
REfERENCE DNL'{

STUDIES IN FINITE
TEMPERATURE QUANTUM

FIELD THEORY

K.P.SATHEESH

Thesis submitted in
partial fulfilment of the requirements for the

degree of Doctor of Philosophy

DEPARTMENT OF PHYSICS

OOCHIN UNIVERSITY OF SCIENCE AND TECHNOLOGY

COCHIN - 682022

1991



CERrIFICATE

.::«
-~ ~.

K.Bahu JOII8ph

~t8Iiaher
Department of Phusles

...hI. UnivfJl'sity af Science & Tlabl.'"
KOCHI-682 02'....•." .....,....-

Certified ",b&t the work reponed in 1be preeem theRe is bued on 1he booa.fide

work done by Mr.K.P.8&iheesh. under my guidance in the Dep&l1men1 of

Physics. Cochln Univenity of Science and 'Thchn0logy. and has not been in­

cluded in any other 'lbw Inlbmi1'\ed previously for 'tbe &ward of &Dy degree.
•.• ~ •. ,,, .. «1" .............

~ ......-' ~t ~ ~.RTM·?NI ....-.
.. ,"'-'-'-, 0..',

c~~ r , ~ "..
~:-'"(''' t},/,,) \,~.... '\
~. .',.,.1. , 'r;,

, (O~I . '1:" ') e:e.-c:::- v.. ' ... ., ,
Cocb.1n-22! ~ ( '. (;0.') ~ \

;:; ( ••••• ~ 0/)') ) ..... t
-:;Q \ ·0 ~<"" ~ I

MArch 11, 1991 t('. " ....) ~,/
~ <, 00 ) ~/

q/.' <; .-J,~~/!
8". '-,-,../ ~,\",.:,
""'[NeE At\t) \~... "'-

....__ .r~

DECLARATION

Certified tb&t the work pr_ated in this theall 1sb..d on the original work

done by me under the guidance of Prof.K.Babu Joseph in the Dep&l1men1

of Pbylics, Cochin Univenlity of Science and 'I8chnology. &Dd bas no1 been

included in a.ny other 1hesis submitted previously for the &wud ofa.ny degree.

()Ocbin-22

Much 17. 1997

1_ ~L-"rJ~ ~IH ~

K.P.Sa.tbeesh



Preface

The preI'e011hesiB de&1B wi1h 1be beh&vior of BC&la.r quamum field...1 fini1e

tempersaure. The &n&lyBis is most rel8'VBll1 to the I\udy of early universe

&.Dd high energy particle pbylics. The effective potential of a. quantum field

which is quantum corrected cluBica.l potential, determines tbe 8pontUl80US

symmetry brea.ldng. Finite tempera.ture correction to ihe affective potential

is used 10 find the cri11cal temperature &1 whicll symme1ry is restored. In

'the 1hw, calculations a.re performed for ~ 'theory tt' theory and chatged

sca.la.r field with a, ~ in1eraction. 4t4 theory is renorma.lisa.ble (3+1) di­

mensions aild +8 theory in (2+1) dimensions. The maln 1heore1ica.l "tools

employed &re CJT (CorowaJl,Jackiw and Tomboulis) form&1lsm and Fune­

1ion&1 Schradinger picture fermallsm. Thue metbods are more efficien1th&n

ordin&ry loop exp&nBion for dEAermining the effective po1entiBJ and lIll&ly.

lng the pbue structure of a. qt1U1tum field. Vula.tlona.l methods &.re used

throughout '0 tba.t non peI1urb&iive results are obtalned. All CI.lcul&tioDS

in Bel.nberg pldure use Ha.rt8&-Fock appraxima.tlon.

Cba.pter 1 i8 introductory in D&ture. It develops all the theoretical tools



required for the &n&IysiB. C~er 2 deal. with the a.ppliC&iions of CJT

formalism for 8, ~I model. Ch&p1er 3 UJ88 the CJT method for &n O(N)

~metric iheory for nudying & charged IC&1&r field &t finite chemie&l po­

ten1i&l. Chapter 4 es18hlishes the connec1ion between CJT formaJiBm and

ScllrBdlnger picture formalism both a.t sero a.nd finite tempera.ture.
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Chapter 1

Basic Formalism

1.1 Introduction

S1udy of symmetry cb.a.nging phase 1ransi1ions of 8- quamum field in the pre.

ence of of &. -.lrrounding "herm&1 ba;\h is vtry imponBlI\ in "be I\udy of "be

evolution of the universe and in the 8ll&lysis of ytry high energy collisions

where very high matter and radlatlon density exiB\. Detailed study of these

phase "\r&D.8i"\ions bIB been mensively done by various aathors [1-4]. The

efF8ctiv~ potential method is very useful in Itudying spont8.tl8OUS trymmetry

brea.ldng (SSB) at s..o tempera.ture (5,6]. Estima.tion oftbe critical temper­

a.ture of phase transitions eaa be done by extending this a,pprofLCb. to flnlte

1empera.1ure (7). The88ltudiea mainly UBing loop expe.nsion techniques ha.ve

pl~ed 8, pivo1&1 role in framing our unders\lLDding about the early universe.

unified "theories, quark gluon plumB, etc.

3



4 CHAPTER 1. BASlC FORMALISM

Recently there is 8, revival of interest in finhe 1emper&1ure qua.n1um field

theory, a,ppareII\ly caused by the recognition of the lmportaace of symmetry

brea.king phase tr&DBitions and the problem of precillB dNrmin&tion of crlt­

icaJ temper&ture. An a.cCur&u, anaJYN of phue tr&DBitioDB (both analytical

aad numericaJ) becomes Deee.ary beeaase most of 1be C08IDologicaJ models

critically depend on It. For example Ba.ryon asymmetry may be generated

a.t ibe electro-wea.k levellftbe phase tra.DJition is of first order (8-11].

For the aLlcu1a.tion or critical temperature, w.rlous peMurba:tlve a.nd non­

perturbatlve teehnlques have been lUggeB'ted (12-20]. Pleld-theoretlc qua.n­

1urn dynamics involves 100 many degrees of freedom which are 10 be reduced

for performing numerical computaalons. One w&y 10 do 1his is 10 U8e 8.

va.ria.1ion&l a.pproxima.1ion 1ha.1 yields a.n &pproxima.1e w&ve functional in the

Scl1rlJdinger picture (34-43). A rel&ted procedure in 'the Heiseoberg picture

is to ob't&in IL second Lepndre transform and keep 1be lowest order in the

coupling coD.na.nt ( HBrle&-Pock &pproximlL~ion) for two pe,r1icle irreducible

(2PI) gra.pbs {21 ,22t~28t44]. In this ibeels we use ih_ two methods for

a.na.lyslng .ca.la.r fields &t finite tempera.ture a.nd finite chemlca.l potential.

EfFective potential defined as single Legendre tra.nsform provides a.n efficient
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~ 10 obtaln quantum corrections 10 the cl&Eie&1 potential. But thls popu­

lar method Nffers from 8, IJ8rioUB shortcoming, Since it i8 defined Ba & tingle

Legendre '\r&DBform J i1 is &l~s & convex function. This forbids the double

well sha,pe for 'tbe exac1 effective po\en1ia.l &.Dd implies tbe abHnce of local

ma.ximum at the symme1rlc origin. Bu1 in & theory poIIIIesslng SSB cluBical

a.na.lysls predicts a. ma.ximum &t the orlgln. Various procedures to a.void this

difficulty ha.,'y·e been suggested earlier [3,21,22]. One of the most efficient of

these a.pproa.ches is to deftne &n efFeetlve a.ctlon by including & source K(~,tI)

coupled 10 8. term which is qU&dr&1ic in the field VB.riable. By ibis procedure

an effective potemlal with B. proper loop expansion 10 each order which is

no1 convex, is obtained. This idea. was fun pu1 forward by H&wking and

Mon in the comm of quantum field theory in the ea.rly universe [23]. A

self-consistent lmprovemen1 for the :fini1e temperaaure effec1ive potemial has

&180 been suggested (24]. In this formaJism it is posable 10 BUm & large cl8B8

of ordin&ry perturbatlon theory diagrams1h&1 comrlbute 10 "the effective ac­

tion sad the ga.p equa.tion which determines the form of the propaga.tor, is

obta.lned by w.ri&ilonal method. Extension of ibis idea. to non-equilibrium

qua.ntum fields has also been performed [25].

ALL the a.bove improvements developed for conventional finite tempera.ture er-
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feetlve potential &re based on an lmponant eomrlbutlou by Cornwall, Jackiw

and Thmboulis (CJT). They defined the effective action for composite fields

in filLt space sad sero iemper&1ure BB & double Legendre "ran.orm wi'\h nw

sources J(z) sad K(z, y). These two lOurces &re coupled respectively ~o ~(z)

and t/lC1l) (26]. The CJT foemallsm is coDBidered 10 be best su11ed for studying

phase tra.nsltlons beawse it WJBB a. generalised efFective action in which not

only the mean field b~1 also the correla:tion functions a.ppea.r &8 independent

~iahle8. In reF. [26] a. simple series expansion has been developed for the

. improved effective action.

The CJT formalism has recen11y been used 10 resolve various difficu11ies in

quantum field tbeory [29,30]. For example, it has been applied 10 the 1rivial­

i1y problem in 4'4 1heory [SI). An improved effec1ive potemial based on 1his

formalism is discussed in ref. [32]. The self-consis\en1 improvement of finite

temperature effective po1en1i&l (used in 1biB'thesis) involves 1he BUmm&1ion

of da.isy ead superdusy diagrams, for which IL novel re-summatlce procedure

has been recently proposed [SS].

The functional Scbr8dinger picture formalism for qua.ntum field theory is

a. generalisa.tion from ordina.ry qua.ntum mecba.nics to infinite number of
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degrees of freedom 1b&1 compri8e 8, field (34]. The method is 8Ui1&ble for

both IRa,,\lc &Dd tlme-dependem problems &1 sero 1emper&ture and finite

1emper&1ure &Dd for qua.ntum field. far from equilibrium. 11 has &1110 been

shown tha,.\ renormaliation in thi, model do. not poIJ8 any tpeCial diflicul-

ties for st&"\ic or time-dependent problems (34-41]. Among the appllC&tlons

of this a.pproa.ch a.re sca.la.r QED, quantum mecha.n1cs of In£la.tlon, qU&ntum

roll proCtMI and qua.ntum proc_ in non-euclldea.n space-time [34,35,36­

41,42,48,45] .

1.2 CJT Formalism

The CJT method provides a. generalisation of the ordinary efFective &dion

r(q,) (the genera.ting functional for single particle irreducible n-polnt funo­

tions). This generalised efFective action r(~,G) depends both on q,(~) the

expeC"\a.1ion value of quamum field ~(Z), a.nd G(a:. Si) the expec11.1ion value

of time ordered product T{+(:r:)+(,,). Physical (on-shell) solutions require

the following va.ri&1ional equa.11ons:

(1.1)

(1.2)
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Consider the vacuum persistence amplitude Z(J,K) in the presence

of two source terms J(z)~(z) aad icK:Z:~(II)K(:Z:,lI):

Z(J, K) =N jo.ezp [i Jtfz [.c[.(z)] + J(z).(z)+

~.(Z)K(Z'lI~(lI)]] (1.3)

W(~ K) the gener&1ing functional for connected di&gr8JllB is defined BB

(1.4)

The classical a.ction 1(~) = ftI4ret,(z) m&y be wrrtten as

l(t/J) =JcfJyt/J(~)Dr/(~ - 11)«'11) + lw(t/J) (1.5)

lw(t/J) = Jd'~r.._(~) (1.6)

Do{:t -1/) is the free propeptor tba.t IJ8,tisfies

(1.7)

The generaJized effective &dian r(tIJ, G) is the double Legendre 1r&nBform:

of W(J,K)

r(., G) = W(J,K) - !cf(z)+(re)J(rt:)-

~ !etazcf'yl.(z)K(z,'II~(71)1- ~ jcf'zcfyG(z,'II)K(z, '11) (1.8)
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Where J(z) &Dd K(~,II) &re determined by

By &C1U&1ly performing functional dlffererrti&1ion on eqn(1.8) we find

9

(1.9)

(1.10)

(1.11)

(1.12)

In ihe ahsenoe of .ourceB, eqn.(1.1) a.nd (1.2) are rep1ned which permit a,

va.ri&ilowsolution. The conventlow efFedlve acllon f'(t/J) = r(t/l, Go) where

Go is the solution of eq.(1.2).Generalbed effective a.ction r(q" G) 1s the gen­

era:ting functional for the 1wo p&rticle irreducible (2PI) Greens functions

expreBBed in ~ermB of tbe full propep.~or. Tbe rreries expe.nsion for r(~, G)

is shown 10 be [26]:
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where tr is the funetlonal trace, in is the functional lop.r11lun a.nd rr1G is

the functlonal product.

The inV8r88 propaga.ior ~ defined by

-1 Gll(~) 1 Gllw (';)
D (cPi It,1/) =&IJ(lt)&lJCJI) =D" (It - 1/) + &IJ(lt)&PCJI) (1.14)

1.8 Computation of r(2)(c/>, G)

Compmatlon of the qWLII1l1y ~(tP, G) is done BB follows. In the classical

actlon 1(~), the field ~ 1s shifted by q,(z). The shifted &etion l(~ + t/J). pos-

888898 terms cubic and higher in~. These definean imeradion p&r11w with

vertices depending on tP(~). r(2)(q" G) is then given by all the 2PI ~uum

gra.phs and the propaga.tor is set equal to G(r:,1/)' The theory in lis full gen­

eraJlty 18 not tr&D81&tlona.lly Inva.rla.nt since vertices depend on q,(~) a.nd G is

not L function of (x - 11) alone. The prope.ga,1or of 'the 1heory is determined

by finding "the pp equaaion for G using the vuia.tional eqU&1ionl [eqns, 1.1

and 1.21.
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1.4 Effective Potential

11

TranslB:\ion&lly invui&n1 solutions are obtalned by imposing the following

conditions (homogeneous n&1es):

q,(z) := Constant

G(:J:,1/) = G(:J: - 11)

r(cP, G) = - 1!X.4J, G) fdt

(1.15)

(1.16)

(1.11)

where E(cP, G) is- the minimum of the energy when vuying over all the nor­

mali.d sta.tes witb COnstralnt8:

(~(z» == ~(z)

(.(a:).(y») =- ~(:r:)~('Y) +G(ZI7J)

B(eP, G) ;;;; V(eP, G)fr 1
a;

(1.18)

(1.19)

(1.20)
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where 11 is the spsce-time dimension of the "theory . Thus the effective po-

temiaJ is given by

(1.21)

A lJeries exp&nBion for the effeciive poien1iaJ is obtained by defining the

following Eourier tra.nsformed propaga.tors.

G(k) I: ftr:e~It(IIt-IJG(re- 11) (1.22)

D(t/J, k) = fd"~eU<·~)D(t/Ji ~ - 1/) (1.23)

Do(k) = !tr:r:ttlt(-,)Do(:r: - 1/) (1.24)

V(c;l G) -= U(c;) + ~ ~: lndetDo(k)a-1(k)

+~ f(~~lItr [1r1(tPlk)G-lk - 1] +'12>(<1>1 G) (1.25)

where U(cP) is the claasiaLl potentia.l, VOO(q" G) is the sum of 2PI w.cuum

gre.pbs, with vertices given by lj",(t/l,.) a.nd the propagator is set equal to

G(k). The field cP on which veriices depend is now a. consta.nt p&r8.meter.

Trace and logari1hms a.pply 10 component fields a.nd determinams are no

more functional.
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1.5 Extension to Finite Temperature

13

To describe the theory &1 fini1e 1empera1ure we OBe the Euclidean time .,.

B&'\isfying the bounda.ry conditions 0 S -r ~ fJ ;: ~ All the Feynman di­

agrams (2PI diagrama) developed &t S8I'O temperature &re valid bare &180.

Tbe Feynma.n rules for writing the algebra. of the diagrams &.re dlfFererrt a:t

finite tempera.ture [22]. They are

(1.26)

(1.27)

(1.28)

Field 4» &&timesthe periodic bounda.ry conditions

(1.2g)

With these modlftca.tions we can write the 8eries expe.nslon for flnlte tem­

pera.ture CJT effective potent1a.l (a.nalog of Glbb's potential) with time ime­

gra.tlon ilUppr_ed sad a. summa.tlon performed.

(1.30)
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1.6 Functional Schrddinger Picture Formal-
•Ism

The functional Schr8dinger Picture Formalism for quantum field theory has

been shown 10 be superior 10 conventional Fock space methods for ana.lyzing

detailed structural properties of & quantum field [59.70J. In this method one

need not choose 8, vacuum ILDd normal ordering is no1 required. Schradinger

Picture method has been mensively used 1n B1udying solhons and other

collective phenomena, topological defects in G&uge theories and confine-

men1. Time dependent problems releva.n1 10 euly universe s1udies and non­

equilibrium thermal physiCS ca.nnot be studied Uling conventional Green's

function methods which require a.n lnltlal condition for the solution. in these

8J'88S time-dependent SchrBdlnger Picture has been proftta.bly used. Also for

a.na.lYlmg represen1a:\ions of 1ra.nsforma.'tion groups 'the method is very useful

(SS}. One ca.n achieve intrinsic regu1&rill.1ion and renormalisa.1ion wlthout

B:tJY reference 10 vacuum 81&18 and a. unique represen1a.1ion is obtained.
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In 1hls method 8. quantum medla.nlcaliRa.1e t\)(t) is replaced by 8. functional

of the c-number field ~(z)

Iw(t)} --+ +[q" t] (1.31)

The a.c1ion of a.n operator CIJl be reused BB 8, product and '\ha.1 of & eaaonleel

momentum BB & functional differenti&1ion.

+(:t)I\)(t)} --+ W(:Z:)9(q" t)

ll(:e)lw(t» --+ -a ~~z) ii(q" t)

(1.32)

(1.S3)

The dyn&mica.l evolution of 8, given ini1i&l B1&te is described by the funo-

tional Schradinger equation, This equatlon can be derived using va.ri&1ional

principles if we define & time-dependent effective action [38]:

r =!dt(W(t)IUJ,. - Hlt/>(t» (1.34)
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aad impose 'the condition 1b&1 Iq,(t)) is B1a.tionary a.p.ins1 arbitrary variA-

tions we get

(1.35)

In the GIWBBia.n a.pproxim8.1ion we 8BSUIlle 8, G&UBBia.n 1riall1a.1e:

[

A [G-1(z t) ]'1'(<Pl t ) == ea:p - L,(<p(Z) - <P(Zl t» 41
'111 - iE(zl'IIl t )

x (<p(f/) - ~WI t» +i LIi(zl t) [<p(z) - ~(ZI t)] (1.36)

I~ ca,n be Ir88n 1ha;\ the GIW8IIi&n is eemered &1 ~ and tbe width illgiven by G.

E plays the role of "he coDjup1e momentum of G and IT 1ha:\ of~. ~,fi, G,

and E are the va.ri&1ioIl&1 p&rBme1ers BBwell BB the expectation values:
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<~(z) I: ~(z, t) (1.31)

S A

(-i &/>(:.:)} = n(:t, t) (1.38)

(t/J(:r)t/JC7I» = t/J(;, t)t/J(~, t) + G(:r, tI, t) (1.89)

(i ap~:r» = 1. ll(:r, t)~(:r, t) +Lw E(:r,11, t)G(tI,:r, t) (1.40)

v<,,)(~) 5: d"'1~) (1.41)
dIP"

For applying the Formalism to a, ~4 model, the following expr88810n for efF8~

tive action aLn be written up to two loop level [36,31]:

(1.42)

Iden1ifying the first term BB the clusical action and performing va.ria,'\ions

we ge1
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&r .A A ,11) A

i == 0 --+ 11(ZI t) =V~~(:z:, t) - Y' (ifJ)
64>(ZI t)

-~\p>(~)G(:z:,:z:, t)

:. &r =0 -+ E(:Z:,lI, t) +21 ~(:z:, 1:,t)~(lt,lI, t)
6ll(z,t) •

1 [1 1, ro A 1.. /~ It. ]

= '8G- Z(Z,lI,t) + 2v; - 2'''-'(4)) - 4V'''/(cI>)G(Z, z, t) 6"(z -11)

lJE(6f' ):: 0 -+ G(:Z:,lIl t) =2 [lG(~te,t)E(:ttll,t)
:1:,11, t •

+0(:1:, ~, t)G(~, 11, t)]

(1.48)

(1.44)

(1.45)

The sta.tic efFective potential aul be obtalned by t&1dng ~ to be x- indepen­

dent and by putting E =O. By performing "YUla.tlon for G. a. ga.p equatlon

for G could be written. A sliglnly differen1 but equivalent method has been

used in (2+1) dimensional Liouville model (46].

1.7 Time Dependence

One of the ma,jor adv8Jl1ages of the SchrBdinger (8) picture formalism is i1s
W,I.. ..~

power \0 a.na.lYse time-dependent evolution, S'\a.r1ing from the vui&1ional
~ ,..
e'
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equa.tlons it ca.n be I188n tha.t for the free theory (A = 0) with ~(z) = 0

Go(k, t) OIIdlla:t81 with IL frequency given by

1 1

~. -= 2(kZ + ,,2)1

The most general solution of the free equatlon is given by

(1.46)

where 'the 8.verage energy Elt of "he kUc mode is given by

n. is the ~. mode pe.rticle number.

For obtaining a. solution we have 10 specify the ini1w dB,1B, 1h&1 is we have

10 seleet "be initial G&U.SIJi&n ~8:te. For "he eqU&1ions to be renormalisable

G and ~ c8JlD.o1 be azbi1ruy. Detailed discUBBion of the crherie, for selec1ing
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Initial Ga.UBBia.n rna:\e &re given in re~l7].

Considering the simple cue ~(z) za 0 the initial value of G is chosen BB

0(",0) = 2(k2 ~ ~2)r[l + I(k)]

where

u G(k 0) = 1. [1 _;n2 +gCOsa(k)]
~ I 2k 2k2 k2

Urn G(k,O) = A + Bcos{J(k)
~oo /il

(1.49)

(1.50)

(1.51)

~ and fJ &.re non oscillatory and g,A,B &.nO tI\ &.re independent of k. Tbe

'Y8.rla.tional equa.tion in terms of G alone is

A divergence is present in the Jk G(k, t) term.It has been shown tha.i sta.tic

renormaJ.isa.tion conditions C8.n be used to renormallse the time-dependent

equations if the initial GIWBBi&n is correctly chosen. The condition cP(z) :f- 0

also will n01 8.ffec11he renormallsabllity.
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1.8 Finite Temperature Extension

21

SeveraJ attempts have been made '\0 extend functional S.picture a.pproach to

finite temperature (33,34]. In reference (34] S.picture method is extended '\0

finite tempera:ture both for equilibrium a.nd non-equilibrium situations. In

8 picture formalism ef£ed of tempera.ture is considered as an external lnfiu-

ence. System starts as a. pure sta.te a.nd gra.dually evolves lmo a. mixed state

governed by the density ma.trix. They propose a, w.rl&tlonal solution of the

Liouville equation through the imroduction of a. Ga.ussia.n density matrix for

8. mixed IRa.1e. The Ga.usBia.n density ml,1rix for one quamum mecha.nicaJ.

degree of freedom is taken as [34].

, ls defined to be the degree of mixing between the sta.tes. Ga.ussian denslty

opera.tor can be defined as follows.

(1.54)

(1.55)
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After proper normaliaeaions the equeaions &re shown to be

p == 2lrinh ~e:l:P [_~(p2 - 2n(~p+pa;) +CI:l:
2)] (1.66)

p(~11 ~1) = [;1a.nb ~] 1 /2f1XP [- 2Bi~bc)(Z~ +~) coshbw

-~1~]] exp[,n(:r~ - ~)] (1.51)

UIJing 'the above Ga,ussi8Jl density ma1rix the en1ropy and free energy ca.n

be calculated, We use the restricted density matrix [34] in which all linear

averages vanish and bilinear averages survive. More general 8.DZa.tz for the

density matrix has also been suggested.



Chapter 2

Finite Temperature CJT
Formalism - q>6 Model

2.1 Introduction

Recently there has been considerable in1er~ in the &pplic&tionof functional

techniques in field theories whh dimensions less than (3+1), m&inly because

Borne of the problems a.fIliding 4-dimensiona! theories &re wserr\ there (49­

51J. According 10 Coleman's "theorem, spomeneoua rymme1ry breaking C8Jl

occur only when the dimensions &.re higher tha.n (1+1) [53]. In (2+1) dimen­

sions the most general renorma.lma.ble theory Is For 8. +8 model. This model

has been studied earher by using various methods and it has been shown

111&1 i1 POBBe&BeB an ultraviolet fixed point in 1IN expansion and GaUBBia.n

approximation [55,56,68). Finite temperature field theory has a.lso been a.n­

a.lyled [18.19.57). 11 is well known "ha:' in finite temperature CJT a.na.lyBis

23
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of ~4 theory ,the effective poteotial abowB a cui-off depeodeooe due to the

pnB8llCe of a (~rP4/12) term. It ia natural to think that in lower dimeosioos

be absent. Ewn though this • found to be true for +4 theory in (2+1)

dimeosiOD&, an unreoormalized JDaII8 term appears in the ex:pnBlion for ef-

feetive potential br ~. theory. Thus the dlfBculty persists in ~. theory In a

disguised form.

2.2 ()6 Theory

The clelNca! potential of the theory is given by

(2.1)

where the subBcript B indicates bare parameters. The functional operator

tr' is gi~ by

n-1(. ; (:£, 1I» = _ [D+m~+ ~.2+~] 8'(:£ -11) (2.2)

After IblftiDg the iDtenctian Lagrangian takel the form

Lu.t(+ q,);;: [AB.,.S + AB••+ ~B.I +~..5+~~•• + ~B"'+5] (2.3)
, 6 4! 6! 51 48 36



2.2. tt' THEORY 25

A few of the 2PI vacuum grapM up to three 1001- are Ibown in 8g.1. We

introduce the followiDg appradmaticm to obtain nctabJe equatiooa. Only

thOle graphs with vertics depeodiDg OIl fim order in the coupling comtant

procedure aDd is 8llperior to commonly U88d one loop &pJlft* jmatkm. No

graphs with internalliDes appear.(Note that dai8y aDd auperdaily graphs

shown in 43 &le or thia type). Thia approcimatioD is caBed llartee-Jibck

approximation aeeording to wbicb oo1y the graphs abown in Fig. 2 need be

summed. Thus the sum of the relevant 2PI graphs takes the form

If(q" G) == ~AB !tl'zG(z,Z)G(z,z) + ~~ea jtl'zG(z,z}G(%,z}G(z,%)

(2.4)

The ex:preaion for the finite temperature nOll local composite operator ef­

fective action in Bartee-Fbck appmrimatioo becomes

r,(q"G) = I ....+ ~trlnDoa-l+ ~tr(.v-1G -1) +
3 } 10 f4!AB tl'zG(z, z)G(z, z) + m(s tl'zG(z,z)G(z,z}G(z,z) (2.5)
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By performing variation with rspect to G the modified pp equaticm is

obtained.

By iteration it can be I88Il that G poerat. all da.iBy aDdsuper daily grapba

of Fig.S, which reveals the faet that we have achieved 8 deflnIte Improvement

in r&-81.m m atm of diagrams.

Since we are~ only in translation invariant theories we 8x an an­

zatz :for G and de8ne the fourier traD8formed propagators feqns 1.22,1.23 and

1.24].

G(k) == I tl'% G(% _ If)elA(-.) = 1
J-(2'1r)" J:2 + M2

( JflIz ( ) iAr(.-,) 1
D k) == (2 )tlD Z - JI e = J:2 2 h~ y.f/14

1r +mB+ 2 + 2C

(2.7)

(2.8)

Here the propagator is chaIeD in terms of an effective IIUUB M which act6

81 a variaticDal parameter. Effective potential in tams of Afl and t/i can be

written by U8iDg static configuration and ooostant background field:



( U\ [1 2 .a ~B 4 (s.] 1f tl'z I? ab\V, tiI, ~J a; 2"m aY' + 4!. + if~ + 2 (2W')Sin( +.lU J -

~ [.AI' - m~ - ~2Bq; - ~f/l4] G(oc,z)+ ~:G(oc,oc)G(z,z) +

~G(%,%)G(%,%)G(%,%) (2.9)

Putting~ == 0 we get +4 theory in (2+1) dimeasiona. Comparing the~

&ion obtained with the GaUlSian effective potential studies ti SteYeD80Jl (17)

we Bee that both are identical iD form. But as far 81 ~. theory is concenJed

both are DOt ideotica1 because of the term ~. It is interstiDg to note that

this factcr is DOt cootributed by the daisy er super daisy diagrams, but by

a graph with vertex DOt proportional to (. ThII graph is DOt CODIIdered in

Hartee-Fock apprcndmatiolL

SiDce the e&8ctive poteDtial is an ordinary fImetioD (DOt a fuDctioDal) at&­

tioDary requirementa 'Ii.r.t cjJ and Ml is obtained by ordinary differentiation.



(2.11)
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BY = _! [MJ-m~- ~BtP2_
~ 2 2

(8 4 AB e. ] OO(z,z)
24-P - TG(Z,Z) - SG(Z,Z)G(Z,Z) 8Ml =: 0

ConV8DtloDal elective potaDtial la de8Ded at the eolutJao or leqn{2.11»). The

effective IDI8I Is given by

~(q,) =: [m~+ ~;q;+ ~tP4+ ~G(Z,z)+~G(Z,Z)G(z,z)] (2.12)

Required exp,eeelon for the effective potaDtial is obtained by replaelng the

effective ma. M by M(t/J) in [eqn.(2.28)]. lequatlon (2.9)] showB certain very

important peculiarities of ~, and ~4 theories relevant at zero temperature.

(2.13)

For ~4 tbeary M2(~) is intriDaically positive. Hence if).s < 0 only BOlutioD to

the above equation is tP == 0 (or potential is unbounded from below). That is

for negative ~B Don zero turning points do not exist. In the eese of~' theory
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nOD zero turning pointa are pcIIII1ble Uo for AB < 0

29

f)I theory in Hartee-Fbck approximaticm requiftB up to three loops for 0btain­

ing the efrect8 of 6 coupling. We have tour part8 for the dective poteotia1.

V,.{q"M(cP») == ~+ Y + '" + VS

~::: [!m 2 .L
2 + ~.L4 + ~",]

2 '" 4! '" 6!

v =~ f(~~Sln [t2 +M'(<p)]
... .\.
r =-8G(~,~)G(~,~}

~ = -~G(~,~)G(Z,~)G{Z,Z)

(2.15)

(2.16)

(2.17)

(2.18)

(2.1g)

which are obtained by 81lbrtitutiDg M(f/J). Effective potential for both ~4

and ~. theories can be obtained from this equation.
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2.3 Ilenor~zation

The effectiw m.- term M(iP) defining the effective potential is diverpllt

mainly due to the presence of G(x,x). Following re-normalization pnIICrip-

tioo is employed in (2+1) dimeDsioas to regulariIle M(q,) 17,24].

De8De

with

_ M(q,) 1 f tPlc 1
G(M(,,}} =-~+ /J .. (211')2 E(~ -1)

E =[~+ J.P(fb)]i

(2.20)

(2.21)

10(2+1) dimeosi0D8 coupling COD8taot le-oormalization is not required.De6ne

e== (G(M(t,b))

2 _ 2 1 ~ T e1 ( 12m - mB+ -JU'l + - 1+ -.l4l,.- 2 4 8

f tPlc 1 . (A)
11 = 2X-)22k =a 4;

(2.22)

(2.23)

Using the 81lm m ation procedure developed by Dolan and Jacldw (2,24,69]

the IIJrnmation in time co-ordinate can be JMriormed.

! J,{IA: 1 1 f "Ie 1
G(:r:,:r:) == (b)2 2E + lJ (2ft')2 E(eflE - 1) (2.24)
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By actual evaluation, introducing a cut of[ parameter A

G(z,z) =G(M(t,i) + 11

31

(2.25)

(eqn.(2.24)] 8howB that G(M(t,6» is the finite part of the vacuum propagator.

A 8nlte expr! .ion for .M(I') is obtained by expr..tng it in terms oI the

reoonnaIhad parameters:

AP(4J)::: -m~+ ~f/1-l ~,p4+ ~G(M(4J» + ~G(M(,p»G(M(<P» (2.26)

By switdJing oft' the ecoupling, (2+1) dimeoaional ~4 theory is obtained.

Second derivative of the tree level poteotial is defined 81 men.. (tree leYel

1IlIBi).

AP(,p) == m:,..(,p) + ~G(M(,p» + ~G(M(,p»G(M(,p»
MS 1 f tPlc AS

~fJ(M(,p» =--+- -In(l-~+-Ehr fJ (2~)2 ~) Ehr

(2.27)

(2.28)

At zero temperature the second term vanishes and the last term is cut ofF

dependent. Cancellation of this divergence is obtained by cnmbining V',~

and~:

MA 1 f "k ( ") M 1V~M)-=--+- -In l-e +---~G(M)-
6w ~ (2.)2 2A 2

MJ
-~(M) -r{cP)
24'1

• 1 ( r:f) [m2 A 29~] ..with '1- == - and ...-\q, == - - - - -e'l' t/J
. ~ 241) 12 6'

(2.29)

(2.30)
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{ == 0 reprodUCtli the rsult of Camellia and PL UsiDg unre-nonnaljzed gap

equation we combine v,~ and ~ and writing them in terma of reoonnaJized

parameters

In the cue of (2+1) dimensional ~.. theory F{,p) = f2 which is finite. Thus

unlike (3+1) dimensional ~4 theory the efreetive potential do not contain

any unrenortnali.ec parameters. But in the eaee of 9' theory F(fjI) contaiDa

'm' which is an umenormaltMwl maea parameter. But Here we can make

Elq,)=0 by adjusting the parameters suitably and make the unrenonnaJized

parameters YlLDish.
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2.4 High Temperature Expansion.

33

Evaluation of the effective potential at high temperature up to one loop

lewl has been done earlier in (3+1) and (1+1) dimeoaioDs (2,58). Additional

terms appearing in the expreslioIl fer the effective poteDtial can be obtained

by evaluating G(M(.p», for ¥ « 1. The relevant integral (eqn. 2.20) is

of the form [69]

These integrals satisfy the differential equatioo

dla...+1 1111..-1
dj/=--n-

(2.32)

(2.33)

(2.34)

High temperature expaDSion for the integral is obtained by using the identity

(2.35)
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Multiplying the iDtegrand by a factor z~ for convergence, performing term

by term integration and letting e --+ 0 at the end we get

1r 1 , 1
ht(r) I:::: - +-In- + -"I +o(v')

2r 2 4.. 2

'} =0.5772· · · which is the EWercnnstant.

~CII) == -!n(l - e-t')

(2.36)

(2.37)

Other can be found by using the dUfenmtial equation (eqn.(2.34)]. We have:

1J~Ic 1 1JWk 1
~ (2~)2 E(e- - 1) =;: (2~)2 E(e- - 1) (2.38)

By using the formula ( eqn.2.37] we get

M(t/J) 1 -fG(M(,;» =:--+ -10(1- e )
41r w

(2.39)

Which can be used to evaluate ~JI at high temperature using feqn.(2.30»).

High temperature exp&1I8ion for the effective JDM8 can be obtained from feqn.

(2.26»).
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2.5 Conclusions.
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A 88U-CXJIUiai~t im_t for the finite temperature ~ theory is ob­

taiDed 81 an extension of en formalism. Certain peculiaritlee of the +1

field theory in (2+1) dimensions ~ analpAd. ~ theory in (2+1) dimen­

sionsd088 not CODtain any tmr8DOnD8liMd terms unUb ita (3+1) dtmenakmaJ

counterpart. ~I theory in (2+1) dimensi0D8 contains divergent terms in tbe

form of an unreoormali.zed mass parameter in the expnBJion for effective

potential, but can be made to vanish. In this model physically meaning­

ful stable theory is poBBible both for positive and negative A, indicating the

poIIIibility of bound states. High temperature exp&D&ion for the efl'ective

potential is obtained.

Bebavior of the elective IIlBE can be clearly understood by numerically

solving the equation for e&8etiw maaJ. FiguN8 (4-7) allow tb~ graphs Ior

cartaln relevant values at zero temperature. The straight region parallel to

the c/I axis indicates imaginary valu~ of the effective maaJ. It is clear that

this region indicates 8 broken Iymmetry phese, comparison between fl4 and

~e theories show that they are identical in lbape except for higher numerical

values forO +8 model. A study of the bebavior of effective mass for different
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couplings is also given (in weak coupling range since the reliability of the

approximation in the strong coupling range is not well established). Shape

of the graph is same for a re88OIl&ble range of couplings with a notable dif­

ference in the stretch of the straight region.

Graph for effective Dl86S at finite temperature (fig. 8-15) shows that as

temperature inaeases the straight region gradually decreases indicating an

approach to symmetry restoration (critical temperature). At sufticiently high

temperature symmetry is found to be restored. Graphs preeented are for -t8

model, but the behavior is identical for ~4 model.

Using the numerically obtained value of the effective JD888 effectiYe potential

can be calculated (fig. 16 - 18). The graphs clearly indicate broken sym­

metry phase at zero temperature. Approach to symmetry restored phase is

indicated in fig.19.
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Chapter 3

CJT ForIIl81isIIl at Finite
Chemical potential

3.1 Introduction

Recently there has been considerable interest in the effects of finite charge

OD 8 quantum field theory. The pha8e structure ,effective potential at fixed

charge and Ib&-Einstein condensation have been receotly analyzed 160-66).

The analysis is important because the nature of the phaBe transitions will

be affected by the pr8Km08 of of various COD88rV8d chargEs. Ipso faeto the

value of the critical temperatwe of phaae traDsltion at which the scalar bo­

SOD effective IIl888 vanlahes will be CODSiderably altered. In this chapter we

extend the finite temperature CJT formalism Ichapter 2] for scalar fields, to

cl1arged ecalar field 10 88 to include the effects of conserved charge, through

the introduction of chemical potential Il [61,62,63,67,69].

37
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Charges can be bosomc or non-bosonic, In the latter cue scalar bosons do

DOt carry charge. The only way in which the chemical potential p, can con­

tribute to the effective mIlE is through the fermion loops. Effect on critical

temperature is very small because of the smalloees of the Yukawa couplings

[67,68). It has been shown that for bosonic charges, the chemical poten­

tial has striking effects on the critical temperature and the phase structure.

Analysis of the problem has been carried out both by using perturbative

as well as DOD-perturbative methods 160,64,65]. Fbr slmpllcity we consider

only 8 charged scalar field with 8 chemical potential. Extension to several

component fields is straight forward.

An earlier analysis of the phase structure of the theory does not oiler an ex­

pnllBion for one loop effective potential 161,63]. In ref 164) one loop effective

potsItial is obtained and the consequences are studied. It is hoped that en'

formalism will yield a much more 88tisfactory picture of the phase structure

of the theory.



3.2. FORMALISM

3.2 FOrmalism

39

(3.1)

We consider the 0(2) invariant Hamiltonian deosity (1t) fa- a charged scalar

field 4J. (8=1,2) which is given by

1 1
11. =2w•1r• + 2(Vt-.).(V••) +

1 2 ~()22m ••1.+ 4! ••••

The COD88rVed charge Qis given by

(3.2)

In the above equatioee 1r represents the canonically conjugate momentum..

Introduction of the chemical potential P is done by oomputiDg the net back

ground charge in the grand canonical ensemble. The grand canonical parti­

tion function is defined to be

Z(fl, IL) := tr(mcpl-M1t' - pQ»)] (3.3)
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The p. dependent Hamiltonian density is

(3.4)

eJT formalism considers this partition funetion as the generating functional

for finite temperature Green'8 functions or Don local campoelte fields. ?i'

includes the effect of sources J and K, and the path integral representation

takes the form (suppressing an irrelevant normalization constant)

ZIJ.Ia(J,K) = P+I'M2 flXP [-I(+,p,~K)) (8.5)

I(~,.T,.K) =1(~, p) + ftr~ l~l(z)JI(~) + .2(~)J2(Z)

+i [jtt(z)d'(J/) [CJ1(z)K1(z, 11).1(11)] +

ft1'(z)t1'(y) [.2(z)K2(z ,11)9,(11)]] (3.6)

1(.,1£) = !t1'(Z}t1'(II) [.1(z}DO:~(z - II}+)(II)] +

jd'(z)tr(,) [~(z)DO:~(z- ').2(')]

+p[~J"'2 - 7f2~1] + I..(~) (3.7)

lild(.) = ftrz!w.J(z) (3.8)

Do.:a(~ - y) !: -le + m2
- ~I~(~ - 1/) (8.g)
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Using Hamilton'. equatioos we get [61,65)

41

(3.10)

Presence of the cbemical potential Jl. modifies the clasaiaU pc>tential and the

p dependent Lagnmgian can be written •

3.3 Effective Potential

Quantum coerectioes to the clalsical potential defined above can be obtained

by means of tbe effective potential evaluated in the CJT approach. The ex-

preBBion for the effective action is obtained • a double Legendre transform
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of in Z, and eliminating J and K in favor of f/I and G (chapter 1,Section 2).The

functional operator which is the propagator of the interacting theory in the

presence of chemical poteotial is (a,b==1,2)

The vertices of the shifted theory give the interaction part of the Lagrangian

where ~2 = +.~.

Presence of the chemical potential will not alter the diagrams to be counted

which are obtained by Hartee-FOck approximation [Chapter 2 Fig 2]. The

series expansioo for the eft'ective action is

1 1
rp",(~, G) =Id.N(~, Il) + 2tr lnDoG""l + 2(.o-l G - 1)+

~ /4"% IG_(:r:, %)G,,(:r:, ~). + 2G..(e, :r:)G..(%, %)] (3.15)
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The integral sign also includes the 8lJrnmation over discrete frequencies. By

atatiooariziDg this effectiw action with nspect to the propagator G, the gap

equation can be written as

For translation invariant field theories with constant clBMical background

field the effective potential can be derived from the effective action Ichapter

1). The definition of the fourier transformed propagator used in chapter 2

[eqns. 2.7 BDd 2.8} can be applied here also taking care of the fact that as a

consequence of the introduction of the chemical potential the modefrequency

will have two values (I?+MJ) i ~ Il. The tNe levelJD886 matrices &t'e given by

2 (2 ..2 ~ 2) ~
m.. = m - p + 6 tP 6..+ i eP. "',

D.(k) == Jf~D..(:X -1I)exp(ik(:x -11»
1

(3.17)

(3.18)
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The anaatz for the full propagator G is fixed in terms of an effective m..

matrix M.

G..(k) = jf;G..(z- ,)exp(ik(z-,)

1
- 6JJ:'l + 1J2.

(3.19)

'Ib simplify the analysis we 888ume that the effective JD888 IUBOCiated with

both the component 8elds is M(~). The shift 8MOclated with one or the

fields is 88811IIled to vanish (ch =0,~ = 1) lOO}. The IJ dependent effective

poteotialls then given by

8.4 Effective Mass

Stationary requirements with rspect to cP and 1J2 lead to

o= 8V = tP [m~ -,; + ABtf + ABG(Z,z)] (3.21)
IJrP 6 2
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(3.22)

(3.23)

It has been shown in chapter 2 [eqn. 2.10] that non zero turning point is

absent in 1'4 theory at zero temperature for negative A. In the presence of

chemical potential

(3.24)

Here m2 -,; is not positiv&-deflnite, and hence, SSB is poeslble for nega­

tive,posltive and zero values of the coupling constant A. Thus the presence of

,..2 ccmsiderably alters the nature of the phase transition. At zero tempera­

ture, considering the classical potential we note the following. Normally SSB

take place only for AP < o. finite temperature correction increases this m881

parameter, and at the critical temperature Tc J m2 = 0, and symmetry is

restored. The presence of 1J2 decreases the magnitude of m 2 and critical tem-

perature increases. SSB can take place for positive m2 also when m 2 < ,iJ.

In terms of the effective m888 the static effective potential is

(3.25)
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3.5 Ilenor~zation

PerlanniDg the 8lJrnmation in the time coordinate considering the effect of IJ

we can write [60,69).

~
k l 2~klG(z z)= --+- --, 2~E f3 2~E

z [exp(fJ{E
1
+ p) _ 1 + exp(I3(E

1
_ IL) - 1]

~
Ic l/f;k

~~ -E+- -,. 2r' {j 2~

(In (1 - eflCE+I&») +1n (1 - eMB-II»)]

(3.26)

(3.27)

~ gives the familiar one loop effective potential at finite chemical potential

with the m.. term replaced by the efrective IIl.88I M(t/J).

We find that the introduction of the chemical potential does not Inrroduee

any new divergences in the theory. The renonnaJization procedure employed

in ref[7] can be used here also to remove the divergences. Introduction of p.

alters the finite part of the propagator G(x,x) [24]. 'Ib avoid confusion we
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denote the n2lormalisation scale by '7 instead of u. In (3-+-1) dimensions

47

G(M(~» = Af2(q,) In (AP(q,))
167r2 q2

2 frISk 1[1 1]
+7JJ2rE exp(I1(E+p)-l + exp(P(E-p)-l

(3.28)

At T==O the first term alone will survive. The finite cut-off independent

effective IJl8E is obtained as

M'J{c/I) =~ m~ + ~4»2 + ~G(M(q,» (3.29)

The finite expression for effective maM is written in the same form as that

o! the theory with IL = o. But the two expreMioDS are not identical be­

cauee or the difference in the deflnition of G(x,x). Similarity in form permits

exactly mmilar calculations. The flna1 exprefllion for the efleetive potential is

M4 1 MC [ Afl 1]VA,.(q"M(.p» = 2A
r

- 'i'1J!G(M) + 64r In~ - 2
1 (tl&"

+~ li"r In(l- exp(tJ(E+ p») +In(l- exp({j(E -1£») -

!p2q} _ ~~4 (3.30)
2 12
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The unnmorma1ized .A term does not get cancelled. even with the iDtroduc-

tiOD of the chemical poteotial. The integral appearing in the definition of

G(M(cP») is difficult to be evaluated analytically. We evaluated the integral

numerically (Table 1]

3.6 (2+1) Dimension

Expre&Bion for the efFective potential in (2+1) dimensions can be easilyob­

tained by using the results of chapter 2 leqn. 2.9] by putting { = o. After

appropriate modification in the definition of G(M(f/J) we get

M(t/J) 2~k 1
G(M{~)) == --+- -- x

4Jr f3 &2 E

[exp({j(E
1

+ p) -1 + exp(fJ{E
1

_ p) -1]
(3.31)
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Integrals appearing in the above equatioo have been ewluated earlier (80).

2 PPk 1
~J2rE x

[-exp-(-fJ-(E_l+_~_)-_-l + exp(fJ(E
1_

1') -1] =G(M) =
__M + _1 [_1 In{p(AP -,r) _M + _1 (m2 + 1'2)]

41r 2w fP 12

1 pP"
~12r In(l- exp(,8(E+ 1'» +In(l- exp{,B(E-I'»

::: _.!. [1J2 - ,r In fP(Y? _ ,r') + 3:~:2 -1J2
~ 2{p 2{P

_ AI' + M(M' + 3~) __1 (M + Jl)4+ (M _ Jl)4 + 2((3»)
3fJ 36 288 [J4

(3.32)

(3.33)

Where 'repreeents Riemann's zeta function. Using the above equations n a

finite expressioo for effective potential is obtained.

Charge density is defined 8& the negative derivative of the :free energy with

respect to the chemical potential 160,65,69):

8C:(%,~) ._~
p== - +~all (3.34)
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It has been shown earli~ that [60)

In the above equation terms are taken up to first order in (3.

#l [2 In(1lp=-- ---(1vf-~)+
27r fJ {j

;6 (ufJ - ,t){j] + 1JiP2

s,7 Conclusions

(3.35)

(3.36)

Extending the CJT formalism at finite temperature to include finite chemical

poteotial,the effective potential for a charged scalar field is evaluated. Our

study shows that the inclusion of p, alters the phase structure of the theory.

In (2+1) dimensions the effective potential could be evaluated in a closed

form. Charge density also is calculated.
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Numerical evaluation of the effective IDa8S yields a graph (fig. 19) similar to

that of the IJ = 0 model. This is only natural since when variation with re­

8pect to G is performed, all dependence on ~ disappears. Graph (fig. 20-23)

repreeeoting variation of V' (t/J) for different values of A, shows the poBBibility

of a mjnimum value away from tP = o. This is an expected result and has

been shown analytically (61,63]. The integral appearing in G(M(,p)in (3+1)

dimensions is evaluated numerically (Table-I). Numerical evaluation or the

eflective potential at various temperature can be obtained using tbeee valu.

of integrals.

Our computational ability permits only an upper limit two orders of mag­

nitude higher than the temperature value ccmsidered. It eeeDlS that more

sophisticated computational procedures will not alter the values consider­

ably.



i~J : = 0,. 5 .. 30

:;". • - • 05

n • - .,

ITI : = 3 + 2 i

2
r 21_rrt__ . In lIT_I

c~ 2
'16' n .n J

"- root [012
of n

2 ."'. 2
- -_. i!1

2

.". -,
- 2' G (nd , ntJ

~~ I -~]m( !!), "05) .._ -..--.------.----..--- ~
_... 'j - -

3()o 30

6 I --------·-------1
ITI ( !!I, "07 ~ >, ~ ...--.--.-.-. I

o

~ lr 1m( 0, ,,0075) . --.---------
- .,);.-_-:.., I

2 r I
rn ( 0, "005 ) I ..--··----·--1

--" 1------·· I
o 30 o Qj 3()

0.4 I J 4 , _J
I ,'I •.-_....-- I

m( Qj r .0025)
,

III m ( f2j ~ .025) I ---_...- ,
1

-_.
1,.. " , r---"-'....-
I-Cl IJ

., 1 _..,
0 Ql 30 0 i2j 3()

Cirap h for e f fee t i v e ITI<9. S =.. l/.,I i the hen, i c a. 1. 1:1 0 ten t i. a 1

F i ';1. .,9 • c:



.- -::~O •• 50

n,2 r

l
·n,21

--_. In -
2 2

"6' 1T n J

~'. : = .005 n : =- '1

r
- 2

• - r 00 t III

L·

2
+ n

ITI ::; 3 + 2 i

E----------··----d

2 2 ~ 3
,~ ) : = m( (~J ) ,(!) - ~ ,,!) - -, QJ

3

40 r--;:=---"... ,

I

"" .... " ~
,I "',

V' (,~J , " ) ....•. I'

- 4 0 .. :a--...•. / I
-50 Q) 50

200

-200
-50 50

50 I /1 '100 I ~.l..---.- .'
}' (Q):r .5) t.

o

.. ··,····
... - .' I V' ( (2) ., .25) I ,......---------.....

I-
I-._-_.

r~
-·50 -'100

-50 '2) 50 -50 (!) S()

100 i I
I ~~

V' (i21. • 05 ) l....'-··~------_/!
-100 I I

100 I I
I ~
I ··,'1

J' ( ~~J 7 • 075 ) I »:-.-------_-•••~ I

-- ·100 1_.
,'-'

_

-·50 Qi 50

Derivative of effective potential

Fig 20

-50 SC)



1- -50 .. 50 n : = ., m := 3 ... 2i

:~. 1~12 - :~. G (IT! ) , rnJ
2

rn [rn
2

]---,In -
2~ 2

'16, 1T n

Gt rn ) :=

t::' 2
• - ITI ( QI ) '~?I _. u ,(?,

)'. 3

'1000 \ ./1 "000

[........._-- ·····..1
I,.·_··/-~

.'J

I

v (Q1 ., ., ) .-' \/ ' ( (2) , ., • 75 )

-"'000 -'1000

-_..-_.

-50 Q) 50 -50 \2, 50

'1000 I :1 '1000 l.....·..··-·--- --_.•..•....•],.,'
I •.•r·

\) , (QJ ., .5)
1...·········-_·

-----.

I
\" , (Q, ., .25)

-·,oae) -'1000
-50 ~~j 50 -50 ,!~ Se)

"1000 I ..,
l....-.,....._-

••1"- I "1000 l...-.--- •....,_.-.-
" , ( ,'"/ .075) ...-.-.

I
"

t
·v \ '!J ., -_.-.-"'v' If ( (2' ., . 05) I

-,- '1000 I-SC) QJ :>0 -'1000
......

-50 Q~ 5()

Derivative of effective potential



-50 .. 50 ';', : =- 0 n : = " ", : == :3 + 2 i

2

G( fT, ) • --

2
-16· TT

• - r 0 0 t [0' 2 -+ n 2
:;', 2
_. l?1
,...,
L.

,..,
'--

\.J' (Q;, u i : = m ( Qi ) , 1:1

"OC) 1<'··--_
v· (12l , .,) \ --.-.----~--

- ·'00 I ----·-----·----... 1

-50 (2; 50

2 It 3
u .1:) - -, (~)

3

300

\"J' (~2; , " • 7 5 )

-300

f------------------~

t------------------ \-J

'100

'..)' (QJ, • 5 )

-'100

'100

v: (Qj., • 075 )

._- ., QC)

L II----.-----------.--~

-50 ~2j 50

I I
t'-----_ ,
I ------------1
-50 \21 50

'100

V' (Qj ., • 25 )

-'100

'100

\"'" «(2) ., • 05 )

-'100

-50

-50

50

5()

Der-ivative of effective potential

Fi.';J 22



IT! ( ~l ) • - r Cl 0 t rIT,
2

+ n 2
L..

00 •• '100

2

1n [::]

ITI.-.-
~"?

'16, 1T

';'. : = -.05 n : = '1 IT, : = ~ + 2 i

-:» 2c.:

V' (Q) , ~ ) -- rn ( ,~J ) . Q1 - J.1 ' ,!).-

'10000 F... '1

I '",--- I\,,'.( (~j ~ " ) ,
-~

""~
I

I "~'~_."OO()O l
- '10C' ,?j '10C)

:;e., ~

-, (~J

3

'10GOO f.. I

V' (~l, -1 • 75 ) I·.....~·----- -----_~-.j
- "0000 ~I _

- " 00 ,~j "QC)

'10000 K 1 '10000 r·'-------,·JV' (c?, , .5) \ '<,-------. J \,,' (,~j , • 2 5 )

-'10000 \ " -'10000
-'10C) ,?j 'lOO -'100 Q; "OC)

'100C)O

V' (12;., • 07:> )

-- '1 0000

'10000

V' (,~) r • 05 )

- " OO()()

~ II ...~------~ I
I ~~'~

" QC)

Derivative of effective potential

Fi9 23



0 .- -10,-8 .• ·10 .- .05 n .- 1 m .- 3 + 2i

-m
G(m) .- r 2 2 .' 2

:~ G (m) • mJ4-1T m(el) .- root\m + n 0.-
t. 2

.5
-5 r 2

m(@) 2J~ .- 10 JJ .- .05 e(k) .- Lk +.- .-

7
-,10

o

2
k 1

4'1T e(k)
+ r 1 ] dk

Lexp(B' ( e t k ) - u ) - 1)

le shows that the value of the
egral is independent of the
iat i on of 0 value.

l(~)

14 I
4.32682- 10

4.32682- 10

~
• 32682· t~.

4.32682' 10
14 I

~2682. 1~
L4.32682- 10
I 14
l_ 4 • 32682 - 1 0

\ 4. 32682· 10 1

I~ 4.32682· 10::

Itn 4.32682· 1°
14

1
_ 4. 32682 - 10 I

Representative Numerical Values of Integrals

Table 1



Q1 : = - 8 , - 6 •• 8 ;',:= 0 n :::.., fT,: = 3 + c. 1

-fT,
G ( IT, ) .-

4·n ITI ( C!1 )
r 2

.- r o o t j m
L

~

c:
+ n

.;'" 2
- _. (~1

c:'
..,:. G ( m ) , IT,]
2

--5
~ • -- .,0 ~. - . 05

.5

e ( k) • - [~::
2

+ 1TI <l21 ) 2J

!i) .-.

7
,." "0

\
(:~ \... 0

2
k .,

4·" e(k) [e :-: p ( (~, (e (k'; + ~) - .,)J + [e :.: p ( f." (e (k'; - w.) _ .,) ] dk

l!l

~I
-0 I=4-'1
~·I
-- I

0=-"1r-
EI.9..-.

,1 e si·', 0 W s t h d. t, the v eI u e o ·f t, h E~

egral is independent of the
iation of 0 v~lue.

4.32682' ·10
-1·

4 .. 32682· .,()
·14

4. 3?682· ·10

4 • 32682· .,()

RepFesentative Numerical Values of Integrals



(j : = - 8 , - 6 •• 8 .~I. : = -. 05 n :::., n,:::~, + 2 i

-ft,
G ( m ) . - i --- " "

G ( ITl ) , IT]
L C- .. e.. "

4·n 0, ( (~ ) .- r oat \ rr, + n _. (~.-
L -» 2c:..

-·5
f1 : = '10 ~ :c: .05 e ( ~:: ) • - [~, 2 + ITl ( 121 ) 2J

~I) ._.
2

-. "0

'- 0

7
2

k .,

4· n e(k) [e ~: p ( r.,.. (e (k·; + jJ) - .,) ] + [ e :~ p ( r.,. (e ( k~ - jJ) - oj) ] d~,

- 5. 23509i.· '1eJ

- 14 4
4.32682' 10 - 4.47521i· 10

L4 • 3268-..;2.-..''~'1C,;;;,..i_'__~~~~ ~o--J

'11+ 4
4.32682' '10 - 5.23509 i . '10

'1~· 4·
4.32682' ".0 -- 4 .. 4752" i . "0

·14
4.32682' "0

'14
4.32682' '10

I
'14

~.
4.32682' '10

=t~

, 4a32682· 10 I
11--------..,;;~~~,14----

~ 4 • 32682· ·10 I
IIe s how s t hat the rea 1 va. 1u e S 0 f the
;el~ r Cl. 1 i sinde pen cle n t 0 f the
'ia t ion 0 f ~!) v et.1 u e •

Representative Numerical Values of Integrals

Table '1 B



~?' • - - 8 , - 6 •• E· n : = ., rr, : = 3 + 2 i

C; ( n, )
-rr,

~'n ITI ( QJ )

r -;:­
• - r 0 0 t \ rrl-

L

2 ..... 2
+n --·(~l

,..)

c.
:~, G ( ITI ) , IT]

-5
~ • - ., C: ~j. - .,

.5

e ( k) • - [~::
2

+ IT, ( '~I )2J

re :.: p ( r:" (e (k ': - lJ) - ',) ] d I.... ~) _.-----1+., )-'
F '1
Il..e ~.~ p ( (:~ 0 (e ( k )

2

4 TI E? ( k )

k -,

7

c: r··' 0

n \'.. 0

({~i )

b1 E~ s h ()\!.) S t h a.t the r E' c\ 1 v 20. I u e S 0 f t.h e
teqral r s independent of the
r j, a. (., ion 0 f i~' v a.1 u e 11

I ( ~~j )

1~-4-.-3-2-:;~0

r4 • 32678' '10' :
~ '1~
I 4. 32678· "0 .t
~ ----::nr,
I lOo 3~ '.-A' ., c j. Li u l- b I '_0 )

I ------·:r.zr-
I 4 ,-.,,., I -8 , ,.)

r-4~~;:78: :,~."41
\' ·~'4
, 4 u 32678· ., ()
r ·14
1 4 ,..",-,,-- 1G
I • ·..:\C.'~ I~",)' • }

'f1+'LI'l """'';)6-'" ., r,-to • ~ '- I ,~ . _...~ .__o

Representative Numerical Values of Integrals



Chapter 4

Schrodinger Picture Formalism

4.1 Introduction

Variational methods in functional Schr6dinger picture have been shown to

be very useful in the study of detailed structures of the quantum fields,

both for the bosonic and fermionic field theories [39,42,41]. Recently vari­

ous interesting applications of this formalism has been presented. In (2+1)

dimensionalT~ model [52J. GaUlBian approximation provides better

information than the large -N approximation. it has been used to derive

(2+1) dimensional etrective poteDtial in Llouville model (46). Quantum field

theoretic analysis of inftatlon dynam1aJ in 8 (2+1) dimensional univeree has

been worked out using this method (71). Taking into consideration the re­

cent interest of the formalism in (2+1) dimensional theories we propose to

apply the method to the most general reJlormalizable scalar theory in (2+1)

53
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dimensions that is a g e model.We find that the effective potential expression

that emerges using functional SchrOdinger picture is same 86 that derived

using CJT formalism in chapter 2.

4.2 Effective Action

We propose to apply the formalism to a ~8 model and since ~e coupling

effects show up ooly at the three loop level we write the expression up to

three loops (chapter 1,eqn. 1.41].

r :::: jilt [1 ir~ - !(Vt;b)2 - V<t;b) +1EG-
~ 2 ~.

2f~%EGE -1 "i,C-1(x ,x ,t )

-~V~G(x, lI,t)~ + ~VC2>(cb)G(x,x,t)] ­

~~4)(t,b)1G(z,z,t)2- :6~(~)1~(z,z,t) (4.1)

In this chapter we follow the standard practice in the functional Schr6dinger

picture representiilg expectation values as ~ equivalent to shift «/J used in

preceding chapters. Identifying the 8rBt term 88 the classical action and per-
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forming variations we obtain

55

4.3 Static Effective Potential

It has been shown that renonnaljYAtion of time-dependent equations can be

achieved along the same lines of the renormalization of the static effective

potential We therefore evaluate the static effective potential for +«5 model

at RZO temperature. This can be achieved by taking <0 to be 'x' independent.
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and putting ~ = o. The c1as&ical potential for the model is given in chapter

2 leqn.2.1]. The effective potential is given by given in chapter 2. Byevalu-

ating the derivatives we get

(4.5)

By performing variation with respect to G the gap equation is obtained.

(4.6)

Assuming translation invariance the Fourier transform of a function is de-

fined 88
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J(:r) =f'l'k eiJu6J(k)
J2~

G(:r,:r) = fd"k! [I? +m2+ >. J,2 + .i.J,4] X12w"2 2 24

A e.. ~ ]-i'2G(x,:r) + 4cPG(:r,x) + 48ca(x, :r)

~k 1
G(:t,:t) =J2~ 2(Jc2 + .M2)

57

(4.7)

(4.8)

(4.g)

where an anzatz Is fixed for G in terms of an effective maM [chapter 2,eqn.2.6).

The effective mass M is treated here as a variational parameter which is ;p

dependent.The static effective potential can be written as

(4.10)
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Eqn (4.10) shows that the effective potential expreMion obtained here is

the same 86 the ODe obtained using GaJlfwjaD effective potential approech

[11]. This is only natural since when time dependence is Dot taken into

account definitions of effective action in both the approaches coincide- From

the earlier analysis (chapter 2) it also becomes clear that the formalism is

equivalent to CJT approach at zero temperature. Both the equations dif[er

by a ecP term. This term does not contribute when daisy and super daisy

diagrams are considered through Barte&-fock approdmatioJL At f/J.j level

both the approaches are exactly identical

Considering the first and second terms alone of eqn(4.10) it can be seen

that one loop effective potential result is contained in the expression with

the mass term replaced by the effective m8S&. Identity with the Gaussian

effective potential results become more transparent if we make the following

correspondence in notation.

M~n

(4.11)

(4.12)

(4.13)
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4.4 Finite temperature calculation for ~6 model

The Hamlltoruen for 8 ~6 model is given by [33,34)

(4.14)

To evaluate the expectation values the following variational procedure is

used. Gaussian density matrix for a free theory is obtained 88 an extension

of density matrix described In chapter 1[eqn. (1.52). This density matrix

is chosen 86 a test function. for the interacting theory this test function is

expressed in terms of variational parameters and variation is performed with

respect to them. For a free field theory density matrix (test function) is

written as 133,70)
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I~(x)(wcoth(~»(x,II)~(JJ) + ~(x)(wooth({i.J»)(x, JJ)~(")

-2th(Z)(WC8C h(tiJ)(z, Y)cP2{y)]) (4.15)

In terms of the variational parameters A, E, n and b the density matrix for

the interacting theory is written as

p(~,tP2) = Nexp [-~ Jtf:r:Jtfy(~(:r:)A(:r:,/)~(y)

-kP2(z)A(z, II)~(II) - ~(z)E(:c, 1/)tP2(II)]) (4.16)

where

N=~/2 [ntanh (~)]

A(z,lI) = n(z,.z) cothbn(z, 11)

E(z, u) ;;;; 2O(z, z) ale hbn(z, 11)

A~rage values are obtained for any observable ?by the relation

(4.17)

(4.18)

(4.19)
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(0) = !vtPi>(<!')p«(jI, (jI) (4.20)

Thus

(4.21)

(4.22)

By evaluating the entropy S = -(plnp) and (H), we can calculate the

Helmholtz free energy F:

F= U-TB

{3F == trp Inp + fJtrpH == (Inp) + {J(H}

The effective potential is obtained from the free mlergy by

F
"ell =JtPz

(4.23)

(4.24)

(4.25)



62 CHAPTER 4. SCHR6DINGER PICTURE FORMALISM

The evaluation of the entropy function and the expectation value of the

Hamiltonian for a f)4 theory has already been given (33).Additional terms

appearing in the expectation value of ~8 theory are a cl? dependent part and

a q; independent part. We consider only the cf independent part because in

the CJT formalism we used the Hartee Fock approximation which eliminates

the cf dependent term.

Taking the already computed value of entropy the exprellliOD for free energy
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can be written 1331

Taking into account the translation invariance of the theory and using the

fourier transform expre&Sion for Effective potential is obtained.
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The above equations can be varied in different ways. But we have to Impose

the condition that the correct free theory expression is obtained by putting

.A = o. This is true if we choose n and bO 88 variational parameters. First of

all we vary with respect to n keeping bn fixed.This produces the following

gap equation.

Varying with respect to bO keeping nconstant we get b=~where (eqn.(4.29)]

is used. Thus one of the variational parameters introduced is identified as

the inverse temperature. Put

'I a 2 1 2 1 4 x~k _j (bn)
M- =m + - AcP + -~cP + - -0 coth -2 ~ 4 2~ 2

e[~k -1 (bn) ~k -1 (bO)]- -0 coth - --0 coth -
8 211"2 2 2w2 2

The expression for effective mass becomes

(4.30)
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A(J = I? + m 2 (4.31)

In (2sinh ~) =In(l- etJO) (4.32)

The expression for finite temperature effective potential is

In order to compare with the effective mass expression obtained for ~e model

we make the following identification.
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(4.34)

By comparing with the finite temperature effective potential expression for

4J~ model we can see that both equations are identical.

The preceding procedure can also be used to establish the equivalence be­

tween CJT formalism and Schrodinger picture formalism for the charged

scalar field with 8 finite chemical potential [chapter 3)

4.5 Conclusions

In this chapter we have established the equivalence between self-consistent

composite operator formalism and functional Schr&linger picture formalism

both at zero temperature and finite temperature. The equations are exactly

identical AB:far as ~8 model is concerned use of Hartee-Fock approximation

eliminates diagrams depending on tP and hence the expressions are not ex­

actly identical. This raises certain doubts about the validity of Hartee-Fock
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approximation in ~. model. But when the purpose is to include daisy and

superdaisy diagrams in the summation and when we consider only scalar

models the appratimatiOll is valid.
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