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Preface

1\'o11li11ea1‘ d_\'11a.111i(-s lias e111e1'ge(l into a p1‘0111i11e11t area. of 1'esea.1'(*l1 iii the past few

(lec-ades. p21.1‘tic11la1'l_\' after the wide a.\«'ailal)ilit_\' of low cost and fast (‘0111puta.ti011.

Today 11011li11ea1‘ s_\'ste111s are beiiig i11\rest1igz1te(l i11 almost eve1'_\' discipliiie. It has

also <-011t1‘il)ute(l t0 the developiiieiit 0f :1 11lll([1l(‘ st1'e21111 0f i11te1'tlis(:ipli11a.1‘y 1‘ese21.1‘(:l1.

Tu1‘l)11le11(-e. Pz1tt<>1‘11 l'01'111ati011. ;\l11lt.ist.2;1l_1ilit_\' etc 21.1'C some of the i111p01‘ta.11t z11'0-as of

1'PsPd.1‘('l1 i11 11011li11ea1‘ dy11a.111i(“s apart, from the stud_\' of (-l1z1.0s.

Cliaos tl1e01'_\' is pe1'l1-ups tl1e 0119 which l1-as p1'0\'ided most (-01111te1" iiituitivo 1'esults

i11 ('0111pa11'is011 with other l>1'a11('l1es of 11011li11e-a1‘ d_\'11;1111i(-s. The st11(l_\' 0f (-h-(1.0s tl1(_*(11'y

sta.1‘tod iii the n10d<=1'11 seiise witli the i11\1'estig-r1ti011s of Edw-r11‘d L01'e11tz i11 mid 60's.

Later <le\'(=lop111e11ts i11 this suhjet-t p1‘0vide(l s_\'ste111a1ti(~ de\'el0p111e11t of cliaos the01‘_\'

as 21 s(-ie11(:e of (lcte1‘111i11isti(~ but. complex and l1l1p1'()(lictd.l)l(' d_\'11a111i('z1l s_\'ste111s.

S_\'11(.'l11'011iZzlfi()11 0f Cliaotic systeins is 0119 of the most i111p01‘t.a11t (le\'el0p111e11ts

i11 chaos tl1e01'_v. It is found that. two (or even more) ('l1a0ti(- systeiiis. tl1011gh ear-11

by itself is (~0111plex and uiipredictable, can he 111z1.(l(‘ t0 heliave i(l(*11ti(~-ally if they

are s11itzLbl_v (-oupled. S0011 it was also found that suvh s‘\'11(-l11'o11ize(l s'_vste111s (“(111

he used to e11('1‘ypt IIl(.’SS'rl.g‘(‘S which led to the devel0p111e11t 0f ('l1z1.()ti(‘ e11(:1‘ypt.io11

based ('1‘ypt0g1'a1)l1i(‘- scl1e111es. I11 addition to this, the s_\'11(:l1r011iza.t.i011 of coupled

complex systeiiis has also C011t.1'ib11ted t1'€1ll(.‘Il(l()llSl)' to 0111‘ 1111de1'sta11di11g of (-ollective

pl1e1101ne11011 of ii1te1'acti11g systeiiis in 11atu1'e.

It has been sl10w11 1'e(-e11tl_\' that systeiiis d1‘i\'e11 with 1'a.11d0111 pulses show tl1e

sig11e1t111'('s 0f (-l1a10s. (‘\'e11 witl1011t 11011li11e-r11‘ dy11a111i(-s. This shows that the 1'ela.tio11

l)('t\\'e(‘11 1'a.11d011111ess and (~11-a0s is 11111('h (-l0se1' than as it was 1111de1'st00d 9-(11'lie1‘ The
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effect of 1'z1n<lo1n pertnrbat.ions on synclironizatioii can be also different. In some

Cases identit-al randoin peitiirbatioiis a.(-ting on two different chaotic systenis induce

syn('ln'onization. However most ('o1n111onl_\'. the effect of random fluctuations on the

s\'11(*l1r<>niza.tion of crliaotic s_\*sten1s is to destroy s_v11(*ln'onizat.io11

This thesis deals with the effect of randoin flur-tuations with its associated (liar

aeteristit lll11CS('zl.lPs on cliaos and s_\*n(rl11‘o11iza.tion. We try to inieartli yet another

inzinifestation of 1't1.ll(l()lllll(’SS on r-haos and synelironization This thesis is o1'ga.11i7.e(_l

into six (-liapters as follows.

In ("l1e1.1)te1‘ 1 we introduce rho basic concepts of :;o:;‘.i1ieai' (l}'llalIll(.‘b‘ and (-liaos. It

includes tl1e hasie definitions of the terms used in cliaos t.heor_\' and also some well

known cliaotic s_\'ste1ns are (llS(,'l1SS9(l. Basie (-o1i1p11t.a.tional tools are (le-alt with and we

l1a1.\'e tlisciisseil how they are used in q11z1.11tif_\'iI1g and el1a1'z1.(-tei'izi11g cliaotic d_\'na.inics.

In this t-lieiptei‘ we also lIltl‘(,)(l1lC'(‘ the notion of s‘\A'11c-l11‘0nization of cha.oti(- S_\'St(*.111S.

Also we l)rietl_\' discuss its niztin tet-ln1olop,‘i<*a.l a.])1)li(--r1.t.io11: Chaotic el1('1‘_\'1)ti()11 based

(-1'_\'])t()g'1‘21.pl1i(' s('l1en1es.

In (hapter 2. hrief discussions on the theoretica.l (-on(-opts and the (l_\v'11a,111i(-al sys

tems _spe(-ifi(- to this work are given. \«Ve introduce the (-oncept of noise. and two
fa.1niliz1.r types of noise are discussed. The classifications and rep1'esenta.tion of white

and colored noise are i11tro(h1(-ed. Based o11 this we introdnee the concept of re1.nd01n

ness that we.dea.l with as a va1'ia11t of the ffllllilldr concept of noise. The cl_\'m'Ln1ic‘al

systems introduced are the Rossler s_vstem, directly n1o(.l11late(l semiconductor lasers

and the Harmonic: oscillator. The (lil'€('tl_\' inodiilated seinicondnctor laser being 11ot

a 1nu('l1 familiar tlyiiaiiiic-al system. we have included a detailed introduction to its

relevance in C haotic encryption based (-1'_vptog1'a.pl1y in coinniunic-a.t.ion.

Ln eliapter 3 the studies on the effect of a. fluctuating paranieter niisinatcli associ

ated with (:l1a.1'acte1"istic ti1nes(-ales on the syncln'oniza.t.ion is presented. The studies

are performed 011 the Rossler systein and directly n1odnla.ted se1ni(-ondutttor laser

systeins. We show that the effect of a tln(-tnating para.n1ete1' inisinzitcli on s_\'n(-liro—

ni7.a.tion is to (lest1‘o_\' the s_\'n('liro11iz-.1tion. Furtlier we show that the relation between
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s_\'11(tl11'011iZ;1.ti011 e1'1‘o1' and ti111es(-ales ("(111 be found e111pi1'iea111.\' but there are also (,'dSCS

where this is 11ot possible.

I11 Cliaptei‘ 1 we present the results of tlie iiivestigatioiis (111 at 111o(1ifie(1 112u'111o11ic

oscillator. We assuiue that the freely 1‘u1111i11g drive and the 0sei1lato1' are Coupled

only when the trzijet-to1'_\' is within :1 strip ofs111z1.11 width lot-atetl a1'ou11d the 01‘igi11

of tlie posrition 111o111e11t11111 space. There is no coiipliiig 11etwee11 the (lrive euid the

osc-illa.t.o1' when tl1e t1‘21.jecto1‘_\' is olitsitle the strip. The s_\'ste111 e_\'11i1)its Cl1t10h‘. \Ve liave

also I'Cp1R('(‘(l the (lete1'111i11isti(’- (11‘ivi11g with a 1'z1.11(1o111 fo1'ei11g and we found that the

stoeliastie systeiii 1I1i111ies its (lete1'111i11ist.ic aiialogue. The c1.\*11a111ic-s i11 dete1‘111i11istic

and stoel1z1st.i(- cases are e11a1‘atrte1‘ize(l by sta11tla,1‘(l tools i11 elmos t11eo1'_\'. We also

found thz1.t the nature of the effective 1'111(-t11a.tio11s which afieet the stoeliastie syst.e111

is si111i1-111' to the flu(-tuatioiis i11t1'od11ee(l i11 ctliapter 3.

I11 ('llfl])1€I‘ 5 we ('0IlSi(1L‘1‘ a11ot11e1' IIlO(11fi€(l versioii of the s_\'ste111 that we have

preseiitetl i11 c-11-(1.pte1' 1. The os(~il1a.to1' was Sll1)j(‘('1'(‘(l to a (hive which is spatially

1110tl11la.te<1 with a, 1‘etpi(ll_\‘ (e1eea_\'i11g expoiieiitial f1111(-tio11 of the positioii va.1'ia11)le.

Such a. iiiotlifit-atioii i11(h1ees 11o11li11ez1.1'ities 11(*'C9h‘S‘dl'_\' for ('l1z1.0ti(‘ lieliavioi‘. Studies

sliow that 1111(1e1‘ the \'d.l'i21ti()11 of the p-11.1‘-a.111ete1's. the s\'ste111 het-o111es (~l1a.ot.i('. which

21.ppe.z11‘s to he the period tlouhliiig route to c-lmos. “'0 also (liseuss the h'_\'Il('l1l‘(')ll1Zfl.fi()l1

properties of this systeiu.

111 trliaptei‘ 6 we s11111111z11'ize a11<l (.‘0I1f'lll(1(‘ the p1'ese11t work. A few (1i1‘e('tio11s for

future works lias also been suggestetl.

xiii



List of Publications
Journal Papers

1V'Ianu P. John zuul V M. .\'a.11(l2Lk11111a1‘a11. Interplay of determinism and

randomness in a piecewise linear chaotic system. m1111111111i(rated.

.\I. R Pa1'\'all1i. Bindu .\I. K1'isl111;1. S. Raje.~']1. IVI. P. John '<1.11(l V .\l. Nz1.11—

(lz1k11111a1'21.l1. Hopf bifurcation in parallel polarized Nd: YAG laser. to

z'1.]’)])(‘d1' i11 C‘l1-ms". Solitons and F1‘a.('ta,ls.

1\'Ianu P. John. P U Jijo and V M .‘\'z1.11(laknma.1'-all Effect of a fluctuat

ing parameter mismatch and the associated timescales on coupled
Rossler oscillators. to a.p1)ea1‘ in P1'21.111a11a..

;\I.R. P-a1'\'u.t]1i. Bindu M. K1‘isl11121.. S. Ra._j(>.s'l1. 1\~I. P. John and \*'..\I. Nann

(lak111m11'n11. Synchronization and control of chaos in coupled chaotic

multimode Nd.'YAG lasers. Pllys. Lott. A 373. 90'. 2()()8.

Binclu .\I. l\'1’is]u1a. l\+Ianu P. Johnand \7 .\I ;\'e111<lak11111e11'e1.11 Performance

characteristics of positive and negative delayed feedback on chaotic
dynamics of directly modulated InGaAsP semiconductor lasers. Pm.
11m11;1 71. No. 0'. 1259. 2008.

Rift)‘ J. _\'Hl11n1p-r11‘a.. P. J. I\’Ianu. C.P.G. \"e1.l1a|)lu111. \ .P..\I. N-a1npoo1'i. P

R-a.<ll1ak1'isl111;1.11 Energy transfer studies in dye mixtures in difierent

solvent environments. Optics and Laser T(‘(‘h11()l()g'_\' l(). iss. I 953. 2008.

.Iz1_\'us1'ov \=' K. S11-ai_ja. P J. IV'Ianu P. John. P Ra.rl11ak1'is11na.n. An Optoelec

tronic Sensor Configuration for the Determination of Age Related
Indices Using Blood Volume Pulse. Sollsors ck’ Tr-m1s<l11ce1‘s Journal 87
Isslw 1. 39. 2008.

xiv



I\'Iathematica demonstrations

0 Chaotic Dynamics of a Modulated Semiconductor Laser from The
W0lf1"z1.111 D(_*111011stmti<)11s P1'oje(*r. C‘o11t1'ibut0(l by: .\Ia1111 P John and V M.

N2111(1a1k11111e11'-all

Talks

0 IVI. P. John. P [7 Jijo -aiml V L\I. I\-d‘1l(Iaik111I1z11'21‘I1. Effe-(-t of -at fi1l('tl1iltillg

pa.1'a111(>te1' IlliSll1aLt('Il in the s_\'m-1u'o11i7.atio11 of ‘(I (~l1aoti<: s\'ste111. .\Ia.tio11al Cou

feremrc on Cu1'1'e11t Tn-11(Is in ?xI-atorinl Science (C‘TZ\{S—()7). o1‘ga.11ized by the

D(=.pa.1‘t1nent of Pl1.\'si(-.s' C‘l11'isti-.111 College. CI1e11ga111n11‘. ;\Ia.1'(-11 25-27 2007'

0 I\/LP. John. I’ [.7 Jijo. a11(l V M. NaI11(Ia.k11111a.1'a11. Fast Fluctuations do

not Destroy Synchronization. N-a.tio11al Coufere-u(-e on No11linea.r Systolns

and Dy1m.111i('s. R-m11z1.1111_ja.111 Institute for A<l\'é111(~(-<1 St.11(I_\' in .\IaItl1e111ati(';s', Uni

\‘e1‘sit_\' of ;\Ia.(l1‘a.s'. CI1(‘lll1'cl‘i. 6-8. FeI)1'11a.1'}' ‘Z006. P1'o<-eorlillgs. Allied P11b1is11o1'.s:

Cl1e1111ai(pce1' 1‘evie\\i'(-(1).

0 Jijo P L'lal1;11111-(1.11. Rvlanu P. John. and V _\I. Na11(1e1,l-u1111a.1'a.11. Bistabil

ity and Hysteresis in the Dynamics of Directly Modulated Multiple
Quantum Well Lasers. P1‘oCee(1i11gs of the OSA Co11f01'e11ce F1'o11tie1‘s in Op

ti('s 2007 Laser Scie11(-0 XXIII. San Jose. Cz1lifo1‘uia. USA. S91)te1ube1' 1620. 2007

(peer 1'e\'iewod_‘).

0 Pz1.1'v-atlli. I\I. R, Bindll .\I I(1'isl111a. IVI. P .John aml V M. Na11(la.k11111a1‘a.11.

Hopf bifurcation and phase transition in Nd:YAG lasers. Recent
Dove-1op111ents in No111i11ea1' Dyna,mi(~s. RDND 2008 Bl1a.ra.tIi(lasa.11 UI1i\r'(’1‘SiI_\'

Tiruc-l1i1‘appa.ll_\’ Feb I3-16. 2008.

0 I\I.R.P&il'\r"(LT.Ili, Bi11<1u..\I.K1'ish11a. M. P Jolm zuul V.I\I.Nz111(lak11111zL1‘2L11. Nonlin

ear (ly11aI111i(-s of c-ou1>lv(l r-llaotic 111u1ti1node Nd:YAG laser. NCNSD 2008. PRL.

.~\l1111e(la.l>a.(l.

I\'\'



Poster presentations

0 N1. P. John. P U. Jijo. and \’ 1\I. Namlakumau'an. Eflect of parame
ter fluctuations in directly modulated semiconductor laser systems,
Proceedings. P110t011i(.-s 2001. ('o(‘hin. D€('PIlll)&‘1‘ 8-11 (2001).

0 P 1' Jijo. M. P. John. S. R-ajvsll and V M. ;\"z111(l2Lk11111a.1'a11. Control of

chaos and noise induced instabilities in a Dujfing oscillator with
amplitude modulated feedback, Pe1's1)e(-tiws in Nonlinear D_\'11a.111ical Sys

t.o111s 200-1 (PNLD — 2001). C11e1111ai. .]111}' 12-1-3. 200-1 (a SdtC1ht(‘ 111v0t.i11g of the

S'1'AI’HYS 22. IISC. Ba11ga.l01'e. I11(lin.).

o M. R. P-ar\'z1.tl1i. IVI. P. John and V’ M. _\Iz1.11(lnk11111z1m11. Nonlinear dy

namics of a two mode intracavity doubled Nd:YAG laser. .\'a.ti()11a.l

Co11f(‘1'(‘11(‘e on rec-e11t t1'e11(ls in (.)ptoo1ectro11i('s and Lasm t(e~(-l1110log}'. .\'COL

2007 I.,»'11i\'<r1'sit_\' of K(,‘1'z1.h1.. Thiru\'a.11e1.11tl1ap111‘am.

0 :\I. R. P-a1'\'a.tl1i, 1\'I. P. John and V M. .\lz1l1(l2l.k1l111a1'z1.Il. Transition from

phase to complete synchronization in coupled chaotic multimode
Nd: YAG lasers with a parameter mismatch. ;\'a.tio11-(1.1 Lnsvr S.\'111posiu111
NLS 2007 I11(lo1‘e.

0 .\I. R. P21.1"\=atl1i, Bindu.M.K1'isl111e1.. S.Ra.jes11. 1\'Ianu P. John and V M. Nan

(la.k11111a.1‘z1.11. D_\'11z1.m'1cs of .\I(1:YAG laser 11Il(l(‘1‘ (1(‘l'(L_\'(‘(l 0])T()(‘l()('l1‘()l1i(‘ feedback.

N-a.tio11a.l Laser Syulposiuln, 2008. Delhi.



Table of Contents

Preface

Table of Contents

1 Introduction
1.1 C 11-aos

1.2 C11a1ot-i(- (1)'11a.111i(‘;1.l s}'ste111s

1.3 i\12Lf11(‘IllzlT1('d1 1'<~1)1'v.<(~11tarion of (li.~:(-1'0‘r0 <l_\'11mni(:21.l syste.-111s.

1.1 Logist,i(' 11121.1)

1.1.1 C'11e1os in ('o11ti11u<)11.~: (1_\'l1d.lI1i('&1.1 s_\'ste111.s'

1.5 The Lorenz s_\'.~;te111
1.6 P()i11(-are sectio11.s'

1.7 Power spot.-tr11111

1.8 L}'21pu11o\' eX1)()11e11ts
1.9 A111"r1(‘1()1‘.\‘ 'rIIl(1 (111I1(‘I1.~i1()I1.H‘

1.10 Routes to chaos

1.11 Unstable pe1‘iodi(- 01'1)its

1.12 S_\f11cl11‘o11iza.t.io11 of Cllaos

1.12.1 Collplillg .s('l1o111os

1.13 Types of s_\'11c-111'o11izat1o11

1.13.1 Perfect 01‘ Exact sy11(-111'o11ization

1.13.2 Plmse and Lag ;s'_\'11(-l11'o11i'/.-M1011

1.13.3 Ge11e1'a1ize(1 S_\'11(:11ro11iza.ti011

1.1-1 Sec-11rc (:()1111111111i(-ation 11si11g Cllaos

1.15 Conc-111.<;iou

Bibliography

xvii

xvii

>—4r—->~r—Ir—r—I
©-.l—JU!I\',r—~.I.._.-'-CaJl\Do—-1-!

l\:Jl\D n—I»—

24

24

21

24

25

26

27

xi



2 Randomness in synchronization and chaos
2.1 I11t1'o(l11ctio11

2.2 \\’l1itc and (-olo11re(l noise
2.2.1 Wliite noise
2.2.2 Coloured iioiso
2.2.3 Coirelations in tiuiv
2.2.1 \~V'11e11 is a iioise ('()11Hi(lL‘l'E‘(l delta. co1‘1‘ela.t<.=(l

2.2.5 Fl11(-tuatioiis with la.1‘ge 1llI1(-}S(‘i1.lE‘S aml 1‘illl(l()lIl1l(‘SS

2.3 S)'.St(*l1lS 1.lll(lOl' (’-o11si(1r‘1'ation
2.3.1 Rosslcr At.tra.(-t.o1'
2.3.2 Ha1‘111o11ic Os('illa.to1'

2.4 Dire(~t1\' 111o(i11ia.te(l se111i('o11<iu('to1' 1a.s‘e1‘.s'
2.1.1 Laser 1Il()(l(-"1

2.5 C‘o11(‘lu.<:io11

Bibliography

3 Effect of parameter fluctuations on coupled chaotic systems
3.1 I11t1'o(lur~tio11

3.2 I"n1'a.111e=t(>1' fluctueitions

3.3 Effx-('1 o11 S_\'11('lll‘()ll1Zil11011
3.71 D1S(‘llSH1()ll

3.5 E11}-(‘t of 11Il('111‘cl11()l1>‘. in L-asv1' (l\'11}lIll1('h'

3.6 1-21.501‘ iuodel

3.7 Pz1.1'ai1iete1' flut-tiiatiolis
3.7.1 Nun1o1'ica.1 1‘(’S11l1S

3.8 (‘om-lusioii

Bibliography

4 Chaos in an intermittently driven damped oscillator
-1.1

"1.2

1.3

1.1

Iiitrocliiction
Basic inodel

Dete1‘1ui11ist.i(¢ driving

1.3.1 D_\'11a1ni(-al equa.t.io11.~'
1.3.2 :\'111i1erica.11‘(és111ts

Raiuloin (lrivilig
1.1.1 D_\'1121111i('a.1 eq11a.1ioi1.\'
1.1.2 _\'1m101'i(-all results

xviii

74

79
79

80
81

81

81

88

88

91)



91.5 Na.t111'<) of the f()1‘('1l1_Q, 954.6 C011('l11si011 95Bibliography 96
5 Harmonic oscillator with exponential damping 995.1 I11t1'<)(h1(-tioli 995.2 Pz1.1'a111et('1' \'a.1‘iatio11.s' 1025.3 Sylu-l11‘<>11izati011 108-5.4 C‘o11c111sio11s 111Bibliography 115
6 Summary, conclusions a11d future prospects 117

6.1 Suu11na1“_\' and (‘()ll('il1S1()ll 1176.2 Future p1'ospe(-ts 118

xix



Chapter 1

Introduction

Nonlinea1' (l\'na.1ni('s rlezils with s_\'ste111s in whi(:h the eq11z1.tio1i of motion i11\'ol\‘e non

lill(‘z1-1‘ (lifl’e1'entia.l equations or clii'l'e1'e11(-e equations. i\Iz1n\' of the nonlinea.1' eq11a.tio11s

are tlitfir-ult to solve at11a1tl_\'ti('21.ll_\'. Also in sonie (-uses. no stable a11a.l)'ti(' solutions

exist. Thus the only option in (ltlillillg witl1 most. of these H111-atioiis is 11uu1e1'i(~al

solutions. This need 21. lilige aunollnt of eL1'ill1I11t-‘tit’ ('-r1lCul2'1.tions. which were impos

sihle for l1llI11el11s'l)(*l‘(')1‘(‘ the a.(l\'ent of('o1111)11te1's. Howe\'e1'. with the aL(l\'(‘Ilt of low

Cost (~o1npute1.tion 1112111)" of these (‘ql1&Lll()llS are 5(,)l\'L‘(l n11i11e1'i('2Lll_\'. It \'v-as found that

no11linea.r systenis often exhibit su1'p1'ising l_)el1a\'io1‘s. (l1‘asti(-a.ll}' difl'e1'e1it froni those

of their app1'oxi1natel_\' linem" ('ounte1'pa.1'ts.

As of now, nonlinear (l)'ll2illll('S is an inter(liscipli1iar}' at1‘e,e1 of resear('li that (lenls

with phenoinenon like inultistability [1. 2. 3], pat.ter11 f01'n1;1.tion [4] and (jrhaos  7,

8. 9. 10]. l\h1('h of the fintlings in this area. liave (-o11t1'il)11te(l to our u11(le1‘steu1(li11g of

11-a.t,111‘e. and also in the a(lV"r11l(‘(’.lll(,‘llt of teelinology.

1.1 Chaos

I11 Englisli la.11gt1-age. the word (‘lmos is 1lS(‘(l to (les('1‘il)e a. situation whit-l1 is unpre

(lictahle or i1'1'eg'11lz1.1' In nonline-(11' <l_\'n21n1i(-s. ('ll‘:l0S refers to the ('()lllpl(‘X evolntioii
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of :1. d<—‘te1'111i11isti(~ :-;_\'stv111. whi('l1 is l1igl1l_\' seiisitivo to initial C-011(liti011s. A pmpci‘

1111(le1‘sta11(li11g of tl1is pl1e11o111e11011 sta.1‘te-(l with L01'o11t.7."s 0l)se1'\*ati011s of -(1. (ly11a.111i—

cal s}'ste111 (lerived f1‘0111 -(1 w(—3at.l1e1‘ 111()(lel  Ho f01111(l that the s}'ste111 is l)ou11<le(l.

ape1'i0(‘li(- and higl1l_\' su11siti\1'e to initial L-o11dit.io11s. His pa.pe1' 1'e111z1.i11e(l 1111110ticed

for a. \\'llil(‘. but a.1‘01111(1l late‘ 70's cliaos tl1o01'_\' l_)o("a.1110 an active a.1'e11. of 1'es0z11‘(*l1.

Tho 111at.l1o111a.ti_(‘a.l f1‘211l1(‘ xmrk that (le=s(~1‘il)e the tl1¢=or_\' is so versatile that it m11l(l

he applied to a v21.1'i0t_\' of 11at111'al pl1011(1111e.11011. This l1as lead to tho (,l(=velo1)111e11t

of 21 strong ii1tc1'(.liscipli1111.1'y (:0111p011e11t.. \\'l1i(‘ll i11(rl11des SC('1l1‘(‘ 001111111111i(:11.tio11 [11].

l)i0l0giCal s_\1'ste111s [1‘2. 13. 14. 15]. anti social i11tv1'a.cti(111s [16].

1.2 Chaotic dynamical systems

A (l}'11a.111i(‘al syste111 is 11 s.\'ste111 that f‘\'()l\’PS i11 ti111c. A <l.\'11z11111ic‘al s.\'st.e111 (7111 he

<letc1'111i11isti<‘ 01‘ st0('l1;1sti(' Tho E'\'()lllfl()1l of a. (lcte1'111i11istic- systein is (l9ter111i11e'(l

|1_v it past a(-(:o1'<li11g to su111(> 111211tl1e'111z1.ti('al rule 01' fo1‘11111la. A st(1(-l1asti(- 1l_\'11z1111i(-al

s;\'sto111 ovolws a(~(-o1'<li11g to s0111o 1'-a11<ln111 1>m(-oss. s11('-l1 as the rolling of 21. (lice 111' the

t0ssi11g of a coin.

The (l_\'11a.111i(-21.1 s_\'sIe111 could eitlier lw t-011ti1111o11s (l.\'11a111i(-21.1 s_vsto111 or (liS('l'L‘t0

(l\'11a111iC11.l s.\'stc111. dept-11(li11g (111 wl1etl1o1‘ time is ('011ti1111o11s or discrete. The (l_\'11a111—

i(-s i11 the plrase space is 1‘1~p1'ese11te(l l)_\' (liffc1"e11tial eq11ati011s i11 Case 0fcu11ti1111011s

s}'ste111s a.11(l (lifi'1=1'e11(~e equ-(1.tio11s i11 case of (lisr~1'ete s_\'st.e111s. Such (l_v11a111i(:s (-21.11 agaiii

be classifietl into two gmiips. Flows or 111a.p])i11gs wl1i(-l1 ('()l1S€I‘V(3S pliase space vol

iune. or (‘o11serva.ti\'e s,vste111s antl (lissipe1.t.ive s_vste111s where the phase space voliuue is

not c011served. Pl1_\'sic-al s_\'st.e111s in 1‘(1-(1.lity is 11s11-.1.ll_\' c011ti1111o11s dissipative systou1s.

‘1\Ia.ppi11gs 01' (list.-rete s_V\'st(-111s 11s11all_\' -r1.pp(‘z11' as clerivctl f1'o111 the (l_Yl1‘cl1l1l(‘S of (-011

ti11u011s syst1e111s. C'o11se1'\'a.ti\'e syste111s l1-aw l>eo11 st11(lie(l in great detail ])z1.1‘ti('ula1‘l.\'

l)0ca.11se of their ztpplit-z1ti011s i11 vt,-lostial l11€‘(‘ll‘<1lll(‘S.

We first (liscuss 11is(-ivto maps. 211111 i11t1'(1(l11('9 so111o of the basic tools 2111111 <1-o11(-opts



1'equi1‘e(1 i11 1111(le1'staL11(li11g cliaotie (i_\'llallli(7S. Latei" we i11t1'()<111ee contiiiuoils (i_\'I1el.Il1i—

cal S_\'SI€IllS aiid the a.dditio1ia.1 tools like P0i11('aire section that is 1‘equi1'e.d for stu(l_\'i11g,'

such eoiitiimous s_\'ste11is.

1.3 Mathematical representation of discrete dy

namical systems.

_\Ia.them-atit-ally. d_v1ia.inie-al systeiiis are (i9S('.1‘ii)(?d h_\' the rule that (i(‘TGl‘lllil1G.'i tl1e

evolution of the systeiii in time. That is. given the state of the systeni at time I = n.

the (L\'11a111i('al eqilutioiis gives the state of the s_\i'ste11i at time 2‘ = H + 1. Co11si(le1'

21. systeiii (lefined by the \'a.1‘i21bles .zr1..r2. ....r;,. and the p21I'aI11Et€1‘s p1.p-_;. ...p,,,. The

(l_\'11e1i11i(t-(11 S}'ST(?lll 021.11 he rep1'esente(l as

.1‘, "T1 = f1(p1.p-2. ...p,,,. .1'1,,.1'2,,....I';,.,,) (l.3.1V)

-1'-._> n—‘l = f2(1?1-l12~ ---pm--rlri-1-2::---IL-11)

.11. ,,_1 = f';..(1)l.1)-2....1),,,..1"1,,.1'g,,....1';,.,,:)

Ae('01*(li11g to the values of the para.111eters, the systeiii (‘zlll he Chaotic 01‘ periorlie. A

cha.0t.ic s_\'st.e111 usua.11_\' uu<le1‘goes a. series of period (loublings and ends up in chaos,

with the variait ion of these pa1'a111et.e1's. This t1'a11siti01i of the state of the systeiii can

be represeiitetil by 21 hifiireatioii (liagraiii. In a bifurcation (liagr-a111. specially choseii

points from the pli-Ase .~:pa('e of the att1‘a.et.01‘ is plotted against the iiistaiitziiieoiis vailiies

of -.1 \‘aI')'illg' p21.1'z1.111et(*1‘. l3if111'(-atioii points are those \"(1.i1l(‘>i of the 1).>ll‘?l1l1t’f(‘l‘ at which

there u(-(-111's -(1 q11a1ita.ti\'e ('il21i1lg(‘ in the (i_\'112l111i(‘z1.I s_\'ste1u (eg: one e\'(~le-two e\'('le
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or perioclic to ape1'io(lie 111111 cliziotitf). Thus the periodic a.11<l (-l1a.oti(- hel1a.\'io1‘ (1111

he <listi11g11isl1e(l from the way the points are <list.1'ibutc(l iii the hif111‘c-a.tio11 (,li21g1‘a111.

A110tl1e1‘ tool that is l1S(,‘(l in the visual cl1a.1‘acte1‘iza.tio11 of (liscrete (l\'11a111i(‘e1l s_\'ste111s

is the 1'etu1‘11 map. I11 21. 1'etu1'11 111-ap. the (/1+ 1)"’ value of a va1'ia.l)le is plotted a.ga.i11st

tl1e 11"’ \-'a.lue of the pu.1'21111et.e1‘. If the slope of such a. map is grezitei‘ than 1. the 111ap

is (‘l1-uotic. These itleus will be (le111o11st1'ate(l iii the case of tlie logistic 111111).

1 .4 Logistic map

The logistie 111a.p [17] is one of the wi<lel_\' studiecl discrete s_\'ste111 i11 cliaos tl1eo1‘_\'. It

is z1.si111ple s_\'st.e111 that (lisplay ahuost ull feat.111‘es that is unique to 11 cliuotie s_\v'ste111.

‘The equatioii for the logist.ic~ 11121.}; is giveii by the equzitioii,

-"1141 = .f(-1.11)
wl1e1'e.

_f(.1',,) 2 /I.1',,(1 — .1',,) (1.132)

The (l_\'11z1111ics is one (li111e11si011-.11. with 11 siiigle l)if11rea.tio11 pe1.1'a.111ete1' 11. The fu11(¢ti011

f(.1r) 1'ep1'ese11t.s a o11e—l1u1111) 111e1p iii the i11te1'val zero a.11(l one. The l)if111'ea.tio11 dia.g1'a111

i11 figure 1.1 shows the t1‘a.11sitio11 f1‘o111 a fixed poi11t to periodic cyvles a.11(l fi11a.ll_\' to

('l1a.0s 111 a logistic map. The 1‘et.u1'11 map is shown i11 figure 1.2. It (-2111 he see11 that

it is siiuilar to the fuuctioii f(.r) which (l€l'€.l‘I1llIl€S its (ly11a111ics. The bif11r(:a.t.i()11

tiiagmiiis z111<l 1'etu1'11 111-aps are also useful iii the stiuly of co11ti11uo11s s_vst.e111s.

1.4.1 Chaos in continuous dynamical systems

The rl_\'11a.111i(:al s_\'ste111s i11 which time is ('o11ti11uo11s is called 21 c-o11ti11uo11s syste111.

.Su<:h S)'SICll1S are 11s11all_\' 1‘ep1'ese11te(l by -(1. set of coupled (liffe1'e11tia.l eq11-.1t.io11s. As iii

the ease of (list-1‘ete s_\'ste111s. the \';11'ial1les denote the state of the s_\'ste111 iii the phase
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Figulm 1.1: The hifu1'(‘aMti0n (liztgnull of a logistic Inap.
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space and the 11-atiire of the (i_\'1121.111i('s is (lete1‘111i11ed by the ])a1‘z1.I11(_'te1‘s. I11 geiieral, a.

(:o11ti1111011s <_l_\'11a.111i("a.l s_\‘ste111 ("(1.11 be 1‘ep1'ese11te<1 by tl1e follmviiig set of equations.

.1‘1 = _f1(p1.p-_;. ...p,,,..1'1. .1=_;. ....1'1.) (14.3)

.193 = f2(p1.p-__>. ...p,,,. .1'1..1'-_>. ....1'1.)

.17.. = fl.-(1)1 . pg, ...p,,,..1'1..1'-_;. ....1';,,).

wliere the (lots 1‘ep1‘ese11ts time (Ie1'i\'a1ti\'es.

No11li11ea1' c-011ple1l difl'e1'e11tia1 eqii-a,tio11s Cd.I1 be (-l1*.1<1ti(' i11 ee1'tz1i11 1‘egio11s of the

p-(u'a111e.te1' spat-e. Tlie pa1‘a111eto1's i11 tl1is equatioiis. if \'a1‘ie11. the s_\'ste111 exhibits

both ('h21.(')Ii(‘ 211111 pe1'i0di(- be11a.\'i01‘. A 1'etu1'11 11121.1) (2111 be Ui)t211ill(‘(i f1'0111 the 111axi111a1

of the time series. This is by pl0tti11g the (/1 + 1)"’ 111z1xi111z1 eigaiiist the 11"‘ 111z1xi111a..

Such 11 1'etu1"11 111-ap can be used to st11d.\' the (l.\'11z1.111i('e1l fe2I.tl11‘0s of the s_\'ste111: like

the absoiu-e of 11. stable periodic be.ha.vi(>1‘. Also -(1. well <iefi11e<I 1‘et111'11 map 111e-(ms tliat

the s\'ste111 (-1111 a.(-t11al1_\' be 1'e(h1<:e(l to a. 011e (ii111e11si011z11l (l_\'11a111ical s_\«'ste111. The

1‘ed11ct.i011 of a. rly11a,111ica.l s_vste111 rep1'ese11ted by (roupled (i‘\'lld-IlliC¢‘:1l €l’]l13.ti()llS to 2111

equivalelit one (li111e11si011al s_Vst.e111 is diS(.'11Sse(1 in [18].

1.5 The Lorenz system

A well k110\\-'11 exemiple of a C-011ti1111ous cl1a0t.i(- syste.111 is the Lorenz syst.e111  It

is 21 t1‘11ll(’df(‘(i \‘e1‘si011 of the Ra_\'leigl1-Be112L1‘(I 1110de1 of (~o11\'ectio11 of heat through

fluids. This s_\'ste111 wzis studied by L01*e11z. and is tl1e fil'ST ex-a111ple. of -(1. (-011ti1111011s

(l‘\'11;1‘111i(--(1.1 s_\'ste111 sliowiiig C'h2L0ti(' be11a\'ior. The rl_\'11e1.111i(--(11 (‘([1laIi0IlS for the L01‘e11z
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40

x °  T 0 V
Figure 1.3: Phase space of 21. Lon-.117, atti'a(-tor.

s_\'stem is given by.

.1” = a(_i/—.1‘) (.l.5.1)

.1) = I(/) - 2) - .11

= ry — .3:

The t,\'pical values of the para11iet.e1's for (‘ll‘cl0S are: (7 = 10. p = 28 and :3 = 8/ 3.

The pliase space t.1'aje(:to1‘_V of the svst-e111 is given i11 figure 1.3. The system shows

(:11-(ioti(: as well as [)E‘.l‘l0(liC l')el1ewio1' as the parameters are varietl. The bif11rca.tio11

rliagraiii obta.ine<l by varyiiig /) is given in figure 1.4. The 1*et.u1'11 map of the lorenz

a.t.t1‘-actor is well defined and with a slope g1'ente1' than 1, and was in fact. used by

Lo1'e117. as a proof that the time series of this system is (‘ll&i()tl(f. Figure 1.5 shows the

retlirn llldl) of the L01'e11'/. systeiii.
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Fig1l1'(‘ 1.1: The bifu1'(-a,ti011 (Ii-a.g'1‘zL111 of 21 L()1‘P11Z s_\'st.e111.
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AE‘r— —- -— # - # ‘i V|  JI‘ .=' "(U ‘ / \ l.E /§ /'\5 ,/ \1’: 33' / \\+ \‘E _/ \\I/' -. \
fir3c|_ -._ _ _ ._ _ _30 32 34 38

'53‘m maxima

F igurc 1.5: The return map of a Lorenz s_\'ste111. The 111axi111a s were obta.ine<l from
the tilne series of the variable 2 of the s_\'ste111.
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Figure 1.6: The sc-lioiiiatic diag1'a.111 of 21 I’oi1|('a1'L‘ S(3(TtiO11.

1.6 Poincare sections

We liave seen in equation 1.12.2 that at cl_\'11a111i('-(1.1 .s'_\'.s't9111 (-21.11 be multi di111e11sioua.l.

and (*ha0tic I)el1a\*i01‘ is possible only i11 spaces with at least. three (liiiieiisions. But

iiiaiiy of the quaiititios that (-l1a.ra(-te1‘i7,e chaotic beliavior in at Systelll can be 0l)t2Li11e(l

by studying the (lyiiaiiiics in a lower (i1lI1€IlSi()Il‘cL] S])d('6‘. A syst,e11ia.ti(* vva_\' of doing

this is by Colistnlctiiig a P011l(‘H.l‘L‘ sectioii. I11 (-011st1'11cti11g zt Poincare sectioli we

('011si(le1‘ a siibspace of (iiIl1(‘I1Si(JIl ll — 1 in an n (iiIll&’IlSi()Ila.i space. For exainple. 21

two (iill1(‘11S1()I1'rll plane (leiiliod in the phase .s‘1)d.('t* of a tlireo (lilnolisiolml atti‘-actor

is a P0i11(-a1'c sectioii. The 111<>tl1o<l ofc011st1'11('ti1ig P()11l('zl1'[‘ sv('ti011.~; is ill11st1‘z1.te<1 in
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figure 1.6. The phase space trajectories that passes through the section is recorded.

But a constraint imposed: the em*0u.'n.ter.9 of the t7'a._]ecto1'y only in one d'irect-i071. is

(.'()'rl.$"i(I'€'I'(3(f. Let P1. P2....P,, be N such points recorded in such an evolution. For a

point PL. there will be coordinates p1 and pg associated with it. Typically. a mapping

of the form.

f)yln—~l : .f-|(p:l::‘pf7:)
:U‘I2n+-1 = pizn.)

can also be defined. This Cali be used for several purposes including t.he ca.l(7ula.t.io11

of l1l\-"d.1'laIlt pa.rznneters of the d‘\’11a.1ni(-s.

1.7 Power spectrum

Fourier methods in which a. signal in ti111e doinuin f _f(f) is represented in the fre

q11ene_\' domain ax. f(_u.=). is \videl\' used in all branelies of science. The power spetrtruin

of H times series gives the distribution of the power as -.1 function of the component

frequencies. For at periodic sequen('e. or a regul2n' time series. it consists of finite 1n1n1—

ber of frequene_\' components in a. giveii f1‘(‘([ll6'1l(‘}' miige. But the power spectrum

of an irregular‘ time series will contain an infinite number of frequent-ies. The power

spectrum is widely used as a. first test for (-lmotie lielmxior. Due to the irregular

na.ture of the dynaniics. the power speetrnin of a eh-a.oti(~ time series will be broad.

Uslieilly tliere (tan be significantlv liigli power distributions (-orrespo11(li11,9,' to some

frequencies. This corresponds to the elia.ractlerist.ie frequencies of the system. Figure

1.7 shows the time series and power spectrum of A Lorenz system with p = 150.35.

where it is periodic. It Call be seen that the majorit._\' of power is distributed within

a few frequencies. In figure 1.8, the time series of a ('l1z1,0’riC Lorenz systeln and its

power spectrum is giveii. The broad power speetruni is 21 sigimtnre of eliaotie believ

ior. However. (-11-aotie beliavior ea.n onl_\' be confirmed after (‘alt-11la,ti11g the L‘\'-apu11o\'
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Figure 1.8: The time series anti power s].)o(rtr11111 of a chaotic Lorenz s_vste111.



exponents.

1 .8 Lyapunov exponents

The most iinportant feature of cliaotie d.\'n-ainics is its .s‘£’Il,SI'fI'l’I'f‘1/ to initial (:(mdi.tir)71is.

Trajectories that start with small differences in the initial conditions diverge expo

11entia.ll_\'. Matlieiii-atieally. the divergenee of t1‘:‘..ject.o1‘ies (see figure 1.9) of two flows

which differ in the initial conditions by an amount AX, which (‘an be written as.

'_\X(f) = AX(0) e\'p(/\t) (1.8.1)

where ,\ is the L_\'-apunov exponent which deterinines how fast the separation between

two such tr-a_je(~tories (~o1ive1‘ge or diverge. One can ca.l(-ulate the rate of e_\ponentia.l

(li\'(‘1‘g(‘11('('()1‘ the L\'a[)1111o\‘ exporients from this equation. but not used in p1'a('ti(-0 be

cause of two reasoiis. One is that here /\ depends on the initial conditions and another

reason is that the a.i'bit1'aril‘\' chosen tra.jeet.ories in-av not belong to the attractor.

Lya.p11nov exponents as an invariant rneasure of the tlivergeiice of an attractor

are obtained by the Wolf's a.lgoritlnn [19]. There the (liverg‘e11ce is calculated by the

evolution of a linearize(l s_vst.e1n corresponding to an ac-t,ua.l systein. The error vectors

tli-at evolves act-ording to the linearized (ly\'llaII1i(Tal equations undergo st1'et('l1i1ig and

folding in cha.ot,i(: How The rate of divergence is calculated as the ratio of initial and

final norms. The error ve(-tors are nornialized after the ca.l(:ul-at,ion of the norm. The

process repeats and the L_vap11nov exponents are obtained by dividing the average

rate of <liverge11('e by the tiine of evolution. This method can be extended to dela_v

(lif‘l'e1'e11ti-all equations by approxirnating them to finite (liniensional maps [20]. Dela)’

differential equations arise if the (l\'1lHllll('S involves a delay feetll)-a('l<.
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1.9 Attractors and dimensions

A (l\'11a.111ieal .s:yst.e111 starts its e\'ol11tio11 iii the pliase space with 501110 i11itial (-011

tlitions. I11 most of the e-(mes tl1e initial (~o11ditio11s 111a_\' 11ot be 011 the pliase space

t1'aje(:to1'_\' 011 to wl1i('h a :s_\'ste111 would eve11tua.ll_\v' settle (lown. .‘—\.s'_\’111ptoti(-a.ll_\'. tl1e

t1'a._ie<~to1‘ies are dfT1"ri('lP(l" to a l)o1111(le<l 1'egio11 i11 ])llHS(’ .~:pa.('e. <-alletl att1'a('to1‘.s'.

\\'lll('ll are of lower (li111e11.sio11 wl1i(-h is a. subset of the 1111-ase spat-e.

:'\tt1‘21.('t()1‘.s‘ i11 tl1e pliase space are asso(riat.etl with a eha1‘aete1'isti(- (li111e11si011. This

is (l(-‘fill(‘(l a.(-(-o1‘(li11g to tl1e rle11sit,_\' (list1‘ib11tio11 of the points iii the phase space that

a (‘ll210El(‘ t1‘a.je(-t.o1"_\' visit.s. Two i111po1't.a.11t. di111e11si011s tl1at are used i11 cliaos tl1eo1*_\'

are the ca.p(1(:1'fy (1'i7lI(?7I5'i()7I. and (f()'I‘7'€](lH01I (1i7n.e7z.s*in71 [(1 7. 8. 9. 10]. The (:apa('it‘\'

(li111e11si011 is 1‘ela.te(l to tl1e S(“r1llllg properties of the a.t.t1'a.(-to1'. or the way tl1e att1'a.(-to1‘

fill tl1e pliase space. The eo1‘1‘elatio11 (li111e11sio11 is related to the local i11l1o111oge11eit_\'

of tlie a.tt1‘a.(:to1'. tl1at is tl1e f1‘t‘(]1l(,’I1('_\' of tlie visits of the t1'ajeeto1'_\' to 21 1'egio11 i11

pl1a.se. .s'pa.ee.

A fixed point i11 pliase .s'pa.(~e is a zero di111e11sio11al att1'a('to1'. A [)(-‘1‘lU(ll(' li111it

('_\'('le 11a.\'e (llI11E‘IlSl01l o11e and for a q11a.s'ipe1'iodi(' torus ha\'i11g two f1'eque11('ies l1a.\'e

the (li111e11.~:io11 two. Att1'a(-tors 1'es11lti11g from (-l1aoti(- time e\'ol11tio11 possess 11011

i11tege1' <li111e11sio11 a.11rl are (‘dll(’(,l st1'a.11ge att1'a(:to1's. This (-0111es from the fact tl1at

tl1e systein does 11ot visit e\'e1‘_\' 1'egio11 of the pliase space. The 1'egi011s that (tome

1111tle1‘ the sp-.111 of the pliase space varies i11 f1‘eq11e11e\' of the t1'ajecto1‘y visits iii an

i1‘1‘egula1' but :1. systeiliatie way. Howevei‘, ee1‘ta.i11 11011 chaotic att1‘acto1‘s (-2111 also be

straiige [21].

1.10 Routes to chaos

The 1‘o11tes to cliaos are 11311-alll\t' 1'efe1‘1'e(l to the sequeiiee of i11te1'111e(li-at-e states when

a s_\'.s'te111 t1‘a.11.sfo1'111s f1'o111 one of the stable states to a eliaotie state 1111(le1‘ pa1'a111ete1‘

\'a1'iz1.tio11. _\lost ('()111111(111 1'o11te is the period tlo11l)li11g route. The period of the
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oseilla.t.ions doubles as the paraiiietei‘ is \’dl‘it'(l and it undergoes a succession of Sll('ll

period (loublings and it rea.('hes a state where the period is infinite. that is a chaotic

state. Another route is the breakiiig of a qi1asipe1'iodic torus in phase space. In

some systeiiis. tl1e transition to Chaos is preeetletl by short ir1'egul-ar interruptions in

the periotlie beh-a\'ior Sueh a t1'ansitio11 to ('ll'c1()S from a stable state is eallerl the

il1t(‘1‘lI1ittL‘I1('}' route. In atldition to this. there are other routes. but is uneonnnon. In

figure 1.10 a s('he1nati(- representa.t.io11 of the main routes to ehaos are shown.

1.11 Unstable periodic orbits

In the p1‘e\'ious set-tion we l1a.\v'e seen that the transition to the (-haotie state involve

a sequence of ])E‘1_'iO(li(' states. A systeiii in the (-haotie state can still have periodic

orbits that are l1i(l(l(‘ll in irregularities. Let.

.1-"1, = f(.;-,,) (1.11.1)
be a (liS(,'1't‘f(-? in-ap. Consitler .r“ such tli-at f(.r*) = .r tha.t is a point that get 1na.ppe(l

to itself. Such a point represents a. periotlie ost-ill-at ion of the s_\'steni. One ean at.-tuall_\'

c:al(-ul-ate periotlie orbits by solving the equation.

f(.r‘) — .1" = 0. (1.112)
The orbit ('o1'respon(ling to .r* Ina)’ be stable or unstable at-(-ording to the (le1'ivat.ive

of f(.r) evaluated at .r*

< 1 stable
(Ir (1.11.3)

> 1 unstable.

I11 the c-haotic regiine. all the p(‘.I‘i()(li(I orbits are unstable. The s_\'ste1n continues in

a periodic orbit if the initial ('0Il('llti01lS are on a periotlie orbit and if no external

pe1'turba.tions ()(‘('lll‘. But this is not possible a.lwa_\'s due to the limited precision of

the (~o1nputing tle\'i(~e. In an actual 1)h_\'si('al s_\'sten1. small perturbations or noise
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211wz1\'s ai'fc('t tho (1_\'11z11ni('s and it is (liffimilr if not inipossihlv to Inaintain -(1. tot,all_\'

o1'1'o1' free (l_\'1n11ni(‘s i11 rea1lit_\'.

L'11s‘r-able pe1‘iorli(- o1'i>its(UPOs) are highly sig11ifi('a11t i11 (letei'n1ining the 1121.t111'e

of the cl1;1.oti(- <l_\'na.n1i(rs oc-c-111'1'i11g iii a. sg\'ste111. .\~[an\' iIl\"'(l1‘iaIlT pa.1'z11net01's of a (‘liaotic

h‘_\'STL‘ll1 (-2111 he cxt.1'a(‘tod from UPOs [22]. I11 z1d(1itio11 to this. sta.l)ili'/,a.tio11 of 21. UPO

("(111 also silppress ('ilH()fi(‘ hel1z1\'io1‘ [23] with 11 (lei-(1‘\'cd food i)z1('k. Also this is one of

the most wid(=l.\' used lnethods to control ('ha.os in a1 \'a11'iety of S}'St(‘Illb‘.

1.12 Synchronization of Chaos

S}'l1("il1'(.)11iZe1ti()I1[2 1] in p11_Vsir-al s_\'sten1s has beeli known for three (-ent1n'i9s. Christian

H11_\'ge11s i11 1665 noted that two clocks 11-aiigiiig froin the same support iCa(iS.t10

the syn(tl11'o11i'/.atio11 of their p<*11(l11l111ns. S_\'I1('l11‘()11iZz1fi011. in one form or anotvlier is

presviit in 11111.11)‘ of e11gi11ee1'i1ig and ph_\'si('z1l prohlenis [11. 26. '27. 25. 21].

It so11n(ls i11('1‘(‘diblo tl1-at (-ln1ot,i(- s_\'ston1s. whi('h ovolvo 1111p1'o(1i(:t‘.1hl_\' and i1‘1‘og11

h1.1'l.\' can be s.\'11(-h1*o11iz<*<1. How<=\'e1'. Y21.I1121(id.dl1(i F1ljiS'r1i(21.;25] and Pec-o1‘-(1. and C'a.i‘ol

:26. 27] he1\'o sho\\'11 that this is possible. S,\'1i(-l11'onizz1.rion of (‘h21.()ti(.' s\'stC111s is now

one of the liottest. a1.1'e-as of 1'esez11'('11 i11 pliysics and i11 otln,-1‘ fields. It finds direct

21pplic-ation i11 rliaotic 011c1‘_\*ptio11—}msotl ('1‘_\'ptog1'z1pliic S('il(‘lIl6’S. which is witlely iised

in so('111'e ('()lllllllllliffaitiolli11]. Apzirt from ten-l111ologi(-ail 'cL[)])ii(’iLti()1lS. sy11(:111‘o11iz21tio11

is one of the liiglily Sll(‘CeSSf11i atteiiipt to undc1'sta.nd org-¢1.nized hCil2WiO1' in nz1t1n'e

[21].

1.12.1 Coupling schemes

The most (ronnnon method used for s\'11cl11'o11ization is to couple two s11(:l1 (‘I1-aotic

s\'ste1ns. The (..-oilpling can be 1111i(li1‘ectio11al or bi(li1'ec-tio11al. In a 1111i(1i1'e(~tio11-(1.1 (-011

pling. one of the systeiils is left to evolve (111 its own 21,1111 the (l_\'11a.n1i('s of the other

is lIl()(iifiE’(i so as to a('l1ie\'e syi1(%h1'o11ization. I11 hi(ii1‘o(-tio1n1ll_\' (-o11plo(l s_\'ste1ns. tho
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Figure 1.12: (a,)bidi1'e('tional coupling. (1)) 1111idiroCti01ml (-onpling.

lmlhlal (-oupling Illodifit-s the (1)'ll?I1I1iCS of both of the s_\'ste111:~; so as to 111ai11t.2Li11 syn

(r11ro11y. In fig. 1.12 u11idi1‘e.(-t,io11al and bidirecti0na.l coupling s(.-11011105 are ill11st,1‘a‘re<l.

.\1Ia.tl1c111a.t.icall_v such coupling can be expressed as.

f(X) + C<I>_,,y(X.Y) (1.1‘2.1)
f(Y) + C<I>,J‘,(X. Y)Y =

wl1e1"eX = (11 .I’2....I',,)T Y = (g, .4/x_;...y,,)T and <I>(X.  = (c;,(.1'. ,4/A) (,/)2(.1',y)...r,.).,,(J'. _1/))"

are the \'c(-tors -(mud the (-mlpling fllnctions that <lofi11e tho (—>\'uluti<>n. The (-oupling

fu11(‘ti011s can be 21.11)’ fun(-tion of thv phase space \'a.1'ia1)los. The Il1(‘T]l()(l that is luost



(-0u1111011lt\' used for s_\'11c111'0i1iza.ti011 is a (lii'f11si\'e couplilig. where the coupling fu11(-‘

tion is si111pl_\' the differelic-e between any of the two similar variables of the coilpled

systeiii. The final 111at1ie1nat.i(:a.l form of such a. (.?OllplL‘(l e\'olut.i011 can be.

.I:]

.1 :2

1/1

!/2

L1‘...

yi

f1(])1.p-2. ...p,,,. .l'1..l’-_;....I';‘.)

f-2(_])1. P2. ...[),,, . .I'1. .I'-_g....l'k)

fm(I)l - p2~ ---pm~ ~l'l - «F2----Iii‘) + C.l'._l](il/H1 " Jim)

fA.(p1.pg. ...p,,,..1'1..1'2....1';,)

fl (In-1)-_>. ---[)m- 111- .r/-_»...4/A-)

f2(]), . pg. ...p,,,. ,1/1. _q2...gt.)

_f.m(pl - [".Z- -~-pun .‘/l-  + (‘_lj..l'(:'l.lH — .‘/In)

fA:(P1~P2~,---1):"-!/1-.U2---.1/Ir)

(1.12.-2)

hero. c_,__,, and (‘W are app1'op1'ia.t.eIy chosen coupling stroiigtlis. In a uniclirect.i011al

(-oiipling scheme. either (-M, 01' r_,,,_, is zero. One of the main advantages of this type

of diffusive milpliiig is that. the (i_\'ll?Lllli(‘S of the C()llpiC(i s_\'.s'te111s are affected only

zu-(-o1'(li11g to its deviatioli from s_\'11(~lm)11_\’. I11 a [)(-‘l‘f(‘('Tl_\' syiit-111‘o11ized state. the

po1't1u'bzLtious \"r,1-IliSil. \V'e 111z1.inl_\' fouls‘ on this Colipliiig H('i1(,’ll1£‘. in the present tliesis.
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1.13 Types of synchronization

The 1121t.111‘e of the s.v11cl11'011i7.ati011 l)ct.wec11 two c011ple1l .s'}=st0111s (l(-‘])E‘.ll(lS 011 va1‘io11s

(.l_\'111«1111i(:a.l aspec-ts. The most i111po1‘ta11t 21.19: the extent to which the systeiiis are

i1lo11ti('21.l 11.1111 the (-<)11pli11g st1‘e11gtl1.

1.13.1 Perfect or Exact synchronization

Co11.s'icle1' two (:l1a.ot.i(‘ systeiiis rep1‘ese11to1l by X(f) 11.1111 Y(f). which are coupled 111

any of the I-011pIi11g 501191119. If  Xftl  |—~ 0 N f —> 3c. the .~'_\'11('l11'1)11izati011

is said to be Exact. S_v11cl11‘011izat.io11 01' Pe1'fe('t S\'11('l11‘o11iza.t1011. The st-a.bilit.‘\' of

s11('l1 21. s_\1'11(-.l11‘011iz0(l .st;1t(-. is (lct.e1‘111i11e<l by T1':111s\'c1'se L_\';1p11110v Expoiielits (TLE)

i11t1'0(l11ce(l by P9('()1‘z1 zl.11(l Cam] [28]. T1'z1.11s\'<)1'se Ly;1.p1111()\= expoiieiits are Ly-r1.p1111(.>\'

(_‘.‘\'[)(,)110llfH iii the (li1'(--(rtioii 1101'111al to the sy11c'l11'011izz1tio11 II1zt11if0l(l  = Y(_I) ['28].

1.13.2 Phase and Lag synchronization

Dvfi11i11g 11 111111.50 for ('l1a()ll(‘ 0s(‘rilla1ti011s is not as straigl1tfo1‘\\.'a1'(l as i11 1'Pgl1lz11‘ 0s('il—

latiolis. H0w(,'\'o1‘. 11.s'i11g Hilbert t1‘z1I1Sf()1‘111. tho plmso of Clld.()ti(' ()H('illz1.li()l1s can be

(l<*ri\'e<l f1‘0111 :1 giveii time series. A weak <=11t1'a1.i11111o11t betwee-11 two c011ple(l ('11-(1oti('

s_\'ste111 111'r1._\' 102111 to their pliase (liffe1‘(*11(‘e to be with 111 11 51111111. well (l0fi11e<l c011sta11t..

Such -.1 pl1v110111e11o11 is 1'-(1lled Phase S_v11(-l11'011izati011 [29]. It 11311-(1ll_\' l1-(ippens if the

('O1l})llIlg Ht.1'o11gt.l1 is low 01' the systeiiis are not i(l€,‘l1ti('eLl, 917011 if ('o11pli11g st.1'e11gt.l1

is a.pp1'e(~i;1I1le. Co11ple-11 11o11i(lc11ti(*z1.l cliaotic 0scilla.to1's with high <1-o11pli11g streiigtli

leads to Lug Sy11cl11'011iz-(1ti011. Lag S_\'ll(.'l1l‘OIllZiltvl()ll 1'ef01's to the (".159 wlicre tho syn

cl11‘011izati011 0Cc111‘ with :1 time lag betweoii the two s_\'st(=111s [30].

1.13.3 Generalized Synchronization

In some .x'it1121.ti011.s'. oven th011gh the bcl1a\'io1' 01' the t-mlplotl s_vste111.s' are not l(lPllfl(,'al.

-.1 f1111(~ti011-al l‘(‘lflll()IlHlll]) (71111 be 1-st-.1l)lisl1e<l botwveli tl1e*111. 8111-11 11 pl1(*11()111e11011 is
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Figilro 1.13: S(-l1<,~niati(- tliagmiii of -at se('111'c (~01111111111i(-a.tio11 sctl1e1ue.

(-all(‘<l G(,‘I16‘l‘aillZ(‘(l S\'11(-l11‘0nizz1.tion 531].

1.14 Secure communication using Chaos

(‘o11si<l01' two ('ll‘cl(Jfl(' s_\'st<,‘111s C] and ('3 \\'ll()>f(‘()1lf})lllS art‘ r-1(f) 2Ll1(l ('-2(t) 1'esp(,'(-ti\'ol_\'

and are sym-liroiiizod to (1110 H ('-oupliiig. Let S be the so111'(-v which pro<lu(t-0 the sigiial

s(t‘) that l1-as to he (-01111111111i(:ate(l. The signal is lIllX6(l with the cl1a0t.i(- ()s('ill21ti011s

in low a.1nplit11rl(-s atmil is t1'e1.11s111itte(l tlirougli tho (-01111111111i(rati011 C11-3.111101. At. the

rec-civiiig end. (--3(f) is :a'lll)tl"(L('f9(l from the l1l(‘()IlllI1g sigiial which gives s(f) + (-;(f) —

c-3(t). In an i(loall_\' s_\'11(*l11'onizcd (‘else rm‘) = (‘-2(T). ai1(l tho sigiial is 1'et1'icve(l with

high fitlelity. Due to the fact that the pal‘-a111(3te1' values of the c-l1a.oti(r s_vst,e111s used

for e11(:1‘_\'pt.i011 is kept societ. an (3m'es(l1‘0pp('1' is u11a.|)l<= to sy11(:l11‘011ize his systeiii

with the t1'a.11smitte1‘ and will Iiever got the t1‘a.nsu1itt.etl <1-ata. with dill)‘ reasollable

ficlelity. Thus ('11-a0ti(~ 011(‘r_\'pti011 ("(1.11 p1'o\'i(lc 1'e;1s011zil)le sc('111‘it,v 11e0(le(l for data

t1'ans111issi011s in 1'ea1it_\'. N0\\-'. is this 111otl10<l vent pe1'(-out svt-uro ‘.7 The aiiswei" is 110.

But that is equ21ll_\' true with all ('1'_\'pt<)g1'apl1i(- s(-l1en1<=s.
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T11o11gl1 (*11a.otic e11c1'_\'pt.io11s s(:11e111es are <1e111o11st1‘at011 s11c-(*essf11l1.\'. both 111111191‘

i(:21ll_\' -(11111 expe1'i111e11ta1ll_\'. it is still far a.wa._\= f1'o111 lieiug i111ple111c11te(1 co111111e1'cia.lly.

One of the 11111111 1'ez1so11s is t.l1c se11siti\‘it_v of a. (-lmotic state to oxto1'11a1 pe1't,111‘1)a.tio11s.

Sig11-.11 wl1i(-11 is t.1‘21.11s111itte(1 t.l11'o11g11 21 (‘01111111111i('atio11 c-11z1.1111e1 is -.1.f1"e(rt.e1l by noise

1)(‘f(,)1‘(’ it 1'ez1cl1es the 1'e(-eivi11g end. Also the p-(11'a.111ete1's of the .s'_\‘sto111 (-21.11 c11a.11ge

co11.«:'111e1'z111l_\' a(*<*o1‘(1i11g to the (-11e1.11ges iii the o11\'i1'o11111e11t. This 11111111-1‘ 11111t11al para

111eto1‘ 111i.~111121.tC11es that (1-a111z1.g(‘ s}'11ctl11'o11iza1.t.io11. T111155‘ the p1'11(-ti1:z1.1 i111])le111e11’ra.t.i()11

of 1:11-aotic em-1'_Vptio11 based C1‘_\'[)tog1'a.p11i(' s(%l1e111vs 1'eq11i1'e 11121.11)‘ of those iss11es to be

a.<1c11'ess1>r1.

1.15 Conclusion

We 11-ave i11t1"o<111(-911 t-he 1)z1si(: coiicepts 1'oga1'(1i11g (-11-nos 1llO()1'_\' and s}'11(‘l11'o11i7.ati()11

of ('l121()Ii(' S_\'bTf(‘lllS. Also we l1e1\'e (1isc11sse<1 the 1111511‘ ('o111p11tatio11a1l tools tl1-(it. 11.10

11.s'1=<1 in ('1ldOS t110o1'_v.
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Chapter 2

Randomness in synchronization
and chaos

2.1 Introduction

C'1111o.~t 111111 .\‘)'11('11l'()111ZtlI1011 11111 two \\'(,‘11 1111(1(>1'.s'too11 11otio11s in 1101111110211" (1.\'11z1111i(-.~:.

1111t the t(*1'111 1'-.111<1o11111c.s's is 11 11111011 111019 gc11e1'-al 11otio11 z1.11<1 its 111t(‘1‘1)1'(,‘f2Ll10I1 (-1111

111' z11111)ig11o11s. 111 this ('11z1pt(11'. \\'o i11t1'o(1u(-0 the (-o11('(‘1)t of 1'z111(1o11111css that we 1121.\'c

115011 111 the p1"vs('11t wo1'k. “'11 first i11t1‘0<111C0 noise. 1.0. we (1i.<c11.~‘s two of the luost

fz1111i1iz1.1' kind of 11oi.~'e-.~: 21l1(1 111301135 how t11e_\‘ are ('121ssifie11 -(11111 1‘<*p1'e.x'(.*11t0(1. T11e11

\V(‘ 111t.1‘o(111(-17* tho (-o11(-ept of 1'a11(1o11111(-!s.’s' as a. va.1'iz111t of the (-o11(-cpl" of noise. 111

;1r1<1itio11 to this. we also give 11 hriof i11tro(111('tio11 of the <1\'11a111i('a.1 s}'st0111.~; that M1

1121111 CIl1])1Q\'P(1 111 0111‘ st11(1ies.

2.2 White and coloured noise

Noise in 211.-t11z1.1 (1_\'11;1111i(-111 .s‘_\'h'1t’Ill.'~i ()1'1g1l12110S as tho 1'es111t of 501111‘ p11_\'si('-(11 1)1'(1(-(15593.

1701' v.\'a11111p1e. Ihv 11l(‘1‘lll&11 110130 \\'hi('h ()1'1g1Il1it(‘S 11>: the 1'v.\'111l of tho e1git11tio11 of the
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Figure 2.1: The time s(*1‘i¢=.~.' ‘r1-Il(l f1‘0q11e11(~\' .\'1)C('Tl'lllll of whitv iioiso.

Cll':i1'g(‘ (';11'1'ie1‘.s in a (‘()l1rlll('i()1'. 011 the lmsis of tho f<n1ric1' S])C('f1‘11ll1. 11ui.s'e is Cla.s'sifie(l

IIl&Li1ll_\v' into two (~;1t(-3g’()1‘ic.s': the white imise 2lll(l tlie (-olou1'ed noise.

2.2.1 White noise

If the aiiiplituiles of all the fl‘(‘qll(.'1l('_\' coiiipoiieiits of a Il0iS(,’ are uiiifumi. it is ('&l.llL‘(,l

white Iioise. In fig 2.1 the timv series aml the })0W(’l‘ sp(>('t1'111n of 21‘ white noise sourt-e

-(lie Sll()\\'1l. It (mi he sovii tl1-at all Ihv (’()ll1])OI1F'lliS llt1.\'L‘ i<le11ti('al eiiiiplitmlvs aiitl

the fli1(-timtioiis almiit Z(‘1'() '<lil‘(‘ f1‘('(111v11t Also no t_\'pi('21l fl'(‘ll(l ("(1.11 lw fmiml in tliose
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Figiire 2.2: The time series a.11(l f1'eq11eii(~y h'])(‘('fl‘1llll of ('olo111'ed noise.

fl1i(-t.11a.tio1is.

2.2.2 Coloured noise

The most fdlllilidl‘ fonu of (-oloiired noise reseinbles the time series of a raiidoin walk.

Figure 2.2 shows the tiiueseries and the power spec-t1‘1n11 of a colored noise source. It

(mi be seen that the time series is i1‘1'eg11l-at and the power S[)(‘.(‘tl‘11lI1 is iiilioiuogeneous

with i'elativel_v high ‘«Llllp1il'-1l(1(-_‘S for the lower f1‘eq11e1i(‘ies. Time series of the c~olo1'e(1

noise shows local treiids. which ("an be i11te1'p1'ete<l as the systeiii retainiiig some

1110111013‘ ahoiit its past. This leads to sliort raiige teuiporal ('()1‘1‘L‘l21fi0llH.
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2.2.3 Correlations in time

The ("()1‘l‘9l2l.tiOl1S i11 time is an i111po1'ta.11t fa.(:to1' whe11 <-o11si<1e1'i11g‘ tl1e fez1.t111'es of :1

noise so111‘('e. Such ('o1'1‘elatio11s decide the effect of the tl11(-t1.121tio11s 011 the (ly11a111i('s

[1]. Tl1e (~o1‘1‘elations i11 ti111e for white noise dies o11t ve1'_\' q11i('kl_\'. The co1'1'elatio11

f11n(‘-tio11 for wliite noise (-2111 be exp1'esse(l as

<€(TlE(’1l) = 2D<5(’—1‘1l (2-21)

Here D is tl1e st1'e11gtl1 of the noise.

Colorerl 11oise possess ("o1'1'ele1tio11s tl1-at (lecay slowly a111(l is expo11e11ti11l i11 most. of

the Cases. The 1'elation.

<-E(1‘)£(*1)> = ‘ZD/\BXI>(—/\|T fl‘) (3-3-'3)

gives tl1e t'o1‘1‘elatio11 i11 ti111e for (-olo111‘e(l 11oise.

2.2.4 When is a noise considered delta correlated ‘.7

At. this point. one sho11l(l ask the question. c-(1.11 21. {'l11(:t11z1ti11g q112111tit_\' he 1'ez.1ll_\‘ delta

eo1'1'el11.te(l. I11 1'ealit_\' there exist no fl11(‘-t11;1.t,io11 that is totally 1111(~o1'1'ela.te(l to 21115‘ of

the 111'e\'io11s i11sta11(i-es. l)P('2,l1lS€ all s11(-h pe1't1111'l)21tio11s arise as a.1'es11lt of so111e ph_vsic-(11

p1‘ocess. B11t. If the ('o1'1*eh1t.io11 time is 11111011 less (.'OlIl[)‘r1.1't‘(l to 21.111‘ (-l1a1'e1.('teristi<'

tiI11(’S('z1,l(‘ of the s_\'sten1 1111(le1' Co11si(le1'21.tio11, it is c011si(le1'e(l to he delta. eo1‘1'elate(l.

For exaniple i11 eq11-(1.tio11 2.2.2 /\ ac 1'ep1'ese11ts a delta ('o1'1'el11te(l noise.

2.2.5 Fluctuations with large timescales and randomness

\Vl1e11 the tiniescales or the co1'1'elatio11 time associated with the fl11ct11-r1tio11s is very

la1“g.§e. the fe-a.t111'es of the fl11(:t11-(Ltion l>eco111e more p1*011o1111(-ed iii the (ly11a111ics as

011511-(11 11111110111 111o(lifi(-z1tio11s. I11 this sit11a1.tio11. 111-r111y esti111-ates 1'<.'gz1.1'(’li11g the effect

of1)e1‘t111'l);1.tio11s C2111 he lllil-(l9 without strict steitistit-al (-o11si<le1';1tio11s. For e.\;z1111ple.



the efiect of fl11et11z1.tio11s in phase on the (-ol1e1'e11ce p1'ope1'ties of 21 111o110cl11'o111atie

wave  asstiiiies the fl11('t11zLti0I1S to be z1.s's<)cie1te(1 with large ti111es(-z1.les.I11 tl1e preseiit

work we st11(l_\' 1‘21.I1(iO111 th1et11at.io11s with time scales 11111(-11 liigher t.ha11 that of tlie

s_\'ste111s u11(le1' (-o11si(le1'a1tio11.

2.3 Systems under consideration

111 this sectioii we (liseliss the I)as1c syst(:111.s' that we ha.\'e used i11 our iiivestigatiolis.

\Ve i11t1'0th1ee the Rossler z1.t1t11'a.(:t,o1'. Di1'eetl_\' iiiodulated se111i(:o11d11eto1' h1se1' aiid the

D1‘i\'e11 (ialllp(‘(i 11e11‘111o11i(: (JS('iilztt.(')1‘.

2.3. 1 Rossler Attractor

Colipled R0.\‘h'i(‘l‘ S_\'.\‘t()I11.s‘ are one of the most \\'itiPi_\' used (l_\'1121111ic-211 .s'}'StL’lIlS i11 the

st11(1_\' of s_\'11(“l11'o11izz1.tion. Rossler s_\'ste111s g.’,'a1iIl(‘(i p0p11l211'it_\' 111ost1_\' (hie to its Sill]

plic-ity. its. a1l1ilit_\' to .s'_\'I1('i1l‘(,)lliZ6‘, si111pli('it_\' 11.1111 the i11t,e1‘esti11g I121f1l1‘e of the resiilts

ohta1i11e(l. The Ro.~;s1e1' s_\'ste111 is 1'cp1'ese11ted by the (l_\'11111111i(e'-(1.1 eq11atio11s.

.1‘ = -11-: (‘2.3.1)
1] = .1'+0.18y

2 = 0.2+:(.1~—10)

The pliase space t1'11._je(¢t,o1'_\' of the systeiii is given i11 fig111‘e ‘2.3. This systeiii exhibits

both ('l1z1oti(: and 1)e1'iodi(~ l)el1e1.\'i01' at-(-o1‘Lli11g to the \'~(1l11e.s' of the pa1'a.111ete1's.

The exact .s'_\'11e111'o11i7.ati011 of 1-o11ple<l Rossler s_\'ste111s is \\'i(lel_\' (lis(-iisseti i11 i:_-1].
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Rossler 0sCillz1.t01's (-011pl(-‘(l Lliff11si\'ol_\' ("(1.11 he 1'0p1‘e‘s011to<1l as follows.

-I"1.2 = —!/1.2 — 31.2 It (ll-l‘2.1 — -112) (23-2)

[/12 -112 +1’1:2!/1.2

‘l‘ C].-_g<J'1_-_) —r K:
II

The s.\'11(‘-l11'011izati011 of two ('o11ple(l (~11-(1oti(~ s_\'stL-111s is 11s11a.ll_\' ill11st.1‘e1.t.e(l l)_\' s)'11cl11‘0—

11izz1ti(>11 plots whereiii two of the (':o1'1'es'po11(li11g \-'a1‘i21l)lcs of the (-011ple(l s.\'st1e111s are

plotted agaiiistt (.‘d('ll other. Exact s_\'11(-l11'o11ize1ti011 will give the typical 1; = I line.

and (l(‘\'lflTl()Il.\' from exact s_\'11r'l11'o11\' (-11.11 easily be i(le11tific<l as the deviatioii from

this pe1.tte1'11. The s}'11('l11‘()11iZ2Lfi011 plot (-o1‘1‘9sp011(li11g to r’ = 0.3 for the cliffiisively

(-o11ple(l R0ssle1' ost-illz1.t01‘s is sh0w11 i11 fig111'e 2.4. It ("(111 be seen that the l)ehe1vi01'

tho \'a1‘ie1.l)lcs .1", 1111(l 11.; 2118 i(le11ti(-111 111 time. B11t s_\'11cl11'o11izz1ti011 is (lest.1'oye(l with

11 lowei‘ (-mipliiig streiigtli (’ = ().l. as shown i11 figure 2.5 St-(1.l)ilit‘\' of s_v11(-l11'011iza.ti011

(-2111 he <loto1'111i11e(l by C‘011(litio11;1l L_\'e1p11110\' Expmieiits (CLE). The sta.l)ilit_\' of tho

s_\'11('l11‘011ize(l statvs ofR0ssle1' systv111s i11 tc1'111s CLE is givoii i11  It is shown that

tho ('()1lplP(l Rossler s_\'st0111s with ide11ti(‘11.l p-r11'z1.111ote1' 1‘-allies give .%t21l)le sy11('l11'o11iza.—

ti011 for -(1 \\'l(l(:‘ 1‘z111ge of (-oupliiig st1'e11gtl1s. The (¢o11pli11g streiigth c‘ ranges from 0.25

to 1. 1 a.11(l tho most Std.l)l€ s_\'11c-l11'o11iz11ti011 is 11('l1i(‘\'e(l eu'01111(l 0.9. 111 ctmpletl Rossler

s_\'ste111s. exact s_\'11('l11‘011iza.tion is iiiipnssihle if the pz1.1'a111etv1' \'z1l11es are 110t ideiltical.

()11 i11(-reasiiig the c-oupliiig st1'e11gtl1. phase s_\'11c-l1ro11izatio11 o(-0111's zuid with f111'tl1er

i11(-1'0-ase i11 (-011pli11g stroiigtli the s_\'sto111s 11tta.i11 -(1 state of lag s_\'11cl11‘o11izz1.ti011[3].

2.3.2 Harmonic Oscillator

The l1a.r111011i(- oscill-c1.to1' is an ()SCill£Ll01‘ whose f1‘eq11e11cg\' is i11(lepe11de11t of the ampli

t11(lv and initial (-011(liti011s. Not all oscill-at.o1's are l1a.1‘111011i(' os('ill21t01‘s. For ex-a.111ple,

('()llHl(l(,‘I' a simple p<.*11(l11l11111. which is a1l111ost l1a1'111011i(: when the a111plit11(le is low.

But for l1igl1c1' e1.111plit11tlvs. the f1'oq11011(-_\' rlepoiuls 011 the 21.111plit11(l(>. I11te1'esti11g‘l_\' the
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Fig'u1'(= 2.1: S_V11cl1ronizat.i011 plot for a. coupled syst0111 with -(1. high (coupling strengtll.
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Figllre ‘-2.5: Sy11c-l11'<)11i7.ati011 plot for 21 coupled systelu with a low (*oupli11g st1'e11gt11.
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f1'eq11e11(r_\' can he infinite for the highest amplitude as shown in figiire 2.6.

The niost (-o1n1no11 CXH-ll1plCS of l1ar1no11i(- os(-illato1's are the spri11g—111ass s_\'st.e111

and an LCR circuit sl1own i11 figure 2.? I11 the spring—1nass system. a. mass which

is allowed to slide o11 11 plane is a.t.tar:l1e<l to 11 spring whose o11e end is fixed. The

l1a.1'1no11i(' oscillatioiis arise iii the LCR circuit as 11 result of the os(-ill11t.ions of the.

el1111'ge that is stored i11 the ('apaeito1'. We focus o11 tl1e spring 111ass systeiii heeaiise

it is 111ore suitable from 21 111ec-l1a11i(:z1l point of \'lE‘W. Tl1e (l‘\»'1111r111l('dl equa.tio11 of 11

spri11g—111-ass systeni (-1111 be written as.

(F...

Here. Q represents tl1e angulzir f1'eque11(-_\' of the drive. A geiieml sol11tio11 to this

equation can he writteii as.

.1'(_f) = A sinflt + (D (2.3.-1)
\\‘l1e1‘e (I) is the initial pliase of the os(-illz1.to1'. The position and 111o1ne11tu111 oscillate

s'i1111s()i(lz1ll_\' with a 1nut11z1l phase differeiiee of  This results iii 11 ei1'(-11la.r phase spztye

t1"-.1jeetor_\' 11s sl1ow11 in figiire 2.8.

I11 re-a.lity all os(:ill11to1's are asso('i11t.e(l with daiiiping. The equations of motion of

such ost-illators also include 21 da.1npi11g and (,l1‘ivi11g terms i11 addition to the qua.11tit.ies

present i11 equation
The d\'11a111ica.l eqliation of the dnniped driven l1a1‘n1o11ic ost-illzttor is given by,

l2.' (ls . ,
% + 7% + $221 = a.s'1n(.uf) (23.5)

Here. S2 and (.11 represeiits the dainping coefiicieiit, the z111g11la.1* f1‘e(1uenc_\-' of the

oscillator and the -(1.11g11la.1" freq11e11(ry of the drive i'espe(~tivel_v. The term (1 represents

the a.n1plitude of the fort-i11g. The l>el1avio1' i11 time. after the t1‘a.11sie11ts have variislied

can be represerited by tl1e equeition.

.1-(1) = (23.6)



:1) b)
I“i~'111'v ‘2.(i: Dv >:~11<lm1<-u of the frm 11<~11(-\' 011 thv n1u)liI11<Iv in thv ('-.1.s'(J of ;\ .s'i111)lvh l
}w11<l11l11111. 21) I111‘ f1'vq11u11<'\' is 21l11m.~;t i11(lv]w11r1<*11t uf flu‘ n111pl'1t11<lv. 1)) t11vf1'(‘(]11(*11('\‘
(-2111 he Zt:‘1'() fn1'.\<)111(' illitiul ('()I](liIi1)11.\'.
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LCR circut

Spring-I\ [ass .s_\'stc111

111
Fi;_;111'o 2.7: E.\'zu11ples of 11e1.1‘111()11i(‘ n.s'('i1la1t<>1's: the LCR 1-i1'(-uit a11(l .s'[)1‘i11g 1112155 sys
10111.
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Figure 2.8: The p11-asv s1)n(~e f1‘;1.je('f()1‘_\' of at l1a.1'111011i(: oscillatm‘.
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l110l11Cl1U.I 11]

position
Fig;111‘e 2.9: \Vhen not driven, the trajectories of a l1ar1uonic oscillator spirals down
to a. fixed point in the p0sit.i011—111o1ue11t111n space.



Fig111'1- 2.11): S1-111111111110 (1i11g1'11111 of 11 111P('1121111('21.1 (11‘i\‘<=11 1111.1'111()I11(‘ 051-i11111(11'.

T1111101111111‘<>p1'vs('111s1111‘])11;1>;v<1i11'1~1‘1‘11(-1=1)<11\\'1~(~11 1111‘ (11'1\'(' 111111 111110.\:('i11-11.1111‘ \\'11i<'11

is H111-.11 111 111/1"Q_,7_*'*_._, \\'11<*11 11111 (11‘i\'v11. 111' \\‘i111 | (1 | = 1). 1111* s\'.s:to111 .s'pi1'.-11 (1(1\\'11

10 11 1ix('<1 11111111 111 1111- 11031111111 111<11111'11111111 .~i])d.('(‘. This is i1111s11‘111v<1 111 1ig111'<> 2.1).

A ]>11_\‘.»'i<--.11 1'(‘z111Z21T11)ll (11 11115 is .x'11<1\\'11 i11 1ig111"1,-2.11). 111111‘ 1111‘ «-1111 111' 1111* s]>1'i11;g, is

1-111111111-1011 10 11 11111\'i11_I;' 1'01-1111111.; (1130 111 1111101‘ 111 1‘v111i'/.(- 1111* (11'i\'i11g 1110(1111;11i1111s. _»\11

i111v1"o.\'1i11;;’ I1l21111(,‘]l12111('d. (1<‘111<111.~'11'z11i<>11 of 1111s is also av-1111111111‘

2.4 Directly modulated semiconductor lasers

S111<1_\' 111' (‘1121(111(‘ (1_\'I121I111('.s‘ of .\'(‘111i('011(111('1()l‘ 1-.1.x'()1‘.s: 11a.\'P 1‘e(-e=i\'(~<1 11111('11e1110111io11 111 1111*

past few (1(,‘('21.(1(‘.\‘ 11119 to 1111‘ 211)p1i(~a.11i1i1_\' (1f(-11z1oti(.- s_\'11(*111'o11izz11ion 01511011 .s'_\'s1e111;~t

111 1110 110111 of 011111-111 st-(~111'o (-11111111111111-1111011 ‘F6. 7. 8. 9. 10. 11. 12. 13]. Se111ic-01111110101‘

1a.s'(r1'.s' 11.11‘ g.§(>11e'1'z111_\' \'1-1'_\' Sfd1)1&‘ s_\'s11*111s \\'11e11 0pc1‘11.1.e(1 with 0111)‘ a (11' 1)1z1.\' ('111‘1'('111

H0wc\'v1'. 111.\'1z11)11i1i(‘.\' -.111‘ 1ll(1ll('(’(1 111 111011‘ (1.\'11a111i(-5 1))" 1111' 1Il(‘111h'1()l1 of 211111111011-.11

(1wh»1'1‘1-5 (>f1'1'v1-1111111. T1111 <1i1'1'o1'o111 111v11111(1.~:11111111159111'01"])1'o(111(-111g(-11e101i(-o11111111sz1.1'1~

lb’. 19. '21)].
»

gi\'i11g 1:\'1111'11211 oprit-111 111.1111-11011 1 1. 17,1. 111. 17]. gi\'i11g (>])11('211 1't'(~111>z1('k
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direct GH7. current inodulation [21. 2'2. 23. '21. 25. 26. 27 28] and giviirg (lei-a_V\'e<l

optoelectroiiic feedback ['29. 30. 31, 32.  Positive dela._\'ed optoelectronic feedl)a.ck

is the coiiventionzil inethod of geiieratiiig ult1‘a.—short pulses [34] from seinicoiidiictor

lasers. The d\'11a111ics of semiconductor lasers with direct current inodulation l1-as

been widely studied  36. 37 38. 39]. It has a.lrea(l_\' been proved that the effect

of mode gain reduction occurring due to nonline-.n' processes is suppression of chaotic

d_\'na1ni(-s [-10]. A l)i—directional coupling l.)et\\'een two such lasers is also found to

suppress chaotic: d_\'na1nics [11]. A positive delayed optoelectronic feedba.ck combined

with strong current niodulation is found to suppress chaotic d_\'11a.1nics and liistabily

in se1niconduct.or lasers [42.  The effect. of such a combination in inducing chaotic

(l_\'1ldIIll(‘S through a quasiperiodic route i11 quantuni-well lasers also has been studied

[30].

The most preferred light source in the optical connnunication systenrs is the di

re(-tly modulated seiniconductor lasers with CH7, modulation. Chaotic s_\'ncln'oniz-a

tion of two such lasers is a widely i11vestiga.tetl topic because of its applicabilit_\' in

optical secure connnui1i<-a.tion [ll. 15. 46. 17]. For InGa.AsP lasers used in optical

connnunication systeiiis. the nonlinear gniii reduction is very strong and its direct

consequence on the (l_\‘Ila.Ill1('S of such lasers is the suppression of ('l1kL0fl(‘ out.put.s.

Earlier studies 011 the d_\'na.1nics of (lirectl_v lI1()(l11lH.tC(l semiconductor lasers based on

the rate equations for carrier and photon population inside the laser cavity. predicted

period doubling and chaos in some range of niodulation frequenc_\’ and II10(ll1l2Lt1OIl

depth [23.  These rate equations have to be inodified to include a. small power

dependent. reduction in l11()(l(‘ gain occurring due to phenomenon such as spectral hole

burning [-'18. 49]. The d_\'nan1ic response of semiconductor laser strongly depends on

the nonlinear gain and therefore it has a. sig11ifica.nt role in modeling semiconductor

laser d.\'11-(unics [50. 51]. The optinnnn value of nonlineai‘ gain reduction factor for

lnGaAsP lasers is between ().()3 and 0.()6 and it has been proved that. this systeiii ex

hibits chaotic d_\'na1nics only for nonlinear gain reduction below 0.01 [40]. This makes

the in\‘estigat—i0ns on the nictliods of producing chaotic outputs from such lasers under
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optiuiuiii 1121.1‘-a111ete1' values very i111po1‘ta.11t for their a1p1)li(':21l)ilit_\' in secure (to1111n1111i—

("(Lti()1l systeiiis.

2.4.1 Laser model

Seiiiic-011(h1('t01' lasers with (li1‘e(:t (%u1'1‘e11t 1110(l11lati011 (7111 be 1'(‘p1'ese11te(l by the fol

lowiiig 1'-ate equ-a.t.i(>11s for the plioton (1e11sit.y (P). (ra1'1'ie1* (le11sit_\' (N). am] the (lriving

(-111‘1'e11t (I) [26. 40]

(IN 1 . I 1 , (N — (5) ,= —— — — N —— j——_— P 2.4.1(IP l N — 6 , , _
1(1) : 1,, + I,,,si11(21-(ff) (-2.1.3)

wliere 7, zl.I1(l 7,, are the ele(-t1'(111 d1l(l photon 1ifeti111(~s. N a.11(l P e1.1'e the (ra1‘1‘i(‘1‘

and 111101011 (leiisitios. 1 is the (lrixriiig (‘-111'1'e11t., 6 = fl. e = (A-LS0 a.1'e (li111e11si(111lessII”,

1)-a1'a.111etC1's whe1'o 11., is the (-a1‘1'ie1' (le11sit.y 1'equi1'e(l for t1‘a11spa1‘e11(g\'. 11,;, =  is

the th1'esh(1l(l (:z1r1'ie1' (1e11sit_\'. e_,\rL is tl1e factor g0\=e1'11i11g the 11(1111i11e-a1‘ g-a.i11 1‘e(h1('tio11

(1(-(-u1'1'i11g with -(1.11 i11(’-1'eas(1 in 5. 5'0 = I":—f’11,,,, 1,1, is the tliresliold cu1'1'e11t. (9 is tl1e

ele(-t1‘()11 (‘I1-a1‘ge. V is the active vohmie. F is the c(111fi11e111e11t. fact()1' and ,3 is the

spoiitalieolis e111issi(111 f-ac-t(11'. I1, = 11 x I”, is the bias (‘lll‘1'CIll where b is the bias

streugtli, I,,, = 111 X I,,,is the. 111o(l11l11.ti011 ciirreiit where 111 is the 1110(lula.tio11 (lepth

a11(l fin is the 111(1(h1la1ti011 freq11e11(*._v [35]. Paranieter \'a.l11es for which the syste111

outpiit will he cl1a(>ti(- are: 7}. = 3 11.5 and 7,, = 6 11.5 are the eIect1'(111 a11(l photon

life times. 6 = 692 x 10’3 and 13 = 5 x 10"5 and 1,1, = 26 111.4. 111 figiire 2.11 the

phase spare [52] of the laser in the (:]1e10ti(: regiuie is shown with the given p-c11'z1111et(>1*s.

H()W(’\‘E‘l'. the (lE‘l‘<L_\' fee(ll1a1(:'k (-21.11 (-11.11 also i11(h1ce (haos i11 this letser s_vste111. 11(1tal)1y

for lower ve1.l11(-s of o]1si1(111 [53].
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Figure 2.11: Tho ph-a.s(= s})aC(= of 21 (,li1'c('tly Iuodulated se111i(r0n(111cto1' lase1' in the
crlmotic regiluc.



2.5 Conclusion

In this (-l1e1.pt(=1' we lmw cl-a1‘ifie<l the (-ollcopt of 1‘~r1.11(1o1111ws.s' that we .s't11(1_\' in this

w01'l-;. The s_\'st<r111s tlmt. we (-o11side1‘ are also i11tmd11(-(‘(1.
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Chapter 3

Effect of parameter fluctuations on

coupled chaotic systems

3.1 Introduction

In ('h21])t('1' 2 we <_li.s('11sserl Ros>:le1' 21tI'l"(l(‘t()1‘S and the <li1'e(-rl_\' 111o<1u1ate(l se111i<'o11(l11('—

tor laser .~;_\'.~:te111.s'. In this ('h21pte1' we .s't11(l_\' the eifet-t of pa1'a.111ete1' flu(’:t11a.ti()11s on the

s.\'11(-l11'o11izution p1'ope1'tie.~: of these systelxls. \V'e eo11si(1e1' 21. syste111 of l)i(1i1‘e(:ti()11a1ly

(-oupletl Rossler att1'a('Io1‘s el.11(l 1111itli1‘e('tionally coupled <li1'e(-tly Iuodlllatetl .\:e111i('o11

(lll('f()1‘ laser .s'_\'ste111.s'. Sy11('l11'(>11i7,ation of('()11pIe(1 el1a.ot.i<~ systelxls has gellerated a lot

of 1'e.s'ea1'(-11 activities over the last .s'e\'e1"a1 _\'ea1‘s.

Sy11('111'()11i7.atio11 of (-1121.05 hz1.s' been studied exte11si\'el_\' in pl1}'sieal. ('l1e111ieal dlltl

biological systelm. Differellt type..<; of s_\'11el11'o11izatio11 such as complete. gelleralized.

lag and phase .<:_\'11('lu'o11izatio11 are (le.\‘('1'ihe(,l in lite1'a.t111'e. One of the methods by

\\'hi('h the .s‘y11Cl11'o11iza.tion of (-l1-aotie h'_\’.\.'t€IllS (‘an be aellieved is by couplillg two

i(le11ti(‘-al S‘\'.s‘tHI1s'. \\'1li(711 can be either 1u1i(li1'e('tion-(Ll or hi<li1'e(-tio11al[1. 2. 3. 1. 5. 6.

10. 1'2. 11. 2-1.  Syx1(-l11'o11izatio11 in a1‘1'a_\'s of ('o11ple(l 1-.\se1‘ s_\'ste111s 11215 also heeu

investigated unnler \'a1‘i()1l.\' (-o11pli11_L,»o selu-111es[l(). 1'2. 11. 21]. (‘o111plete s.\'11(-l11'o11i'/.utio11

{,1 g_,'l
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Figiiro 3.1: A S(?l1E‘llla[iC‘ ilh1st.1‘a.tion of the fl11('tl1e1.tio11 that e1.iTe(‘t the (lyimiiiics ac
mnliiig lo equntioii 3.7.1.

of i(1(-mical cliaotic systeiiis is ofco11si(le1'able interest l)€(‘él1lS£‘ of its a1>pliCa.bi1it.y in

set-ilrv coiiiiiiiiiiicuti01i[12. 21]. By inleiitic-21.1 S_\'ST(‘111S we ine-(1.11 a set of SV\'.s‘tClIlS whose

pail‘-(1.11iete1'.~: are exz1.(-El)’ equal. It is found that (roniplete s§'11(:l11‘o11iza.tio11 is not possible

when there is 21 51112111 but finite niisniatch of the pa1‘ai111ete1‘s of the syst.e111s[9, 8. T].

In (-ouplenl non a.11tononio11s systeiiis. the effect of phzise n1is111at(~l1 or a finite constant.

f1"equen('._\' detuning is to dest.1'o_\' the syncliroliizatioii a1t.ogether[18].

3.2 Parameter fluctuations

To Stl1(l_\' the effect of flllctuatioiis it is esseiitial to i(1entif_\' ai pamiiietvi‘ whose mis

Imitt-li is most effective in (lest1'o.\'i11g S_\'l1(‘ll1'()IliZ£lTi()ll. \\'e (lenotv this 1>a1‘z1.111ete1' as
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p 211111 the H111-t11a.ti011s to tl1e p111‘-«1111ote1' is z1s.s‘11111E‘(l to occur i11 time as follows‘.

P1: = P11 + 51: (.3-2-1.)
P2: = P0 Jr 521

wlieie Eu 211111 52, are two delta ('()l‘l‘€l'¢1f(’(l zero 111e-(111 1‘-a.1ulo111 \'e1.1'ia1l>l0s. I11 tig111‘c3.1

such :1 fl11r:t11a1.tio11 is ill11st1‘a.te(l.

We define  as 21 111easu1'e of the z1111plit.u(le of fl11ct11:«Lt.io11s  follows.

S1: (1 o‘p(r) |),. (3.22)

WllCl‘(.‘ 6;), =1)“ — [)2, e1.11(l  (lcnotes time z1ve1'zLgQ.

I11 11-«1t111‘e. par-(1.111ete1‘ fl11(~t.u;1t.i011s are z1.s'.s'o(~iz1te(l with c'l1a.1'a.(-t.e1'isti(- time scales. I11

-(1 laser this can be of the 01‘(le1' of 1121110 01' lIll('l'() sec-011(ls and iii the (7150 of l)iol0gical

s)'ste111s the tiiiiescales (-2111 he of the 0111111‘ of 1101115 01' (lays.

To Sf11(l_\' the efi'e(-t of time s(-ales of p211‘-(1111eto1' fl11('f1lzlli0Il 011 s.\'111'l11'o11iz-ation. we

(lefiiie the fll1(‘f1lzlti()l1 1‘-ate 0. as nzunbrr of porturbuutions/unif time. Dill'e1'e11t fluo

tuatioii rates (“all he e1cl1ie\'(>cl 1m111c1'i(~all_\' l)_\' 1110(lif‘\'i11g the pz1.1‘z1.111ete1‘ as in eq.3.T.1

i11 ee1'tz1.i11 ('ll()S(‘1l time steps. Rest of the ti111e the \'z1l11e of t.l1e pz11‘;1111ete1‘ 1'e111z1i11.~:

c011st21.11t1 at tl1e I11()(lifi(‘(,l vatlue. The e1‘1'o1' in s_\'11(¢l11'o11izati011 is studied with 1'espect

to cg).

3.3 Effect on synchronization

Coupled Rossler ()S('illzl.t()1‘S are well k110w11 for 1111111e1‘i(ral st111(lies in S_\'ll('llI‘()Ill7,ilfi011.

This is (lue to its si111pli(-it.\' and the z1l)ilit_\' to .s'_\'11('l11'011ize. AlS0.the 1‘es11lt.x‘ (1l)tz1.i11e(l

[1 1. 16] (“(111 11s11z1ll\' he ge11e1'z1li7_e(l to other (~l1z1.oti(- s_\'ste111s. \V'e c‘o11si(le1' e1 s.\'ste111 of
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l11(li1'eet.io11z1.lly ('011ple(l Rossler oscillators gi\'e11 l)_\' tl1e foll<1wi11g eq11ati0113.

.1’; = —.1/1 — 21+ ('(.r2 — .11) (33.1)
1/1 = J'1 +111!/1

:'1 = 0.2 + -1(r1 — 10)

-152 = ‘#2 * 32 + ('(-"1 1'2)

.02 = -1'2 + P2!/2

52 = 0.2 + z2(.1:~2 — 10).

The para.111eter va.l11es are cl1ose11 as 1)“ = 0.18,A~p = 0.05 and tl1e (-o11pli11g stre11gt1l1

' = ().25, for all the fl11ct11a.ti(>11 re1t.es. Keeping these pa1‘e1111ete1‘s (-o11st,a.11t, we stluly

the effect of the fl11ct111‘1.t.io11 1';1tes 011 tl1e q1121.lit\' of sy11('l11'011izati011.

Fig.3.2 sl1ows tl1e s_\'11(-l11'<)11izz1.tio11 plot i11 the p1'ese11<:e of pa1.l‘dI11(‘t-C1‘ i'l11('t11ati011s.

It 01111 be seen t.l1-at the .s'_\‘11<~l11'011iz21ti011 is 1'0|)11.s't. Witl1 the sa111e value of  tl1e

sy11(‘l11‘o11izatio11 is (lest1'0_\'e(l with a lower i'l11(:t11e1ti011 1'-ate 115 .s'l10w11 i11 fig.3.3. To

q11z1.11tif_\' tl1e s.v11(-l11‘o11iza.ti(111 e1‘1'r1r we used tl1e si111il11rit_\' f1111(-ti011 defi11c(l hv.

<l-1'1(t+ 7) —-1‘-2(tll2)_
S (T) 2 1<.:r1<r>><.:-3<r>>1

Here T is set to zero, v1'l1iel1 gives .‘5(()). the error i11 sy11cl1r011ize1tio11. Fig. 3.-1 shows

tl1e plot of 5(0) vs. fl11<:t11ati011 ra.te. It can be seen that the error di111i11isl1es rapidly

with the i11e1'ea.se i11 the fl11ct11a.tio11 rate. Keeping of) as a. eo11sta11t, and increasiiig the

a.1I1plit11(le of fl11ct11atio11s. it is found that 3(0) iiicreases with  Also the rate of

i11c1'ee1se of S (0) is higher for £1. lower value of (J), for a. 1‘a.11ge of c(111pli11g strengths [15],

as shown i11 figure 3.5.

111 a.(l(litio11 to 1‘2LIl(,lOI11 fl11(-t11atio11s to the pz1.ra111ete1'. we also ilivestigatecl the

effect of (let.er111i11ist.i(‘ 111od11lz1ltio11s to the pa.1'a111eter [16]. The pz1r21.111ete1‘s of the

e(_111ple(l ;s'_vste111s are ass11111e(l to evolve i11 ti111e as follows.
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Figure 3.2: S_\'11(:'_l11'o11iza.tion is 111ai11tz1.i11o(l in the prcselncc of pa1.1'a.111eto1' fl11(‘t11a.tMio11.s'.
(D = 1000 and A1) = ().()—3
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Figure 3.3: Sy11(:l11'011iza.t.ion is destroyed in the preselice of pa1‘z11nete1' fl11ct.11a.ti011s
with low fluctiiation 1'-ates. Fluct.ua.tion rate (1) = 25 and Ap = 0.05
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Figure 3.-1: The syii('l11'011iza.ti011 error (le('1‘ea.sos with the i11(:1'<=.-a.s'e i11 the fluctuatioli
rate. It can be 88011 that high coupling could not stabilize sy11(:l11‘011izati011 with lower
fl1l('t1l‘cl[.i()1l rzites. Herc A1) = 0.05 and Coupling strellgt-11 r = 0.5.
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Figure 3.5: For two fluctuation rates, (1) = 50 (red) and qb = 500(black): the
synchronization error grows as the amplitude of fluctuation is increased.
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Figu1'e 3.6: S (0) vs. (,0 plot of coupled Rossler systellls Iuuler fluctuatious following
uniform di:»'t1‘ibutio11. Hero Ap = 0.05.
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[)1 = [)()+(ISlIl2/Tff. (33.3)
[)2 = P0 — (1 si1127rft.

where the f the frequeiicy of inodulatioii and u = 0.1 is the aiiiplitiitle of inodlllation.

It can be seen in figure 3.7 that the sy11(:l1r0i1izatio11 C1‘l'()l‘ levels off as the f1‘eq11e1i(g\'

of111o<l11la.tio11 is i1i(~1'easetl. Note llldl liigh coupliiig St1'E?l1gtllS ()Ill\' retluce the syn

(-liroiiization error. but the. stability of b‘_\'Il(‘llI‘Oll_\' is a<'liie\«'e(l ()1ll_\' at high lI10(l1lld-[l(,)ll

f1‘eq11e11('ies. Thus iuotliilation f1‘(‘([1lt'll(7_\' is i111po1't.a1it in tletermiiiiiig the :a't.a.bilit_\' of

s_\'i1cl1i‘o1iizatio11.

3.4 Discussion

In geiieml the robustiiess of s_\'11(~li1‘o11iza.ti0i1 with liigh flll(.'l'll‘(ll'lOll 1'-attes and (,lest1‘11(*

[ion of s_\'11('l11'o11ixa.tio1i with low l'luctu21ttio11 rates Cali be un(le1'stoo(l as follows. Let

the e\'oluti01i of the colipled systeiiis in phase space he 1'ep1'ose1ite(l by the d}'11a.111i(‘al

eql1ati011.\?

X. = _/'1(,;.. X,) + Cf(X-2 - X.) (3..1.1_)
X2 = fl(I)2- X2) + Cf(Xi ‘ X2)

\\'lie1'e X 1'(-preseiits the pliase space vmiables. p the para.111ete1' whose fluctuatioii is

C()I1Sl(l€1‘€(l. ant] C the coupling constaiit.

With eq.3.4.1 we can write an equatioii for the rate of separation X, — X2 of the

t1'aje(-tories as.
(l(.X1 —

(H = X1 X2 = .'11(])1,])2,){'1, X2).
Wliere M (1).. P2. X 1, X2) is at fmic-t.ion of the tlyiiaiiiiml variables. the para.1net.e1's of

the coupled systciiis ahtl Ap the paranieter misinatcli. This can be expandetl in terms

of A1) and the eHe('t of fliic-ttintioiis can he separatetl out.

;\[(p[.p_>. X1.  = _.'\1,(p(,.X1.X2)+ E(p0,X1.Xg,.Ap1. Am). (3.~l.3)
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Figure 3.7’: The s_\'11(-l11'011izatiou error r.le(r1‘o-asos with the illcroase in the in freqne11(:y
of1u0d11lati011. It ("(111 he seell that the 1110<lulati011 f1‘0q1l011('_\' is Iuore i111po1't.a.11t than
m111)li11g strellgtll in (l(Jtv1'111i11i11g the Sf2L})ilit._\' of .s‘_\'11('h1'011iz21ti()11. Here the mllplitlldo
of111o(h1latio11u = 0.1.
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wl1ere E(p(,. X1,X2. Ap,,Ap2) 021.11 be written as.

E(p0.X1.X2.Ap,.Ap-2) = A;),op! ll’l =I’lI
E)_«l./(p1.p-2. X1.+A1 ——_—' _/ P2 OP2 lp2—pu

This is veilid for s111a.1l Ap. iieglectiiig its higher powers or if the liiglier (le1'i\'z1.tives of

.«lI(p1.p2.X..X2.Ap1.Apg) with respect to p is zero. Also it sl1o11ld be 11()t.ed that

tl1e para111et.er va.l11es are not 11ea.r a l)ifu1‘ca.tio11 poi11t

Here 1l[s(pU.X,.X2) represe11ts Ll1- q11a.11t.it._\' wl1i(-l1 (;.‘ftr.~. stable sy11cl1ro11iz-¢1

ti011 11121.11ifol(l, that is. when ;’lI_,.(pg.X1.X2) alone is present. 011 tl1e right l1a11d side

of the separatioii eq1121tio11. the coupled s_\'ste111s s_\'11('l11'011ize as 1‘ ——~ DC. The (-011

ditions for such 21 s_\'11(-l1ro11izati0n is widely (llS(‘1lSs€(l i11 lit.(‘1‘21.t.ll1'C  The ter111

E(p0.X1.X2.Ap,.Apg) 1'ep1'ese11t.s the effect of the p-a1'a.111et.er 111is111a.tcl1. Colipled

s_\'ste111s s_\'11(?l11'011lZFfH if the <1\'e1‘21ll effect of this term \'a.11isl1es as f #—> ac.

111 the p1'ese11t exa111ple of ('()llpl€‘(l s_\'ste111s (eq.3.3.1) tl1e rate of H(_‘[)i:l-l"(ltl0ll of

t1‘aje<-t01‘ies can be writteli as follows.
1?.‘ -- .7

.- (.21. ~ 112) + (:2 ~ :11+ 2C<J-2  (3.11)1 _ .
= (-1'1 ~ -F2) +P1.t/1 *1)-2!/-2df ’
I 2 — 2
Q = (I121 — 172:2) +1()(z2 — :1)

(If

Ass11111i11g' tl1-at we start from -(111 a.pproxi111a1t.ely sy11('l11'011ized st.-at.e..r1 2 1'2. 1/, 2: _1/2

z111(l 21 2 *2, we C-(1.11 write eq.3. 1.41 as,

(](.l'1 —' J72)

(it

r1(.l,/1 — y2)

(If

u'(:l — 22)
(If

~_~ 0 (3.15)
'3 P11/1 ‘ P-2112

I2 0.
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Here it ("ctll be seen that .lI(1)1.1)2..X'..X2) = plyl —p-2,1;-_; and E(p0. X1, X2. A121, Ap-_;)

ca.n be (-ale11late<l as.

“)(P1.'/1 ” P292)
E(po.X1.X-3.Ap1.Ap2) = A111 0 |,,l=,,U (3.-1.6)P1

0(1):!/1 — 11°‘/2)+A  »,=.,P- am ll- It
= 3P1!/1 ‘ $112.!/2

= «Sum — £2»!/2.

as the i11sta.11t'.uieo11s para.1neter 1i1is111a.tcl1es Ap] = fl, and Apg = 51,. Also the

form of E(pn. X1.XA_;, ;'31)..Apg) ct-a.11 be generalized to

E(pn. JY1. 4X2. Apl.  = 2 (1,'.E;,'.l','(f)

with Inany coupling selieiiies. Here 5,5 are the the flu(~tu-ation terlns. 0 S are const.ants

and .r(f)s are the pliase sp-at(~e \'a1‘iables of the coupled s_\'ste111. Pertu1‘ba.tions of these

nature 21.114 <-lenrl_\' 11111ltipli(:;tti\'e noise wl1o's effect on s_\'neln'oniza.tio11 has not. been

studied.

Here the effect of fluetuations vzinislies l)e(:-arise the. E,,-'s are zero 1nea.n rapidly

tlu(-tuating quantit.ies and .1'(_t)’s are the ])ll?lS€‘ S])d(.‘C \'at1‘ia1.l)les t.l1-at evolve slowly

when compared to the the ra.pid l'lu(-tuations or 1I10(l11ldti()llS of the paraiiieter. Thus

.1'(f)'s earn be assumed to be (‘.‘011St‘cLllt. in the time required for the fluctuations t.o get,

sunnned to zero.

Hovvever with a low fluetu-a.tion rate the qu-antit_\' E(p(.. X1. X2. Ap,,Apg) can af

fect. the s_,\'11c-l11‘ony because the pliase space evolution time is comparable to the in

terval where a fixed pa.1'a1i1et,e1' 1nis1na.tel1 persists. Thus with 3. lower fluctuation rate

the systern ztlways get time to respond to the para.111ete1' inisniatch before it being

canceled out. In other words the sum on the R.H.S of eq.3. 1.7 does not vanish with

out COl1Sl(l€1“r1l)l_\—' inodifying the pliase 51)-ace \'a.1'iaLl)les .r(t) when the l'luetu-ation rates

are low. :—\pzu‘t froni ;2,'z111ssia.11 raiidoin fluctuations. we also studied pe1'turb-ations
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with a. 1111if()1'111 (list1‘ibuti011. The results were qi1a.lita.ti\t'el.\' siiiiilar to that of gfi-llfisltlll

])e1'tu1'hatio1is as shown in figure 3.6. This suggests tlmt the fl11ctua.tio11 rate 0 is inure

sigiiificmit than the statistic-(1.1 iiature of the l'l11ctua.ti011s.

In 21 case V\'llP1'P the pa1‘a.111ctcrs are iuodnlated the flut-tuating terms Es are replaced

by the ()S(‘lllnIlIlg‘ tenus. The 1‘11o(-l1a.11is1n of 1'etai1ii11g st-a.bilit_\' of s_\'1ic1u'0u_\' at high

fie-q11t=11(-_\‘ 11iu(l11la.ti(>11s is si111ila.1' to that of 1'-.m(l0111 p21.1‘z11ll(’il'l(‘ p(>1't111‘l)ati011s. The

('011t1‘il)uti01is of the ])H.l‘d.1ll(,‘t(‘l' iuismatt-l1 vaiiislivs with fast 7.('1‘0 iueeui ()S('illdti()I1S.

T he aiialytitral t1'ea.ti11e11t of this is stmigliti f01'wzu‘(l aiml not 1l1ll('ll <liffe1'e11t from thzit,

of 1‘z1.11(l0111 fl1l('fll?1l7lOIlS.

3.5 Effect of fluctuations in Laser dynamics

In (-l1z1pte1' II we liave iiitrotlucetl the (li1'e(-tly iiiotlulatotl sen1i('o11<l11(-tor laser a.11(l

its app1i(~e1tio1is in se*c111'9 (-01u1ni1ni('ation. Iiivvstigatioiis in this tlirvctioii is still at

hot topic of 1'<*s(*a1.1‘(‘l1 [2(i. '27. 28]. Here we show that such laser s_\'stt-111s are also

m1i.~:i(le1‘a.l)l_\' ll1l'll1(‘l1('(‘(l by the flut-tiiatiuiis of thv pz11‘a'1.1110to1‘s. A110tl1('1' aim of 0111‘

h'i11(ll(-‘S in lasers is to sliow tlmt tlierc are ox-ni11])le*s in \\'l1i<'h a. well tlofiiied 1'elz1ti011

lwtxweii the fluctua.t.i011 rates  and the syi1cl1ro11iza.ti011 <-,1'1'o1' S(U) ('HllIl0i alwa._\'s

be ostal)lisl1otl.

3.6 Laser model

The (l)'Ilt1Illi(‘£Ll C([1I£l.t«l()Il of a.(li1'ectly 1110d11la.t.ed se111ico11d11('t.o1' laser (‘all be expressed

as [13],

(IN _ 1 I U,_ (N—o‘) _
d—f — (T—P)l(m)—-'\ {—(1*_—()-Ylpl (3-6-1)
til’ 1 N — 6T : i T * 'i * «;N
rlt (T,,l1—()(1 (PHD P+3l
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where. N and P are the ll()1‘ll1fi.llZ(.‘(l (-a.1'i'ie1' antl photon densities 1‘especti\'el_\'. 7,. =

3 ns and 7,, = 6 ps are the elet-troii and photon life times. (5 = 692 X 10*‘ aml

:3 = 5 X 1()‘5 are two diineiisionless paraineters and I”, = ‘26 mxl is t.l1e tln'eshol(l

c.-u1'1‘ent. The inodulating (‘111'l‘E‘lll in the S_\v'StClIl is given by

1(f) = I,, + I,,, sin(‘27rff). (33.6.2)

Here. 1;, = Al0.3 mrl is the liiasing (-u1'1‘ent. 1,,, = 14.3 m.~l is the modulating current

and f = 0.8 X 109 H: the f1‘eq11e11(;\' of inmlulation. Two such laser systems can be

s_v11el11‘011ize(l by an opt.oelect1‘o11i(r feedback [23. "2-1]. In this st-lieinc, tlic zliiferenee in

photon deiisities of the drive and response systeins is fed into the drive cu1'1‘e11t of the

response system.

The dyliainics of the coupled S_\'Sf€lll can he 1'ep1'ese1ited l)_\' the following equations.

(].'\'1 ,  . I1 . , (‘All — (5) _ _T = — —— —.'V — e. P .3. .(H l7_(..ll(Im) 1 { (1_()) } 1] l ()3)(H71 1 .N1 — 6 _ __ = _ _ _ , g_,~
(H l,TP)l1_6(1 fpilpi P1 F \1l

= [bl  I:r11‘<i“(“'llf)
(1 .’\"g .  . I-__ , (.'\'v2 (5)= — — — _r\/-; —.— P«It lT,.)l(I,,,l ' { (1 -0) } 3][P-) 1 .A\l-‘) —  ,
‘ ~ = (_—)::_ - .‘ (1-— 61-)-g)132 — P; + .3_.\..2](If /I, 1- (5

12(1) = 11,-; + I,,,-2 si11(u:-gt) + ().()()310.5(P, — P2).

Such a. s_Vst.e1n s_\v'11Cl11'o11izes when the pa.1'a1nete1‘s of both os('illa.t01‘s n1a.tch [23]. Syn

(:h1'oni7.at.ion of coupled non—autonon1ous systeins is liiglily sensitive to parainetei‘

inisinatcli [18], espec-ia.ll_\' of the driving frequency. Being a. non—aut.0n0m0us s_vst,en1.

this laser system is also liiglily .<;e11sitive to paranieter 111is1na.t.(-l1, especially to those

oc(rui'1'i11g in the driving‘ frequency [25]. When we introduc-e pa.1‘a.111et.er fluctuation. it

is assiiinecl that the a\'e1‘age pa.1'a.111ete1‘ values of both the systeins are identical and

are equal to the values for which tl1e_\' are (lesigned for se(~u1‘e ('01ninunication purpose

[29].
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3.7 Parameter fluctuations

Let W‘; and LU2 he the driviiig f1'eq11en('ies of the s}'st(.=1ns. Fh1ct11a.ti011s in the s_Vst.e1n

are im:o1'p01‘ated as

u.’1 = u.‘() + £1“).b"_g : ‘./J“ +
wliere. £1 and 52 are zero me-a.1i delta correlated 1'a.11do1n variables. Once the fre

qiieiu-_v is iuodifieci. it reinain couslzmt for -c. cha.1'a.(-to1‘isti(- t.i1nesca.le a.ssociat.enl with

the flntrtuation. which is equal to  \Vith this 1uodifica.ti0u. the a.11g‘11l-a1‘ frequencies

of (.'()l1])i(,‘(i sy.s'te1’11s fluctuates about UJQ -: 5.03 X 109 which is the mean ahglilar fre

que11(;\'. The amplitudes of the fl11(:tua.t.io1'1s are q11a.1it.itie(l by  which is defined

as.

A...‘ =  ().u(f)  (3.733)
wliere. (5..a(f) = uJ1(f) —a2-_;(f). The Si1I1iid.l‘it)' film-tin11 is used to (111-r1.11t.if_\' the S}'ll(‘1l1‘()—

IliZ'rlTi()ll ermi‘. In this (.'i1h'(‘. the si111ila1‘it\' f11n(~tion in terms of photoii de11sit_\' (-an be

w1‘ittr‘11 as.

S2“) : ([P1(t)+ T)
[<1°r(f))(Pf(f,)>]*

3.7.1 Numerical results

The \'au‘ia.t.ion of the syntthroiiization error (S (0)) with 1‘espe(-t to the fluctllatioll rate

0 is studied. The erroi‘ dec1‘ea.s'es as the fl11ct11ati01i rate increases. The effect of

G'c11lS.'~2i‘d.I'l as well as uiiifonn fluctuations 011 sy11(:11r011iza.tion are studied. Figures 3.8

and 3.9 shows the va.1‘iat.i011 of s_\'11cl11'011iza.tio11 error for il1(.'1'6‘.‘:l.Sil1g values of fluct.11z1.t.io11

rzites in the case 0fGzu1ssia11 and u1iif01‘111 pe1't11rh-atioiis 1‘P.s‘])€(‘.ti\’Pl_V. It can be seen

that in both the cases, the (-o11ve1'ge11(:e of the S(()) is not u11if01'm as in the case of

R()ssle1' 21Tt1‘a.('t()1‘S. H()\\'E’\'t:‘l‘ for la1'go1' flu('tuu.ti(>11 1'a.tes. S(‘()) falls to \’(’1'}' low mliles.
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Figure 3.8: 111 coupled laser systelns, the sy11Cl11'011izati()11 error S (0) decays with the
inc-1‘ease in the fluctllation rate. Es follow gzmssiaxl dist1'ibut.i0n and Aw = 8.5761 X 107
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0.18i- i0.16! 4/‘\ :
C‘. , 0.14 — —J 0.12 - 10.1 - —0.08 - —0.08 - 40.04 - —0.02 — 1 2 3 4 5 5 7 3 9 _

Figure 3.9: Sy11c111'o11ization error 3(0) (le(:-ays with the increase in the fluctuation
l‘éLt(‘. Herc tl1e_g9upled Laser system is .‘s'ubjecte<l to fluctuations that follow uniforin
distributimi. A0; = 2.5109 x 107



3.8 Conclusion

111 this (-l1z1pte1' we l1a\'0 sl10w11 111111 the effect. of 21 fl11c~t1121ti11g p;1.1'a111cte1‘ i11\'0lv0(l iii

the (l_\'11;1111ics of ('()11})lF‘(i s}'st.9111s is to (.lest1"oy .sy11(-l11'011izz1ti011. The effect of s11c-l1

fl11(:t11z1ti011s 011 the (]l1a11it.‘\' of s‘\'11(-l11'(111iza1r1011 depeiids 011 the time :~:(.'2Ll9 ass‘o('iz1te(l

with the fl11<~t11a1ti011s. 111 some cases 11 well (lofiiiecl relatioii (-2111 he fo1111<1 lietweeii the

ti111(‘s(-ales 111111 the si111ih11'it_\' f1111(-tinii 5(0). But in s)'ste111s \\'hi('h 21.1'e \'(~1'_\' .se11siti\'e~

to p;11'a.111oto1' 111is111a1.1.(:l1. 110 .s11cl1 1'elati011 (-2111 be (l€l'i\'t‘(1.
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Chapter 4

Chaos in an intermittently driven

damped oscillator

4.1 Introduction

It is g(‘1)(‘1'zlll\' l\’Il()\\'Il that coiitiiiiious lint-211‘ systeiiis c-amiot exhibit ('lld()il(' time

0\'()ll1fl()1l. Ho\\'<>\'e~1‘ 1"v('e11tl}‘ it lias l)(‘L‘ll sho\\'11 tliat ('l1z10ti(' l)e11zwio1' ("all o(-(-111' in

s_\'stv1us without explicit 11011 li1i0a1'itios. Hirata 9t.al.  l1-(1.\'<~ shown that ('()I1tlIl11()1lS

(‘l1u.oti(~ xxrzivo forms ("mi be ('o11sti‘11cte(l by tho siiperposition of (~e1't-aiii pulse basis

fllIl(‘ll0IlS. In 21. liiicni‘ SP(7()11(l order filter (lriven by l'dIl(l()IIll_\' [)()l2l.I‘lZ€(l pulses. ctli-a.otiC

l)<‘l1;1\‘io1' is o|)se1‘\'o<l when the time series is vi(=wo(l l)a(-k\m.1‘(ls i11 time  Furtliei‘

they li-cm? sliown that by reversing the time series. folded bzuitl (-lizios siuiilar to Rossler

zltT1"c1('t()1‘ can also be s_v11t.l1esize(l  Eveii if the time 1‘P\‘e1‘sal is not ph\'sica.l. this

1'e\'ez1.ls the i111po1'ta.i1ce of pure miicloiiiiicss \\'lll('ll is associatetl with clmotic beliavior.

In this (‘lizipte1' we st11(l_\' a. wee1.kl}‘ (l-(1t111pe(l (h‘i\'e11 linear oscillator wliero the os('illa.t()1‘

and tho (lriw are ('ou1)l0(l only when the tr-.Ljo<:to1‘_\' is in a thin strip in the pliztse spat-e

L1].

7!)
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Figure 1.1: The schematic diagram of tlie driving. The drive and the oscillator are
coupled when the tr-a.jector‘\' is in side the strip lot-ated at the origin of the phase
space.

4.2 Basic model

The basic model discussed in this chapter is a dainped oscillator which is driven only

iii a. thin strip of the phase space. that is. as the traje('t0r_\' enters the strip the

('ol1pli11;_1, between the drive and the oscillator becomes a(‘ti\*e. When not driven. the

oscillator performs a damped motion and the drive runs freely. This is sclieinatically

shown in figure :l.1. We choose the origin as the location of the strip because orbits

with lower energy 1i1a.y not encounter the strip. if it is located far from the origin.

Such orbits will spiral towards zero as in the case of an ordinary damped oscillator.

First we consider a deterministic drive. The dynamics is cliaiacterized using stan

dard t.e(-liniques. VVe also stud_v a model in which the oscillator is driven by a sto

eh-astic drive. That is, as the trajectory enter the strip, the oscillator is subjected

to a. random forcing. We show that the stochastic systeni ininiics its deterministic

analogue. Also it is shown that the effective forcing is associated with a. tiinescale,

this in-akes the forciiig similar to the fluctuation that we l1-ave studied in the previous
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4.3 Deterministic driving

4.3.1 Dynamical equations

The (l_\'1ia.1hi(-21.1 eq11a.tio11 for El lld1'IIl()Ill(‘ ost-illator. which is miipled to the (lri\t'e only

in a. strip in the phase space (-an be written as.

(/2.1" (l.r .++",——+Q2.r = 1...'u.'i11 ‘f 4.3.1‘(#2 (H /(> 1) ~ (~) ( ;
where. _ llf|.I'] S5/1(s..1') = . (4.32)

0 et.l1e1'w1se..

Here. 7 is the (laiiipiiig ('()L‘l'il('l(‘llf. Q is the aiigiil-a.1' f1'eq1l(‘11('_\' of the oscillator z.111(l

..r.' is the aiigiil-a1‘ freq11e11('_\' of the drive. Thus with 21. <leter11ii11istic (lrive. what the

(l_\'11eu11i('-al eqiintioiis represeiit is 21 l(‘glilIl1'(lT(‘ <leteru1i1iisti(' systeiii in e\‘e1'y sense.‘

4.3.2 Numerical results

N1111l(‘1‘l(‘kl.l siiimlatioiis were (lone using the Rliiige-Kiittzi. '(1.lg()l‘lTlllll with a step size

of 10*‘ \\’'e crlioose the followiiig values for the pz1.1‘a111eters: S2 = 1.0. 7 = 0.1.

u.‘ = 0.3. .9 = 0.1 and u = 2.5. The pair"-a.111ete1‘s were (‘l1()S(‘Il by iiuinerical trials to

e.\:press the c-oncepts (r1ea.rl_\'. aml are fixed (luring the evolution of the system in tiinc-_

Fig.1.‘2 sliows the phase space plot of the systeiu. Note that there is a. (lisc011ti11uit._\r'

in a strip of width 23 near 0 in the the phase space, where the oscillator is coupled

to the (lrive. A closer View of the strip is given in Fig. 4.3. It can be seen that

the t1‘-(1ject01‘ies that a.pp1'oa.cl1 the origin 111-a_\' either cross the strip with or without

('(msi(le1'2Ll)le 1110(lifi(*atio1is. or it 111-a_\' get 1'e\t'ersed. Fig. l. 1 shows the time series .r(f)

of the systeiii. The aiiiplitiule of ()S('lll‘<lfl()IlS. and the 1111111l>er of ost-illatioiis between

two m11se(~11ti\'e t-rossings of the strip are i1'1'<'gula.1'. This ('()1‘1'esp()11(ls to the pliase
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_: I I 1 I J_ J I-O 8 -O b -0.1 -3 2 O 0.2 C] 4 0.5 O P

Fig111‘v 1.2: Pll&L\.'(‘ 51)-Me‘ t1'n_ie(-1u1'_\' of I110 u.s'(-illaI<>1' (S2 — 1.0. = 0.1. .4; —— 0.3.
s = 0.1 i'Ul(l u = 2.5).
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0.6

0.4

0.2

-0.2

Figure 4.3: Close View of the strip. Note the t1'a.je(:t01'ies: a) 1‘e\*e1‘se di1‘ecti()11 b) (Toss
the st rip but S11fi(‘l'S d<‘fo1'111ati011. (') cross the strip without c0usi(lerable m0(lifi('atio11.
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1*- _.4- _._ ___,-l

10 U1 U“ 1” 0-05}
I

1

K,1__-L _.‘__,__,4__ _1__,_1_ *_,,_ -x___._1120 1140 1150 1180 1200 1220 1240 1250
time

Figure 1.-*1: Time se1'ies of the system (Q = 1.0. 3 = 0.1, w = 0.3, s = 0.1 and
(1 = 2.5).
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.4_ 4_.0 D2—7 of?” <5e— 0.3 1 HT 177 1'57 1'3 "2
frequency in Hz

Figure 4.5: Powe1'spe(_:t.ru111 of the time series .r(t) (S2 = 1.0. ‘)1 — 0.1. Ln‘ = 0.3.
5 = 0.1 and (1 = 2.5).
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25

F. .  ';':. ’ . g LU 0.5 1 15 2
strip width

Figure l.()': Bif111'(rati<)11 tliagmiii 0bt21.i11c(l by \'e1.1‘_\'i11g the strip width 5. Ch21oti(
holiavior (iiSappG{l.l'.'u‘ as the width of the strip is ($2 = 1.0. ') = 0.1. .4; = 0.3 and
u = 2.5).

space (l_\'ua.1uics which <-onsists of refle('ti011s iii the strip and traiisitioiis which inodify

the t1'ajc(‘ti01‘ies. The power spe(-t1'11111 as shown in Fig. ‘1.5 is broad which confirms

the ape1'iodi(- heliavior in time.



a an :

__x__

07

Figure 4.7: Bifur(é-ation (liagmlll 0btai11e(l by varyi11g the (la.111pi11g coefficient. 7.
Chaotic behavior is suppressed as the daluping is increased (Q = 1.0. as = 0.3.
3 = 0.1 a.11(la = 2.5).
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\i’a.1'}'i11g the pau‘z11iiete1‘s .5‘ and the S)'St(‘IIl exhibits both c-liaotie d.ll(i pCI‘i()(1i(r

osc-illa.ti01is. From the |)ifu1'(‘.-ation (lia.g1'a.11is slmwii in Fig. 1.6 and Fig. 1.7 it (-an

be seen tliat the c-linotie l)elia.\'i01' disappears for liigher values of 1. and 3. Also note

that for s 2 1 there is a. t.1‘a1isiti<)11 to the ease of an 01‘di1m1'_v driven (laniped linear

oseillntoi‘. where 110 ('11d()ii(‘ 1)el1a\'i01' is expected.

\\"e used D-—iT.—lPL()RE®  for the iLlla.1_\'SiS of the time series. The time (lel-¢1_\'

requiretl for 1‘ec-oiistrut-tiiig n tiiiieseries is a. widely (iiH('l1SS(-‘(i topic  VVitl1 ‘(I delay

of 1.56, it is found that the a11toc01‘1‘ela.tioi1 function falls to 0.5. With this delay,

:‘1::be:'1di1ig dimension was ('&1.i('Il1éltL‘:,i using False 1i<t::.:_'e::t neighbors ri1r‘t‘.:(:<_!  It

is found that the pert-e11t.a.ge of iiearest iieighliors appr0a('l1es zero with eiiibeddiiig

diineiisioii 3. L_\'apu110\' expoiients were calclilatetl with embeddiiig diiuensioii 3.

nuinber of nearest iieiglihors 37 zuid the (legree of the ext1'a.p0l-ating p0l)'1i()1iiia.l 3.

The result obtained is niiiltiplied by the saiiipliiig freqiieiit-_\' of the input sigiial to

(-tilclil-cite the L_3'apui1o\' exponeiits. The La1'gest L_\'t—1])ll11()\‘ exponent. is f()1lll(i to be

3.19. \Ve obtziiiietl 2.148 as the I’\'ap1a.1i—Yorke (ii1l1(‘IlSiO11. The i‘e(1-oi1structe<l pliase

space of the dft1"r1.C't()l‘ is slmwii in fig. 1.8. It is siuiilnr in appeal‘-aiiee to other

('l1a.otie systeiiis in se\'ei"-(1.1 respects. The ti‘-(1.jecto1'ies are not (.'1()SC(l aiid it till the

pliase space. but not 1i11if0i'111ly. The (>seillz1t.i(>1is are i)()11l1(i(-Pd though the t1'a.ject01'ies

(liverge l0(:a.ll}'.

4.4 Random driving

4.4.1 Dynamical equations

In this section we Consitler the effect of 1‘dll(10lll (h'i\'ing on the Oscillatoi‘ (l_\'11z1111ies.

Rantloiii f0i'(-iiig is £1.('.l1ie\'e(l by the (hive nssuiiiilig a ra.1it_l0111 value 5 each time the

)h-ase s )t1(-e ti"-r1‘e(-t0i'\' enters the stri J. The euii )iiill(l6‘()ff()1‘(‘il1”‘ ‘ is Gz1.11ssia.i1 miidniii. .-J S
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CI .8

= 0.3. .5" = 0.1.— 0.1.4;Figure -1.8: The (I91-a._\' 1'e(-o11st.1'11ct,e(l att.1'act.0r (S2 = 1.0. 7 —
(1 = 2.5 a.n(1Af = 1.56 ).
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\'a.1'ieLl)1e with \'a1'izu1(-e 02 =  and zero mean. We define _\(.s. .1‘) as follows.V

‘f _ <.,'\'(.s‘,.1')= 5 1 'r' ‘i (44.1)
0 otherwise.

Retaiiiilig /1(s..r) (lefined as i11 eq. 4.3.1 for (‘()lIl])d1‘iS()ll. the d_v11z111ii(-n.l eqlmtioii is.

.12.‘ I.‘ .
% + 7% + Q21“ = (1/1.(A.s-..1‘)\(s..1.') (4.1.2)

4.4.2 Numerical results

Replacilig the (Ieter111i11isti(- drive with a 1‘an(l0111 (hive. the 1'€Sllitillg' s_\'ste111 111i111i('s

it det,e1'111inisti(' analogiie i11 iuany respects. The position 1n0Ine11t11m spate of the

oscill-a.to1* is shown in figure 4.9. Figure 4.10 shows the a.tt.racto1‘ 1'eco11st1‘u(e-ted from

the tiiueseries of the systeiii by delayed coo1'(li11ates. We used a delay of 1.1 seconds.

e1. delay with whivh the -(mto('o1‘1'olat.iou function falls to half its 01'igina.l \';1h1e

for 1‘e(-o11st1'11(-tiiig the att1'a.(-tor from its t.i1110se1'ies. reflectio11-traiisiuissioii (l}'1121.111i('s

inside the strip is also S1ll11id.l' to the (lete1'1ui11istiL- (-use as shown in figure 1.11. “'0

ca.lcu1at.e(l the iI1\’dl‘1&L]1i pa1'a111ette1's. it was fo1111(l that the the Lyapm1o\' exponeiit

is 2.92 and the I(apla.11—Yo1'ke diiueiision is 2.31. A positive 1ya.pu11o\' expolient and

KapIa.n-Yorke diiuension betweeii ‘.2 and 3 is at sure 1Il(,ii(fH.ti()I1 of ('11-aos. The i11vat1'izu1t

parameters with both (lriving schemes is given in table 1.1 for C()l1lpa.l'iSOl1.

I11va.1'ia11tt pa1‘ai11et.ers Deteniiiiiistic driviiig Ra.I1(l0u1 (h‘ivi11g
Lyetpuiiov expoiieiits 3.19 2.92

K-a.pla1i-Yorke dimension 2.148 2.31
Table 1.1: I11va1‘ia.11t, pal‘-a.111ete1‘s of d0te1'111i11isti(: d.Il(1 l'dI1(i()lIl (h'ivi11g sc~l1e1ncs
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I I I I I 7 I I I

2.5

Figure 4.9: The positi011-1110111e11tu1u space of the osCi1la.t01' un(le1' l‘a.I1(lOlIl driving. (
Q = 1.0. 7 = 0.1. s = ().1. a : 2.5 a.11(l At = 1.1).
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A

Figure 1.10: The 1'ec011st.1‘11(:t.e<l a.tt1'a.ct.o1‘ rcsliltiiig from l‘dll(iOI11 driving ( (2
, = 0.1. .s‘=0.1.(I = 2.5 and At = 1.1).

= 1.0.
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-3}, ‘L 715xi, ,. ,, , , 7, ,_-0 1 -0.05 0 0 05
X

Figure 4.11: Close View of the phase .<:p-ac-e strip of a. 1'a11(l0mly driven oscillator.



94 Chapter 4
3:: n I I % f T3- ) —f\0) 25- «

.+.-_

E
D 2%L
£3>‘ 15- 
I‘:
QL(D 1— 1'035- «0 l 1 I>05 U 05 1 15 2 25 3

driving time6.. _.a b)
.'E Sr32 4- —
E,
333- '. '|‘U) 1
8'0 2' ‘1_ _
Ij|—  '‘\‘’‘‘'’‘'-‘&——~- —. I 1 J l 1 J} l0 I35 1 15 2 25 3 35

driving time

Fi-g,‘111'o 1.12: The <le11sit_\' (list1'ii)11tim1s of the (l1‘i\'i11g times: -(1) (lotom1i11isri(' (l1‘i\'i11g
1)) .\‘t()('1111:s'ti(' <h‘i\'i11g



4.5 Nature of the forcing
The efl"e(-t of 21. fo1'('ing on the d_\'na111i('s van depeiid on 11|2'1.l1_\' factors. The most

i1111)01'tz1nt are the a1111plit11de and the time for whit-11 S1l('ll a. forciiig persists. \Vitl1 Eq.

1.3.1 the (,l_\'11e1I11i('S of tho s_\'sten1 i11 terms of plmse space \'a1‘iz1.l)les is well defined. The

onl_\' degree of f1‘(‘L‘(l()lll a\«'a.ilz1l)le for an i1'1‘eg'11lz11' l)el121.\'io1‘ is tlirougli the time i11te.1‘\'e1l

i11 \\'hich the s_\'sten1 is driven. It is shown i11 fig 4.12 that the distribution of the

r_l1'i\'ing times is pe.a.kcd i11 (lete1‘1ninisti(' as well as in 1'-(1.11do1n d1'i\'ing,'s sclieines. It is

i11t.e1‘esti11g to note tliat the nz1tn1'e of the dist1'il)ntion is the szune but the dist.1'ib11tion

is more Sllfl-I'I)l_\' pe11ked for the l'all(lOllI forciiig.

4.6 Conclusion

\\'e l1-(we sl10w11 that \\'ea.kl_\‘ dznnped li11(*-c1.1' d1'i\*e11 os('ille1to1' ("(1.11 exhibit Cl1aoti(~ he

l121\'i01‘ if the ('()11I)llIlg l1etwee11 the drive and the os(-illatoi‘ are applied only at a 11211'1'ow

region of the pl1z1s(_' space. Similar <-liaotic l)el1~r1\'io1" (-2111 he ol,)se1‘\’e(l with a pm"el_\'

1'z1ndon1 drive. Though ph\'si('all_\' silnilzu‘ 1ne('hz1nisms exist for such 21 l)9l1'<l\'l01‘, 1nz1th

e‘l11d.ti('a1ll_\'. they are different. Under stoC-l1z1sti(- tl1'ivi11g. the fort-iiig term is ('onstz111t

inside tl1e strip d.I1(l the (ll11'z1ti()n for which the fo1'ci11;2,' persists. is (list1'ib11t.ed with

-.1. dist1'il_)11t.io11 function \Vl1i('l1 is sl1z11'pl_\' peaked. This implies that the not forcing

expcrient-ed h_\' the oscillatol‘ is similar to the kind of fl11(‘t11z1tio11 that we have studied

i11 C‘l1-apter III.
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/Chapter 5
Harmonic oscillator with M r\ V

exponential damping

5.1 Introduction

In this ('l1atpte1' we stutl_\' 21 .\‘_\'Sf(‘Ill which is a lI10(1ifi('&l[i()ll of the systeni tildf we

hz1.\'e studied in the ])1'e\'i(>11s ('l1'r1})[(_‘1‘. \\'e stutly an 0s'(‘illa.t.01‘ in \\'hi(~h the (h‘i\'e is

spati-a.ll‘\' 1110dula1.te<l with an expo11011tinll_\' de(~a._\'i11g fiiiiction of the position \'a1'ia1.l)le.

The signifi('a.11ce of this st11<l_\'. in view of the preseiit work is that a.(:l1ie\'i11g cliaos in

this systeni proves that the ('l1a.0ti(' (i_\'11‘c11lli('S that we hz1.\'e studied in the previous

C11-aptei‘ is stt1'11(~tu1*all_\' st-(1.l)le. That is, the nature of the a-tt1‘i‘L('t01‘ is not (-o11si(le1'abl_\'

modified with s111-all (‘-liaiiges in the (1_\'mu11ica.l eqiiations of the systeiii.

The (l.\'i1z1t111i(--(1.1 eqiiatitm of 21 (li1tIll])(‘(i (h‘i\'e11 l1ai‘111011i(- os('illa.t01' [L 2. 3] is given

1)}: 2 . .
fl—£ + 7gi—+-Q2; = ushflud). (5.L1)r/f- (It

\\711e1'e the I'(.‘l'1ll 7 1‘ep1'ese11ts the tlaiupiiig ('()(-‘ffi('i€Ilf. I11 a 1110(*l1a.11i(-21.1 s_\'sten1 this is

the (izllllpillg f01'('e pmpo1'tio1ml to the velor-it_\'(.i'). The term £2 represents the aiigiilnr

freqiieiit-_\' of the ost-ill;1tui' \\'hi('h is giveii h_\" S} =  where A‘ is the 1'estoi'i11g f()l'('(’ per
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100 Chapter 5
1111it (li.s'pla('e111e11t f1‘0111 the equilih1‘i11111 a.11d III is tl1e 1112155. ..-J 1'ep1'e.s'e11ts the f1'eq11e11(g\'

of tlie drive and (1 1'ep1'ese11t.s' the a.111plit11de of the f01'('i11g applied by the drive.

The (l_\'11a.111ica.l eq11ati011 of 21 1110difie(l (laluped (h'i\'e11 ha.1'111011i(' 0s(‘:illato1' in which

the driviiig te1'111 l1a.ve a. .s'pz1tia.l (lepe11(le11(~e can he \\'1'it,te11 as.

1/21‘ A (l.r
72- + ,(I—f + Q21 = (1exp(——<1.r2:)si11(.ut). (. .V1 ,_. l\J

\_.

Tl1e driving term si11(...rf) of the o1'igi11a1l l1a1'111o11i(' 05('illat()1‘ is 111o(1ifie(l to e.\'p(—c1.1'2) si11(.utV).

This can also be written as a. .~':.\'.~_:t.e.111 of coupled eqiiatioiis.

.1" = y (-3.1.3)
1) = -92.1‘ — ",1/+aexp(»—-(112)si11(z)

-.2] *- wit.

The f1lIl(7tiOIl exp(«(1.1'2) with higl1 V&.l.lll(-‘.S of (.1 is -(1 1'api(ll_\' de(-1‘easi11g f1111ctio11

of tl1e space variable. Thus the d1‘i\'i11;.§ heeo111e.s' i11l10111<>ge11e011s and there will he

1'e.gio11s iii the phase .s'pa1.(-e wl1e1'e t11e effect of the (h'i\'i11g is p1‘a.etieall_\' a.l).s‘e11t. This

is st-l1e111e1t.i('al1_\' gi\'e11 i11 the ligtlre 5.1. The 1'egi011 slmtled i11 grey 1'ep1'ese11ts the

('o11pli11g st1'e11gtl1 between the <h'i\'e 11.11(i the os('illz1.t01' i11 vz1.1'io11s spatial 1'egi011s.

Thoiigh the ha1'111o11i(- 051-illator is 21. pe1'fectl_\' li11e-A1‘ s_\'ste111. the S}).(‘:ti'(1:l (1epe11«le11('e

of 3.11 exp011e11tial fo1‘111 i11t1'o(l11(-es stroiig 11011li11ez11'ities })(.‘(.'z1.l1S9 the t.e1‘111 exp(—(u'2)

can be w1'it.te11 as,

..2’ 1.

exp(—r1.r2) = 1 + E',°,“=l (#

T0 stud)’ the cl1a.0t.ic d_\'11a1.111i(rs of the s_\'ste111. pz1.ra111ete1‘ values which are best suited

for the illustration of the coiicepts are (‘-hosen. These \':«1.h1es are, D = 1.0. ", = 0.1,

(1 = 6.25. (1 = 80.0a.11(l w = 0.3. 111 figiire 5.2 The [)lldS(‘ space of the system is giveii.

The rec-o11st1'11eted at.t1'act01' is shown i11 figure 5.1. It C2111 be seen that the t0p<)l0g_\'

of the 1'e(~011.s't1'11cte(l figure possess 111a.11_\f similarities to thz1t of other (:hzL0ti(' S_V'St(311lS.

“'0 used a time (lelny of 0.5.9 as the time lag 1‘eq11i1'e(l for 1‘e(-011st1‘11eti11g the (l_\’11n111ics

[.1].
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Figure 5.1: Spatial modulation of the drive. The shaded region denotes the spatial
modulation experienced by the drive. Thus with an exponential dependence on the
space variables the effect of the drive is restricted to a smaller region in phase space.
Also there are regions where the effect of the sinusoidal forcing is absent.
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The power spe('t1'11n1 of the ti111e series iii the (-h;1.otic regiine is sliown i11 figiire 5.3.

It. (-21.11 be seen that the po\\'e1* spe('t1‘un1 is broad which i11(li(-ates ap(3l'lO(ll(' l)GllflVi01'

of the systeni. The lya.p1111o\' exponeiits of the attractor is coinputenl using 21. l\'ld.tld.l)

version of the Fo1't.1'-an ])1‘<)g1‘z1111 p1‘ovi(le(l by Wolf. et. al  It can be seen from

figiire 5.5 tliat the l\'e1pu11o\' expoiients of the. s_\'ste111 e011\'e1‘ges to positive. zero and

11eg;a.ti\'e \'zLl11es: \-\'lll(‘ll is 21 (‘l('211‘ iI1(li('a.ti()11 of (-l1z1oti(- l)el1a\*i(>1'. The longer ti111e

nee(le(l for the co11\re1'g‘e11(‘e of the L_\'a.p11nov exponents is a eoinnion cl1a.1‘aete1'isti(- of

(lriven s_vst.en1s

5.2 Parameter variations

l\Id.11_\' of the nonlinea.r systeins exhibit chaos clependiiig on the pa1'a.111ete1‘ values of

the s_\«’ste1n. As we l1z1.ve seen in chapter I. \-'a.1'_\'i11g the paraineters of a. s_\'st.e1n leads

to orbits of (lifl‘e1'ent pe1'io(li(-ities ;1.n(l also (rliaotie l)el1z1.\1'io1‘. The key eleinent in the

(,l_\'11a.1ni(.-s of this systeni is the par-c1111et.e1' (1. VVe stu(l_\' the effeets of \'z11'_\'i11g_>; this

pz11‘an1eter keeping all other pa.1'21n1ete1‘s ('(')IlSl"rl.llt as (lefine(l ez1.1‘lie1'.

The pal‘-a.n1ete1' (1 enters the (l_v11a111i('s tlirougli tl1e te1'n1 exp(—(1.1r2). Thus wlien

(1 = U 01' for the snialler values of (1. one (-an expect ‘(L reg11la.r dyiianiics similar to that

of the (lznnped (l1‘i\'en l1a1'n1o11ic oscillator. ()11 i11c1'e-asiiig (1 the nonlinearities st-a1't.s to

influence the (lyiiaiiiies. Here we (-1111 expect periodic oscillations. Witli lnglier vz1.l11es

of (1 the nonline-cirities affect, the dyiiaiiiies st1'ongl_V shell that the (ly11a.n1ics hec-on1es

different from that of the original harnionie oscillator and can result in Cll3.()S.

The l_)lfllI'CELtlOll (liagr11.111 of the s_\'ste1n is given in figure 5.6. It can be seen that

as (1 ilicreases the systeni hecoine cliaotie through silceessive period doublings. There

are also periodic wimlows and successive period (louhlings in the bifurcation cliagrani.

that are cl1a.1'acteristi(rs of cliaotie Llyiieuiiies.

V-a1;vi11g the pamnietei .1; the s_\'ste1n exhibits some int1e1'esti11g osc-illator_\' l)el1a.v

iors. The s_\'st.e1‘11 is eliaotie when the (l1‘i\'e f1‘eq11e11(-_\’ is ('o11si(le1'al)l_\' less tli-an tha.t

of the (l1'i\'e. Hov\'e\'e1' wlien the (hive f1'eq11en(-_\' and the natu1‘z1l f1‘eq11e11(-_\' of the
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Fig111'0 5.3: The power spectruln of the time series for the pa.1‘eu11cte1' va.l11es S2 = 1.().
= 0.1, (1. = 6.25. (1: 80.0a.11d 0; = 0.3.
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Dynamics of Lyapunov exponentsI ’f ‘I’ ‘I? I T ‘I’ T TI’.3 3 _ _o 2 — —61 M% _1 . _‘I: 2 “ _
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Figurv 5.5: C()11\'e_~1‘ge>11(~v of the L_\'ap11n0v (-‘.\Z])0Il(-‘llts as t -——» x.
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oscillators nmteli it can be seen that the system beconies periodic. The inaxinunn

‘cl-lllpiiflldt‘ of osc-illatioiis in the periodic regime occurs when the fl‘e(]1l8l1C_\' of the

dri\'e and the n-a.t.ura1 fl‘(‘qll(.‘1l('_V' of the oscillator nizitcli. However. periodic orbits are

possible when the f1‘eq1ie11cy of the drive is higher tli-an that of the O.S‘Ciii&l.i0l‘. The

hifur(~ation diagram (-o1'1'e.'sponding to the va1‘iatio11 of .1: is given in figure 5.7 From

figure 5.8 it can be seen that c-lia.oti(- behavior does not occur if the dainping (~oefii('ient

is high. At high values of damping. orbits of different periodicities ea.n |)e obse1'ved.

5.3 Synchronization

In this section, we study the synchroniza.tion properties of the oscillator in the cliaotie

regime. S_\'n(-hronization is achieved by diffusive coupling". The coupled equations can

be represented as.

.r', = ,1/1 + t‘(.r-_; — 1'1) (5.31)
.’/II = —Q2.r, — 71/, + uexp(—(1.1-f) sin(21)

.5, = .u

.13 = ,1/-3 + (.'(.l‘1 — .1"-2)

tj-3 = ~.Q2.r-2 — 7,112 + (1 exp(—n.r§) sin(z2)

where r- denotes the coupling strengtli. The schematic diagram of the (roupling scheme

is given in figure 5.9. The Conditional Lyapunov exponents (CLE) [6] of the (~oupled

systeins are (:al(:ulate(l. The variation of niaxiinal conditional L_v~(Lpun0v expoiient

with respect to coupling strength is plotted in figure 5.10. It ("air be seen that. with

both unidireCt.io11z1.l and hidireetioiial (1-oupling. chaotic s_\'11cl11'o11i7.at.ion is aeliieved be

tween the oscillators. The s_vn(-hronization plot of the s_\'sten1s coupled hidirectiona.l1y

with 2L coupling strength of 0.2 is given in figure 5.11.
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C4

Figurv 5.8: The bifurcation diagr-a.1n of s_\'st.e111 under the variation of 7.
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Conditional Lyapunov exponent; unidirectional coupling
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Fig'i11"o :';.1(): Vn1‘iz1.ti<>i1 of the 111a.xi111al C()ll(liti()l1Fl.l I._\'n[)il11()\' f‘X])()ll(‘ll'[ witli iI1("1‘(‘zl.s‘9

in <-oupling .'~:t1'(‘11;;tl1.
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Figure 5.11: The s_\'11(-l1r011iza.t.io11 plot of the coupled 1110(l11la.t.ed ha1‘1uoui(- 0s(-illat,o1's.



111 Chapter 5
5.4 Conclusions

The (l1'ive11 damporl 11a1'1u011ic oscillzltm ("(1.11 be t1'e1.11sf01‘111e(l to a (-11-antic oscillator by

111()<Iifyi11g the (l1‘iV'i11g terln with a. spnti-.11 depeuclellce of an expo11c11tia.l 11-a.t111'9. The

syst(:111 follows the familial‘ pe1'i0(l (loublilxg route to (:ha.()s. S.v11<-l11'011iza.tio11 of such

.s'}'St(*111S is possible for a wide 1'-c111ge of c'm1pli11g strellgtlls.
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Chapter 6

Summary, conclusions and future

prospects

6.1 Summary and conclusion

“'9 liaw .~tl1o\\'11 that 21. I"r1.ll(i()ll1]_\' thit-tiiatiiig [)z1i'a.iii(*t(41' on .\‘_\'ll('1l1‘()lliZtlU011 of (‘lld()1’i(‘

.s‘_\'.\‘tt‘IllS (i(‘b'fl'()_\'S the S_\'ll("llI'0I1iZHfi()ll. In {\'U1ll(’ s_\'steiiis. it is posrsible to est-(ihlisli tho

i‘('Ia.ti011 i)(‘f\\'(‘(‘1l the (‘i1k1.1‘&l("t(.‘l‘iSti(‘ tiiiiesc-.1.les -(1ss0(-iait(-<1 with the fliictiizitioii and tho

q11nlit_\' of .~;_\'11('lii'u11iza.tion. But tlwre are a.1.s'0 situations in whi(‘h this is not possible.

We St11(ii(’(i a. iiiotlifivd ll2l.1‘IllOIli(.‘ oscilh-i,t01' in which the (hive and the oscillator

are c-mipled only when the ])ll‘<iSP space‘ t1‘a_je('t01‘)‘ is inside ‘(I small strip iii the phase

sp-.u'e. The 1't‘.\'1llTi1lg os(‘ill-ator oxliihits (‘.ll‘cL()ti(‘ belm\'i<n'. A sto(~liasti(- all-alogiie of this

systviii (-2111 also he (‘()1lStI‘1l(‘I(.‘(i by replaciiig the (i(¥f(‘,1'IllilliSTi(‘ drive with 21. rauidoiii

0110. It xvas f0u11<l that sucli a sy.s't(>111 mimic-s its (Iete1'ii1i11isti(' a.i1a.l()g11e.

I11 St()('llilSTi(‘2iiu_\‘ rlriven ('lm()ti(- ()S('i1h1t01‘ the offet-tive driviiig is the random fmz-—

iilg with. (I.s'.s'()("i(I.f(—’(/ fI"IIl('.s‘(‘(I,/('5. where the tiiiiesmles are (,ii.H'f1‘i})1lt€(i with a <1e11sit_\'

film-tioii whivh is peaked. The p(>a.ke(1 n21.ti11‘e of tho <listi'ihutio1i sliggt-sts that a

ti111(,*.s‘(';1.1(' \\'ili('1l is ('ilz1l'2l('f(“1‘i>'I i(' to 511011 fn1'(~iii_9, exists.
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Repl21.(-111g the strip 111 the e21.1'lie1' c-11z1pte1', we studied a.(la111pe(1 l1zu‘111o11i(' oseill-a.to1'

in which a spatieil I110(l11lz1ti011 wliich is -(111 expo11e11ti-a,l f1111ctio11 of the position \'aria.l)1c.

is applied to the drive. The s_\'ste111 exhibits (3ll::10tlC <l_\'11a.111ics wliieli is 1l11l('ll si111i121.1'

to t11e fz1.111ilia1‘ <'l1a.0tic' s_\'ste111s. This sliows tl1a.t. the dy11a.111ics of the stocliastictally

(11'ive11 OS('11121t()l‘ and its dete1'111i11istic- euialogue is 11ot 11111011 dif1'e1‘e11t froin the heliavioi‘

of 1'eg11la.1‘ (-l1a.oti(- s_\'ste111s.

To conelurle. e1. 1l11(-t11a.ti11g q11a11tit_\' whicli is associated with cl1a.1'acte1'istie ti111es(-ales

dest1'o_\'s s.v11cl11'o11iz-c1t.io11. 011 the other hzuid. such fl11ct11atio11s can also i11(l111-e <:l1z1.os.

Thus we 11-ave shown that _11l1e11on1e11o11 which is equivaleiit. to chaos and that naniiot

be syI1cl11'o11i7.ed exists. Also we l1-are eh‘ta.l)l1Sl)€‘(1 o11e of the Close 1‘elat.io11s bet.\vee11

(lete1‘111i11is111 and I‘a1l1(l()I11119SS 111 11e1.t111'e.

6.2 Future prospects
In future we would like to extend o111' studies to inoclified versions of the i11te1'111itte11tly

(l1"i\'e11 s_\'ste111. This i111'111<1e <el1'i\'i11g wit11 1‘-a11(lo111 fo1'(-111g which follows other dist1'i1>—

utions. ;1.11d he11(-0 to [ind o11t what the 21.<~t11a1.l <list1'il>11tio11 with whit-l1 the 1ly11a111i('s

is most si111ila1' to (-11z1.os. Though the p1'evio11s results that desc-1"il)e (-l1z1.otie l)ellil\-'1()l‘

1111de1' 1'a.11do111 (,l1‘ivi11g i11\'ol\'es time 1'e\1'e1's-.11. it also has a. si111ilz11‘it_\' to 0111‘ s_\'ste111:

the systeni is driven by 1'zLIl(1()1l1 piilses. Esta.blisl1111e11t of a (-o1111ect.io11 l)€t\V€€11 our

uiodel and the model given by C'o1'1"o11 et. 21.1. is also p1‘opose<l. I11 fut.111'e. we also plan

the pliysical 1'ez1.liza.tio11 of the 111atl1e111at.ieal models that we have studied.
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