) = D(z,7++D) =

(k+1) with two

d. Therefore we get a profile of distinct vertices namely 7
antimedians. Thus for any profile of vertices of P has either a or b as its
antimedian. In other words, any profile of distinct vertices of T" has either

a or b as its antimedian. O

Theorem 7.3.5. Let T be a tree.Then T is weakly antimedian if and

only if it is a thin even belt.

Proof. Thin even belts being antimedian are weakly antimedian Now to
prove the converse. Let 1" be an arbitrary weakly antimedian tree. By the
above lemma T has exactly two diametrical vertices, say a and b, and let
P :a = viva,...v, = b be the u-v path in T. Let T;, 1 < i < r be the
maximal subtree of 1" that contains v; and no other vertex of P. We can

consider T; as a rooted tree with root v;. Moreover we can consider 1" as a
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belt where P is its support and 7T; are its ears. We know that 7T is an even
belt. Let d; be the depth of T;, 1 < ¢ < r. Suppose that for some i < n/2
the condition d; < [(i — 2)/3] is not fulfilled. That is, d; > [(i — 2)/3].
Therefore 3d; > i—2. Let w be a vertex from T; with 3d(w,v;) > i—1. Now
consider the triple 7 = (v1,v,—1,v;). Then D(vy,7) =2r —3, D(v,,7) =7
and D(w,m) 2 3[(i —2)/3|+i—14+r—i+r—1—4.
Therefore
When i = 3k for some integer k, D(w,7) >3k +2r —i—2=2r — 2
When i =3k+1, D(w,m) >23k+i—14+r—i+r—1—i=2r—3
When i =3k+2, D(w,m) 23(k+1)+i—14+r—i+r—1—i=2r—1
That is,

D(w,m) > 2
D(w,m) > 2r — 3 when ¢ = 1(mod3)
w, ) = 2

D(w,m) > 2r — 1 when ¢ = 2(mod3)

r — 2 when i = 0(mod3)

This is a contradiction to the above lemma that for any triple of vertices in a

weakly antimedian tree vq or v, is their antimedian. Hence the theorem. [

Theorem 7.3.6. Let G be as given in Theorem 7.2.4. Then G is weakly

antimedian if and only if

1. diameter of GG is odd

2 m+n>/{

3.2 43n>0—2and 2 +3m>(—2
Proof. Assume that diam(G) is odd, m+n > ¢, 2 +3n > { — 2 and
F+3m > (- % Let a and b be the diametrical vertices of G with d(a,u) =m

and d(a,v) = n. Let 7 be the profile (uy,ug,us) where uj, us and us are
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all distinct. We shall prove that G is weakly antimedian by showing that
7 has a unique antimedian. Here we shall take different cases.

Case 1: Each of uy, us and ug either belong to a-u path or b-v path. Then
since d(a,b) is odd and a path of odd length is weakly antimedian 7 has a
unique antimedian.

Case 2: uj,us belong to a-u path and uz belong to H.

As proved in Case 1 of Theorem 7.2.4 we can show that 7 has a unique
antimedian which is either a or b.

Case 3: u; belong to a-u path, us belong to H and ug belong to b-v path.
The proof is the same as the proof of Case 3 of Theorem 7.2.4.

Case 4: u; € a-u path and ug,us € H.

Initially we prove that the antimedian of 7 is either a or b. So we assume
that a vertex different from a and b is the antimedian of 7. Hence we can
replace u; by a in 7. That is 7 = (a, u2,usg) and the antimedian of 7 is the
eccentric vertex of the median of w in H. Let z be the median of 7 in H
and let y be the eccentric vertex of x in H. That is, antimedian of 7 is y.
By arguments similar to what we used in case 4 of Theorem 7.2.4 we can
assume that m = (a,x,2’) where 2’ is the vertex adjacent to x in the ug-x
path. Let d(u,z) =d and d(u,2’) = d'.

D(a,7) =0+ d(a,z) + d(a,z")
=m+d+m+d
=(m+d+d)+m
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D(b,7) = d(b, a) + d(b, x) + d(b, 2’
=m+n+l+n+l—d+n+L—d
=m+3n+30—(d+d)
=(m+d+d)+30—-2(d+d)+3n

D(y,m) = d(y,a) + d(y,z) + d(y,2')
=d(y,u) + d(u,a) + d(y,z) + d(y,z")
=d(y,x) — d(z,u) + d(a,u) + d(y,z) + d(y,z")
=l—d+m+l+0-1
=(m+d+d)+30—2d—d -1

D(a,n) D(y,w)=>m§3€—2d—d’—10r%<€—2d+7§l+1
Db, 7)< D(y,7) = 3 —2(d+d)+3n<3l—-2d—d —1lor3n<d -1
Adding these inequalities we get 5 + 3n < £+ W. Since d’ < d +1,

we get , B +3n < £ — %, contradiction. Hence 7 has antimedian a or b.

AR/

As in case 4 of Theorem 7.2.4 we can show that D(a,n) = D(b,7) implies
d(a,b) is even. Hence 7 has a unique antimedian.

Case 5: u1, ug and ug belong to H

As proved in case 5 of Theorem 7.2.4 we can prove that m has a unique
antimedian which is either a or b. Now we shall prove the converse. That
is, assuming that G is weakly antimedian, we shall prove that diameter of
Gisodd, m+n>¢, %+3n>€—§ and%—i—3m>€—§.

Let diameter of G be even. If a and b are the pendant vertices of G, let v’
be the vertex such that d(u'a) = d(u’,b). Consider the profile 7 = (a, u’,b).
7 has two antimedians a and b, a contradiction.

it is proved that m +n > £ as in Theorem7.2.4.

Now to prove that & +3n > £ — % On the contrary assume that % +3n <
f— % Let u; and us be vertices such that u; lies on the shortest u-us path,
d(uy,u) =r1,d(ug,u) =11+ 1,d(u1,v) = k1 and d(ug,v) = k1 — 1. Assume
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r1 = 3n.
2 m 2
— tdIn<l—- = —+3n< ki— <
+ 3n 3 3+n 1+ k1 3
3 M3
— m < 3k —2

D(a,m)=m+ri+m+r+1=2m+r+r+1=2m+2r +1
=m+2ri+m+1

Db,m)y=m+n+l+n+ki+n+k—1=m+3n+r +k +2k —1
=m+2r;+3k; —1

DWy,m)=20+k —14+m=m+2r+2k +k —1=m+2r +3k —1

Therefore D(b,7) = D(u}, 7). Since u; is a median of (u,uy,us), uj is
an antimedian of (u,u,u2) in H and hence D(z,7) < D(u},n) for every
z € V(H). Since m < 3k; — 2, we have m + 1 < 3k; — 1. Therefore
D(a,7) < D(b,m) = D(u}, 7). Thus 7 has two antimedians u} and 7,
a contradiction. Hence % + 3n > /£ — % Similarly we can prove that

§+3m>€—%. O

As in Theorem 7.2.4 none of the three conditions are redundant.
H, is a graph where 5 +3n = 5 +3m > 6—% but m +n < ¢ and hence is
not weakly antimedian.
Hzhasm+n> {03 +3n>(— %, g+3m > {— %, but diameter is even(10)
and hence is not weakly antimedian.

Now consider the following graph
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Figure 7.9: Hy

Here m = 1, £ = 6 and n = 6. m 4+ n > {, diameter is odd and
%+3n>€—%,bu‘c,%+3m:2+3:5<€—§:5.33. Hence Hy is not

weakly antimedian.

Theorem 7.3.7. Let G be as defined in Theorem 7.2.5. Then G is weakly

antimedian if and only if

(1) diameter of G is odd.
(2) m>30orm=30—1orm=3(—3.

Proof. Let the path P be joined to H at the vertex u and let b be eccentric
vertex of w in H. Let a be the unique pendant vertex of G. That is, a
and b are the diametrical vertices of G. If d(a,b) is even, then the graph
is obviously not weakly antimedian. Hence we assume that d(a,b) is odd.
We shall prove the theorem in various cases.

Case 1: m < 3(—3

The profiles given in Case 1, Case 2 and Case 3 of Theorem 3 are profiles of
distinct vertices which has more than one antimedians. Thus in this case
G is not weakly antimedian.

Case 2: m=3(—3

Let m = (uy,u2,u3). When uj,us and ug are such that uj,us,us € (a,u)
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path or uj,us € a-u path and ug € V(H) or uj,us,us € V(H), we can
prove that 7 has a unique antimedian in exactly the same way as we proved
Subcases 4.1, 4.2 and 4.4 of Theorem 7.2.5. So we shall assume that u; €
(a,u) path and ug,us € V(H). First we shall prove that 7 has antimedian a
or b. If a vertex different from a and b is the antimedian of 7 then it should
be a vertex of H, in fact, the eccentric vertex of median of (uj,us,us) in
H. Let x be the antimedian of (u1,us,us3) and let y be the eccentric vertex
of x. That is, y is an antimedian of .

Let d(z,u) = d,d(z,u1) = dyi,d(z,ug) = d2,d(u,uz) = ey and

d(u,u3) = es. Then,

D(a,m) =04+ m+exs+m+e3=2m+ey+e3
D(b,m)=0—es+l—e3s+{+m=30+m— (ea+e3)
D(y,w):€—d2+€—d3++€—d+m:3€+m—(dg—i—dg—i—d)

D(a, )

T D
D(b,m) <D

NN

(y,m) = 2m+ea+e3<3l+m—(de+ds+d) (7.7)
Y,

(y,m) = 3+ m—(ea+e3) <3 +m— (dy+ds+d)

(7.8)

Adding inequalities 7.7 and 7.8 we get
m < 30 —2(dy + d3 + d)

do = d3 = d = 0 implies us = ug = u and this is not possible since we
are considering profiles of distinct vertices. Hence at least one of do and
dz should be non zero. Let it be ds. Now d # 0 implies m < 3¢ — 4, a
contradiction. Hence d = 0 and this means y = b. Hence antimedian of 7
is either a or b. D(a,m) = D(b,m) implies d(a,b) is even. Hence 7 has a

unique antimedian.
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Case 3: m = 3¢ — 2.

In this case d(a,b) = ¢ + 3¢ — 2 = 4¢ — 2, an even number. Therefore G is
not weakly antimedian.

Case 4: m = 3/

In this case d(a,b) = ¢ + 3¢ = 4¢ again an even number. Hence G is not
weakly antimedian.

Case 5: m >3 orm =3¢ — 1.

When m > 3¢ or m = 3({—1, G is antimedian and hence weakly antimedian.
Hence the theorem. O

Remark 7.3.1. Theorems 7.2.4, 7.2.5, 7.3.6 and 7.3.7 give us examples

of graphs that are weakly antimedianbut not antimedian.

1. Let G be a graph described in theorem 7.2.4 and 7.3.6 withn =1,¢ >
5and m = 3(—10. Then Z+3n = ¢—3. Thatis (—2 < Z+3n < (.
Hence G is weakly antimedian but not antimedian.

2. Let G be a graph described in theorem 7.2.5 and 7.3.7. If m =3¢ —3

then G is weakly antimedian but not antimedian.

7.4 Conclusion

Balakrishnan et.al in [10] characterised thin even belts as the antimedian
trees. In this paper we have extended this result to block graphs. We
have proved that a block graph is antimedian if and only if it is a thin
even belt. We have given a generalisation of antimedian graphs called
weakly antimedian graphs and proved that as far as cycles and trees are
considered both are the same. We constructed a new class of graphs by
attaching paths to a pair of eccentric vertices of a symmetric even graph and
found necessary and sufficient conditions for such graphs to be antimedian
and weakly antimedian. This also gave us examples of weakly antimedian

graphs that are not antimedian.
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Conclusion and future works

This thesis has been devoted to the study of three different measures of
centrality-center, median and fair center- and a class of graphs called anti-
median graphs. We have found out these three centers of profiles of various
classes of graphs like K, K, ,, K, — e, trees, cycles and a more general
class of graphs called symmetric even graphs that includes hypercubes, even
cycles, cocktail party graphs, crown graphs etc. While finding the center
and fair center of a profile the repetition of vertices in the profile does not
make any impact and so in these two cases we have taken sets of vertices
instead of profiles. Two new graph parameters called the center number
and median number, the number of distinct center sets and median sets
of a graph, have been introduced and they have been evaluated for some
of the above mentioned graphs. Two new concepts called pacifying edges
and shrinking edges have been introduced and they have been identified
for paths and symmetric even graphs. These concepts have very high sig-
nificance in social networking where we can identify the persons to which
a particular person should make a link so that his significance in the net-
work increases to a maximum. We have put forward two conjectures, one
in chapter 5 regarding the median number of even cycles and the other in
chapter 6 pertaining to the characterisation of graphs with connected fair
sets. In chapter 3 we proved that for a symmetric even graph the whole
vertex set is the only median set which contains a vertex and its eccentric
vertex while in chapter 7 it was proved that a vertex and its eccentric vertex
appear together in a fair set. We have restricted our study to some particu-
lar graph classes and one can look for studying these centrality measures for
more classes of graphs. It shall also be interesting to study the relationship

among these centrality measures at least for some specific graph classes.

151
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Another area of prospective study is related to multi criteria optimisation,
that is, identifying the median which is most central, center of the graph

which is most fair and so on.
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antimedian pacifying edge, 51
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of a profile, 119 path, 4

profile, 5

block graph, 6
product of, 86

boundary set, 34
rad(G), 5

cartesian product, 7
center, 11, 13
tree, 11

center critical, 21

self centered graph, 6
shrinking edge, 69

skeleton graph, 6

center number, 39 subgraph, 3

chordal graph, 6 supergraph, 3

clique, 4
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even graph, 7
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