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Preface

The advanced computational capacities of the new generation computers have
opened up a new area in the field of nonlinear dvnamics, namely, CHAOS.
Non-linear dvnamics is common in nature. However physicists have been con-
centrating on linear dynamics for the last three centuries. Henry Poincaré
(1854-1912) laid the foundations of the modern theory of chaos by the math-
ematical study of nonlinear dynamics. The theory of nonlinear dynamics has
now grown in many directions and scientists have interpreted chaotic behavior
in an attempt to understand the complex behaviour of nonlinear dynamical
systems. The key fact to be considered is that the behaviour of a system may
not be simple even though the governing laws are simple. For example, models
of real systems such as simple electrical circuits, sets of differential equations
(Lorenz 1963), biological population dynamics (May 1976) etc. can exhibit com-
plex behaviour as the control parameter is varied (Hilborn 1994).

Chaos introduces a fundamental uncertainty in the sense that a determin-
istic prediction of chaotic dynamics requires infinite precision in the knowledge
of initial conditions. In practice initial conditions can be known only to a finite
precision. Small errors due to the limitation of precision in the knowledge of the
initial conditions are multiplied in chaotic systems and result in overwhelming
consequences in the long run. The sensitive exponential divergence of trajec-
tories due to small initial effects is known as the butterfly effect. This sensitive
dependence on initial conditions in deterministic systems rules out the possi-

bility of long term prediction of the behaviour of systems showing chaos. The

xi



presence of complexity and chaos is common. The study of chaos enables us
to understand the complex behaviour of such systems. Chaotic dynamics also
usually implies dramatic qualitative and quantitative changes in a system as
the control parameter is varied. Due to these reasons scientists and engineers
are fascinated by chaos.

The problem considered in this thesis is the dynamics of small dipolar
spheroids of various aspect ratios in simple shear flow, under the action of
periodically varying external force fields. The dynamics of periodically forced
spheroids is the simplest case of a class of problems which have not received
any attention in the chaos literature. The problem discussed in this work is
the first demonstration that the dynamics and hence rheological properties of
such suspensions can be chaotic. Based on the understanding of the problem
considered, suitable techniques can be developed to calculate the rheological
properties, thermal conductivities, rheo-optical properties etc. This work also
points out a fundamental weakness in the approach of Strand (1989).

The relevant literature and review on chaotic dynamics and rheology are.
described briefly along with the introduction in chapter 1. The scientific and
technological importance of the problem considered is also explained in that
chapter.

The development of the theory is summarized in chapter 2. The equations of
the dvnamics of periodically forced particles of finite aspect ratio in simple shear
flow are presented in this chapter both in Cartesian and spherical co-ordinate
systems. The necessary assumptions for the mathematical formulation of the
model and the computational procedure are also given in the chapter.

The existence of chaotic parametric regimes is described in the third chapter
of this thesis. A potential application to segregate particles from a suspension
of particles of different aspect ratios using the strong dependence on the results

in the chaotic regime on the aspect ratio of the particles and the wide range of

xii



orientations, thus obtained, is suggested in this chapter. A possible design for
such a separator is also suggested in this chapter.

Chapter 4 describes the existence of a new type of class I intermittency,
namely, a non-liysteretic form of class I intermittency with nearly regular be-
haviour interrupted by chaotic out breaks with nearly regular reinjection period.
The scaling behaviour near the onset of bifurcation shows the existence of a
typical class I intermittency. A new scaling behaviour away from the tangent
bifurcation is also demonstrated in this chapter.

In chapter 5 a new algorithm for controlling chaotic dynamics is suggested
and its applicability in the problem of chaotic dynamics of periodically forced
spheroids in simple shear flow is demonstrated. It is also demonstrated that
controlling chaotic dynamics of periodically forced spheroids can lead to better
separation of particles than otherwise possible.

Some advantages of the novel control technique over two other methods are
also demonstrated. To demonstrate these advantages, the novel algorithm has
been successfully applied in three different models. The results obtained with
the novel control technique in these models are compared with those obtained
with the two other methods. These results are explained in detail in chapter 6.

The conclusions of this thesis and new directions for future work in this area
are given in the last chapter. '

The results described in chapters 3, 4, 5 and 6 have been published in
internationally reputed journals. The list of publications resulting from this

thesis is given at the end of the thesis.

X111



Chapter 1

Introduction

The study of the motion of a single solid particle or particles of arbitrary shape
in a Newtonian fluid has fascinated many scientists and engineers (Brenner
1974, Kim and Karrila 1991 and references therein) and finds application in the
development of new techniques and processes for the preparation of composites,
polymer solutions, electro-rheological fluids etc. There are many situations in
nature and technology involving the motion of solid particles subjected to the
shearing motion of the suspending fluid. The understanding of the rheological
properties of such systems is essential to develop new processes and applications.
Suspensions of macromolecules, emulsion and paint technology, transport and
processing of slurries and ferro fluid rheology can be effectively studied by the
application of suitable theories of suspension rheology. Ferrofluids, namely
stabilized suspensions of small magnetic particles in a non-magnetic solvent
have many industrial applications like rotary seals, inertia dampers, magnetic
domain detectors, concentration of drugs at body sites etc. (Strand and Kim
1992). An excellent review of suspensions is given by Brenner (1972).

The rheological properties of a suspension may be greatly influenced by the
dynamics of individual particles suspended in the fluid. This influence on the
rheological properties allows the possibility of the construction of many novel
electromechanical devices which have potential applications in the automotive,

aerospace and other industries (Ginder and Sproston 1996) using suspensions
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of charged particles. The physical properties of a suspension such as bulk
fluid stress or optical properties depend on the instantaneous orientations of
the suspended particles and can be examined through an averaging process
(Strand and Kim 1992). It is thus of great interest to study the dynamics of
individual particles in a suspending fluid. An extensive review of nonlinear
dynamics is beyond the scope of this thesis. As an introduction we will present
the development of the subject from a collection of selected works, review papers

and books which are relevant to the goal of this thesis.

1.1 A brief review of rheology

Rheology deals with the science of deformation and flow, especially of non-
Newtonian fluids. Navier (1793-1836) and Stokes (1819-1903) together devel-
oped the equations governing motion in Newtonian fluids of constant density
and viscosity. Many other researchers like Lord Rayleigh (1842-1919), Boussi-
nesq (1842-1929), Darcy (1803-1858) etc. have also contributed significantly to
the development of the subject. Albert Einstein (1879-1955) analyzed the prob-
lem of the disturbance caused by the presence of spherical particles suspended
in a Newtonian fluid. He demonstrated that the apparent increase in the vis-
cosity of the suspension was proportional to the volumetric concentration of
the solid particles (Einstein 1906 and 1911). Einstein considered a sufficiently
dilute system such that the motion of one particle was not influenced by the
disturbances created by other particles. An extension of the theory of the rhe-
ology of suspensions of spherical particles to suspensions of ellipsoidal particles
in the absence of rotary Brownian motion was developed by Jeffery (1922). A
historical review of the development of the theory of the motion of small parti-
cles in Newtonian fluids and its applications have been presented by Happel &
Brenner (1986) in their book, Low Reynolds number hydrodynamics with special
applications to particulate media. Strand (1989) has given a comprehensive lit-

erature survey pertaining to the suspension rheology of dipolar non-Brownian
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particles with and without the presence of externally induced forces. His work is
concerned with the rheology of dilute suspensions of rigid particles suspended
in a Newtonian solvent. The effects of particle shape on the dynamics and
rheology of such suspensions in the absence of hydrodynamic interactions is
modelled in liis work. Most of the fundamental concepts and methods used in
the study of suspension rheology are explained in the review papers of Brenner
(1972, 1974).

The dynamics of suspensions of small dipolar particles stabilized by sur-
face active agents in a variety of linear flows under the effect of alternating or
rotating external fields lias been studied by a number of authors and a num-
ber of practical applications such as magnetofluidization (Buevich et al., 1984),
magnetostriction of ferromagnetic particle suspensions (Ignatenko et al., 1984),
the growth of single crystals from a melt by Czochralski’s method (Zibold
et al., 1986), rheological properties of ferromagnetic colloids (Tsebers, 1986)
and the characterization of magnetorheological suspensions (Cebers, 1993a, Ce-
bers, 1993b, Kashevskii, 1986, Petrikevich and Raikher Yu L, 1984, Shul ‘'man
et al., 1986) etc. have been discussed. Some of the above authors consider rota-
tory external fields which can be considered as a superposition of two orthogonal
alternating fields.

The dynamics of particles in a variety of linear flows is analyzed by a number
of authors (Altan et al., 1989, Anczurowski and Mason, 1967, Bretherton, 1962,
Leal and Hinch, 1971, Macmillan, 1989). Szeri et al. (1992) have analyzed the
motion of rigid particles in time dependent flows. However their results are
qualitatively different from those considered in this wogk in the sense that
they preclude the possibility of chaotic motions, since their equations reduce
to a set of two first order nonlinear ordinary differential equations. The above
authors (Altan et al., 1989, Anczurowski and Mason, 1967, Bretherton, 1962,
Leal and Hinch, 1971, Macmillan, 1989) have considered the dynamics of a

particle without external force fields. A detailed calculation of the trajectory of
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rigid particles under the action of a constant external force is also reported in
the literature (Ramamohan et al. 1991). Strand (1989) has developed a theory
of the dynamics and rheology of nonspherical particles in oscillating external
force fields in simple shear flow. However the technique of Fourier expansion in
higher harmonics of the driving frequency of the external field, he has used. will
yield incorrect results in the case of chaotic dynamics or dynamics containing
subharmonic frequencies. This would correspond to the limit of weak Brownian
motion(i.e. ¢, & 1) as noted by Strand{1989). Recently, Ramamohan et al.
(1994) introduced a class of problems. namely, the dynamics of periodically
forced small particles in flows other than uniform flows. They analvzed the
dynamics of a slender rigid rod in a simple shear flow under the action of a
sinusoidal driver. For further reading on the subject of rheology of suspensions

the reader is referred to

1. Dynamics of Polymeric Liquids Vol. I and Vol. II
R. B. Bird, R. C. Armstrong and O. Hassager
Wiley-Interscience Publications, New York (1987).

2. Low Reynolds number Hydrodynamics
J. Happel and H. Brenner
Martinus Nijhoff Publishers {(1986).

3. Microhydrodynamics: Principles and Selected Applications

S. Kim and S. J. Karrila
Butterworth - Heinemann series in Chemical Engineering, Stoneham,

MA, 1991.

4. Rheology of a Dilute Suspension of Axisymmetric Brownian Particles
H. Brenner
Int. J. Multiphase Flow. Vol. 1 195-341, Pergamon Press (1974).

5. Dynamic Rheological and Rheo-optical Properties of dilute suspen-

sions of dipolar Brownian Particles
S. R. Strand
Ph. D Thesis, The University of Wisconsin, Madison (1989).
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1.2 A brief review of chaotic dynamics

One of the main contributions of the twentieth century- the discovery of chaos
destroyed the earlier belief that the behaviour of a deterministic system can
alwavs be predicted in the long term. A sensitive dependence of the solutions
of a system of equations on initial conditions is the dominant characteristic of
a chaotic syvstem. This means that trajectories evolving from two distinct but
arbitrary close initial conditions diverge exponentially. There is always noise or
measurenient error in experiments and in computer simulations of physical sys-
tems. The small errors due to the noise will change the observed belhaviour of a
chaotic system because of sensitive dependence on initial conditions. Hence the
behaviour of a chaotic system becomes unpredictable in the real sense, in the
long term. Experimental and numerical studies show that chaotic behaviour ex-
ists in many nonlinear systems such as fluids, plasmas, electric circuits, chemical
reactions, celestial mechanics, acoustical systems, ecological systems, physiolog-
ical systems (Hao Bai-lin 1988) and so on. A list of biological examples can
be found in the recent book of Glass and Mackey (1988). Chaotic phenomena
have been reported in almost all scientific disciplines ranging from engineering
to medicine. Scientists and engineers are currently exploring the features of
chaotic phenomenon for applications in industry and technology (Parker and
Chua 1989).

An observed irregularity in the time evolution of a system doesn’t necessar-
ily imply chaos. It is thus essential to clarify whether chaos exists or not in the
system from recorded data. A positive Lyapunov exponent, wide band power-
spectrum, fractional dimensions etc. are some indications of the existence of
chaotic behaviour. Among them the existence of a positive Lyapunov exponent
is the most reliable measure. Two initially adjacent points in a chaotic attractor
evolve with time such that their trajectories show exponential divergence. This

exponential divergence is characterized by a positive Lyapunov exponent. The
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maximum Lyapunov exponent gives the maximum rate of divergence of two
initially close trajectories. A positive Lyapunov exponent indicates the possi-
bility of existence of chaos. The phenomenon of sensitivity to initial conditions
is one of the main characteristics of a chaotic system. Heuce the existence or
non-existence of chaotic behaviour can be visualized by plotting time series of
two trajectories starting from initially close conditions.

Reconstruction of attractors and modelling of systems from chaotic data
are two important areas of research in the field of chaos (Anishchenko 1995).
Distinguishing between deterministic chaos and random noise is another im-
portant problem in this area. A step-by-step recipe for the implementation of
a procedure to detect the difference is given in Hao Bai-lin (1988)

Many interesting physical systems are modelled by ordinary differential
equations. Autonomous ordinary differential equations with at least three vari-
ables or non-autonomous ordinary differential equations with at least two vari-
ables are the minimum requirements for the possibility of the existence of chaos
(Hao Bai-lin 1988). The Lorenz equations were one of the first sets of ordinary
differential equations showing irregular behaviour (Lorenz 1963). In this work
we present a set of non-autonomous differential equations showing complex
behaviour.

Chaos is ubiquitous in natural phenomenon and man-made devices (Sprott
1993). Chaos is desirable or undesirable depending on the situation. Certain
physical and biological systems use chaotic behavior (Schiff et al. 1994). In
certain cases chaos needs to be eliminated or controlled to avoid failure as in
mechanical systems. Controlling a chaotic system is one recent development in
nonlinear dynamics. The method suggested in the work of Ott et al. (1990)
has generated lot of interest in this area. The possibility of stabilizing a pre-
determined unstable periodic orbit from the infinity of such orbits in a chaotic

attractor by small perturbations is the unique feature of the OGY method.
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Thereafter a number of algorithms have been reported which control or syn-
chronize chaos. A recent review of the work in this area is given by Linduer and
Ditto (1995). It is reported in the literature that when two chaotic signals are
svnchronized the resultant signal will be non-chaotic. Violent chaotic motion
on the dynamics of a rolling railway wheel set at higher velocity is also reported
in the literature(Knudsen et al. 1992 and Kuudsen et al. 1994). The chaotic
motions of the rolling railway wheelset could be neutralized by synchronizing it
with the chaotic behaviour of the rheological parameters after translating them
into mechanical signals.

The new mechanisms and properties of a chaotic system can be utilized
effectively for the development of new processing technologies. The introduction
of chaos and the theory of nonlinear dynamics has contributed a lot to the
understanding of the challenging problem of turbulence.

A list of the relevant literature from the field of chaos is given below for

further reading.

1. Bibliography on chaos (Directions in chaos Vol. 5)
Zhang Shu - Yu
World Scientific, Singapore (1991).

2. Universality in chaos

P. Cvitanovic
Adam Hilger, Bristol, England (1989).

3. Deterministic chaos, an introduction
H. G. Schuster
VCH Verlagsgesellschaft mbH, Weinheim, FRG (1989).

4. Order within chaos
P. Bergé, Y. Pomeau and C. Vidal
Wiley, New York (1986).

5. Chaos in dynamical systems

E. Ott
Cambridge University Press, Cambridge, U.K. (1993).
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6. Applied non-linear dynamics- analytical, computational and experi-
mental methods
A. H. Nayfeh and B. Balachandran
John Wiley and sons, Inc, New York (1995).

. Characterization of cliaos
D. M. Heffernan, P. Jenkins, M. Daly. B. J. Hawdon and J. O’Gorman
Int. J. Theor. Phys. 31 (8) 1345-1362 (1992).

-

8. Ergodic theory of chaos and strange attractors
J. P. Eckmann and D. Ruelle
Rev. Mod. Phys. 57 617-656 (1985).

9. Chaos and nonlinear dynamics
Robert C. Hilborn
Oxford University Press, New York (1994).

1.3 The importance of the problem

As can be seen from the relevant literature cited above, it is of interest to

1. study the dynamics of periodically forced particles with a view to develop
robust theories for potential applications such as magnetorheological sus-
pensions, magnetostriction of ferromagnetic particle suspensions, magne-

todielectric material suspensions, ferromagnetic colloidal suspensions etc.

2. develop new theories to aid in the of development of new suspensions with

desired properties.

3. modify the processing conditions of suspensions to improve the perfor-

mance of the process.

4. develop techniques for effective separation of particles by aspect ratio
to yield well characterized suspensions for testing theories of the above
processes and for developing suitable theories for suspensions of particles

of various aspect ratios and sizes.
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5. to study the possibility of controlling the chaos present in the dynamics
of periodically forced particles with a view to develop potential applica-
tions such as control of magnetorheological suspensions, magnetostriction
of ferromagnetic particle suspensions, magunetodielectric material suspen-
sions, ferromagnetic colloidal suspensions and the possibility of computer

controlled intelligent rheology.

6. develop new techniques for control of chaos and to demoustrate the ap-

plicability of the technique in physical systems.

7. demonstrate the existence of new types of behavior such as new types of

Class I intermittency, etc. in such processes.

8. develop new products and devices making use of the understanding ach-

ieved by such analysis.

In order to separate out the effects of the particle size and shape on the
properties of the suspension, it would be desirable to obtain suspensions of
particles having a narrow distribution of shapes and sizes. A narrow distribu-
tion of sizes can be obtained through appropriate separation techniques such
as filtration. However we are not aware of any technique to separate particles
having the same size but different shapes.

In what follows, we present the results of our analysis on the dynamics of
spheroids of various aspect ratios immersed in a simple shear flow, subjected to
periodic and constant force fields as a first step in achieving the objectives out-
lined above. We also demonstrate the existence of chaotic parametric regimes
in our solutions, thus invalidating the approach used by Strand (1989) in the
limit of weak Brownian motion(i.e. g. &« 1). Based on the general theory of
the dynamics of particles, immersed in linear flows subjected to external force
fields as developed by Brenner (1974), we develop the equations for the dv-

namics of spheroids in linear flows and demonstrate the existence of chaotic
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parametric regimes. During the course of these computations, we observed a
strong dependence of the attractor on the shape of the particle as characterized
by its aspect ratio in the chaotic parametric regimes. \We discuss the use of this
strong dependence on the aspect ratio as a tool to separate particles of different
shapes but having the same size. The existence of chaotic parametric regimes
also allows the possibility of control of chaos to further finetune the separation
of particles by aspect ratio.

In addition to the technological interest in this problem we have also dis-
cussed certain aspects of this problem that are of interest to tlhe nonlinear
dynamics community, namely it is an example of one of the very few physically
realizable chaotic systems showing the plienomenon of a non hysteretic form of
Class I intermittency with nearly regular reinjection period. The intermittent
transition between a laminar phase and chaotic outbreaks has recently been the
subject of much study both in physical systems and also in sets of ODE’s. The
associated set of ODE’s derived in this work represents one of the very few ODE
svstems describing the phenomenon of Class I intermittency with nearly regular
reinjection period. The so-called intermittency refers to a state in which nearly
regular behaviour is intermittently interrupted by chaotic outbreaks (bursts)
at irregular intervals (Bergé et al. 1986). In almost all previous computational
and experimental studies of Class I intermittency the bursting process was ir-
regular. Recently Price and Mullin (1991) experimentally observed a new type
of intermittency mechanism in a variant of the Taylor-Couette flow problem.
One of the main features of their observation was the existence of a hysteretic
form of intermittency with extreme regularity of the bursting. In a set of equa-
tions representing the dynamical .behaviour of stream wise rolls, existence of
intermittency behaviour was reported by Aubry et al. (1988). Their model
displays evidence of regular intermittency of class II followed by a subcritical

Hopf bifurcation.
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In this work we report the non hysteretic form of Class I intermittency with
the nearly regular behaviour interrupted by chaotic outbreaks (bursts) with
nearly regular reinjection period. We also present appropriate return maps to
explain the behaviour observed in this work. The svstem also shows certain
interesting features such as new scaling behaviour away from the onset of inter-
mittency and the number of the bursts during a particular realization varving
smoothly with the control parameter. We discuss and compare the model of
Class I intermittency with the new type of iutermittency. The comparison
with the theoretical predictions of Class I intermittency shows scaling typical
of Class I intermittency. The average length of the burst also scales with the
control paranieter with zero slope.

There has been considerable interest recently in the use of chaos and con-
trolling chaos as a tool to develop new processing techuologies (Zumbrunnen
1996). Practically speaking chaos may be desirable or undesirable depending
on the application desired. In many practical situations, in order to improve
system performance, the chaotic system must be controlled to a periodic or-
bit or to a steady state. Thus techniques of controlling chaotic systems have
received increased attention in the recent literature. In a physical apparatus,
one can imagine that the system dynamics is to be changed in some way so
that improved performance is obtained. One can achieve this by making ap-
propriate changes in the system to achieve the desired objective. Similar or
otherwise unattainable objectives can be attained by operating the system in
a chaotic regime and then applying suitable control of chaos techniques. Since
a chaotic attractor is a closure of unstable periodic orbits of different periods,
any of these orbits can be stabilized to attain the desired objective by suitable
control algorithms.

We propose an algorithm for control of chaos in this work. The method
proposed is comparatively easy to implement experimentally and needs almost

no information about the system. We have also demonstrated that controlling
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the chaotic dynamics of periodically forced particles by the new control tech-
nique leads to the possibility of better separation than is otherwise possible.
Utilizing the flexibility of controlling chaotic dynamics in a desired orbit irre-
spective of initial state, it is demonstrated that it is theoretically possible to
separate particles much more efficiently than otherwise possible from a suspen-
sion of particles having different shapes but similar sizes especially for particles
of aspect ratio re > 1.0. The strong dependence of the controlled orbit on the
aspect ratio of the particles demonstrated in this work may have many appli-
cations such as the development of new processing teclinologies. The existence
of chaotic parametric reginies in the problem considered in this work and the
possibility of control of its chaotic behaviour (Ott et al. 1990) allows the pos-
sibility of many applications including the development of computer controlled
intelligent rheology. Since the chaotic phase space is an unlimited reservoir of
periodic solutions (Giiémez et al. 1994) a particle of a particular aspect ratio
can be forced to oscillate in any one of the orbits and can be picked up from
there effectively. Though the results presented herein represent a preliminary
analysis of the problem considered in dilute suspensions, the existence of chaos
and hence its controllability and the strong dependence of the results on the
aspect ratio of the controlled orbit suggest that these results may have many
potential applications. As an example, we also focus on the more efficient
separation of particles by aspect ratio through control of chaos.

The novel algorithm of controlling chaos based on parametric perturbation
shows some advantages over other methods. One of the main advantages of the
novel control technique proposed is the possibility of pre-targeting the length
of the control period by suitably engineering the control technique. We have
also demonstrated some other advantages of the novel technique such as the
possibility of switching behaviour, pre-targeting the period, stabilizing high
period solutions etc. over two well-known algorithms such as control by periodic

parametric perturbation and control by addition of a second weak periodic force.
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We have also demonstrated the applicability of the novel technique in models of
physical svstems. We have also successfully implemented the new algorithm in a
rather difficult problem such as the control of the dynamiics and the rheological
parameters of periodically forced suspensions of slender rods in simple shear

flow and also in the Bonhoeffer-Van der Pol (BV'P) oscillator (Rajasekar aud

Lakshmanan 1993).



Chapter 2

The Dynamics of a Periodically
Forced Spheroid in Simple Shear

Flow

2.1 Introduction

There is considerable literature on the dynamics of particles in a variety of
linear flows (Altan et al., 1989, Leal and Hinch, 1971 and references therein).
They have considered the dvnamics of a particle without external force fields.
Szeri et al. (1992) have analyzed the motion of rigid particles in time dependent
flows. However their results are qualitatively different since they preclude the
possibility of chaotic motions, since their equations reduce to a set of two first
order nonlinear ordinary differential equations. Strand and Kim (1992) have
recently developed a theory of the dynamics and rheology of nonspherical par-
ticles in constant external force fields in simple shear flow. Strand (1989) has
developed a theory of the dyvnamics and rheology of nonspherical particles in
oscillating external force fields in simple shear flow. However the technique of
Fourier expansion in higher harmonics of the driving frequency of the external
field, he has used, will yield incorrect results in the case of chaotic dynamics
or dynamics containing subharmonic frequencies. A brief review of rheology
is given in the first chapter of this thesis. This chapter explains the develop-

ment of equations of a model of the dynamics of suspensions of small dipolar

14
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splieroids of finite aspect ratio in simple shear flow ynder the effect of externally

induced periodic fields.

2.2 Assumptions in the model

A number of reasonable assuniptions are necessary in any mathematical formu-
lation of a fluid dvnamic systemn to simplify the mathematics and to analvze
the characteristic behaviour of the system. The equations governing strongly
viscous behavior (sufficiently slow flow) are called the creeping motion (Stokes)
equations (Happel & Bremner 1986). In reality there is no fluid flow system
without inertial effects and exhibiting only viscous effects. The ratio of iner-
tial forces to viscous forces is called the Reynolds number. In strongly viscous
flow, the Reynolds number is very small. In this work, it is assumed that the
flow is sufficiently slow so that the inertial terms are negligible compared to
viscous terms in the mathematical formulation, i. e. is the Reynolds number is
taken as zero in the development of the model. This assumption is realistically
validated, since there are many multiparticle suspensions involving sufficiently
slow flow or sufficiently small particles that the Reynolds number is negligibly
small.

It is also assumed that the number of particles per unit volume is small
enough that the motion of an individual particle is not affected by motion of
other particles. Such suspensions not involving particle-particle interactions
are called dilute suspensions. The dynamics of a single particle suspension is
considered in this analysis.

One more assumption made in this work for a fruitful analysis is regarding
Brownian motion. The equations solved numerically in this work are obtained
by neglecting Brownian motion. However there will be round off errors in
the solution of the equations by numerical computation. This round off error

can be considered as a white noise or weak Brownian motion. Therefore our
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computational analysis is valid in the case of weak Brownian motion, even
though the governing equations are formulated by neglecting Brownian motion.
The effect of Brownian motion is characterized by a non-dimensional number

called the Peclet number. The Peclet number is defined by (Brenner 1974)

Y
P = =
= 5

where,

4 = The shear rate

D, = Rotary diffusivity

By definition it is clear that the Peclet number is large for Weak Brownian
motion. Hence our analysis is valid in the case of very high Peclet number.
Experimental data is available in good agreement with theoretical predic-

tions made under these assumptions (Happel & Brenner 1986).

2.3 The development of the model

The general equation governing the effect of an externally induced torque on
small particles possessing fore-aft symmetry immersed in linear flows, as devel-

oped by Brenner (1974) is given by:
L=p[K(V-U)+"K-(w—Q)+7:8] (2.1)

where °K, ’f(, T are intrinsic properties of the particle, which depend upon the
geometric configuration of its wetted surface, L is the torque about the center

of the particle exerted by the fluid on the particle, U — V' is the translational
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slip velocity. £2 — w is the rotational slip velocity, i, is the viscosity of the fluid
and S is the rate of deformation tensor given by S = % [\—V + VVT}. Here the
negative of the torque, —L can be considered as the externally induced torque
on the particle, since when an external torque is applied on the particle, the
particle exerts the same torque on the fluid and hence the torque exerted by
the fluid on the particle is equal in magnitude but opposite in direction. The

components of the above equation 2.1 can be expressed as
Li = po[Ki;(V; = Uy) + "Kij(w; — Q) + 7i;6S5x] (2.2)

wlere ‘I;}J = 0 for any particle possessing fore-aft symmetry, L = (L;, Lo, L3),
Q= (QI,QQ,Q3), w = (wl,wg,w3), V = (V'l, "2 ‘:3) and U = (Ul, UQ,U3). Let
u = (u;.us,u3) be the unit vector determining the orientation of the particle.

Using Brenner’s notation (Brenner 1974) we have

~

TK,'J' = 6Vpr1(ij

Tise = 6VpTijk
rKi' = 'U,i'U,er” + (5,-j - Uin)rI(_L
Tijk = —(€jiwUe + €puu;)T (2.3)

In the expressions 2.3, "K;; and 7;j; are dimensionless quantities, "K),"K ) and
7 depend upon the geometric configuration of wetted surface of the particle,
V, denotes the particle volume, §;; is the Kronocker delta function and €;;x is
the permutation symbol. The Kronocker delta function and the permutation

svmbol are defined by

§; =1 ifi=j
=0 ifi#;

and
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€5 =1 ifijk =123,231,312
=-1 ifijk =213,321,132

=0 if any two symbols are equal
Applyving the above expressions, the equations 2.2 can be reduced to
Li = 6Vyu, [(u,-uer” + (6:5 — 'UiU]‘)rI\'_L) (wj — Q)

- (6,’]’1!1111;\. + Eikﬂtﬂtj) TS]'k ]

2.4 Simple shear flow

18

In this section, we find the equations governing the dynamics of periodically

forced particles possessing fore-aft symmetry suspended in a simple shear flow.

Let 4 be the shear rate, y is the y— coordinate and 2. is the unit vector in

the z-direction. Then the undisturbed flow field of simple shear flow is given

by
V = jyi.
= (¥y,0,0)
Hence, the velocity gradient tensor is given by
G = VV

= '£+'£+ii Yyt
= 'z Ty T, ) e

= Tl

where V = (ira% + iy% + i;%)
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Hence the rate of shear teusor is given by

1
S = ;(G+ G7)
1., ..
= 5')'(2223, + 1,1;)
Hence, 512 = 521 = %

Sll = 513 = Sgg = 523 = 531 = 532 = 533=0 (27)

where S;; are the components of S. The vorticity tensor is defined by

w = %(V x V)
= (0,0, —%) (2.8)
The equation of motion then reduces to
Ly = —6V,u, [4u% + K1 )Q) + Aujuefp + Au1u3(% +Q3) + ulu;;"y'r}
Ly, = —6V,u, -Aulqul + [Aul + K )Qy + Augug(g +Q3) — uzu;;"y'r}
Ly = —6V,u, PAulu;;Ql + Augusfly + [Aud + 'Kl](% + Q3)
+(u3 - uf)"y'f] (2.9)

where A ="K} — 'K and L = (L, Lo, L3).

The above equations 2.9 can be written in the matrix form,

[Au? + K] Aujug Aujus 0-
6Vo Lo Auju, [Hu? + K] Augus 0'— €y
Auquz Auqus [Au2 + K ;] - (g— + 93)

Ly — 6VyuougusyT
L3 + 6Vpﬂ‘o(u% - U%)’)’T

Solving the above matrix equation by matrix inverse method for Q;, Q, and

( Ly + 6Vppourusyr )

{23, we get a set of equations:
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Q = (LK) [ (61 ,110) " Ly + A(6V,p,"hy) "ty (u - L) — ulu;n'lT]
Q = (K)! [ (6Y,410) " Lo + A(6Vppto™Ky) " tua(u - L) + uzuﬂ'lT]
Q = (K.)™! [ (61, 0) 'Ly + A(6V,uo"hy) " us(u - L)

—(uy = ui)iT ] = (2.10)

B |2

where u - L = u; Ly + uaLs + ugLs. Realizing that u = @ x u = €;;;Q;u;, the

following equations are obtained in u;, uq, u3

U:l = (TI{_L)_IUQ(]. - 2U12)’7T + %Ug - (GV;,,UOTI\’_L)-I(U:;IQ - U2L3)

11:2 = (I{_L) Ul( -2 22)’7’7' - %Ul - (G‘G,,UOTI\’L)_I(Ung - U3L1)
11:3 = —2( I(_l_) ’Ulll')Ug’}’T (GI/pﬂorI(_L)—l(Ung - Ung) (211)

Note that u;,u,,u; denote the z, y, 2z components of the unit vector u
along the axis of svmmetry which determines the orientation of the spheroids,
respectively. If for example we consider a situation where an electric or magnetic
field is imposed on the particle, the torque induced on the particle (— L) is given
by L = k x u in the case of a constant force field and L = k x ucos(wt) in
the case of a periodic force field. k can be considered to be the orientation
independent part of the torque or its magnitude. It can also be considered as
a vector representing the interaction between the external field and a dipole
either induced in the body or one already present in the body, as, for example,
a single domain magnetic particle. Let ki, k; and k3 be the z,y, z components
of k, w be the frequency of the driver and ¢ be the time. Substituting the

expression

k x u = (usky — ugks, urks — uzky, ugky — urky) (2.12)
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in 2.11, the equations governing the dynamics are obtained as
dl = (TI\’L)_lllg(l - 2’(L12)’.)’T + %UQ + (G‘L[LOTI(_L)_I(ZI

dp = (K1) (1 = 2up”)yr ~ %“1 + (6Vp1,"K 1) tay

iy = —2("K) uyugugyT + (6V,0,7K 1) as (2.13)

in the case of a constant force field and

i = (W) Mug(l - 2uP)yr + %UQ + (6V,po K1 )" a, cos(wt)
Uy = (W) luy(l - 2u®)yr — %ul + (6Vypto ™K L) " ay cos(wt)
1[3 = —2(Tl(l)—IUIUQU3")’T + (6‘/;;;LOTI(’_L)_1(13 cos(wt) (214)

in the case of a periodic force field, where

ap = 113(u3k1 - U]kg) - UQ(Ule - ngl)
a; = ul(u1k2 - U2k1) - Us(uzks - U3k2)
as = U2(u2k3 = Uskz) - ul(UBkl - u1k3)

2.5 The factor B

The orientational dynamics of periodically forced small spheroids in simple
shear flow has been analyzed for |B| < 1, where B = (r? — 1)/(r? + 1) and
we observed chaotic dynamics of the particle under the action of a sinusoidal

driver.

2.6 The spheroid

The equations presented in the above section are the general equations govern-
ing the dynamics of axi-symmetric particles possessing fore-aft symmetry under

the action of a periodic force suspended in simple shear flow. The constants
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"W, and 7 in the equations are functions of the material constants. The ma-
terial constants are again functions of the aspect ratio r.. Suitable expressions
for the material constants appearing in the equations governing the dynamics
for various axisymmetric particles possessing fore-aft svmmetry are available in
the literature (Brenner 1974) in terms of the geonietrical configuration of the
wetted surface of the particle (z.e. in terms of the particle aspect ratio, r,). We
substitute tlie expressions for the constants in the equations depending upon
the shape of the particle under study. Hence tlie equations can be used as such
for various particle shapes like oblate and prolate spheroids; dumbells; circular
disks: svmmetrical double cone; circular cylinder efc. by using the appropriate
expressions for the material constants occurring in the equations.

As a first case of the development and analysis of the problem under study,
we study the dynamics of periodically forced spheroids in simple shear flow.
Since most particles can be approximated as spheroids (Bretherton 1962), the
analysis presented in this work has wide applicability. The relevant material

constants for spheroids as given in Brenner (1974) are

2(r2 +1)
K - e 7
1 3(7‘301“+01_L)
v 2
N 5(r§a”+a¢)
T = éN
6
2
Te
“ = mont Y
2
Q) = m(?"gg—l) (215)
in which
_ lnfre+ (#2212
8 = . VY ifre>1
-1
8 CosTre) iy <

Te(1 —12)1/2
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where the particle axis ratio. r. of the spheroid is defined as r. = a/b, a = polar

radius and b = equatorial radius. The volume of a splieroid is given by

Vp = ?abQ

The material constants can be derived for long slender bodies by taking
the limiting case 7, — oc. The material constants are same as the material
constants in Strand and Kim (1992). The equations reduce to the equations
of the dvnamics of long slender rods in simple shear flow as developed by

Ramamohan et al. (1994) in the limiting case.

2.7 The dimensionless equation

The quantities ¥, 1o, V5, k1. k2. k3 and w appearing in the above sets of equations
2.13 and 2.14 are dimensional quantities. It is convenient to characterize the
system by means of dimensionless quantities to reduce the number of parame-
ters to the essential minimum. The particle axis ratio of the spheroid is defined
as r, = a/b, as stated above. All the quantities that appear in the analysis will

be scaled as follows:

Length : a
Velocity V2a[S : 51/
Time J/V2[S : §]/?
Frequency V2[S:S)?)J

volume ad

Torque V2d3[S : §)V?u, (2.16)
Here J/+ is the Jeffery period (Jeffery, 1922) defined as

J/y =21y (re + 17
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After scaling all quantities that appear in the analysis as above, we get the

following equations

U, = Puy(l—2u;?) + Quy + Ra,
11:2 = Pu1(1 - 2UQ2) - QU] + R(ZQ
'U:3 = —2PUIU2U3 + Ra;; (217)

in the case of a constant force field and

Uiy = Puy(l - 2u;®) + Qug + Ra, cos(wt)
11:2 = Pu1(1 - 211,22) - Qu1 + R(ZQ cos(wt)

u3 = —2Pujusu; + Rajcos(wt) (2.18)

in the case of a periodic force field.

where, a; = wuz(usk; — urks) — uz(uiks — uzk:)
ay = wup(uiks — uzky) — uz(ugks — uzks)
a; = Uz(%zka — usky) — U12(U3k1 — uk3) , \
m(rs—1 m(r - -
p - MU o_rhtd p_sderd-nioy
R

with 8 depending on the axis ratio r, being > 1 or < 1, % is the rate of change
of the orientation vector; u; is actually u;/|u| since we have derived equations
2.17 and 2.18 based on the assumption that u is a unit vector. As can be seen,
the equations 2.18 depend on the aspect ratio of the particle and also depend
on the magnitude and frequency of the external force field. In the subsequent
chapters we analyze the dynamics of periodically forced spheroids in detail. We
note that equation 2.18 satisfies the condition u - w = 0. This implies that as

u1, up and uz evolve with time, from the given initial condition ju| = 1, the
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niagnitude of the vector u remains at unity. Thus the three equations listed
above can be reduced to a system of two nonlinear nonautonomous ODEs.
This system of equations 2.18 was converted into five coupled autonomous first
order equations, with two constants of integration by a standard transformation,
Hao Bai-lin (1989). However the method of Hao Bai-lin (1989) leads to some
numerical errors during long computations. To avoid this we use the equations

2.18 for our calculations.

2.8 The limiting value of w

The Stokes equations are obtained from the Navier-Stokes equations by setting
the Reyvnolds number equal to zero. Experimental observations show that the
theoretical predictions based on the Stokes equations are in good agreement
with experiments on systems with very low Revnolds number. This shows that
simulations based on the Stokes equations are valid for experiments of very low
Reynolds numbers. The maximum value of the Reynolds number for which
predictions based on the Stokes equations are valid is about 0.1. Hence our

analysis is valid for low Reynolds number. The Reynolds number R, is given

v
R, = £
J7;
where,
I = a characteristic length of the system
v = a characteristic velocity of the flow field
p = The density of the viscous fluid

© = The viscosity of the fluid
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In our analysis two expressions [y and [w can be considered as the char-
acteristic velocities of the flow. Hence two different expressions for tlie same
Reynolds number will be obtained by substituting [4 and [w separately. Since
the frequency (w) of the external force is scaled with respect to J and the
reciprocal of the shear rate <, it can be expressed as

A
J

w=w

where w* is the scaled frequency of the external driver. Therefore the two

expressions for the same Reynolds number can be written as

R, = % < R, (critical)
12' *

R = ﬂ% < R, (critical) (2.19)
n

Comparing these expressions, we can find that the maximum possible value of
w*/J for which the quasi-static Stokes equations are valid is 1. Therefore the

value of the scaled quanﬁity w* for which our analysis is valid is such that

o

7=
It can be concluded that the maximum scaled value of w*, corresponding to
the limit where the quasi-static Stokes’ equations are valid corresponds to J,
since the frequency of the driver is scaled with respect to the Jeffery period
and the incident velocity is scaled with respect to the average shear rate. In

the dimensionless equations 2.18 given in the section 2.7, w* is denoted as w for

convenience.

2.9 The equations in spherical coordinates

The equations for u;,u; and uj can be converted into equations for # and ¢

where 6 is the azimuthal angle and ¢ is the polar angle corresponding to a given
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Figure 2.1: The coordinate system.

vector u (shown in Fig. 2.1) by the relations

3 (\/'UJ? +’U2§)
f = tan T ——
Uus
6 = tan"'(ug/uy) (2.20)

The equations for u;, u; and uz under the above transformation change as

df P

% = 5 sin 26 sin 2¢ + R|[cos f cos ¢ k; + cosfsin ¢ k, — sin 6 ks3] cos(wt)
d¢ _ —sing ky +cosgp ka|

g = Pcos2¢ - Q+ R l g cos(wt) (2.21)

We note that the equation for ¢ has a singularity at § = 0. This singularity
probably appears because when 68 = 0, u; = us = 0 as is evident from Fig. 2.1

To remove the singularity we consider the following equations
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Z—f = —g sin 26 sin 2¢ + Rcosf cos ¢ k) + cosfsin ¢ ky — siné k3] cos(wt)
d P
% = Egbcosﬁsin 205in20 + sin (P cos2¢ — Q) + R[(—sin ¢ k; + cos ¢ ko)

+¢(cos? G cos o k; + cos® Bsin ¢ k, — sin 6 cos 8 k3)]cos(wt) (2.22)

where ¢, = (¢sin#).

2.10 The computational procedure

The thiree sets of equations 2.18, 2.21 and 2.22 were solved independently using
a standard 4t} order Runge Kutta method with adaptive step size (Press et
al., 1986). The accuracy of the computations was checked by requiring that the
magnitudes of u), u; and u3 remain within 0.1% of the initial value and also by
requiring that the solutions obtained by integrating equations 2.18, 2.21 and
2.22 gave similar attractors and equal Lyapunov exponents. It was generally
noted that a tolerance of 0.001% in the integrator (Press et al., 1986) was
required to achieve this precision. The Lyapunov exponents of the equations
were calculated using the scheme of Kantz (1994). The equations for § and ¢
when integrated numerically, did not lead to any problems with the singularity
at § = 0 and we obtained the same results as that obtained by the other two
sets of equations.

We note that the equations for § and ¢ reduce to Jeffery’s (1922) equations
in the absence of the external force field. We also note that the above equations
for 6 and gb decouple in the absence of k; and k,. Hence the presence of an
external force field with either k; or k; is necessary to obtain chaotic solutions

in this system.



Chapter 3

Chaotic Dynamics with a
Potential Application to Particle
Separation

3.1 Introduction

In the previous chapter, we described the formulation of a set of equations
governing the dynamics of periodically forced spheroids in simple shear flow
based on a model given by Brenner (1974). The control parameters that can
be varied in equations 2.18 and 2.21 are k, kq, k3,w and r.. The evolution can
be simulated in a computer for different values of these control parameters.
In what follows we vary one of the control parameters in 2.21 by keeping the
others constant for a systematic simulation. A number of chaotic regimes have

been established by the simulation for these parameters.

3.2 Existence of chaotic regimes

As a first step in analyzing the properties of the equations derived in this
work, we set k; = k3 = 0 and varied k, between 0.0 and 20.0 for r, = 1.6
and between 0.0 and 100.0 for r. = 0.4 and kept w equal to J. We expect
the greatest complexity of the solutions of these equations for this particular

choice of parameters, since k, is responsible for the greatest opposition to the
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hydrodynamic torque due to the imposed shear flaw field. At &y = 0, Jeffery’s
results are reproduced and all solutions of the equations starting from different
initial conditions tend towards a fixed point in the stroboscopic plot.

We ran the program for 2500 points of the Poincaré section (stroboscopic
plot) and deleted the first 2250 points to reniove the transients. All runs were
started with the initial conditions § = ¢ = 45°. For each trajectory we evalu-
ated 100 points in each cycle which resulted in 25000 points of the trajectory
after the transients are removed. We obtained identical results when ¢ was
replaced by —¢. As a test case when we ran the program for § = 90° the
trajectory plot reduced to a continuous curve, indicating regular behaviour for
all the values of %, considered. At k; = 0.03 for r. = 1.6, the attractor slowly
begins to broaden from a continuous curve and the Lyapunov exponent first
becomes positive. There are a number of regular regimes in between the chaotic
regimes. In our system, chaos usually appears as a broadening of the attractor
as can be seen from the example given in Fig. 3.1. In certain regimes as in Ra-
mamohan et al., (1994) the attractor broadens to such an extent that a subset
of the phase space is completely filled. Ramamohan et al. (1994) have analyzed
the orientational dynamics of periodically forced slender rigid rods in simple
shear flow under the action of a sinusoidal driver. Our equation 2.21 reduces
to equations 2.6, 2.8 and 2.9 of Ramamohan et al. (1994) after suitable scaling
and letting 7, tend to co. Ramamohan et al. (1994) also kept k) = k3 = 0 and
varied k; between 0 and 1 w was kept equal to 1 in Ramamohan (et al., 1994). In
Ramamohan (et al., 1994) at k, = 0.005 the attractor slowly begin to broaden
compared to k; = 0.03 for r, = 1.6 in this work. Ramamohan et al. (1994)
observed transient chaos at k, = 0.25. However for 7, = 1.6 we first obtained
transient chaos at k, = 4.5. In this work we have tentatively identified chaotic
regimes of the parameter k, namely for r, = 1.6. Based on a similar analysis

we obtained a chaotic regime for r, = 0.4.
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One paper resulting from this work has been accepted for presentation in

an international conference. ICTAM held in JAPAN, 1996.

3.3 Results on separation technique

During our computations. we noted that the results of the computations are
very sensitive to tlie aspect ratio of the particle in sone parameter regimes as
given in Fig. 3.2 for w = J. In the case of constant external fields (i. e. w = 0)
in the same parametric regimes we obtained regular behaviour. For r, > 1.0,
we obtained nearly the same fixed point in the Poincaré section for all initial
conditions in the case of a constant force field. This suggested the possibility
of separating particles based on this observation.

To develop quantitative results based on this observation, we divided the
range of possible orientations namely [—90° , 90°] in both § and ¢ variables
into 7 equal intervals resulting in 49 equal sized grids. We then computed
the evolution of initially uniformly distributed particles of different aspect ratio
within the range of 7. equal to 0.2 to 2 in steps of 0.2. We followed the evolution
of the initially uniformly distributed particles within the above range of particle
axis ratios under the effect of constant, periodic and zero force fields. We
followed the evolution of the ensemble of particles from 3001 to 5000 points of
the Poincaré section in the case of periodic, constant and zero forces. In all
cases we calculated the number of particles in each grid on every 4th jteration
of the Poincaré section of the evolution equations resulting in a total of 500
values for periodic, constant and zero forces. We noted the grids in which the
total number of particles was greater than or equal to 5 and also noted the
number of particles in each grid only if the particle occurred in that grid in
more than 10 iterations in all the cases. We denote these values as 7, ) and [y,
where 7.,{, and [, denote the aspect ratio, total number of occurrences of the

grid and total number of particles in the grid on the average respectively and
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Figure 3.1: The trajectory plot of u; vs. u; for initial conditions 8 =
45°, ¢ =45°,w=J =2n(re+7;'), e = 1.6 and (1) ko=1.0 (2) k2=2.0
(3) k2=3.0 (4) k2=3.5 (5) ko=4.0 (6) ko=4.5.
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Figure 3.2: The attractor (trajectory plot) for k; = k3 = 0, ko = 10,
initial conditions 8 = 45°, ¢ =45°, w=J =2n(re + 7. 1) (1) 7e = 0.2
(2) 7e =086 (3) re=12 @) re=16
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prepared tables for these values. Since our preliminary computations indicated
the greatest sensitivity of the results to the aspect ratio at k£, = 10, we ran the
program for k, equal to 9.5, 10 and 10.5 for periodic and constant forces.

In the case of constant forces, all the attractors for different aspect ratios
resulted in a continuous curve and the maximum Lyapunov expouent was zero
for all initial conditions. indicating regular behavior. Similar results were ob-
tained for zero forces. In the case of periodic forces, the attractors resulted
in a broadening of the torus or a completely filled subset of the phase space
and the maximum Lyapunov exponent was positive, indicating chaotic behav-
ior. The Lyapunov exponent of the time series was calculated using the Kantz
(1994) method. For aspect ratios greater than or equal to 2, all the attractors
reduce to a continuous curve for all initial conditions and forces ko =9.3, 10
and 10.5, indicating regular behavior. The tables for the cases of k; = 9.5, 10
and 10.5, considered for both periodic and constant forces and for zero force
were prepared for a detailed analysis of the separation technique. A sample of
the tables are given in Tables. 3.1 and 3.2.

As can be seen from the sample tables, there is a possibility of separation
of particles by aspect ratio based on a judicioué combination of periodic and
constant forces. A detailed analysis of all the tables indicates that particles
of aspect ratio 0.2 alone can be separated from a mixture containing particles
of different aspect ratios by applyving a constant force ko = 0, since particles
of aspect ratio 0.2 alone occur on some extreme grids on the boundary of the
tables. This suggests that particles of this aspect ratio alone can be separated by
applying a zero force. In the case of particles of aspect ratio 0.4 a constant force
between 9.5 and 10.5 appears to be sufficient for separating these particles alone.
For separating particles of aspect ratio 0.6, it is desirable to apply a constant
force between 9.5 and 10.5. Here particles of this aspect ratio alone occur in
the centre grids for constant forces. Based on a similar analysis, periodic forces

leading to chaotic dynamics or constant forces leading to regular dynamics of
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Table 3.1: Distribution of the evolution of initially uniformly distributed
particles of different aspect ratios for the case kg =0, w =0, 5 <1; <49
and 10 < l; < 500, where [, is the total number of particles in the grid
on the average and [y is the total number of occurrences of the grid.
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Table 3.2: Distribution of the evolution of initially uniformly distributed
particles of different aspect ratios for the case k; = 100, w = J =
2m(re + 751), 5 < I; <49 and 10 < Iy < 500, where [; is the total
number of particles in the grid on the average and I, is the total number

of occurrences of the grid.
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the particles can separate particles of aspect ratio 0.8 alone. However in this
case, a constant force is preferable to a periodic force, since such particles are
spread over a large number of grids in the case of a periodic force.

Further analvsis of the tables indicate that the considered forces are not
preferable for separating particles of aspect ratio 1.2 alone. A similar analysis
shows that for particles of aspect ratio 1.4 a periodic force is desirable to sep-
arate particles from a mixture containing this particle. For particles of aspect
ratio greater than or equal to 1.6 individual separation may not be possible.
However there is a possibility of separating particles of aspect ratio 1.8 by
applving a periodic force of magnitude k,=10, with the limitation that the oc-
currence of these particles alone are sensitive to small changes in the magnitude
of the periodic force. For particles of higher aspect ratio, particles appear in
combination with particles of lower aspect ratio in all cases. Hence if particles
of lower aspect ratios have been separated out as explained earlier, particles
of higher aspect ratios can be separated from the mixture. In general periodic
forces are preferable to constant forces and zero forces for separating particles
of aspect ratio r, > 1. However for particles of aspect ratio r, > 1.6 individual
separation is not possible in this analysis.

It has been generally noted that chaotic behavior gives better separation
than regular behavior, especially in the case of particles having aspect ratio
greater than or equal to 1.6. A possible design for this separation of particles
with different aspect ratios based on the differences in the orientation of the
particle may consist of a base plate having grooves along different orientations
so that when the particles are oriented in such directions, they settle in a
particular groove and can be separated out.

We believe that there is both important new physics and the possibility of
new technology in such separations, since they could lead to better character-
ization of real suspensions for a study of their physical properties. This work

also demonstrates the existence of chaotic parametric regimes in the problem
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considered. This result may have considerable impact on the analysis of the
practical applications referred to in the introduction. None of the authors deal-
ing with the practical application of this problem have considered the existence
of chaotic parametric regimes in their work.

One paper resulting from this work has been published in Rheol. Acta
(1995). Germany. This paper has also been Listed in the Current World Liter-
ature section of Current Opinion in Colloid and Interface Science 1/4,

1996.
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A New Class I Intermittency

4.1 Introduction

After the discovery of chaos there arose lots of questions regarding the routes to
the development of chaotic behaviour. What is the scenario behind the transi-
tion from regular behaviour to the chaotic behaviour as the control parameter
is varied 7 Are there anyv universal patterns or sequences for this transition ?
Different routes to chaos have been reported in the chaos literature. The period
doubling route to chaos, quasi periodic route to chaos, intermittency route to
chaos, crisis induced intermittency route to chaos etc. are some of the widely
accepted scenarios. These routes to chaos are the ways in which the laminar
flow loses stability and becomes chaotic. Manneville and Pomeau (1979) intro-
duced the intermittency route to chaos in the Lorenz equations. The so-called
intermittency occurs when nearly regular behaviour (laminar flow) is intermit-
tently interrupted by chaotic outbreaks (bursts) at irregular intervals. As the
control parameter is increased (or decreased), the strength of the chaotic burst
also increases and finally the system ends up in fully chaotic behaviour. One

of the routes to chaos is the class I intermittency route to chaos.
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4.2 Class I intermittency

The scenarios describing the creation or destruction of a chaotic attractor as a
paranieter is varied are also important in the field of dynamical systems. It is
interesting to see what happens in a dynamical system as the control parameter
is changed. If the trajectories in phase space of a dvnamical system before
and after a specified value of the control parameter are qualitatively different,
then the qualitative difference is called a bifurcation. The transition from a
stable periodic orbit to an unstable periodic orbit is a qualitative change. If
branches of stable and unstable periodic orbits coincide at a particular value of
the control parameter, then such a bifurcation is called cyclic-fold bifurcation.
Assume that a dynamical system is under the influence of cyclic-fold bifurcation
at a particular value (say A) of the control parameter in such a way that the
attractor is a limit cycle for all values of the control parameter less than the
particular value, A. At the same time it is impossible to determine the system
behaviour for values greater than A by local bifurcation analysis.

The behaviour after bifurcation can be analyzed by numerical computations.
One possibility is that the attractor before bifurcation may be switched onto
a new attractor in which the old attractor will be a proper subset of the new
attractor. The analysis of the time series obtained by computer simulation
shows that an orbit in the attractor after the bifurcation point stays back near
the destroyed limit cycle for a long time and is interrupted by chaotic bursts.
The orbit near the destroyed limit cycle is called the laminar phase and the
chaotic burst between the laminar phases is called the turbulent phase. As the
control parameter is increased (or decreased in some other cases) the average
time spent by the chaotic bursts in the attractor tends to infinity the attractor
become fully chaotic. This type of transition from periodic behaviour to chaotic
behaviour via a cyclic-fold bifurcation is called the intermittency route to chaos

of class I. The existence of the mechanism that reinjects the trajectory lying
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in the chaotic bursts to the vicinity of the limit cycle is necessary for the
intermittency route to chaos. If not, the orbit will never revisit the vicinity
of the limit cycle. A detailed treatment of different types of intermittency
routes to cliaos is available in the literature (Pomeau and Manneville 1980;
Hilborn 1994; Nayfelh and Balachander 1995). We observed a new type of class
[ intermittency in the dynamics of periodically forced spheroids in simple shear

flow which is discussed in the following section.

4.3 Results on the new class I intermittency

In this section we report a physically realizable system in which the possibil-
ity of an interesting and novel type of Class I intermittency, namely, a non
hysteretic form of Class I intermittency with nearly regular behaviour inter-
rupted by chaotic outbreaks (bursts) with nearly regular reinjection period is
demonstrated. The bursting process was irregular in almost all previous com-
putational and experimental studies of Class I intermittency. Price and Mullin
(1991) have observed experimentally a similar type of phenomenon in which
a hysteretic form of intermittency with extreme regularity of the bursting is
observed. The system described in this section appears to be one of the very
few ODE systems describing a physically realizable system showing a non hys-
teretic form of Class I intermittency with nearly regular behaviour interrupted
by chaotic outbreaks (bursts) with nearly regular reinjection period. We also
present appropriate return maps to explain the behaviour observed in this work.
The system also shows certain interesting features such as new scaling behaviour
away from the onset of intermittency and the number of the bursts during a
particular realization varying smoothly with the control parameter. We discuss
and compare the model of Class I intermittency with the new type of intermit-
tency. The comparison with the theoretical predictions of Class I intermittency
shows scaling typical of Class I intermittency. The average length of the burst

also scales with the control parameter with zero slope.
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The phenomenon of Class I intermittency with nearly constant reinjection
period, we observed in this work was obtained in tlie parametric reginie 10.6 <
ky < 12.44. We report the results for 0.01 < 8 < 40° and for all values of
¢ in steps of 20° which results in 15 initial conditions for a given parameter
value. Tlie evolution of the particle upto 2150 cvcles was computed and the
results are presented for r, = 1.6,w = J = 2n(r. + r7'!), and k; = k3 = 0,. For
the trajectory we evaluated 100 points in each cycle which resulted in 215000
points and deleted 200000 points (2000 cycles) as transients. It was found to be
sufficient to concentrate on the remaining 15000 points of the trajectory to study
the new behaviour, because when the number of iterations was doubled the only
change in the observed beliaviour was a doubling in the number of bursts with
no other change in the dynamics. We expect the greatest complexity of the
solutions of the above equations for this particular choice of parameters, since
k, is responsible for the greatest opposition to the hydrodynamic torque due
to the imposed shear flow field. For k, = 0, Jeffery’s results are reproduced
and all solutions of the equations starting from different initial conditions tend
towards a fixed point in the stroboscopic plot. Upon changing k; we observed
a number of chaotic regimes of the parameter k; as well as a number of regular
regimes in between the chaotic regimes. The phenomena we wish to report in
this work lies in the parameter regime 10.6 < ko < 12.44. We also confine
ourselves to the value of 0.01 < 8 < 40° and 0° < ¢ < 90° in steps of 20°. This
choice of initial conditions and range of k, results in interesting behaviour with
clear evidence for the new behaviour, namely Class | intermittency with nearly
constant reinjection period. For all values of k5, 8 and ¢ within the above range,
the system shows similar behaviour.

The analysis of the time series and the attractor shows the existence of a
tangent bifurcation which leads to the novel behaviour of Class I intermittency
with nearly constant reinjection period. The maximum Lyapunov exponents

of both the time series of the bursts (denoted by X) and the laminar phase
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(denoted by Y') were positive and entirely different. Fig. 4.1 shows a superposi-
tion of the trajectories correspouding to the laminar phase and the bursts and
Fig. 4.2 shows the corresponding time series. During the bursts, the trajectory
moves away from the vicinity of the laminar region as is evident from Fig. 4.1.
The maximum Lyapunov exponent for the bursts was nearly constant for all 4,
¢ and ko considered and was equal to 0.21. indicating that the bursts show the
same type of chaotic behaviour everywhere in the system. At the same time the
maximum Lyapunov exponent for the laminar phase decreases with increasing
k, and finally ends up in a periodic behaviour at k; = 12.46. The system is
more sensitive to initial conditions near the chaotic bursts (Type X) and less
sensitive to initial conditions near the laminar phase (Type Y) as can be seen
from the time series of trajectories for slightly different initial conditions given
in Fig. 4.3.

The existence of the intermittency behaviour in the system was further con-
firmed by solving the evolution equations 2.18 and 2.21 in single and double
precision. The trajectories obtained from equation 2.21 in single and double
precision and from equation 2.18 in single precision for the same set of param-
eters and initial conditions are given in Fig. 4.4. There will be small changes in
the evolutions obtained from the numerical computations in single and double
precision due to round off error. Hence if the orbit is in a chaotic attractor, the
time series obtained here will diverge exponentially as is evident from Fig. 4.4.
However all the time series obtained show the same intermittency behaviour. As
k, is increased near the onset of tangent bifurcation the bursts remain chaotic
with nearly the same Lyapunov exponent equal to 0.21. The Lyapunov ex-
ponents of the laminar phase were small compared to that of the bursts and
decreased slowly and became nearly zero as k is increased near the onset of
tangent bifurcation as can be seen from Table. 4.1. Table 4.1 shows that the
maximum Global Lyapunov exponent (GE) on the average lies between the

maximum Local Lyapunov exponent (LE) of the laminar phase and the chaotic
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Figure 4.1: Typical phase space trajectory of the attractor showing the
laminar phase as well as the chaotic burst for k, = 12.2, initial conditions
0=¢=20°, w=J=2m(re +7.%), 7. = 16.
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Figure 4.2: The time series of u; of the trajectory shown in Fig. 4.1
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Figure 4.3: Time series of different trajectories for k; = 11.2, slightly
different initial conditions § = 20.0°, 20.1°, 20.2°, 20.3°, ¢ = 20°,
w=J=2m(re + re—l), 7e = 1.6.
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Figure 4.4: Time series of trajectories obtained for from the equations
2.21 in single and double precision (denoted by a and b respectively) and
from the equations 2.18 in single precision (denoted by c) for the same set
of parameters and initial conditions. 8 = ¢ = 20°, w = J = 27w (re+71.71),
re = 1.6,ky = 11.2.

out breaks. Note that the maximum GE on the average is decreasing more
slowly than the decrease of maximum LE of laminar phase near the onset of
intermittency and both tend to zero as k, is increased. The maximum LE of
the chaotic bursts remain constant as expected. This also demonstrates the
existence of the new type of class I intermittency and chaos.

It is well known that for the usual Class I intermittency, the average time
taken to traverse the channel varies as (ko — k5)~%° where kS is the critical
parameter for the tangent bifurcation. In order to clarify the nature of the
intermittency transition to chaos, we computed the scaling of the average length
of the laminar phase with the excess of the critical value of the parameter
over the control parameter very near to the tangent bifurcation at ko = 12.44
(in steps of 0.02) and found the exponent to be -0.60 as shown in Fig. 4.5.
The scaling behaviour near the onset of bifurcation shows that the observed

transition is a typical Class I intermittency. This was further confirmed by the
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Local Lvapunov Exponent
ko | Laminar Phase | Chaotic Bursts | Global Lyapunov Exponent
10.6 0.20 0.21 0.23
11.0 0.13 0.19 0.17
114 0.19 0.16 0.18
11.8 0.19 0.19 0.19
12.0 0.13 0.20 0.18
12.2 0.10 0.18 0.18
124 0.11 0.24 0.15
12.44 0.04 0.20 0.11
12.46 0.00 0.00 0.00

Table 4.1: The maximum values of the Local and Global Lyapunov
exponent obtained for different values of ko, k) = k3 = Q,w = J =
21(re + 1.1),1e = 1.6,0 = ¢ = 20°

superposition of the return map of ¢ in the dvnamics and the appropriate map,
Gnot = Pn+on’+e. Fig. 4.6 shows that the two maps coincide near the tangent
bifurcation, where the map R, obtained from ¢+, = ¢n + é5° + € is presented
for € equal to zero.

For detailed study we confined our results to § = ¢ = 20° and 10.6 < &k <
12.44. We analyzed the return maps of ¢ by varying the control parameter
for comparatively large steps of ko, namely 0.2. In the return maps the points
corresponding to the onset of the laminar phase fell on the curve between the
points marked as A and B and remainder of the return maps correspond to the
intermittent bursts as given in the Fig. 4.7. Fig. 4.7 shows the return maps of ¢
of the Poincaré Sections (stroboscopic plot) of 5000 iterations of the system for
one set of initial conditions and value of k,. Some points of a typical return map
are plotted by joining all the points to establish the fact that the reinjection
period is nearly constant and the plot is given in Fig. 4.8. The portion of the
return map shown in Fig. 4.8 corresponding to the region between A and B
corresponds to the laminar phase. An examination of Fig. 4.8 shows that once

the system leaves the laminar phase, it is reinjected into the neighbourhood of
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Figure 4.5: Plot of logarithm of average length of laminar phase as
a function of logarithm of excess of control parameter showing scaling
typical of Class I Intermittency.

the tangent bifurcation in approximately two or three periods. The reinjection
time remains nearly unaffected by changes in control parameter whereas, as
expected, the average length of the laminar phase increases as the system moves
awav from the tangent bifurcation.

The portion of the return maps shown in Fig. 4.7, which correspond to
regions away from the laminar phase, namely the smooth curve below the line
¢n+1 = ¢,, and the two intersecting straight lines, namely C,, C, and C3 and is
explored during the bursts lies less often on these curves once the average length
of the laminar phase increases. As a result, fewer points of the stroboscopic
return map lie on these curves as k; increases. The points of intersection D
and E with the line ¢,4, = ¢, were confirmed to be non-attracting by starting
the computation with initial conditions near the points of intersection of the

curve D and E with the line ¢,4+; = ¢,. To further establish the observation
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Figure 4.6: Superposition of the observed return map (R;) obtained
from Eq.2.21 at the point of tangent bifurcation and the classic map (Rj)
exhibiting Class I Intermittency, where the return map, R; is presented
for k, = 12.44, initial conditions § = ¢ = 20°, w = J = 2x(r. + 1),
re = 1.6

of nearly regular reinjection process and the process is unaffected by variation
in the control parameter, the return maps of ¢ for different values of k, were
analyzed along with the line ¢,+; = ¢,. It can be seen in Fig. 4.9 that the
reinjection process is unchanged by the variation in the control parameter.
Another interesting feature of this system is that the average length of the
laminar phase varies smoothly with the excess of the critical parameter over the
control parameter even when the system is relatively far away from the onset of
intermittency. This was confirmed numerically by checking that the logarithm
of the average life time of the laminar phase scaled linearly with the logarithm
of 12.6 — k, with a slope of -1.15 as shown in the Fig. 4.10. Interesting scaling
behaviour is observed near the critical value of the control parameter as shown

in Fig. 4.11 where the length of laminar phase scales linearly with 12.4 — k,.
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Figure 4.7: The return map ¢ for 5000 points of Poincaré section (stro-
boscopic plot) of the system for k; = 11.0, initial conditions § = ¢ = 20°,
w=J=2n(re +7.1), 7e = 1.6.

The number of the bursts as well as the number of occurrences of the laminar
phase decreases as k, is increased. Further, the average length of the bursts
is nearly constant and the average length of the laminar phase increases as k,
increases. It is also found that length of the burst scales with control parameter
near ko = 12.4 with zero slope. The number of bursts as well as the number of
occurrences of the laminar phase decreases smoothly as k5 increases. As a result,
scaling behaviours of the average length of the laminar phase with k; — 10.4
are obtained. Class I intermittency behaviour with nearly constant reinjection
period continued upto a value of ks equal to 12.44. Beyond k; equal to 12.44
this phenomenon disappeared and the system response becomes periodic.

The feature of the system studied which we feel is interesting to the nonlin-
ear dynamics community is the existence of Class I intermittency with nearly

constant reinjection period. This implies that the length of the burst between
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Figure 4.8: The return map ¢ for 100 connected points of Poincaré
section (stroboscopic plot) of the system for k; = 12.2, initial conditions
6=¢=20°w=J=2n(re+r.1), re = 1.6 showing that the reinjection
period is nearly constant.

two laminar phases is nearly constant. An analysis of the return maps for ¢
shown in Figs. 4.7 and 4.8 indicates that once the system leaves the neigh-
bourhood of the tangency, it comes back to the neighbourhood of the tangency
in nearly the same number of iterations. At k,=12.44 the attractor is nearly
regular. The system was purely periodic with period 6 at k,=12.46.
Numerical evidence for Class I intermittency with nearly constant reinjec-
tion period has been presented near the onset of tangent bifurcation. New
scaling behaviour which governs how the average life time of the laminar phase
scales with control parameter away from the onset of intermittency is presented.
The return maps of the stroboscopic plot for different values of k; given in
Fig. 4.9 provide an explanation for this behaviour. The present system is one

of the very few physically realizable systems which shows this phenomenon of



Chapter 4. A new class | intermittency 52

C, G
154 F
1.0
}
H
0.5
R 0.0+ i
n+1 '..‘
; —
054" T
i
- i
I
1.0+ e
if
] IF
.
I
1 M T v T M T M T T T
15 10 05 00 05 1.0 1.5
%

Figure 4.9: Superposition of return maps of ¢ for different values for
ko =10.6, 11.0, 11.4, 11.8, 12.2, 12.44, initial conditions 8 = ¢ = 20°,
w=J=2n(re+r;!), re = 1.6. Curve C, is for k; =10.6, Curve Cs is for
ks =12.44 with the other curves representing values of k; in ascending
order.

Class I intermittency with nearly constant reinjection period. Since this prob-
lem is technologically important as is evident from the literature cited in this
work, the existence of the new behaviour in this system and the existence of
the interesting transient behaviour may have important practical consequences,
when operating near the regime considered in this work where this phenomenon
may not be recognized as leading to chaos. An analysis of the original model
equations to explain to some extent the behaviour presented in this work could
be carried out. Price and Mullin (1991) and Aubry et al. (1988) have re-
ported similar behaviour with other model equations. They have performed
some preliminary analysis of their model equations in an attempt to explain
the behaviour observed. A similar analysis of our model equations would be

considerably more involved since our equations are non-autonomous and would
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Figure 4.10: Plot of logarithm of average length of laminar phase as
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excess of control parameter showing linear scaling away from the tangent
bifurcation.
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not necessarily throw more light on the results than the analysis based on the

return maps presented here.

One paper resulting from this work has been published in an international

journal Phys. Lett. A (1997), The Netherlands.



Chapter 5

The Theory of Dynamics with
Control

5.1 Introduction

The fact that a chaotic solution eliminates the possibility of long term prediction
of svstem behaviour induced many reports in the literature of either quenching
chaos or controlling chaos (Ott et al. 1990 and Ditto et al. 1995). Since chaotic
attractors have embedded within them a dense set of unstable periodic orbits,
anv one of the unstable periodic orbits can be stabilized to obtain otherwise
unattainable system behaviour. The essential idea is that a chaotic system
explores a relatively large region of state space and the system can be brought
to a desired stable state to improve the performance of the separation technique
by a suitable control algorithm. The first method (OGY) of control of chaos
proposed by Ott et al. (1990) generated appreciable interest in the literature of
chaos. Thereafter, a large number of algorithms for controlling chaos have been
reported in the literature (Ott and Spano 1995, Rhode at al. 1995, Christini and
Collins 1995 and references therein). Broadly speaking there are two classes of
algorithms for controlling chaos, namely (a) Feedback Methods (Ott et al. 1990)
and (b) Non-feedback Methods (Gliémez et al. 1994). The first method needs
appreciable information about system behaviour but is comparatively simple

to implement experimentally. The second method is theoretically simple and

95
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Figure 5.1: The schematic representation of the novel control strategy
presented in this work. The control is active during the period corre-
sponding to the shaded area and not active during the period corre-
sponding to the blank area, where each box stands for the period. T of
length 27 /w.

hence it is easy to implement on a computer whereas it is difficult to implement
experimentally in many systems.

The algorithm suggested in this work needs very little information about
system behaviour but is rather easy to implement experimentally. This algo-
rithm can be classified as a Non-feedback control method. Rajasekar and Lak-
shmanan (1993) have investigated the applicability and effectiveness of various
approaches of controlling chaos in the BVP oscillator. Suppression of chaos
by periodic parametric perturbations in an experimental set up of a Duffing
oscillator is also reported in the literature by Fronzoni et al. (1991). In the
method proposed in this section, the control parameter is perturbed for one
period at fixed intervals of every integral multiple of the fundamental period.
In the methods considered earlier in the literature (Lakshmanan and Murali
1996), the parameter was perturbed continuously rather than at fixed inter-
vals. To implement the control strategy reported in the section 5.2, we apply
a constant external force in addition to the periodic force for the duration of
one period after every n — 1 periods as shown in Fig. 5.1, where the length
of one period (T) is equal to length of the fundamental period of the periodic
force. If the system is perturbed after n — 1 periods by applying an additional
constant force, the system is found to be stabilized in a periodic orbit with a
period equal to nT or with a period equal to an integral multiple of nT.

For example, if a represents the magnitude of the additional constant force,
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then the control can be implemented by setting a = 0 if j # 0 mod(n) and
a # 0if j = 0 mod(n) where j represents iteration number and the time
interval between two successive iterations is equal to the fundamental period
T. That is, the system evolves without any modification for periods which are
not multiples of n and with modification for periods which are multiples of n.
A schematic representation of the control strategy is given in Fig. 5.1. The
choice of n depends on the period-m solution we want to stabilize. The integer

n can be either m or a divisor of m depending on the value of a and the choice

of n.

5.2 A new algorithm for control of chaos

To incorporate the above idea of controlling the dynamics of the system, we
modify Eq. 2.21 governing the dynamics of the system by introducing a con-
stant force in addition to the periodic force along the direction of the periodic
force for one period at the end of n forcing periods. Thus the resultant torque
induced on the particle is given by L = (kcos(wt) + k') x u. Let kj, k5 and kj
be the z, y, z components of k’. After scaling all quantities appearing in the

equations similarly as explained in the section 2.7, the Eq. 2.21 can be written

as
df P . ) , . :
5 = gsin 20sin2¢ + R[(cosfcoso k) + cosfsin ¢ ky — sin 0 k3) cos(wt)]
+R[(cosfcos ¢ ky + cosfsino ks — sinf k3)]
do
i Pcos2¢— Q@

+gi-§—9 [(—sin ¢ k; + cos @ ky) cos(wt) + (—sin @ k; + cos @ ky)]  (5.1)

It is noted that the modified system of equations 5.1 reduces to Eq. 2.21
when k] =k, = k3 = 0.
The application of an additional external forcing (constant) to control

chaotic systems evolving under the effect of external forcing (periodic) has
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been reported in the literature (Lakshmanan and Murali 1996). In this method
the constant force is applied continuously. Our control strategy involves the
application of the constant force for a period of finite length, T after a period
of length, (n — 1)T (where T=27/w is the fundamental period of the periodic
forcing). Then, we lift the control for a period of finite length, (n — 1)T and
thereafter we apply the constant force of the same magnitude for a period of
length, T and again we lift the control for a period of finite length. (n — 1)T.
This process is repeated. Under this process, the system is allowed to evolve
according to the system of Eq. 2.21 upto the (n— 1)th forcing period and evolve
according to the system of Eqgs. 5.1 at the nth forcing period. This process is
repeated every nth period. While solving the Eqgs. 5.1, this idea can be imple-
mented by setting k{ = k), = k§ = 0 if j # 0 mod(n) and k] = k) = k} # 0 if
j = 0 mod(n) where j represents iteration number and T = 27 /w is the time
interval between two successive iterations. We note that the above equations
for § and ¢ decouple in the absence of k), %] and k,, k,. Hence the presence
of an external force field with either k; or k, is necessary to obtain chaotic
solutions in this system. In our calculations we kept k; = k3 = k] = k§ =

In almost all cases the system is stabilized to a periodic orbit with period n if

h period. In some cases the system is

the control is applied throughout the nt
stabilized to a periodic orbit of period equal to an integral multiple of n. On
the other hand if the control is applied continuously, we loose the flexibility of

controlling the system to an orbit of desired period.

5.3 Results on separation technique with con-
trol

We have analyzed the properties of the system without control in chapter 3. We
tentatively identified chaotic regimes of the parameter k, keeping k; = k3 = 0.

As a first step in analyzing the properties of the equations derived in this work,
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we set k; = k3 = 0. in equations 2.21 and varied ko for particles of different
aspect ratio within the range of r, ranging from 0.2 to 2.0 in steps of 0.2 and
kept w equal to J = 2r(r, + r;1). We ran the programn for 2500 points of
the Poincaré section (stroboscopic plot) and deleted the first 2250 points to
remove the transients. We started the trajectorv with the initial conditions
f = o = 45°. For each trajectory we evaluated 100 points in each cvcle which
resulted in 25000 points of the trajectory after the transients are removed. We
selected k, = 12.0 and computed the solution of the equations for different 7,
ranging within 0.2 to 2.0 in steps of 0.2. For £, = 12.0 the system given by
Eq. 2.21 behaved chaotically for all the 7. considered except for r. equal to 1.8
and 2.0. The Lyapunov expoﬁents of the attractors were evaluated and found
to be positive. The attractor and time series of a typical trajectory are shown
in Fig. 5.2 and Fig. 5.3 for the case of r.=1.2.

In chapter 3, it was reported that the results of the computations are very
sensitive to the aspect ratio of the particle in some parameter regimes. In the
case of constant external fields in the same parametric regimes we obtained
regular behaviour. For r. > 1.0, we obtained nearly the same fixed point
for all initial conditions in the case of a constant force field. This indicates
that in the sample application considered in this work, a periodic force field is
necessary to effect particle separation for particles with . > 1.0 as explained
in section 3.3. Tables. 3.1, 5.1 and 5.2 give a sample of the results obtained
for zero force, a constant force of amplitude k; = 12.0 and a periodic force
of amplitude k; = 12.0 respectively. In this case independent separation of
particles is possible only for particles of aspect ratio r. equal to 1.2. The
existence of chaotic dynamics in this system allows control of its dynamics to a
desired orbit and thus suggests the possibility of better separation of particles
for almost all particles of aspect ratio ranging within 0.2 to 2.0. This is difficult

to obtain in the case of regular behaviour or chaotic behaviour without control.
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Table 5.1: Distribution of evolution of initially uniformly distributed
particles of different aspect ratios for the case ko = 12.0, w=0,5<; £
49 and 100 < [y < 1000, where [; is the total number of particles in the
grid on the average and [ is the total number of occurrences of the grid.



Chapter 5. The theory of dynamics with control

000 Te =02 ox 7.=08 SPP 7.=1.6
xkk T, = 0.4 000 T, = 1.2 +++ 1. = 1.8
wd 1o =06 o0 7, =14 XXX 1,=2.0

90.0
* *
643 O % O %
38.9- ke
12.8
¢ * "
_129 O *x g *x g < *x 410 x g
* O * * * *x O
-38.6
(o] (o] (o]
(&) (&)
-64.3 Py
* O @ o e o e *
-90.0 -+ °
90.0 -643 -38.6 -12.0 128 389 643 90.0
6

Table 5.2: Distribution of evolution of initially uniformly distributed
particles of different aspect ratios for the case ks = 12.0, w = J =
2m(re +771), 5 < I3 < 49 and 100 < I, < 1000, where [; is the total
number of particles in the grid on the average and Is is the total number
of occurrences of the grid.
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Figure 5.2: Trajectory (phase space) plot of u; X up X ug for ky = 12,
initial conditions = ¢ = 45°, w = J = 27(re +7.),7e = 1.2.

We stabilized the chaotic dynamics obtained at k,=12.0 to a periodic be-
haviour of period equal to a multiple of the fundamental period, 27 /w to demon-
strate the applicability of the method proposed. The time series of uy of the
Poincaré section (stroboscopic plot) upto 4000 periods computed from Eq. 2.21
for r,=1.6 is given in Fig. 5.4. It is demonstrated that the system can be con-
trolled to periodic behaviour of any desired period by applying the same con-
stant force. For example, the system could be controlled to period-2, period-3,
period-4 and period-5 orbits by applying the same constant force equal to k5=5
as can be seen from Figs. 5.5. This is obtained by setting k} = k}, = k3 = 0 if
j #0mod(n) and k} = kj = 0, k, = 5.0 if j = 0 mod(n) in the evolution of
Egs. 5.1 when the system is to be stabilized in a period-n orbit. The system
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Figure 5.3: Phase space plot of u; vs. time for the attractor shown in
Fig. 5.2.

evolves according to the evolution Eq. 2.21 for j # 0 mod(n) and according
to the evolution Eqs. 5.1 for § = 0 mod(n). It is also possible to stabilize the
svstem to qualitatively different periodic orbits of the same period by suitably
changing the control parameter k; as can be seen from Fig. 5.6. In this example
the control technique is applied after 1500 fundamental periods and the system
is followed upto 3000 periods with control. Once the control is applied the
svstem stabilizes rapidly to the appropriate periodic orbit as can be seen from
the sample figures in Fig. 5.5. The magnitude of the perturbation required to
stabilize the system was small compared to the magnitude of the periodic force
for all aspect ratios except r.= 0.2, 0.4 and 0.6. The magnitude of the constant
force required for control depends on the aspect ratio of the particle and the
desired period, n for aspect ratios less than or equal to 0.6.

One important advantage of the control algorithm outlined in this work is
the possibility of switching over to different periodic solutions during a given
run. This implies that a system in chaotic dynamics can be stabilized to one

particular periodic orbit for a given time and to another periodic orbit of en-



Chapter 5. The theory of dynamics with control 64

0 1000 2000 3000 4000
Time (2n/w)

Figure 5.4: Trajectory plot of up vs. time at every intersection of
the trajectory with the Poincaré plane for k; = 12, initial conditions
0=¢=45,w=J=2m(re+1.1), 7e = 1.6.

t.ire]y different period after a given time as shown in Fig. 5.7. In this example
the control parameter k), = 5.0 is applied between 1001 and 2000 periods to
stabilize the system to a period-2 orbit. Then control is lifted between 2001
and 3000 periods and again applied between 3001 and 4000 periods to stabilize
the system to a period-3 orbit. Control was removed again between 4001 and
5000 periods. Thus the system oscillates in a period-2 orbit between 1001- 2000
periods and then oscillates in a period-3 orbit between 3001- 4000 periods as
can be seen from Fig. 5.7. This figure also reveals the fact that once the control
is lifted, the system returns to a chaotic state. Another advantage which is
important from the point of view of the sample application proposed in this
work is the possibility of changing the periodic behaviour to another orbit of
the same period by changing the magnitude of the applied constant force. This
allows us to bring a particle having a definite aspect ratio to a desired orbit
by changing control parameters. It is also noted that all initially uniformly
distributed particles of a given aspect ratio within the range 0.8 < r. < 2.0 can

be concentrated in a given grid by applying a periodic force with control as can
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Figure 5.5: Stroboscopic plot with control for k; = 12, kj = 5.0, initial
conditions § = ¢ = 45°, w = J = 2x(re + . '), re = 1.6 showing (1). a
period-2 solution with n = 2 (2). a period-3 solution with n =3 (3). a
period-4 solution with n = 4 (4). a period-5 solution withn =5
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Figure 5.6: Stroboscopic plot with different controls showing two differ-
ent period-2 orbits obtained for k; = 12, initial conditions 8 = ¢ = 45°,
w=J = 2n(re + r;!), re = 1.2 with control (1) k}, = 4,n = 2 (2)
k3 =5,n=2
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Figure 5.7: Stroboscopic plot showing period-2 and period-3 orbits
successively obtained with control applied at every second and third

periods respectively for k3 = 12, initial conditions § = ¢ = 45°,
w=J=2n(re +r1), re = 1.6, k% = 5.0.
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be seen from Tables. 5.3, 5.4 and 5.5.

The observations made in this work suggest the possibility of separating
particles more efficiently based on control of chaotic dynamics. We applied a
control force (constant force) of magnitude 1 < k3 < 5. For this range of &,
the chaotic dvnamics of particles of all aspect ratio except r, =0.2, 0.4 and 0.6
could be controlled to a desired orbit. This range of control force seems to be
sufficient for efficient separation of particles by shape since particles of these
aspect ratios alone can be brought to a desired position. To develop quantitative
results based on this observation, we divided the range of possible orientations
namely [—90° , 90°] in both 6 and ¢ variables into 7 equal intervals resulting
in 49 equal sized grids. We then computed the evolution of initially uniformly
distributed particles of different aspect ratio within the range of r, equal to 0.2
to 2 in steps of 0.2. In the section 3.3, we have already studied the evolution
of the initially uniformly distributed particles in the same manner within the
above range of particle axis ratios under the effect of constant, periodic and
zero force fields. We observed that periodic forces are better than constant
forces for separating particles especially of aspect ratio r, > 1.

We followed the evolution of the ensemble of particles for 3000 iterations
of the stroboscopic plot and deleted the first 1000 values to remove transients
in the case of constant and zero forces and in the case of periodic forces with
control and without control. In all cases we calculated the number of particles
in each grid on every second iteration of the Poincaré section of the evolution
equations resulting in a total of 1000 values. We noted the grids in which the
total number of particles was greater than or equal to 5 and also noted the
number of particles in each grid only if the particle occurred in that grid in
more than 100 iterations in all cases. We denote these values as r, [, l; where
Te, 1,12 denote the aspect ratio, total number of occurrences of the grid and
total number of particles in the grid on the average respectively and prepared

tables for these values. A particle of a given aspect ratio visiting a given grid
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Table 5.3: Distribution of evolution of initially uniformly distributed
particles of different aspect ratios for the case ko = 12, w = J = 2n(re +
r71), 5 <1} <49 and 100 < I, < 1000 with control kj = 2, where [; is
the total number of particles in the grid on the average and [5 is the total
number of occurrences of the grid.
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Table 5.4: Distribution of evolution of initially uniformly distributed
particles of different aspect ratios for the case ky = 12, w = J = 27(re +
r;1), 5 <l <49 and 100 < I < 1000 with control k3 = 3, where [ is
the total number of particles in the grid on the average and [, is the total
number of occurrences of the grid.



Chapter 5. The theory of dynamics with control 70

000 1, =02 Hx 1,=08 HPP r.=1.0
xxx 7, =04 o000 r, =12 444+ 71.,=1.8
W4 re=06 o0 7., =14 XXX 7,=2.0
90.0
Y
®|%x O
643 O % O x g
o o q
38.9
Q
12.8
¢
129 o % * * * O *
-38.6 =
-64.3— -
X X x| +
-90.0 4+ -
-90.0 -64.3 -38.6 -129 128 389 64.3 90.0
6

Table 5.5: Distribution of evolution of initially uniformly distributed
particles of different aspect ratios for the case k; = 12, w = J = 27 (re +
re‘l), 5 <1} <49 and 100 < I < 1000 with control &k, = 5, where {; is
the total number of particles in the grid on the average and [; is the total
number of occurrences of the grid.
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and the absence of particles of other aspect ratios visiting the samne grid is
more important than the number of visitations of a given grid and the number
of particles visiting a grid from the point of view of particle separation. Siuce
our earlier computations indicated the greatest sensitivity of the results to the
aspect ratio near k; = 10, we selected &, equal to 12.0 for comparing the effects
of periodic forces with and without control and as a magnitude of tlhie constant
force. Earlier we demonstrated (in section 3.3) the possibility of the potential
application of the separation technique without control, where tlie magnitudes
of the external periodic force were taken as £k, = 9.5,10.0 and 10.5 keeping
ky = k3 = 0.0.

We noted the evolution of the ensemble of particles at every 2nd iteration.
We analyzed in detail the cases of periodic force with and without control and
compared the results with the constant force and zero forces. The fact that a
chaotic behaviour can be controlled to oscillate in a selected period resulted in
more efficient separation enabling all initially and uniformly distributed parti-
cles to be directed to a desired grid by a suitably engineered control technique.
For example, all the 49 initially uniformly distributed particles of aspect ratio
e = 1.2 could be brought to the grids (1,4) or (7,4) by applying k) = 4. Under
the same circumstances it was possible to bring all the 49 particles of aspect
ratio e = 1.2 to the grids (1,3) or (7,1) by applying a control of constant force
k, = 5. A sample of the results we obtained for zero force, a constant force and
a periodic force both of magnitude k; = 12.0 and for a periodic force of mag-
nitude k; = 12.0 with control forces k=2, 3 and 5 are given in Tables 3.1, 5.1,
5.2, 5.3, 5.4 and 5.5. The tables presented in this work indicate that controlling
chaotic dynamics is preferable to chaotic behaviour and regular behaviour for
efficient separation of particles.

A detailed analysis of all the tables indicates that particles of aspect ratio
0.2 alone can be separated from a mixture containing particles of different

aspect ratios ranging within 0.2 to 2.0 by applying a control force of magnitude
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ki=1, 2, 3, 4 or 5 applied at every second period along with k; = 12, since
particles of aspect ratio 0.2 alone occur in some grids as can be seen from the
sample tables. In the case of periodic forces without control and constant and
zero forces particles of aspect ratio 0.2 alone also occur along the boundary of
the tables. We have suggested in the section 3.3 that particles of this aspect
ratio alone could be separated by applying a constant force. However in the
case of a periodic force with control, the occurrence of this particle alone are
concentrated among a fewer number of grids and visit a given grid a larger
number of times. In the case of zero forces the particles of this aspect ratio
alone are concentrated among a fewer number of grids along with particles of
higher aspect ratio. Thus, for the separation of the particles of this aspect
ratio alone a periodic force of magnitude k; = 12.0 with control is preferable
to any other possibility. Similar analysis of the tables shows that it is desirable
to apply a periodic force with control for separating particles of aspect ratio
0.4. As can be seen from the sample tables particles of aspect ratio 0.6 alone
and 0.8 alone also can separated individually by applying a periodic force with
control. In the case of particles of aspect ratio 0.8, they can be brought to one
of the extreme grids. Thus, a periodic force with control seems to be preferable
to any other case considered for effective separation of particles in the case of
aspect ratios r, < 1.

In an earlier analysis made in section 3.3, we have demonstrated that pe-
riodic forces are preferable to constant forces and zero forces for separating
particles of aspect ratio r, > 1. In the analysis we observed that the occurrence
of particles of aspect ratio r, > 1 are spread among a large number of grids.
However for particles of aspect ratio greater than or equal to 1.6 individual sep-
aration was not possible in the analysis. Further study of the tables prepared
in this work indicate that a periodic force with control is once again preferable
in such cases. In the case of particles of aspect ratio r, > 1.0 all the initially

uniformly distributed particles of the same aspect ratio could be brought to
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one grid except for 7. = 1.8. Hence particles of aspect ratio within the range
of r, ranging from 1.2 to 2.0 except for 7e=1.8 can be easily separated as can
be seen from the sauiple tables prepared. For particles of aspect ratio equal to
1.8 individual separation may not be possible in the cases considered in this
work since particles of this aspect ratio appear in combination with particles
of lower aspect ratio equal to 0.2 in some cases considered with control. Hence
if particles of aspect ratio 0.2 have been separated out as explained earlier,
particles of aspect ratio equal to 1.8 can be separated from the mixture. One
advantage of periodic forces with control is that all particles of aspect ratio 1.8
can be brought to one grid in combination with the particles of aspect ratio 0.2
as shown in Table 5.5.

Note that the dvnamics of periodically forced spheroids of aspect ratios
re = 1.8 and 2.0 is non-chaotic when k; = 12.0. In this case we lose the
flexibility of forcing the particles to oscillate in a desired orbit even though all
the particles of these aspect ratios could be brought to a single grid. Hence
it may be possible to separate out the particles of aspect ratios r. = 1.8 and
2.0 alone by selecting some other values of k; for which the system behaves
chaotically. In such cases more efficient separation of individual particles of
these aspect ratios may also be possible by a suitable control strategy. This
also shows that a chaotic behaviour of the dynamics with or without control is
a must for the separation of particles individually.

In conclusion, it has been generally noted that control of chaotic behaviour
gives better separation than chaotic and regular behaviour. One of the main
features of the method suggested in this work is that all particles of the same as-
pect ratio can be concentrated in a previously desired grid. A detailed analysis
of the problem can suggest suitable designs for separation of particles by aspect
ratio to get a well characterized suspension of particles. As pointed out in the
section 3.3, a possible design for this separation of particles from a mixture of

particles of different aspect ratios based on the differences in the orientation of
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the particle may consist of a base plate having grooves along different orienta-
tions so that when the particles are oriented in such directions, they settle in
a particular groove and can be separated out at every integral multiple of the
fundamental period.

Thus, even in the rather simple application considered in this work, control
of chaos leads to greater efficiency. This suggests that the possibility of chaos
control should be important in many of the applications mentioned in the in-
troduction. The novel control of chaos technique suggested in this section has
been demonstrated to be effective even in the relatively complex problem con-
sidered here. An additional feature of the control of chaos technique suggested
is that the control is effected very rapidly and the behaviour of the concerned
svstem can be switched from one desired period to another desired period very
rapidly. One of the interesting results noted is the possibility to stabilize peri-
odic orbits of period appreciably greater than by the Ott et al. method (Ott
et al. 1990). This suggests that this control of chaos technique may be applied
to other chaotic systems very effectively.

One paper resulting from this work is in press in the journal Sadhana,
published by Indian Academy of Sciences.

We compared the new technique in three dynamical systems and found some
advantages over two other techniques. A detailed comparative analysis of the
new control of chaos algorithm on some physically realizable model systems will

be presented in the next chapter.



Chapter 6

A Comparative Analysis of the
New Control of Chaos
Algorithm on Some Models

6.1 Introduction

In this work we have proposed a novel algorithm based on parametric pertur-
bation for control of chaos. The method needs almost no information about the
svstem. One of the main advantages of this control algorithm is the possibility
of pre-targeting the length of the controlled period obtained by suitably engi-
neering the control technique. In addition we demonstrate certain advantages
of this technique over two well-known algorithms, namely, control by periodic
parametric perturbation and control by addition of a second weak periodic
force, such as the possibility of swi.tching behaviour, pre-targeting the period,
stabilizing high period orbits etc. We also demonstrate the applicability of the
technique in certain numerical models of physical systems. We demonstrate the
successful application of the new algorithm in a rather difficult model problem,
namely, the control of the dynamics and the rheological parameters of period-
ically forced suspensions of slender rods in simple shear flow. We have also
implemented the algorithm and controlled chaos in another interesting model

of a dynamical system i. e. the Bonhoeffer-Van der Pol (BVP) oscillator.

75
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The existence of chaotic parametric regimes and the possibility of control
of chaotic behaviour (Ott et al. 1990) allows the possibility of many appli-
cations including the development of computer controlled intelligent rheology
(Kumar et al. 1998) and new processing technologies (Zumbrunnen et al. 1996).
Another possible application of control of chaos is further fine-tuning the sep-
aration of particles by aspect ratio than is possible with other methods (ref.
section 3.3). The essential idea underlying control of chaos as a tool to obtain
novel system behaviour is that a chaotic system may explore a relatively large
region of state space and the system can be brought to a desired stable state to
improve the performance of the system by a suitable control algorithm. This
may lead to system behaviour which heretofore had been impossible to achieve.
As new possibilities are offered by chaotic systems, a lot of interest has been
generated in chaos and control of chaos. The first method (OGY) of control of
chaos proposed by Ott et al. (1990) generated appreciable interest in the liter-
ature of chaos. Various techniques to alter the behaviour of a chaotic system
were proposed by many researchers (Huberman and Lumer 1990, Jackson and
Hiibler 1990, Shinbrot et al. 1993a, Shinbrot 1993b and references therein), but
some of these algorithms are system dependent and difficult to implement ex-
perimentally. The method introduced by Huberman and Lumer (1990) achieves
the desired behaviour by changing the parameter. Thereafter, a large number
of algorithms for controlling chaos have been reported in the literature (Schiff
et al. 1994, Rhode et al. 1995 and Christini and Collins 1995). The algorithm

-proposed by Ott et al. (1990) needs information about the system and leads to
difficulties in stabilizing higher mﬁltiples of the fundamental period. There are
are two classes of algorithms for controlling chaos, namely (a) Feedback methods
(Ott et al. 1990) and (b) Non-feedback methods (Giiémez 1994), as explained
in Chapter. 5.

The method proposed in this work is explained in detail in section 5.2.

The algorithm presented in section 5.2 is classified as a Non-feedback control
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method. If the systemn is perturbed at the end of n forcing periods, the system is
found to be stabilized in a periodic orbit with a period equal to n or an integral
multiple of n. We have successfully implemented the algorithm proposed in this
chapter in certain model equations and find certain advantages when compared
with two other methods, namely, (1) perturbing a control parameter and (2)
adding a second weak periodic term. The examples we have considered are the
dyvnamics and rheology of periodically forced slender rods, the Bonhoeffer-Van
der Pol (BVP) oscillator and the dynamics of periodically forced spheroids. The
models other than the dynamics of periodically forced spheroids are considered
only to demonstrate the applicability and compare the efficiency of the novel
control of chaos technique. The dynamics of periodically forced spheroids was
analyzed in detail in earlier chapters.

A variety of mechanisms have been investigated in detail in different dynam-
ical systems (Rajasekar and Lakshmanan 1993). However, an analysis of chaos
control by different algorithms in a single dvnamical system is essential and im-
portant to understand the capability, applicability, efficiency, consistency, and
nature of the orbit after implementing various mechanisms of chaos control. In
what follows, we report a brief analysis of the new controlling technique and
two other techniques in the dynamical systems mentioned above separately. We
present these results in the hope that they may excite experimental interest in

the problems considered.

6.2 The dynamics and rheology of slender rods

Most of the simple algorithms available in the literature are very difficult to
implement on this system of equations, particularly when the system is started
off with a uniform initial distribution. For a brief description of the relevance
of this problem, see Kumar and Ramamohan (1995). Therefore it is desirable

to study the feasibility of control of chaos algorithms in this system. One of the
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interesting results noted in this system is the possibility of obtaining complex
nonsinusoidal periodic rheological parameters.

The evolution equation of slender rods in simple shear flow has been de-
veloped by Ramamohan et al. (1994) following Berry and Russel (1987). The

undisturbed velocity profile is given as

V = Ayi, (6.1)

where 7 is the shear rate, y is the y-coordinate and ¢, is the unit vector along
the z-axis. The second phase particle is modeled as a slender rigid rod of
radius a and length 2[. Let u be a unit vector fixed along the symmetry axis
of the particle, representing its orientation. The magnetic or electric dipole m
is assumed to be oriented parallel to the particle axis, . e¢ m = mu. The
periodic external force is taken to be H cos(wt) where w is the frequency of the
periodic driver. The z,y, 2 components of the orientation independent part of
the torque k = mH induced on the slender rods are represented by ki, ko, k3
respectively. The reader is referred to Kumar and Ramamohan (1995) for the
details and assumptions of the model. We demonstrate the applicability of the
novel control strategy in their model. The novel algorithm for control of chaos of
the rheological parameters is described as follows. We apply a constant external
force other than the periodic force for the duration of one period (27/w) after
every (n — 1) periods. In order to accomplish this we modify the dynamical

system given by them as follows.

§ = /2sinf cosfsine cos ¢ + [(k; cos(wt) + k) cos § cos ¢
+ (kg cos(wt) + k5) cos@sin ¢ — (kj cos(wt) + k3) sin 6]
SO L (ky cos(wt) + k) < d’}s.z)

L . 9 _ /
¢ = 2sin” ¢ + |~ (ki COS(“’t)'*'kl)sing sin 6



Chapter 6. A comparative analysis of the new control 79

where k|, k3, k5 are the z,y, z components of the scaled constant force. Accord-

inglv we modify the rheological parameters.
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—(ky cos(wt) +

—(k,3 (u)t)

where 7 is the effective viscosity, 04y, 0yz, 0zz,0yy, 022z are the components of
the total stress tensor, 7, is the viscosity of the suspending liquid and & is the
volumetric concentration of the suspended particles, § and ¢ are the azimuthal
angle and the polar angle corresponding to a given vector u. Here By is a
function of the shape of the particle and r is the aspect ratio of the particle.

It may be noted that when k| = k) = k; = 0, the system evolves without
any modification as given in Kumar and Ramamohan (1995).

Under the operation of the new control technique, the system is allowed to
evolve according to the system of equations 6.3 with k] = &k} = k} = 0 upto
the (n — 1)th forcing period and evolve according to the system of equations
6.3 with k| = k) = kj # 0 at the nth forcing period. This can be implemented
by setting k} =k} = k} = 0 if j # 0 mod(n) and ki, k), k5 # 0 if 7 = 0 mod(n)
where j represents iteration number. That is the system evolves without any
modification for periods which are not multiples of n. The choice of n depends
on the period-m solution we want to stabilize. The integer n can be either m
or a divisor of m depending on the magnitude of the constant force. In this
work, we kept k; = k3 = 0 and varied k, in the original equations obtained
before the modification for finding chaotic regimes. The equations 6.3 reduces
to the original equations as given by Ramamohan et al. (1994), when k] = k; =
k5 = 0. We selected a value of k; from the chaotic regime. To demonstrate the

applicability of the novel control technique, we put different values for &} in the
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manner explained above. In our calculations we kept k) = k3 = k] = &k} =
throughout. In general, k), ko, k; and kj can also be set to non-zero values
similar to ko and &.

The numerical procedure discussed in Kumar and Ramamohan (1995) was
adopted to calculate the orientation distribution function and hence the various
orientation averages involved in the rheological parameters. Kumar and Ra-
mamohan (1995) have reported earlier the behaviour of the rheological param-
eters for the parameter range from k; = 0.0 to k3 = 0.30 keeping k) = k3 = 0.0
starting off from a uniform initial distribution. We selected a value of k, in
a chaotic regime between k; = 0.3 and k; = 1.0 and stabilized periodic solu-
tions of periods upto ten times the fundamental period 27 /w to demonstrate
the applicability of the method proposed. The control technique is applied
from the very beginning and the system is followed upto 400 cyvcles of the fun-
damental period. For the trajectory we evaluated 100 points in each cycle.
The trajectory plot of a chaotic attractor and the time series of [1;] observed
at a stroboscopic period of 27 /w of the chaotic behaviour without control for
ki = k3 =0.0, k; = 0.44, k{ = k, = k; = 0 is shown in Fig. 6.1 and 6.2 for the
uniform distribution. The time interval between successive values of the time
series noted is 27 /w in the stroboscopic plot.

The initial orientation distribution is taken to be uniform and k] = k; = 0.0,
k1 = k3 = 0.0 for all the results reported in this work. The time series of [3] for
ky = 0.44 is shown in Fig. 6.3 which represents a controlled period-6 behaviour.
In this case, for every ;th period of evolution the magnitude of k; was assigned
tobe k; = 0.05ifi =0 (mod 6) and was set to be k, = 0.0if7# 0 (mod 6).
Except for the period ¢ with = 0 (mod 6) the system evolves without any
modification. In the case shown in Fig. 6.2, the control was applied after 500
periods. As can be seen from Fig. 6.3 the system stabilizes rapidly once the

control is applied.
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Figure 6.1: Trajectory plot of the attractor ([1] x [72]) for k; = k3 = 0,
ks = 0.44, w = 1 and uniform initial orientation distribution.

For the case k; = 0.44 the system without control behaves chaotically
(Fig. 6.1). The time series of [r;] for k; = 0.44 which was stabilized to a
period-5 behaviour is shown in Fig. 6.4, the control was applied from the very
beginning with £, = 0.03 and n = 5. For the same k; value, i. e. k; = 0.44,
the system stabilized to period-27 behaviour when the control was applied with
ky = 0.08 and n = 9 and the system stabilized to period-36 behaviour when
the control was applied with k5 = 0.10 and n = 9. At the same time a period-8
behaviour is obtained when the control was applied with k5 = 0.08 and n = 8.
That is, the value of n should be chosen to be the desired periodicity or a di-
visor. Besides, the magnitude of k) is related to n. The details of the different

periods stabilized from a chaotic regime are given in Table. 6.1. The magni-
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Figure 6.2: Time series of [1;] of the trajectory plot shown in Fig. 6.2
observed at a stroboscopic period of length (27 /w).
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Figure 6.3: Stroboscopic plot with the novel control technique showing
a period-6 solution for k; = 0.44, w = 1, uniform initial orientation
distribution with k) = 0.05, n = 6.
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Figure 6.4: Stroboscopic plot with the novel control technique showing
a period-5 solution for k; = 0.44, w = 1, uniform initial orientation
distribution with £, = 0.03, n = 5.

tude of the constant force required is comparatively high for stabilizing the
lower period orbit as can be seen from Table. 6.1. For the value of k, = 0.44,
the system stabilized to a lower period orbit of period-1, when the control was
applied with k, = 0.2 and n = 1.

We have noted earlier that, a period-m orbit can be stabilized by choosing
the value n as m or a divisor of m. For example a period-8 orbit can be
stabilized for k; = 0.44 by applying a control either with &, = 0.08 and n = 8
or with k5, = 0.09 and n = 4.

One advantage of the control of chaos method followed in this work is that it
is possible to switch over to different periodic solutions, ¢. e., a chaotic solution
can be stabilized to a particular periodic solution for some time and then to
another solution with entirely different period. For example, for k; = 0.44 the
control with k5 = 0.11 and n = 3 was applied from the 500th period to the
1000th period for which the system stabilized to a period-3 behaviour. Then the
control was lifted and was again applied from the 1500th period to the 2000th
period with k3 = 0.07 and n = 2 afterwards for which the system stabilized to
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Table 6.1: A two way tabulation of controlled periods of the rheological
parameters obtained with the novel control technique for different values
of k}) and different values of n, where ko = 0.44, k; = k3 = 0, w = 1,
uniform initial orientation distribution.

period-2 behaviour. Thus the system oscillates in a period-3 orbit between the
500th period and the 1000th period and then it oscillates in a period-2 orbit
after the 1500tP period. This is shown in Fig.6.5.

One of the interesting observations made in this work is the possibility of
obtaining complex nonsinusoidal periodic rheological parameters by control of
chaos techniques. It is also possible to alter the nature of the controlled periodic
rheological parameters dramatically by a small change in the constant control
force. These corﬁplex periodic rheological parameters may not be obtained by
other by other methods. The large variation in the apparent viscosity obtain-
able during one cycle of the complex periodic orbit may perhaps be used to
absorb complex vibrations in and to impart complex motions to a rotor.

We also applied the method of periodic parametric perturbations (Rajasekar
and Lakshmanan 1993) to attempt to control the rheological parameters for
comparative study. In this method we perturb one of the parameters peri-
odically. We adopt this technique in the computations by replacing the term
ki cos(wt)+k; in Eqgs. 6.3 with k;[1+n(cosw,t] coswt, where 7 is the magnitude,

w; is the frequency of the parametric perturbation and i=1 or 2 or 3. Note that
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Figure 6.5: Stroboscopic plot with the novel control technique showing
switching between a period-3 solution and a period-2 solution for k; =
0.44, w = 1, uniform initial orientation distribution, where k3, = 0.11,
n = 3 is applied from 500 to 1000 periods and k3 = 0.07, n = 2 is applied
from 1500 to 2000 periods.

‘usual rheological parameters will be recovered for n=0 and k; = &k, = k5 = 0. To
demonstrate the technique we put k) = k3 = 0 = k{ = k3, ko = 0.44 and varied
n after replacing ko cos(wt) + k4 in equation 6.3 with ko(1 + 7 cos(w;t)) cos(wt).
Starting from the chaotic state (n=0), the effect of parametric perturbations
on the dynamics and rheology of periodically forced slender rods was explored
by considering a range of values of 7. By changing the values of 7 the system
may or may not be controlled as desired. We found that in almost all cases the
system is controlled to a 2-period orbit or a 5-period orbit or a 8-period orbit
or a 12-period orbit or control with a high degree of disturbance. The system
with control showed the same behaviour for all the considered values of w; and
n ranging between 0 < w; < 1 and 0 < 1 < 0.35. Typical plots are given in
Figs. 6.6 for 2-period and 5-period solutions and for control with disturbance.
Switching between two different periodic orbits seems to be very difficult with

this method. The amount of perturbation required is high compared to the ad-



Chapter 6. A comparative analysis of the new control 87

I l Wi |
[ n || o2 | o3 04 05 06 | o7 0.8 1

0.05 5

0.10 5 12 5 5 5

0.15 5 12 5 5 5

0.20 5 12 5 5 8 5

0.25 5 12 5 2 5 8 5

0.30 5 12 5 2 5 8

Table 6.2: A two way tabulation of controlled periods of the rheological
parameters obtained with the control technique of periodic parametric
perturbation method for different values of n and different values of w;,
wlere ky = 0.44, k) = ks = 0, w = 1, uniform initial orientation distri-
bution.

ditional constant force required in the new control technique. A list of periodic
behaviour obtained for different values of  and different values of w; is given
in Table. 6.2.

We tried one more method for controlling chaos in this problem. In
this method we add a second weak periodic force instead of the constant
force described above. The equations governing the dynamics and rheolog-
ical parameters can be obtained by replacing the term k;cos(wt) + k. with
ki cos(wt) + k cos(wyt), =1, 2, 3. To demonstrate the the applicability of the
technique we kept k; = k3 = &k} = k3 = 0 and k; = 0.44 and varied &} for small
steps. Since we deal with introduction of a weak periodic force in this method
we applied a certain percentage of the original external force, k; = 0.44 with
different frequencies. As an example we kept w = 1 and varied w; as w; = 0.2,
0.25, 0.5, 0.6, 0.75 and 0.9. In this method we could not control chaos in the
system for the considered values of kj upto k;, = 0.0132 (3% of k3). For certain
cases control is obtained with a high degree of disturbance as can be seen from
Fig. 6.7. However there is considerable reduction in the disturbance when k5

is increased. In this method there is no possibility of switching between the
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Figure 6.6: Stroboscopic plot for k; = 0.44, w = 1, uniform initial
orientation distribution with the method of periodic parametric pertur-
bation, (1) showing a 2-period orbit when 7=0.3 and w;=0.5 (2) showing
a 5-period orbit when 7=0.1 and w;=0.4 (3) showing control with dis-
turbance when n=0.1 and w;=1
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Figure 6.7: Stroboscopic plot for k; = 0.44, w = 1, uniform initial
orientation distribution with the method of addition of a second weak
periodic force, showing control with disturbance when k3=0.0176 and

(‘J1=0.2

orbits stabilized. Finally periodic solutions of period-5, period-8, period-10 and
period-12 are obtained for &, equal to 10% of k, and the different frequencies.
We got a period-36 behavior for a weak periodic force of magnitude, &/ equal to
4% of k, after a long transient. We also got a period-5 and a period-8 behaviors
for a weak periodic force of magnitude, k,= 5% of k,. In all cases the periods

obtained are multiples of either 4 or 5 as can be seen from Table. 6.3.

6.3 The Bonhoeffer-Van der Pol (BVP) oscil-
lator

Rajasekar and Lakshmanan (1992, 1993) have analyzed an interesting dynam-
ical system of considerable biological and physical significance and established
the existence of chaos. They have investigated the applicability of various ap-
proaches of controlling chaos in the BVP oscillator. The BVP oscillator with a

periodic membrane current of magnitude A; as given by them is
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[ kK, [ o2 | o 05 06 075 | o0g |

0.0044
0.0088
0.0132
0.0176 36
0.0220 5 8
0.0440 5 8 5 12 10

Table 6.3: A two way tabulation of controlled periods of the rheological
parameters obtained with the control technique by the method of addition
of second weak periodic force for different values of k5 and different values
of wy, where k2 = 0.44, k; = k3 = 0, w = 1, uniform initial orientation
distribution.

1
T = z-— §z3 -y + Aj(coswt)

7 = clz+a-—by) (6.4)

where A; is the magnitude of periodic bias with frequency w.

In this section - we investigate the efficiency and applicability of the novel
control of chaos techniques for the BVP oscillator. The dynamical behaviour
of the system 6.4 is chaotic for the choice of the parameters a = 0.7, b = 0.8,
c=0.1, Aj=0.74 and w = 1.0. A typical trajectory plot of a chaotic attractor
and the time series of the z-coordinate of the Poincaré section of the chaotic
attractor are given in Fig. 6.8 and 6.9 as given by Rajasekar and Lakshmana
(1993). They demonstrated the applicability of various control algorithms in
this model. In what follows we compare the results of the novel control of chaos
technique with the results given by them.

To incorporate the novel control of chaos technique in the dynamics of the
BVP oscillator, we modify the above Eq. 6.4 governing the dynamics with pe-

riodic membrane A;, introducing a constant bias A4, in addition to the periodic



Chapter 6. A comparative analysis of the new control 91

-0.2

-0.3 4

-0.5 -

-2.0 -1.5 -1.0 -0.5 0.0

Figure 6.8: The phase portrait of a chaotic attractor of the BVP oscil-
lator for a = 0.7,b = 0.8,c¢ = 0.1, 4; = 0.74 and w = 1, initial conditions
z = —0.3 and y = 0 (Rajasekar and Lakshmanan 1992, 1993).
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Figure 6.9: The time series of = of the stroboscopic plot of the attractor
shown in Fig. 6.8 with stroboscopic period = 27 /w.

membrane bias along the direction of the periodic membrane bias for one period
at the end of n periods of the periodic membrane bias. Thus the equations of

the BVP oscillator as in (Rajasekar and Lakshmanan 1993) are given by

1
z = x—ga:s—y+A1(coswt)+Ao
v = c(z+a-by) (6.5)

where A, is the magnitude of the constant membrane bias. The set of equa-
tions given in Egs. 6.5 is exactly same as the equation given in Rajasekar and
Lakshmanan (1993) with the modification that the Eqs. 6.5 evolve as follows.
The system is allowed to evolve according to the system of Eqs. 6.4 upto the
(n — l)th period and evolve according to the system of Egs. 6.5 at the nth
period. This process is repeated every nth period. While solving the Egs. 6.5,
this idea can be implemented by setting 4, = 0 if j # 0 mod(n) and A, # 0
if ; = 0 mod(n) where j represents iteration number. In almost all cases the

system is stabilized to a periodic orbit with period = if the control is applied
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throughout the nth period. In some cases the system is stabilized to a periodic
orbit of period equal to an integral multiple of n. One of the advantages of
control through this method is the possibility of fixing the length of the period
required wlereas in other methods the system itself will control the length of
the period. For example, the system could be controlled to the predetermined
periods of period-5, period-4 and period-3 orbits by applying a constant bias
as can be seen from Figs. 6.10. This is implemented by setting A, =01if 7 £ 0
mod(n) and A, # 0 if j = 0 mod(n) where j represents iteration number. For a
small constant force of magnitude A, = 0.02 compared to the value A; = 0.74,
the svstem could be controlled to a periodic solution. As explained in the prob-
lem of controlling the chaotic rheological parameters, one important advantage
of the control algorithm outlined in this work is the possibility of switching
over to different specified periodic solutions during a given run. Another ad-
vantage is that once the control is applied the system stabilises rapidly to the
appropriate periodic orbit as can be seen from the Figs. 6.10. A table of results
obtained with the novel control technique is given in Table. 6.4.

The effect of periodic parametric perturbation on the chaotic dynamics of
the BVP oscillator is studied extensively by Rajasekar and Lakshmanan (1993).
As given by them, the BVP equations with periodic parametric perturbation

can be expressed as

1
T = z- §z3—y+A1(coswt)
y = c(l+ncoswit)(z+a-—by) (6.6)

where 7 is the magnitude and w; is the frequency of the perturbation. We
reproduced their results. On comparison of the results obtained in this method
with that by the new algorithm, it is clear that the new method shows some
advantages. With the new method, the system can be controlled to almost all
periods of different lengths as can be seen from Table. 6.4. Rajasekar and Lak-

shmanan (1993) showed that regular motions may occur only for some ranges
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Figure 6.10: The stroboscopic plot of the controlled orbits of the BVP
oscillator shown in Fig. 6.9 with stroboscopic period = 27 /w, where a =
0.7,b = 0.8,¢c = 0.1,A; = 0.74, w = 1 and initial conditions z = -0.3
and y = 0, (1) showing 5-period orbits when A, = 0.03 and n = 1 (2)
showing 4-period orbits when A4, = 0.04 and n = 4 (3) showing 3-period
orbits when A, = 0.05 and n = 3.
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I l n |
I 4, 1 2 3 1 5 6 7 8 9 0 |
0.02 10 20
0.03 5 10 6 10
0.04 4 12 4 10 6 10
0.05 4 4 1 10 6 35 8 10
0.06 4 4 4 10 6 8 10
0.07 4 4 15 4 10 6 8 10
0.08 4 4 9 1 10 6 8 10
0.09 4 4 15 4 10 6 8 10
0.10 4 4 4 10 6 8 10
0.20 4 4 9 1 10 6 14 8 10
0.30 4 4 9 4 6 14 8 9 10
0.40 4 4 9 4 5 6 7 8 9 10
0.50 4 4 3 4 5 6 7 8 9 10
1.00 2 2 3 4 5 6 7 8 9 10

Table 6.4: A two way tabulation of controlled periods of the BVP os-
cillator obtained with the novel control technique for different values of
A, and different values of n, where a = 0.7,b = 0.8,c = 0.1, A; = 0.74,
w = 1, initial conditions z = —0.3,y = 0.0

of magnitude (n) and frequency (w) of the perturbation and the period of the
controlled orbit depends on the applied values of 77 and w,. With the new con-
trol algorithm it is possible to pretarget the length of the period after control,
whereas this appears to be very difficult with the method of periodic paramet-
ric perturbation. Another important aspect of the new algorithm which may
be difficult to obtain with the periodic parametric perturbation method is the
possibility of switching behaviour between different periods and the possibility
of stabilizing high period solutions. The amount of constant force required in
the new method is also comparatively less than the amount of perturbation
required in the the periodic parametric perturbation method.

The effect of second periodic force is also considered for controlling the BVP

oscillator with a second periodic force is given in (Rajasekar and Lakshmanan
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1993) as

1
T = - gxs —y+ Aj(coswt) + 1 coswt
y = c(z+a-by) (6.7)

where 7 is the magnitude of the additional weak periodic force of frequency
«1. In this method we varied  and w, and reproduced their results. The
advantages found in the stabilization of chaotic behaviour with the new control
algorithm presented in this chapter over the method of addition of second weak

periodic force are evident in this system also.

6.4 The dynamics of periodically forced
spheroids

In this section we demonstrate that control of the chaotic dynamics of periodi-
cally forced spheroids by the novel control technique which needs little informa-
tion about the system and is easy to implement is also possible. Utilizing the
flexibility of controlling chaotic dynamics in a orbit, there is the possibility of
many applications such as the development of computer controlled intelligent
rheology.

The modifications to incorporate the idea of the new control of chaos algo-
rithm presented in earlier sections of this chapter in the dynamics of periodically
forced spheroids of finite aspect ratio in simple shear flow are given in section

5.2. The modified equations given in section 5.2 are

P

% = 3 sin 20 sin 2¢ + R [(cos 6 cos ¢ k; + cos@sin ¢ ky — sin 6 k3) cos(wt)]
+R[(cosfcos ¢ ki + cosfsin @ kj — sin @ kj)]

%i—s = Pcos2¢ - Q

per [(—sin @ ky + cos ¢ k;) cos(wt) + (—sin ¢ k; + cos ¢ k5)] (6.8)



Chapter 6. A comparative analysis of the new control 97

The expressions of P,Q and R are given in section 2.7 as function of r,. The
maximum scaled value of w is taken as w = J = 27 (r.+7,7!) as given in section
2.8 Note that the system of equations 6.8 reduces to the system of equations
6.2 by carrving out the scaling as given in (Ramamohan et al. 1994) in the
limiting case of r. tends to infinity. The details of the method of solution of
equations 6.8 are given in Chapter 5. The scheme of implementing the method
of the new control strategy is also explained in section 5.2.

Wlile solving Eqgs. 6.8, the new idea of control can be implemented by
setting k] = k), = k3 = 0if j # 0 mod(n) and k] = k; = 0 and &k} # 0 if
j = 0 mod(n) where j represents iteration number. In this calculations we
kept ky = k3 = 0. In almost all cases the system is stabilized to a periodic
orbit with period n if the control is applied throughout the nth period, as
obtained in the other two models explained earlier. In some cases the system
is stabilized to a periodic orbit of period equal to an integral multiple of n. As
discussed in the section 6.1 the system evolves without any modification if we
set k) = k) =k = 0.

In section 5.3 we have demonstrated that controlling the chaotic dynamics
of periodically forced particles by the new control technique can lead to the
possibility of better separation than otherwise possible. An example of the
importance of chaos control is the possibility of novel techniques to separate
particles having the same size but different shapes much more efficiently than
was demonstrated in section 5.3 by controlling the chaotic dynamics of such
systems.

The chaotic attractor and the time series of u; of the Poincaré section (stro-
boscopic plot) of the chaotic attractor computed from Eq. 2.21 for r.=1.6 are
given in Figs. 6.11 and 6.12. It is demonstrated in chapter 5 that the system
can be controlled to periodic behaviour of any desired period. For example, the
system could be controlled to period-3, period-4, period-5 and period-6 orbits

by applying a constant force as can be seen from Figs. 6.13. This is obtained
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Figure 6.11: The chaotic attractor (trajectory plot) of the dynamics
of the particle for k; = 12, initial conditions 6 = ¢ = 45°, w = J =
2m(re +7.1), 7e = 1.6.
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Figure 6.12: Trajectory plot of us vs. time at every intersection of the
trajectory shown in 6.11 with the Poincaré plane of the corresponding
attractor, where stroboscopic period is 27 /w.
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Figure 6.13: Stroboscopic plot of the controlled orbits with period 27 /w
for ko = 12, initial conditions 6 = ¢ = 45°, w = J = 27(re + r2Y),
re = 1.6. (1). showing 3-period orbits when k; = 4.0 and n = 3 (2).
showing 4-period orbits when k; = 3.0 and n = 4 (3). showing 5-period
orbits when k;, = 2.5 and n = 5 (4). showing 6-period orbits when
k3 = 1.0 and n = 6.
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| n |

[ & 1 2 3 + | s | e | 7 | 8 s | 10 |

1.0 42 7

L5 66 7

2.0 22 12 6 7

25 16 5 6 7

3.0 9 1 5 6 7

35 1 5 6 7 18

40 3 4 5 6 7 10

45 12 3 1 5 6 7 24 10

5.0 2 2 3 4 5 6 ) 8 9 10

Table 6.5: A two way tabulation of controlled periods of the dynamics of
periodically forced spheroids obtained with the novel control technique
for different values of k; and different values of n, where ko = 12.0,
ki =k3=0,re=1.6,w=J=2n(re +1.1),0 = ¢ = 45°.

by setting k] =k, =k =0if j Z0mod(n) and k; =k =0, k, #0.0if 7 =0
mod(n) in the evolution of Egs. 6.8 when the system is to be stabilized in a
period-n orbit. In all cases the control was applied after 1000 periods.- It is also
demonstrated that periodic behaviour of different periods can be obtained by
applying the same constant force as can be seen from Figs. 5.5. A list of the
periodic orbits obtained is listed in the Table. 6.5. It is also possible to stabi-
lize a given chaotic system to different n-period orbits by suitably changing the
control parameter kj. As an example, the time series of the Poincaré Section
corresponding to two 3-period solutions embedded in a chaotic system is given
in Fig. 6.14. It is also noticed that once control is applied the system stabilizes
rapidly to the appropriate periodic orbit as can be seen from Fig. 6.13 and 6.14.

The possibility of switching over to different periodic solutions during a
given run is another important advantage of the novel control algorithm. This
switching behaviour may have technological importance. An example showing
switching behavior is given in Fig. 6.15. The observations made in this work

suggest the possibility of separating particles more efficiently based on control
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Figure 6.14: Stroboscopic plot with different controls showing two dif-
ferent period-3 orbits obtained for ko = 12 initial conditions § = ¢ = 45°,
w=J=2m(re + r;!), re = 1.6 with control (1). k, =4, n = 3 (2).
ky = 4.5, n=3.

of chaotic dvnamics as explained in section 5.3. Thus, even in the rather simple
application suggested in section 5.3 the new control of chaos algorithm leads to
greater efficiency than otherwise possible.

We also attempted to control the dynamics of periodically forced spheroids
of finite aspect ratio with the other two methods, namely, periodic parametric
perturbation and addition of a second weak periodic force for comparing the
feasibility of the new control algorithm. The modifications made to implement
the other methods of control in a model of the dynamics of periodically forced
spheroids is exactly the same as in the other two models given in sections 6.2
and 6.3.

To study the effect of periodic parametric perturbation and the effect of
addition of a second weak periodic force on the chaotic motion of the dynamics
of periodically forced spheroids we modified the given equations 2.21 as given
below. With a periodic parametric perturbation of k5, the modified equations

are exactly same as the equations 2.21 with the change that k, is replaced
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Figure 6.15: Stroboscopic plot showing period-3 and period-4 orbits
successively obtained with control applied at every third and fourth
periods respectively for k; = 12, initial conditions 6 = ¢ = 45°,
w=J=2n(re+7.1), e = 1.6 with kK, = 4.5 and k) = 3.5 respec-
tively.

by k2(1 + ncos(w;t), where 7 is the amplitude and w; is the frequency of the
periodic parametric perturbation. The system was analysed for control by
using different values of 7 and w;. Similarly the equations for the dynamics of
periodically forced spheroids with the addition of a second weak periodic force
are obtained by replacing k; cos(wt) in 2.21 by k; cos(wt) + kj cos(w;t). This
system was analysed for the values of k) ranging between 1% to 10% of the
value of k;. In both methods, the values of w; were selected as 0.2J, 0.25],
0.4J, 0.5J, 0.6J, 0.75J, 0.8 and 1J, where J = 2w (r. + r;!). We also kept
ki, = k3 = 0 in both methods.

In this model also, as in the other two models considered earlier, the new
control algorithm was found to be advantageous compared to the other two
methods. A sample of the results obtained from three methods of control
are given in Tables. 6.5, 6.6 and 6.7. As can be seen from Tables. 6.5, it

is possible to force the system to oscillate in a required period by applying
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I | Wy |
I 0 ] ou | oo 0.4J 0.5] 0.6J 0.75J 0.8 |

0.05 48

0.10 3 35 28 35

0.15 5 4 25 26

0.20 5 4 45 6 84 65

0.3 5 4 5 22

0.30 5 4 s

Table 6.6: A two way tabulation of controlled periods of the dynamics
of periodically forced spheroids obtained with the control technique of
periodic parametric perturbation method for different values of n and
different values of w;, where ks = 12.0. k; = k3 = 0,7, = 1.6,w = J =
27(re +171),0 = ¢ = 45°

the new control of chaos algorithm. We have demonstrated the possibility
of periodic orbits of length equal to 1 to 10 times the fundamental period,
27 /w. At the same time only periodic orbits of length equal to multiples of
the fundamental period are obtained in the other two methods in which most
periods are of two digit multiples of the fundamental period. With the methods
of periodic parametric perturbation and addition of second weak periodic force,
only orbits of period 1, 4, 5 and 6 times (considering only single digit multiples)
the fundamental period are obtained as can be seen from the Tables. 6.6 and 6.7.
Thus for stabilizing a periodic orbit of period equal to a single digit multiple of
the fundamental period, the novel control of chaos algorithm is advantageous
compared to the other two methods. Switching between two different multiples
of the fundamental period is possible with the new control algorithm, whereas
this appears to be very difficult with the other two methods.

The new control of chaos method proposed in this work is comparatively
easy to implement and needs almost no information about the system. We have
demonstrated some advantages of the novel technique over two well-known al-

gorithms such as control by periodic parametric perturbation and control by
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| | Wy J
[ Y 02 | o025 0.4J 0.5 0.6 0.75] 0.8] 13 ”
0.12 17

0.24

0.36 20

0.48 35 25

0.60 28 35 14 55 22 1
0.72 35 28 90 5 1
0.84 5 1
0.96 5 1
1.08 25 5 1
1.20 45 4 5 1

Table 6.7: A two way tabulation of controlled periods of the dynamics
of periodically forced spheroids obtained with the control technique of
addition of second periodic force for different values of n and different
values of wy, where ko = 12.0, k; = k3 = 0,7 = 1.6,w = J = 27(re +
71,0 = ¢ = 45°

addition of a second periodic force. We have successfully implemented the new
algorithm in a rather difficult problem such as the control of the dynamics and
rheology of periodically forced suspensions of slender rods in simple shear flow.
One of the interesting results noted is the possibility to stabilize periodic or-
bits of period appreciably greater than by the Ott et al. method (Ott et al.
1990). We have also implemented the algorithm and controlled chaos success-
fully in an interesting dynamical system, namely, the Bonhoeffer-Van der Pol
(BVP) oscillator (Rajasekar and Lakshmanan 1992). We have compared the
new technique with two other techniques for two dynamical systems and found
some advantages of the new technique over them. The dynamics of periodically
forced spheroids of different aspect ratios in simple shear flow has also been con-
trolled successfully and we have suggested a possible application. Based on the
results outlined in this work, it is felt that the new control of chaos technique

may exhibit some advantages over many other control of chaos techniques. The
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method may also successfully and perhaps, profitably, be applied to problems
other than the ones considered in Chapter 5. We hope that these preliminary

results will excite experimental interest also in this control of chaos technique.



Chapter 7

Conclusions and Future Work

7.1 Conclusions

We have numerically analyzed a fluid dynamic system, namely, the dynamics
of a periodically forced spheroid in simple shear flow. This system is physically
realizable and technologically important. During the computations we observed
several practically and fundamentally important phenomena like strong depen-
dence of the results on aspect ratio, a new Class I intermittency, etc. We have
also proposed a new control algorithm. We have analyzed the results of our
computations in detail and projected the aspect ratio dependence as a poten-
tial tool to segregate particles of a given shape from a suspension of particles
having different shapes but similar sizes. We also have observed that the ap-
proach used by Strand(1989) for the strong Brownian limit is inappropriate
in the chaotic regimes corresponding to the weak Brownian limit. Our results
indicate a strong dependence of the solutions obtained on the aspect ratio of
the spheroids. This strong dependence on the aspect ratio can be utilized to
separate particles from a suspension of particles having different shapes but
similar sizes.

In addition to the technological interest in the problem we have reported
certain aspects of the problem that are of interest to the nonlinear dynamics

community also. In this work we have reported a physically realizable system

106
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in which the possibility of an interesting and novel type of Class I intermittency
has been demonstrated, namely it is an example of one of the very few phys-
ically realizable chaotic systems showing the phenomenon of a non hysteretic
form of Class I intermittency with nearly regular reinjection period. Price and
Mullin (1991) have observed experimentally a similar type of phenomenon in
which a hysteretic form of intermittency with extreme regularity of the burst-
ing is observed. The system described in this work appears to be one of the
very few ODE svstems describing a physically realizable system showing a non
hysteretic formn of Class I intermittency with nearly regular reinjection period.
The regularity of the bursting is unaffected by variation in the control param-
eter. The maximum Lyapunov exponents of the bursts and laminar phase are
estimated separately and indicate existence of chaos. The length of the lam-
inar phase shows scaling behaviour typical of Class I intermittency near the
tangent bifurcation and also shows new scaling behaviour. Return maps of the
dynamical system are presented to explain the behaviour observed. The system
also demonstrates some interesting features such as new scaling behaviour away
from the onset of intermittency and the number of the bursts during a partic-
ular realization varying smoothly with the control parameter. The results are
presented in terms of the evolution of the orientation of a spheroid subjected
to an external periodic force immersed in a simple shear flow.

We also have demonstrated that controlling the chaotic dynamics of peri-
odically forced particles by a suitably engineered novel control technique which
needs little information about the system and easy to implement leads to the
possibility of better separation than otherwise possible. In this work we have
demonstrated that controlling the chaotic dynamics of periodically forced par-
ticles leads to the possibility of better separation. Utilizing the flexibility of
controlling chaotic dynamics in a desired orbit irrespective of initial state, it is

demonstrated that it is theoretically possible to separate particles much more
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efficiently than otherwise possible from a suspension of particles having differ-
ent shapes but similar sizes especially for particles of aspect ratio r, > 1.0. The
strong dependence of the controlled orbit on the aspect ratio of the particles
demonstrated in this work may have many applications such as the develop-
ment of computer controlled intelligent rlieology. The results of this work also
suggest that control of chaos in this problem may have many applications.

We have proposed a novel algorithm based on parametric perturbation for
control of chaos in this work. The method proposed is comparatively easy to
implement and needs almost no information about the system. One of the main
advantages of this control algorithm is the possibility of pre-targeting the length
of the controlled period obtained by suitably engineering the control technique.
In addition we demonstrate certain advantages of this novel technique over two
well-known algorithms. namely control by periodic parametric perturbation and
control by addition of a second weak periodic force, such as the possibility of
switching behaviour, pre-targeting the period, stabilizing high period orbits
etc. We have also demonstrated the applicability of the technique in certain
numerical models of physical systems. We have demonstrated the successful
application of the new algorithm in a rather difficult problem, namely, the
control of the dynamics and the rheological parameters of periodically forced

suspensions of slender rods in simple shear flow and also in the Bonhoeffer-Van

der Pol (BVP) oscillator.

7.2 Future work

It has been demonstrated that the dynamics of periodically forced spheroids
can have complex chaotic behaviour. Since the above problem is virtually
unexplored in the chaos literature and since within a period of nearly four
years we have found a wealth of interesting results with technological potential,

it is desirable to continue the work with more realistic assumptions such as
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inclusion of Brownian motion, interaction of particles etc. In this work we have
considered only one component of the external force i. e. k,. The problem
can be analyvzed for new properties and behaviour by considering the other two
components of the force, namely, k, and k3 or combinations of these parameters.
It is also desirable to study the effect of change in the frequency of the external
force.

The present analysis is based on certain assumptions. We have considered
the dynamics of dilute suspensions of spheroids of finite aspect ratio in simple
shear flow under the action of a periodically induced external force, where
Brownian motion is weak. There are some fundamental questions raised by our
problem such as how does one include the effects of Brownian motion in the
chaotic case? e have identified some errors in the approach of Strand(1989).
What is the alternative technique to solve such problems? The problem can
further be analyzed by changing or manipulating the assumptions made in the
model given in this thesis. The underlying flow is another important factor that
matters. It is possible to develop a theory for another classic cases of linear
flows, namely, uniaxial extensional flow. The dynamics of iﬁteracting particles
under certain conditions is another important problem in the field of non-linear

dynamics which could be considered in future work.
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17 2y, 1,

2, & n

~
<3

g v 333

cc

T Re

o(or 1)

)
-

D

polar radius

equatorial radius

The unit vectors in z,y and z directions

2m(re + 17 1)

The periodic force field

The constant force field

The intrinsic properties of the particle, which depend upon
the geometric configuration of its wetted surface

The intrinsic properties of the particle, which depend upon
the geometric configuration of its wetted surface

Total number of particles in the grid on the average

Total number of occurrences of the grid

The torque about the centre of the particle exerted

by the fluid on the particle

The period of at which the control is active

The obtained period of the control

The particle aspect ratio given by r. = a/b

The rate of deformation tensor given by S = 1 [VV + VVTJ

The unit vector along the axis of symmetry which determines
the orientation of the spheroids with components u,, uy, u3
The translational velocity

The translational slip velocity

The y coordinate

The shear rate

The viscosity of the fluid

The polar angle and the azimuthal angle corresponding to
a given vector u respectively

The time derivative of 8

The time derivative of ¢
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The frequency of the driving force
The angular velocity of the particle
The rotational slip velocity

The del operator

The Peclet number

The Reynolds number

Rotary diffusivity

The volume of the spheroid

The Kronocker delta function
The permutation symbol

The velocity gradient tensor

The rate of shear tensor

The vorticity tensor
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The source code (Fortran) for finding the orbit and the stroboscopic plot is
given below for the dynamics of periodically forced particles. We do not include
the program used for control of chaos since the following program can easily

be modified for the same purpose.

external derivs

external rkqc

external rk4

character*2 iO1

dimension y(2)

common /areal/wl,akl,ak2,ak3,v,re
common /path/kmax,kount,dxsav,xp(200),yp(2,200)
open(unit=7,file="traj.dat")
open(unit=8,file="poin.dat")
v=0.5

pi=3.141592653589793

re=1.6

akl =0.0

ak2 =12.44

ak3 =0.0

thint=20.0

phint=20.0
w1=2.0*pi*(re+1.0/re)

akc=1

x1=0.0

pi2=pi/2.0
thint=2.0*pi*thint/360.0
phint=2.0*pi*phint/360.0
y(1)=thint

y(2)=phint

nvar=2

eps =0.000001

kmax=2

h1=2.0*pi/w1/100.0

!'Subroutine odeint is adapted from Press et al. (1986)
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100
101

dx2=h1

dxsav=dx2/20.0

x2=x1+dx2

hmin=h1/200000.0

do 1 j=1,505000

i01="0K"

call odeint(i01,y,nvar,x1,x2,eps,hl,hmin,nok,nbad)
ql=sin(y(1))*cos(y(2))
g2=sin(y(1))*sin(y(2))
g3=cos(y(1))
gmod=ql*ql+qg2*q2+q3*q3

il=1

if(q1.1t.0.0) il=-1
argl=il*sqrt((ql*ql+q2%q2))/q3
y(1)=atan(argl)
y(2)=atan(q2/ql)

if(j.ge.5001) write(7,101)float(j)/100,q91,92,93,qmod
format (i7,4(x,f9.5),45)
format(£10.3,x,4(x,f9.5))
x1=x2

x2=x2+dx2

if(mod(j,100) .eq.0) then
x1=0.0

x2=x1+dx2

if(j.ge.5001) write(8,101)float(j)/100,q1,92,93,qmod
endif

continue

close(7)

close(8)

stop

end

subroutine derivs(x,y,yprime)

user defined routine called by ode integrator

dimension y(2),yprime(2)
common /areal/wl,akl,ak2,ak3,v,re

simple sheal flow
spheroids for any value of re

pi=3.141592653589793
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O 0O 0 0 0 0 0 0 0 0 00

if(re.1t.1.0) go to 5

sq2 = re*re-1.0

beta=(alog(re + sqrt( sq2 ))) / (re*sqrt( sq2 ))

go to 6

beta=(acos(re))/(re*sqrt(1.0-re*re))

continue

cc =2.0*re*re-1.0

aaa=pi*(re*re-1.0)/re

bbb=pi*(re*re+1.0)/re

ccc=(3.0*re*re*rex(cc*beta - 1.0))/(8.0*(re*re-1.0))

dl=cos(x*wl)

al=cos(y(1))*cos(y(2))*akl+
cos(y(1))*sin(y(2))*ak2-sin(y(1))*ak3

a2=(cos(y(2))*ak2-sin(y(2))*akl)/sin(y(1))

yprime(1)=0.5%aaa*sin(2.0*y(1))*sin(2.0*y(2)) + ccc*alxdl

yprime(2)=aaa*( cos(2.0*y(2)) ) - bbb + ccc*a2=dl

return

end

subroutine odeint(iO1,ystart,nvar,x1,x2,eps,hl, hmin,
nok,nbad)

runge kutta driver with adaptive stepsize control.
Integrate the nvar starting values ystart from x1

to x2 with accuracy eps, storing intermediate results
in the common block /path/ hl should be set as a guessed
first stepsize. hmin as the minimum allowed stepsize
(can be zero). On output nok and nbad are the number
of good and bad (but retried and fixed) steps taken,
and ystart is replaced by values at the end of the
integration interval. derivs is the user supplied
subroutine while rkqc is the name of the stepper routine
to be used. path contains its own information about
how often an intermediate value is to be stored.
external derivs

external rkqc

character*2 i0O1

parameter (maxstp=1000000,nmax=2,two=2.0,zero=0.0,
tiny=1.e-30)

common /path/kmax,kount,dxsav,xp(200),yp(2,200)
common /areal/wl,akl,ak2,ak3,v,re

user storage for intermediate results. Preset
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11

12

13

dxsav and kmax

dimension ystart(mvar),yscal(nmax),y(nmax),dydx (nmax)
x=x1

h=sign(hl,x2-x1)

nok=0

nbad=0

kount=0

do 11 i=1,nvar

y(i)=ystart(i)

continue

if (kmax.gt.0) xsav=x-dxsav*two

assures storage of first step
do 16 nstp=1,maxstp
take at most maxstp Steps

call derivs(x,y,dydx)
do 12 i=1,nvar

scaling used to monitor accuracy. This general purpose
choice can be modified if need be

yscal(i)=abs(y(i))+abs(h*dydx(i))+tiny
continue

if (kmax.gt.0) then

if (abs(x-xsav) .gt.abs(dxsav)) then
if (kount .1t .kmax-1) then
kount=kount+1

xp (kount)=x

do 13 i=1,nvar

yp(i,kount)=y(i)

continue

xsav=x

endif

endif

endif

if ((x+h-x2)*(x+h-x1) .gt .zero) h=x2-x

if step can overshoot end, cut down stepsize
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14

15

16

O o0 o o0

call rkqc(iO1,y,dydx,nvar,x,h,eps,yscal,hdid,hnext)
if(hdid.eq.h) then

nok=nok+1

else

nbad=nbad+1

endif

if ((x-x2)*(x2-x1) .ge.zero) then

are we done?

do 14 i=1,nvar
ystart (i)=y(i)
continue

if (kmax.ne.0) then
kount=kount+1

save final step

xp(kount)=x

do 15 i=1,nvar
yp(i,kount)=y (i)
continue

endif

return

normal exit

endif

if(abs(hnext) .1lt.hmin) iO1="N1"
=hnext

continue

i01="N2"

return

end

subroutine rkqc(iO1,y,dydx,n,x,htry,eps,yscal,hdid,hnext)

fifth order runge-kutta step with monitoring of local
truncation error to ensure accuracy and adjust stepsize.
Input are the dependent variable vector y of length n and
its derivative dydx at the starting value of the
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independent variable x. Also input are the stepsize to be

c
c attempted htry, the required accuracy eps, and the vector
c yscal against which the error is scaled. On output, y and
< x are replaced by their new values, hdid is the stepsize
c which was actually accomplished, and hnext is the estimated
c next stepsize. derivs is the user supplied subroutine that
c computes the right hand side derivatives.

character*2 i0O1

parameter (nmax=2,pgrow=-0.2,pshrink=-0.25,fcor=1.0/15.0,

! one=1.0,safety=0.9,errcon=6.e-04)

c the value errcon equals (4/safety)#*x(1/pgrow), see use below

external derivs

common /areal/wl,akl,ak2,ak3,v,re

dimension y(n),dydx(n),yscal(n),ytemp(nmax),ysav(nmax),

! dysav(nmax)

xsav=x
c save initial values

do 11 i=1,n

ysav(i)=y(i)

dysav(i)=dydx (i)
11 continue

h=htry
c set stepsize to the initial trial value
1 hh=0.5%h

call rk4(ysav,dysav,n,xsav,hh,ytemp)

x=xsav+hh

call derivs(x,ytemp,dydx)

call rk4(ytemp,dydx,n,x,hh,y)

x=xsav+h

if(x.eq.xsav) i01="NO*"

call rk4(ysav,dysav,n,xsav,h,ytemp)
c take the large step

errmax=0.0
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12

13

evaluate accuracy

do 12 i=1,n

ytemp(i)=y(i)-ytemp(i)

errmax=max (errmax,abs (ytemp(i)/yscal(i)))
continue

ytemp now contains the error estimate

errmax=errmax/eps
if (errmax.gt.one) then
h=safety*h*(errmax**pshrink)

truncation error too large, reduce stepsize

go to 1
else

step succeeded. compute size of next step

hdid=h

if (errmax.gt.errcon) then
hnext=safety*h* (errmax**pgrow)
else

hnext=4.0x*h

endif

endif

do 13 i=1,n

mop up fifth order truncation error

y(i)=y(i)+ytemp(i)*fcor
continue

return

end

subroutine rk4(y,dydx,n,x,h,yout)
given values for n variables y and their derivatives

dydx known at x, use the fourth order runge kutta method
to advance the solution over an interval h and return
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O O o0 o

11

12

13

14

the incremented variables as yout, which need not be a
distinct array from y. The user supplies the
subroutine derivs(x,y,dydx) which returns derivatives
dydx at x.

external derivs
parameter (nmax=2)

set to the maximum number of functions

common /areal/wl,akl,ak2,ak3,v,re
dimension y(n),dydx(n),yout(n),yt(nmax),dyt(nmax),
dym(nmax)

hh=0.5*h

h6=h/6.0

xh=x+hh

do 11 i=1,n

yt (1)=y(i)+hh*dydx (i)

continue

call derivs(xh,yt,dyt)

do 12 i=1,n

yt(i)=y(i)+ hh*dyt(i)

continue

call derivs(xh,yt,dym)

do 13 i=1,n

yt(1)=y(i)+h*dym(i)
dym(i)=dym(i)+dyt (i)

continue

call derivs(x+h,yt,dyt)

do 14 i=1,n

yout (i)=y (i) +h6* (dydx (i)+dyt (i)+2.0*dym(i))
continue

return

end



Appendix A

Phase Diagrams of types of
attractors of the governing eqs.

In this work, numerical computations have been reported for various values of
ky and 7, for w = J. Below we present a detailed investigation of the ky vs. 7,
space for values of 0.5 < k; < 6.0 in steps of 0.5 and r, varying between 0 and
2 in steps of 0.2.

We ran the program for 2500 points of the Poincaré section (stroboscopic
plot) and deleted the first 2250 points to remove the transients. All runs were
started with the initial conditions § = ¢ = 45°. We obtained similar results
when ¢ was replaced by —¢.- As a test case when we ran the program for § = 90°
the trajectory plot reduced to a continuous curve, indicating regular behaviour
for all the values of ky and r, considered. At ky = 0.03 forr, = 1.6; the attractor
slowly begins to broaden from a continuous curve and the Lyapunov exponent
first becomes positive. There are a number of regular regimes in between the
chaotic regimes. In our system, chaos usually appears as a broadening of the
attractor as can be seen from the example given in Fig. 3.1. In certain regimes
as in Ramamohan et al., (1994) the attractor broadens to such an extent that

a subset of the phase space is completely filled.
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L ks |
lre L os | 1o | 15 | 20 | 25 [ 30 | 35 [ 40 ] 45 | 50 | 55 | 60 |
0.2 1 1 1 1 1 1 1 1 1 1 1 1
0.4 1 1 1 1 1 1 1 1 1 1 1 1
0.6 1 1 1 1 1 1 1 1 1 1 1 1
0.8 1 1 1 1 1 1 1 1 1 1 1 1
1.2 1 1 1 1 1 1 4 1 1 1 1 1
14 1 1 1 1 1 1 1 1 4 5 1 1
1.6 1 1 1 1 1 1 1 1 1 2 1 1
18 1 1 1 1 1 1 1 1 1 2 3 3
2.0 1 1 1 1 1 1 1 1 2 2 3 3

Table A.1: A Phase diagram of k3 vs. r, for w = J, initial conditions
9 = 30°,$ = 45°
For a comprehensive study of the chaotic behaviour of the system considered
in this work we have analysed the problem for two different initial conditions.
In both cases we varied the parameter r, ranging from 0 to 2 in steps of 0.2 and
k; ranging from 0 to 5 in steps of 0.5. We obtained different types of attractors
[or these ranges of the parameters and we have classified them into 6 types.
These attractors are given in Fig. A.l of this appendix. The corresponding

phase diagrams in ky — r, space are given in Tables. A.1 and A.2.
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Figure A.1l: Attractors of different types for different values of ky: (1)
0 = 30°,¢ = 45°,r, = 0.6,ky = 4.0 (2) § = 30°,¢ = 45°,7¢ = 1.8,ka =
5.0 (a regular attractor with two fixed points in the Poincaré section) (3)
0 = 30°,¢ = 45°,r, = 1.8,ky = 6.0 (4) 6 = 30°,¢ = 45°,1, = 1.4,k3 =
4.5 (5) 0 = 30°,¢ = 45°,r, = 1.4,ky = 5.0 (6) 8 = 75°,¢ = 30°,r, =
2.0,ky = 6.0 (a regular attractor with more than two fixed points in the
Poincaré section)
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L k |

| re | o5 | 10 | 15 | 20 | 25 | 30 ]23.5i 10 | 45 | 50 | 55 | 60 |

0.2 1 1 1 1 1 1 1 1 1 1 1
04 1 1 1 1 1 1 1 1 1 1 1 1
0.6 1 1 1 1 1 1 1 1 1 1 1 1
0.8 1 1 1 1 1 1 1 1 1 1 1 1
1.2 1 1 1 1 1 1 2 1 1 1 1 1
14 1 1 1 1 1 1 1 1 2 2 1 1
1.6 1 1 1 1 1 1 1 1 1 2 2 1
1.8 1 1 1 1 1 1 1 1 1 2 1 1
2.0 1 1 1 1 1 1 1 1 2 2 1 6

Table A.2: A Phase diagram of k; vs. 7, for w = J, initial conditions
0 =175°¢ = 30°



Appendix B

Similarities and Differences with
the thesis of K. Satheesh Kumar

In this thesis, we have reviewed chaotic dynamics and suspension rheology
briefly. Since the problem considered in this work and the problem handled by
K. Satheesh Kumar lie in these two areas, he has also reviewed these two areas
briefly. In these reviews there are some similarities. In what follows we have
included in this appendix the similarities and differences of this thesis with the
thesis entitled studies on the chaotic rheological parameters of periodically forced
suspensions of weak Brownian slender bodies in simple shear flow submitted to
the Cochin University of Science and Technology by K. Satheesh Kumar (1997)}

The main thrust of this thesis is the demonstration of chaos and a study
of its properties in a physically realizable fluid dynamic system. That is, the
chaotic evolution of the orientations of individual particles of finite aspect ratio
ranging from 0 to 2 is analysed in detail. Similarly, K. Satheesh Kumar has
analyzed, in his thesis, the effect of evolution of the orientations of individual
particles of infinite aspect ratio. In short, the dynamics of periodically forced

particles of finite aspect ratio is analyzed in this thesis whereas K. Satheesh

Tstudies on the chaotic rhicological paramcters of periodically forced suspeusions of weak
Browuian slender bodies in simple shear flow, Kuinar, KS (1997)
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Kumar has studies the rheology of a suspension of long slender rods (of infinite
aspect ratio).

The analysis of dynamics in this thesis is of dilute suspensions of periodically
forced spheroids in the presence of weak or negligible Brownian motion in simple
shear flow. K. Satheesh Kumar has considered slender rods instead of spheroids
keeping the other assumptions on the suspensions the same. In fact there is
no similarity in the main contributions of this thesis with that of K. Satheesh
Kumar. To get overall idea of the differences and similarities we list out the
features of this thesis which differ from that of K. Satheesh Kumar.

We have numerically analysed a fluid dynamic system, namely, the dynamics
of periodically forced spheroids in simple shear flow. This system is physically
realizable and technologically important. During the computations we observed
several practically and fundamentally important phenomena like strong depen-
dence of the results on aspect ratio, a new Class | intermittency, etc. We have
also proposed a new control algorithm.

The main contributions of this thesis can be summarised as follows. Firstly,
we have analysed the results of our computations in detail and projected the
aspect ratio dependence as a potential tool to segregate particles of a given
shape from a suspension of particles having different shapes but similar sizes.
We also have observed that the approach used by Strand(1989) for the strong
Brownian limit is inappropriate in the chaotic regimes corresponding to the
weak Browman 11m1t Our results indicate a strong dependence of the solutions
obtained on the aspect ratio of the spheroids. This strong dependence on the
aspect ratio can be utilized to separate particles from a suspension of particles

having different shapes but similar sizes.
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Secondly, we have reported certain aspects of the problem that are of inter-
est to the nonlinear dynamics community also. In this work we have reported a
physically realisable system in which the possibility of an interesting and novel
type of Class I intermittency has been demonstrated, namely it is an example
of one of the very few physically realisable chaotic systems showing the phe-
nomenon of a non hysteretic form of Class I intermittency with nearly regular
reinjection period. Price and Mullin (1991) have observed experimentally a
similar type of phenomenon in which a hysteretic form of intermittency with
extreme regularity of the bursting is observed. The system described in this
work appears to be one of the very few ODE systems describing a physically
realisable system showing‘ a non hysteretic form of Class | intermittency with
nearly regular reinjection period. The regularity of the bursting is unaffected
by variation in the control parameter. The maximum Lyapunov exponents of
the bursts and laminar phase are estimated separately and indicate existence
of chaos. The length of the laminar phase shows scaling behaviour typical of
Class I intermittency near the tangent bifurcation and also shows new scaling
behaviour. Return maps of the dynamical system are presented to explain the
behaviour observed. The system also demonstrates some interesting features
such as new scaling behaviour away from the onset of intermittency and the
number of the bursts during a particular realization varying smoothly with the
control parameter. These results are presented in terms of the evolution of the
orientation of a spheroid subjected to an external periodic force immersed in a
simple shear flow.

Thirdly, we have demonstrated that controlling the chaotic dynamics of
periodically forced particles by a suitably engineered novel control technique

which needs little information about the system and is easy to implement leads
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to the possibility of better separation than otherwise possible. In this work we
have demonstrated that controlling the chaotic dynamics of periodically forced
particles leads to the possibility of better separation. Utilizing the flexibility of
controlling chaotic dynamics in a desired orbit irrespective of initial state, it is
demonstrated that it is theoretically possible to separate particles much more
efficiently than otherwise possible from a suspension of particles having different
shapes but similar sizes especially for particles of aspect ratio r, > 1.0. The
strong dependence of the controlled orbit on the aspect ratio of the particles
demonstrated in this work may have many applications such as the development
of computer controlled intelligent rheology. The results of this work also suggest
that control of chaos in this problem may have many applications.

Finally, we have proposed a novel algorithm based on parametric perturba-
tion for control of chaos in this work. The method proposed is comparatively
easy to implement and needs almost no information about the system. One of
the main advantages of this control algorithm is the possibility of pre-targeting
the length of the controlled period obtained by suitably engineering the control
technique. In addition we demonstrate certain advantages of this novel tech-
nique over two well-known algorithms, namely control by periodic parametric
perturbation and control by addition of a second weak periodic force, such
as the possibility of switching behaviour, pre-targeting the period, stabilising
high period orbits etc. We have also demonstrated the applicability of the tech-
nique in certain numerical models of physical systems. We have demonstrated
the successful application of the new algorithm in a rather difficult problem,
namely, the control of the dynamics and the rheological parameters of period-

ically forced suspensions of slender rods in simple shear flow and also in the

" Bonhoeffer-Van der Pol (BVP) oscillator.
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As part of considering different systems to test the applicability and suit-
ability of the new control of chaos algorithm developed during this work, we
have considered the case of chaotic rheological parameters of periodically forced
slender rods only to compare the efficiency of the new control algorithm with
some other control algorithms. The control of chaos algorithm developed in
this work is used to control chaotic rheological parameters in the work of K.
Satheesh Kumar, but the thrust in his work is on the possibility of obtaining
novel rheological parameters and not on the control algorithm. In short, we
have just reproduced the expressions of the rheological parameters from the
thesis of K. Satheesh Kumar, as chaotic rheological parameters happen to be
one of the different systems we considered to test the novel control of chaos
algorithm for efficiency.

The other similarity is the assumptions of the model of the suspension con-
sidered in these two thesis are similar with deviation from the thesis of K.
Satheesh Kumar in the particle shape. We developed the orientation evolution
equations based on Brenner (1974) and his scaling. At the same time, the de-
velopment of the orientation evolution equations in the work of K. Satheesh
Kumar is based on the approach of Strand and Kim (1992) and the scaling in
his thesis is also different from that of ours.

Except for these two similarities all other results are the original contribu-

tions of this thesis which has been published in international referred journals.
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