A STUDY ON SEMIGROUP ACTION ON FUZZY
SUBSETS, INVERSE FUZZY AUTOMATA AND
RELATED TOPICS

Thesis submitted to the
Cochin University of Science and Technology

for the award of the degree of

DOCTOR OF PHILOSOPHY

under the Faculty of Science by

PAMY SEBASTIAN

Department of Mathematics

Cochin University of Science and Technology
Cochin - 682 022

JUNE 2014






Certificate

This is to certify that the thesis entitled ‘A STUDY ON SEMI-
GROUP ACTION ON FUZZY SUBSETS, INVERSE FUZZY
AUTOMATA AND RELATED TOPICS’ submitted to the Cochin
University of Science and Technology by Ms. Pamy Sebastian for the
award of the degree of Doctor of Philosophy under the Faculty of Science
is a bonafide record of studies carried out by her under my supervision in
the Department of Mathematics, Cochin University of Science and Tech-
nology. This report has not been submitted previously for considering the

award of any degree, fellowship or similar titles elsewhere.

Dr. T. P. Johnson
(Research Guide)
Associate Professor
School of Engineering

Cochin University of Science and Technology
Kochi - 682 022, Kerala

Cochin-22
16-6-2014.






Declaration

[, Pamy Sebastian, hereby declare that this thesis entitled ‘A STUDY
ON SEMIGROUP ACTION ON FUZZY SUBSETS, INVERSE
FUZZY AUTOMATA AND RELATED TOPICS’ contains no ma-
terial which had been accepted for any other Degree, Diploma or similar
titles in any University or institution and that to the best of my knowledge
and belief, it contains no material previously published by any person ex-

cept where due references are made in the text of the thesis.

Pamy Sebastian

Research Scholar

Registration No. 3652

Department of Mathematics

Cochin University of Science and Technology
Cochin-682 022, Kerala.

Cochin-22
16-06-2014.






To

My Daughters






Acknowledgement

First of all I thank God Almighty for guiding me throughout my life and

showering me with His blessings.

I wish to express my sincere gratitude to Dr. T. P. Johnson, my guide
and supervisor who encouraged me and gave me constant support, help
and freedom through out my research work. With his timely help and in-
spiring words I could complete my research work in a peaceful atmosphere
and in a fruitful manner. I thank him for his trust in me and allowing me

to do research under him.

I would like to express my respect and thanks to Prof. T. Thrivikraman
for his selfless nature and for the help he has given me in the initial stages

of my research work.

My sincere thanks to Dr. P. Rameshan for the valuable discussions
and new ideas for my work. Without him my research work would not

have been complete.

Dr. Romeo P. G, Head, Dept of Mathematics, CUSAT was a constant
support for me from the beginning to the end of my work. He helped me
with discussions and in whatever way possible to carry on my research

work. I thank him for his valuable suggestions.

Dr. A. Vijayakumar was the Head of the research center when I joined
as a full time research scholar in the Dept of Mathematics, CUSAT. His

approach and consideration helped me feel at home in this department



and I thank him for all the facilities provided for me to start my work.

I sincere thanks to Prof. R. S. Chakravarthy, former Head of the
Department and all other faculty members, Prof. M. N. N.Namboothiri,
Prof. A. Krishnamoorthy, Dr. B. Lakshmi, Ms. Meena, Mr. Syam Sunder
for all the support and help I received. I also thank the office staff and
the librarian of the Department of Mathematics for their support and help

provided to me.

I would like to thank Dr. Raju George, Principal, Mary Matha Arts
& Science College, Mananthavady for the support and care he has always
given me . I also thank Mr. Jose Cheriyan, Office Superindent and all
my friends and colleagues in the college for the care, concern and help

provided to me.

At this time I remember Ms. Deepthi C.P, a friend of everyone and
an inspiration to me, who parted from us. I can not think of her without

tears in my eyes.

I specially thank Dr.Varghese Jacob for helping me in every way. I
thank Ms. Archana, Research Scholar, Dept of Mathematics, Kariyavat-
tom, who helped me wholeheartedly by reading whatever I had written
and giving suggestions. I specially thank Mr. Tijo James and Mr. Balesh
for having patience to think and clear my doubts. I would like to thank
my fellow research scholars Ms. Raji George, Mr. Jayaprasad, Dr. Sreeni-
vasan, Dr. Kirankumar,Mr.Manjunath, Ms. Anu Varghese, Ms. Vineetha,
Ms. Reshma, Ms. Chitra, Ms. Dhanya, Ms. Seethu, Mr. Pravas, Ms.
Savitha, Ms. Jaya, Ms. Akhila, Ms. Reshmi and others for their love and
support.



It will be unfair from my part if [ don’t express my heart felt gratitude
to my daughters Tanya, Tiara and my husband Prasad for the support
and help they have given me during my research period. I also thank all
my relatives and friends especially my brother Lal, his wife Beena and
their son Amith who made my stay in my hometown comfortable. I also

thank my friends Sindu and Joseph for thier love and support.

Pamy Sebastian






A STUDY ON SEMIGROUP ACTION ON
FUZZY SUBSETS, INVERSE FUZZY

AUTOMATA AND RELATED TOPICS






Contents

1

Introduction 1
1.1 Imtroduction . . . . . . . . . . .. 1
1.2 Preliminaries . . . . . . . . . .. 8

1.3 Basics concepts and theorems in fuzzy automata and fuzzy

languages . . . . . ..o 11
1.4 Fuzzy matrices and some basic operations . . . . . .. .. 15
1.5 Summary of the Thesis . . . . . . ... ... ... ... .. 16
Category of S-Fuzzy subsets 19

2.1 Imtroduction . . . . . . . . . .. 19



2.2 Semigroup action on fuzzy subsets . . . . . . .. ... 20
2.3 General properties and special objects in S — FSETx . . . 25
2.4 Fuzzy semigroup action on fuzzy subsets . . . . .. .. .. 37
2.5 Application in fuzzy automata theory . . . . . . .. . ... 39
2.6 Extending finite state automata to finite fuzzy state automata 40
Regular and Inverse Fuzzy Automata 45
3.1 Imtroduction . . . . . . . ... 45
3.2 Preliminaries . . . . . ... ... Lo 46
3.3 Regular and inverse fuzzy automata . . . . . . . ... . .. 47
3.4 Construction of regular and inverse fuzzy automata . . . . 50
3.5 Inverse fuzzy languages . . . . . .. .. ... 52
3.6  Homomorphic image of inverse fuzzy automata . . . . . . . 55
3.7 Cartesian product of two inverse fuzzy automata . . . . . . 59
3.8 Properties of inverse fuzzy languages . . . . .. .. .. .. 63

il



4 Automorphism Group of an Inverse Fuzzy Automaton 73

4.1 Introduction . . . . . . ... ... 73

4.2 Preliminaries . . . . . . .. ... 74

4.3 Category FF — AUT . . . . . . .. ... ... ... ..... 75
4.4 Automorphism group of a deterministic faithful inverse fuzzy

automaton . . . . ... Lo 78

5 Fuzzy Power Automata 85

5.1 Imtroduction . . . . . . . ... 85

5.2 Preliminaries . . . . . . .. ... 86

5.3 Min-weighted power automata . . . . . . .. .. ... ... 87

5.4 Max-weighted power automaton . . . . . . . .. ... ... 88

5.5 Some algebraic properties of fuzzy power automata . . . . 89

Concluding remarks and suggestions for further study 98

Bibliography 100

il






Chapter 1

Introduction

1.1 Introduction

“As far as laws of mathematics refer to reality they are not certain, and

as far as they are certain they do not refer to reality.” Albert Einestien

Fuzziness or Vagueness is a common phenomena in almost all situations
in real life. Until Lotfi A. Zadeh [33] introduced the concept of fuzzy sets,
Mathematics was purely based on set theory. In 1965, Zadeh through a
seminal paper introduced a new theory called Fuzzy set theory claiming
that many of the uncertainty problems could be solved through this new
approach. He suggested a new concept called ‘fuzzy sets’ which are sets
whose boundaries are not precise. While sets can be expressed using two

valued logic with membership value 0 or 1, fuzzy set can take any value

1



2 Chapter 1. Introduction

in the interval [0, 1] as the degree of membership.

Fuzzy sets can be used to express gradual transition from membership
to non membership and vice versa. It gives a meaningful representation of
vague concepts expressed in natural languages. This is done by assigning
to each element in the universal set a value representing its grade of mem-
bership in the fuzzy set. This grade corresponds to the degree to which
that element is compatible with the concept represented by the fuzzy set.
This element belong to the set to a greater or lesser degree as indicated by
a larger or smaller membership grade. Then we can consider the concept
of a crisp set as a particular case of the more general concept of a fuzzy

set in which only two membership values 0 and 1 are allowed.

Fuzzy set theory has greater applications compared to set theory and so
many researchers started to reconsider the various concepts and theorems
in Mathematics and its applications in the broader frame work of fuzzy
settings. Since the basics of Mathematics is set theory, all Mathematics

can be rewritten based on fuzzy set theory.

Human thinking and reasoning frequently involve fuzzy information
and we can give satisfactory answers. But our systems are unable to an-
swer many questions. The reason is most systems are designed based upon
classical set theory and two valued logic which is unable to cope with un-
reliable and incomplete informations and give expert opinions. Fuzzy sets
have been able to provide solution to many real world problems. Zadeh
formulated the fuzzy set theory in terms of standard operations such as
complement, union, and intersection. Fuzzy set theory is applied in many
scientific areas which includes linguistics, robotics, computer science, ar-

tificial intelligence, medical diagnosis and social sciences. George J. Klir
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and Bo Youn [9] and Zimmermann H.J [35] give basics for fuzzy set theory

and its applications.

Since the introduction of fuzzy sets as a method for representing un-
certainty, this idea has been applied to a wide range of scientific areas.
One such area is Fuzzy automata and language theory. Fuzzy automata
firstly introduced by W. G. Wee [32] and Lee and Zadeh introduced the
concept of fuzzy languages [19]. There is an important reason to study
fuzzy automata. Several states are fuzzy by nature as well as several lan-
guages. For example, wellness of a patient is a fuzzy state. The language
on an alphabet {a, b} which contains a large number of d’s is an example
of a fuzzy language. The basic idea in the formation of fuzzy automata
is that unlike classical case, a fuzzy automaton can switch from one state
to another to a certain degree. In the case of fuzzy state automata we
consider fuzzy subsets of the state set as the the fuzzy states. Analogous
to different definition of classical automata there are several definitions of
fuzzy automata. Fuzzy automata are the machines accepting fuzzy regular

languages and used to define complex systems.

Semigroups are important in many areas of applied mathematics. The
theory of finite semigroups has been of particular importance in theoret-
ical computer science since 1950’s because of the natural link between
finite semigroups and finite automata. Correspond to every finite au-
tomata there exist a finite semigroup called transition semigroup of that
automata. The word ’automata’ comes from a greek word which means
‘self acting’. In algebra, an action of a semigroup on a set is a rule which
associate to each element of the semigroup a transformation of the set in
such a way that the product of two elements of the semigroup is associ-

ated with the composite of the two corresponding transformations, which
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means that the elements of the semigroup are acting as transformations
of the set. In computer science, semigroup actions are closely related to
automata - the set models the state of automaton, the elements of semi-
group are input symbols and the action models the transformations of
that state in response to inputs. A set X on which S acts is known as
an S-Set. A semigroup with identity is called a monoid. We always con-
sider semigroups with identity. It is also common to work with right acts
rather than left acts. Since every right S-act can be interpreted as a left
act over the opposite monoid, which has the same element as S but the
multiplication is defined by reversing the order, s x r = r x s. So the two

notions are essentially equivalent.

An S-Set can be considered as a set with a structure. The additional
structure on the set is the operation(action) of the semigroup on the set.
An S-morphism from one S-Set X to another S-Set X’ is a map F :
X — X' satisfying F(¢(s,x)) = ¢(s, F(x))Vs € S,z € X. The set of
all such S-homomorphisms is commonly written as Hom(X, X’). Thus
from the categorical point of view, the set of all S-Sets together with the
S-morphisms form a category S-SET and many results were proved by
P. G. Romeo on the category of S — SET and Functors [26]. Goguen
J. A [10] [11] defined a category SET (V) whose elements are functions
i X — V where X is any set and V is any partially orderd set, a
morphism from p — v is a function f : X — Y satisfying u(z) < v(f(x)
for all z € X. With V = [0, 1], this gives the category of fuzzy sets on
a set X say SET[0,1] or F — SET. C. L. Walker [31] studied further on
SETI0,1] and Sergey A. Solovyov [27] [28] studied more on the properties
of SET(L). They proved that SET[0,1] and SET(L) are both complete

and cocomplete.
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Any semigroup action § : S x X — X defines a transformation
semigroup S’ = {0, : s € S} where d5(z) = (s, z) and every transformation
semigroup can be turned into a semigroup action by defining  : S x X —
X by 6(s,z) = sx. Transformation semigroups are of essential importance
for the structure theory of finite state machines in automata theory. The
elements of X acts as states and the semigroup elements acts as input

symbols. ¢ : X xS — X is the next state function or transition function.

An automaton is supposed to run on some given sequence of inputs
in discrete time steps. At each time step, an automaton gets one input
that is picked from a set of symbols or letters which is called alphabet.
The set of all finite sequences of letters is called the set of words. An
automaton contains a finite set of states. At each time step when the
automaton reads a symbol, it jumps or transits to a next state that is
decided by the transition function. The automaton reads the symbols of
the input word one after another and transit from one state to another
according to the transition function until the word is read completely. The
automaton starts from an initial state and once the input word has been
read completely, it stops at a state called final state. There is a subset
of the state set of the automaton called accepting state. If the final state
is an accepting state then the automaton accepts the word. Otherwise
the word is rejected. The set of all words accepted by an automaton is
called the language recognized by that automaton. Thus an automaton
is a mathematical object that takes a word as input and decides either to

accept it or reject it.

An automaton has got two structures, one is the input structure and
the other is the output structure. Output structure is more useful in

practical purposes and it depends on the transition structure. But the
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input structure is independent of the output structure. So it is possible
to study the input structure separately. Algebraic automata theory deals
with the study of the transition structure or input structure of automata.
Many results of semigroup theory is used in algebraic automata theory.

One can refer [5], [13] for main results on semigroup theory.

Kleene’s theorem [16] is considered to be the starting point of the au-
tomata theory. It says that the class of all languages recognized by a
finite automata(recognizable languages) coincides with the rational lan-
guages, where the rational operations are union, product and star opera-
tion. Automata over infinite words are introduced by Buchi in early 1960s.
Hopcroft J. E and Ullman J. D [12], Eilenberg [7] Lallement [17], Peter
Linz [22], Dexter C. Kozen [6] are good references for Automata and Lan-
guage theory. A. C. Fleck [8] studied homomorphisms and isomorphisms
on automata and Chin-Hong Park [21] studied more on automata homo-
morphisms and power automata. The definition of syntactic monoid (a
monoid canonically attached to each language) first appeared in a paper
by Rabin and Scott [25] where the notion is credited to Myhill [20]. It was
shown that a language is recognizable if and only if the syntactic monoid

is finite.

The notion of variety is introduced by Birkoff [4] for infinite monoids.
A Birkoft’s variety of monoids is a class of monoids closed under taking
submonoids, quotient monoids and direct products. He proved that va-
rieties can be defined by a set of identities. For example, the identity
x %y = y x x characterizes the variety of commutative monoids. The col-
lection of finite monoids does not form a variety since it is not closed under
direct products. Elienberg defined a pseudovariety as a class of monoids

closed under taking submonoids, quotient monoids and finite direct prod-
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ucts. Elienberg’s variety theorem states that the variety of finite monoids
are in one to one correspondence with varieties of languages. This va-
riety theorem has been extended in various directions by J. E Pin and
many others [23], [24]. Inverse automata were first discussed by J. B.
Stephen[29]. He proved that the transition monoid of an inverse automa-
ton is an inverse monoid. Injective automata or reversible automata first
appeared in Christopher Reutenaur’s paper. He proved that a language
is accepted by an injective automata if and only if the syntactic monoid

of that language has commuting idempotents.

Like all other real life problems, impreciseness may occur in the case
of machines also. Sometimes the state may not be clear-cut, or the tran-
sition from one state to the other may not be complete. There comes the

importance of fuzzy automata theory.

Algebraic fuzzy automata theory deals with the study of the transition
structure associated with a fuzzy automaton. As in the case of classi-
cal automata, corresponds to every fuzzy automaton there exists a finite
monoid of fuzzy transition matrices and correspond to every finite monoid
we can construct a fuzzy automaton. This one-one correspondence allow
us to study the structure of a fuzzy automaton through the study of the

structure of the associated transition monoid.

It is proved that every monoid is the syntactic monoid of some fuzzy
language while this is not true in the case of crisp languages[17]. Eilenberg-
type variety theorem is proved for fuzzy languages by Tatjana Petkovic
[30] and it says that there is a one to one correspondence between the
variety of finite monoids, variety of languages and the variety of fuzzy

languages. Mordeson J. N, Malik D. S independently and together with
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Nair P. S, Sen M. K proved many results on algebraic fuzzy automata
theory and languages. These and many other references are available in
[14].

In this thesis we concentrate on the following.

1. Extending semigroup action on sets to fuzzy framework.

2. Define regular and inverse fuzzy automata and corresponding fuzzy

languages and study their algebraic properties.
3. Determine the automorphism group of an inverse fuzzy automaton.

4. Define min-weighted and max-weighted power automata and study

the properties of their transition monoids.

1.2 Preliminaries

Definition 1.2.1. Let X be a nonempty set. A fuzzy subset of X is
characterized by a function p: X — [0, 1].
The set {z € X : u(x) > 0} is called the support of p.

The set of all fuzzy subsets of X is denoted by F(X) or IX.

Definition 1.2.2. If ;4 and v are two fuzzy subsets of X then uV v
is a fuzzy subset of X defined by
pV v(z) = max{p(z), v(z)}
pAv(z) = min{u(z), v(r)}
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p(x) =1— p(x) forall x e X.
For {pa € A}, (V p)(z) = Sup fa ()

acA
and
(A pa)(z) = inf po(x) for all z € X
acA a€cA

Definition 1.2.3 (Zadeh’s Extension Principle). Let f: X — Y be
a map where X and Y are two sets. Let u be a fuzzy subset of X. Then

f can be extended to a map f : IX — IV by the extension principle

_ ) V) where z e fTl(y) if [N (y) # ¢
f(u)(y) = { 0 otherwise VyeY

and if v is a fuzzy subset of Y, then f~'(v)(z) = v(f(x)) V = € X.
f(p) is called image of & under f and f~'(v) is called the pre-image of v
under f.

Definition 1.2.4. Let X and Y be two sets and let f: X — Y be
a map. Let pu be a fuzzy subset of X and v a fuzzy subset of Y. A map
f:pu — v is said to be a fuzzy morphism if u(z) < vo f(z)V z € X.

Definition 1.2.5. A semigroup is a set equipped with an associative

binary operation. A monoid is a semigroup with an identity element.

Definition 1.2.6. Let S be a semigroup with identity e. A set X is
called an S — Set if there exists a mapping ¢ : S x X — X such that

1. For all s1,s9 € S and x € X, @(s159,x) = ¢(s1, d(82,7)).

2. ¢(e,x) = x.

The mapping ¢ : S x X — X is called the action of S on X and the
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S-Set X is denoted by (X, ¢).

Definition 1.2.7. Let X and Y be two S-sets. A mapping f :
X — Y is called an S-morphism from X — Y if f(o(s,x)) = ¢(s, f(x))
Vs € S,x € X. The collection of all S — Sets together with S-morphisms
is a category say S — SET.

Definition 1.2.8. A finite state automaton is a five tuple
M =(Q, X,9, F,s) where @ is finite set whose elements are called states,
X is a finite set of input symbols called alphabet, ¢ is a function from
Q@ x X — (@ called transition function. The output function is ¢ :
QxX — 0,1 and F = {q € Q,9(q,z) = 1}. The elements of F' are

called accepting states. s € @) is the initial state.

We can also represent a finite state automaton as M = (Q, X, E, F, s)
where E is a subset of ) x X x Q and F' and s are as above. Let X*
be the free monoid generated by X where the semigroup operation is
concatenation and A denote the identity element. The elements of X* are
sequences of finite length of elements of X, called words or strings. Then
0:@Q x X — (@ can be extended to a function ¢ : ) x X* — (@ such
that d(¢, A) = ¢ and 6(q, za) = 0(d(q, x),a)Vx € X*,a € X.

A language L over X is a subset of X*. A string x is accepted by M if
d(s,x) € F and rejected if 6(s,z) ¢ F. A language L said to be recognized
by an automaton M if L is the set of all strings accepted by M. A language
is recognizable if there exists a finite automata recognizing that language.
A semigroup S recognizes a language L if there exist a subset P of S and

a semigroup morphism ¢ : X* — S such that L = ¢~1(P).
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Definition 1.2.9. A deterministic automaton is said to be an inverse
automaton if Vo € X*, (¢,z,p) € E = (p,z~',q) € E and (p,z,q) € E
and (p,z,q) € E = p = p/ where X* is the free semigroup generated by
X UXH29].

1.3 Basics concepts and theorems in fuzzy

automata and fuzzy languages

A fuzzy language over an alphabet X is a fuzzy subset of X*. To each
fuzzy language A\ over X we associate a congruence P, called syntactic
congruence as follows. For u,v € X* wPyv if and only if A\(zuy) = A(zvy)
for all z,y € X*. The quotient monoid Syn(\) = X*/P, is called the
syntactic monoid of A [14].

Theorem 1.3.1 (Myhill Nerode theorem). A fuzzy language X is
regular if and only if Py has finite index [30).

For fuzzy languages A, A\;, Ay over an alphabet X, complement, union

and intersection are defined respectively by
X(U) =1- )\(U), )\1 V AQ(U) == )\1(U) V /\Q(U), )\1 VAN AQ(U) == Al(u) VAN )\Q(U)
Left and right quotients are defined respectively by

Ao (u) = \/ Ao(vu) AN (v) and A ATt (u) = \/ Aa(uv) A Ai(v).

veX* veX*
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Let ¢ € [0,1] be arbitrary. Then the fuzzy language ¢\ defined by

cA(u) = c.A(u) is called multiplication by constant c¢. Let X; and X,
be two finite alphabets. ¢ : X7 — X be a homomorphism and 1) a
fuzzy language in Xj;. Then the inverse image of ¥ under ¢ is a fuzzy
language ¢~ (u) = ¥(¢(u)). For a fuzzy language A, a c-cut we mean
Ae = {u € X*|A\(u) > c}.

Theorem 1.3.2. A fuzzy language X is regular if and only if Im(\)
is finite and A, is regular for every c € [0, 1] [14].

Definition 1.3.1. A family .% = #(X) of regular fuzzy languages
is a variety of fuzzy languages in X* if it is closed under unions, intersec-
tions, complements, multiplication by constants, quotients, inverse homo-

morphic images and cuts.

For a variety of fuzzy languages .%, let .#° be the family of finite monoids
defined by
F* ={Syn(\)|\ € F(X), for some X}.

For a variety of finite monoids .7, let .#/(X) be the family of fuzzy
languages defined by

(X)) = {), a fuzzy language over X such that Syn()\) € .7}.

Theorem 1.3.3 (Elienberg’s variety theorem). The mapping % —
Z* and ./ — 4 are mutually inverse lattice isomorphism between the

lattices of all varieties of fuzzy languages and all varieties of finite monoids.

Definition 1.3.2. A fuzzy automaton can also be represented as a
five tuple (Q, X, {T,|u € X},i,7) where {T,|u € X} is the set of fuzzy
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transition matrices, i = {i1, 49, .....0n}, 0% € [0,1],7 = {j1, J2, - -lin} L,k €
[0,1] for £ =1,2,3,...,n. u can be extended to the set ) x X* x @ by

I g=p
g, A, p)=
0 g#p
p(gq, u,p)= \/Q{u(q,:cl,ql) A pqr, T2, q2) Ao A p(Qr—1, Ty P)| 21 - xp =1}
q; €

The fuzzy language recognized by this fuzzy automaton is
fu(u) = Vo Voeqi(@) A plg,u,p) A 7(p) which can also written as
fu(u) = ioT, o7, where the composition is the max-min composition
of fuzzy matrices. The minimal fuzzy recognizer M () can be constructed
in a way similar to the construction of minimal recognizer for a crisp lan-
guage. The set of states will be {\.u|lu € X*} where A.u is a fuzzy subset
of X* defined by Au(w) = Auw) for w € X* and 6(A.u, x) = A.(ux)

Definition 1.3.3. A deterministic fuzzy automaton is fuzzy automa-
ton M = (Q, X, i, i, 7) such that there exist a unique s € Q) with i(s) > 0
and there exist a unique ¢ € @ such that p(s,x,q) > 0 for all z € X*.

For each fuzzy automaton we can construct a deterministic fuzzy au-

tomaton such that the language recognized by them are same [14].

For a fuzzy automaton A = (Q, X, u,i,7) define a congruence 64 on
X* by ubav <= p(q,u,p) = p(q,v,p) V¥V p,q € Q. Then the transition
monoid T'(A) of A is isomorphic to X*/04. Let M = (Q, X, u,i,7) be
a fuzzy automaton. We say the triple (@, X, ) is the fuzzy finite state

machine associated with M or a fuzzy automaton without outputs.

For p,q € @, p is called an immediate successor of ¢ if there exists



14 Chapter 1. Introduction

a € X such that p(q,a,p) > 0. p is called a successor of ¢ if there
exist an x € X* such that u(q,z,p) > 0. Let S(g) denote the set of all
successors of q. Let T C ). The set of all successors of T denoted by
S(T)=U{S(q) : ¢ €T}

N = (T,X,v) where T C @, v is a fuzzy subset of ' x X x T is
called a submachine of M if p|rwxxr = v and S(T) C T. N is said to be
separated if S(Q —T)NT = ¢.

Definition 1.3.4. A fuzzy automaton M is said to be connected
if it has no proper sub machines. M is strongly connected if for every
p,q € Q,p € S(q). M is commutative if pu(p,ab,q) = p(p,ba,q) ¥V a,b €
X*.p,q€qQ.

Definition 1.3.5. Let My = (Q1, X1, p1, i1, 71) and My = (Q2, Xo, pi2,
i9, T2) be two fuzzy automata such that Q1 N Q3 = ¢, recognizing A\; and
Ay respectively. The direct product of M; and M, is defined as
My x My = (Q1 x Q2, X1 X Xo, p1 X fig, 11 X ig, 71 X To) where
pi1 X pia((p1, p2), (21, %2), (41, ¢2)) = pa(p1, @1, @) A pa(p2, T2, g2) V(21, 22) €
X1 x Xy, (p1,p2), (01, q2) € Q1 X Qa.

11 X 19 and 7y X Ty are fuzzy subsets of ()7 x (2 defined by

iy X ia(p1,p2) = i1(p1) Ada(p2), 11 X T2(q1, q2) = T1(q1) A Ta(q2)-

For My = (Q1, X, p11,11,71) and My = (Qa, X, 2, iz, 72) the restricted di-
rect product My x My = (Q1 X Qo, X, jt1 X o, i1 X i3, 71 X To) where

pa X pa((p1, p2), T, (@1, @2)) = pa(pr, @, qu) A pa(p2, @, q2) Vo € X, (p1,p2),
(q1,q2) € Q1 X Q2. and i1 X i and 7 X T» are fuzzy subsets of Q; x @y
defined by iy X ia(p1, p2) = i1(p1) Ada(p2), 71 X Ta(qr, q2) = Ti(q1) A T2(q2)-
The language recognized by M;x My is A; A Ay [14].

Definition 1.3.6. Let M; = (Q1, X, 1), My = (Qa, X, p12) be fuzzy
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finite state machines such that @)1 N Q)2 = ¢. Their join is defined as
Ml V M2 = (Ql U QQ, X, 1251 V M2, il V ’ig, 7V 7'2) where

mp,x,q) ifpqge
pVope(p, . q) = pe(p,x,q) ifp,g€ Qe
0 otherwise

ooy ) alp) ifpe@
11V12(p)—{z,2(p) if p € Qs

and

) (g ifge@
1 sz(q) = { Tg(q) it g €0,

1.4 Fuzzy matrices and some basic opera-

tions

Fuzzy matrices are matrices with entries from the unit interval [0, 1]. We
can represent a fuzzy automaton with transition matrices which are fuzzy
matrices, and their composition is maxr — min operations on fuzzy matri-
ces. There are some other elementary operations on the set of all fuzzy

matrices.

Definition 1.4.1. If A = [a;;],B = [b;;] are two fuzzy matrices
with same number of rows and columns then max(A, B) = [c;;] where

c;; = max{a;j, b;; }. Similarly min(A, B) = [¢;;] where ¢;; = min{a;;, b;; }.

Definition 1.4.2. Let A and B be two matrices which are compatible
as in the case of product, ie, number of columns of A is equal to the number

of rows of B. Then max — min(A, B) = [¢;;] where ¢;; = \ ay A by;.
k
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Similarly min — max(A, B) = [cij], ci; = \ @i V by
k

The collection of all square fuzzy matrices of order n with maxr—min

operations is a monoid whose identity element is the unit matrix of order n.

1.5 Summary of the Thesis

This thesis comprises five chapters including the introductory chapter.
This includes a brief introduction and basic definitions of fuzzy set theory
and its applications, semigroup action on sets, finite semigroup theory, its
application in automata theory along with references which are used in
this thesis.

In the second chapter we defined an S-fuzzy subset of X with the ex-
tension of the notion of semigroup action of S on X to semigroup action
of S on to a fuzzy subset of X using Zadeh’s maximal extension princi-
pal and proved some results based on this. We also defined an S-fuzzy
morphism between two S-fuzzy subsets of X and they together form a
category S — FSETx. Some general properties and special objects in this
category are studied and finally proved that S — SET and S — FSET are
categorically equivalent. Further we tried to generalize this concept to the
action of a fuzzy semigroup on fuzzy subsets. As an application, using
the above idea, we convert a finite state automaton to a finite fuzzy state
automaton. A classical automata determine whether a word is accepted
by the automaton where as a finite fuzzy state automaton determine the

degree of acceptance of the word by the automaton.
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In the third chapter we define regular and inverse fuzzy automata,
its construction, and prove that the corresponding transition monoids are
regular and inverse monoids respectively. The languages accepted by an
inverse fuzzy automata is an inverse fuzzy language and we give a char-
acterization of an inverse fuzzy language. We study some of its algebraic
properties and prove that the collection IFL on an alphabet does not form
a variety since it is not closed under inverse homomorphic images. We
also prove some results based on the fact that a semigroup is inverse if
and only if idempotents commute and every .Z-class or #-class contains

a unique idempotent.

Fourth chapter includes a study of the structure of the automorphism
group of a deterministic faithful inverse fuzzy automaton and prove that
it is equal to a subgroup of the inverse monoid of all one-one partial fuzzy

transformations on the state set.

In the fifth chapter we define min-weighted and max-weighted power
automata, study some of its algebraic properties and prove that a fuzzy
automaton and the fuzzy power automata associated with it have the same

transition monoids.

The thesis ends with a conclusion of the work done and the scope of

further study.






Chapter 2

Category of S-Fuzzy subsets

2.1 Introduction

Categories and functors were first introduced by Samuel Eilenberg and
Saunders Mac Lane in 1945. Later by 1970s this concept is more developed
and found application in many different areas of Mathematics. Many
Mathematical results were proved in a much simpler way using categorical
concepts. From 1980, Category theory occupies a central position in the
field of theoretical computer science, theoretical physics and many other
fields where Mathematics is applied. It is a powerful language which allows
us to view various classes of objects with structures and their structure

preserving relation in a more general frame work.

Some results of this chapter are included in the following paper.
Pamy Sebastian, T. P. Johnson. : Semigroup Action on Fuzzy subsets and the Cat-
egory of S-Fuzzy subsets. International Review of Fuzzy Mathematics (2012), Vol.7,
No.1, 27-34.

19
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Many categorical properties of G — Sets and S — Sets were studied
by various researchers [34] [26]. In this chapter we extend the notion
of S — Sets to fuzzy framework where objects are S-fuzzy subsets of an
S — Set X and morphisms are S-fuzzy morphisms between them. We
study some categorical properties of the Category S — F'SETx and prove
that it is complete and cocomplete. Considering the Category S — SET
and S — FSET, we define a covariant functor between them and prove
that these two categories are equivalent. Finally we give an application of

this result in fuzzy automata theory.

2.2 Semigroup action on fuzzy subsets

Definition 2.2.1. Let X be an S-set where S is a semigroup with
identity e and the action of S on X is defined by the function ¢ : Sx X —
X. A fuzzy subset p of X is said to be an S-fuzzy subset of X if
w(o(s,z)) = p(x) V x € X. The semigroup action of S on X can be
extended to IX as
\y/u(y) where y € X : ¢(s,y) = z}

0 if no such y exists

It is trivial that ¢(e, u) = p.
VAo(s2, 1) (y),y € X, d(s1,y) = x}
v

0 if no such y exists

for = € X, 6(s, 1)(x) =

(51, 0(s2, 1)) () =

\/{\Z/u(z) 2€X 1 0(s9,2) =yt ye X :¢(s1,y) =1}

0 if no such y exists
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_ { VA=) 2 € X, 0(s51,6(52,2) = 7}

0 if no such y exists

0 if no such y exists

_ { \Z/{,u(z),z € X : ¢(s182,2) =z}

= P(s182, ) ()

This implies that ¢(s1, (s, 1)) = d(s152, it).
1 is said to be an S-Fuzzy subset under this action.

Let ACS.

Define ¢(A, 1) = UA (s, ).

Then *

(A, p)(x) = (SEJAd)(&u))(:v)
= \E/A{¢(S’”)($)}

Property 1. If p and v are S-fuzzy subsets of an S — Set X, then

1. If 4 C v then ¢(s, 1) C (s, v).

2. ¢(s, (pUv)) = (s, 1) U (s, v).
3. ¢(s,(uNv)) C (s, ;) No(s,v).
4. ¢(s, (A, p) = ¢(sA, ).

5. ¢(A,¢(B, ) = ¢(AB, ).

Proof. Since p C v, u(x) < v(x) Vo € X.
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V{uy),y € X : o(s,y) = x}

0 if no such y exists

o(s, p1)(z) = {

N

{ V{vw)y € X o(s9) = a)

0 if no such y exists

= ¢(s,v(x)) Ve e X

So ¢(s, ) € (s, v).
To prove (2),

O(s. 11U ) (x)
B {\/{MUV(y),yeX:sﬁ(s,y)x}

0 if no such y exists

0 if no such y exists

{ VAiuly) Vvl(y),y € X : d(s,y) =z}

B { V{i().y € X 6(s.y) = 2} v V{r(y).y € X - §(s.) = 2}

0 if no such y exists
= o(s,p)(x) V o(s,v)(x)

= (p(s, 1) U(s,v))(x)
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S0 §(5, 11U v) = 65, 1) U (5, ).
Now to prove (3),

{/mv vy € X (s, y) =}
o(s,pNv)(z) =

O if no such y exists

{u y),y € X : ¢(s,y) = v}

O if no such y exists

I
——

VAN

{ V{n(y), ye X:d(s,y) =z} A\V{v(y),y€ X ¢(s,y) =z}

0 if no such y exists
= (s, p)(x) A ols,v)(x)
= o(s, 1) N o(s, 1)(x)
So ¢(s, N v) C (s, 1) N (s, v).
To get (4),

VAU, 1)),y € X - 6(s,9) = o}
qﬁ(s,qb(A,,u))(x) = y

0 if no such y exists

y u€A

{ V V {6(u, 1)(y),y € X : ¢(s,y) = =}

0 if no such y exists
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=V o(s, o(u, p))(x)

u€A

=V o(su, p)(x)

u€A

= U o(su, p)(x)

u€A

Now (5) follows from

o(A,o(B, 1) = U oz, 0(B,pn))

z€A

= U é(zB,p)

T€EA

= ¢(AB7 M)

]

Definition 2.2.2. Let X be an S — Set and f be an S-morphism on
X, let o and v be S-fuzzy subsets of X. A fuzzy morphism [ : p — v is
said to be an S-fuzzy morphism if f(é(s, 1)) = é(s, f(u)) Vs € S.

The collection of all S-fuzzy subsets of X together with S-fuzzy mor-
phisms between them is a category say S — F'SET. Let S— FSETx and
S — FSETy be two categories of S-fuzzy subsets of X and Y respectively
where X, Y € S — SET
Let f : X — Y be an S-morphism, then f can be extended to S-fuzzy
morphism f : S — FSETx — S — FSETy by
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B x) where z “y)if 1
) = \x/u() €fy it fTHy) # ¢

0 otherwise

The category S — F'SET can be defined as follows.
The objects of S— F'SET are the classes S— FSETx where X € S—SET
and morphisms are f S — FSETxy — S — FSETy defined as above.

2.3 General properties and special objects
in S— FSETYx

In the category S — FSETx, we consider p : X — [0,1] as an addi-
tional structure on the S-set X and the S-fuzzy morphisms are maps f €
Hom(I*, IY) satisfying f(¢(s, 1)) = ¢(s, f(u)) and p(x) < vof(z)Vr €
X,s € S. If f e Hom(X,X) is a bijection then f is also a bijection.
So S — F'SETYx can be considered as a set with structures whose objects
are (X, ) and morphisms are S-fuzzy morphisms. The composition is the
ordinary composition of functions. The initial object in S — FSETY is the
empty set with empty map to [0,1] and final objects are singleton S-fuzzy
subsets which are fuzzy subsets on X such that for every {z}, u(y) =1
at y = x and 0 for all y # .

Products in S — FSETY

Let X and Y be two S — Sets. Then the product X x Y is defined as an
S — Set with the semigroup action on X x Y is defined as ¢(s, (z,y)) =
(o(s, ), d(s,y)) together with the projection morphisms p; : X x Y — X
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and po : X XY — Y. Here p; and py are S-morphisms since
pi(o(s, (z,9))) = p1((s, x),d(s,y)) = ¢(s,2) = ¢(s, pr1(z,y)) and

p2(0(s, (x,9))) = p2(o(s,2), ¢(s, ) = ¢(s,y) = d(s,p2(2,y))-
In particular the product X x X is an S — Set.

Let p and v be S-fuzzy subset of X. The product p x v can be defined
as a fuzzy subset 6 of X x X defined as 6(z,y) = u(x) A v(y) together
with p : I"*% — IX and p, : IX*% — X defined by

p1(0)(a) = V {0(x,y) : pi(2,y) = a}

(@)
(V {u(@) Nv(y) pi(z,y) = a}
= V(u(a) Av(y))

Y

= pu(a) AN\ v(y) for every a € X
Yy

Similarly,

p2(0)(b) = ( yxu(ﬁ)) A v(b).
Since 0(¢(s, (z,y))) = 0(¢(s, ), #(s,y)) = u(d(s, x)) Av(d(s,y)) = p(x) A
v(y) = 0(x,y), 0 is an S-fuzzy subset of X x X where the action of S on

0 is defined as
o(s,0)(a,b) = (z,y)
0 if no such (z,y) exists

{ V {0(z,y) : 6(s, (x,y)) = (a,b)}
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{ (v){u@:) Av(y) : ¢(s,x) = a, d(s,y) = b}

0 if no such (z,y) exists

) {\gc/{uuxxex:qb(s,x)a}A\y/{u(y»yeX:qs(s,y)b}

0 if no such (x,y) exists

= ¢(s,u)(a) A o(s,v)(b)
= &(s, (1 x v))(a,b) = ¢(s, u)(a) A o(s,v)(b)
Also py and py are S-fuzzy morphisms, for,

0(z,y) = p(z) Av(y) < p(x) = popi(z,y) V(z,y) € X x X
—> p; is a fuzzy morphism.

pi(d(s,0))(a) = (\/){¢(8>9)($,Z/) tpi(z,y) = a}
= \y/ﬁb(sae)(aa Z/)
= \/ (\/){e(uv U) : ¢(S’ (U,U)) = (a’ y)>p1(ua U) = CL}

= V V (uw) Av(v) : ¢(s,u) =a, ¢(s,v) =y, pr(u,v) =a}

(uv)

=V (V){M(U) Av(v) : pi(u,v) = a,¢(s,v) = y}

= ¢(s,m(0))(a)
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= pp is an S-fuzzy morphism.

Similarly py is also an S-fuzzy morphism.

The universality of the product will be followed by the universal mapping
property(UMP) of the product in the category SET.

Thus (0, p1, po) is the product of p and v.

Example 2.3.1. Let X = {9, 21,22} and S be the subsemigroup
{e, d} of the full transformation semigroup on X where §(zg) = x1, d(z1) =
x1, 0(x2) = w3 Then S can be considered to be acting on X and the
action ¢ of S on X is ¢(0,x9) = x1, ¢(d,x1) = z1, ¢(0,22) = o and
ole,z) =z Vo e X.

Let ¢ and v be fuzzy subsets on X defined by
0.5 when z = x¢

xTr) =
) 0.7 when x = 21, 22
and
0.4 when x = x
v(r) =14 0.7 when z =1z, .

0.8 when x = x5
Then p and v are S-fuzzy subsets of X since u(¢(s,z)) > p(zr) and

v(p(s,z) = v(z) for all s € S.
Now 60 is the fuzzy subset of X x Xdefined by
0(z;,z;) =04 wheni=0, j=0
= 0.5wheni=0, j=1
=0.7wheni=0, j=
=04 wheni=1, j=
=0.7wheni=1, j=
=0.7wheni=1, j=2
= 0.4 wheni=2, j =
= 0.7 when i =2, j =
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= 0.7 when i =2, j =2
6 is an S-fuzzy subset since it can be verified that
O(o(s, (xi,x5)) = O(xi,xj) Vo, x; € X and p; and po are S-fuzzy mor-
phisms since 0(x;,z;) = p(zr;) A v(z;) < plr;) = po pi(x;,x;) and
O(x;, xj) = p(z;) ANv(z;) < v(z;) = vops(z;,x;) Vo, x; € X. Also
pro(s,0)(x;) = ¢(s, pr(0)(z;) for all k =1,2, i =0,1,2.

Equalizers in S — FSETx

Let X be an S-set. Let u and v be S-fuzzy subsets of X. Let fi, f> :
IX — IX be S-fuzzy morphisms from g to v. Then f; and f, are S-
morphisms from X — X. Let K = {2z € X : fi(x) = fa(x)}. Let

i K — X be the inclusion.
pr) Vee K

Define 6 : X — [0,1] as 6(z) = { )
0 otherwise.

Then @ is an S-fuzzy subset of X for,

0(d(s,z) = p(e(s,z)
> p(x) since p is an S-fuzzy subset
= fx) ifze K

For z ¢ K, 0(x) = 0 and it is trivial.

Let i : I — I¥ be the extension of iy to IX.

[ V) e Xoinl) = 2}

ilw)@) = { 0 if no such y exists

Then

} VA{ols,m)(y) cix(y) ==, if v € K}
i(p(s, p)(z) = v

0 otherwise
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\Z/\/{M(Z) 19(s,2) =y, ix(y) =, ifv € K}

0 otherwise

\Z/{Z(#)(Z) Cigd(s,z) =x, if x € K}

0 otherwise

= ¢(s,i(p))(z) forall p e IX, z € X
= i(¢(s, 1)) = ¢(s,1(n)) for all p € I*.
Since 6 is the restriction of u to K, #(z) = poig(z) V o € X. Thus 7

is an S-fuzzy morphism. The pair (z,6) defined above satisfies universal

mapping property by the universal mapping property in SET.

Example 2.3.2. Let ;4 and v as in the example 2.3.1 and let fi, fa
i — v be two S-fuzzy morphisms,
ie, fi, fo are two S-morphisms from X — X such that p(z) < vo fi(x),
Fi(@(s, 1) (x) = ¢(s, fi(p)(x) and fo(d(s, ) (x) = d(s, fo(u)(x) for all 5 €
S,z e X.
Take f1, fo : X — X as fi(wo) = 22, fi(21) = 21, fi(22) = 22
and fo(xg) = x1, fo(z1) = x1, fo(z2) = 1. Then fl and f~2 are S-fuzzy
morphisms since f; and fy are S-morphisms and
fio(s, p)(x:) = d(s, fr())(z;) Yo, € X and s € S and K = {z}.

0  when z =z

Define 6 on X as 0(x) =< 0.7 when z = 14

0 when x = x4
ir(x1) = x1 is the inclusion map.
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0 when x =z
i(0)(z;) =< 0.7 whenz =1

0 when x = x,.
Thus (6,1) as defined above is the equalizer of f1, fo.

Theorem 2.3.1. The Category S — F'SETx is complete.

Proof. A category is complete if and only if it has got products and
equalizers. Since we have proved that S — FSETYx has products and
equalizers it is complete.

]

Coproducts in S — FSETx

Let X; and X, be two S-Sets. Then X; + Xy = X7 x {1} U X5 x {2} is
an S-Set under the action ¢(s, (a,b)) = (¢(s,a),b). The coproduct is the
direct sum X; + X together with the inclusions in; and ins. Let p; and

Lo be two S-fuzzy subsets of X.

Consider the coproduct X + X = X; U Xy where X; = X x {1} and
Xy = X x {2} and define g on X + X as p(z;,1) = p;(x;) Va,,i € {1,2}.
Let in; : X7 — X 4+ X and iny : Xo — X + X be the inclusion maps.
Consider the extension ing : IXt — [X19%2 defined by
ina () (2, 1) = pa (), iny () (2,2) = 0 and
ing(p2) (,2) = pa(), ina(ps)(x,1) = 0.

We can easily prove that, as in the case of products, p is an S-fuzzy subset
of X + X and iny,iny are the injection S-fuzzy morphisms which satisfy

UMP. Thus (u,iﬁl,ifzg) is the coproduct of p; and ps.



32 Chapter 2.  Category of S-Fuzzy subsets

Example 2.3.3. In example 2.3.1,
X1 U Xy = {(x0,1), (x1,1), (x2,1), (z0,2), (21,2), (22, 2)}.
Define the fuzzy subset 6 on X; U X, as
0(z;,7) = 0.5 if i=0, j=1
=0.7 if i=1, j=1
= 0.7 if i=2, j=1
=04 if i=0, j=2
= 0.7 if i=1, j=2
= 0.7 if i=2, j=2.
And 0(¢(s, (x;,7))) = 0(z4,j) forall x; € X, s € S, =1, 2.
So 6 is an S-fuzzy subset of X; U Xj.

iny () (z,7) = 0.5 if =z, j=1
= 0.7 if =1, j=1
=0.7if = =x9, j=1
=0 forall z € X;j=2
and
ina(v)(z,5)=0 forall z € X;j=1
=04if x=uxy ,j=2
=0.7if x=ux; ,j=2
=08if x =y ,j=2.
iny and iny are S-fuzzy morphisms since it can be verified that
Ooiny (z) > p(z) and ini (¢(s, n))(z) = ¢(s,ini(u))(x) forallz € X, s € S.
Similarly, 6 o ing(x) > v(z) and ing(d(s,v))(z) = (s, ing(v))(z) for all
reX,ses.

Thus (6, iny, in,) is the coproduct of y and v.
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Coequalizer in S — FSETY

Let X be an S — SET. Let p and v be two S-fuzzy subset of X. Let
f,g : p — v be S-fuzzy morphisms. For z € X, (f(x),g(x)) is a relation
R on X. Consider the smallest equivalence relation R on X containing R.
Let Z = X/ = {[y}; y € X}

Define # on Z by 0ly] = \/{v(y) : y € [y]}. The canonical onto map
h: X — X/R where h(y) = [y] is an S-morphism since h(¢(s,y)) =

[0(s, )] = &(s, [y]) = &(s, h(y)).

Consider the extension h : [X — [X/R by
h(v)ly] = V{v(z) : h(z) = [y]} = 6(y)-
Then 6 is an S-fuzzy subset of Z.
Now h is a fuzzy morphism since 6 o h(y) = 0y] = \V/{v(z) : = € [y]} >
v(y) Vye X.

Also h(g(s, m))ly] = \x/{¢(8, p) (@) hiz) = [yl}
= \z/\Z/{M(Z) 2 9(s,2) =z, h(x) = [y]}

= V() : ho(s.2)) = o]}

So h is an S-fuzzy morphism.
Thus (h,0) is the coequalizer of f and g satisfying UMP.
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Example 2.3.4. In the example 2.3.2.
R = {(z1,21), (22, 21)}.
R = {($1, Il)v (x2’ 951), ($1, $2), (x2’ 932)}
Z = X/ R = {[w], [21]} where [zo] = {zo}, [#1] = {z1, 22}
0.4 ifx=ux
0.8 ifx=ux
Then 6 is an S-fuzzy subset of Z since 0(¢(s, [z]) > 0]z] for all z € X and
sef.
Also h is an S-fuzzy morphism since A is an S-morphism such that
v(z) < 0o h(z) and h(¢(s,v))[z] = (s, h(v))[z] for all z € X,s € S.
Thus (A, 0) is the coequalizer of f; and fs.

Define 6 on Z by 0[x] =

Theorem 2.3.2. The category S — FSETYx is cocomplete.

Proof. A category is cocomplete if and only if it has got coproducts
and coequalizers. So the category S — FSETY is cocomplete.
O

Definition 2.3.1. We define a relation on S — FSETYx by p ~g v iff
v = ¢(s,p) for some s € S.

Theorem 2.3.3. The above defined relation is a quasi order relation.

Proof. Since e € S, and ¢(e, ) = p, o ~g p Let p ~g v and v ~g 0
then v = ¢(s1, 1) and 6 = ¢(sa, v) for some s1, 59 € S.

Then @(sas1, i) = G(s2, ¢(s1, 1)) = P(s9,v) =6

= 1 ~g 0 Thus ~g is a quasi order relation. O
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Theorem 2.3.4. The fuzzy subset ] defined by
](z) = V{v(z),v ~g u} for x € X is an S-fuzzy subset of X under the
action ¢(s, [p]) = [¢(s, n)] where s € S and S — FSETx/ ~g is an S-Set.

Proof. [u](¢(s,x)) = V{v(¢(s, 7)) 1 v ~s u}
> \{v(x) 1 v ~s p}
= [u](x)

ie, [u] is an S-fuzzy subset of X.

Define ¢ S xS — FSET)(/ ~g— S — FSET)(/ ~g by
6(s, [u]) = [6(5, )] for every € S — FSETy

Then (1). (e, [u]) = [oe, w)] = [u].

(2). d(s182,[1]) = [p(s152, )]
= [p(s1,0(s2, )]
= ¢(s1,[d(s2, 1))

= S — FSETx/ ~g is an S-Set.
[

Theorem 2.3.5. The functor F': S — SET — S — FSET defined
by F(X) =S — FSETx VX € S—SET and for f : X — Y, F(f) = f

is a covariant functor.

Proof. It is obvious that F(1x) = 1p(x).
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. g(p)(z)  where z € f1(y), if [~ (y) # ¢
Foa((y) = \x/g(u)( ) ere (v) (v)
0 otherwise
_ VV(u)(z) where z € g7'(z),z € fH(y), if g7 fH(y) # ¢
0 otherwise
) Vulz) where z € g f7Hy), if g7 TN (y) # 6
0 otherwise
_J Vulz) where z € (fog)™'(y), if (fog)™'(y) # ¢
0 otherwise
= (fog)uly)

= fog=(fog)
= F(fog)=F(f)oF(g)

= F'is a covariant functor.
O

Theorem 2.3.6. The functor F : S — SET — S — FSET defined
above is full, faithful and surjective on objects. ie, S—SET and S—FSET

are equivalent categories.

Proof. Since every f : S — FSETx — S — FSETy is an extension
of some f: X — Y, the mapping ¢ : Mor(X,Y) — Mor(F(X),F(Y)
defined by ¢(f) = F(f) = f is a surjection.

So the functor F' is full.
Let f; and f5 be two S-morphisms from X to Y such that f; # f5. Then

there exists an zp € X such that fi(xo) # fa(zo).
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0 Vexe X,z #x

1 for x = xg.

Al (fi(zo)) = V{u(@) : fi(x) = fi(zo)} = plwo) = 1.
But

Fa()(fr(zo)) = V{u(z) = fola) = fi(xo)} =0

= fi # fo

—> the map f — F(f) is injective.

So F' is faithful.

The objects in S — FSET are classes S — F'SETx. Corresponding to each
object S — FSETY, there exists an underlying set X € Obj S — SET

such that F'(X) = S — FSETx. So F is surjective on objects. F' is an
equivalence functor between S — SET and S — FSET. n

Take the fuzzy subset p of X as u(z) =

2.4 Fuzzy semigroup action on fuzzy sub-

sets

We know that a fuzzy subset A of a semigroup S is said to be a fuzzy
subsemigroup of S if A(zy) > A(x) A A(y) for all z,y € S[15].

Definition 2.4.1. Let ¢ : S x X — X be the action of S on X. Let
i be a fuzzy subset of X such that p(¢(s,z)) > pu(z) Vo € X. ie, pis an
S-Fuzzy subset of X. Let A be a fuzzy subsemigroup of S. We define the

action of A on pu as
yy{u(y) AA(s): o(s,y) =, if 971 (z) # ¢}

0 otherwise

P, p)(x) =
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We say p is a A-fuzzy subset of X.

Theorem 2.4.1. Let X be an S-Set and f be an S-morphism on X.
it be an S-fuzzy subset of X and X\ a fuzzy subsemigroup of S. Then f(,u)

is a A\-fuzzy subset of X where f is the maximal extension of f.

Viu() : fly) = o(s,2)} if f7H(o(s,2)) # ¢

0 otherwise

Proof. f(u)(¢(s,)) = {
{ V(1 (8(s,2))) if 7 (d(s,2)) # 6}

0 otherwise

0 otherwise

{ V() (s, 7)) : (s, 2)) # ¢}

0 otherwise

. { VL) @) 7005, 2)) # 0}

= f(1)(x) U

Thus f(u) is an S-Fuzzy subset of X.
And the action of A on f(u) is
" VVIF @) AX(s) = d(s,y) = a}if 67 () # ¢
o, f(p)(x)=q v

0 otherwise

0 otherwise

) { VVIVRED AAG) : £2) = 3,0(s,9) = o} i 07 (@) # 9

If £ is an S-morphism from an S-set X onto itself then f: y — vis a

A-fuzzy morphism if yu(z) < vo f(z) and f(p(\, 1)) = (N, f(p)) ¥ S-fuzzy
subset 1 of X. The collection of all A-fuzzy subsets of X together with the



2.5. Application in fuzzy automata theory 39

A-fuzzy morphisms is a category A— F'SETx. Asin the case of S—FSET,
we can prove that the collection of all \— FSETyx, X € S— SET for each
A is a category say A — F.'SET which is equivalent to S — SET.

2.5 Application in fuzzy automata theory

Since we have proved that S — SET and S — FSET are equivalent cate-
gories and the main application of semigroup action on sets is in automata
theory, we can construct a fuzzy state automaton corresponding to a finite
automaton. While an automaton accepts or reject a given word, a fuzzy

state automaton accepts a word with a degree of acceptance.

Definition 2.5.1. Let M = (Q, X, 6, qo, F') be a finite state automa-
ton where () is the set of states, X is an alphabet, § is the action of X on
Q, qo is the initial state, I’ the set of final states. A max-extended finite
fuzzy state machine is a quintuple M = (Q, X, 5, o, F'). § is the action of
_ ) V() : 6(g,a) = g,

0 if no such ¢ exists
1o is a fuzzy subset of ) called the initial fuzzy state. As usual X* be the

X on I9 defined by 6 (e, a)(q:) VaeX.

free semigroup of all words of elements of X of finite length.
Extend § to X* as 6* : 19 x X* — I9 as 6*(u, A)(q) = u(q)
and 0* (i1, za)(q) = 6(6*(u, x),a)(q) for all p € 19, g € Q,z € X*,a € X.

Lemma 2.5.1. Let M = (Q, X, 5*,;}) be maximally extended fuzzy
state machine. Then 0* (i1, zy)(q) = 6*(6* (11, ), y)(q) ¥V ¢ € Q,z,y € X*.

Proof. We prove this by induction on length of y.
Let y be the empty string, ¢ € @
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0% (1, wy)(q) = 0% (1, xA) () = 6* (1, ) (g)

Let the result is true for all words of length n — 1

Let y be a word of length n. We can write y = ua where u € X* is of
length n — 1 and a € X.

0*(m ay)(q) = 0*(p,vua)(q)
= 0(6"(p, wu), a)(q)
= 0(6*(0" (1, ), ), @) (q)
“(0* (1, ), ua)(q)
0*(6*(n,2),9)(q) Vg€ Q, z,y € X~

I
0’»

2.6 Extending finite state automata to fi-

nite fuzzy state automata

Consider a finite automaton M = (Q, X,d,s, F). Extend 6 to 0 : I x
\k/{#i(%) 1 0(qr, @) = q;}

0 if no such a exists.

X — I9 defined as S(M,a)(%’) =

Let po be an initial fuzzy state. The degree of acceptance of a word by

this fuzzy state automaton is given by

\ 0(po,u)(q) Vue L

D(u) = qeF

0 for all u ¢ L.
where L is the language accepted by the finite automaton and D(L) =
A\ D(u).

uel
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Example 2.6.1. Let M = (Q, X,d,s, F) where Q = {qo, 1}, X =

a,b}, s =qo, F' = ¢ with the state transition function ¢ given as below
g

5((]0’ a, Q1)7 5(q07 ba q1)a 5(q1a a, QO)> 5(q17 ba (]1) Let Ho be a fuzzy subset of Q

defined by
(g) = 0.2 when q = qq

Hol) = 0.4 when g =q

Then

A 0.4 when g = ¢

oo, 0)lg) = { 0.2 when g = qo o
. =q

A 0  when ¢ = q

ko, D)) = { 0.4 when g=gq o
. =q

A 0.2 when g =qo

d(p,a)(q) = { 04 when q=gq say = [o
. =q

A 0 when g=gq

5<’“’b>@:{ 0.4 Whenq—q0 o
. =q
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0.4 when q = qo

say =
0 when g =q Yo
0

when ¢ = qq

5(/1’2713)((]) = { say = U2

0.4 when g =q

0  when g = qo
say = [o

~

o(p3,a)(q) = 04 when g — g
. =q

A 0  when ¢ =qq
6(p3,b)(q) = 04 when g =g say = o
. =q

The fuzzy states are ug, p1, 2, 13 as defined above and the transition

function is 8(:“07 a, Nl)? 5(:“’07 b7 M2)7 S(:uh a, MO)u 5(:“17 b7 ,u2)7 5(”27 a, ,LL3)7

~ ~ ~

(5(#2, b7 H2)7 5(,&3, a, ,u2)7 5(”37 b7 IUQ)
The language accepted by this fuzzy state automaton is (aa)*ab*+b(aa)*b*+

ab*(aa)* and the degree of acceptance D(L) = 0.2.

Example 2.6.2. Let p is a fuzzy subset of () defined by
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(q) = 1 when g = qo
Hord 0 otherwise

ie, o = 1g.

Then

A 0 when ¢ = qo

d(po, a)(q) = { | when g =g
=

and

A 0 when ¢ = qq

d(p0,0)(q) = { | wheng — g
=q

ie, 8(uo,a) = 14, and 6(p0,b) = 14,

and

0(p1,a) = 14 and 8(jy,b) = 1, which is the fuzzy state automaton asso-
ciated with the crisp finite state automaton and the degree of acceptance
of the language (aa)*ab* + b(aa)*b* 4+ ab*(aa)* is 1.







Chapter 3

Regular and Inverse Fuzzy

Automata

3.1 Introduction

Algebraic approach to fuzzy automata theory mostly depends on the finite
monoid theory because of the one-one correspondence between a fuzzy fi-
nite state automaton and its transition monoid. Eilenberg type variety
theorem for fuzzy languages says that there is a one-one correspondence
between variety of finite monoids and the variety of regular fuzzy lan-
guages. We know that the collection of finite inverse monoids does not

form a variety since subalgebra of an inverse monoid need not be an in-

Some results of this chapter are included in the following paper.
Pamy Sebastian, T. P. Johnson. : Inverse Fuzzy Automata and Inverse Fuzzy Lan-
guages, Annals of Fuzzy Mathematics and Informatics(2013),Vol.6,No.2,447-453.

45
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verse monoid. But they generate a variety called InV. InV consists of all
finite monoids with commuting idempotents[2]. In this chapter we define
an inverse fuzzy automaton such that its transition monoid is an inverse
monoid and study some of its algebraic properties. We define an inverse
fuzzy language, give a characterization for inverse fuzzy languages and
prove some results. Also we prove some properties of inverse fuzzy lan-

guages based on the fact that the syntactic monoid is an inverse monoid.

3.2 Preliminaries

Definition 3.2.1. A semigroup S is called regular if for every element
a in S there exist a b in S such that a = aba. A semigroup S is said to be
an inverse semigroup if for every a in S there exists a unique b in S such
that aba = a and bab = b. We call b the inverse of a and denote by a™!.

If S has an identity then S is said to be an inverse monoid.

1'is an idempotent and

For any element a of an inverse monoid, aa™
idempotents of an inverse monoid commute. The collection of all finite
inverse monoids generate a variety InV which is the collection of all semi-
groups with commuting idempotents. This is the smallest variety con-
taining finite inverse monoids [2]. An analogues to Cayley’s theorem for
groups, Preston and Wagner proved that an inverse monoid S is isomorphic
to a subinverse monoid of the monoid of all one-one partial transforma-
tions on S. A regular semigroup can be characterized by the property that
for every z in S the Z-class (#-class) containing = contains an idempo-

tent and inverse semigroups can be characterized by the properties, (a) S
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is regular and idempotents in S commute,(b) every .£-class and Z-class

contains an idempotent.

3.3 Regular and inverse fuzzy automata

Let X be a nonempty finite set. Let X* be the free monoid generated by
X. Then X* is regular if for every x € X* there exist a y € X* such that
x = xyxr and X* is inverse if V x € X*, there exist a unique y € X* such

that x = xyx, y = yxy.

Definition 3.3.1. Let M = (Q, X, u) be a fuzzy automaton. M is
said to be regular if for every z € X* there exist a y € X* such that

w(p,x,q) = p(p,zyz,q) for all p,q € Q. M = (Q, X, ) is said to be an
inverse fuzzy automaton if V x € X*, there exist a unique y € X* such

that p(q, xyz, p) = (g, z,p), u(q, yxy,p) = u(q,y,p) ¥p,q € Q.

In the case of a deterministic inverse fuzzy automaton this can be re-
defined as Vx € X*, there exist a unique y such that u(q,z,p) = u(p,y, q)
and u(p,z,q) = p(r,x,q) = p = r ¥p,q,r € Q. A deterministic fuzzy
automaton can be represented by the transition matrices with each row
contains atmost one nonzero entry (partial fuzzy transformations) and
a deterministic inverse fuzzy automaton can be represented by transi-
tion matrices with each row and column contains atmost one nonzero
entry (one-one partial fuzzy transformations). For an inverse fuzzy au-

tomaton we take X* to assure the existence of such a y. ie, Vo € X+

wlq, zz ™ e, p) = (g, =, p) and p(q,z twz=t,p) = p(g,x,p) V p,q € Q.

Definition 3.3.2. A fuzzy language A\ on an alphabet X is said to
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be an inverse fuzzy language if the minimal fuzzy automaton recognizing

that language is an inverse fuzzy automaton.

Example 3.3.1. Let M=(Q, X, ;1,4,7), where Q = {qo, q1, @2}, X =
{a,0},i=1[100,,7=[001]" and p: Q@ x X x Q — [0,1] as defined
below
(g0, a, 1) = 0.7, (g1, a,g2) = 0.4, mu(qe, a,qo) = 0.3, p(q1,b,q) = 0.8,
1(qo,b,q2) = 0.6, pu(g2,b,q1) = 0.5 and = 0 for all other elements of
Q x X x Q. This is a deterministic regular fuzzy automaton for which

Tuwe = T,. But this is not an inverse fuzzy automaton since b is not unique
and Ty, # T,

Example 3.3.2. Let M=(Q, X, ;t,4,7), where Q = {qo, q1, @2}, X =
{a,b},i=[100],7=[001"and pn: Q x X x Q — [0,1] as defined
below

M(QO7G)QI) = 07) M(Q17a7qQ) = 047 /,L(QQ7(I,(]()> = 03a M<QI7b7 qO) = 077
1(qo,b,q2) = 0.3, u(q2,b,q1) = 0.4 and = 0 for all other elements of

Qx X xQ.
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0 07 0 0 0 03
ThenT,=| 0 0 04 Iy=107 0 0
03 0 0 0 04 0

Then, the transition semigroup 7'(M) is the semigroup generated by {1, T}
in which Ty, = Ty, Tpap = Tp.
Thus
T(M) = {To, Ty, Tus, Tys, Tos, Ty, Thz, T Toa Tases Thza Tos Thats Tuo,
Ti2az, Tapza - Here Ty, Top, Toa, Thza2, Tazp2, Tap2 are the idempotents.
Zr, = {To, Tva}
L, =A{Ty, T}
gTaz = {Ta27Tba2>Tb2a2}
21, = T, Tape, Tozez }
Lr, = {Tuon, Tiza Tuipa}
L1y ={Tus, Tus, Tus }.
Since every .Z class contains a unique idempotent, T'(M) is an inverse
semigroup.
The fuzzy language accepted by this fuzzy automaton is
0.4 when x = ((aabb)* + (ab)*)aa
AMz) = 0.3 when x = b((ab)* + (ba)*) + (bbb)*(aa + b + bba)

0 for all other x € X*
which is an inverse fuzzy language.

Example 3.3.3. Let Q = {qo, q1, 2}, X = {a,b}. Take X* as the free
inverse monoid generated by X. Consider a deterministic fuzzy automaton
M = (Q,X,u) over X = X UX ! where p is a fuzzy subset of Q x X x Q
with finite image C' such that for every p € @, there exist atmost one ¢ € @)
such that p(q,a,p) > 0 and u(q,a,p) = u(p,a™t,q) ¥V p,q € Q,a € X.
Then M is a deterministic fuzzy automaton which is inverse. Here X*

acts on () as one-one partial fuzzy transformations. The transition monoid
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is a subinverse monoid of the inverse monoid of all one-one partial fuzzy

transformations on Q).

Theorem 3.3.1. A fuzzy automaton A = (Q, X, u,i,7) is inverse

(regular) if and only if X* /4 is an inverse (regular) monoid.

Proof. Suppose A is an inverse fuzzy automaton

ie, for each x € X* there exist a unique ' € X* such that V p,q € Q,
pu(g, vz~ e, p) = p(q, @, p) and p(g, x~ vz ™", p) = p(g, 27, p)
= o'z Oz and ozt Gt

< [rz7z] = [z] and [z zz 7] = [z 7).

Then, [x][z7"][z] = [2] and [27][z][z7"] = [27]
<= X*/0, is an inverse monoid.
As a particular case it is true that A is regular if and only if X* /04 is

regular.

]

3.4 Construction of regular and inverse fuzzy

automata

Since every nondeterministic fuzzy automaton can be converted into a
deterministic fuzzy automaton we give the construction of a deterministic
inverse fuzzy automaton. There is a one to one correspondence between
finite inverse (regular) monoids and inverse (regular) fuzzy automata on

the set of generators. To construct a deterministic inverse fuzzy automaton
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on n states Q@ = {q1,q,...,q.}, take C = {c1,¢co,..., ¢}, k < n,¢ €
[0,1]. Consider the collection of all matrices with entries in C' and such
that there exists atmost one non-zero entry in each row and column. This
collection represent the set of all one-one partial fuzzy transformations on
@ with image in C', which is a monoid under the max — min operation,
denoted by F Ig . F [8 is finite since @) and C' are finite. For every A €
Flg, there exists a unique inverse B € FIS such that ABA = A and
BAB = B. Here B will be the transpose of A. To construct an inverse
fuzzy automaton on a finite alphabet m, take m matrices from F'I, 8 such
that transpose of each matrices is included in the collection. Construct
an automaton with these matrices as the transition matrices of the m
alphabets. The automaton will be an inverse fuzzy automaton with the
transition monoid as the monoid generated by the chosen fuzzy matrices.
For a deterministic regular fuzzy automaton, we take a fuzzy matrix A =
la;;] € FI§ and B = [b;] is another fuzzy matrix in FI§ such that b; > aj;
for all aj; # 0 and = 0 for a;; = 0. Then ABA = A but B is not unique
and BAB need not be equal to B.

Example 3.4.1. Let co,c1,¢2,¢4 € [0,1] Q ={q0, 01,52}, X = {a,b}

0 ¢ O 0 00
T,=10 0 0 To-i=| c 00
00 ¢ 0 0 ¢
ca 0 0 ca 0 0
T, = 0 0 e Ty-1 = 0 0 «
0 ¢4 O 0 cg5 O

Then M = (Q, X,{T,,a € X}) is an inverse fuzzy automaton.
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3.5 Inverse fuzzy languages

We have proved that the transition monoid of an inverse fuzzy automaton
is an inverse monoid. If a fuzzy language is recognized by an inverse fuzzy
automaton, the corresponding transition monoid should recognize that
fuzzy language. So if X is an inverse fuzzy language on X, there exist an

inverse monoid I and a fuzzy subset § of I and a homomorphism ¢ from
X* to I such that ¢=(8) = . ie, ¢~'(6)(u) = Mu) V u € X*.

Theorem 3.5.1. (Characterization of an inverse fuzzy language)
A fuzzy language \ on X is inverse if and only if for every © € X*

Muzz'zv) = Muav) and MNuz " zz~ ) = Muzv) for every u,v € X*.

Proof. Let ) is a regular fuzzy language on X. The transition monoid
of the minimal automaton M () is the syntactic monoid of A. Let Py be
the main congruence on X* defined by 2P,y if and only A(uzv) = A(uyv)
for all u,v € X*. The transition monoid of the quotient fuzzy automa-
ton is isomorphic to the syntactic monoid of the fuzzy language A\. Thus
X+ /Py is isomorphic to X+ /0y Suppose A is an inverse fuzzy language.
Then the minimal fuzzy automaton M () recognizing A is an inverse fuzzy
automaton. ie, X*/f), is an inverse monoid. Then for each x € X* there

exist a unique x7! € X* such that V p,q € Q,

1

(g, zz~ x, p) = (g, x, p) and p(q, 2wz, p) = p(g, «™!

,p)
= [z~ 'x)p,, = [z]p,, and [z z2" ]y, = [,

= [zz'2]p, = [z]p, and [z 'zzp, = [ ]p,

— gx 'aPyx and v lxx 1 Pyt

= Muzz 'zv) = Muzv) and N\(uzrtzz~'v) = Muz~'v) Yu,v e X*.
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1 1

Conversly, suppose for every = € X*, Auzz~'zv) = M(uzv) and A(uz ™'z~ v

AMuz—v) for every u,v € X*.
— zor 2Pz and x tex ' Pyt

= [zx~'z]p, = [z]p, and [z 'z p, = [z7Yp,

= [zx'x]y,, = [¥]p,, and [z zz" g, = [,

—> X* /0y is an inverse monoid . ie, the minimal fuzzy automaton rec-
ognizing A is an inverse automaton and thus A is an inverse fuzzy lan-

guage. O

Lemma 3.5.1. The set of all inverse fuzzy languages on an alphabet

X is closed under intersection.

Proof. Let A\, and \; be two inverse fuzzy languages in X*.
Then there exist two inverse fuzzy automata M; = (Q1, X, i1, 1) and
M, = (Qg,X,ug,ig,Tg) recognizing A\; and Ag respectively. Then the re-
stricted direct product M;x M, is an inverse fuzzy automaton since
p X pia((qr, q2), 2, (p1,p2)) = palqu, @, p1) A pa(ge, ©,p2) Yo € X* and M,
and M, are inverse fuzzy automata. The language recognized by M x M,
is A1 A Ag [14].

So A1 A Ay is an inverse fuzzy language.
O

Lemma 3.5.2. Let M; = (Qy, X, ju1, 41, 71) and My = (Qa, X, i, i2, )
be two inverse fuzzy automata with ¢); N Q)2 = ¢ and recognizing the in-
verse fuzzy languages \; and Ay respectively. Then their join M; V M, is

an inverse fuzzy automaton recognizing A\; V As.

Proof. We have

1

)=
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M(@) =V ii(p) Ap(p,x,q) Ami(g) and

P,q€Q1
() =\ ia(p) A pa(p, @, q) A 1a(q).
P,q€Q2
Now the fuzzy language recognized by M; V M, is
Mz)= V(1 Via)(p) A (1 V p2)(p, 7, ) A (11 V 72)(q)
P,q€EQ1UQ2
= V a@Awmp,r,g) Ani(@) VvV V da(p) A pa(p,z,9) AT(0)V
P,q€Q1 P,9EQ2
V  i(p) ANOAT(q)
PEQ1,9€EQ2
= V i@ Awmp,r,g) An(g) vV V da(p) A pa(p, , ) A 12(q)
P,q€EQ1 P,q€Q2

=(\1 V A) () for allz € X*.

p(p,z,q) i p,q €@
Also we have V o € X*, i1 V po(p, 2, q9) = § pa(p,z,q) if p,qg € Qo

0 otherwise.

So if M, and M, are two inverse fuzzy automata then their join M; V M,

is an inverse fuzzy automaton.

O

Theorem 3.5.2. The class of all inverse fuzzy languages in X* is

closed under finite boolean operations.

Proof. Let X is an inverse fuzzy language.

Then by the characterization of inverse fuzzy language for every z € X*
there exist z~! € X* such that A(uzz~'zv) = A\(uzv) and

Muz ez~ ) = Muz~'v) Yu,v € X*.
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Then \(uxzlzv) = 1 — Muzz™tav) = 1 — Auzv) = X(uzv) and
X(ur™tzr=) = 1 — Mur tor= ) = 1 — Muxr™tv) = MN(uzv).
Thus A\ is an inverse fuzzy language.

Closure properties of union and intersection of inverse fuzzy languages

follows by Lemma 3.5.1 and Lemma 3.5.2.

3.6 Homomorphic image of inverse fuzzy au-

tomata

Definition 3.6.1. Let M; = (Q1, X1, p1, i1, 71) and My = (Q2, Xo, fio,
i9, T2) be two fuzzy automata. A pair («, ) of mappings o : Q1 — Qs
and 3 : X; — X, is called a homomorphism written as (a, 3) : M} —
My, if (g, xz,p) < po(alq), B(x),a(p)) Vp,q € Q1 and Vo € X;. The
pair («, ) is called a strong homomorphism if us(a(q), B(x), a(p)) =
VA{m (g, z,t - t € Q1,a(t) = a(p)} Vg,p € Q1 and Vo € X;. [ can be
extended to #* : X7 — X5 by 0%(A) = A and *(ua) = §*(u)5*(a) Yu €
X7, a € Xy and f*(uv) = §*(u)B*(v) Yu,v € X* [14]. If a, f are one-one

and onto then (a, 3) is called an isomorphism.

Theorem 3.6.1. Let M, My be two fuzzy automata . Let («, 3) :

M, — Mj be strong homomorphism. Then « is one-one if and only if
ta(q, z,p) = pa(alq), (), alp)) Vg,p € Q and x € X7 [14].

Theorem 3.6.2. If M, = (Ql,Xl,,ul) and M, = (QQ,XQ,,UQ) be two

fuzzy automata. Let («, 3) : My — M, be a strong homomorphism from
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M; — M, and if M, is inverse then («, 3)(M;) is also inverse.

Proof. Since (a, 3) is a strong homomorphism from M; — M,
p2(alq), B(z), a(p)) = V{m(g z,t):t€Q,a(t)=a(p)} Vp,q€ @1,z € X).

. . . Sk . . 5k
Since M; is inverse, for every x € X; there exist a unique y € X; such

that 4 (q, zyz,p) = pilq, 2, p) and pi(q, yry,p) = pi(q,y,p) for every
P,q € Q.
p2(a(q), B (2) 5" (y)3*(x), alp)) = pa(alq), B*(zyx), a(p))

= V{ml(g zyz,t) : t € Q,at) = alp)}
= V{ml(g.z,t) : t € Q,at) = alp)}
= p2(alq), B(z), a(p)

And,

pa(a(q), B (y) 8" (x)B* (y), alp)) = pa2(al(q), B*(yzy), a(p))
= V{ml(g.yzy,t) 1 t € Q,a(t) = a(p)}
= V{ml(q.y,t):t € Q a(t) = alp)}
= p2(a(q), B*(y), a(p))

Thus the image of M; under (o, 3) is an inverse fuzzy automata.

If X is a fuzzy language recognized by M;, then its image 3*(\) defined as

B ) = { VIA@) : 6 (w) = uif 77" (u) # 6}

0 otherwise
Let z € Xg*.

Then (*(\)(uzv) = {

for every u € X5

VA (w) : 8% (w) = warw if 7 (uzv) # ¢}

0 otherwise.

Then there exists v/, 2,0/ € X; such that 3* (Wz'v") = uzv.

Since ' € X 1*, there exists a unique inverse ¢ € X . such that
Mu'z'v') = MW/ 2'y'z'v') and Mu'y'v') = Au'y'z'y'v') Yo', o' € X, .
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VAW 2 - B z') = uaw if 5 (uzv) # ¢}
0 otherwise

So B*(\)(uzv) = {

0 otherwise

:{ VAW 2y 2 B (W a'y'z'v) = uayav if 55 (uzyzv) # ¢}

=" (M) (uzyzv)
Similarly we can prove that 8*(\)(uyxyv) = B*(A)(uyv).
This says that 5*()\) is an inverse fuzzy language.
[

Theorem 3.6.3. IfMl = (Qth,,ul) and M2 = (Q27X2,M2) be two
fuzzy automata. Let («, ) : M; — M; be a strong homomorphism from
M, — M, with «, 8 are one-one and onto and if M is inverse. Then

(o, B)~H(My) is also inverse.

Proof. Suppose (a, ) be a strong homomorphism with «, being one

one onto. Then («a, 3) : My — M> has the property
pa(a(q), 5*(2), a(p)) = (g, z,p) Yo € Xy [14].

Let M, be an inverse fuzzy automata.

Then for every x € X, there exists a unique y € X, such that

p2(q, vy, p) = p2(q, ,p) and pa(q, yry,p) = p2(q, ¥, p) Vq,p € Qo.

ie, pi(a™(q), B (zyx),a ' (p)) = m(a(q), 5" (x),a " (p)) and
p(a(q), 5 (yxy), o (p) = pa(a™(q), 57 (v), 0 (p))

= (o (q), 5 (2)8 (W)B (), a7 (p) = m(a(q), B (x), 0" (p))

and

p(a™(@). 57 ()8 (@) (), a7 (1) = laH(9). 57 (y), a7 ()

= (a, )" 1(My) is inverse.
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If X is a fuzzy language recognized by M,, then its inverse image 5*~1(\)
defined as 3*~2(\)(u) = A(5*(u)) Yu e X, .
Let u,x,v € X;". Then since (* is an isomorphism, 5*(y) is the inverse

of 5*(x) where y is the inverse of x. Then,
B (W) (uzv) = A5 (uav))
= A(B"(u)B"(2)5"(v))
= A(B"(w)5" ()" (y) 5" (2) 5" (v)
= A" (uxyzv)
= 3 "Auzyzv)
And
B (W) (uy) = A

So #*'()) is an inverse fuzzy language.
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3.7 Cartesian product of two inverse fuzzy

automata

Definition 3.7.1. Let M1 = (Q17X17M1)7 M2 = (QQ, XQ, /,LQ) be fuzzy
finite state machines such that Q1 N Qs = ¢ and X; N Xy = ¢. Then their
direct sum is defined as M; & My = (Q1 U Qa, X1 U Xy, pt1 & p2) where

(1u(p,a,q) ifp,g€ Qi a€ X,
MQ(vaL;(J) ifp7q€Q27a€X2
if either (p,a) € Q1 X X1,q € Q2

or (p,a) € Q2 x Xo,q € Q1
0 otherwise

i ® pa(p, a,q) = .

\
and

the cartesian product is defined as M. My = (Q1 X Qo, X1 U Xo, fi1.412)

where

Nl-,UQ((plaPQ)aaa ((J1>C]2)) = ug(p2,a,q2) iftaec Xyoandp = ¢ [14]
0 otherwise

Theorem 3.7.1. Let My = (Q1, X1, ju1,i1,71), Mo = (Q2, Xa, 12, i, T>)
be two fuzzy automata. If M, and My are inverse fuzzy automata then

their Cartesian product M;.Mj is an inverse fuzzy automaton

Proof. We have two theorems (see [14])
(1). It My = (Q1, X1, 11), My = (Q2, X2, pi2) be two fuzzy finite state ma-
chines such that X; N Xy = ¢. Then for every w € (X; U X5)*, there exist
u € X", v e Xy such that

(p1-p2) ((p1, p2), w, (@15 G2)) = (pa-p2) ((p1, p2), uv, (g1, g2))-
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w* = wv is called the standard form of w.
2). For every u € X;,v € X3,

(
(ﬂl-,UQ)((pDPQ)a uv, (q17 QZ>> = :u(pl? u, Q1) A ,U/2<p27 v, Q2)
= (Ml.ﬂz)((pl,pz),vua (Q1,Q2)) for every (plapz), (Q17CJ2) € Q1 X Q.

First suppose M; and M, are two inverse fuzzy automata.
Let w € (Xl LNJ XQ)*
We know that (X U XQ)* is the free semigroup on (X; UX5)U(X;UX,) ™!

Lw and w™t = wlww™! for all w € X; U Xos.

in which w = ww™
If w = A then the proof is trivial.

Suppose w # A.
Case 1. Let w € (X7 U Xo)*.

By the above theorem there exist u € X *,v € X5 such that

(ﬂl-,UQ)((pDPQ)a w, (q17 Q2)) = (MI'MQ)«ppr)a uv, (qh QQ))

= p1(p1,u, q1) A piz(p2, v, q2) for every (p1,p2), (q1,q2) € Q1 X Q2. Since
M, and M, are inverse fuzzy automata, there exist unique symmetric in-
verses u~! € X" and v € X, such that
pa(p1sw, q1) = pa (pr, wu™ w, q1) and pig(pa, v, q2) = pa(p2, vo v, g2) for ev-
ery p1,q1 € Q1,p2,q2 € Q2.
Let w™ = v~'u~!. Then clearly w™! € (X; UX5)™" and
(p1-p2) ((p1, p2), w0, (@1, G2))
= p(p1u, 1) A pa(p2, v, g2)

= 11 (p1, uutu, q1) A pa(p2, vvt, q2)

= (Ml-,UQ)(pDPQ)a uu_luvv_lv, (q17 QQ)

- \/ (MI'NQ)(pl>p2)>ua (7“1,7”2)/\(#1.#2)((7“1,7"2),’LL_I’LLU’U_I?}, (CZlan))
(r1,m2)€Q1 X Q2
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= \/ (:ul'ﬂ2>(p17p2)7u7 (rhTQ)A(MI‘M2)((T17T2)7Uv_lvu_luv ((haq?))

(r1,72)€Q1 X Q2
= (p1-p2)((p1, p2), wov— vuu, (g1, ¢2))

= V (pa-p2) ((p1, p2), wvv™, (re, ro) Alpa-p2) ((r1, m2), vu™u, (g1, ¢2))
(r1,r2)€Q1 X Q2

= V (M1-M2)(p1ap2)ﬂwvfla (7“177“2)/\(%-#2)((7“177“2),Uiluva (q1,92))
(r1,r2)€Q1 X Q2

= (p1-p2) (1, p2), wov™u™ uw, (g1, ¢2))

= (p1-p2)((p1, p2), ww™'w, (q1,q2))  for every (p1,p2), (1, 42) € Q1 X Qs.
Similarly we can prove that

(MI‘NQ)((p17p2)7 U)_l, (CI1> Q2)) - (MI'IUQ)((lepQ)J w_lww_17 ((Jl; QQ))

Case 2. For w € (X3 U Xg)il* the result follows as in the above case since
(X1UXy) " = (X7tux,h

Case 3. Let w € ((X; U X5) U (X; U X,)™")*. Then by the theorem there
exist u € (X;UX5)*, v € (X, U X))~ such that (py.p0)((p1, p2), w, (q1,¢2)) =
(p1-12)((p1, p2), uv, (¢1,q2)) and using case 1 and case 2 we get

uy € Xiuy € X501 € X7, vy € Xy such that

(ﬂl-,UQ)((pDPQ)a w, (q17 QZ)>

= (p1-p12)((p1, p2), wruav1v2, (g1, G2))

= \/ (Nl-/v@)((plva)a Uiz, (7”17“2) A (NI-MQ)((Tla 7“2)7 U1V2, (Q17 Q2))
(r1,r2)€Q1 X Q2

— v (Ml(]?laulﬂ”l)/\MQ(p2>U27T2))A(,lh(rlyvh(h)/\MQ(TQaUQaQQ))
(r1,m2)€Q1 % Q2

= V (1 (p1, Ulufluh 1) A p2(pa, U2U2_1U2> T3))
(r1,m2)€Q1xQ2

A (pa (1, vivy or, q1) A pia(ra, vavy 02, o)

= ( Vo (ap2)(p1s o), wiuy fugugug Mug, (r, 72) ) A o (11, 72), w107
r1,72€Q1 X Q2
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V1V9Uy Uz, (Q1, Q2)>

= Vo (p12) (1, p2), wrugus 'uy tugug, (1m9) A (11, 72), 0102
(r1,r2€Q1xQ2

UQ_I,UI_lUlU% (qb QZ))

= V (pa-p2) ((p1, p2)s uuw w, (re, o) Apa - ((r1, ra2), v~ 0, (g1, g2))
(r1,r2€Q1xQ2

= (p1.p2) ((p1, p2), wu™tuvv ™, (q1, g2)

(
= (p1-p2) (1, p2), wov—u™ uw, (g1, g2))
(

= Ml-ﬂ2)<<p17p2)aww_1w> (QhC]Q)) for all (p1,p2), (Q1,(12) € Q1 X Q.

Similarly we can prove that

(p1-p2) ((p1, p2), www™, (g1, ¢2)) = (pa-p2)((p1, p2), wt, (g1, g2)-

Thus the Cartesian product M;.M; is an inverse fuzzy automaton. O

Theorem 3.7.2. Let M1 = (Ql, Xl, M, il, 7'1), M2 = (Qz, Xz, M2, ig, 7'2)
be two fuzzy automata. If their Cartesian product M,.M, is an inverse

fuzzy automaton then My and M,y are inverse fuzzy automata

Proof. Suppose that M;.M; is an inverse fuzzy automaton. Then for
every w € (X1 U X5)* there exist a unique w™! € (X; U X5)* such that
fr-p2((p1s p2), ww ™ w, (g1, ¢2)) = p-p2((p1, p2), w, (q1, ¢2)) and
pir-pa((pr, p2), www ™, (g1, q2)) = pa-pia((p1, p2), w™", (1, q2)) for every
(p1,p2), (@1, G2) € Q1 X Qs.

Let p,q € Q1 and z € X7.

Now, p1(p, 2, q) = pa-p2((p,p'), 2, (q,q")) for some p' = ¢’ € Q» and since
there exist a unique 7' € X U XQ* such that

p-pa((0, 1), 2, (¢, 4") = pa-pa((p, ), v, (¢, ') = pa(p, 2™, q),

we get ju(p, w,q) = pu(p, xe~'w, q).
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1 1 1

Clearly 7! € X; . Also we can prove pi(p, et q) = m(p,x ezt q).
So Mj is an inverse fuzzy automaton.

Similarly we can prove that M is an inverse fuzzy automaton.

3.8 Properties of inverse fuzzy languages

A fuzzy language on an alphabet X is inverse if and only if for every
z € X*, Muzz " zv) = Muxv) and A uz " zz~'w) = Muz~'v) for every
u,v € X*(Theorem 3.5.1). Let us denote the family of all inverse fuzzy
languages on an alphabet X as IFL.

Lemma 3.8.1. IFL is closed under quotients.

Proof. Let M\, Ay € IFL. Let z,u,v € X*.
Then A\ (uzxz~tzv) = A\ (uzv) and A\ (uz~tzz~tv) = A\j(uz~1v). Then,

A A (uretzv) =V I (viuzrlav) A Xy (v1)}

UleX*

=V {M(vw)zz o Adg(vr)}

U1€X*

=V {M(viuzv) A Xy(v1)}

U1€X*
= AP (uaw)

and
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A" (urter=) = \/~*{)\1(v1ux_1xx_lv) Ao (v1)}
= \/~*{)\1(vlu)x_1m:_1v A Xa(v1)}
= \/~*{)\1(vlux*11}) A Xo(v1)}

= A A (ux'w).
Similarly we can prove that
M H(uzr ™t o) = My (uzv) and M A (urter ) = M A (ur ).

Thus A;'Ag and Ao, ! € IFL.

Lemma 3.8.2. IFL is closed under multiplication by constants.

Proof. Let A be an inverse fuzzy language on X and let z € X*.
Then A(uzz™'zv) = A(uzv) and Auz~'zz"'v) = AMuz~"v) Yu,v € X*.
Let ¢ € [0,1]. Then
(eN)(uzz™tzv) = e Muzaz™ zv) = e M(uzv) = (e))(uzv) and
(e (ur—trzlv) = cANuz lzr~ ) = e AM(ur™v) = () (uz ).

Thus c\ € IFL.
[

Theorem 3.8.1. If )\ is an inverse fuzzy language on X, then Ve €

[0,1], A is an inverse language on X.

Proof. Let M = (Q,X’ , [, 1, 7) be an inverse fuzzy automaton recog-
nizing A. Then for every x € X*, u(p,z,q) = w(p, zx~'z, q) Vp,q € Q.
Let ¢ € A. and let uzv € A.. Then A(uzv) > c.
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Muzz=tzv) = \/ i(p) A p(p, uzx™ zv, q) A 7(q)

= p,¥;§;§2/\ (m\éQMp, u,m) A p(ryza e ) A p(r' v, q)) AT(q)
= W}é@ i(p) A (r’r\/éQu(p, u, ) A p(r, @) A p(r’ v, q)) AT(q)

= p,¥Q i(p) A p(p, uzv, q) A 7(q)

— Auav)

Thus M(uzv) > ¢ iff Muzz—tzv) > c.
ie, uxv € \, iff uzz~lzv € A

Similarly, we can prove that uz~'v € A\, iff uz~lzz~'v € A..
Y

]

Theorem 3.8.2. [FL is not closed under inverse homomorphic im-

ages.

Proof. Let X; = {a,b}, X, = {c,d}.
Let 3: X; — X, defined as 8(a) = 8(b) = c.
Then 3 can be extended to a homomorphism [5* : X, — X,
Let A be an inverse fuzzy language on Xo.
Then Aw'cv') = MNu'edev') V o/, v’ € Xy
Suppose 3* '\ is an inverse fuzzy language.
Then §* ' A(uav) = 5* " (uabav) for all u,v € X; .
ie, \(0*(uav) = \(B*(uabav).
which implies A(5*(u)cf*(v)) = A(5*(u)cecf*(v) and this says the inverse
is not unique which is a contradiction. So $*~!\ is not an inverse fuzzy

language.
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]

Theorem 3.8.3. IFL is not a variety of fuzzy languages.

Proof. A collection of fuzzy languages is a variety if it is closed under
finite boolean operations, homomorphic and inverse homomorphic images,

quotients, multiplication by constants.

An inverse fuzzy language is defined as a regular fuzzy language with its
syntactic monoid is an inverse monoid. A characterization for an inverse
monoid by Wagner is that a monoid is an inverse monoid iff it is regular
and any two idempotents commute each other. It is also proved that
a monoid is regular iff every Z-class (#-class) contains an idempotent.
Thus a fuzzy language is an inverse fuzzy language then idempotents in
the syntactic monoid commute each other and every .Z-class (%-class)
contains an idempotent. This property is used to prove some results on

inverse fuzzy languages.

Proposition 1. Let A be an inverse fuzzy language on X. Let [e]
be an idempotent in M (\) then u(p, xze,q) < u(p,z,q) and p(p,ex,q) <
p(p,x,q) for all p,q € Q,z € X*.

Proof. Since X is an inverse fuzzy language every element of M(\)
acts as one-one partial fuzzy transformations on () and idempotents in
M () can be considered as fuzzy matrices with nonzero entries only in the

diagonal and so T, acts as a subidentity on Q).
Thus u(p,e,q) #0if p=gqgand =0 if p # q.
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Now,

pp,ze,q) =\ plp,z,q¢)Ap(d e q)
q'eQ

= ulp,x,q) A u(g e q)
< plpsz,q).
Similarly, u(p, ex, q) < p(p,z,q).

O

Proposition 2. If )\ is an inverse fuzzy language then for every
z,u, € X* there exists an n € N such that A(zu”) < \(z).

Proof. Since X is regular M ()) is finite and for v € X*, [u] € M()\) and
since M () is finite there exist an n € N such that [u]" is an idempotent.
And [u]" = [u"]. By the above proposition u(p, zu", q) < u(p,x,q).

Let 4,7 be the initial and final fuzzy state in the minimal automaton
recognizing A

AMzu™) = \éQi(p)Au(p,wun,Q)AT(Q)

< \éQi(m A u(p,z,q) A7(q)

= )
O

Theorem 3.8.4. A regular fuzzy language X\ is an inverse fuzzy
language, then,
(1) Idempotents of M (\) commute

(2) VY, u,y € X*, there exist an n € N such that \(zu"y) < Mzy).

Proof. Let A be an inverse fuzzy language.
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Then (1) is obvious since M () is an inverse monoid and idempotents in
an inverse monoid commute.

To prove (2), let x,u,y € X*. Then [z], [u], [y] € M()).

Since M () is a finite inverse monoid, there exist an n € N such that [u]™

is an idempotent in M (\).

AMzuy) = p;éQ i(p) A pulp, zu™y, q) A 7(q)
= M\éQ i(p) A (q}E/Q pp, zu”, ') A pld' y,4)) A7(q)
< W}éQ i(p) A (q)e/Q pw(p,z,q') A pld's v, 9)) A (q)
= W}é@ i(p) A plp vy, q) A7(q)
= Azy)

]

Let A be a regular fuzzy language of X*. Let 7 : X* — M(\) be the
syntactic morphism . Let At = {z € X* : A\(z) > 0} be the support of \.
Let w(AT) be the syntactic image of .

Theorem 3.8.5. For every regular fuzzy language the following con-
ditions are equivalent :
(1) Vz,u,y € X*, there exist an n € N such that \(xy) > \(zu"y).
(2) V[z], [y] € M(X), and for every idempotent [e] € M(\),

[zey] € m(AT) implies [zy] € T(AT).

Proof. Suppose (1) is satisfied. Let [z],[e],[y] € M()\) such that
[zey] € m(A\T). Since 7 is onto, there exist x,u,y € X* such that
m(z) =[], 7(y) = ly], 7(u) = [e].

By (a), there exist an n € N such that A(zy) > A(zu™y).
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m(zuy) = w(x)m(u")7(y) = [z][e]"[y] = [x][e]ly] € (A7) by assumption.
So zu™y € AT and since A(zy) = AMzu™y), xy € AT.
So [z]ly] = [zy] € w(AT).

Conversely, suppose that for every [z], [y] € M(\) and for every idem-
potent [e] € M(N), [zey] € (A1) = [zy] € m(AT)
When A(zu™y) =0 for all n € N | the result is clear.
Suppose z, u,y € X* such that A\(zu"y) > 0 for all n € N.
ie, zu™y € A*. Then [z],[y],[u] € M()\) and since M (M) is finite there
exist a k € N such that [u]* is an idempotent say [e].
Now, [zey] = [z][e][y] = m(z)m(u")7(y) = 7 (zuty) € m(AT).
So [zy] € w(AT) by the assumption. ie, m(xy) € m(AT) and this implies
xy € AT, ie, A(zy) > 0 which says that there exist a & € N such that
Azy) = Mzu*y).

Thus we have proved the theorem,

Theorem 3.8.6. A regular fuzzy language \ is an inverse fuzzy
language, then,
(1) Idempotents of M()\) commute
(2) For every [z], [y] € M()), and for every idempotent [e] € M(N),

[zey] € m(AT) implies [zy] € T(AT).

Proof. From theorems3.8.4 and 3.8.5 we get 3.8.6. O

Theorem 3.8.7. Let A is an inverse fuzzy language. Then
(1) idempotents of M(\) commute.
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(2) For every x,y € X*, there exist an idempotent [¢] € M()\) such that
[zey] € w(AT) if and only if [xy] € T(AT).

Proof. Since the syntactic monoid of an inverse fuzzy language is an
inverse monoid, (1) is obvious.
For (2), let € X*. Since M()\) is an inverse monoid, Z») contains a
unique idempotent say [e] which is a right identity for elements of Zx].
Then T, o T, = T,. Let (Q,X,p,i,7) be the minimal fuzzy automata
recognizing . Suppose y € X* such that [zey] € m(AT).
Now, A(zey) =ioT, 0T, 0T 0T

=401, 0T, 0T

= Azy).
So A(zey) > 0 <= A(zy) >0
ie, [zey] € w(AT) if and only if [zy] € m(AT).

]

Theorem 3.8.8. Let M = (Q, X, ju) be a fuzzy automaton. Then for
every &,y € X* and m,n € N with [z]™, [y]* are idempotents in X* /6,
p(p,a™y",q) = p(p,y"a™,q) for every p,q € Q if and only X*/0y has

commuting idempotents.

Proof. Since X* /6, is a finite semigroup, for every [z] in X* /8, there
exists an n € N such that [z]” is an idempotent. Let [z]™, [y]" be two
idempotents in X*/6),. Now u(p, z™y", q) = u(p,y ™, q) for every p,q €
Q iff [zy"] = [y"a™] i [27][y"] = [y"][z™] M [ y]" = [y]" ] i

X+ /0y has commuting idempotents.
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]

Theorem 3.8.9. If )\ is a fuzzy language. Then for every x,y €
X* and m,n € N such that [z]™, [y]"* are idempotents, \(uz™y"v) =
Muy™z™v) ¥ u,v € X*, if and only if the syntactic monoid of \ has

commuting idempotents.

Proof. Since for every z,y € X* and m,n € N such that [z]™, [y]" are
idempotents, A(uz™y"v) = A(uy"z™v),

™yt Payta™ it [x]p [yl = [yl [z]p, iff syntactic monoid of A has com-

muting idempotents.

Thus we have proved the theorem.

Theorem 3.8.10. If A is an inverse fuzzy language, then,
(1) for every x,y € X* there exist m,n € N such that
Muz™y™) = Muy"z™v) ¥ u,v € X*.
(2) Y, u,y € X*, there exist an n € N such that \(zu"y) < \zy).

By Eilegnberg-type variety theorem, the collection of all fuzzy lan-
guages such that for every z,y € X* and m,n € N such that [z]™, [y]"
are idempotents, A\(uz™y"v) = \(uy"z™v) ¥ u,v € X*, form a variety of
fuzzy languages and the associated psuedovariety is the variety generated

by finite inverse monoids.






Chapter 4

Automorphism Group of an

Inverse Fuzzy Automaton

4.1 Introduction

The transition semigroup of a fuzzy finite state automaton is a subsemi-
group of the semigroup of all partial fuzzy transformations on ). Park
C. H studied automata homomorphisms in [21]. For a deterministic faith-
ful inverse fuzzy automaton the transition monoid is a submonoid of the
monoid F'Ig of all one one partial fuzzy transformations on () and this
fuzzy transformations can be represented as fuzzy matrices with atmost

one non zero entry in each row and column. Since every group is isomor-

Some results of this chapter are included in the following paper.
Pamy Sebastian, T. P. Johnson. : Automorphism Group of an Inverse Fuzzy Au-
tomata. Annals of Pure and Applied Mathematics, Vol.2, No.1 (2012), 67-73
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phic to a subgroup of the permutation group, we can find a subgroup of
the permutation group which is isomophic to the automorphism group of
an inverse fuzzy automaton. In this chapter we find the automorphism

groups AUTx (M) and Autx (M) of an inverse fuzzy automaton.

4.2 Preliminaries

Let My = (Q1, X1, 1) and My = (Q2, Xo, 12) be fuzzy finite state ma-
chines. A pair (o, 3) of mappings a : Q1 — @2 and 3 : X; — Xy is

called a homomorphism, written as («, 3) : M; — M if

(g, , p) < pa(alq), B(x),alp)) V ¢,p € Q and Vz € X.

(e, B) is called a strong homomorphism if

pa(alq), B(@), olp)) = \/ (g, 2. 0)[t € Qr.alt) = a(p)}

Vp,q € Q1 and Vo € X;. A homomorphism is said to be an isomorphism
if @ and 3 are both one-one and onto. If X; = X5 and [ is the identity
map, then we write o : M7 — My is a homomorphism.

If (e, B) is a strong homomorphism with « one-one, then

po(a(q), B(x), ap)) = pui(q, z,p) Vq,p € Q1 and Vo € X; [14].

Let M = (Q, X, p) be fuzzy finite state machine. Consider the set of all
strong homomorphisms (a, 3) : M — M denoted by ENDyx (M) and
the set of all strong isomorphisms from M — M by AUTx(M).

ENDx (M) form a monoid under the operation (a1, 1) o (ag, f2) = (a0
ag, B1 0 By) and AUTx (M) form a group where the inverse of («, ) is
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(a™1,371). Composition is associative and identity is the pair of iden-
tity maps on () and X. If § is the identity map on X, then we denote
ENDx(M) as Endx (M) and AUTx (M) as Autx(M). Then Endx(M)
is a submonoid of ENDx (M) and Autx(M) is a subgroup of AUTx(M).

Definition 4.2.1. A fuzzy automaton M = (Q, X, i) is said to be
faithful if for a,b € X, u(q,a,p) = pu(q,b,p) ¥ p,q € Q = a =0b [14].

4.3 Category F — AUT

Considering the collection of all fuzzy finite state automata as a category
F — AUT with objects are fuzzy automata over finite set of states and
morphisms are strong homomorphisms between them. Corresponds to
every fuzzy automata M = (Q, X, 1) we get a finite monoid X*/6,, and

every finite monoid is the syntactic monoid of some fuzzy language [30].

Lemma 4.3.1. If (o, 8) € AUTx (M) then for any u,v € X*,
ubpv <= [(u)0pB(v).

Proof. ufyv <= p(q,u,p) = u(q,v,p), Yq,p € Q
> p(a(q), Bu), a(p)) = plalq), B(v), a(p)), Ya(q), alp) € Q
<~ u(q, B(u),p) = u(q, B(v),p), Yq,p € Q, since « is one-one
= Bu)fup(v).
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Let M; and M, be two fuzzy automata and let (a,3) be a mor-
phism between them. Let X[ /0y, and X5/0,, be the corresponding
transition monoids. Let fg : X{/0n, to X5/0y, defined by falula, =
[B(w)lrs,, Vu € X7

Theorem 4.3.1. Let M; = (Q1, X1, 1) and My = (Q2, Xo, p2) be
two objects in the category F' — AUT and let (aq, 1), (o, B2) be strong
morphisms from M; onto M. Then fz is a semigroup morphisms and
fo.8, = fa.f3,- Thus the maps fg, and fz, € HOM (X} /0wm,, X5 /0m,).

Proof. fz, and fg, are well defined for, let [u] = [v].
Then i (q,u,p) = pa(q,v,p) ¥V ¢,p € 1
— V{m(q u, 1)t € @1, a(t) = a(p)}
= V{m(q,v,t)[t € Qu,a(t) = a(p)} V q,p € @
— pa((q), B(u), alp)) = palalq), B(v), a(p)) ¥V alq), a(p) € Qs
— [6(u)lar, = [B(0)]a,
= falula, = folvlas-
So fz is well defined.
Let [u], [v] € X1*/0n,, where u,v € X*.
Then fo([u][v])ar, = foluv]a, = [B(wv)la, = [B(u)B(v)]a,
= (B [B(v)]a, = folulm, folv] My

So fs is a semigroup morphism and

f5152 [u]M1 = [6162(?0]]\/[2 = fﬁ1 [ﬁZ(U)]Ml = f51fﬂ2[u]M1

We can define a covariant functor F' between the category of fuzzy
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automata and the category of finite semigroups as F(M) = X*/6,, and
F(a,B) = fs for (a,5) € HOM(M;, My). The set of all inverse fuzzy
automata form a full subcategory of FF — AUT and F' as defined above
is a covariant functor from this category to the category of finite inverse

monoids which is a subcategory of finite monoids.

Theorem 4.3.2. Let M = (Q, X, u) be a faithful fuzzy automata.
Let X*/0y be the transition monoid. Consider AUT(X*/0yr) of all au-
tomorphisms on X*/0y;. Let h : AUTx(M) — AUT(X*/0y) be a
map defined by h(a,3) = fs. Then h is a group homomorphism and
Ker h = Autx(M).

Proof. Ker h={(a,p) € AUTx(M) : h(c, 3) = fs}
where fg[u] = [u] for all u € X*.

[6(u)] = [u] <= B(u)0yu
= pu(p,Bu),q) = pup,u,q) Vpg € QueX
— f(u) =uVueX
= [ is the identity map on X.

Thus Ker h = Autx(M).

Corollary 1. By homomorphism theorem for groups
AUTx (M) /Autx (M) is isomorphic to a subgroup of AUT(X*/0y).
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4.4 Automorphism group of a deterministic

faithful inverse fuzzy automaton

Consider the set of all one-one partial fuzzy transformations on ) denoted
as Flg. For each v € FI there exist a unique inverse v! € FlIg such
that v~ '(p,q) = v(q,p),Yq € Dom(v), p € Q. We can consider Flg as
a collection of fuzzy matrices of cardinality |@| with atmost one nonzero
entry in each row and column. This in an inverse monoid under the
max-min operation of fuzzy matrices. For every matrix A in FIg, there
exist another matrix B in F'Ig such that ABA = A. Here B is the
transpose of the fuzzy matrix corresponding to v. The transition monoid
X*/0); of an inverse fuzzy automaton M is a subinverse monoid of Flg.
Consider N(X*/0y) = {v € Flg : vo X*/0y ov™" = X*/0)} and
C’(X*/QM) ={veFlp:voT,ov!!=T, VT, € X*/HM} where the

composition is the maxr — min composition of fuzzy matrices.

Lemma 4.4.1. Let M = (Q, X, u) be a faithful inverse fuzzy au-
tomaton and v € N(X*/6y). Then for any T, € X*/0y there exist a
unique T} € X*/HM such that voTpov=t =T,.

Proof. Since v € N(X*/0y) = v o (X*/0y) o vt = X*/0y, for
T, € X*/@M there exist a T}, € X*/QM such that vo Ty o=t =T,,.
To prove the uniqueness suppose there exist another 7, € X* /0 such
that voT.ov™ ! =T,.

Then voT,ov ' =voT,ov™!

= voT,ovl(q,p)=voT.ov(q,p) VaqpeEQ.
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=V V w(e,d)Au(d,b,qd") Av=H(", p))
q'eQ q"€qQ

=V V g d)Nd e,qd") A", p)).
q'eQ q"eQ

Since v and p has got atmost one nonzero entry in each row and column,
v(g.q) A pld,b.q") AvTH"p) = via.d) A pld e, d") AvTHd" p) #
0, for some ¢, ¢" € @ and 0 for all other states in Q).
v(g,q") A (g’ 0.q") AvTHe" p) = v(a, ) A pld e, ") AvTH(g”, p) for all
q,q" € Q and so u(q,b,p) = (g, c,p) for all ¢,p € Q.

Thus p(q,b,p) = p(q,c,p) V q,p € Q.
= b=yc¢, since M is faithfull. O

Let N*(X*/6);) = {v € N(X*/0y) : v has excatly one 1 in each row
and column } and C*(X*/0y) = {y € C(X*/0x) : v has exactly one

1 in each row and column }.

Theorem 4.4.1. Let M = (Q,X,u) be a faithful inverse fuzzy
automaton, then Auty (M) = C*(X*/0y).

Proof. Let (a, ) € Autx(M). Then 3 is the identity map on X and
« is a one-one mapping from @ onto () satisfying
p(a(p),a,a(q)) = p(p.a,q) Vp,g € Q,a € X.
ie, T,(a(p),a(q)) = Tu(p,q) Vp,q € Q,a € X.

Now aoT,oat(p,q) =V V ap,¢d)NT.(¢.¢")Na(¢",q)
q'eQ q¢"€Q

=V V ap,d)ANT.(¢,¢") Na (¢, q)

7€eqQ q¢"eQ

= a(p,q) ANTu(d, ¢") A alg, q")
= Tu(a(p), (q))
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= T,(p, q) since a(p, q) = a(q,¢") =1

1

= aoT,oa " =T, Since « is a one-one mapping from ) onto @, it is

a permutation.

Conversely, let a € C*(X*/0y).
Then aoT,oa =T,V T, € X*/0y.
— aoT,0a (p,q) =Tu(p,q) ¥V Tu € X*/0us, p,q € Q
= V V ap,¢)AT(d.q¢") Na~ (" q) = Tu(p, q)

q€Q q"eq
— a(p,¢') NTo(d',¢") Nalq,q") = Ta(p, q) for some ¢',¢" € Q

= Tu(a(p), a(q)) = Tu(p, q) with a(p) = ¢’ and a(q) = ¢”
= u(a(p),a,a(q)) = u(p,a,q) ¥ p,q € Q and also « is one-one and onto.
Thus o € Autx (M).

]

Theorem 4.4.2. Let M = (Q,X,u) be a faithful inverse fuzzy
automaton, then AUTx (M) = N*(X*/0)).

Proof. Let (a, 8) € AUTx(M).
Then p(a(p), B(a), a(q)) = u(p,a,q) ¥V p,q € Q.
)

Equivalently, T (a(p), a(q)) = Tu(p,q) ¥ p,q € Q.
Let T, € X* /0.

aoT,oa(pq)=V V alp,d)NT.(¢.q¢")Na (¢, q)

q'e€Q q"eqQ

=a(p,¢)NTu(d,q") Na"t(¢", q) for some ¢, ¢" € Q
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= a(p,q) NTa(q',q") A alg. q") for some ¢',¢" € Q
=Tu(q,q")

( since «v is a one-one mapping from @ onto @, a(p,q’) = a(q,q") = 1)
= To)(p,q) VP € Q.

— aoX* /Oy oat =X*/0y

— o € N*(X*/0y).

Conversely, let o € N*(X’*/GM) . Then by lemma 4.4.1 VT, € X*/GM
there exist a unique 7T, € X*/@M such that a« o Ty o~ ! = 1T,.
Define 5 : X — X as ((a) = b. Then (3 is a well defined bijection.
For,let 3(t) = 3(u) = c¢. Then aoT.oa™! =T, and aoT.oa~! =T, and so
Ty = T, = Ti(p,q) = Tu(p; q) for every p,q € Q = u(p,t,q) = p(p, u, q)
for every p,q € ) =t = u, since M is faithful.
(3 is onto since for any b € X, T, € X* /6y and by lemma there exist a
unique T, € X*/@M such that « o Ty oa™! = T,.
ie, there exist an a € X such that G(a) =
Now, (a, ) is a homomorphism for,

let p,g € Q,a € X.
p(a(p), B(a),a(q)) = p(a(p),b,a(q)) with a o Tyoa™! =T,.

ie, Tha)(a(p), a(q)) = Ty(a(p), a(q)) with a o Ty 0 o™ (p, q) = Ta(p, q)

= \G/Q H\G/Q a(p,¢) NTy(d',q") ANa=(q", q) = Tu(p, q)

= a(p,q) NTy(d',q") N elq,q") = Tu(p, )

= Ti(a(p), alq) = Tu(p, q)-

= T(a)(a(p), a(q)) = Ta(p, q)

= p(a(p), B(a), alq)) = mu(p,a,q) ¥V p,q € Q.
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= (a, 3) is an isomorphism.

Thus we have proved that («, 3) € AUTx (M).
[

Theorem 4.4.3. C*(X*/0y;) is a normal subgroup of N*(X*/0,,)
or equivalently Autx (M) is a normal subgroup of AUTx(M).

Proof. Let a € N*(X*/0y) and v € C*(X*/6y;) and let T, € X* /.
Since v € N*(X*/0y), by lemma 4.4.1 there exist a unique T, € X* /0y,
such that a0 Ty o a~! = T}, and since v € C*(X*/0y),v 0o Tyo v~ =Ty,
Then covoatoT,o(aovoa™t)!

1 1 -1

=—aqovoa "ol,oaov o

=aovoTyovtoa™l

=aoT,oa™t
=T,
— aovoa~l € C*(X*/0u).

Thus C*(X*/0y) is a normal subgroup of N*(X*/6,,).

Corollary 2. By the theorem 4.4.3 and corollary (1),
N*(X*/0y)/C*(X*/0) is isomorphic to a subgroup of AUT(X*/6)).

Example 4.4.1. In example 3.3.2, the AUTx (M) and Autx (M) are
trivial subgroups of AUT(X*/6)).
Consider another example of an inverse fuzzy automata where Q = {qo, ¢1, g2},

X = {a, b} with transition matrices are
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0.3 O 0 0.3 0 0

T, = 0 0 0.6 and Ty = 0O 0 04
0O 04 O 0 06 0

The transition monoid is {Tx, Ty, Taz, Tos, Ty, Tup, Tha }-

100 1 00
AUTx (M) = 01 01],/]00 1

0 01 010
and

100
Autx (M) = 010

0 01

Thus AUTx (M) = {(a1, 51), (g, B2)} where (ay, £1) is the identity mor-
phism. (as, ;) is the morphism ay : Q — @, : X — X defined by
a(qo0) = g0, (1) = g2, a(q2) = q1, B(a) = b, B(b) =

This is an automorphism on M since

p(a(qo), Bla), alqo)) = 0.3 = pu(qo, a, qo)
p(alqo), B(b), a(qo)) = 0.3 = p(qo, b, q0)
plalqr), B(a), a(gz)) = 0.6 = u(q1,a, g2)
plalqr), B(b), alge)) = 1(q1, b, q2)
and
p(a(gi), Bla), alg;)) = 0 = u(gi, a, ;)

=

—~

L

—~

=

~

N—

X

—

=

S~—  ~ ,
L

—

=

N—

N—

I

oS o
I

1(gi, b, q;) for all other 4, .






Chapter 5

Fuzzy Power Automata

5.1 Introduction

Corresponding to every fuzzy automaton M, we define min-weighted and
max-weighted power automata P (M )" and P(M)" such that the state set
is the power set P(Q) of the state set @) of M and study some algebraic
properties of it. The membership value of the transition function between
two states of P(Q) is the minimum(maximum) of the membership val-
ues of the transition function between the elements of the state set if the
image is the set of all elements with non zero membership value of the
transition function from the domain and zero otherwise. If M is a deter-
ministic connected inverse fuzzy automaton then the transition monoid
is isomorphic to a subinverse monoid of the inverse monoid of all fuzzy
matrices with each row and column containing excatly one non zero entry.

If the fuzzy automata is commutative then the transition monoid will also

85
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be commutative. In this chapter we prove that the fuzzy automaton and
its min-weighted and max-weighted power automata have the same tran-
sition monoids and so if the fuzzy automaton is inverse and commutative,
then the corresponding fuzzy power automaton has a transition monoid

which is inverse and commutative.

5.2 Preliminaries

Definition 5.2.1. Let M; = (Q1, X1, p11), My = (Q2, Xo, 112) be fuzzy
finite state machines such that Q1 N Qs = ¢ and X; N X5 = ¢ . Then the
direct sum is defined as M; @ My = (Q1 U Q2, X7 U Xo, 11 & p2) where

;

w(p,a,q) ifp,ge@i,ac Xy

pa(p,a,q) if p,qg € Qa0 € Xy

w1 @ pe(p,a,q) = if either (p,a) € Q1 X Xi1,q € Qs
: or (p,a) € Q2 X Xo,q € Q1
\ 0 otherwise.
and

the cartesian composition is defined as M. My = (Q1 X Q2, X1 U Xo, i1.p12)
where

p(pr,a,q) ifa€ Xy and py = ¢
(1.p2)((p1,p2), 4, (@1, q2)) = § H2(P2,a,q2) ifa € Xpand pr =g [14]

0 otherwise.
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5.3 Min-weighted power automata

Definition 5.3.1. Let M = (Q, X, u) be a fuzzy automaton. Let
P(Q) be the power set of Q. Define p : P(Q) x X x P(Q) — [0, 1] as

A A wlg.a,p) if B={p:ulga,p) >0}
p'(A a,B) =  a€ApeB

0 otherwise
for allA # ¢, B # ¢, A, B € P(Q),
p(p,a,¢6) =1 and p"(A,a,B) = 0if A =¢or B=¢, foralla € X.
Then PNM) = (P(Q), X, u") is called the min-weighted power automa-
ton. We can extend p” to P(Q) x X* x P(Q) as

uMA, za, B) = \/ (A, 2, C) A (C,a, B) where A, B,C € P(Q).
CeP(Q)

M can be embedded in P"(M) with the isomorphism p — {p}.

Theorem 5.3.1. Every mapping («, 3) of a fuzzy automaton A =
(Q1, X1, 1) into a fuzzy automaton B = (Qq, Xo, l12) can be extended to
a mapping from P"(A) into P"(B) such that («, ) is an isomorphism if

and only if the extended map is an isomorphism.

Proof. Consider the extension & of a : Q1 — Qo to P(Q1) — P(Q2)
such that for A € P(Q) define &(A) = {a(q),q € A)}.

If (e, B) is a homomorphism, then (&, 3) is a homomorphism, since

A A mlgap) if B={p: (g a,p) >0}
fora € X1, 11" (A,a,B) = { ¢€ApeB

0 otherwise.
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_ qé\Apé\Bua(Oé(q)ﬁ(&),&(p)) if B={p:mlg,ap) >0}

0 otherwise
= p2"(a(A), B(a), &(B)

= (&, ) is a homomorphism.

Suppose («, ) is one-one. Then (&, 3) is one-one for,
let &(A) = &(B) for A, B € P(Q).
Then {a(q) : ¢ € A} = {a(q) : ¢ € B}. For q € A, a(q) € &(A) =
&(B) = a(q) = a(q') for some ¢’ € B. Since « is one-one ¢ = ¢ =
¢ € B. So A C B. Similarly we can prove that B C A. Hence A = B.
Thus & is one-one and so (&, 3) is one-one. Similarly & is onto since « is

onto. Converse is clear since « is the restriction of & to Q.

5.4 Max-weighted power automaton

As in the case of min-weighted power automaton, we can define max-

weighted power automaton for a fuzzy automaton M = (Q, X, ).
For A, B € P(Q) define ¥ (A, a, B) as follows.

V V wlg,a,p) if B={p:puqap) >0}
p'(A a,B) = § acApeB

0 otherwise.
for all A # ¢, B # ¢ in P(Q),
w(p,a,6) =1 and p¥(A,a,B) = 0if A =¢or B=¢, foralla € X.
Then PY(M) = (P(Q), X, 1) is called the max-weighted power automa-
ton. We can extend p” to P(Q) x X* x P(Q) as



5.5. Some algebraic properties of fuzzy power automata 89

W (Aza,B)= \ p'(Az,C)Au(C.a,B)
CeP(Q)

where A, B,C € P(Q). M can be embedded in PY(M) with the isomor-
phism p — {p}.

5.5 Some algebraic properties of fuzzy power

automata

Theorem 5.5.1. If M, and M, are fuzzy automata, then
PNM; & My) = PNMy). PN Ms).

PI'OOIC. 7)/\(M1 @Mg) = (P(Ql U Q2)7X1 U XQ, (,ul @ ILLQ)/\) and
P My). PN Ms) = (P(Q1) x P(Q2), X1 U X, pi7.115).
Define a mapping a : P(Q1) X P(Q2) — P(Q1 U Q) as a(A, B) = AUB
where A € P(Q1) and B € P(Q2) and (3 is the identity map on X; U Xj.
We claim that («, ) is an isomorphism from P (M;). PN (My) — PN M@ M,).
We have («, [3) is a isomorphism iff @ and ( are one-one onto and
ﬂl/\':u2A((A17 Bl)v a, (A2> BQ)) < (:ul ) /L2)/\(a<Al> Bl)a a, Q<A2a B2))
V (A1, By), (A2, B2) € P(Q1) x P(Q2).
Clearly a and 3 are one-one onto.
Let (Ala B1)7 (AQ, BQ) € P(Ql) X P(QQ) and a € Xl U XQ.
Then Oé(Al, Bl) = Al U Bl and O./(AQ, BQ) = AQ U BQ
1 © po"((Ar, Br),a, a(Az, Ba)) = p1 @ p2" (A1 U By, a, Ay U By)

A A 1 ®pe(q,a,p) if Ao U By ={p: 1 ® pa(q,a,p) >0}

= q€A1UB1 p€EA2UB3
0 otherwise
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(A A wm(ga,p) ifae Xy, Ay={p: (g ap) >0}

qEAL pEA2

A A g, a,p) ifae Xy, By ={p: usq,a,p) >0}
q€B1 pEB2 (51)

if either ¢ € A1, a € X1,p € By
orq € Bi,ae Xy,pe Ay

1

L 0 otherwise.

Now,

MlA-,uQA(Al, B1), a, (A27 Bz)

/\ Nl-MQ(pb (11), a, (p2> QQ)
(p1,91)€(A1,B1) (p2,92)€(A2,B2)

= if(Ag, Bo) = {(p2, 2) : prapo((p1, 1), @, (p2, @2)) > 0}

0 otherwise

A A mpa,p) ifae Xy, Ay ={p::p(p1,a,p2) >0}

p1E€EAL p2€A2

= A N mqg,a,q) ifae Xy, By={q: puq,a, q) >0}
q1E€B1 q2€B2

0 otherwise

(5.2)
From equations (5.1) and (5.2), we get
pa - (A, Br), a, (Ag, By)) < pn @ po” (a( Ay, By), B(a), a(Asg, By))
V(A1, Az), (Az, By) € P(Q1) X P(Q2),a € X;.
Thus («, () is an isomorphism from P"(M; & My)—P"(M,).P"(M,).

[]

Theorem 5.5.2. A fuzzy automaton M and its min-weighed power

automaton P"(M) have the same transition monoids.
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Proof. The transition monoid of the fuzzy automaton is X*/uy; where
par is the congruence defined on X* by
appb if and only if u(q, a,p) = u(q,b,p) ¥V q,p € Q.
ppa(ar) is defined on X™* by
appr b if and only if p”(A,a, B) = p(A,b,B) ¥ A, B € P(Q) and the
transition monoid of P (M) is X*/upn ).
Let [alu,, € X*/par and [a]upA(M) € X*/upn(ar).-
First suppose a € X and let b € [a],,,
Then (g, a,p) = pu(q,b,p) ¥V q,p € Q.
Let A, B # ¢ € P(Q) (for A or B or both equal to ¢ then it is clear that
p"(A,a, B) = p"(A,b, B)).

A A wlag,a,p) if B={p:p(ga p) >0}

u(A,a, B) = { qcApeB
0 otherwise
A A wlg,b,p) if B={p:pu(q,bp) >0}
= qeA peEB
0 otherwise
=u"(A, b, B)
= bc [a]#g(M).
Thus [a],,, € [a]u%W)-

Now let a = ajas where a1, a, € X.

[I,A(A,CL,B) = v NA(AaalaC)/\NA(CaQ%B)'
CeP(Q)
If b € [a]uy,, b € [a1a2],,, = [a1]uya2],,, - Then there exist by, by € X such

that b = b1by and [b1] € [a1],,,, [b2] € [a2],,, -
This implies p(p,a1,q) = p(p,b1,q) and p(p,az,q) = p(p,bs,q) for all
P, q € Q.

MA(A,(I,B) = \/ MA(A7CL1,C)/\,LLA(O,CL2,B)
CeP(Q)
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=V pMA b, C)ApNC, by, B)
CeP(Q)

= NA(/L b1b27 B)
= u"(A,b, B)

Thus b € [a] C [a]

and 8o [alu,, C [a]upn

Hpn(an

Conversely, suppose b € [a] () Then
p(Aya,B) = (A, b,B) ¥V A, B € P(Q). Take A = {p} and B = {q}.
Then p({p}, a,{q}) = n({p},b,{q}) ¥V p,q € Q.

= b€ [al,,.
Thus [a] KpA () g [a] 227
- I:a:lﬂ‘pA(]w> = I:a]ll‘M N

]

Ilustration 5.5.1. For the inverse fuzzy automata in example 3.3.2,
the transition semigroup is the semigroup generated by 7, and T, where
To = Tapa and Ty = Thap.

P(Q) has elements, say ¢, A; = {CIO}, Ay = {Q1}a As = {Q2}> Ay =
{Q(h(h}y A5 = {q17q2}7 AG = {QanQ}v A7 = {QO7q17q2}'

NOW) la(¢7a7¢) = ﬂ(¢7 ba ¢) = 17 ﬂ(¢7a7Ai) = ﬂ(Ai7a7¢) = ﬂ(¢7 ba Al) =
(A, b,9) = 0 for i = 1,2,...,7. The other values of fi(4;,a,A;) and
f(A;, b, A;) can be calculated by the formula

AN A wlg,a,p) if Aj={p:pulga,p) >0}

qEAi pGAj
0 otherwise

The transition monoid of the min-weighted power automaton
PNM) = (P(Q), X, ) is the semigroup generated by
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1 0 0 0 0 0 0 0
00 07 0 0 0 0 0
00 0 04 0 0 0 0
p_ 003 0 0 0 0 0 0
¢ 00 0 0 0 04 0 0
00 0 0 0 03 0
00 0 0 03 0 0 0
000 0 0 0 0 0 03]
and _
1 0 0 0 0 0 0 0
00 0 03 0 0 0 0
007 0 0 0 0 0 0
T — 00 04 0 0 0 0 0
00 0 0 0 0 03 0
00 0 0 04 0 0 O
00 0 0 0 03 0 0
(000 0 0 0 0 0 03]

It is easy to verify that Ty, = T, and Ty, = Ty.

Also,

T(PN(M)) s {To, Ty, Ts, Tos, Tos, Ty, T, Ta, Thas Tag, Thzar T T, Tu
Ty2a2, Tap2o b which is same as T'(M)

Theorem 5.5.3. A fuzzy automaton M and its max-weighed power

automaton P (M) have the same transition monoids.

Proof is similar to the min-weighted power automata. In the same

example 3.3.2; the transition semigroup of the max-weighted power au-
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tomaton is the semigroup generated by

10 0 0 0 0 0 O |
00 07 0 0 0 0 0
00 0 04 0 0 0 0
o003 0 0 0 0 0 0
¢ 00 0 0 0 07 0 0
00 0 0 0 0.4 0
00 0 0 07 0 0 0
(000 0 0 0 0 0 07|
and
[ 1 o 0 0 0 0 0 |
00 0 03 0 0 0 0
007 0 0 0 0 0 0
n_ [0 0040 0 0 0 0
00 0 0 0 0 07 0
00 0 0 07 0 0 0
00 0 0 0 04 0 0
(000 0 0 0 0 0 07

Here also the transition semigroup is
{Tm Ta27 Ta3 ) Ta47 Ta5 ) Tb7 Tb27 Tabv Tbaa Tab27 Tb2a7 TaQba Tba27 Ta2b27 Tb2a27 Taan}-

Theorem 5.5.4. If M is a commutative fuzzy automaton then the

min-weighted (max-weighted) power automaton is commutative.

Proof. Let M = (Q, X, p,4,7) be a commutative fuzzy automaton.
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Then u(p, zy,q) = pu(p, yz,q) for all z,y € X*,p,q € Q.
Then [zy]
By Theorem 5.5.2, we get [xy],n ) = [y]up an)-
So u(A,zy, B) = p(A,yx, B). Similarly, we get
n (A zy, B) = n'(A,yz, B)

= [yz],,, for all z,y € X*.

e

O

Theorem 5.5.5. If M = (Q, X, ) is a commutative inverse fuzzy
automaton then the min-weighted (max-weighted) power automaton is

also a commutative inverse fuzzy automaton.

Proof. From theorems 4.4.3, 5.5.3 and 5.5.4,

PAM)(PY(M)) is a commutative inverse fuzzy automaton.
0

Definition 5.5.1. For a fuzzy automaton M and for every H € P(Q),
define Hyy = {[z] € T(M),p"(H,2,H) > 0} and Hp,y = {[z] €
T(M), p(H, 2, H) > 0}.

Theorem 5.5.6. Hy ,, (Hp ) is a subsemigroup of T'(M).

Proof. Let [z], [y] € Hy sy .-
Then p¥(H,z,H) > 0,u"(H,y, H) > 0.
We have

p(Hooy, H) =\ pY(H2,C)AuY(Coy, H)
CeP(Q)

p'(H,z, H) A (H,y, H)
> 0

WV
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Which implies [zy] € Hy. .-

Theorem 5.5.7. If M is an inverse fuzzy automaton, then

Hy oy (Hpap) is a subinverse semigroup of T(M).

Proof. We have proved that H}/( ary 18 @ subsemigroup of T’ (M).
Let [z] € Hy yp- e, p¥(H, 2, H) > 0.
Since the transition semigroup of a fuzzy automaton and its max-weighted
power automaton are isomorphic, transition semigroup of PY(M) is an
inverse semigroup. pY(H,x,H) is a diogonal element in the transition
matrix T, of PV(M) and T,-1 is the transpose of T,. So u"(H,z™ ', H) =
w(H,z, H) > 0.

Thus [z]7' € Hyyp) and so Hyy ) is an inverse semigroup.

Similarly we can prove that HQ( My 18 also an inverse semigroup. O]

Example 5.5.1. In example 3.3.2, H¥(M) = {Tu, Tup,
Toas Th2az, Tozp2, Top2o b and this is a subinverse semigroup of 7'(M) which
is the set of all idempotents in T'(M).
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Concluding remarks and suggestions for fur-
ther study

In this work we extended the notion of semigroup action on sets to
semigroup action on fuzzy subsets and studied some categorical properties
of S — FSET. More studies can be carried out in this direction. We also
introduced the concept of inverse fuzzy automata and studied the algebraic
properties associated with its transition matrices. Further we studied the
algebraic properties of the family of inverse fuzzy languages and proved
that the collection of all inverse fuzzy languages does not form a variety.
We defined a family of fuzzy languages which form a variety such that the
associated pseudovariety is the set of all finite monoids with commuting
idempotents. We can study more on this fuzzy language. Further studies
can be carried out for the topological properties of inverse fuzzy languages

and for many other fuzzy languages.
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