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Chapter 1

Introduction

Curves that measure inequality in incomes have been a topic of immense interest for more than
a century ever since the work of Lorenz in 1905. A measure of income inequality is designed
to provide an index that can abridge the variations prevailing in income among the individuals
in a group. Different forms of curves and summary indices of inequality measurement were
discussed along with their justifications through applications to real data. Dalton (1920) has
set up a set of desirable properties for a good measure of income inequality. The important

requirements are

1. Principle of transfers: If a portion of income is transferred from rich to poor the inequality

measure should decrease.

2. Scale independence: Proportionate addition or subtraction of incomes should leave the

measure unaffected.

3. Principle of normalization: The range of the measure should be in the interval [0, 1] with

zero for perfect equality and one for perfect inequality.

4. Principle of symmetry: Invariance of the measure to any permutation of income among

income receivers.
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The celebrated Lorenz curve is the most widely used and extensively studied measure of
inequality. The measure of inequality is provided through a graphical representation of incomes
obtained by plotting a curve with co-ordinates (p, L(p)) where L(p) is the share of total income
received by a particular percentage of lower income households. Let X be a non-negative
random variable admitting an absolutely continuous distribution function F'(z), with finite mean

1. The Lorenz curve is defined in terms of two parametric equations,
p=F(z)

and

L(p) = Fi(z) = 1 /x tdF(t).
H Jo

Later Gini (1912) proposed an index which is defined as twice the area between the Lorenz
curve and the line of equality. Although several inequality measures such as coefficient of
variation, variance of logarithms, Atkinson measures [Atkinson (1970)], generalized entropy
measures [Rohde (2008)], Theil coefficients [Theil (1967)] etc have been in use the Lorenz
curve still occupies an important role when it comes to the measurrement of income inequality.

Lorenz curve and Gini index find application in a variety of fields. They have been ex-
tensively used in connection with studies on distribution of income as described by Kakwani &
Podder (1973) and Gastwirth (1971), regional disparities in the house hold consumption in India
by Bhattacharya & Mahalanobis (1967), and Chatterjee (1976) and concentration of domestic
manufacturing establishment output by Einhorn (1962).

Another major problem encountered in connection with the study of income data is that of
finding an appropriate model followed by the observations. Even though several models are
suggested to describe income data, the one which is most widely used is the Pareto distribution

named after Vilfredo Pareto (1848-1923). The distribution has originated from the famous

Pareto’s income law which states that in all places and at all times the distribution of incomes
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is governed by the empirical formula

P(X >z) = (£>_a;x > o(>0)

o

where o and « are constants. With regard to income data, it has been observed that while the
Pareto curve is a rather good fit at the extremities of the income range, the fit over the whole
range is poor. The lognormal distribution fits well over a large part of income range, but diverges
markedly at the extremities. The classic books by Arnold (1983) and Kleiber & Kotz (2003)
covers most of the works on modelling and analysis of income data.

The relationship between certain measures of inequality and notions in reliability theory
have reviewed much attention among researchers, recently. Chandra & Singpurwalla (1981)
has pointed out some relationships that are common to reliability theory and Economics. For
a review on the application of reliability ideas to modelling issues in Economics and Political
Science we refer to Bhattacharjee (1993). Many recent works on inequality measures are now
interpreted in the reliability framework. The works of Giorgi & Crescenzi (2001a), Pundir et al.
(2005) etc proceed in this direction.

Zenga (2007) proposed a curve and index based on the conditional expectation of concerned
distribution. Specifically if X is a non-negative random variable defined over 0 < a < b < o0,
with distribution function F'(x), density function f(x) and finite positive mean p, the Zenga

measure of inequality is defined as

Az) =1 - 1) (1.1)

where p~(z) = E(X|X < z) and u"(x) = E(X|X > z). The superiority of this measure
in comparison with existing inequality measures enables one to use the same as a potential

alternative in the context of measurement of income inequality.
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A probability distribution can be specified in two ways namely (i) in terms of the distribution

function F'(x) and (ii) in terms of the quantile function defined by

inf{z: F(x) >p,0<p
inf{z: F(z) >0,p=0

There are many properties for quantile functions that are not shared by distribution functions
even though both of them convey the same information about the distribution. In many cases,
quantile function provides a straight forward analysis and in many situations it permits the use
of distributions which have no closed form. Further analysis using quantile functions is more
mathematically tractable. In terms of quantile functions, the inequality measure (1.1) can be

written as
I(p) = A(Q(p))
—1_ (=p) Jg Qu)du
P [ Qudu

-1— (1-p) J§Qu)du
- P p—fy Qu)du

The Zenga curve measures the inequality between i) the poorest p x 100% of the population
and ii) the richer remaining (1 — p) x 100% part of the population by comparing the mean
incomes of the two disjoint and exhaustive sub-populations. The Zenga curve (/(p) curve) is

functionally related to Lorenz curve through the relationship

p— L(p)

1o)==y

Zenga (2007) while concluding his work, suggested that relating to the measure A(x), it
is necessary to analyze its behavior for the theoretical random variables usually employed to
represent income distributions. Although several representation for the Zenga curve are feasible,
the representation in terms of quantile functions is more mathematically tractable. Further very

little work seems to have been done in quantile frame work. Motivated by this, in the present
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work, we study more aspects on the Zenga measure as well as other income inequality measures
using quantile function approach. We also look into the application and interpretation of the
inequality measure, /(p), in the reliability context.

The thesis is organized into six chapters. After the present introductory chapter, in Chapter
2 we give a brief review of the background materials needed for the discussions in subsequent
chapters. In addition to a discussion on the definition and properties of quantile functions,
we also provide discussions on basic reliability concepts such as hazard rate, mean residual
life, reversed hazard rate, reversed mean residual life and L moments in both the distribution
function frame work and in the quantile function setup. We also provide a brief review of the
widely used income inequality measures, their interrelationships and their properties.

In Chapter 3, we discuss properties of the Zenga measure denoted by (p). If Q(p) repre-

sents the quantile function then /(p) determines the distribution through the relationship

Qp) = udip [p—1(1_—p§23)] -

This enables one to arrive at the distribution followed by the data through the knowledge
of I(p). In a practical situation, by postulating a functional form for I(p), the distribution of
income shall be identified uniquely. Also it is interesting to see that if we multiply the income in
one population by a constant amount, the inequality measure of the resulting population is same
as that of first population. Unlike Lorenz curve, I(p) curve can be increasing, decreasing and
non-monotonic. To study the behavior of /(p) curve we propose some equivalent conditions in
terms of an average inequality measure at p. Porro (2008) has shown that the ordering based
on I (p) curve and Lorenz curve are equivalent. We give an alternate proof for this result which
uses an approach that is more general. Further some sufficient conditions to check whether one
distribution has lesser inequality than another are also studied.

The different measures of inequality are studied in relation to the notions and concepts in

reliability theory in chapter 4. In this chapter, we examine the possible relationships of the
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Zenga curve with other inequality measures as well as reliability concepts like mean residual
life function and reversed mean residual life function. Then functional relationships enable us
to establish characterization results for probability distributions. Giorgi & Crescenzi (2001a)
has examined how the Bonferroni curve, another measure of income inequality, can be applied
in reliability theory by proving analogous relationships between the Bonferroni curve and total
time on test transform. Pundir et al. (2005) provide further methodological developments on the
Bonferroni curve in the reliability framework. Zenga M. (2008) represented A(x) as a function

of mean residual life m(z) and mean waiting time () in the form

r(z) +m(z)

Alz) = m(z) +x

In terms of m(z) , expression for A(z) becomes

4@ = 5 |1 )

The interpretation of the Zenga curve in the context of reliability analysis using the quantile
based approach is more realistic and this paves way for further work in this area. We also
discuss how the income inequality measure I(p) can be used in studying the ageing concepts
parallel to the corresponding results in reliability theory. An illustration for the behavior of
Zenga curve in the context of survival analysis is also provided using the survival data given
in Bryson & Siddiqui (1969) which gives the survival time of 43 patients suffering chronic
granulocytic leukemia. We compute the average survival time of the least fortunate p x 100%
of the patients is /(p) x 100% lower than that of remaining (1 — p) x 100% of the patients
suffering chronic granulocytic leukemia.

Chapter 5 deals with the interpretation of the truncated L. moments in the context of wealth.
We first examine the relationship of L moments with other income inequality measures. Bon-

ferroni curve is used to measure the variability in income distribution. The second L. moment
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of reversed residual life is also successfully used as a measure of variability in the reliability
theory. The behavior of Bonferroni curve need not be similar to that of second L. moment of re-
versed residual life. However the behavior of former can be inferred from later. As an example,
Bonferroni curve is directly proportional to second L. moment of reversed residual life if and
only if the income of the population is distributed as power distribution. Bhattacharjee (1993)
has observed that the distribution of land holdings obey anti-ageing properties like DFR, DFRA,
IMRL, NWUE etc. Usually in reliability based works, the ageing properties are studied using
the monotonic behaviour of certain reliability concepts. Here we look at the problem from
another point of view by utilizing the truncated L. moments which have their own economic
interpretations.

Stochastic orders enable global comparison of two distributions in terms of their character-
istics. More specifically for a given characteristic A, stochastic order says that the distribution
of X has lesser (greater) A than the distribution of Y when certain inequalities in terms of the
characteristic holds. Nair et al. (2013) considered such stochastic orders and results relevant to
reliability analysis using quantile functions. Details of other orderings, proofs of results using
the distribution function approach etc. are well documented in Shaked & Shanthikumar (2007).
We define the ordering based on L moment and the implications between this and ordering
based on certain income inequality measures.

One of the major problems encountered when we extend a univariate concept to higher di-
mensions is that it can not be done in a unique way. Accordingly several extensions are possible
for a univariate notion. Multi-dimensional generalization of univariate quantiles have been done
by Mosler (2002) and Ferndndez-Ponce & Suarez-Llorens (2003). A bivariate extension of the
basic reliability concepts given in Nair & Sankaran (2009) is possible using copulas which is
carried out in Chapter 6. We also derive the relationships connecting the bivariate concepts and
those are advantageously used to obtain characterization theorems for probability distributions.

Finally, we mention certain problems that has originated during the present study. These

works shall be undertaken in a future work.



Chapter 2

Basic concepts and Review of literature

The present chapter provides a brief review of some of the existing works on quantile functions,
reliability theory and stochastic ordering which are of use in the subsequent chapters. The con-
tents include definition and properties of quantile functions, some basic concepts in reliability
theory, a discussion on certain criteria for ageing and stochastic ordering as well as a review on

the summary measures of income inequality.

2.1 Quantile functions

As pointed out in the introduction, representation of a probability distribution in terms of quan-
tile functions has the advantage that it can be used in situations where conventional distribution
function approach fails. In several instances, further analysis using this approach is mathemat-
ically more tractable. A study based on quantile functions thus provides simpler and clearer
perspective for solving problems in statistical modelling.

Historically the idea of quantiles seems to have been originated by Galton in 1875 in con-
nection with his study on the " law of frequency of error" published in a Philosophy magazine.
However, the term quantile was introduced by Kendall (1940). Subsequently quantile based
family of distributions were studied by Hastings et al. (1947), Tukey (1962), Hogben (1963)
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and Gilchrist (2000). The role of quantile functions in modelling and analysis of statistical data
was emphasized in the work of Parzen (1979). The recent book by Nair et al. (2013) provides
an extensive discussion on properties and uses of quantile functions. The formal definition of
quantile function and quantile density function are given below.

Definition 2.1

Let X be a nonnegative continuous random variable defined over —oco < = < oo with dis-
tribution function F'(x) and density function f(x). The quantile function, denoted by Q(p) is

defined as
Qp) =inf{z: F(z) > p};0<p <1 (2.1)

It may be noted that Q(p) is same as F'~!(p). Also by the strict monotonicity of F'(z), we have
x = Q(p). To describe a probability distribution one can also use the derivative of quantile
function defined in (2.1), which is termed as the quantile density function.

Definition 2.2

The quantile density function associated with a probability distribution is defined as

q(p) = Q'(p). (2.2)

The quantile density function is non negative and can be interpreted as the slope of quantile
function. Setting * = ()(p) in the probability density function, the density quantile function
turns out to be f(Q(p)). It may be noticed that the quantile density function and the density

quantile function are connected through the relationship

f(Q())a(p) = 1. (2.3)

Gilchrist (2000) has established the following properties for the quantile function.

1. If Q1 (p) and Q2 (p) are quantile functions,then (1 (p) + Q2(p) and Q1 (p) * Q2(p) are also

quantile functions.
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2. Q(p) is nondecreasing on (0, 1), with Q[F(z)] < z for all —oo < = < oo for which
0< F(z) < 1.

3. FIQ(p)] > pforany 0 < p < 1.

4. Q(p) is continuous from the left, i.e. Q(p~) = Q(p).

5. Q(pT) =inf {x: F(x) > p} so that Q(p) has limits from above.

6. Any jumps of F'(z) are flat points of Q(p) and flat points of F'(x) are jumps of Q(p).

7. The distribution —Q (1 — p) is the reflection of the distribution ()(p) along the line = = 0.

8. If T'(x) is a non decreasing function of x, then 7'[Q(p)] is a quantile function. Conversely

if T'() is a non increasing function of x, then T[Q(1 — p)] is a quantile function.

9. The quantile function for the variable 1/ 18 1/Q(1 —p)

2.2 Basic concepts in Reliability theory

The theory of reliability focuses attention on the dependability, successful operation or perfor-
mance as well as the study of failure pattern of components or devices put in operation. The
reliability of a component or device is the probability that it will adequately perform its spec-
ified purpose for a specified period of time under specified operating conditions. The input in
reliability analysis is the data pertaining to the lifetime of a device and the main problem in this
scenario is that of finding an appropriate model to represent the lifetime data. In the sequel, we

give a brief review of the basic reliability concepts. For details we refer to Galambos & Kotz

(1978) and Lai & Xie (2006).
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2.2.1 Hazard rate

Let X be a continuous nonnegative random variable with distribution function F'(x), survival

function F'(z) and p.d.f. f(z). The hazard rate of X is defined as

< <
h(x):hmP{x_X_x—i—5|X>x}.
6—0 )

For small 6, 0h(z) is approximately the conditional probability of failure in the interval (x, x+0)
given that the component has survived upto time x. In the continuous case, hazard rate takes

the form
fle)  d
o)~ ——dxlogF(x). (2.4)

h(x) =

The hazard rate uniquely determines the distribution through the relationship

Fla) = pose 7076
r)=——¢ (1)
h(x)
The hazard rate is also known as the failure rate. In actuarial science it is known as the force of

mortality and in Economics the reciprocal of hazard rate is referred to as the Mill’s ratio.

2.2.2 Mean residual function

If X represents the lifetime of a component or device, X; = X — ¢|X > ¢,t > 0 represents the

lifetime remaining for a component which has survived upto time ¢ with distribution function

_ F(x+t
Fiw) = 2 t8)
F(t)
The mean residual life function (MRLF) represents the average life remaining for the com-

ponent conditional on the event the component has survived upto time ¢. If X is absolutely



Chapter 2. Review of literature 12

continuous with F(X) < oo, the MRLF takes the form

mit) = ﬁ /t " Pla)de, 2.5)

for all ¢ for which F'(t) > 0. Clearly m(0) = u = E(z). The function m(¢) uniquely determines

the distribution through the relationship

Further the following relationship exists between the hazard rate and the MRLF

ney = L) :;Z)(t)

provided m(t) is differentiable.

2.2.3 Reversed hazard rate

Earlier studies on reliability was centered around the truncated random variable X; = X —
t| X > t which represent the lifetime of the components which has attained an age of ¢. Sub-
sequently works associated with the random variable X |X < ¢, which represents the variable
pertaining to lifetimes of components which has failed before attaining an age ¢ were originated.
The works of Keilson & Sumita (1982), Block et al. (1998), Nair & Asha (2004) proceed in this
direction.

For a non negative random variable X admitting an absolutely continuous distribution with
respect to Lebesgue measure, the reversed hazard rate is defined as

lim P{z —A< X <z|X <z}
A—0
AMz) = A .
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In the continuous case, the reversed hazard rate takes the form

The function \(x) uniquely determines the distribution through the relationship

F(z) = e A0,

2.2.4 Reversed mean residual life function

The random variable x — X |X < x represents the time elapsed since the failure of a unit given

that its lifetime is atmost x with the distribution function

F(:E)—F(a:—t)'

:cF(t) = F(ZL’)

The reversed mean residual life of X is defined as

r(z) = E(x — X|X <x)
= Jo F(t)dt

It has been established that r(z) uniquely determines the distribution through the relationship

oo 1—1/(t)

F(zx)=¢" L= =m

2.3 Quantile based reliability concepts

The definition and properties of the quantile functions were discussed in section 2.1. Quantile
measures are less influenced by the extreme observations and therefore there is no need to

continue the life testing experiments until the failure of all items, but only upto the failure of
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a percentage of items. Also there are some models which have representation only in terms
of quantile functions . Distributions such as Lambda distribution which are extensively used
in analyzing income data do not have a closed form for the distribution function, but has a
nice form for the quantile function. In view of the above, there is scope for detailed study
on quantile based reliability analysis. Nair & Sankaran (2009) has formulated the important

reliability concepts using the quantile function approach which are reproduced below.

2.3.1 Hazard quantile function

Setting z = Q(p) in (2.4), we get

Using the relation (2.3), the above equation can be written as

1

Hip) = (1-plalp)

(2.6)

H (p) defined by (2.6) is the hazard quantile function. H (p) uniquely determines the distribution

through the relationship

P du
i e

H(p) shall be interpreted as the conditional probability of failure of a unit in the next small

interval of time given the survival of unit upto 100(1 — p)% point of the distribution.
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2.3.2 Mean residual quantile function

Setting x = Q(p) in (2.5), we have

M(p) = m(Q(p))

1 (2.7)
= (1=p) " [ [Q(u) = Q(p)] du.

The representation given in (2.7) is the mean residual quantile function. Mean residual quantile

function uniquely determines the distribution through the relationship,

M@H%Mﬁ—uzlﬂl—m*MWMu 2.8)

or

Q(p)zu—M<p)+/0p(1—p)—1M(u)du.

M (p) can be expressed in terms of H (p) through the relationship

M@zuﬂﬁjkmmlm

or
(H(p) ™" =M(p)— (L —p) M (p).
Mean residual quantile function is the mean remaining life beyond the 100(1-p)% of the distri-

bution.

2.3.3 Reversed hazard quantile function

Analogous to reversed hazard rate, reversed hazard quantile function is defined as

A@p)=(pap)".
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The quantile function is uniquely determined by A(p) through the relationship

Q) = / " (wAw) " du.

Further
H(p)=(1-p) 'pA(p).

2.3.4 Reversed mean residual quantile function

The reversed mean residual quantile function R(p) has the form

R(p) determines the distribution uniquely through the relationship

Q(p)=R({p) + /0 ’ u 'R (u) du. (2.9)

Further, there exists the following relationships between R(p), A(p) and M (p)

or

2.4 L moments

The competing alternatives to moments are the L. moments which are the expected values of
linear functions of order statistics. A unified theory on L moments was presented by Hosking

(1990) even though the work on linear combination of order statistics was introduced by Sillitto
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(1969) and Greenwood et al. (1979). One of the advantages of L. moments over the conventional
moments is that the existence of first L moment ensures the existence of others. Also they have
generally lower sampling variances and are robust against outliers. The 7" L moment is defined

as

Ly=r1) (=1)F E(Xp_pr), 7=1,2,... (2.10)

We have
E(X,n) = [z f(z)dz
= oty o v (=) Q, (u) du.

Using (2.11) in (2.10), we have

2.11)

T

. r—1 r! !
L,=r"" Z (—1)F k?'(?“——;@—l)'/o w1 = w)* Q (u) du.

=0 k

Using the binomial expansion of (1 — p)* in powers of p, the expression of L, becomes

1t r r+k
L= / S (-1 Q) (u) du.
0 %—o k k

The first four L moments are

ng/o (2u—1) Q (u) du
L3:/1(6u2—6u+1)Q(u)du

1
Ly= / (20u® — 30u® + 12u — 1) Q (u) du.
0
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Also Ly and L, represent the measures of location and spread respectively. Nair & Vineshku-
mar (2010) has pointed out that the study of the measures of residual life based on L. moments
is worthy as the L moments are more advantageous than usual moments. The authors concen-
trate on studying the properties of first two L moments of residual life and their importance
in reliability analysis as well as Economics. Also the second L moment of residual life has
found to be a better measure of variability when compared to variance residual quantile func-
tion. Yitzhaki (2003) compared the merits of mean difference and variance in the context of
measuring variability. Even though the second L moment of residual life and variance residual
quantile function are measures of variability, the two functions may not exhibit same kind of
monotonic behaviour. The truncated random variable X; = X|X > ¢ has survival function

F (x) = ?(f)) , and (2.10) simplifies to

e () L) () e

Setting » = 1 in (2.12), we get

L () =

1 o0
Lo(t) = W/t of(@)dz = B (X|X > t).

Ly (t) is the vitality function discussed in Kupka & Loo (1989). When r = 2, we get

2 1-k
! . oo (F(t)-Fa) Fo)\* f@)
Lit) = 2 (0] ST (M) (5 M

F(t)

— Li(t) —t — (F(t)) " [ F(z)dw
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Setting F'(z) = p and F'(t) = p in (2.12), we have

2

m(p)er(Q(p)):TZ_i(—l)’“ ol /pl(“_py_k_l(l_“)k@(“)du (2.13)

— k L—=p lL=p/) 1-=p

which is the expression for the 7** L moment residual quantile function. Setting »r = 1 and
r = 21n (2.13), we get
1
1) =(1-9)" [ Quda
p

and

a2 ()= (1-9)? [ (2u=p=DQU)d

a1 (p) uniquely determines (p) through the relationship
Q (u) = ai(u) = (1 —w)ai(u).

a1(p),az(p) and M (p) are interrelated as

and

o (p) = (1— p)~2 / (1 — u)M(u)du. 2.14)

Similarly one can define L moments for ;X = X|X < ¢ with distribution function )

x < t. The " L moment of ; X has the expression

2
r—1

o= (1) L) -2 e

k=0
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In particular

Bi(t) = /0 x%dm _ B(X|X < 2)

and

Ba(t) = F%(t) /0 (2F(z) — F(t)) 2 f(2)da.

In quantile setup, the corresponding definitions are given by

Bulp) = / " Qu)du

p

and

P
8alp) = [ (2u - p)QUuu
0
Also f(p) and R(p) are connected through the relationship

Ba(p) = k. /0 ’ uR(u)du (2.15)

Q-Q Plot
The Q-Q plot is the graph of (Q(p,), Zyn),7 = 1,2,..n and p, = =2 where x,., is the

n

r** ordered observation, when the observations are arranged in ascending order of magnitude.
While fitting a model for a data, Q(p,) is replaced by fitted quantile function. If the fitted values
of Q(p) lies along the straight line that bisects the axes of co-ordinates, the model can be taken
as a satisfactory one. Q-Q plot is more applicable when the sample size is not small enough to

construct various classes.

2.5 Ageing concepts

In studies pertaining to ageing concepts, the problem is to examine how a component or system

improves or deteriorate with age. In the reliability context, life distributions are classified into
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different classes based on the monotonic behaviour of the failure rate and mean residual life
function. The works of Abouammoh & El-Neweihi (1986),Deshpande et al. (1986), Gupta &
Kirmani (1990), Ahmad & Mugdadi (2004) proceed in this direction. There can be no ageing,
positive ageing or negative ageing. Positive ageing means the residual life time of a unit de-
creases with the increase in the age of the unit. Negative ageing is the dual concept of positive
ageing which has a beneficial effect on life of the unit as the age increases and no ageing means
that the age of a component has no effect on the distribution of residual lifetime of the unit. A
detailed discussion on stochastic ageing and related notions are available in Barlow & Proschan
(1975) and Lai & Xie (2006). Since lifetime distributions can be classified based on the ageing

properties, the study paves way for the selection of the appropriate model.

Nair & Sankaran (2009) has identified some quantile functions as suitable models for life-
time data analysis. These models do not have closed form for the distribution function. So
in order to study their ageing properties, the existing definitions based on distribution func-
tions have to be modified in an appropriate manner. To facilitate a quantile based analysis,
Nair & Vineshkumar (2011) expressed the basic ageing concepts listed in Lai & Xie (2006)
in terms of quantile functions. Various ageing concepts like increasing (decreasing) hazard
rate-IHR(DHR), increasing(decreasing) average hazard rate-ITHRA(DHRA), new better than
used in hazard rate(NBUHR), new better than used in hazard rate average(NBUHRA), increas-
ing(decreasing) mean residual life-IMRL(DMRL),increasing (decreasing) variance residual life
IVRL(DVRL), new better (worse) than used-NBU(NWU) etc are presented in the paper. Mainly
the ageing concepts are studied under three broad heads, those based on hazard functions, resid-
ual quantile functions and survival functions. We list the ageing concepts based on these broad

heads in the distribution function setup as well as quantile setup.
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2.5.1 Ageing Concepts based on hazard quantile function

The concept of increasing and decreasing failure rates for univariate distributions have been
used as a useful tool in the study of failure pattern of components / devices. A random variable
X or its distribution function F'(z) is said to belong to increasing failure rate( IFR) if its hazard
rate h(x) is increasing. If h(x) is decreasing in x, then F'(x) is said to belong to the decreasing
failure rate (DFR) class. If the hazard rate is neither increasing nor decreasing, the lifetime

model is exponential and vice versa. In terms of conditional survival function

Plalt) = s,

F is said to be IFR(DFR) if F (x|t) is decreasing(increasing) in 0 < t < oo for each z > 0.
Also F is IFR(DFR) if and only if — log F'(t) is convex (concave).
In the quantile framework, a random variable X is said to have increasing hazard quantile

function IHR(decreasing hazard quantile function DHR) if and only if

H(ps) > (<)H(p1)

for all p; > p1;0 < p1,pa < 1 where H(.) is defined as in (2.6).

2.5.2 Ageing concepts based on mean resdiual quantile function

A random variable X with mean residual life function m(x) is said to be in the increasing mean
residual life or IMRL (decreasing mean residual life or DMRL) class if m(z) is increasing
(decreasing) in = > 0. In other words, F' is said to be DMRL if m(s) > m(t) for 0 < s < t.

The equivalent definition in quantile framework is given as follows. A random variable X
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with E(X) < oo is said to be IMRL(DMRL) if and only if

M(p1) =2 (<) M(p2);p1 > po

where M (.) is defined as in (2.7). The definition can be given equivalently in terms of quantile
functions fol [Q(p+ (1 —p)u) — Q(p)]du is a increasing (decreasing) in p. Also if M(p) is
differentiable, X is IMRL(DMRL) according as M'(p) > (<)0. The properties of the classes
generated by monotonic mean residual life function are extensively studied by Abouammoh &
El-Neweihi (1986), Ahmad & Mugdadi (2004) and Gupta & Kirmani (1990). Similarly using
hazard quantile function, the ageing concept based on mean residual quantile function is defined

as X is IMRL(DMRL) if and only if
M(p) = ()5 (2.16)

Other ageing property involving mean residual life is used better (worse) than aged (UBA(UWA)).
A random variable X is said to the UBA(UWA) class if

—T

—)} ;m(00) < oo

Flalt) > (<) exp {m@o

An extension of the above class is the used better than average in expectation (UBAE) and its
dual namely used worse than average in expectation(UWAE) class. A random variable X is in
the UBAE(UWAE) class if and only if

m(z) > (<)m(0).

For more details we refer to Alzaid (1988), Willmot & Cai (2000) and Ahmad & Mugdadi
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(2004). Also it has been shown that
DMRL = UBA = UBAE.

In the quantile setup, a lifetime random variable X with M (1) = lim M(p) < oo is
p—1—

e UBA(UWA) if and only if

Qo+ (1= ) = Qi) > (<) Yoa(1 =)

forall 0 < py,pe < 1.

e UBAE(UWAE) if and only if
M(p) > M(1) 2.17)

forall0 < p < 1.

2.5.3 Concepts based on survival function

The ageing properties in this class are obtained by comparing survival function at different
points of time. New better (worse) than used (NBU(NWU)) is the most cited one in this cate-
gory and new better(worse) than used in expectation(NBUE(NWUE)) and harmonic new better
(worse) than used in expectation(HNBUE(HNWUE)) are the classes derived from NBU(NWU).
We say that X is NBUNWU) if and only if

F(z+1) < (2)F(2)F(t)

for all =, ¢ > 0.

Considering the expectations,instead of comparing the residual life distribution as such will
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lead to new better (worse) than used in expectation NBUE(NWUE)) class. If £(X) < oo, X
is said to be NBUE(NWUE) if and only if

CF@+t),
MZ/O de—m(x)

for all t > 0. Using mean residual quantile function M (p), X is NBUE(NWUE) if and only if
M(p) < (2)p. (2.18)

Rolski (1975) introduced the class harmonically new better(worse) than used in expectation

HNBUE(HNWUE) class which is defined by the relationship
[e.e] _ _:L'/
/ F(t)dt < (>)pe "Mz >0.

Klefsjo (1982) has extensively studied the properties of HNBUE and HNWUE classes. The
random variable X is in HNBUE(HNWUE) class if and only if

1
/ (1 —u)g(u)du < (Z)Me_QLp) (2.19)
p
or alternatively
fﬁé’ﬁ)du 1
T 2> ()=
Jo a(w)du p

2.6 Stochastic Orders

Stochastic orders are useful for a global comparison of two distributions in terms of certain
characteristics. Suppose we have a characteristic A. Then by stochastic order it means that
the distribution F'x of X has lesser (greater) A than the distribution Fy of another random

variable Y denoted by X < (>) Y. Mainly the concept of stochastic order is used to compare
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the characteristics of two distributions or to assess the relative behaviour of the properties of
distributions. Also the characteristic of measure should have an appropriate measure 6(A) and
the comparison using stochastic order is denoted by dx (A) < (>)dy (A). The stochastic orders
reviewed in this section include the usual stochastic order, hazard rate order, mean residual life
order, reversed mean residual life order etc. The details on orderings in the distribution function

set up are described in Shaked & Shanthikumar (2007).

2.6.1 Stochastic ordering using distribution function

Let X and Y be two random variables. If P(X > z) < P(Y > x) for all z € (—o0, 00),then
X is said to be smaller than Y in stochastic order denoted by X <; Y. This can equivalently

be given as

P(X <z)>P(Y <ux).

Let Fx(x) and Fy () be the distribution functions and Fy (x) and Fy (z) be the reliability func-

tions of random variables X and Y respectively. Then the following conditions are equivalent.

. X <4Y

2. Fy(z) < Fy(z) or Fx(x) > Fy(x) for all z.

The definition of stochastic order has been translated in terms of quantile functions by Nair
et al. (2013). Let X and Y be random variables with quantile functions Qx(p) and Qy (p)

respectively. We say that X is smaller than Y in stochastic order if and only if

Rx(p) < Qy(p)

for all p in (0, 1). The usual stochastic ordering can be used either to compare the distributions

of two random variables X and Y or to compare the distribution of a random variable X at two
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different parameter values. For more properties of usual stochastic orders, we refer to Scarsini

& Shaked (1990), Ma (1997) and Miiller & Stoyan (2002).

2.6.2 Hazard rate order

Let X and Y be two random variables with absolutely continuous distributions and hazard rate
functions hx (z) and hy () respectively. Then X is said to be smaller than Y in the hazard rate

order denoted by X <, Y if and only if

hx(x) > hy(z);x € R. (2.20)
Also (2.20) holds if and only if
F
_Y(m) increases in . (2.21)
X\

When X and Y have absolutely continuous distributions with densities f and g respectively,

(2.20) is equivalent to

for all x < y. The idea behind the comparison based on hazard rate is that when the hazard rate
becomes larger the variable becomes stochastically smaller.

We now consider the definition in quantile setup. We say that X <;, Y if Hx(p) < Hy(p)
where Hy (p) = hx (Qx(p)) and Hy-(p) = hy (Qx(p)). In terms of quantile function Q x(p)
we get similar condition corresponding to (2.21) as X <, Y if and only if p™1 Fy (Qx (1 — p))
is decreasing in p.

Observe that
X <Y =X<4Y,

but not conversely.
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2.6.3 Mean residual life order and reversed mean residual life order

For the random variables X and Y with mean residual life functions m x (x) and my (x) respec-
tively, we say that X is smaller than Y in the mean residual life order, denoted by X <,,,.; Y, if

and only if mx(z) < my(x) for all z.

Also X is smaller than Y in mean residual life order if and only if
My (p) < M;:(p) (2.22)

where Mx (p) = mx (Qx(p)) and M (p) = my (Qx(p)). (2.22) is equivalent to

1 > e
m/ch(p) Fy (x)dx > T : (1 —u)gx(u)du.

Nair et al. (2013) has established the implications between stochastic ordering, hazard rate

ordering, mean residual life ordering which are reproduced below.

MX(p) .. . .
1. If M (p) 1s increasing in p, then

XgmrlY:XSthngstYi

Mx(p) ~ E(X)
2. If M (p) > B ,then

XgmrlY:ngtY



Chapter 2. Review of literature 29

2.6.4 Convex order

Another type of ordering which is extensively used is the convex ordering. For the two random

variables X and Y if the condition

Elp(x)] < Elo(y)] (2.23)

holds for all convex functions ¢ : R — R, provided the expectations exist, then X is said to be
smaller than Y in the convex order. This is denoted by X <., Y. For example, let the functions
¢1 and ¢ are defined as ¢1(x) = = and ¢o(z) = —x, ¢; and ¢ are convex functions. Further
from (2.23)

X <.Y=EX)=E(Y).

In terms of distribution and survival functions, if X <., Y ,then

/ Fx(t)dt < / Fy (t)dt; for all z (2.24)
and
/ Fx(t)dt < / Fy (t)dt; for all z, (2.25)

provided the integrals exist. When F(X) = E(Y'), (2.24) and (2.25) are equivalent to X <.,
Y.

In terms of quantile functions, X <., Y if and only if

/OP Qx (u)du = /OP Qy (u)du

or

/pl Qx (u)du < /p1 Qy (u)du.
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Several modifications for convex ordering have came out. One among them is the dilation order.

When X and Y have finite means, we say that X is less variable than Y in dilation order if
(X — E(X)] < [Y — E(Y)]

and denoted by X <g; Y.
Another category of ordering is based on comparing random variables according to their
location and spread.Most important among them is the increasing(decreasing) convex order.

Let X and Y be two random variables such that

Elp(x)] < Elo(y)] (2.26)

for all increasing convex[concave] functions ¢ : R — R provided the expectations exist.Then
X 1is said to be smaller than Y in the increasing convex order denoted by X <;., Y. One
can also define a decreasing convex order by requiring (2.26) to hold for all decreasing convex

functions. Similarly monotone concave orders can be also defined.

2.7 Quantiles in higher dimensions

The definition of quantile functions in the univariate set up has been discussed in section 2.1.
Several attempts are available in literature to generalize the concept to higher dimensions. Using
the characterizations based on minimizing distances, Tukey (1977) defined the concept of depth
function and later Averous & Meste (1997) defined the median balls, Koshevoy & Mosler (1997)
defined the zonoid quantiles. Using the accumulated probability characterization, Nolan (1992)
and Massé & Theodorescu (1994) defined the multivariate quantiles as half planes and the
central region as convex hull. For more details on the generalizations of univariate quantiles,

we refer to Serfling (2002), Mosler (2002), Koltchinskii (1997), Chen & Welsh (2002).
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In multivariate quantile approach, the authors have observed the following difficulties.
1. The nonexistence of a natural ordering in n-dimensions, n > 1.
2. The choice of the shape of the central region for non-symmetrical distributions.

3. The nonparametric estimation of the new concepts.

Ferndndez-Ponce & Suarez-Llorens (2003) clears these problems by proposing the concept
of quantile curves which is the multivariate quantile defined as a set of points which accumulate
the same probability for a fixed orthant.

Let X = (X7, X3) be a bivariate absolutely continuous random vector and x = (x1, z3) be
point in R%. Denote the four directions in the two dimensional plane denoted by € = (g1, &)
with g; € {—1,1};i = 1, 2. To simplify the notation , — and + can be respectively used for -1
and +1. For example,

F.

-+

(x1,22) = P[ X7 < 21, Xy < o).

The p'"* bivariate quantile curve for the direction € denoted by Qx (p, ) defined as

Qx(p,e) = {(z1,22) € R*: F. (21, 32) = p} .

Belzunce et al. (2007) showed how the accumulated probability of the central region given
by the notion of quantile curves depends on the dependence structure of underlying bivariate
distribution.

The concept of copula was first introduced by Sklar (1959). Copulas are simply multivariate
distribution functions whose one dimensional marginals are uniform on the interval (0,1). A
copula is a function C'(u, v) from I? to I where I* = {(x1,22) |0 < z; < 1,7 = 1,2} with the

following properties.
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1. C(u,v) is grounded function. That means for all u,v in I,

C(u,0)=0=C(0,v)

2. C(u,1) =u,C(L,v) =v

3. For every uy, us, v1, vy in I such that u; < us and v; < vy,

C(ug, v9) — Clug,v1) — Clug,v9) + C(ug,v1) >0

If F'is a distribution function on R" with one dimensional distribution F}, F», ..., F}, .Then there

is a copula C' so that

F(xq,...,zn) = P[F1(X1) < Fi(21), ..., F,(X5,) < Fo(x,)]
=C [Fl(.l’l), ceey Fn(xn)] .

If F'is continuous ,then F'is unique and is given by

Clug, ug,y .oyt = F [Q1(ur), Qa(uz), ..., Qn(un)] -

Observe that C represents the distribution function of the random variable [uy, us, ..., u,] =

Fl(.il?1>, FQ(.Q?Q), ey Fn(:vn) and futher

X st (Ql(ul)v 7Qn(un)) :

where st means the same distribution. Also the copula of independence can be expressed as the

one associated with n independent variables which is given by

C(ugy oy ty) = ﬁuz
i=1
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For more details on copula, we refer to Nelsen (1999).
The probability F. (¢(u),(v)) depends only on the copula C for the direction ¢ and is

given by the expression

C(u,v); A
Rlomuey = "M T
l—u—v—Cu,v) e=¢€4

0<u<;0<v <1
where ¢(u) and v(v) are the inverses of the marginal distribution functions F'(z;) and G(z3)
respectively. Belzunce et al. (2007) proposed an alternate way to express the quantile curves by

means of the quantiles for the conditional distributions [Y'|X < z] and [Y|X > z] as follows,

Qx(p.e—-) = {(Qx(w), Qvix<oxw(%)) 1 u>p},
Qx(p,e+-) = {(@x(u), Qvixoxw (%)) 1 u < 1—p},
Qx(pe—+) = {(Qx (1), Qvix<gx (1 = B)) s u>p},
Qx(p,es+) = {(Qx(w), Qyvixsoxw(l — &) tu<1—p}.

In chapter 6, we use these ideas to extend the quantile based reliability concepts given in Nair

& Sankaran (2009) to the bivariate setup.

2.8 Measures of income inequality

As pointed out in the introduction, the measurement and comparison of inequality of income
in different populations had been a mjor problem of interest among researchers for more than
a decade. There are so many questions regarding income inequality like (i) Is the distribution

of income more equal than it was in the past? (ii) Are underdeveloped countries characterized
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by greater inequality than advanced countries? (iii) Do taxes lead to greater equality in the
distribution of income or wealth? Income inequality measures are used to answer these wide
range of questions. In other words, income inequality measures are focused on the economic
inequality among the participants in an economy. These measures are defined over the entire
population, eventhough inequality measures are derived to measure inequality among the poor
as well as among the rich.

Eventhough several inequality measures have been used, the Lorenz curve still enjoys an
important place in the context of measurement of income inequality. The basic idea behind the
Lorenz curve is to utilize the share of total income received by a particular percentage lower
income households to arrive at a measure of inequality. Suppose we have n incomes in the
population. Let these be arranged in ascending order of magnitude as x1., < o, < ... < Ty,

Then for: =0,1,2,...n,

Then the points (Z/n, L (Z/n>> are linearly interpolated to complete the Lorenz curve. That is,
l/n x 100% of individuals in the population shares L (Z/n> x 100% of total income. It is a bow
shaped curve below the diagonal. As the bow is more bent, the inequality increases.

If n is very large, the distribution of incomes within the population can be approximated
using a continuous distribution function F'(x) with a density function f(z). F'(z) can be inter-
preted as the proportion of individuals having incomes less than or equal to z. The first moment
distribution is specified by

Foy(a) = Ao S0t

Jootf()dt’
provided the denominator is finite.
F)(x) represents the proportional share of total income of individuals having an income

less than or equal to x. The Lorenz curve corresponding to distribution F' can be described as
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the set of points (F (), F(1)(x)), which is defined in the unit square. The Lorenz curve can also
be defined in terms of quantile functions. This will be useful especially when the distribution
function do not have a closed form.

This approach was initiated by Gastwirth (1971). Let X be a non negative random variable

with finite positive mean p. Setting F'(z) = p, we get

where 1 = fol Q(u)du. Differentiating the above expression, we get

Q(p) = ul'(p).

Since any distribution can be characterized by the quantile function, it is clear from the above
expression that Lorenz curve uniquely determines the distribution.

Lorenz curve has the following properties.

1. L(p) is continuous on [0, 1], with L(0) = 0 and L(1) = 1.
2. L(p) is increasing.

3. L(p) is convex.

Also any function satisfying the above properties is the Lorenz curve associated with a statistical
distribution. Lorenz curve itself can be considered as a distribution function and the moments
of Lorenz curve distribution can be used as measures of income inequality.(Aaberge (2000)).
There exists two approaches for the construction of Lorenz curve models. First approach
consists of, starting from an income distribution function and, obtaining corresponding Lorenz
curve by using above mentioned representations. A second approach consists of selecting sim-
ple curves satisfying the required conditions for the Lorenz curve. This approach usually leads

to complicated distribution functions, but may be flexible enough for empirical Lorenz curves.
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The works of Kakwani & Podder (1973),Gupta (1984), Chotikapanich (1993), Rohde (2009)
Sarabia et al. (2010b) proceed in this direction.

Sarabia (1997) obtained a hierarchy of Lorenz curves based on the generalized Tukey lambda
distribution. Sarabia (1997) proposed a family of Lorenz curves which starts with a generating
Lorenz curve and then creates a family by increasing the number of parameters. Later Sarabia
et al. (2005) put forward a new class of Lorenz curves using a mixture of an initial Lorenz curve
with a known probability density function. For more works on families of Lorenz curves, we
refer to Sarabia et al. (2001) and Wang et al. (2007).

The concept of Lorenz curve have been extended to multivariate case. Taguchi (1972) de-
fined the concentration surface of a two dimensional random vector (X7, X5) with density func-

tion f(x1, o) and mean values p1 and p» for X and X, respectively by the following implicit

function
L(p1,p2,p3) =0
where
o T
2} :/ / f(u, v)dudv
1 D) 1
po = —/ / uf(u,v)dudv

HJ—ooJ-c0

and

1 T2 1
D3 = —/ / v f(u,v)dudv.
HJ -0 J-c0

Koshevoy & Mosler (1996) has defined Lorenz zonoids and studied its properties.
One can also order distributions using the Lorenz curve. For nonnegative random variables

X and Y with finite means, X is said to be less variable than Y in the Lorenz order if
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The Lorenz ordering can also be given as

X<, Y& Lx(p) > Ly(p);0<p<1.

When the Lorenz curves intersect, the Lorenz dominance has no interpretation. In such
cases, the need of Gini index naturally arises. Using the fact that variability can be measured by
considering the average difference between two independent observations from the distribution,
the Gini index is defined.

Let X; and X be i.i.d. random variables with corresponding order statistics be X;.o and

X5.5. Gini’s mean difference is given by

T(l') = E|X1 - X2| =F (X2:2) - F (X1;2) .

Since T'(x) does not satisfy the desirable properties of a good inequality measure, it shall be

standardized by dividing by twice the mean. The resulting measure is Gini index. That is,

An alternative expression for G is

_ 1 _ BX12)
G=1 E(X2:2)

=1-2 [F2F(z)f(z)dx

m

This one satisfies most of the properties except decomposability. G is defined geometrically as

G = Area between theline of equality and Lorenz curve
o Area below theline of equality
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That is the area between the diagonal and the Lorenz curve. Gini index is given by

1
G:1—2/ L(p)dp
0

G measures the extend to which the distribution of income among individuals within an econ-
omy deviates from perfectly equal distribution. Ord et al. (1983) considered the truncated form
of Gini index defined by
G(t) = 2/00 F(z,t)dFy(x,t) — 1
t

where F(z,t) is the distribution function of X (t) = X|X > ¢ and F}(z,t) is the first moment
distribution given by

S} S dy

I g dy

Also G(t) truncation invariant if and only if X follows the Pareto type I distribution. Gini index

Fi(z,t) =

has also been extended to higher dimensions. Mosler (2002) defined the Gini zonoid index as
the volume of Lorenz zonoid. Multivariate Gini indices are discussed in Koshevoy & Mosler
(1996), Gajdos & Weymark (2005). Sathar et al. (2007) has extended the Gini index to the
bivariate set up in the truncated setup.

For a bivariate random vector be (X7, X5) admitting an absolutely continuous distribution

function, the bivariate Gini index for the truncated distribution is defined as the vector

G(tl, t2> = (Gl(t17 t2)7 G2<t17 t2>)

where

Gl(tlatQ) = 2/ F(l‘htl?tQ)dFl(xl)tth) -1

t1

with
1 f(y1|Xa>t2)
t1 yl F(tl‘X2>t2) yl

X
ft?o n fy1|Xa>ta)

Fl('rh tla t2) -
F(tl‘X2>t2)dy1
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and .
o f]Xe > ta)dy

I FilXa > ta)dy,

Similarly Go(t, to) is defined for the random variable Yo = X5| X > ;.

F(x17t17t2) =

Truncated Gini index defined in Takayama (1979), combined with other inequality measures
can be used as poverty measures. Several other poverty measures are suggested by Sen (1976),
Foster et al. (1984) and Sen (1986). However the most popular poverty index is the Sen index.

Nair & Vineshkumar (2010) has formulated the truncated Gini index in the quantile framework

as
.2 P p—u
=150 /0 . ( p? )du'
or
o Ba(p)
() = Bi(p)
Analogously the Sen index takes the form
_ [pBilp) + B2 (p)}
st =r [P B )

It is also established that the poverty index S(p) is constant if and only if the distribution of
income is power.

Bonferroni (1930) proposed an income inequality measure, known as Bonferroni curve,
based on the first moment distribution. Let X ba a non negative and absolutely continuous ran-
dom variable with distribution function F'(x) and finite mean . The first incomplete moment

and the partial mean of the probability distribution are given by

Plo) = [ o

and
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The Bonferroni measure is defined as

The Bonferroni curve is defined in the orthogonal plane [F(x), B (F(x))]. Denoting by p =

F(x) , the parametric expression of the curve is

B(p) = — / " Qu)du

- pu

B(p) is related to L(p) through the relationship

The values of L(p) are fractions of total income while the values of B(p) refer to relative income
levels. The peculiarity of the B(p) curve that it is sensitive to low levels of income and hence
paves the way to use it in poverty measurement (Giorgi & Crescenzi (2001b)). The inferential
properties of Bonferroni curve are discussed in Pundir et al. (2005).

Leimkuhler curve is an important tool in the field of Informetrics and information sciences.
(Burrell (1991), Burrell (2005), Rousseau (1987). It plots the cumulative proportion of total

productivity against the cumulative proportion of sources. The Leimkuhler curve is defined as

1 1
KG) =, [ Qi
or
K(p)=1—=L(1—p)

Important references about Leimkuhler curve are Egghe & Rousseau (1988), Egghe (2002),
Egghe (2005b), Egghe (2005a). Sarabia et al. (2010a) proposed a general methodology for
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obtaining new classes of Lorenz and Leimkuhler curves starting from an ordered sequence of
power Lorenz curves. The advantage of the new class is that it includes the curves discussed in
Bradford (1985) and Kakwani & Podder (1973).

Zenga (1984) proposed a point concentration measure and an index based on the ratio be-
tween population and income fractiles. Let X be a nonnegative continuous random variable
with probability density function f(z) and finite mean y and first moment distribution function
Fi(z). Assume that F'(x) and F}(x) are invertible.

The point concentration measure 7, is defined as

. Q)
=10

where p € [0,1] and Q(p) = F~'(p) which is the inverse of distribution function (population

fractile) and Q;(p) = F; '(p) which is the inverse of first moment distribution(income fractile)

1
Z:/ Zydp.
0

The behaviour of Z,, curve has been studied by Dancelli (1990), Berti & Rigo (2006), Zenga

and the index is given by

(1990). To calculate this Zenga curve, the evaluation of the inverse of cumulative distribution
function and the inverse of incomplete first moment is necessary. More details about this Zenga
curve and the corresponding index are provided in Kleiber & Kotz (2003).

Zenga (2007) proposed a new inequality measure, which is more realistic, based on the con-
ditional expectations of the concerned distribution. The main feature of this inequality measure
is the comparison with parts of the population and these compared parts are always two disjoint
and adjascent groups. Here the two groups are differentiated in the value assumed by observed
random variable, lower group is composed of the values of X < x and upper group includes
the values of X > x. Also the comparison is made on the ratio between the arithmetic mean of

two groups.
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Let X be a non negative continuous random variable with distribution function F'(z) , den-
sity function f(z) which is strictly positive on the support (a,b);0 < a < b < oo and finite

positive mean p.The lower mean ,;.~ () and upper mean p " (x) are respectively given by

w(z) = [F()] / Cif (e

and

b
i) = 1= F@) " [ efoe

The inequality measure is defined as

p ()
Alx) =1- . (2.27)
D= )
The inequality index [ is given by
b
I:/ A(x) f(z)dx. (2.28)

To represent the inequality measure given in (2.27) in terms of quantile function, setting F'(x) =

p, we have © = F~1(p) = Q(p). This gives,

and

) = i ) = M) = 1 [ Qi

The inequality measure given in (2.27) is obtained as
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_1_ M (p
I(p) =1 M+ (p) (2.29)
-1 (1-p) Jg Qu)du ’
P [ Qu)du

p

The inequality index [ is given by
1
- [ o
0

where the index [ is given by the area under the curve /(p). Further Zenga (2007) has es-
tablished the relationship between Gini index (G, Bonferroni index B and the Zenga index [
as

G<B<LI.

Polisicchio (2008) provided a distribution model with uniform inequality /(p) curve. For a fixed

k,0 < k < 1, the random variable X has the I(p) curve given by

I(p) =k

for every p, 0 < p < 1, if and only if the distribution function of X is

0 xr < pk
F@)=1{ 1=k |1—(uk)2a= | pk<az <M
1 x <

The above model is the truncated Pareto distribution with lower limit .k, upper limit £ and
inequality parameter § = 1.

Porro (2011) has extended the above work to investigate the model with linear form for the
I(p) curve.

Let X be nonnegative continuous random variable with finite and positive expectation /i,
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and with I(p) curve given by
I(p)=ap+bVpe (0,1); a,b € R

then the distribution function F'(x) of X satisfies the relationship

plaF?(x) — 2aF(z) — b+ 1]
[—aF2(z) — bF () + 1]

xr =

Setting F'(z) = p, the above relationship can also be written as

pt[ap® — 2ap — b+ 1]
[—ap® — bp + 1]

Tr =

The author also presented real situations in social sciences where the empirical /(p) curves
are very similar to straight line. Zenga (2008) used reliability tools such as mean residual life
MRL and mean waiting time MWT to represent the new Zenga curve A(x). The MRL and
MWT can be represented as M RL = p*(x) — x and MWT = x — pu~ (x) . Substituting these

expressions in the definition of A(x), we get

Alr) = MRL + MWT
" MRL+=x

Maffenini & Polisicchio (2010) made comparison between Lorenz curve and I(p) curve by
analyzing the effect of translation and transfer from rich to poor.

The main difference between the Lorenz curve and /(p) curve is /(p) curve compares ad-
jacent and disjoint parts of distribution, but Lorenz curve makes the comparison of inequality
based on cumulative, ordered and relative values.

The inferential aspects in connection with the I(p) curve and I index are discussed by
Greselin & Pasquazzi (2009), Greselin et al. (2010) and Greselin et al. (2009). Also the decom-
position of the Zenga index by subgroups is presented in Radaelli (2010).



Chapter 3

Properties of the Zenga curve

3.1 Introduction

The Zenga curve, reviewed in section 2.8, differs from Lorenz curve in several aspects, even
though there exists a functional relationship between them. The Zenga curve has no pre-
established behaviour. This inequality measure stands out among others because of its ease
in computation and simple interpretation. Also the dominating behaviour of Zenga curve as
compared with the Lorenz curve in analyzing the effect of translation and transfer from rich
to poor enables the same as a potential measure when it comes to measurement of income in-
equality. The main difference between the Lorenz curve and /(p) curve is I(p) curve compares
adjacent and disjoint parts of distribution, but Lorenz curve makes the comparison of inequality
based on cumulative, ordered and relative values.

Motivated by the above, in the present chapter we provide a detailed study on the salient
features of the Zenga curve for different distributions, their equivalent forms in terms of quantile
functions and some results based on a stochastic order defined using the Zenga curve.

For a non negative continuous random variable X defined over 0 < a < b < oo with
distribution function F'(x), density function f(x) and with £(X) < oo, denote the conditional
expectations by = (z) = E(X|X < z) and p(z) = E(X|X > x). Zenga (2007) defines the

45
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measure of inequality as

Alx) =1— Z+8 3.1)

If z is the level of income discriminating poor and rich, (3.1) shall be interpretted as the differ-

ence in average income among rich and that among poor. Zenga (2007) observes that relating to
the measure A(x), it is necessary to analyze its behaviour for theoretical distributions, usually
employed to represent income data, and a method to obtain the density of X by knowing the
inequality measure will be advantageous from the point of view of modelling the data.
Definition (3.1) can be reformulated in terms of the quantile functions, discussed in section

2.8. For the random variable X considered above, define the quantile function Q)(p) as

inf{z : F(z) >p,0<p
inf{z: F(z) >0,p=0

It may be noted that Q(p) is same as F~'(p). Since F(z) is continuous, FoQ(p) = p,where
o deotes the composition of functions. Also by the strict monotonicity of F'(z), x = Q(p).

Setting 2 = Q(p) in the expressions for 1 (x) and p~ (x) namely

i () = (1— F(z)) / Tyt

x

and
i) = i [ e
we get
M*(p) = 5t 0 Q) = —— [ Q(udu



Chapter 3. Properties of the Zenga curve 47

forevery 0 < p < 1. and

M~(p) = 1~ 0 (Q(p)) = }9 / " Qu)du (3.2)

respectively. Thus in terms of quantiles for all p in (0, 1),

I ) Jo Qu)du
p fpl Q(u)du (3.3)
-1 (1-p) J§ Qu)du
- P p—J§ Qu)du
_ up—J(p)
~ up—pJ(p)

where J(p) = [ Q(u)du.

From (3.3), we have
P 1—p -1
du=p|l+ ——m—7—| .
[ et =1+ =105

_up(1—=1I(p))
T =" —pl(p)

Relationships (3.3) and (3.4) express the Zenga inequality measure in terms of quantiles and

That is,
(3.4)

vice versa. These relationships form the basis to establish characterization results in the sequel.

Some of the results in this chapter are published in Nair et al. (2012).

3.2 Properties of the inequality measure

The Zenga curve I(p) possess several interesting properties.

(i) I(p) lies between 0 and 1. I(p) = O if and only if X is degenerate, in which situation

there is complete equality.

(ii) The following functional relationship exists between the Lorenz curve L(p) and the Zenga
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curve /(p),
p—L(p)
I(p) = ——F . 3.5
W)= = L) G
(3.5) can be rewritten as
p(1—I(p))
Lp) =2 "/ 3.6

In view of (3.5) and (3.6) one of the functions /(p) or L(p) determine the other uniquely.

(iii) The distribution of X is uniquely determined by I(p) as

d p(1—1(p))
Qp) = Md—p[m}-

The above relationship follows by differentiating (3.4).

(iv) I(p) is scale invariant.
To prove this, consider two populations with corresponding income variables X and Y,
quantile functions Qx (p) and Qy (p), mean incomes f, and py and I(p) curves Ix(p)
and Iy (p) respectively.
WhenY = aX, a > 0, we have

Qv (p) = aQx(p) (3.7)

and

Py = aj. (3.8)

From the definition (3.3), we get the expression for the /(p) curve associated with the

random variable Y as
(1—p) Jy Qv(u)du

Iy =1- 1 .
(v) p fp Qy (u)du
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Substituting the transformations given in (3.7) and (3.8) in the above expression we get

(1—p) fé) aQx (u)du

hip)=1- P fpl aQx (u)du
This gives [
(1-p) Jy @x(u)du
I =1-
v(p) D fpl Qx (u)du
or

Iy (p) = Ix(p).

The implication of the above result is that if we multiply the incomes of one population
by a constant amount, the inequality measure of the resulting population is same as that
of first population. In other words, a proportional increase or decrease in income does
not have any effect on the inequality measure. This result has much utility as far as the
Economists are concerned. For instance, the increase in price of petroleum products ef-
fects a proportional increase in the cost of transportation. This necessitates an increase in
the price of consumables and other utility articles. The ultimate effect is a proportional
increase in dearness allowance and hence salary. If the Zenga curve is used to measure
inequality of income among the salaried group, it is ensured that the measure is unaltered

by such changes in Economy.

For the two populations considered above, assume that the income of the first population
is increased by a constant amount. It is of interest to look into the effect of this increase

on the inequality measure of the second population. This aspect is examined below.

(v) If Y = X + a, Iy(p) can be expressed in terms of [y (p) through the relationship

-1

(1(1 _pIX(p)) IX(p)

Iy(p) = |1+ m
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When Y = X + a, we have
Qy(p) =Qx(p) +a (3.9

and

Wy = a+ (L. (3.10)

From (3.9) and (3.10), we get

Jy(p) = ap + Jx(p).

Using the above relation in (3.4), we get

_ 1p — Jx(p)
HE R rEE——
Also for every p in (0,1)
[X(p) . [Y( ) _ CL( _p)<lu’p - JX(p))

plp— Jx () — Jx(p) +a—ap)

In view of (3.4), the above equation can be written as

alx(p) (1 = plx(p))
p—aplx(p) +a

Iy(p) = Ix(p) =

or equivalently,

a(l —pIx(p))

Iy(p) = |1+ .

Ix(p).

The above result shows that if the income is increased by a constant amount, the resulting
inequality measure can be expressed in terms of the inequality measure of the original

population.

(vi) Denote by M~ (p) and M™(p) the corresponding lower and upper income means. The
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(vii)

(viil)

computation of I(p) does not require the expressions of both M/~ (p) and M (p). In fact,
from (3.2) and (3.4), we have

1—pl(p) G0
(3.11) gives,
0= E
Similarly using
(1 —p)M*(p) +pM " (p) = n,
we also have I(p) in terms of M+ (p) as
0=
and
M*(p) = #I(p)' (3.12)

The absolute Bonferroni curve B~(p) = M~ (p) and its dual [Greselin et al.(2010)]

B*(p) = M™(p), has expressions in terms of the Zenga curve given by (3.11) and (3.12).

Unlike the Lorenz curve which is increasing and convex on [0, 1], the /(p) curve can have
different types of monotonicity properties and shapes, as is evident from the following

examples.
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Example 3.1

For the uniform distribution specified by

direct calculation gives,

Note that /(p) is decreasing in p.
Example 3.2

For the Pareto I distribution with distribution function
k.o
Flz)=1—(=)" x>k>0;
x

the quantile function is

Now

I'(p) = p’Q{g(l —p)E+(1-p): -1}

_ [1—(1—19)%} -
2p*(1 = p)2

Hence I(p) is increasing for the Pareto I model considered above.
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Example 3.3

Consider the Pareto II distribution with distribution function
Flx)=1—-a(x+ o)™ z; a,c> 0.

The quantile function is

Q(p) = af(1—p)~ " —1]

and the mean is = a(c — 1)7%. Using (3.3), we get

C(L-p)y e
o) = e —p

Specializing for ¢ = 2 and differentiating the resulting expression, the condition I'(p) = 0
simplifies to

6 —5p — 6(1 —p)? +2p(1 — p)/? = 0.

The solution is p = 0.75. Also I'(p) < 0 forp < 0.75 and I'(p) > 0 for p > 0.75 . Thus for the
Pareto II distribution with ¢ = 2, I(p) is first decreasing, reaches a minimum at p = 0.75 and
then increases.

Example 3.4

Consider a random variable X with distribution specified by the quantile function
Q(p) =0 +a((B+1)p" = Bp™), ,0,0 > 0.
It may be noted that this distribution does not possess a tractable distribution function. We have

J(p) =0p+o(p’ - %pﬁ”)
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and

p=0+2(3+2)"o.
Using the above results in (3.3) we get

I(p) _ 0[2 - pﬁ(ﬁ + 2 — Bp)]
0(6+2)(1 —p) + o2 = pP+(B+2—Bp)]

Taking 6§ = 3, 0 = 3.3, § = 3 and differentiating, we see that /(p) is initially increasing,

reaches a maximum at p = 0.53724 and then decreases.

Remark 3.1

From (3.11) and (3.12)
2
M~ (p) M+ :M. 313
(p)M™(p) =20 (3.13)

Using the relationship between /(p) and L(p) ,(3.13) becomes

*L{p)(1 = L(p))

M~ (p)M*(p) = o1—7)

The above equation expresses the product of mean incomes of upper and lower income groups
in terms of the Lorenz curve.

To summarize, the properties of /(p) discussed above make it a favorable choice among
competing alternatives in terms of simplicity, logical soundness, flexibility and ease of interpre-
tation.

A derived function that is of relevance in the measurement of inequality is the average

inequality measure at p,
1 P
Ai(p) = —/ I(u)du, 0<p<l. (3.14)
P Jo
We examine equivalent conditions to study the behavior of I(p) curve using the average in-

equality measure at p. Obviously if /(p) is increasing A;(p) is also an increasing function, but
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not conversely. The Zenga inequality index [ = fol I(p)dp = Ay(1), and is obtained as the limit
of A;(p) as p — 1. In ascertaining the monotonicity of /(p) the following equivalent conditions
may be useful. We state the results for increasing /(p) [II(p)] and the corresponding decreasing
I(p) [DI (p)] cases can be derived by reversing the inequalities. We say that X is II(p) [DI(p)]

if I(p) is nondecreasing (non increasing).
Theorem 3.1. X is Il(p) if and only if any one of the following conditions hold.

(i) pAi(p) is convex and twice derivable.

- +
(ii) i) ww) >0 forall x,t>0.

po(@+t) gt +t)
(iii) %(log ph(x)) = %(log po (@)

Proof. (i) Assume that pA;(p) is convex and twice differentiable.
This implies
d2
0

Thatis I'(p) > 0 or X is II(p).

(ii) When X is II(p), A(x) is increasing.
This implies

That is

This is same as (ii).

(iii) If X is I(p),

is decreasing.
pt ()
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This implies
i) [ (@) ] =i @) [ @) ] <o.

This is same as (iii). The proof of the converse in each case can be obtained by retracing

the steps.

3.3 Stochastic orders based on /(p) curve

As mentioned in section 2.6, stochastic ordering of random variables provide a method for
a global comparison of two distributions in terms of their characteristics. Let X and Y be
two non-negative random variables with distribution functions Fx(x) and Fy (x) and survival
functions F'x (x) and Fy (x) respectively. In this section we look into the problem of ordering
random variables using the magnitude of Zenga measure /(p). We now define the orderings
using the /(p) measure.
Definition 3.1
Let X and Y be two non-negative random variables with positive means px and py and in-
equality measures [x(p) and Iy (p) respectively. Then X has lesser inequality than Y in terms
of I(p) ordering, denoted by X <; Y if Ix(p) < Iy(p) forall pin (0, 1).

It is natural to compare /(p) ordering with other types of ordering. This aspect is examined

below. Theorem 3.2 establishes that Lorenz ordering and /(p) ordering are equivalent.

Theorem 3.2. Let X and Y be two non negative random variables, then
X< Ye X< Y
Proof.

X <Y & Ix(p) < Iv(p)
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M3 (p) = nx _ My (p) — p
pME(p)  —  pMi(p)

& uy M3 (p) < px My (p)

& pylpx — /p Qx(u)du] < px[py — /p Qy (u)du]

/Qy du<— QXU

& Ly(p) < Lx(p)

O

Remark 3.2 This result was proved in Porro (2008) using a different method. However the
above proof uses an alternate approach. It now follows from the definition of convex ordering,

discussed in section 2.6.4, that

X Y
L, e X< Y e X< Y (3.15)

Hx Hy

Our next result provides a sufficient condition to check whether one distribution has lesser

inequality than another.

Theorem 3.3. If ux < uy then,
() Mi(p) > My (p),Vp € (0,1) = X > Y.
(i)My(p) = My (p),Vp € (0,1) = X </ Y.

Proof. Since M (p) = —% we have by assumption,

1—-pl

=M= ) S T
N 1 —plx(p) < X
1_pIY(p> Hy

<1
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= Ix(p) > Iy(p).

The proof of (ii) is similar on using (3.11) and hence omitted. ]

Sometimes it is easier to use the usual stochastic ordering instead of the convex ordering. In
such cases an equivalent result in terms of the equilibrium distributions becomes more handy.
If X is a non-negative random variable with finite positive expectation x, the random variable

X* with distribution function
&W%wlfﬁwﬁ
0

is called the equilibrium distribution corresponding to X . For a detailed discussion on weighted
distributions as well as equilibrium distributions, we refer to Hesselager et al. (1998), Gupta
(2007), Sunoj & Maya (2008).

When X and Y have equal means, Shaked & Shanthikumar (2007) has established that

X Scw Y@X* Sst Y*.

From (3.15), when the above expression holds, we have Ix(p) < Iy (p) (Ax(x) < Ay(z)) and
hence Q. (p) < Qy-(p) (Fy-(x) < Fy-(2))

If Q*(p) is the quantile function of X*,we have

Qx(p) = @ (' [ (1 — wa(u)du) = Q* (X T(v)

0

where

T(p) = / (1 — u) g(u) du,



Chapter 3. Properties of the Zenga curve 59

and ¢(p) = Q'(p), is the total time on test transform extensively used in reliability analysis. For

more details we refer to Bergman (1979), Nair et al. (2008). Thus

Q*(p) = pQx (T (p)).

For example, if X has generalized Pareto distribution with distribution function

Flr)=1—(1+5) 7+,

then

a

Q) = 11— p) 1]

Using the above formula

Thus
X< YV e X<,YeQx(T(p) <Qv(Ty(p).

Note that this family of distributions contains the exponential, Pareto II and rescaled beta dis-
tributions as members.

Cox (1962) examined the role of length biased distributions in the context of renewal theory.
The length biased distributions arises as a special case of weighted distributions. The random

variable Y with p.d.f. specified by

g(x) = % ;w(x) >0 (3.16)

is the weighted distribution corresponding to random variable X with weight function w(z).
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When w(z) = x, we get the length biased distribution. In this scenario (3.16) takes the form

o/ (x)

fe(x) = p

(3.17)

The distribution function of the random variable X with p.d.f. (3.17) is

1

Fi(z) = E/ox LE(t)dt.

The possibility of expressing the distribution function of the weighted distribution using the

quantile function is yet to be studied in detail. Setting z = Q(p') 0 <p <1, wehave

m%@@ﬁzizﬂmwm.

From the definition of Lorenz curve, F5 (Q(p)) = L(p) or Q(p) = Qp (L(p')) where
Qs (L(p)) = F5' (L(p)) . Again settingL(p') = p, we have

Qs (p) =Q (L' (p)- (3.18)

(3.18) provides the expression for the quantile function for the length biased model in terms of
the Lorenz curve and this relationship helps us to identify the quantile function of the length
biased model through a knowledge of the Lorenz curve of X.

As an example,for the power distribution specified by

Q(p) = op¥;0,¢ > 0,

1
the Lorenz curve is given by L(p') = (p) o or L7 Y(p) = p%. Using (3.18), the quantile
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function of the corresponding length biased random variable is obtained as

Q5 (p) = opo=.

It may be observed that X 5 also follows power distribution.



Chapter 4

The Zenga curve in the context of reliability analysis

4.1 Introduction

As mentioned in Section 2.3, the focal theme of interest in reliability analysis is the modelling
and analysis of lifetime data. To enable this, certain concepts such as failure rate, mean residual
life function etc. which are capable of describing the failure pattern are formulated and are
used to obtain lifetime models. If X represents the lifetime of a component or device, a random
variable which has received much interest in reliability analysis is the truncated random variable
X|X > z as well as X|X < z. The average values namely, u*(z) = E (X|X > z) and
p~(x) = E (X]|X < z) represents the average lifetime of components which has attained age
x and the average lifetime of components which has failed before attaining age x. The former,
namely p(z), is the vitality function and is extensively studied by Kupka & Loo (1989) and
Nair & Rajesh (2000).

The Zenga curve, defined in (3.1), is given in terms of x*(x) and p~ (). Observing that

one can write (3.1) as

pt(x)
A(z) shall be interpreted as the difference in average age of components which has survived

beyond age = from those which has failed before attaining age x, expressed in terms of average

62
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age of components exceeding age x. A(z) shall be viewed as a measure of proportional change
in average age while switching over from survival before and after attaining age x. In this sense,
the Zenga curve has a lot of significance in the study of reliability of components. If m(x) =
E (X — z|X > z) represents the mean residual life function and r(z) = E (z — X|X < x)

represents the mean waiting time, Zenga (2008) has represented (3.1) in the form

2 = r(z) + m(z)
Alz) m(z)+z
Using the relationships -

and

ph(x) =z + m(x)

in the definition of A(x), one can get alternate representation for A(x) as

where ;1 = E/(X) represents the average lifetime.

Although several representations for the Zenga curve are feasible, the representation in terms
of the quantile function given in (3.3) is more mathematically tractable. Further very little work
seems to have been done on the Zenga curve in the quantile framework. Motivated by this,
in the present chapter we look into the problem of (i) determining the possible relationships
of the curve with other inequality measures as well as reliability concepts ii) characterization
of probability distributions using these relationships iii) classification of lifetime distributions
using the Zenga curve and iv) examining the behaviour of the curve using an empirical data on

survival times. Some of the results of this chapter are included in Nair & Sreelakshmi (2012).
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4.2 Zenga curve and other inequality measures

The relationship between the Zenga curve and the Lorenz curve was examined in section 3.2.
It was observed there exists an explicit relationship between them, which is given in (3.5).
In view of this relationship the knowledge of one of them enables to determine the other and
hence the results especially characterization theorems for the Lorenz curve can be reformulated
in terms of the Zenga curve. Bonferroni (1930) has proposed another measure of inequality
which is referred to as the Bonferroni curve. For a nonnegative random variable X admitting

an absolutely continuous distribution, the Bonferroni curve is defined as

B(p) f[@wm.

up

Observing that the Bonferroni curve is connected to the Lorenz curve through the relationship

L(p) = pB(p), from (3.5), we get

1 — B(p)
1p) 1 —pB(p)
1—1(p)
B = 1010y

In view of the above relationships it is inherent that /(p) and B(p) determine each other
uniquely.
Another inequality measure extensively used in Informetrics is the Leimkuhler curve defined
by
1 [t
k)=, [ Qudu
K Jp
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The Lorenz curve L(p) and K (p) are connected through the relationship

K(p)=1-12 [[7"Q(u)du

wJo
=1—L(1—p).

Using (3.5) and the above expression, we get

=, (i)

_ p
1—(1—=p)I(1-p)

The above relations enables one to evaluate K (p) through the knowledge of I(p) and vice versa.

K(p)
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Table 4.1 :The three curves for different distributions

Distribution | Lorenz curve Bonferroni curve I(p) curve
5+l 5 1—p?
Power prs pB b
1-pB
. 1
Exponential | p+ (1 —p)log(l = p) | 1+ 5P log(1=p) | jgligyT
c(1—(1-p)t=< -1
Pareto IT c <1 —(1- p)l_l> — (-0-n') —(c—1) C[(l_p),f —1]
g (- = 141
plc—1)
-2 1-(1-p)&
Pareto I Q [1 —(1-p) oi| -~
b [1 —(1-p) E]
p
1 c 1_(1_17)%) 1-(1— )%]
Rescaled c(l— 1-— i) + <—+ c+1 ol P
(1=p) b ( ) p[c{lf(lfp)%}ﬂ]
beta plc+1)
i ; B8+1 | f+2—0p 8 | B+2—Bp 2—pP(84+2—Bp)
Govindarajulu| p [ B+2 } p [ B+2 ] p[2—pP 1 (B+2—Bp)]
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The following graphs give I(p) curve for different distributions

Figure 4.1: power distribution; § = 2

04

1
30k

Figure 4.3: unit exponential distribution

()
30k

250

02 04 06 08 10

Figure 4.5: Pareto II distribution; ¢ = 3

Figure 4.4: Pareto I distribution; o = 3

Figure 4.2: Govindarajulu distribution;5 = 6
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4.3 Relationship between the Zenga curve and certain relia-
bility measures

The utility of reliability concepts in Economic analysis had been the focal theme of investi-
gation in several works. Concepts such as moments of residual life, vitality function etc. has
been advantageously used to identify the models to represent income data. In this section, we
establish certain relationships between the Zenga curve and certain reliability concepts such as
mean residual quantile function and reversed mean residual quantile function. Note that the ap-
proach used here is the representation using the quantile functions. These relationships are used
subsequently to arrive at characterization results for certain distributions. If M (p) represents

the mean residual quantile function reviewed in section 2.3.2, there exists the relationship

[ Qdu = n (016)+ @)1 - ). @1
Using the definition of /(p) curve given in (3.3) and (4.1),it follows that
10)= 0 a0 42
From (2.8) and (4.2) , we have ,
L
I(p)=p~" |1 t fﬁﬁ)d ] : 4.3)

Rearranging the terms in the above equation, we get

/p M), l(p)
o 1—-u 1—pI(p)
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Differentating the above expression with respect to p, we get

M(p)  plpI'(p) + I(p)]

L—p  [1-pI(p)
M(p) = (1 p)ﬂdip {#](p)} : (4.4)

Similarly from the definition of reversed mean residual quantile function R(p) given in section

2.3.4, we get
[:meu=p&m»—R@». 4.5)

From (4.5) and (2.9), we get

/OPQ(u)du - p/op R 4

u

Substituting the above expression in (3.3) we have

R(u
1) = e B
p-p fy Pdu

or

[, =)

u 1—pI(p)

Differentating the above expression with respect to p, we get

(p—1DI'(p)+1(p)(1—I(p))
(1—pI(p))?

R(p) = pp { (4.6)

(4.6) provides the relationship between I (p)curve and reversed mean residual quantile function.
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Examples:

1. For the uniform distribution with quantile function

Q(p) = bp,

by direct calculations we get,

I(p) = 1 and M(p) = 5(1 — p).
The relationship (4.4) is immediate since M (p) = p(1 — p) where p is the mean.

2. Rohde (2009) has examined the potential of the truncated Pareto distribution as a suit-
able model for income data and studied the properties of the corresponding distribution.
Subsequently Sarabia et al. (2010b) showed that the model proposed by Rohde is a re pa-
rameterization of the model proposed by Aggarwal (1984) and they have discussed some
important economic properties of the model.

The distribution is specified by

Oé< < o
T, ST >
2 (n—1)?

D=

F(x):n—oz%x

3

where o = n(n — 1)u. The quantile function associated with F'(x) is

a
Q@”‘m—m2
The I(p) curve and R(p)simplifies to
ap
R(p) = —— 4.7
) n(n —p)? @7

and
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From (4.5), we get

_ puc(l —c)
Rle) = (1—cp)?

which is same as the R(p) given in (4.6) with o = % and 7 = .

In the sequel, we look into the problem of characterizing probability distributions using possible
relationships between /(p) and certain reliability concepts. Our first characterization result
pertains to the class of distributions considered in Nair & Sankaran (2009) using a relationship

between the /(p) curve and hazard quantile function H (p).

Theorem 4.1. Let Xbe a nonnegative continuous random variable with E(X) < oo. Then

there exists a function g(.) satisfying

H(p)g[Q(p)]
10 = s Hpg Qe @8
if and only if / /
[ Q)]  p—Qlp) —g QWD)
fQ(p)] 9[Q(p)]
Proof. When (4.8) holds, using (4.2) we have
M@p)+Qp) —p _ H(p)gQWp)
p(M(p)+ Q) pu+Hp)g[QD)])
The above equation simplifies to,
M(p) + Q(p) = p+ H(p)g [Q(p)]- (4.9)

Nair & Sankaran (2009) showed that (4.9) holds if and only if the density quantile function has

the form

FQW  p—Qp —g
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as claimed.

]

Remark 4.1. The above general class of distributions include the Pearson, beta, gamma

distributions etc. For instance, for the exponential distribution with quantile function,

Q@%Z—imﬂ—phk>0,

the following relation exists between /(p) and H (p).

the form of g[Q(p)] can be identified as g[Q(p)] = <2 and the I(p) curve is related to H (p)

m

through the relationship
1

I(p) = —Fm -
__pm
p[H(p)Q(p) + 1]

Next two theorems provide characterization results using the mean residual and reversed

mean residual quantile functions.

Theorem 4.2. For a nonnegative continuous random variable X, the relationship

pI(p) = 57— (4.10)

holds if and only if Xfollows the distribution specified by the quantile function

__MB .
Qp)=5—5+C0-p) (4.11)
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provided C(A — B) > 0.

Proof. When (4.10) holds, using (3.5), we get

This gives,

Ly = A=B= (1=l

Using the definition of L(p) and M (p), we have

p 1
1 _A—pB 1—p 1
EO/QWU_ s LR s 1_pp/@<u>du—@<u>

Differentiating the above expression with respect to p and rearranging the terms, we get

A
q(p) — m@(ﬁ) 1o, 0

The solution of the above differential equation is,

uB
B-A

Qp) = +C0(1—p) .

For Q)(p) is an increasing function, C(A— B) > 0. The proof of the converse is straight forward

and hence omitted. [

Remark 4.2 Setting B = 0in (4.10) and (4.11), we get

and
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Put C' = k and A = £ in the above expression, we get Pareto distribution of first kind with

quantile function,

Q(p) = k(1 —p)=.

Further setting Q(0) = 0 in (4.11),we get
Bu=C(A - B).
Using the above expression in (4.11) we get,
Q) =C|1-p) T 1.

IfC = g and B = —%, we get the quantile function of generalised Pareto distribution. For

the ranges 0 < @ < 1 and —1 < a < 0, we get Pareto II and Rescaled Beta distributions

respectively as special cases. But exponential distribution is not a special case.

Theorem 4.3. For a non negative random variable X with reversed mean residual quantile

function R(p), the relationship

() = 1 — BR(p)

- - R 0 4.12
I BpRGp) "7 (12

holds if and only if X follows power distribution specified by the quantile function

Q(p) = ops;0,6 > 0. (4.13)

Proof. For the quantile function given in (4.13), direct calculations give
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and
_ 1-pBR(p)
1) = =5, R0

where [ = %

Conversely, suppose that (4.12) holds, using (3.5) and (4.12), we have

p—L(p) _ 1-PR(p)
p(1—L(p)) 1-PBpR(p)

The above equation gives,

L(p) = BpR(p).

L[ et =so (o) - [ QGan).

Differentiating the above equation with respect to p, we get

That is,

q(p) 1

() pBu

The solution to the above differential equation is

Q(p) = Cpar. (4.14)

Put C' = o and 3 = £, we get the quantile function given in (4.13) and the theorem follows. [

ﬁ )

4.4 Classification of Lifetime distributions

In the reliability context, concepts of ageing describe how a component or system improves or
deteriorates with age. As an extension to the work of Chandra & Singpurwalla (1981), Klefsjo

(1984) and Kochar & Xu (2009) have discussed the ageing properties such as IFR, IFRA, NBUE
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and HNBUE based on the Lorenz curve and their related partial orderings. In this section we
obtain certain limits for /(p) using certain criteria based on ageing. Our first result focuses

attention on a necessary and sufficient condition for a distribution to be IFR.

Theorem 4.4. Let X be continuous random variable with distribution function F'(x), finite mean
w and I(p) curve denoted by Ir(p). Assume that G(.) is the distribution function of a random

variable following exponential distribution with same mean (1 and I(p) curve specified by

F is IFR if and only if

Proof. Barlow & Proschan (1975) has shown that F' is IFR if and only if /' <, . Hence

Fis [FR<F<,G
& [ Qr(w)du < [ Qa(u)du
& fo Qr(u)du > [ Qc(u)du
< Ir(p) < Ic(p).

]

We have discussed some ageing concepts using the quantile based representation in chapter
2. Based on these definitions, lifetime distributins can be classified using the Zenga curve.
The Next two theorems provide sufficient conditions for distributions belong to different ageing

classes in terms of the (p)curve.

Theorem 4.5. A nonnegative continuous random variable Xis IMRL (DMRL) if

I(p) > (S)]—j {%] :
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Proof. Using (2.16) and (4.4) , we get

X is IMRL(DMRL) = (1 — u)“d%TI(U) > (S)H(u)
d 1 1 q(u)
® Gl > T 0Hw e 1

On integration from O to p, (4.15) becomes

! Q)
T pl(p) © (=) W
This implies
17 Q(p)
1> (<), [t
as claimed. [

Theorem 4.6. Let X be a lifetime random variable with finite positive mean . A sufficient

condition for X to be UBAE (UWAE) is that

1 I B
Ip) = ()7 {1 ~ M(1)log(1 —p)} '

Proof. From (2.17) and (4.4), we have

d 1 M(1)

1 —ul(w) =~ S uy (410

X is UBAE(UWAE) =

Integrating (4.16) from O to p, we get

1 M(1)log(1 —p) 1 1t -
1= pI(p) = (1= 7 = 1) 2 (S)E{l_M(l)log(l—p)} '

The proof is complete. ]
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Analogous to the above theorems, one can find the sufficient conditions for ageing classes
like increasing hazard rate average, IHRA (decreasing hazard rate average, DHRA), harmonic
new better than used in expectation, HNBUE (harmonic new worse than used in expectation,
HNWUE) in terms of I(p)curve using the basic definitions given in Nair & Vineshkumar (2011)
and the relationships discussed in section 4.3. The results are mentioned below. The proof of
the results are analogous to that of theorem 4.5 and theorem 4.6 and hence not included.

1) If X is THRA (DHRA), then

1 [P log(l1—w)
pJOo  H(u) d

2) If X is HNBUE (HNWUE), then

where z(p) =

4.5 Illustration

In the context of reliability theory, the form of the hazard function enables to find the appro-
priate model for the lifetime data. In the sequel we illustrate the behaviour of the Zenga curve
empirically using a survival data considering the quantile model having linear hazard quantile

form with quantile function specified by

Qp) = L {

= 0
a+b &

a—l—bp}

4.17
a(l—p) 17

We fit the model specified by (4.17) to the survival data given in Bryson & Siddiqui (1969) and
examine the behaviour of /(p) curve. The data contains survival time of 43 patients suffering

from chronic granulocytic leukemia. We fit the model (4.17) for the data by the method of L
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moments.

The first two L moments are given by

I 1 o a+b
1_a—|—b & a

alog (“TH’) +0
2= 2

S

Equating the population L moments to the sample L moments, the estimates of parameters are

evaluated as

2500f
2000
1500
1000

500

a = 0.000666573,b = 0.000972694.

““““““““““““““““““““““““

*)P“‘."‘\““\““\““\““\“‘ .
0 500 1000 1500 2000 2500 3000

Figure 4.6: Q-Q Plot

Here the data is divided into 5 groups. Corresponding = values with respect to the values of p

obtained by p; = £;

1 =1,2,...,5 are used to get the observed and expected frequencies. Thus

the chisquare value obtained here is 3.2 which is admissible so that the model (4.17) fits well to

the data. This fact is also evidenced by the Q-Q plot given as figure 4.6
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The plot of I(p) for different values of p is given below.

1)
100§

o.95f
o.9of
0.85f
o.sof

0.75}

Figure 4.7:

From figure 4.7, one can observe that the curve is bathtub shaped. Further one can compute
the average survival time of the least fortunate p100% of the patients is /(p) 100% lower than
that of remaining (1 — p) 100% of the patients suffering chronic granulocytic leukemia and for
example 7(.8) = .70 can be interpreted as the average survival time of the least fortunate 80%

of patients is 70% lower than that of remaining 20% of the patients.

4.6 Quantile based income models

In this section, we consider three distributions expressed in terms of quantile functions, which
are potential models to represent income data. It may be noticed that only very little work has
been done in modelling income data using quantile functions and hence the properties of these
models are examined in detail. Inequality measures such as Lorenz curve, Bonferroni curve etc.
are calculated for these models. Further characterization results associated with these models
are also discussed. Eventhough the results discussed below have no specific reference to the

Zenga curve, the results are useful in view of the relationships between the inequality measures
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and reliability concepts.

4.6.1 Govindarajulu distribution

In the context of reliability analysis, Govindarajulu (1977) proposed a lifetime model with

quantile based representation

Qlp)=0+a{(B+1)p" =B’} 6,0,8>0. (4.18)

When 6 = 0, (4.18) reduces to

Qp)=c{(B+1)p’—Bp"}; a,8>0. (4.19)

We now look into some popular measures of income inequality for the Govindarajulu model.

Using (4.18), L(p) simplifies to

B B+2 B+2—PBp
L) = (5+2>9+o{0p+0pﬁ+1< B+2 >}

In the special case when 6 = 0,we get

L(p) = p**! (%) . (4.20)

For 8 = 1, the above expression becomes the Lorenz curve of the rescaled beta distribution.

The Bonferroni curve is given by

B(p) =p° (—ﬂ —;i;ﬁp) . 4.21)

It may be observed that as 3 — 0, B(p) — 1. Also as [ gets large, B(p) — 0.This means that

as the value of [ decreases ,there is a tendency to reach maximum equality. The Bonferroni
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index defined by

and for the model (4.19), B; simplifies to

1
Br=Ginery

The expression for R(p) for the model (4.19) is given by

(4.22)

R(p) = p” (ﬁ+1—ﬁp—w)-

B+2
From (4.21) and (4.22), we can see that the ratio of Bonferroni curve to the reversed mean resid-
ual quantile function is in the bilinear form. The following theorem provides a characterization

result for the Govindarajulu distribution based on a relationship between B(p) and R(p).

Theorem 4.7. Let X be a nonnegative random variable with finite positive mean p.The rela-

tionship
A-B
Blp) = [c - Dﬂ R(p); A,B,C,D >0 (4.23)

holds if and only if X follow the Govindarajulu distribution with quantile function specified by

Qlp) =c{(B+1)p" —Bp°*'}.

Proof. By direct calculations using (4.21) and (4.22), we get B(p) is of the form (4.23) with
A=(B+2%B=C=p(B+2).D=p5(B+1).

Conversely, suppose that (4.23) holds.

Using the following relation between L(p) and R(P)

Rlp) = |L0) - 210
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in view of (4.23) and the fact that B(p) = p~'L(p), we get

L'(p) _ C—Dp+p(A— Bp)
L(p) up(A — Bp)

Integrating the above equation from 0 to p,we get
< 4y . D
L(p) = Zpwa™ (A — Bp)ra~ uB (4.24)

where Z is the constant of integration.Since the Lorenz curve determines the distribution uniquely,

it is clear from (4.24) that the model is Govindarajulu distribution when A = (4+2),B = 5,C =
Bu(B+2)and D = Bu(B + 1). O

For the model (4.19), G simplifies to

2448 +1
244843

To describe the size distribution of income, Esteban (1986) introduced the concept of income
share elasticity which provides the rate of change of total income at each income level. The

income share elasticity is defined as

L ef'(=@)
m(x) =1+ )
Setting x = )(p) and using (2.3) ,we get
Q(p)d (p)

For Govindarajulu model,

E@):l_oﬁwﬂ+1—MﬁW0—p%—H

I—p
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It may be observed from the above expression that the income share elasticity of Govindarajulu
distribution is non monotonic in behaviour.

Another measure which has attracted a lot of interest is the poverty index described in Sen
(1976). Nair & Vineshkumar (2010) has given the following definition for the above notions
in terms of quantile function.The expression for the truncated Gini index and Sen index are

respectively given as

n(p) =1~

2 [Q)(p—u)du
fQ(u)duo/ P

and

where g(p) is the income gap ratio given by

1 P
o) =1~ s / Q(u)du.

For the model (4.19),the expression for 7(p) and S(p) are given as

np) =1- 42 fp
(B+2)(B+1—pBp)

and

p°B% —p(23* + 48+ 1)+ (57 + 468 + 5)}
(B+2(6+1— pp)? ’

Remark 4.3 When the division of population is based on the mean income . instead of =, we

Sp)=p|1-

can represent the Zenga measure as a function of Frigyes’ measure defined by

Ho o My

F = (F,Fy, Fy) = (_ e _)

) )
my m;
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where m; = E(X|X < p) and my = E(X|X > u). Using (3.1), the Zenga measure is

1
Alp) =1 — —.
() 2

The I(p) curve corresponding to (4.19) simplifies to

_2—-p°(B+2-PBp)
1o)== G2 gy

The following graphs show the behavior of the I(p) curve for different values of 5 .
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The behavior of the curve can be easily ascertained from the sign of I'(p).
I'(p) <0 =2p(1 —p)Bp + (B+2— Bp)(2p — 2(1 = p)B) <P (B +2 — Bp)”

Since

(4.25) becomes

(1L — p)Bp+ (B+2 — Bo)(2p — 21 — p)B) < [1+1—] (642 8p) <

(4.25)
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The above condition is true only when # > 0. Thus we can say that for all 3, I(p) curve is
decreasing.

Remark 4.4

From theorem 4.7 and the relation between B(p) and I(p), it can be noted that the expression
connecting /(p) curve and R(p) is not in simple form.

That is, we have

_ 1-B(p)
)=1- pB(p)
and for model (4.19)
I(p) _ 1 - k’(p)R(p)

11— pk(p)R(p)

where k(p) = é: Dy But when k(p) = 1, the above expression connecting /(p) and R(p) pro-

vides a characterization for the power distribution.

Estimation
Gilchrist (2000) provides a detailed discussion on various estimation procedures of parameters
in the quantile function. However L moments can be used for estimating the parameters in an
easier manner. We fit the three parameter Govindarajulu model given in (4.18) to a real data set

using the method of L moments. For the Govindarajulu model (4.18), the first three L moments

are given as
20
L =0+
1 3+ 2
I 200
P (B+2)(B+3)
and

B 2080 (B —2)
34982 +268 424"

I3

In this method ,we equate the sample L- moments to population L-moments to obtain the esti-
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mates of 6,3, and ¢.To illustrate the application of the model in practical situation, we consider
a data collected from the site of Beuro of Economic Analysis.The data includes 255 values de-
noting quarterly state personal incomes of Michigan state from the year 1948 up to 2011,third
quarter.

The estimates for the parameters are obtained as
0 = 14257.3;6 = 3.77; B = 336762.
Here the data is divided into 10 groups.Corresponding x values with respect to the values of u

T T T T T T T
350000 /7
3000001 < ]

250000 -~
-

200000 -

150000 /r‘"

100000 g
50000

[ L L L L L L =
[ 50000 100000 150000 200000 250000 300000 350000

Figure 4.8: Q-Q Plot

obtained by u; = 110; 1 =1,2,...,10 are used to get the observed and expected frequencies.Thus
the chisquare value obtained here is 8.4 which is admissible so that the model follows Govin-
darajulu distribution. The Q-Q plot for the model is given as figure 4.3 below. The graph also

reveals the appropriateness of the model.

4.6.2 Quantile model with linear hazard quantile form

Development of new models assigning different functional forms for various concepts in re-
liability theory is a potential area of research.Many well known distributions that exist in the
literature have been arisen in this way. Recently, Nair & Vineshkumar (2011) have proposed a

new quantile function using linear form of the hazard quantile function. In this section, we in-
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vestigate its application in modelling income data. The distribution is specified by the quantile
function

(4.26)

) = 8 1)

When a = % and b = 0, (4.26) becomes,

Qp) =~ log(1-p).

The above quantile function corresponds to the exponential distribution. When a = b = %, the

quantile function takes the form

IL+p
p— 1 —_—
Q) aogL_p]
and the distribution is the half logistic distribution. Also for a = = fu and b = ——ff‘u , the

distribution is exponential-geometric with quantile function

Moving onto the inequality measures as defined earlier, Lorenz curve for the class of models

given in (4.26) takes the form

(a+ bp)log(a + bp) —loga(l +a)+ (b—1)log(1l — p).

He) = (o + b)log (22)

Also we get the income share elasticity as

E(p)=1-

a+b(2p—1) a+bp
<a+@%1—mh¥[M1—m]'

It may be observed that the income share elasticity of the distributions in the class (4.26) is

decreasing. Unlike Govindarajulu distribution, the Gini index of this model does have a simple
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expression. The Gini index for the model (4.26) simplifies to,

1
G = 0 [2(a + b)*log(a+ b) — b(2a + 5b + 4loga(l — a) — 4) — 2a” log al .

The Zenga curve is obtained as

1(p) = pla+b)log (“£2) — (a + bp)log(a + bp) + log a(l + a) — (b — 1) log(1 — p)
P p[1— (a+bp)log(a + bp) +loga(l +a) — (b — 1) log(1 — p))

The I(p) curve of the above class is always decreasing for any values of the parameters. Figure
4.9 plots the I(p) curve for different values of the parameters.
(a= 06 ,b= 004) (a= 3 ,b= 2)

04 04

02t 0.2

Figure 4.9: I(p) curve at different values of parameters

Estimation

The first two L-moments of this model is obtained as

- 1 o a-+b
l_a—I—b & a

alog (“TH)) +0b
ly = 5 .

and

S

To illustrate the procedure, we consider the 42 revised annual personal income estimates of
united states from the year 1969 to 2010. Revised estimates for 2007-2010 were released

June 22, 2011. (data source: U.S. Department of Commerce, Bureau of Economic Analysis,
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http://www.bea.doc.gov/). The parameter estimates of a and b are obtained as

a = 0.000092, b = 0.000236.

A reasonable model for the distribution of the personal income shall be taken as (4.26) with

values of a and b be given above. The Q-Q plot for the model is given as figure 4.10 below.

Figure 4.10: Q-Q Plot

4.6.3 Power x Pareto distribution

Unlike distribution function, quantile functions have an interesting property that they can be
added or multiplied to generate new ones. Gilchrist (2000) considered the multiplied form of
Power and Pareto distributions under the name Power x Pareto distribution. The distribution is

specified by the quantile function Q(p; ¢, A\, A2) and specified by

Qp;c, A, A2) = cpM (1 — p) ¢, Ap, Ag 2 0. (4.27)
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It may be noticed that (4.27) includes Power distribution as A\, — 0 with distribution function
A1
F(z) = (—) 0<zr<c
c

and the Pareto model specified by

1
F(x)=1- (E)M;x>c>0
x
when \; — 0. Further Log-logistic distribution becomes a special case when \; = Ay = \ with
thedistribution function

:%;x>0
L+ ()

Since uniform distribution is a special case of power distribution, Uniform x Pareto distribu-

tion can be considered as a special case of the quantile model (4.27). The uniform x Pareto

distribution is given as

Qpic, 1, As) = ep(1 —p) . (4.28)
Hankin & Lee (2006) has studied the properties of the model (4.27). We look into the economic
measures of the model (4.27). The income share elasticity can be obtained as

B(p) = 0P

A (A = A) (A1 =22 = 1) (7 (A1 = A2) = 20up) + M1 = )]

The Lorenz curve takes the form

— ﬁp(A +171_)‘ ) .
L(p) - 5()\11+1,1—)\22) ;A2 <1

where
p

IRERERTE PO,
0
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Also the Zenga curve of Power x Pareto distribution can be obtained from the relation between

I(p) and L(p) namely
p— L(p)
p(1—L(p))

The I(p) curve for different values of parameters are given in figure 4.6 below. It may be noted

I(p) =

that the 7(p) curve and F(p) take different shapes for different values of ¢, \; and \,.

(a= 06 ,b= 004) 11=.07, 1,=.05

1.0 f
025} \ /“
08| \\ ,'/

06 [p— ——

04t

02 oosf

Figure 4.11: I(p) curve at different values of parameters

Next theorem provides a characterization result for the Pareto distribution which is a member

of the family defined by (4.27).

Theorem 4.8. A non negative continuous random variable X follows the distribution with

quantile function Q(p; ¢, 0, \y) if and only if the relationship holds

A
1-E(p) = 1Tp@(zo); A>1 (4.29)

holds for all p € (0, 1).

Proof. Suppose that (4.29) holds. From the definition of income share elasticity, we get
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The solution of the above differential equation is

where 0§ is the constant of integration. Setting left end point to ¢, we get

Qp) =c(l—p) " A>1

as claimed. Proof of the converse is straight forward and hence not pursued here.

Estimation
Power x Pareto distribution is fitted to a personal income data set by using the method of L-
moments. The data includes 179 observations describing the dollar estimates of 179 areas(
includes all local areas and states) of United States of the year 2009.

For Power x Pareto model , the first three L-moments are given by

L=CBp(M+1,1-X)
lo =CB(M +2,2—Xy)

and

Is = C[38,(M 43,1 = A) — B(A1 +2,1— Ag) — 28,(\ + 4,1 — \y)].

The parameter estimates are obtained as

c=33.79; \; = .8138; Ay = .6232.
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The Q-Q plot is given as figure 4.12 below and the graph ensures that the model is a good
fit.

200+
150 -

100+
P
s0f Vel

L L L &)
0 50 100 150 200

Figure 4.12: Q-Q Plot



Chapter 5

L moments and measures of income inequality

5.1 Introduction

As pointed out in section 2.4, the concept of L moments, introduced by Sillitto (1969), has been
extensively used in reliability analysis. One of the interesting aspects of L moments is that it
generally dominates the conventional moments in the sense that it provides smaller variance.
Further the robustness of L. moments against outliers enables the same as a potential tool when
it comes to the modelling of lifetime data. Recently Nair & Vineshkumar (2010) studied L. mo-
ments of residual life and has obtained characterization results for certain life distributions.They
have also expressed the truncated Gini index and the celebrated Sen index for the poor in terms
of the first two L. moments.

Motivated by this in the current chapter we study the interrelationships of the L. moments
with other inequality measures such as Lorenz curve, Bonferroni curve and Zenga curve. We
also look into the problem of characterizing distributions using possible functional relationships
among these measures, in the truncated set up. We also address the problem of ordering of

distributions based on L. moments and compare the same with other types of orderings.

95
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5.2 Relationship with other inequality measures

In this section, we look into possible functional relationships between the income inequality
measures and truncated L moments. It follows easily from the definition of Lorenz curve that

of the first residual quantile, o (p) is related to L(p) through the equation

(1 —P)Oél(p)_

L{p) =1~ .

5.1)

For the line of equal distribution, the income variable X is degenerate and L(p) = p. In this set

up, (5.1) takes the form

a1 (p) = p.

From the above relationship, it may be observed that when there is equality of income the first
residual quantile is equal to the mean income. It may also be noted that o1 (p) can be interpreted
as the mean income among households with upper income level.

From the following definition of Pietra index

1 [FW
T=F()—— Q(p)dp,

we get the mean income of lower income households, [31(p), is related to the Pietra index

through the relationship

1
Also the Bonferroni curve is related to (3, (p) as
Bi(p)

f1(p) is the mean income of the truncated random variable , X and so greater the first L moment

f1(p) indicates more equality in the population. Thus /31 (p) can be used to infer the inequality
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of the population. Evidently as 51(p) — u, B(p) — 1, the curve equality. Bonferroni curve

uniquely determines the distribution through the relationship

Q(p) = u[pB'(p) + B(p)]

Substituting the above expression in the definition of reversed mean residual quantile function,

we get

R(p) = upB'(p).

Using the above equation in (2.15), we get

Balp) = 3z Jo B (u)du
= 4 [sz(p) — Qf(f uB(u)du}

= Z [B(p) -2l uB(U)dU] :

Differentiating the above expression we get
2 2 g
P Ba(p) = {p B(p) - 2/ uB(U)dU}
0

p*B5(p) + 2pBa(p) = 1 [p*B'(p) + 2pB(p) — 2pB(p)]

or
pBay(p) + 262(p) = upB'(p)
That is,
1P/ 2
B = | (@(u) ¥ aﬁ2<u>)czu. 52)

Evidently the case of equality reflects no variability so that 55(p) = 0 if and only if B(p) = 1.
In light of the fact that L moments find application in reliability theory, we look into the

scope of studying the relationship between L moments of the truncated variables X, = X |X >
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x and . X = X|X < z with the Zenga curve. From the definitions of Zenga curve and (5(p) ,

we get
_ p—PBip)
Ttp) = plu—pb(p)

Now making use of (3.5) and (5.1), we get

~aip) —p
or
1
ap(p) = pI() (5.4)
This implies,
1
ai(p) T[(p)

From the above equation it is evident that /(p) uniquely determines the distribution upto a
constant. Under the assumption that y is known I (p) uniquely determines the underlying distri-
bution. This result provides a justification for using the /(p) curve in the context of modelling
income data. Recall that the L moments ay(p) and 55(p) are measures of variability of X, and
+X. The relationship between the (p) curve and ay(p) and 52(p) are given below.

From (2.14) and (4.4), we get

as(p) = (1 —P)QH/ Tl(u)du'

From section 4.2, the relationship between /(p) and B(p) curve is

I(p) = =2

S 55
1= pB() )
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From (5.5) and (5.2) , we have

~n= Sy (Ba(w) + 25 (u))du
1= p=p 5 (Ba(w) + 265(u))du’

The interrelationships discussed in this section will be used in sequel to investigate characteri-

zation results and stochastic orders in the forthcoming sections.

5.3 Characterization Results

In this section, we present characterization results for probability distributions based on func-
tional relationships between the L. moments and the different measures of inequality. Among
the income inequality measures, Bonferroni curve is widely used as the measure of poverty
since it is very sensitive to low level incomes [Giorgi & Crescenzi (2001b)]. Bonferroni curve
is used to measure the variability in income distribution. Also the second L moment of reversed
residual life is considered as the measure of variation. It is now of interest to investigate if
the behaviour of the former can be inferred from the latter. However the behaviour of B(p)
need not be necessarily similar to that of 55(p). But the power distribution exhibits such a
behaviour. Theorem 5.1 characterizes the power distribution using the functional relationship

between B(p) and [52(p).

Theorem 5.1. Let X be nonnegative continuous random variable with Bonferroni curve B(p)

and second truncated L moment 5(p). The relationship
B(p) = KB(p); K >0
holds if and only if X follows the quantile function specified by

Qp) = ap®;a,b > 0.
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Proof. Using the relationship between B(p) and (2(p) in the previous section, we get

B(p) = Kn {B(p) _2 /Op uB(u)du} |

p2
Differentiaiting the above equation with respect to p, we get

B'(p) 2
B(p) p(Kp—1)

The solution to the above differential equation is
B(p) = CpmiT1,

where C' is a constant.Since B(1) = 1, we get C' = 1. Thus B(p) = pKifl. The proof of the

converse is straight forward and hence omitted. [

Illustration
In the sequel we fit the power model to the US department, Proprietors income-Quarterly data
in the state Newhamphsire of the period 1948-1950 and examine the behaviour of B(p) and
Ba2(p). (Data source: U.S. Department of Commerce, Bureau of Economic Analysis). We fit the
power model for the above mentioned data by the method of L moments.

The first two L moments are given by

and

The population L. moments are equated to sample L moments to obtain the estimates of param-
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eters as

a=17.96,b = 3.265.

The KS statistic is .156 against the table value as .361 at 5% level of significance which shows

that power distribution gives suitable fit to data. For the power model,

B(p) = p°
and )
abp®

P) = gy o

Plotting (52(p), B(p)) for the data we can estimate from Figure 5.1 that k=1.8259.

{b=3.265, a=17.96}
B(p)

10p
0.8 — B(p)=1.825952(p)
0.6 —
0.4 —

02}

Ba(p)

‘0‘.5‘ “ ‘l‘.O‘ “ ‘l‘.5‘
Figure 5.1:

Another distribution characterized by the functional relationship between [2(p) and B(p) is the
distribution with Lorenz curve

L(p) = pa*~Ha>1

The application of the distribution in modelling income data is studied in detail by Kakwani &

Podder (1973) and Gupta (1984).
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Theorem 5.2. For the random variable X considered in theorem 5.1, the relationship

2 (loga)? 2
B(p) [p* (loga)* — 2ploga + 2] = 1%52(19) - (5.6)
holds if and only if the quantile function is given by
Q(p) = pa”* [p(p — 1) +al. (5.7)

Proof. From (5.6) and the relation between B(p) and [35(p), we get

B(p) [p* (log a)® — 2ploga + 2] = p*(log a)’ [B(p) - ]% /Op uB(u)du] — 3.

Differentiating and rearranging the terms, we get

= loga.

This gives,
B(p) = Cd” (5.8)

where C' is the constant of integration. The relationship B(1) = 1 gives C' = % From (5.8),we
have

B(p) = a?™ .

Bonferroni curve uniquely determines the distribution through the relationship,

Q(p) = p[pB'(p) + B(p)] -

For the above expression of B(p), we get the corresponding quantile function as given in (5.7).

O
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The above discussions show that S2(p) can be used to study the variability in the lower
income group and a(p) can be used to study the variability in the upper income group. Recall
that 7(p) deals with the comparison of mean incomes of subgroups of population to measure
the income inequality. When the income distribution is uniform it is intutive to infer that a
measure of inequality comparing the lower income group and higher income group is inversely
proportional to the mean incomes of higher income group. This is mathematically confirmed

by the following theorem.

Theorem 5.3. For the random variable considered in theorem 5.1, the relationship

holds if and only if X follows the uniform distribution specified by the quantile function

Q(p)=0p; 0<p< 1L

Proof. For the uniform distribution specified by QQ(p) = 0p, direct calculations gives

I(p) = ——

and

() = 51+ p).

Directly we get I(p) = ﬁ with k = g. Conversely using the relation (5.4) ,we get

a1(p) = p+ kp.
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Corresponding quantile function is

Q(p) = o — k + 2kp.

Q(0) = 0 yields x = k. So the resulting quantile function is Q(p) = 2kp as claimed. O

5.4 Ageing concepts

In this section we study how the L moments can be applied to study the ageing behaviour of
a random variable.Concept of ageing is an important notion not only in the field of Reliability
theory but also in Economics. Bhattacharjee (1993) has observed that the distribution of land
holdings obey anti ageing properties like DFR,DFRA,IMRL,NWUE etc. Usually in reliability
based works, the ageing properties are studied using concepts such as failure rate, mean residual
life function etc. In this section we explain the problem from another point of view. The ageing
properties are examined using truncated L moments which have their own economic interpreta-

tions.

Theorem 5.4. Let X be a random variable representing income with finite positive mean [u.

Denote by the first residual quantile o (p), then X is IFR(DFR) if and only if

a(p) < ()l = in(l =p)].

Proof. From theorem 4.4, we get the necessary and sufficient condition for a distribution to be

IFR(DFR) in terms of I(p) curve as

1
p[l—(n(1—p)"

Ir(p) < (>) (5.9)
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From (5.9) and (5.4), we get

ai(p) — p 1
pay(p) = (Z)p [1 — (In(1 — p))_l} '

Rearranging the terms in the above expression, we get the result. The converse can be obtained

by retracing the steps. 0

Theorem 5.5. For an IMRL(DMRL) distribution, if o (p) and Q(p) respectiely denote the first

residual quantile and quantile function, then

as

I(p) > (S)% {QQ&} (5.10)

From (5.10) and (5.4), we get

pai(p) (p) + p
That is,
o Q(p)
! a1 (p) & (S)Q(p) + 1

This in turn implies

Remark 5.1
The above theorem illustrates that, for a population if the average excess holding over a partic-

ular lower threshold increases, then the difference between upper mean incomes and total mean
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incomes corresponding to each p is greater than the income corresponding to that p* percentile

for that population.
Theorem 5.6. A distribution is HNBUE(HNWUE) if and only if

M —Q(p)
e M
I-p

a1(p) < (>)Q(p) +

Proof. From (2.19),the random variable X is in HNBUE(HNWUE) class if and only if

—Q(p)

[ = watdn < e

From the above equation, integrating by parts yields

or

]

The above results focuses attention on ageing concepts using «(p). Our next result seeks
a sufficient condition for a distribution to be NBUE which is given in terms of Gini’s mean

difference of residual random variable X,.

Theorem 5.7. For a distribution to be NBUE,

np) <p

where 1(p) is the Gini’s mean difference of residual random variable X,.
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Proof. From (2.18), a distribution is NBUE if and only if
M(p) < p (5.11)

where M (p) represents the mean residual quantile function. Multiplying (5.11) by (1 — p) and

integrating from p to 1, we get

/1 (1 — w) M (u)du < %(1 —p) (5.12)

Using (2.14) and (5.12), we have

2az(p) < p.

Nair & Vineshkumar (2010) has shown that

2a(p) = n(p)-

Therefore the above inequality becomes,

np) < p.

Remark 5.2

1. Equality holds when X has distribution with quantile function Q(p) = —5 log[1 —p]; A >
0. Note that for this distribution M (p) = p.

2. From the above theorem, it is clear that as the sum of Gini’s mean difference of residual
random variable X; and the total mean income becomes very negligible, the correspond-

ing income distribution is exponential. So the above theorem can form a basis of forming
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a statistic using the empirical version of 7(p) as well as the sample mean income to check

the exponentiality of a population. This work will be taken up elsewhere.

5.5 Stochastic orders based on L. moments

Nair & Vineshkumar (2010) has shown the second L moment of residual as well as reversed
residual lives, aiu(p) or f(p) can be used in distinguishing lifetime distributions based on its

monotonic behaviour.The condition for cz(p) to be increasing (decreasing) is

and the change point of /3>(p) will be the solution of R(p) = 2/5>(p). L moments can be used
to give alternative definitions of ageing concepts. We consider two random variables X and
Y. All the notations discussed in sequel are as defined in earlier sections corresponding to the
suffixed random variable.To compare the orderings based on L moments ,inequality measures
and reliability concepts ,we require the definitions of different kinds of orderings which are
discussed in Chapter 2. We now define the following orderings based on L. moments.
Definition 5.1

Let X and Y be two random variables with 7" L moment residual quantile functions a,.x (p) =
Ax (Qx(p)) and oy (p) = Ay (Qx(p)). Then X is said to be smaller than Y in r*" L moment

residual quantile function if and only if

arx(p) < apy(p)

for all pin (0,1).
For r = 1, we get ayx(p) < afy(p) denoted by X <p; Y. Similarly we can obtain
X <g1 Y forr = 2.
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Definition 5.2
For the random variables X and Y with 7" L moment reversed residual quantile function 3, x (p)
and /3% (p) respectively, we can say that X is smaller than Y in r*" L moment quantile function
if and only if

Brx(p) < By (p)-

Analogous to the Definition 5.1, here also we can define X <p;p Y and X <g p Y forr =1
and r = 2 respectively.
We say that X dominates Y by second order stochastic dominance denoted by X >g¢s5p Y
if
P P
/ Qx(u)du < / Qy (u)du.
0 0

Then for the first truncated L moments of X and Y denoted by \; x(¢) and Ay (¢) respectively,
we have

X >ssp Y € Mix(t) < My (t).
Theorem 5.8. The following stochastic orders are equivalent.
1. X <yprY & X <pp Y.
2. X <pmrrY & X <prr Y.

Proof. 1. We have,

) Qx(w)du— Qx(p) < (2) 5agy Jow e Fr(@)de

2. can be proved on similar lines.

]

The <p order may not imply <,; order. This can be shown using the following example.



Chapter 5. L moments and measures of income inequality 110

Example 5.1

Let the random variable X be distributed as exponential with p.d.f.

NI

I _
fx(z) = ge
and Y follows gamma distribution with density function

fy(z) =xe™™.

We have the mean residual life functions My (x) = (z+2)e® and My (x) = 2. Here X <jpr,
YorX <y Y

However X and Y are not in usual stochastic order as is evidenced from the figure 5.2 below.

0.7F

10

Figure 5.2:

For the exmple given above, we have the hazard functions, hy(z) = ; and hy (z) = - It

may be observed from Figure 5.3 that hx (z) > hy ().
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0.5

S

[ hy (0
o3f

o2f
o1f

Figure 5.3:

The following theorem provides a sufficient condition for two random variables X and Y to

have <, order.

1
d
3 QX(u;dZ is increasing inp and X <pp Y, then X <, Y.

Theorem 5.9. If T 0y (wu

Proof. We have,

XgFLY;»pr ) < X7 (5.13)

J, Qx(wdu . . o
If 1 Qy uydu is increasing in p we have

(5.14)

(5.13) and (5.14) give,

1 Fx(l’
ax(p)fy (Qx(p)) ~ Fy(x)
fx(@) _ fr(@)
Fx(z) = Fy ()
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Theorem 5.10. IfX <nyBrurp Y and X <prrY, then X > Y.

Proof. Assume that
I3 Qx (u)du - Fx(z)
fé’ Qy(u)du — Fy(x)

Since X <ypruvryg Y ,we have ?j—g < /;—5 Therefore (5.15) becomes

1

mx Jo

p 1 [
- Qx (u)du < M_y/o Qy(uw)du= X >, Y.

(5.15)
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Copula based reliability concepts

6.1 Introduction

A brief review of the works pertaining to the extension of quantiles to higher dimensions was
discussed in section 2.7. Let F(x1) and F5(z5) be marginal distribution functions of X; and
X, respectively. Suppose Fy(x1) = uso that z; = F; ' (u) = ¢(u). Also zy = F, '(v) = ¥(v).
We have 0x; = ¢ (u)Ou and Oxy = ' (v)Ov where ¢ (u) = %(u") and ¢’ (v) = %S’).
Proceeding on the lines initiated by Belzunce et al. (2007), the probability F. (¢(u), 1 (v))

depends only on the copula C for the direction ¢ as detailed below,

7

C(u,v); E=¢e__
Eo. ey =4 T e
v—C(u,v) E=¢€4_
L1—u—v—C’(u,v) E=¢€yy

0<u<1l;0<v< 1.

For the bivariate random vector X, the joint distribution function is

Fe(o(u),¥(v)) = Clu,v). (6.1)
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Denote the joint survival function by F. _ (x1,2;) and the univariate survival functions by

Fy (71) and F () respectively. Then consider

F.__ (21,2) = C(Fi(21), Fa(2))

where C'is the survival copula. That is,

Fo (xy,m) =C(1—u,1—0). (6.2)

Nelsen (1999) describes the relation between C' and C as

~

Cl-—u,1l—v)=1—u—v—C(u,v). (6.3)

Also C satisfies the following properties, C'(u, 1) = u and C(1,v) = v.
Nair & Sankaran (2009) defines the hazard quantile function of the random variables X3

and X, as

1
hfu) = ¢ (u)du
and
1
halv) = YP'(v)dv

Also the mean residual quantile functions of X; and X5 are defined as

i) = 1 [ op)dp — o

and

ma(w) = 1 [ v)dp— (o)
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In the reversed setup, the reversed hazard quantile function and reversed mean residual quantile

functions are defined for the random variables X; and X, as

1
ug/(u)’

ai(u)

as(v) = ;

W)
n(w = o) = [ o).

and

In the following we provide a bivariate extension of the basic quantile based reliability con-
cepts given in Nair & Sankaran (2009) using the copula. Also we look for possible relationships
connecting the bivariate concepts and use the same to derive various characterization theorems
for bivariate distributions.

The extension of univariate quantile based reliability concepts to the bivariate setup can
be done only on the basis of the four directions. Here we consider the bivariate copula based
definitions of reliability concepts in the direction e__.

We define the bivariate hazard rate(bivariate reversed hazard rate) and bivariate mean resid-
ual life(bivariate reversed mean residual life) in a copula setup for the direction £__ and study
their relationships. We also check for the independence property of the concepts using the

product copula.
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6.2 Bivariate copula based reliability concepts

Different versions of bivariate hazard rate are discussed in Basu (1971), Cox (1992),Marshall
(1975), Shaked & Shanthikumar (2007), Sun & Basu (1995) and Finkelstein (2003). However
the most commonly used bivariate hazard rate is the vactor valued hazard rate defined in Johnson
& Kotz (1975). For a bivariate random vector absolutely continuous distribution function with

survival function F'(z), the hazard rate is defined as the vector

H (@) = [Hl@)ah@(@)]

where

Hi(a) = - log F(a); i= 1,2 (6.4

An analogous expression of H (@) in the direction e__ in terms of copula is given by

h (u7 U) = (hl (u7 U)v ho (u’ U))

E——

where
1 .
balu,0) = By o), 6(0)] =~ log C(1 = w1 =), 65
Similarly
h B 6.6
2(“70)__W% 0og ( - u, —U). ( . )

This is obtained as follows. Since x; = ¢(u) and x5 = ¥ (v), we have dz; = ¢'(u)0u. Thus
911 — ¢/(u). Also we have Oy = 1'(v)Ov. This gives 92 = ¢/ (v).

Substituting (6.2) in the expression (6.4), we get (6.5) and (6.6)

Remark 6.1

When X and X, are independent, the bivariate hazard rate reduces to a vector with components

equal to the hazard rates of X and X,. As an example, when C'(1 —u,1—v) = (1 —u)(1—v),
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we have
. -1
— log (C(l —u,l —v)) =1
and from (6.5), we get
1
h = =h
) = e~ M
Also we have
) . -1
%log <C’(1—u,1—v)) =T
Therefore (6.6) yields
1
h = = ha(v).
00 = Ty )
Thus we get,

Example 6.1

Consider the Gumbel bivariate exponential distribution with survival copula specified by

~

C(U,U) — uve—@lnulnv

with univariate marginals ¢(u) = —In(1 — u) and ¥(v) = —In(1 — v) respectively. Direct

calculations yield the bivariate hazard rate as

h  (u,v)=(@In(l—-v)—1,0In(1l —u)—1).

E_—
Next theorem discusses the uniqueness property of the bivariate hazard function.

Theorem 6.1. For the bivariate random vector X, copula C(u,v) can be expressed uniquely in
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terms of h  (u,v) through

E_—

C(u,v) = (1 —v)(1 — exp|— /Ou a _h;g};;lv(; O)dp]) —u
and
C(u,v) = (1 —u)(1— ea:p[—/o i —hjo(;;zjzé,p) dp] — v.

Proof. From (6.5), we have
/ 0 A
hi(u,v)¢' (u) = ~ 3 logC(1 —u,1—wv).

Integrating the above expression from O to u, we get

hi(p,v)¢'(p)dp = log —
[ o =10 5t
or

Cl—u,1—v) = (1 —v)e Jo e Edr
Since ¢'(u) = =m0y (6-9) gives

G —u1—v) = (1 —v)e B Totioo®.

Using (6.3), (6.10) can be written as

) =00t —eapl- [ "R

Also hs(u, v) characterizes the distribution specified by the copula,

_ ho(u,p)
—Jo aHmom P,

C(l—u,1—v)=(1—ue

dp]) — u.

(6.7)

(6.8)

(6.9)

(6.10)
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(6.8) follows from the above equation. [

Alternate definitions for the bivariate mean residual life function is provided independently

by Shanbhag & Kotz (1987) and Arnold & Zahedi (1988). Consider the variable
The bivariate mean residual life function of the variable X, is defined as the vector

M <3_5> = [M1($)7M2(9_3)]

where

and

and _
. 1 o 8F(x1,t)
My(z) = —a2 2 / t——pg .

2

Substituiting 21 = ¢(u), 22 = ¥(v) and F(z) = C(1 — u, 1 — v) in the above expressions, we

get the copula analogue of bivariate mean residual functions as

m  (u,v) = (mq1(u,v), ma(u,v)) (6.11)

E_—
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where

8
mi,0) = M 6(0), 8] = ~00) ~ g s [ o ict-p1-va 61

1 u, 1—p)dp. (6.13)

QJ|Q3

mai,0) = My [6(0), ()] = ()~ g I

Theorem 6.2. Let X be a bivariate random vector admitting an absolutely continuous distri-
bution function and bivariate copula mean residual life function defined by (6.11). Then the

bivariate copula mean residual life function determines the underlying copula uniquely.

Proof. Differentiating (6.12) with respect to u, we get

a% (L—wl—v) —gm(uv)—¢(u) 6.14)
Cl—u,1—v) mi(u, v)
or )
o, - _ —aam(u,v) — ¢'(u)
%logC(l—u,l—v)— (. 0) .
That is,
0 . 0 !
™ log (C’(l —u, 1 — v)) =5 log (my(u,v)) — ¢ <u)m1(u, v) (6.15)

Nair & Sankaran (2009) has shown that the univariate mean residual quantile function uniquely

determines the quantile function through the expression

o) = i — () + [ T2y, (6.16)
o 1—p
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On integration from 0 to v and using (6.16), equation (6.15) becomes

R omi(p,0) | mi(p,0)

1—u,1— 0 v + == —m(0,0

log <C( : 1_571} U)) = log <_m1< ,U)) _/ op mlzppv) 1( )dp (617)
0 )

That is,

A (1 —v)my (0, U>exp [_/ 51 (p, 0) + =2= —mq(0,0) p]
0

or

(]. — U)ml (O, U) exp [_ / 3pm1 (p7 O) + 1—p ma (Oa O) p] '
0

Also ms(u, v) uniquely determines the underlying copula C'(u, v) as

Clu,v)=1—u—v—

(1 — w)ma(u, O)pr B /v _%mg((),p) + %()I;p) —my(0,0) ol
ma(u, v) 0 ma(u, p)

The theorem is immediate from the above expression for C'(u, v). O

Remark 6.2

For the product copula given by
C(u,v) = uw,

C takes the form

~

C(l—u,1—v)=(1-u)(l—uv).
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Using the above expression for C , (6.12) and (6.13) become

i) = 1 [ oy~ o) = m(w)

and

mafu,0) = T [ 0(@)dp — v(0) = mafv)

Therefore

m () = (mi(u), ma(v))

The implication of the above is that when we consider the product copula, the corresponding
bivariate copula based mean residual function in the direction £__ becomes the vector with
components, the marginal mean residual quantile functions of X; and X, respectively.

Next theorem provides a relationship connecting the bivariate copula based hazard rate and

mean residual life functions.

Theorem 6.3. For the random vector X defined in theorem 6.2, the bivariate copula hazard rate

is related to bivariate copula mean residual life function through the relationship

hy(u, v)my(u,v) = (1 — u)hy(u, 0)%7}11(% v)+1

and

ha(u, v)ma(u,v) = (1 — v)hy(0, v)%mg(u,v) + 1.
Proof. From (6.14) and (6.5), we get

—zam(u, v) — ¢'(u)

- u,v /U,: 0
P (u,0) (u) o
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The above equation can be written as

i7711(% v) + (/5/(“)

h = u 6.18
1(u,v) (0, 0)9 (1) (6.18)
Since 5 = (1 — u)hi(u, 0), the above equation becomes,
0
hy (u, v)my (u,v) = (1 — u)hy(u, 0)%m1(u, v) + 1.
Proceeding on similar lines, we get
0
ha(u, v)ma(u,v) = (1 — v)hy(0, v)%mg(u,v) + 1.
H
The expression for the joint density function of X is given by
82
= F(x).
He) = 5, F@)
That is,
0 0
= — | —F : 6.19
1) = g | F (o) .19
The copula analogue of (6.19) is given by
Flou), 90)] = o= O, v)
wh L= & (u)y' (v) Qudv Y.

Define

p= (p1(v), pa(u))



Chapter 6. Copula based reliability concepts 124

where

/¢ ag (1 —u,1—v)du

/w

The bivariate copula vitality function can be defined as

and

Q>|Qj

C(1—u,1—v)dv.

de—_(u,v) = [di(u,v),da(u,v)]

where
dl (U, U) =my (U, U) + ¢(U)
and
d2<u7 U) = m2<u7 U) + ¢(U>
That is,
8
di(u,v) = Cl—ul—v / o(p 8_ C(1—p,1—wv)dp (6.20)
and
(9
dy(u,v) = 1—u ) / »(p a— C(1—u,1—p)dp. (6.21)

Following result focuses attention on characterization of copulas using the relation between

bivariate hazard function and bivariate vitality function.

Theorem 6.4. Let g(.,.) be any positive real valued function and d.__(u,v) be the bivariate

vitality function. Then the relationship

ha(u, 0)g [P(u), (V)] = di(u, v) = pu(v) (6.22)
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holds if

* / / w,v
gé(l —u,1—v) = Br0)de) - eigatageola

ou COROEON
where B*(v) = ¢[0,v(v)] k(v) in which k(v) = 8%@(1 —u,1 — ) given u = 0 provided
#(0) # 0,910, 9(v)] # 0 and k() # 0

(6.23)

Proof. From (6.22), (6.5) and (6.20), we get

—5:C0—wl-v)glow.v(w)] _ 1 I PO
i G e ), AW C0 - p ==

Differentiating the above expression w.r.t. u, we get

LA LIS )

u? ¢'(u)
9wt o [ o v 5 B E@) @
= 500 =1 =) =g/ o{a. v(w)) + LA ) — )

That is,

0 J (4 0 0 ,
goto8 | 5 (00 =1 =) | = = L iogla 6, w0+ - ox ()~
Denote by G(u,v) = & (C‘(l —u,1— v), (6.24) can be written as

¢'(u) [o(w) + pu(u, v)]
g (@), ¥(v))

o8 Gl v) = — - Tog 9 (6(u), (0))] + 2L Tog ) —

Integrating (6.25) from O to v and rearranging the terms, we get

G(u,v) = k(v)g [0, (v)] ¢ (u ) — L %d}?
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The above equation can be written as

0 - B*(v)¢'(u) _ @t )]
—C(1l—u,1—v)= e Jo Tt won P
7l T ORTOFI0
where B*(v) = ¢[0,%(v)] k(v), which is same as (6.23) O
Example 6.2

Consider the Gumbel type dependence with tukey lambda marginal. That is,

C1—u,1—v) = (1 —u)(1 — v)e mI-w=2) gpq ¢(y) = L0

Then hy(u,v) and d; (u, v) are related as in (6.22) where g [¢(u), 1)(v)] can be obtained as the
solution of the following differential equation,

(1 —w)r T 0 1+ (1 —u)A=1) (2 + (1 —u)?)
[(1 ) ( FIn(1— ) )] 9u? P = T @ T (1 - )

g (o(u), ¥(v))

(1—w) (M + (1 —w)M) (1 —w)* —u* = A (v))
A0 1In(1 — v) '

Example 6.3

When C(1 — u,1 —v) = (1 — u)(1 — v) and the tukey lambda marginal as ¢(u), we get

the univariate expressions for all concepts and g [¢(u), 1)(v)] has a closed form given by

[uA—l + (1 _ u)A—l] [u)\ _ (1 o u))\} [UA—l + (1 o u))\—l 4 ,U}
AA=1) [ur2+ (1 —u)*?] '

glo(u), ¥(v)] =

6.3 Concepts in reversed time

Roy (2002) has defined the bivariate reversed hazard rate as a vector analogous to the definition
of vector valued hazard rate extensively discussed in Johnson & Kotz (1975) and examined

its properties. Also the author has proposed a class of bivariate distributions using this vector.
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Later Sankaran & Gleeja (2006) developed a more general class of bivariate distributions which
extends the result given in Roy (2002). Roy (2002) defines the bivariate reversed hazard rate as

the vector

A@) = (A(2), (@)

where

A; (:g) = 82 log I <@> i =1,2.

Setting F'(z) = C(u,v), z1 = ¢(u) and z2 = 1(v), we get the bivariate reversed hazard rate,
in the copula setup as

a (u,v) = (a(u,v),as(u,v))

E__

where )
. mC(U, U)
ai(u,v) = S 0) (6.26)
and )
. %C(u7 U)
as(u,v) = D0 C(a ) (6.27)

Example 6.4 For the Gumbel bivariate logistic distribution with copula specified by

uv

Clwd) = T ya =

and marginal quantile functions of X; and X, with ¢(u) = —log [1 — 1] and ¢(v) = —log [1 — 1]

respectively, we calculate the bivariate copula reversed hazard rate as follows.

9 1 L=y
%logC(U,U) T u I1—(1—u)(l—v)

From (6.26) and (6.27), we get

o (uv)= (1 —u)v v3(1 — u)
e I—-(1—uw)(l=v) u[ll—=(1-=u)(l-0v)]
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The definition and properties of the reversed mean residual life are given in Finkelstein
(2003) and Nanda et al. (2003). Nair & Asha (2008) has discussed the definition and proper-
ties of the bivariate reversed mean residual life and studied the relationship between bivariate
reversed hazard rate and bivariate reversed mean residual life. Nair & Asha (2008) defines the

bivariate reversed mean residual life as

where

and

= F(x)/o F(z4,t)dt.

We define the bivariate copula reversed mean residual life denoted by »  (u,v) as
E_—

Z’ai(uw) = (r1(u,v), ro(u,v))

where y
() = 00 = s [ ) - C 0 6.28)
0
and .
0
ra(u.0) = 00) = s [ V) O (629)
0

Next we examine whether the bivariate copula reversed hazard rate and bivariate copula reversed

mean residual life determine the copula uniquely.

Theorem 6.5. Bivariate copula reversed hazard rate and the bivariate copula reversed mean

residual function determine the underlying copula uniquely.
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Proof. From (6.26), it is observed that

0
" log C'(u,v) = ¢'(u)a; (u, v).

Integrating the above equation from u to 1 and rearranging the terms, we get
C(u,v) = ve~ Ju a1(p0)#' (). (6.30)

From the definition of reversed hazard quantile function, we have

1
ug/(u)’

ai(u,0) =

Therefore (6.30) becomes,

1 aq(p,v) D
C(u,v) = ve v ra@O™,

Proceeding on the similar lines, we can also get

_ 1 a2(u,p)
C(u,v) = ue Iv Pz

Further differentiating (6.28) with respect to u, we get

¢'(u) — i (u,v)
r1(u,v) '

glog C(u,v) = (6.31)

ou

Integrating from w« to 1 and simplifying we get

9 1) (pv)—¢' (p)

Clu,v) = ve” Je G, (6.32)
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Also 75 (u, v) uniquely determines the copula by the relation

%Tz(u,p)fw’(p)d

Clu,v) = ue™ o = rmm —®, (6.33)

In (6.32) and(6.33), ¢(u) and ¢)(v) can be replaced by the following expressions given in Nair
& Sankaran (2009),

b(u) = r1(u) + / o (p)dp

and

) = ra() + / i (p)dp.
]

The following theorem discusses the relation between reversed hazard rate and reversed

mean residual life in copula setup.

Theorem 6.6. The bivariate copula reversed hazard rate is related to bivariate copula reversed

mean residual life by the expression
ri(u,v)ai(u,v) = 1 — uay(u, O)a—rl(u, v)
u

and
ro(u, v)as(u,v) =1 — vay(0, U)a—T'Q(U,U).
v

Proof. Using (6.26) and (6.31), we get

¢ (u) — gy (u,v)

r1(u, v)¢'(u)

ay(u,v) =

That is,

0
0 (11,0) = 1 —wuay(u,0) g1 (u,v)

r1(u,v)
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This gives,

r1(u,v)ai(u,v) =1 —uay(u,0)=—r(u,v).

du

Proceeding on the similar lines we can also get
ro(u, v)as(u,v) =1 — vay(0, v)a—rg(u,v).
v

]

When the component variates are independent, the above mentioned bivariate properties
will be reduce to the corresponding univariate concepts.

For example, when C'(u,v) = uv ,we have

a  (u,0) = (a1(u), az(v))

E__

and

r (u,v) = (ri(u),2(v)) .

Theorem 6.7. The relationship

Ay (u, v)gr [d(w), (0)] = Di(u,v) = pu(v)

holds if
0 b*(v)@' (u) AOIORTIO
—C(u,v) = elo Torlew @l P
o) = G o), ()] 0]

where b*(v) = g, [0,9(v)] K (v) inwhich K (v) = 2C(u, v) given u = 0 provided ¢/(0) # 0,g, [0, ¢ (v)] #
0 and K (v) # 0 and Dy (u,v) = r1(u,v) + ¢(u)

The proof is similar to that of Theorem 6.4 and hence omitted.



132

Guidelines for further research

In the present work, we have examined the potential of Zenga curve as an alternate measure
of inequality. In addition to examining the connection between the measure and other exist-
ing inequality measures, the relationship of the concept with certain reliability concepts are
exploited to obtain characterization results for probability distributions. Further some results
on a stochastic order using Zenga curve are also established. Instead of using the conventional
distribution functional approach, the definitions and concepts are reformulated using quantiles.

During the course of present study, we are able to identify the following problems which

require further investigation.

1. Since incomes are measured at specific points of time and a detailed study on the inequal-

ity measures in discrete time is to be undertaken.

2. Inference procedures such as estimation of Zenga index based on observed income data,
formulation of tests for exponentiality using the truncated measures of inequality is yet to

be studied.

3. Only very little work seems to have been done on bivariate copula in higher dimensions.
Developing these ideas considering the same in four directions shall pave way for theo-

retical foundations in higher dimensions.

4. Several other quantile function based models for income data can be developed in varying

situations and this may help to model income data.

5. The implication of stochastic orders based on inequality measures shall be studied in

detail for other existing orders also.

We hope that the problems mentioned above shall be sorted out in a future work.
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