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Chapter 1

Introduction

Stochastic Modelling is the art of modelling natural phenomena, taking into
consideration the randomness involved. It combines the possibility of the-
oretical beauty with a real world meaning of its key concepts. Application
fields such as telecommunication or insurance bring methods and results of

stochastic modelling to the attention of theoreticians and practitioners.

One of the most important domains in stochastic modelling is the field of
queueing theory. We can see queues in almost all walks of life. For instance,
in banks, super market check-out counters, airport check-in systems, doctor’s
clinic, manufacturing systems, communication systems. The queues may be
visible or not. Apparently, nobody wants to be in queue for a long time. Thus
analyzing these congestion situations using appropriate queueing models has

a great significance in this modern world.

Queueing theory is the probabilistic study of waiting lines and it is very
useful for analyzing the procedure of queueing of daily life of human being.
It deals with techniques for analyzing congestion situations. Many real sys-
tems can be reduced to components which can be modelled by the concept
of a socalled queue. The formation of queue is a common phenomenon which

occurs whenever the current demand for a service exceeds the current ca-
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pacity to provide that service. The pioneer investigator was the well-known
Danish Mathematician A.K.Erlang, who in 1909 published 'The Theory of
Probabilities and Telephone Conversations’ in which he studied the problem
of telephone traffic congestion. A queue consists of a system into which there
comes a stream of users who demand some capacity of the system over a cer-
tain time interval before they leave the system. Users are served in the system
by one or many servers. The former describe the input into a queue, while the

latter represents the function of the inner mechanisms of a queueing system.

Until middle of 1970’s queueing theorists were heavily depending on com-
plex analytic tools for solving queueing models. Motivated by this fact, in
1975, Marcel F. Neuts developed Phase type distributions and Matrix analaytic
methods. The representation of system elements by phase-type distributions
and their analysis by matrix-analytic method has significantly expanded the

scope of queueing systems for which many useful results can be derived.

1.1 Phase Type distribution

(Continuous time)

The continuous PH distributions are introduced as a natural generalization
of the exponential and Erlang distributions. A PH-distribution is obtained
as the distribution of the time until absorption in a Markov chain having a
finite state space and an absorbing state. Phase-type distributions have matrix
representations that are not unique. Furthermore, any probability distribution
defined on the nonnegative real line can be approximated arbitrarily closely
by a phase-type distribution. This means that the class of PH distributions
is dense in the family of continuous distributions of random variables on the

non-negative half of the real line.

Consider a Markov process x = {X(¢) : ¢ > 0} having finite state space

{1,2,...,m + 1} and the infinitesimal generator matrix
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7 T°
(o)

where T is a square matrix of order m, T, a column vector and 0, the zero

row vector of the same dimension. The initial distribution of y is given by the
row vector @ = (@, am+1), with @ a row vector of dimension m. The states
{1,...,m} are transient, while the state m + 1 is absorbing. Let Y := inf{t >
0: X(t) = m+ 1} denote the random variable of the time until absorption
in state m + 1. The distribution of Y is called phase-type distribution (or
shortly PH distribution) with parameters (e, 7). We write ¥ ~ PH(e,T).
The dimension m of T is called the order of the distribution PH(e,T"). The
states (1,...,m) are also called phases, which gives rise to the name phasetype
distribution. Let e denote the column vector of dimension m with all entries
equal to one. Also, we have TY = —Te and am+1 = 1 — ae. These follow
immediately from the properties that the row sums of a generator are zero
and the sum of a probability vector is one. The vector TV is called the exit
vector of the PH distribution.

The distribution function of Y is given by

F(t):=P(Y <t)=1—ae’l, forallt >0
and its density function is

f(t) = ael™T°, for all t > 0.

Here, the function e’® = exp(Tt) =Y o2, %T " denotes a matrix exponential
function.

The Laplace-Stieltjes transform of F(t) is given by

o(s) = /000 e SUdF(t) = amyr +a(sI —T)71T0
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for all s € C with Re(s) > 0.

The moments of Y are given by
EY"™) = (-1)"nlaT e
for all n € N.

Theorem 1.1.1 (see Theorem 9.3 of [5]). Let F denote a PH(e,T)
distribution function. F' is non defective, i.e. F(c0) =1 for all e, if and only
if T is invertible. In this case, (—T~');; is the expected total time spent in

state j given that the process x started in state i.

For further information about the PH distribution, see, Neuts, [40], Breuer
and Baum, [5], Latouche and Ramaswami , [33] and Qi-Ming He, [42]. Use-
fulness of PH distribution as service time distribution in telecommunication
networks is elaborated, e.g., in Pattavina and Parini [41] and Riska, Diev and
Smirni [43].

1.2 Markovian Arrival Process

Markovian Arrival Processes (MAP) introduced in Neuts [40] is a rich class
of point processes that includes many well-known processes such as Poisson,
PH-renewal processes and Markov-modulated Poisson process. A significant
feature of the MAP is the underlying Markovian structure that fits ideally
in the context of matrix-analytic solutions to stochastic models. MAP is a
generalization of the Poisson process, which keeps many useful properties of
the Poisson process. For example, the memoryless property of the Poisson
process is partially preserved by the MAP by conditioning on the phase of the
underlying Markov chain. Any stochastic counting process can be approxi-
mated arbitrarily closely by a sequence of Markovian arrival processes. MAP

is a convenient tool to model both renewal and non-renewal arrivals. In [6],
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Chakravarthy provides an extensive survey of the Batch Markovian Arrival
Process (BMAP) in which arrivals are in batches where as it is in singles in
MAP.

A continuous time Markov chain {(N(¢),I(t)),t > 0} with state space
{(i,j) :1>0,1 < j <m} and infinitesimal generator

Dy D
Dy Dy
Dy D,

is called a MAP with matrix representation (Dg, D1). Here Dy and D are
square matrices of order m, where m is a positive integer. The diagonal
elements of Dy are negative and its off-diagonal elements are nonnegative, Dy
has all its elements nonnegative and D+ D1 is an infinitesimal generator. Let
Dy = (dl(.?)) and D; = (dz(»jl.)), then dl(]q) is the rate of transitions from phase 4

to j without an arrival, for i # j; dgjl.) is the rate of transitions from phase i
(0)

to j with an arrival and —d,;’ is the total rate of events in phase i. Let N(t)
denote the number of arrivals in (0,¢) and I(¢) the phase of the Markov chain
at time ¢. Let 7w be the stationary probability vector of D. Then the constant
B8* = w*Dye, referred to as fundemental rate, gives the expected number of

arrivals per unit of time in the stationary version of the MAP.

1.3 Quasi-birth-death processes

Consider a Markov process with {X (t), t e R*} on the bivariate state space

Q= U{(n,j):1<j <m}. The first coordinate n represents the level, and
n>0

j the phase of the n* level. The number of phases in each level may be either
finite or infinite. The Markov process is called a QBD process if one-step

transitions from a state are restricted to the same level or to the two adjacent
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levels. In other words,
(n—1,7) = (n,j) = (n+1,5") forn>1.

If the transition rates are level independent, the resulting QBD process is
called level independent quasi-birth-death process (LIQBD); else it is called
level dependent quasi-birth-death process (LDQBD). Arranging the elements
of 2 in lexicographic order, the infinitesimal generator of a LIQBD process is

block tridiagonal and has the following form:

Bl AO
Bg A1 A()
Q= A A Ay (1.1)

where the matrices Ag, A1, Ao are square and have the same dimension; matrix
Bj is also square and need not have the same size as A1. Also, the matrices Bo,
Ao and Ap are nonnegative and the matrices By and A; have nonnegative off-
diagonal elements and strictly negative diagonals. The row sums of () are equal
to zero, so that we have Bie+ Apge = Boe+ Aje+ Age = (Ag+ A1+ Az)e = 0.

Among the various tools that we used in this thesis Matrix geometric

method plays an important role. A brief description of this is given below.

1.4 Matrix Geometric Method

Marcel F. Neuts pioneered matrix-geometric methods in the study of queueing
models in the 1970s. The transform techniques used in solving QBD processes
are replaced largely by the matrix geometric approach with the advent of
high speed computers and efficient algorithms. In matrix geometric method
the distribution of a random variable is defined through a matrix; its density

function, moments, etc. are expressed with this matrix. The modelling tools
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such as Phase type distributions, Markovian Arrival Processes, Batch Marko-
vian Arrival Processes, Markovian Service Processes etc. are well suited for
Matrix Geometric Methods. The power and popularity of matrix-geometric
methods come from their flexibility in stochastic modelling, ability for ana-
lytic exploration, natural algorithmic thinking, and tractability in numerical

computation.

Theorem 1.4.1 (see Theorem 3.1.1. of Neuts [40]). The process Q in
(1.1) is positive recurrent if and only if the minimal non-negative solution R

to the matrix-quadratic equation
R2A2 + RA1+Ay=0 (1.2)
has all its eigenvalues inside the unit disk and the finite system of equations

X (Bl + RBQ) = 0
ro(I-R)7'e = 1 (1.3)

has a unique positive solution x.
If the matrix A = Ay + Ay + Ay is irreducible, then sp(R) < 1 if and only
if
wAge < whse (14)
where 7 is the stationary probability vector of A.

The stationary probability vector € = (xo,x1,...) of Q is given by
x; =xoR' for i>1. (1.5)

Once R, the rate matrix, is obtained, the vector x can be computed.
We can use an iterative procedure or logarithmic reduction algorithm (see
Latouche and Ramaswami [33]) or the cyclic reduction algorithm (see Bini

and Meini [4]) for computing R.
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1.5 Computation of R matrix

There are many algorithms for finding rate matrix R. Here we describe one
of them.

Iterative algorithm

From (1.2), we can evaluate R in a recursive procedure as follows.
Step 0: R(0) = 0.
Step 1:

R(n+1) = Ag(—A) ' 4+ R?(n)As (=A™, n=0,1,...
Continue Step 1 until R(n + 1) is close to R(n).

That is, [|R(n+ 1) — R(n)|| < €.

1.6 Review of related work

In classical queueing systems, servers are always available. But in vacation
queueing systems, the server may not be available for a certain duration of time
since he has to attend some supplementary jobs or is to undergo maintenance
work or by its failure resulting in interruption of current service or simply
to take a break. Levy and Yechiali [35] introduced the concept of server
vacation.They considered both single vacation and multiple vacation queueing
models. Under a single vacation policy, after taking a vacation at the end of
a busy period, the server either serves the waiting customers, if any, else stays
idle. Under multiple vacation policy, the server takes vacations until it finds

at least one customer waiting in the system at a vacation completion instant.
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Considerable number of work in this area upto 1986 were surveyed by
Doshi in [9]. More studies on vacation models could be found in Takagi [47]
and in Tian and Zhang [49]. Servi and Finn [46] introduced the concept of
a working vacation in which the server offers services at a lower rate during
vacation if customers are available.They computed explicit formulae for the
mean, variance and distribution of the number of customers and time spent by
a customer in the system. Kim et al. [25] considered the M/G/1 queue with
working vacations and obtained the steady-state queue length distribution.
Wu and Takagi [55] considered M/G/1 queue with multiple working vacations
and obtained the distribution of the queue size and the time in the system for
an arbitrary customer in the steady-state. The concept of vacation interrup-
tion was introduced by Li and Tian [36]. They studied the M/M/1 queue with
working vacations and vacation interruptions. Under the vacation interrup-
tion policy, the server can come back from the vacation without completing
the vacation. By employing the matrix-geometric method, they obtained the
distributions and the stochastic decomposition for the number of customers
and the waiting time. Li et al. [37] analyzed a single server vacation queue
with a general arrival process with working vacation and vacation interrup-
tion. By matrix manipulations they obtained various performance measures

such as mean queue length and waiting time.

In classical queueing models N-policy is used as a control mechanism to
start service when the number of customers present in the system hits IV,
starting from the epoch the server becomes idle due to the system becoming
empty. Yadin and Naor [51] introduced the concept of N-policy for M/M/1
queueing system without start-up time. Lee et al. [34] considered an M* /G/1
queueing system with N-policy and multiple vacations. They obtained the
system size distribution and showed that the system size could be decom-
posed into three random variables one of which is the system size of ordinary
M*X /G /1 queue.They also derived the waiting time distribution, some per-

formance measures and also a condition under which the optimal stationary
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operating policy is achieved under a linear cost structure. Kasahara et al.
[22] considered MAP/G/1 queueing systems with and without vacations. For
both the cases, they analyzed the stationary queue length and the waiting
time distributions, and derived recursive formulas to compute the moments of
those distributions. Also they provided a numerical algorithm to obtain the

mass function of the stationary queue length.

Zhang and Hou [56] considered the MAP/G/1 queue with working vaca-
tions and vacation interruption and obtained the queue length distributions.
Cosmika and Selavaraju [14] analyzed a working vacation queueing model with
priority customers where the service time of customers follows phase-type dis-
tributions. They assumed that after serving a customer in working vacation, if
the server finds any customer waiting in the queue, the vacation is interrupted
and the server switches to normal service mode. They derived distributions of
duration of a busy period, busy cycle, queue length and waiting time for the

two types of customers.

Sreenivasan et al. [45] studied a MAP/PH/1 queueing model with working
vacations, vacation interruptions and N-policy. The server takes vacation and
offers service at a lower rate during those times. The server returns to normal
state whenever a random clock expires or the queue length hits a specific
threshold value whichever occurs first. They analyzed the model in steady

state using matrix analytic methods.

Queues with interruption play an important role in day to day life. We
encounter different kinds of interruptions in various activities like internet
browsing, banking, medical check ups, in supermarkets etc. The works so far
reported in the literature discuss about interruptions such as server induced,
customer induced, enviornment dependent service interruptions, server vaca-
tions, vacation interruptions and interruption due to arrival of a priority cus-
tomer. The first reported work on queues with service interruption is by White
and Christie[54] in which they considered a two-priority single server system

with the low priority customer in service pre-empted on arrival of a high pri-
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ority customer. Even in the case of single class customer system, the customer
in service has to wait whenever a system breakdown occurs. The interrupted
service starts from the very beginning (repeat) or from where it got interrupted
(resumption) on completion of interruption. These two cases are separately
considered in Keilson [24], Gaver [13] and by several other researchers. Fiems
et al. [12] introduced probability measures for repeat/resumption on comple-
tion of interruption without assigning any rule. Krishnamoorthy et al. [30] are
the first to give a specific rule for resumption/repetition of service. We refer
the review paper by Krishnamoorthy et al. [29] for details on queueing models

with system induced service interruption (priority queues not included).

Varghese et al.[50] introduced a new type of interruption called customer
induced interruption in which a customer interrupts own service. They con-
sidered an infinite capacity queueing system with a single server in which
customers arrive according to a Poisson process with the service time fol-
lowing an exponential distribution. The interruptions occur according to a
Poisson process and the duration of each interruption follows an exponen-
tial distribution. The self-interrupted customers enter into a finite buffer of
size K. Any interrupted customer, finding the buffer full, is considered lost.
Those interrupted customers who complete their interruptions move into an-
other buffer of same size and are given a nonpreemptive priority over new
customers. They evaluated several performance measures. Numerical illustra-
tions of the system behavior are provided and also discussed an optimization
problem through an illustrative example. Krishnamoorthy et al. [31] extended
this to a multi-server queueing system. They investigated the behavior of the
queueing system, several performance measures are evaluated and provided
numerical illustrations of the system behaviour. Also an optimization prob-
lem to maximize the revenue with respect to number of servers and optimal
buffer size for the self-interrupted customers are discussed through two illus-
trative examples. Dudin et al. [10] extended these to MMAP/PH(PH)/c

queue with negative arrivals.
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Varghese and Krishnamoorthy [32] considered a single-server retrial queue
with infinite capacity of the primary buffer and finite capacity of the orbit to
which customers arrive according to a Poisson process, and the service time
follows phase-type distribution. The customer-induced interruption occurs
according to a Poisson process. The self-interrupted customers enter into the
orbit. Any interrupted customer, finding the orbit full, is considered lost. The
interrupted customers retry for service after the interruption is completed.
Several performance measures are evaluated and some numerical illustrations

of the system behavior provided.

In most of the work reported in queueing theory it is implicitly assumed
that if the server is ready to serve and customers are available to receive
service then the service process proceeds. Either availability of ”additional”
items required to provide service is not taken into consideration/ignored or its
abundance is taken for granted. In the latter case the holding cost incurred
is completely ignored. Sometimes the item(s) required for service may not be
available. In such cases service cannot be provided even when server(s) is/are

readily available and customer(s) are waiting.

Thus in several cases availability of both customers and servers alone can-
not guarantee service. This naturally leads to the investigation of availability
of additional item(s) required to provide service. Then some control problems
also arise— how much of additional item(s) to be held, time required to procure
such items and so on. This leads to the consideration of holding cost, shortage
cost and associated revenue loss. Kazimirisky [23] seems to be the first to
introduce ’additional items needed for service’. He considered a BMAP/G/1
queue, with the server engaged in producing additional items whenever cus-
tomers are not waiting. In most of the work on queues with ’additional items’
for service exactly one processed item is assumed to be required for each cus-
tomer. Customer service time distribution depends on whether processed item

is available or not. Thus there are two distinct service time distributions.

Baek et al. [3] considered MMAP of customers of two types— type I(high
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priority) and type II (low priority). Both type of customers require a certain
minimum number of additional items to start their service. Type I customers
do not have space to wait. If a type I customer is in service while another
type I customer arrives, the latter leaves the system. On the other hand if
a type II customer is in service, the former is pushed out of the system by
the type I arrival, provided the number of additional items available is atleast
equal to the minimum number required to start its service. Else, it leaves
the system without changing the status. Type II customers have an infinite
capacity waiting space. Additional items arrive to the system according to
MAP. They invetigate system stability and analyze its performance. Dhanya

et al.[7] extend the above to retrial queueing set up.

Hanukov et al. [17] analyze a single server queueing system where again ad-
ditional items is needed for service of a customer (one item for each customer).
The arrival process is Poisson and service time is exponenetially distributed.
The service consists of two independent stages. The first stage can be per-
formed even in the absence of customers, whereas the second stage requires the
customer to be present. When the system is devoid of customers, the server
produces an inventory of first stage called preliminary ’ services, which is used
to reduce customer’s overall sojourn times. Hence in this model customer will
not have to wait for the entire service to be carried out from the beginning,
provided processed item is available at the time the customer is taken for ser-
vice. Such customers have a shorter service time in comparison to those who
encounter the system with no processed item when taken for service. Divya et
al. [8] considered single server queue in which customers arrive according to
MAP with representaion (Dg, D1) of order n. The details are given in chapter
4 of this thesis.

In real life, people become impatient while waiting for service. Hence to
model reality, we should take into consideration customer’s impatience. To
characterize customers’ impatient behaviour, some terminologies like balking,

reneging and retrials are employed in queueing system. Balking customers
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decide not to join the queue if it is too long and reneging customers leave the
queue if they have waited too long for service. Retrial queues study systems
where customers do not wait in a line (provided there is no buffer to wait)
when server is found to be busy; instead they keep repeating their attempts
to access the server at random time points (see Falin and Templeton [11],
Artalejo and Gomaz-Corral [1]). Wang et al [52] has presented a review on
queuing systems with impatient customers.

Wang and Zhang [53] consider a single-server service-inventory system
where customers arrive according to a Poisson process and the service times
are independent and exponentially distributed. A customer takes exactly one
item from the inventory upon service completion. A continuous review policy
is adopted to replenish the inventory. With two different information levels,
i.e. the fully unobservable case and the partially observable case, arriving
customers decide whether to join or to balk the system. They investigated
customers’ individually optimal and socially optimal strategies, and further
consider the optimal pricing issue that maximises the servers revenue. Some
numerical experiments are carried out to show that the individually optimal
joining probability (or threshold) is not always greater than that of socially
optimal one. It was observed that, to maximise the servers revenue, concealing
some system information from customers may be more profitable. Conversely,
to maximise the social welfare, the customers need more system information.
Finally, numerical results in the fully unobservable case illustrate a reasonable
phenomenon that the revenue maximum is equal to social optimum in most

cases.

1.7 Summary of the thesis

In this thesis we discuss a few queueing models with working vacation, working
interruption and with processing of items for service by identifying continuous

time Markov chains. The modelling tools like Poisson process, Markovian
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Arrival Process (MAP) and Phase type distributions (PH-distributions) are
used. The resulting QBD process are analyzed algorithmically using matrix

geometric method. Numerical examples are done using MATLAB Program.

Now we turn to the content of the thesis. This thesis entitled * Analysis of
Queueing Models with Working Vacations, Working Interruptions
and on Queueing Models with Processing of Items for Service’, is

divided into 6 chapters including the present introductory chapter(chapter 1).

In chapter 2, we study two single server queueing models with non-preemp-
tive priority and working vacation under two distinct N-policies. High prior-
ity(type I) customers are served even in vacation mode whereas low prior-
ity(type II) customers are served only when the server comes to normal mode
of service. Type I customers have only a limited waiting space L whereas
type II customers have unlimited capacity. The two distinct N-policies are as
described below: In model I, while service of type I customers are in progress
in vacation mode (working vacation), if the number of such customers present
in the system hits N (< L) or the vacation timer(clock) expires, whichever
occurs first, the server is switched to normal mode. In model II, switching
the server to normal mode from vacation mode occurs as soon as the accu-
mulated number(those served out plus those present in the system) of type
I customers during that working vacation hits N or the vacation timer ex-
pires, whichever occurs first. Type I customers arrive according to a Poisson
process whereas type Il customer’s arrival is governed by Markovian Arrival
Process(MAP). Service time of type I and type II customers follow distinct
phase type distributions. At a service completion epoch, finding the system
empty, the server takes an exponentially distributed working vacation. During
working vacation, type I customers are served at a reduced rate. On vacation
expiration, the service of the type I customer, already in service, will start
from the beginning in the normal mode of service. We analyze these models
in steady state to compute the distribution of the duration of service time

continuously in slow mode, expected number of returns to 0 type I customer
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state, starting from 0 type I customer state during vacation mode of service
before the arrival of a type II customer, the distribution of a p-cycle in normal
mode, LSTs of busy cycle, busy period of type I customers generated during
the service time of a type II customer and LSTs of waiting time distributions
of type I and type II customers. We compare these models in steady state by

numerical experiments to identify the superior model.

In chapter 3, we study a (M,MAP)/(PH,PH)/1 queue with nonpreemptive
priority, working interruption and protection from interruption. Two types of
priority classes of customers, where type I customers arrive according to a
Poisson process and type II customers arrive according to Markovian Arrival
Process are considered. Service time of both type I and type Il customers
follow mutually independent phase type distributions. The number of type
I customers in the system is restricted to a maximum of L. Also type I cus-
tomers are assumed to have a non-preemptive priority over type II customers.
Customer services are subject to interruption by a self-induced mechanism.
The interruptions occur according to a Poisson process. Instead of stopping
service completely, the service continues at a slower rate during interruption.
Also we assume that an interruption occuring while customer is already under
interruption will not affect the customer.The server continues to serve at this
lower rate until interruption is fixed. The duration of interruption is assumed
to be exponentially distributed. A protection mechanism to reduce the effect
of interruptions on type I customers service is arranged.The protection for the
service of type I customers is provided at the epoch of realization of the clock
which starts ticking at the moment a type I customer is taken for service.
Type II customers are not provided protection against interruption during
their service. Also we assume that type I customers get service at a faster
rate starting from the epoch of providing service protection. We analyse the
distribution of service time duration of both type I and type II customers and
the distribution of a p-cycle. Also we provide LSTs of busy cycle, busy period

of type I customers generated during the service time of a type II customer



Summary of the thesis 17

and LSTs of waiting time distributions of type I and type II customers. Also
we compute the expected number of interruptions during a type I and a type
II service. We perform numerical computations to evaluate important system

characteristics and also optimal system cost using a cost function .

In chapter 4, we study a MAP/(PH,PH)/1 queue with processing of service
items under Vacation and N-policy. We assume that customers arrive at a
single server queueing system according to Markovian Arrival process. When
the system is empty, the server goes for vacation and produces inventory for
future use during this period. The maximum number of inventory at a stretch
is L. The inventory processing time follows phase type distribution. These
are required for the service of customers-one for each customer. The server
returns from vacation when there are N customers in the system. The service
time follows two distinct phase type distributions depending on whether there
is processed item or no processed item available at service commencement
epoch. We analyse the distribution of time till the number of customers hit
N or the inventory level reaches L, that of idle time, the distribution of time
until the number of customers hit N and also the distribution of the number
of inventory processed before the arrival of the first customer in a cycle. Also
we provide the distribution of a busy cycle, LSTs of busy cycles in which no
item is left in the inventory and that of at least one item left in the inventory.
We perform some numerical experiments to evaluate the expected idle time,

standard deviation and coefficient of varaiation of idle time of the server .

In chapter 5, we extend the queueing model considered in the previous
chapter to the case where the customers are impatient. Arriving customers join
the queue with probability p or balk with probability 1—p. Also the customers
waiting for service become impatient and renege after a random time period
which is exponentially distributed. Thus the system is level dependent. We
find the distribution of time until the number of customers hit N. Several
system performance characteristics are computed. Also we compute LST of

the waiting time distribution for the case of no reneging. For the special case
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of no reneging, some numerical experiments for computing individual optimal
strategy, maximum revenue to the server and social optimal strategy are also
discussed.

In last chapter, we study a two-server queueing system in which the cus-
tomers arrive according to Markovian Arrival Process. Each customer is to
be provided with a processed item at the end of his service. Server 1 provides
service only, whereas Server 2 provides service and also processes the item re-
quired to serve customers. The maximum inventory level permitted is L. The
inventory processing time follows phase type distribution. After processing L
items, server 2 starts serving customers, if any waiting; else stays idle. Server
1 is dedicated to service only. Service is rendered only if there are processed
items. Also, if at the time of arrival of a customer both servers are idle, server
1 provides him service and server 2 continues to remain idle even if it has com-
pleted the processing of L items. The duration of service time given by both
servers follow phase type distributions of same order, but server 1 provides
service at a slower rate than server 2. If the inventory level drops to a prede-
termined level s at a customer departure epoch due to a service completion
by server 2, then he starts processing items. If the inventory level drops to
level s due to a service completion by server 1, then the customer served by
server 2 is shifted to server 1 to provide him the residual service and server
2 starts processing items. The arrival process is independent of the inventory
processing and service process. The long run behaviour of the system is an-
alyzed under condition for stability. We derive some important distributions
associated with the model. Numerical investigation of the optimal values of L
and s is provided.

Finally a section “concluding remarks and suggestions for future study”,

is included.



Chapter 2

(M, MAP)/(PH, PH)/1
queue with Non-preemptive
priority and working vacation

under N-policy

In this chapter we analyze two single server queueing models with two prior-
ity classes of customers where type I customers are assumed to have a non-
preemptive priority over type II. The server goes on working vacation whenever
the system becomes empty. Further the working vacation ends as soon as NV
customers accumulate. A working vacation queueing system provides relief to
customers since the server is always available for service, though at a reduced

rate, at the beginning of a cycle. Thus customer impatience gets reduced

1. Presented in the International Conference on Stochastic Modelling Analysis and Ap-
plications organised by the Centre for Research, Department of Mathematics, CMS College,
Kottayam held on 10 and 11 January 2018.

2. Some results of this chapter are included in the following paper.
A. Krishnamoorthy, Divya V.. (M, MAP)/(PH, PH)/1 queue with Non-preemptive
priority and working vacation under N-policy (communicated).
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through introduction of working vacation in the place of vacation (without
service). We have introduced a two-priority system where high priority cus-
tomers alone are served during working vacation. This is a realistic situation
since the system has to take care of impatience of such customers more than
that of low priority customers. Further we imposed finite capacity for the
High priority queue; this is to ensure "not too large waiting time” for such
customers. In the N-policy introduced by Yadin and Naor [51], the server
waits (or server is not activated) until the number of customers present in the
system becomes N to start service in every new cycle. A customer arriving
during this time will have to wait until the server is activated. The customers
could become impatient while no service is provided. The purpose is to extend
the duration of a busy period and thus reduce per unit time cost to the system.
In a working vacation queueing model the above definition of N-policy needs
modification. In Sreenivasan et al.[45] the N-policy is introduced as follows:
The server goes on vacation when, at the end of a service, no customer is
left in the system. However, he starts giving service at a slower mode with
the arrival of the first customer to the system. This is called working vaca-
tion since the server serves even during vacation. New customers may arrive
during that service time. The service continues to be on vacation mode until
either the number of customers in the system reaches N or the vacation timer
expires, whichever occurs first. In the absence of occurence of these events,
the server goes for another vacation when the system becoming empty again.
If the vacation timer has large mean value and arrival rate is much slower
than even service rate during working vacation, it will take a long time for
N customers to be present at any given time. In fact, quite often the system

becomes empty more often than the service hits normal mode.

We introduce another type of N-policy, in connection with working vaca-
tion. The server on vacation serves in working vacation mode customers who
arrive after the just concluded busy period. This continues until the vacation

timer expires or the number of customers present in the system plus number
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of customers already served (accumulated number) during the current vaca-
tion hits N, whichever occurs first; else the server goes for another vacation
since the system is found to be empty immediately after completion of a ser-
vice. We provide a comparison between the two models to check which is
superior under given conditions. During working vacation type I customers
alone recieve service. This assumption can be justified; type I customers are
more impatient than type II, though we have not brought in this paper the
customer impatience factor.

In model I, we use N-policy as a control mechanism to end a working va-
cation, as described: During a working vacation, either N type I customers
should be present in the system at a given epoch or the vacation clock should
expire, whichever occurs first, inorder to switch to normal mode of service. In
model II also we use N-policy as a control mechanism to terminate a working
vacation: During a working vacation, either the number of type I customers
present in the system plus number of type I customers already served during
that vacation hits N or the vacation clock expires, whichever occurs first in-
order to switch to normal mode of service. Type I customers alone are served
during working vacation. Thus the idle time of the server in the discussed
N-policy is better utilized in working vacation under N—policy. This also
helps in reducing impatience of high priority customers. Further since the
normal mode is realized in model II at a higher rate than in model I, we ex-
pect the former to perform better, which is seen to be true through numerical

experiments.

2.1 Model Description and Mathematical formula-
tion of model 1
We consider a single server queue with two priority classes of customers where

type I customers arrive according to a Poisson process with rate A and type

II customer arrival follows a Markovian Arrival Process with representation
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(Do, D1) of order n. Service time of type I customer is assumed to be of
phase type distributed with representation (e, T') of order m and of a type
II customer is assumed to be of phase type distributed with representation
(!, T") of order m’. The maximum number of type I customers in the sys-
tem is restricted to L. They are assumed to have a non-preemptive priority
over type II customers. At a service completion epoch, finding the system
empty, server takes a WV. The duration of vacation is assumed to be ex-
ponentially distributed with parameter 1. Type I customers arriving during
vacation are served at a lower rate(WV): Phase Type distribution with repre-
sentation (a,67"), 0 < § < 1. Thus the expected service rate in normal mode
is 1 = [a(—T)"le] and Ou is the rate of the vacation mode of service. If on
completion of service of a type I customer during WV, no type I is waiting,
then the server continues in vacation, even if type II customers are available
in the system. The server turns to normal working mode during a WV either
when the vacation clock expires or when the number of type I customers in
the system hits level N, 1 < N < L whichever occurs first. Type II customers
are considered for service only when on completion of vacation, no type I cus-
tomer is present in the system or on service completion of a type I customer
in normal mode none of type I customer is left in the system. The expected

—1. Also on vacation

service rate of a type II customer is y/ = [/ (—=T1") e
expiration, the service of the type I customer already in service, starts from

the beginning in the normal mode of service.

Let Q* = Dg + D1 be the generator matrix of the type II arrival process
and 7* be its stationary probability vector. Hence m* is the unique (positive)

probability vector satisfying
Q" =0, t*e=1

The constant §* = w* D1e, referred to as fundemental rate, gives the expected

number of type II arrivals per unit of time in the stationary version of the
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MAP. It is assumed that the two arrival processes are independent of each

other and are also independent of the service processes.

2.1.1 The QBD process

The model described above can be studied as a LIQBD process. First we
introduce the following notations:

At time t:

Ni(t): the number of type II customers in the system,

Ny (t): the number of type I customers in the system,

0, if the server ison vacation/on WV
S(t) =< 1, if type I customer in service and service in normal mode

2, if type II customer in service

J(t): the phase of the service process when the server is busy

M (t): the phase of arrival of the type II customer.

It is easy to verify that {(INi(t), Na(t), S(t), J(t), M(t)) : t > 0} is a LIQBD
with state space
0 = Ul(i)

where 1(0) = {(0,0,k) : 1 <k <n}U{(0,i2,71,72,k) : 1 <ig < N —1;j; =
Oor1;1 < jo <m;l <k <npU{(0,42,1,j2,k) : N <ip < L;1 < jo <l <
k <n}and for iy > 1,

1(i1) = {(i1,0,0,k) : 1 < k < n}pU{(i1,0,2,j2,k) : 1 < jo < m51 < k
niU{(i1,i2,0,j2,k) : 1 <idpg < N—1;1 < jo <m;1 < k <nju{(i1, iz, 1, j2, k) :
L<ip S Lil < jp <mil <k <njU{(in,d2,2,j2,k) 1 1 <2 < L1 < jo <
m';1 <k <n}

IN

Note that when Nj(t) = Na(t) = 0, server will be on vacation and so S(t)
and J(t) need not be considered. Also when Ny(t) = 0 and S(t) = 0, then
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J(t) need not be considered.The only other component in the state vector in
both cases would be M(t).

The infinitesimal generator of this CTMC is

By O
0 By A Ao
t= Ay Ay A

where By contains transitions within the level 0; Cy represents transitions from
level 0 to level 1; By represents transitions from level 1 to level 0; Ay represents
transitions from level h to level h+1 for h > 1, A; represents transitions within
the level h for h > 1 and A, represents transitions from level h to h — 1 for
h > 2. The boundary blocks By, Cy, B; are of orders n(1 +m(L + N — 1)) x
n(l+m(L+N-1)), n(1+m(L+N—1)) xn(l+mN+(L—1)m+(L+1)m’),
n(l4+mN+(L—1)m+(L+1)m')xn(1+m(L+ N —1)) respectively. Ag, A1, Az
are square matrices of order n(1 +mN + (L — 1)m + (L + 1)m/).

s ; " 7k 7l i " 7k ’l ; " 7k 7l
Define the entries of B(()ZQ_ J2:82 2), C’éz? J2:72 2) and BEZQ_ J2:82 2) as tran-
(i1,91.k1,01) (i1,91.k1,01) (i1,91.k1,01)

sition submatrices which contains transitions of the form (0,41, j1,k1,01) —
(O,ig,jg, kg, lg), (O,il,jl, kl,ll) — (1,i2,j2, kQ, l2) and (1, il,jl, /{?1, ll) — (0, ig,

) . . in,j2,k2,l2) (i2,42,k2,l2)
ky.ly) respectively. Define the entries of Al272F2: 28252 and
J25 K25 2) p Y O(i17j1,k1711)’ 1(i1qj17k1711)

(iz,32,k2,02) oo transition submatrices which contains transitions of the form

2(i1.41.k1,01)

(h,il,jl, k1, ll) — (]’L+1, 12, J2, ko, lg), where h > 1; (h, 11,71, k1, ll) — (h,ig,jQ,
k‘g,lg), where h > 1 and (h,il,jl, k1, ll) — (h* 1,19, j2, ko, lg), where h > 1 re-
spectively. Since none or one event alone could take place in a short interval of
time with positive probability, in general, a transition such as (i1, 2, J, k, 1) —
(¢,1%,4', k', ) has positive rate only for exactly one of i},i,, 5/, k', different
from i1, 19, j, k, [.
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B(i27j27k27l2) _
O(iq,i1,k1,01)

(i2,72,k2,l2)
Oy, 41,k1,01)

(i2,J2,k2,l2) _

Liy.g1.k1000)

Ma ®1,)

Min

Ae(m) ® (@ ® I,)
Mpn

0T° ® I,

T° @I,

0T a ® I,
Ta® I,

ne(m) ® (a® In)

Do — M,

0T @& Do — (A + 1) Imn

i1=0i2=1;j1 =j2=0;1 < ko <m,
1§l1,l2§n
1§i1SN*Q,i2=i1+1;j1:]‘2=O;
1<ki,ka<m;1<Ul,la<n
ilzN—l,iQZN;jl:0,j2:1;1§/€1,k2§m;
1<,la<n
1<in<L—-1lyio=i1+1;51=ja=1;
1§k1,k2§m;1§11,12§n
i1=112=0;51 =0,52 =0;1 < k1 <m;
1<h,l2<n

i1=1i2=0;71 =1,52=0;1 < k1 <m;
1<,la<n
2<i1<N-—-1,ia =11 —1;51 =0,j2 = 0;
1<ki,ka<m;1<Uli,la<n

2<i1 < Ljio=41 —1L;51 =jo=1;1 < ki, k2 <my
1§11712§n

1<it < N—-1jie=11;51 =0,72 = 1;
lgkl,k2§m;1§ll,l2§n
1=12=0;51=752=0;1<1l1,la <m

1<y <KN—-1Lig=1d1;51 =Jo=0;1 < ki, k2 <my
1§11712§n

T@DO_AImn 1§i1SL_17i2:il§jl:j2:1;1§k17k2§m;
1<h,l2<n

T@DO ’i1:iQZL;j1:j2:1;1§k1,k2§m;
1<lh,l2<n

D1 i1:0,i2:0;j1:j2:0;1§l1,l2§n

Im®D1 1<t <N—-1lio=41;301=7J2=0;1<Fki, ko <m;1<1I1,lc<n
I ® D1 lgilSL,iQZil;j1:j2:1;1§k1,k2Sm;lgll,lggn

T°QI, i1=i2=0;j1=2,jo=0;1<ki <m/;1<lh,la<n
T°®I, 1<ii<Lis=ij1=2,jo=11<k <m/,1<ks<m
1<h,l2<n
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T'Oa®1n 1Si1SL,i2:i1;j1:2,j2:1;1§k1Sm/,ISkQSm;
1<h,l2<n

Ma ®1Iy)
)\Imn

Aon,

de(m) ® (@ ® Iy)
Mmn

Aonn

0T ® In

T ® I,

0Ta ® I,

Ta ® I,

n(e’ ® In)
ne(m) ® (a ® In)

Do — (A +n)In
T® Do — Mmn
0T ® Do — (A +n)Imn
T ® Do — Mmn

T® Do — AMmn

T & Do
T & Do

i1 =0,i2 =171 =j2=0;1<ka<m; 1<I1,la<n
i1 =0,i2 = 1;j1 = jo = 2;1 < k1, ko <m/;
1<1,la<n

1<i S N—=2i2=di1+ 1351 =j2=0;1 < k1, k2 <my
1<i,la<n
i1=N—1l,ia=N;j1 =0,jo =1;1 < ki, ks < m;
1<li,ls<n

1<in < L—-1ig =i1+ 1551 =je=11<ki,ka <my
1<1,la<n

1<i1 < L—-1lyig=i1+ 151 =ja2=2;1 < k1, ka <m/s
1<ki,la<n

i1 =142 =0;71 =j2 =0;1 < k1 <my

1<li,ls<n

i1 =142 =0;j1 = 1,2 =2;1 < ky <m, 1 < kg <m/;
1<1,la<n

2<ii S N-Lig=1d1— 151 =j2o=0;1 < k1,ka <my
1<1,la<n

2<u <Ljg=i1—Ljni=752=41<ki,ka<my
1<, <n

i1=i2:0;j1 =0,j2=2;1§k2§m’;1§l1,12Sn
1<i1 < N—1ig =1d1551 = 0,52 = 1,1 < k1, ko <y
1<l,lo<n

i1 =42 =0;71=7J2=0;1<11,l2 <n

i1 =12 = 0571 =j2=2;1§k1,k2§m/;1§l1,l2Sn
1<i <N —1ljig =1d1;51 = j2 = 0;1 < k1, k2 <my;
1<li1,la<n

1<d1 <L —1i2 =1d1551 = jo = 131 < ka, k2 <my;
1<lh,lo<n

1<4; < L—1i2 = 41551 = jo2 = 2;1 < k1, ko <m/;
1<li—-1,l1a<n

i1 =i =L;j1 =ja=1;1< ki, ko <m;1<11,la<n
i1=1d2 =L;j1 =jo=2;1<ki,koa <m/;1<1y,l2 <n
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Dy
I, ® Dy
I, ® Dy
Alizsgzskala)
Oi1.d1.k1.01) I, ® D,
I, ® D1

i1 =1 =0;51 =2 =0;1<1[1,[b <n

i1 =iy =0;j1 = jo=2;1 < ky,kp <m/;1<11,lp <
1<i SN =1ig=1i1;51 = jo = 0;1 < ky, ko <mg
1<l,ls<n

1<i < Lyig =351 = joa=1;1 < ki kg <mg
1<l,ls <n

1<y < Lyig =i1551 = Jo = 2;1 < ky, ko <
1<ly,ls <n

2.2 Steady State Analysis

First we find the condition for stability of the system under study.

2.2.1 Stability condition

Let 1 = (mg,m1,...,m1) denote the steady state probability vector of the

generator

A= A0+A1+A2 =

where

F, F

Fy F3 M
Fy, Fy Al
Fy F3 M
F, Fy F
Fs F7 M
Fx Fr Al
Fx Fr Al
Fg Fy |
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D0+D1—(/\+77)In kZl,lZl
' T k=1,1=2
Ryl = 1 |
0 =2,1=1
T @I, +T' & Dy — Nyym + 1Ly @D k=2,1=2
Mawl,) k=1,1=1 T’ 21, k=11=1
Fi(k,l) = Mo k=21=3 ,Fkl)= T @1, k=2,1=2
0 otherwise 0 otherwise
0T ®Dy— AN+ lpn+ 1, @D k=1,1=1
e(m)®@n(a® I,) k=1,1=2
T © Dy — M\, I D k=101=2
Fg(k?,l): 7] 0 mn + dm & D1
T/@Do—)\fm/n—i-fm/@Dl k=1=3
Ta ® I, k=3,1=2
0 otherwise
Fy(k,1) = 0 =21= Fs(k, 1) = e A
u(k, 1) Ta®I, k 2,11 2, F5(k,0) N h—3.0—2
0 otherwise .
0 otherwise
T’a®Il, k=1,1=2
Flk, )= - @& M=
0 otherwise
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T& Dyg— My + 1, @ Dy k=1=1
T'® Dy —Myyn+ 1y @D1 k=1=2

(k1) =
T/0a®In ]{;:27l:1
Ta®I, k=1=1 T®Do+In®Dy k=1=1
a®l, -] =
falh ) = Rk ={ T'®@Do+ILy®D; k=1=2
0 otherwise T o I e

with dimension of Fy, Fi, F» be n(1 +m/) x n(1 +m’),n(1 +m') x (2m +
m’)n, (2m 4+ m')n x n(1 + m') respectively. Fj3, Fj are square matrices of
order (2m + m/)n, F5 is of order (2m + m/)n x (m + m/)n, Fg is of order
(m+4+ m')n x (2m + m/)n, Fr, Fg, Fy are square matrices of order (m + m/)n.
ie,

TA=0,Te=1 (2.1)

The LIQBD description of the model indicates that the queueing system is
stable (see Neuts [40] ) if and only if the left drift exceeds that of right drift.
That is,

mApe < wAze (2.2)

The vector  cannot be obtained directly in terms of the parametres of the

model. From (2.1) we get
m=m_U_1,1<i<L (2.3)

where
Uy = —Fy(F3 +U Fy)™!
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;

—/\(Fg + Ui+1F4)71 for1<i<N-3
~MNFs+Un_1Fs)™! fori=N -2

Ui = —F5(F7 —‘rZ/{NFg)*l, fori=N—-1
~MNFy + Ui Fs)™t for N<i<L-2
Ay fori=L-1

From the normalizing condition me = 1 we have
L-1 j
mo | Y [ +1|e=1 (2.4)

§=0 i=0

The inequality (2.2) gives the stability condition as

N-2 i L—1 1
(Iasmn @ D)e+ Y [[¢iTamemy @ Di)e+ Y Huj(f(m+m')®D1)6]

o
i=0 j=0 i=N—1j=0
N—2 i L-1 i
<o | Ao + Z HZ/{jAgl + Z HZ/{]‘AQQ (2.5)
i=0 j=0 i=N+13=0
0 0 .
where, Aoy = , Aop = Agp = , with 0 a zero

(T ® Ie (T"a®I)e
column vector of order n, 2mn and mn for Asy, As; and Ags respectively.

2.2.2 Steady-state probability vector

Assuming that the condition (2.5) is satisfied we proceed to find the steady-
state probability of the system state.

Let x be the steady state probability vector of Q. We partition this vector
as

x = (g, 21,22...),

where g is of dimension n(1 + m(L + N — 1)), &1,%9, ... are of dimension
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n(l+mN + (L — 1)m + (L 4+ 1)m/). Under the stability condition, we have
X, = lei—l’i > 2

where the matrix R is the minimal nonnegative solution to the matrix quadratic
equation
R2A2 +RA1+A0=0

and the vectors g and z; are obtained by solving the equations

xoBy +x21B1 =0 (2.6)
xoCoh +$1(A1 + RAQ) =0 (27)

subject to the normalizing condition

zoe+z (I —R) le=1 (2.8)

For evaluating the performance of the system we have to compute certain

distributions. We proceed to such computations.

2.2.3 Distribution of duration of slow service mode

The duration Ty, of a slow service mode is defined as the time the server
stays in slow service mode (through initiating a WV) until either switching to
normal mode through the vacation clock realization or with the number of type
I customers in the system hitting the threshold value N or the number of type
I customers hitting 0 before expiration of vacation, whichever occurs first. We
consider the Markov process Tsion(t) = {(N(t), J(t)) : t > 0} where N(t) is
the number of type I customers in the system at time ¢, J(t) the service phase
at time ¢t. Thus the state space of the process is {(i,7) : 1 <i < N —1;1 <
J < m}U{0}U{*1} U {*2} where 0 denotes the absorbing state indicating

that there is no type I customer in the system and *; denotes the absorbing
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state indicating the vacation expiration by vacation clock realization and o
denotes the absorbing state indicating the vacation expiration by the number

of type customers in the system hitting N. The initial probability vector is

given by
1
ﬁl d (wl,UJQ,"' 7wm70)
1
Ao Ao
where, for, 1 < j <m, w; = Zk 1 ip—d® d(o) 00k+zz 1Zk 1W L4,0,0,k>
with .
= Z (0) 20,0,k + Z Z Z4,0,0,k
+n- =1 =1 A kk:
and 0 is a zero matrix of order 1 x (N — 2)m
The infinitesimal generator S of Ty () has the form
s _ | sV s 5P
0 O 0 0
where
[ 0T — (A + )1 A |
0T 0T — (A +n)I A
S1 = . . . ,
0T 0T — (N +n)I pV
i 0T 0T — (A +n)1
oT" ne(m) 0
0 : :
0 : :
s | O fso| | spe
: ne(m) 0
0 ne(m) Ae(m)

Thus we have the following Lemma.

Lemma 2.2.1. The expected duration of time the server stays contin-
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uously in WV until the number of type I customers in the system reach 0 is
given by B1(—S1)7261(©.

Our objective is to compute the expected number of hits to zero type I
customer state until the server returns to normal mode of service before the
arrival of a type II customer. Define the random variable M; as number of
returns to 0 type I customer state starting from 0 type I customer state during

vacation mode of service before the arrival of a type II customer.

2.2.4 Expected value of M,

Lemma 2.2.2 provides the expected duration of the time starting from the
beginning of a vacation until the start of the next vacation, without going to
normal mode of service in between, before the arrival of a type II customer.
As a first step for computing expected number of such hits, we compute the
following disribution. Let T denote the duration of slow service until the

arrival of a type II customer.

Distribution of T

We consider the Markov process Ts(t) = {(N(t), J(t),M(t)) : t > 0} where
N (t) is the number of type I customers in the system at time ¢, J(¢) the service
phase and M (t) the arrival phase of type II customer at that instant. Thus
the state space of the process is {(i,7,k) : 1 <i < N—-1;1<j <m;1 <
E < n}U{0}U{*1} U{*2} where 0 denotes the absorbing state indicating
that there is no type I customer in the system, *;,%3 denote the absorbing
states indicating the vacation expiration and arrival of a type II customer

respectively. The initial probability vector is given by

BQ = (1/d2)(w1,17"' 7w17n7'” 7wm,17'” 7wm,n70)
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where, for, 1 < j <m, 1 <k <n,

)\Oéj
(0) Z0,0,k>

w]vk:7
A+n—d

do =14 ﬁxop,k and 0 is a zero matrix of order 1 x (N — 2)mn. The
L

infinitesimal generator Sy of Ts(t) has the form

s s9 sp s

Sy =
1o 0o 0 o0
where
0T & Do — (A +n)I A
Ta® 1 0T @ Do — (A +n)I bV
Sg = . .
0T ® I 0T @ Do — (A +n)I V4
0T ® I 0T & Do — (A +m)I
0T° ® e(n) ne(mn)
0 de(m) .
Sgo) _ . 7 Sg) _ : 7 ng) _ :
: ne(mn)
de(m)
0 (A +n)e(mn)

where 0 is a zero matrix of order mn x 1 and

with d; representing the ith rowsum of D;.

Thus we have the following Lemma.

Lemma 2.2.2. The expected duration of time the server remains con-

tinuously in WV until the number of type I customers reach 0 and before the
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arrival of a type II customer is given by ,Bg(—Sg)*ZS;O).

Next we compute the following distribution. Let 77 denote the duration
of time the server, starting in slow service mode until either he gets back to
normal mode through vacation expiration or the arrival of a type II customer,

whichever occurs first.

Distribution of 7

The distribution of 7. can be studied as the time until absorption in a contin-
uous time Markov chain with state space {(0,k) : 1 <k <n}U{(i,j,k) : 1 <
i< N-1;1<j<m;1<k<n}U{x}U{*2}, i denote the number of type
I customers in the system, j the service phase, k, the arrival phase of type II
customer, 1, the absorbing state indicating the vacation expiration and o,

the absorbing state indicating the arrival of a type II customer.

The initial probability vector is given by

.33 = (1/d2)(07w1,17"' yWin,  , Wm,1, " 7wm,7%0)

where, for, 1 < j <m, 1 <k < n, w;; and dy are defined above, the first 0 is a

zero matrix of order n and the second 0 is a zero matrix of order 1 x (N —2)mn.

The infinitesimal generator Sz of T.(t) has the form

Sy 830 gD
S3 =
0 0 0
where
Do — AI AMa®I)
0T’ QI 6T @ Do — (A +n)I I
0T a ® I 0T ® Do — (A +n)I I
Sz =

0Ta @ I 0T ® Do — (A +n)I A1
0T @ I 0T ® Do — (A +n)I
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- 0 -
(mn) X
ne(mn
(0) . 1) e(m) ® 0 . .
Sy = : , and Sy’ = i where 0 is a zero matrix
ne(mn) ‘
e(m)®d
| (A +n)e(mn) | (m)

of order n and 0 is given by (cl).

Thus we have the following Lemma.

Lemma 2.2.3. The expected duration of time the server remains in WV
with or without hitting zero state of type I customer until the arrival of a type

IT customer is given by ,33(—53)_28'%1).

The Theorem below provides the expected number of visits to the state
“no type I customer”, starting from that state, before the arrival of a type II

customer.

Theorem 2.2.1. The expected number of returns to 0 type I customer
state during the vacation mode of sevice starting from that state before the

arrival of a type II customer is given by
1 ~26(1) 1 ~26(0)
X +Bs(—=93)""S5" |/ Y +B2(—=52)77°8y7 |

2.3 Waiting Time Analysis

2.3.1 Type I customer

To find the waiting time of a type I customer who arrives at time x, we have to
consider different possibilities depending on the status of server at that time.
The server may be on vacation, WV, normal mode 1 or in normal mode 2. Let
Z1 be the random variable representing the waiting time of a type I customer
in the queue. Define Wj(x) = Prob(Z; < z) and W7 (s) be the corresponding
LST.
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Case I

The tagged customer arrives to the system when the server is on vacation.
Suppose E; denote the event that the system is in the state (0,1,0,u,v), 1 <
u<m;1<wv<norin the state (n1,1,0,u,v),n1 > ;1 <u<m;1<v<n
immediately after arrival of the tagged customer. Let Wi (s/E1) denote the
corresponding LST. Then

Wi(s/Br) = 1.

Case 11

The tagged type I customer arrives to the system when the server is on
WYV. Suppose that a+1 is the position of the tagged customer when he arrives
the system. For 1 < a < N — 2, let E5 denote the event the system be in the
state (n1,a + 1,0,u,v) , n; > 0;1 < u < m; 1 < v < n immediately after
arrival of the tagged customer. Let Wi (s/E2) denote the corresponding LST.

Case (i)

Let E denote the event that the server switches to normal mode due to
random clock (vacation clock) realization during the slow service. Then F =
UE“H (E'N H;) where H; denotes the event the random clock expires during
the residual service time of the customer in service and for 2 < i < a , H;
denotes the event the random clock expire during the ith service. In these
cases, the waiting time of an arbitrary type I customer is the sum of time
duration, starting from his arrival epoch till random clock expiration, service
time of the customer in service at the time of random clock expiration from
the beginning in normal mode of service and service time of the remaining
customers. Let H,11 denotes the event the random clock expires after the ath
service. In this case, the waiting time of an arbitrary customer is the sum of
the residual service time of the customer in service when the tagged customer

arrives and service time of remaining a — 1 type I customers in slow mode.
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Now,

P(E/E;) = ( /t :(e'm(zv —)® e'u(m))ewp(Slt)S(ll)dt>

where S, S 51) are as defined in section 2.2.3.

Let pay = ((€'ay1(N —1) ®e’u(m))(—Sl)_251(1))_1 be the rate of absorption
to {*1} from S; and p( denote the expected rate of sum of i service time
distributions, each following PH (e, T)(except (V) (see Breuer and Baum
[5])from the arrival epoch of the tagged customer. Here, u(!) = 6y, which is
the rate of residual service time when the server is providing slow service in

phase u. Now,

. Pau
PUEL/E, Ba) = Pagu + )’
pa u pa u .
: = LI ’ <i<
P(HZ/E,EQ) Dau + N(i) Da,u + N(i_l) SRS
P(H,.,/E.E )
( a+1/ ’ 2) B pCL,U + /’L(a)

Then the conditional LSTs are given by

Wi(s/Es, E, Hy) = (Sin> (@(sI — T)~'T0)e,

Wi (s/Ey, E, H;) = <Szn> (a(sI —T)7 %) for 2<i<a

and

Wl*(S/E% E, Ha+1) = (6;(81— — 9T)710T0)(a(31' _ QT)*leTO)afl.
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Thus conditional LST

a+1
Wi(s/Bs, E) =Y Wi (s/Es, E, H;)P(H;/Es, E).
i=1

Case (ii)

Let F denote the event “the server switches to normal mode when the
number of type I customers in the system hit N” during the slow service.
Then F = U= (F N J;) where J; denotes the event: the number of type
I customers in the system reaches N during the residual service time. For
2 <i < a, J; denotes the event: the number of type I customers in the system
reaches N during the ith customer’s service time. In these cases, the waiting
time of an arbitrary type I customer is the sum of time duration starting from
his arrival epoch till the number of type I customers hit N, service time of
the customer in service at the time of switching to normal mode from the
beginning in normal mode of service and service time of remaining customers.
Let J,11 denote the event “the number of type I customers in the system
reaches IV after the ath customer’s service”. In this case, the waiting time of
an arbitrary customer is the sum of the residual service time of the customer
in service when the tagged customer arrives and service time of remaining a—1

type I customers in slow mode.

Now,

P(F/Ey) = ( / (€ar1(N—1)® e'u(m))ea:p(Slt)S§2)dt>
t=0

where S, S 52) are as defined in section 2.2.3.

Let go.u = ((€ap1(N —1) ®e’u(m))(—51)_251(2))_1 be the rate of absorption

to {*2} from S

da,u

P(Jl/F7E2) = m)
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P(J;JF By = —Jov _ fev 49 <i<a
G+ 1D o+ pl=h
and
1@
P(Joy1/F, Es) = o+ @

The conditional LSTs are given by

A

N—a—1
_ o —1n0\a
) etr-mT

Wi(s/Eq, F,Ji) = (

A N—a+i—2 .
Wi (s/Fa, F, J;) = <S " A) (a(sI —T)7 M%) for2<i<a

and

Wi(s/Ea, F, Jor1) = (€,(sI — 0T) 70T (a(sI — 0T)~10T°) 1,

Thus the conditional LST,
a+1
Wi(s/ By, F) =) Wi(s/Ea, F, J;)P(Ji/ Bz, F)

=1

Case (i)
Let G denote the event that the system becomes empty before vacation

expiration.

P(G/Ey) = </t T (aa(N—1) & e'u(m))exp(slt)sg%t)

=0

where S, S 50) are as defined in section 2.2.3.

In this case the conditional LST,
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Wi (s/Fa, G) = (el (sI — 0T)10T°) (a(sI — 6T)~oT%)2 1,

Thus the conditional LST,
Wi (s/Ez) = Wi (s/Es, E)P(E/E2)+W{ (s/Ea, F)P(F/E)+W{ (s/Es, G)P(G/ Es).

Case III

The customer arrives to the system when the server is in normal mode 1
of service. Suppose that a + 1 is the position of the tagged customer when
he arrives the system. Let E3 denote the event the system is in the state
(ni,a+1,1,u,v),n >0;1<a<L-1;1<u<m;1<v<n immediately
after arrival of the tagged customer. In this case the waiting time is the
sum of residual normal service of the type I customer in service and a — 1
remaining normal service time of type I customers. Let W (s/FE3) denote the
corresponding conditional LST.

Then conditional LST,

Wi (s/Bs) = (€,(sI — T)"'T%)(a(sI — T)~'T)* 1.

Case IV

The customer arrives to the system when the server is in normal mode 2 of
service. Suppose that a + 1 be the position of the tagged customer when
he arrives the system. Let E; denote the event the system is in the state
(n1,a+1,2,u,v),n1 >1;0<a<L—1;1<u<m;1<v<n immediately
after arrival of the tagged customer. In this case the waiting time is the sum of
residual service time of the type II customer in service and a remaining normal
service time of type I customers. Let W (s/E4) denote the corresponding LST.
Then the conditional LST,

Wi(s/Ey) = (e, (s — T 'T"°) (a(sI — T)~ T,
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Let wj, 4, k1 denote the probabilty that the system is in the state (i1, 72, j, &, ()

immediately after arrival of the tagged customer. Then,

W0,1,0,u,v = ﬁxoo“ for,1<u<m,1<v<n
—Wov
pYet
Wny,1,0,u,v = m Tny 000, for,n >1, 1 <u<m,1<v<n
—Wov
A
Wnya1,0up = 5w niae0uw, f0r, 01 >0, 1 <a<N-2,

)\+'r] HTuu dvv
1<u<m,1<v<n

Wny,N,1u,v = 22:1 mxnl,N—l,O,u’,v + mﬁmwfl,l,u,m
for,ny >0, 1<u, v/ <m,1<v<n

Wnyatlluy = mxnl,a,l,u,v; for,n1 >0,1<a <N —2or
N<a<L-1,1<u<m,1<v<n

Wny,a+1,2,u,v = mxnl,aﬂ,u,va for,n1 >1,0<a <L -1,

1<u<m/,1<v<n

Thus we have the following Theorem.

Theorem 2.3.1. The LST of the waiting time of a type I customer is
given by

1 oo n oo N-2 m n
8 E E Wpy,1,0,u0 T E E W 3/E2 wnl,aJrlOuv)“‘
ni =1 n1=0 a=1 u=1v=1
L-1 n oo m' n

L-1
(S/ES)(wnl,a—l—l,l,uv +Z ZZZWF (s/E4) wn1,a+12uv)]

ni=1a=0 u=1v=1

NE
||M

(2.9)
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where
0o n oo N—-2 m n oo L-1 m n
d= 3 D wnrowat D D DD Wnartowet D XD D Wnatidun
ni1=0v=1 n1=0 a=1 u=1v=1 n1=0a=1 u=1v=1

oo L-1m' n

+ Z Z Z anl’aﬂkl,lu,y- (210)

ni1=1a=0 u=1v=1

2.3.2 Type II Customer

To find the LST of the waiting time distribution of a type II customer, we

have to compute certain distributions. We proceed to such computations.

Definition 2.3.1. Duration of time with p type I customers in the system
at a service commencement epoch of type I customers until the number of type
I customers become zero for the first time is defined as a p-cycle denoted by
By.

Distribution of a p-cycle in normal mode

This can be studied as a phase type distribution with representation (yp,T1)
where the underlying markov chain has state space {(i,7) : 1 <i < L;1 <j <
m}U{0} where i denotes the number of type I customers in the system, j the
service phase and 0 the absorbing state indicating that the number of type I

customers become zero. The infinitesimal generator 7; of By (t) has the form

T

T =
! 0 0

where
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[ T—X Al |
T« T-X M
T, = . : (c2)
T« T —X A
i T« T ]
0k
0
Y= | : (c3)
0
- 0 -
and the initial probabilty vector is
Yp=10 - 0 a 0 --- 0],1<p<L (cd)

where e is in the pth position and 0 is a zero matrix of order m. Thus we

have the following Theorem.

Theorem 2.3.2. The LST of the length of a p-cycle is given by

’yp(SI — Tl)ithl).



2.3. Waiting Time Analysis 45

LST of the busy cycle generated by type I customers arriving during

the service time of a type II customer

Theorem 2.3.3. The LST of the busy cycle generated by type I cus-

tomers arriving during the service time of a type Il customer is given by

L—1
B, (s) = & [(s+NI-T'T T+ "y, (sI-T1) ' TINQ/ [(s+ M) I-T"]~ P+
p=1
vr(sI = T1) ' T/ N (s + NI =T 75T = A[(s + N =T 717

(s + NI =177 (2.11)

Proof. Let B., denote the length of the busy cycle generated by type I

customers arriving during the service time of a type II customer , B, (s) the
LST of the length of the busy cycle and 1 the number of type I customers that
arrive during service time of type II customer.

Then B,, = X + Bl + --- Bl where X denote the service time of the type

11 customer in §ervice, B% the busy period generated by jth type I customers
that arrive during X, where 1 < j <.

Bey(s) = EB(e *Per)
[0 Ele™PL /X =a)P(z < X < 2 +da)
203520 Be™*Per /X = 2,1 = p)P(I = p/X = 2)P(x < X <z + d)

x
—Az ,
= f;i(] Z;O:O E(eiSBCL /X =z,l=p) ep#z)paleT 0 g
— Az
= [2 em TNz T e Oy 4 [0 25;11 e Pyp(sl — T1)_1T{)6P#
’ -z ,
a'eT =T0dy + 12, Z;O:L e 5Ty (sl — Ty) T EP#I)I’QI@T @10 g

oo

= o[(s+ NI -T7'T"° + Zﬁ:—ll yp(sT — Tl)_lT?%?/ 2P~ (s NI=T"|oqt0 4.

, =0
+ 3L vr(sl — Tl)’lT(l);‘TTa' 12, xPel=(sH+NI=T"Naqr0 gy

(2.12)

[e.e] |
Po(s+NI=T"z .. _ p-
/:pzo xPe dx (s £ NI — T+ (2.13)
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Substituting (2.28) in (2.26) , its third term

Soo2 L AL(sI = T) M ONP! [(s + AT — T/~ (P+DT’0
= (sl =T) "% 3502 A (s + NI =T P [(s + NI = T']71T"°
= yp(sI =TT A\ (s+ NI -1 " S THs+ NI =TT (s + N =T T0
= yo(sI = T) T [A"Y[(s + NI —T']] " [ = M(s + NI = T']717[(s + NI — T'] 1770
(2.14)
Substituting (2.14) in (2.26) gives

L—1
Bey (s) = & [(s+ N I=T' )" T"04 Y yp(sI=T1) "' TINPG! [(s+ M) [ =T"]~ PTOT Oy (sT—-T1) 7' T9
p=1

A s+ NI =T F[T=A(s+ NI =T (s + NI =T]7'T'"°  (2.15)

O]

LST of the busy period of type I customers generated during the

service time of a type II customer

Theorem 2.3.4. The LST of the busy period of type I customers gen-

erated during the service time of a type II customer is given by

L—-1

Br(s) =o/[M = T')7'T"° + > " yp(s] — T1) TN/ A — 7'+ T04
p=1

i (s —T1) T NHT — T 7H [T = AN =T AT — 1) 0.

(2.16)

Proof. Let By, denote the length of the busy period generated by type 1
customers arriving during the service time of a type II customer , B (s) the
LST of the length of the busy period and 1 the number of type I customers
that arrive during service time of type II customer.

Then By, = Bi + - BZL ,where Bi denote the busy period generated by
jth type I customers that arrive during X, where 1 < j <. Proceeding as in

the above proof, we get the required result. O
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Let T denote the duration of time the server stays in vacation mode until
either he gets back to normal mode through the random clock realization or
the WV is interrupted with the number of type I customers in the system
hitting N.

Conditional distribution of 7! given a type II customer arrives

before the random clock expires

We can study this by a phase type distribution with representation (S4, Sy)
where the underlying markov chain has state space {0} U {(,j) : 1 < ¢ <
N —1;1 < 57 < m} U {x} where i denotes the number of type I customers
in the system, j the service phase and * the absorbing state indicating the

vacation expiration. The infinitesimal generator Sy of TY(t) is given by

S, S

Sy = , where,
0 0

[ —(A+1n) Ao
0T 0T — (A +n)I A\

0T 0T — (A +n)I A
Sy = . .

0T 0T — (A+n)] A
0T« 0T — (A +m)I |
(c5)

and

ne(m)
S9 : : (c6)

ne(m)
(A +n)e(m)
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The initial probability vector is given by
B4 = (1,0), where 0 is a zero matrix of order 1 x (N — 1)m. (c7)

Thus we have the following Lemma.

Lemma 2.3.1. The expected duration of time the server stays in vacation
mode until either the server gets back to normal mode through the random
clock expiring or the WV is interrupted as the number of type I customers in
the system hits N given a type II customer arrives before the random clock

expires, is given by B4(—S4)28Y.

To find the waiting time of a type II customer who joins for service at time
x, we have to consider different possibilities depending on the status of server
at that time. The server may be in vacation mode, WV mode, normal mode 1
or in normal mode 2. Let Z5 be the random variable representing the waiting
time of a type II customer in the queue. Define Wa(x) = Prob(Z; < z) and
W5 (s) be the corresponding LST.
Case I

Let F} denote the event that the system is in the state (1,0,0,v), 1 <v <n
immediately after arrival of the tagged customer. In this case the waiting
time is the sum of time duration from his arrival epoch till the server shifts
to normal mode and the time duration of busy period generated by type I
customers present at that time, if any. Let W5 (s/F}) denote the corresponding
conditional LST of the waiting time.

Then

N
W3 (s/F1) = Ba(sI — Sa) 'S [to+ Y _vp(sI — T1) 7' Tt
p=1

where t,, 0 < p < N denote the probabaility that there are p type I customers
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when the vacation expires, which is given by

JiZo Ba(e® " )pmdt ifp=0
t, = ftozoo ﬂ4(es4t)pne(m)dt ifl<p<N-1
[ =, Ba(e5 ) n_1Xe(m)dt ifp =N

S4t) Sat

where (e”*"), denote the columns in e”*" corresponding to p type I customer
states, T1, TY, vp, S1, S and B4 are given by (c2), (c3),(c4),(c5), (c6) and
(c7) respectively.

Case I1

Let F5 denote the event the system is in the state (b+1,0,0,v), b > 1; 1 <
v < n immediately after arrival of the tagged customer. In this case the
waiting time is the sum of time duration from his arrival epoch till the server
shifts to normal mode, the time duration of busy period generated by type I
customers present at that time, if any and the time duration of busy cycles
generated by type I customers arriving during the service time of each of the
b type II customers. Let W5 (s/F») denote the corresponding conditional LST
of the waiting time.
Then

N
W3 (s/F2) = Ba(sl — S4)7'S1[to + D vp(sI = T1) "' Tty ] (Be, (5))
p=1

where B, (s) is given by Theorem 2.3.3.
Case 111

Let F3 denote the event the system is in the state (b + 1,a,0,u,v), b >
0;1<a<N-1;1<u<ml <wv <n immediately after arrival of the
tagged customer. In this case also the waiting time is the sum of time duration
from his arrival epoch till the server shifts to normal mode, the time duration
of busy period generated by type I customers present at that time, if any and

the time duration of busy cycles generated by type I customers arriving during
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the service time of each of the b type II customers. Let W3 (s/F3) denote the
corresponding conditional LST.
Then

N
Wi (s/Fs) = Bu(sI — Sa)"'Sq[to + Y _vp(sI — T1)"'T9t,) (Be, ()
p=1

where 8 = (0,0,--- ,€!,---0), e/

! is in the (a 4+ 1)*" position and 0 denotes

zero matrix of order 1 x m.
Case IV

Let Fy denote the event the system is in the state (b + 1,a,1,u,v), b >
0;1<a<L;l<u<ml<v<n immediately after arrival of the tagged
customer. In this case the waiting time is the sum of time duration of an a-
cycle in which the current service phase is v and time duration of busy cycles
generated by type I customers arriving during the service time of each of the b
type II customers. Let W5 (s/Fy) denote the corresponding conditional LST.
Then

W3 (s/Fa) = (va(sT = T1)"T9) (B, ()"

/

where 4% = (0,---,€,,---0), where €/, is in the a'" position and 0 denotes

zero matrix of order 1 x m.

Case V

Let F5 denote the event the system is in the state (b+ 1,a,2,u,v), b >
1,0<a<L;1<u<m1<v<n immediately after arrival of the tagged
customer. In this case the waiting time is the sum of the residual service time
of the type II customer in service, time duration of the busy period of type
I customers generated during the service time of type Il customer in service
when the tagged customer arrives and time duration of busy cycles generated
by type I customers arriving during the service time of each of the b — 1 type

IT customers. Let W5(s/F5) denote the corresponding conditional LST.
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Then
W3 (s/F) = (e,(sT — T') 7' T")(Br(s))(Bey ()"

where By (s) is given by Theorem 2.3.4.
Let wj, 4, j k1 denote the probabilty that the system is in the state (i1, 72, j, &, 1)

immediately after arrival of the tagged customer. Then,

ah
w1,0,0,0 - Wﬂﬁoom for, 1 <wv,v" <n
oS /
Wpt1,0,00 = W%,0,0,v', for, b>1,1<v,v" <n
ey
Wh+1,a,0,u0 = mxb,a,o,u,v’a for,b>0,1<a< N -1,
1<v,v <n
e
Wh+1,a,luv = N ON L ”d<0) Tpaluws for,b>0,1<a< L, 1<u<m,
TruuwT @
1<v,v <n
d(l)
Wo+l,a2u0 = me,a&u,v’a for,b>1,0<a<L,1<u<m,
—tuu vl

1<v,v <n
Thus we have the following Theorem.

Theorem 2.3.5. The LST of the waiting time of a type II customer is
given by

n

o0 n
W5 (s ZWQ* (s/F1)w1,0,0,0 + ZZW (s/F2)wpt1,0,00+
v=1
n oo L
1

b=1 v=1
) m
Z ZZW; S/FS wb+1a0uv+
b=0 a=1 u=1lwv b=0 a=
o L m n
SN W (s/F5) (wht1agun) (2.17)
b=1 a=0u=1

=0 u=1v=1

N-1

m n
ZZWJ s/ F4)(Wot1,0,1,u0)+

u=1v=1
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Next we proceed to the analysis of model II.

2.4 Model Description and Mathematical Formula-

tion of model 11

Now we consider the case where the server continues to serve at a lower rate
until either the vacation clock realizes or the number of type I customers
present in the system plus the number of type I customers already served
during the current vacation equal to N. All other assumptions are same as in
model I.

In this case, Ny(t), Na(t),S(t), J(t) and M(t) are as defined for model I
and we define K (t) to be number of type I customers present in the system
+ number of type I customers already served during the current vacation at
time t.

It is easy to verify that {(N1(t), Na(t), S(t), K(t), J(t),M(t)) : t > 0} is an
LIQBD with state space

Q= U52,l(7)

where 1(0) = {(0,0,k: 1 <k <n)} U{(0,i2,0, 2, j3,k) : 1 <ip < N — 1;is
Je SN —-L1<js<ml<k<n}pU{(0i21,73k):1<ip<L;l<js
m;1 <k <n} and for i; > 1,

1(i1) = {(41,0,0,k) : 1 < k < n}U{(i1,0,2,43,k) : 1 < jz < m/;1 <k <
n}U{(i1,i2,0,52,73,k) : 1 <ig <N =102 < jo S N—-11<j3 <m; 1 <k <
n} U{(i1,i2,1,73,k) : 1 <iog < L;1 < js <m;1 < k < n}U{(i1,i2,2, s, k) :
1<ip <L;1<j3<m;1<k<n}

Here also we note that when Nj(t) = Na(t) = 0, server will be on vacation and
so S(t), K(t) and J(t) need not be considered. When N»(t) = 0 and S(t) =0,
then K (t) and J(t) need not be considered. The only other component in the
state vector in both cases would be M (t). Also when S(t)=1 or 2, then K ()

need not be considered.

<
<
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The infinitesimal generator of the above process is

Go Hp
Hy A A
Qo =
Ay A Ap

where Gy contains transitions within the level 0; Hg represents transitions
from level 0 to level 1; Hy represents transitions from level 1 to level 0; Ay
represents transitions from level h to level h + 1 for h > 1, Ay represents
transitions within the level h for h > 1 and As represents transitions from
level h to level h — 1 for h > 2.

The boundary blocks Gg, Hy, H; are of orders ( % — N+ 2L))
(n+ %2 (N?—N+2L)), (n+22(N? =N +2L)) x (1+m/)n+ @”(NQ N+
2L)+Lm'n), (1+m/)n+22(N?—N+2L)+Lm'n) x (n+ %22(N?— N +2L))
respectively. Ag, A1, Ay are square matrices of order (1+m )n+ mn (N2 _ N4
2L) + Lm/n.

Define the entries of G(”’]Q’kz’lz’mz) Hé?’h’kz’lz’ml) plizgzkalzme) oo

0¢i 41 k1.01,m1)° i1,d1k000,me) " T Lgan kel my)
sition submatrices which contains transitions of the form (0, 1, j1, k1,11, m1) —

(0,42, j2, k2,12, m2), (0,i1, j1, k1, l1,m1) — (1,42, jo, ko, l2,ma), (1,41, j1, k1, 11,
m1) — (0,12, j2, k2, l2, ma) respectively. Define the entries of Agf_’j?’kj’lf’mﬂ),
11:715R1,01,™m
(i2,42,k2,l2,m2) and A(zg,]27k2,127m2)

1(11»117k1v117m1) 2(i1 41,k 1,01,m1)
transitions of the form (h,i1, 71, k1,l1,m1) — (h + 1,49, j2, ko, l2, m2), where

h > 1;(h, i1, j1, k1, L, ma) = (hy i, j2, k2, l2, ma), where h > 1 and (h, i1, j1, k1,

l1,m1) = (h— 1,49, j2, ko, l2, m2), where h > 1 respectively. Since none or one

as transition submatrices which contains

event alone could take place in a short interval of time with positive probabil-
ity, in general, a transition such as (i1, j1, k1,11, m1,n1) — (i2, Jo, k2, l2, ma, n2)

has positive rate only for exactly one of is, jo, ks, ls, msa, no different from
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il?jlakl)llamlanl'

AMa ®1p)

Mmn

Ae(m) ® (a® I,,)
AMmn

ne(m) ® (a® I,)

0T’ ® I,
0
(i2,72,k2,l2,m2) _ "I
Oiy,41,k1,01,m1)
0Ta ® I,
Ta® I,
Do — A,

T® Do — Almn

T & Do

i1 = 0,05 = 1;j1 = jo = O; ko = 1;

1<l <m,1<mi,mz2<n

1<4 <N—=-2i2=11+1;j1 =72 =0;

11 <k <N -2,
ke=ki+11<hL,lo<m;1<mi,mz2<n
1< < N—-1Lia=191+1;51 =0,52 = 1;
ki=N-11<l,b<m;1<mi,mz<n
1<y <L-1lio=01+1;51 =j2=1;
1<li,la<m;1<mi,m2<n

1<ii <N-1;j1 =0,j2=1;

ilSkl§N71;1§l1,12§m;1§m1,m2§n

t1=1,42=0;j1 =0,jo =0;1 < k; <N —1,
1<h<ml<mi,m2<n
1=11=0;71=1,jo=0;1 <13 <m
1<mi,me <n

2<iit <N -—1,i2 =141 — 1551 = 0,42 = 0;
i1 <ki <N—-—1ky=ki;1<1li,la <my
1<mi,mz2<n
2<ii1<Ljig=41—1;j1 =ja=1;
1<li,la<m;1<mi,mz2<n
il:i2:0;j1:j2:0;1§m1,m2§n
1<41 <N —1,i2 =41;51 = j2 =0;

i1 <kt <N —-1ky=ki;1<1li,lo <my
1<mi,mz2<n

1<4 <L —1,i0 =191551 = J2 = 1;
1<li,la <m;1<mi,m2<n
t1=1d2=L;j1 =j2=1;1<11,l2 <my

1<mi,me2 <n
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(i2,J2,k2,l2,m2) __
0(iy.51.k1,01.m1)

(i2,52,k2,l2,m2) _
L(ig.d1,k1.11,m1)

(i2,J2,k2,l2,m2) __

0(171,]1,761,11,7”1)

(i2,72,k2,l2,m2) __

2(i1 .1 .k1 .01 my)

D,
1, ® Dy

Im®D1

TIO ® In

11=0=1i2=0;51=J2=0;1<my,m2<n

1< < N—-Lia=i171=Je=0;01 < kg <N -1,
ko =k1;1 <l1,l2,<m;1 <my,ma <n

1<iy < Ljig =351 =J2 =11 <11,l0 <my
1<mi,ms<n

ip =iy = 0;j1 = 2,j2 = 0;1 < [y <ms
I1<my,ma<n

Ta@l, 1<ii<Ljiy=i;j=27j2=151<l<m,

D,
InL’ & Dl

InL X Dl

I, ® Dy

Im’ ® Dl

1<hb<m;l1<my,ms<n

11=1t20=0;51=752=0;1<my,me <n

1 =1a=0;51 =70 =2;1 <l1,lo <m/;
1<mi,ms <n

1<t <N—-1ljis=11;551 =72 =051 < k; <N -1,
ko =ki;1 <l lo <m;1<my,ma <n

1<iy < Lyig =i i =J2a=1L1<11,la <my
1<my,ms <n

1<iy < Lyig =151 =J2a =2;1 < Iy, lp <m;
1<my,me<n

TIOCVI@In 11 =12 =0;71 =j2:2;1§11,12§m’;

T ® I,

lémlvaSn
1<iyn<Ljia=idi;1 =2,jo=11<1; <m/,
1<h<m;1<mi,me<n
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(12,42,k2,l2,m2) _
Ly ,g1,k1,00,m1)

Ma® Ip)

Almn,

Ae(m) ® (a ® In)
Mon

Momn

77(0/ ® In)

ne(m) ® (@ ® In)
0T’ ® I,

T ® I,

0T’a ® I,

Ta ® I,

Do — ()‘+7])]n
T/ ® DO - )\Imn

0T ® Do — (A +n)Imn

T @ Do — AMmn

T/ &) DO - )\Imn

T & Dg

T' @& Do

i1 = 0,i2 = 1;j1 = jo = 0;k2 = 15

1<l <m;1<mi,mz2<n

1 <41 <N —25i2 =41 + 1551 = j2 = 0;
i1 <k <N—-2k=k +1;1<11,la <my
1<mi,ma<n

1<t <N-1j1=0,ja=1Lk1 =N—-1;
1<li,lo<m;l <mi,mz2 <n
1<iyn<L—-1ljig=d1+ 151 =j2=1;
1<l,lo <m;l<mi,me2 <n

0<i1 <L—-1,ig =141+ 1;751 = jo =2
1<l,la <m/;51<mi,ma<n

i1 =142 =0;51 = 0,72 = ;1 < lp <m;
1<mi,ma2<n

1<4; <N —1,ig =151 =0,j2 = 1;

i1 <k S N-11<h,lo<m;l<mi,m2<n
i1=14i2=0;j1=J2=0;1< ks <N -1
1<l <m;l<mi,ma<n

i1 =1,i2 =0;j1 = 1,52 =21 < 11 <m,
1<l <m/51<my,ma <n

2<i1 <N —1,i2g =141 — 1;j1 = jo = 0;
i1<k1<N-1,

ko =k1;1 <l1,l2 <m;1 <mi,m2 <n
2<i1 < Lyjig=i1 —L;j1=j2=1;
1<l £m;l <ma,ma <n

i1 =42 =0;j71 =j2=0;1<mi,mz2 <n
i1 =i =0;51 = j2 =2;1 < ly,la <m/;
1<mi,mz2<n

1<i41 <N —1,ipg =i1;71 = j2 =0;

i1 <kt <N—=1,ky=k1;1<l1,lo <my
1<mi,ma<n
1<in<L-1ljig=d1551=j2=1
1<l,lo <m;1<mi,m2 <n

1<i4; < L—1ig =141;51 = j2 = 25
1<l,lo <m/;51<mi,mz<n

i1 =142 = L;j1 =j2=1;1 < l1,l2 < mj
1<mi,ma<n

i1 =1d2 = L;j1 = jo=2;1 < ly,lo <m;
1<mi,me2<n
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2.5 Steady State Analysis

First we find the condition for stability of the system under study.

2.5.1 Stability condition

Let m = (mo,m1,...,m) denote the steady state probability vector of the

generator ) -
By Bs
Ci Ey B
Co Ey F
Cn-1 En-1 Fyno
o+ A+ A o I J
G H J
G H J
G K
where
Do+ Dy — (A+n)l, k=1,1=1
o @1 E=1,1=2
Bi(k,1y = { "&E )
0 k=21=1
T/ @I, +T & Dy — N+ Ly @D1 k=2,1=2
Ma®l,) k=1,1=1 eN-1)®@ (T°®1,) k=1,1=1
Ba(k, ) =< Apm Ek=21=2 ,Ci(k,))={ T’ ®1I, k=21=2
0 otherwise 0 otherwise
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For2<i< N -1,

Ci(k,l) =

For1<i< N -1,

,

\

For1<i< N -2,

AI(Nflf'i)nnL k=1,1=1
de(m)R (a®l,) k=2,1=2
F;(k,1) = AMon k=3,1=2
DV S k=4,1=3
0 otherwise
Ta®l, k=1,1=2
G/(kvl) = " ’ .
0 otherwise
T@DO _>\Imn+lm®D1
T @ Doy — )‘Im’n —+ Im/ ® D1
H(k,1) = /0
T a® I,
0

Inoi @ (0T a®1,) k=1,1=2

Ta ® I,

0

k=21=3

otherwise

INoi®@ (0T & Do — A+ ) + I;m®Dy) k=1,1=1

e((N —i)m) @ (nla® 1)) k=1,1=2

k1) = T & Do — Mypn + I, @ Dy k=21=2
’ T ® I, k=31=2

T @ Do — M,y + I,y @ Dy k=3,1=3

0 otherwise

de(m)@(@xl,) k=11=1
Mpnn k=21=1
Fn_1(k,l) =
N-1(kD) A, k=31=2
0 otherwise
T’a®I, k=1,1=1
7G(k7l): " 7.
0 otherwise
k=1=1
k=1=2 Mpn k=1,1=1
s J(k, 1) =
k=21=1 My k=21

otherwise
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T®Dy+1,D; k=1l=1
Kkil)=¢ T"®Dy+ Iy @Dy k=1=2
Ta® I, k=21=1

with dimension of By, Ba, Cy be (n+m'n) x (n+ m/n), (n+m'n) x (Nmn +
m/n), (Nmn+m/n) x (n+m'n) respectively. For 2 <i < N—1, C; be of order
(((N—=i+1)ymn+m/n)) x (N —i+2)mn+m'n)), E; be a square matrix of order
(N—i+1)mn+m'n, F; is of order (((N—i+1)mn-+m'n))x (((N—i)mn+m'n)),
G’ is of order (m +m')n x (2m +m’)n, G, H,J and K are square matrices of
order (m +m/)n.

ie,

A =0,me =1. (2.18)

The LIQBD description of the model indicates that the queueing system
is stable (see Neuts [40]) if and only if the left drift exceeds that of right drift.
That is,

mApe < TAze. (2.19)

The vector w cannot be obtained directly in terms of the parametres of
the model. From (2.18)we get

T, = 71'1'_12/{1'_1, 1 S ) S L (2.20)

where
Uy = —Bg(El +U1CQ)71

—F;(Diy1 + Uis1Ciy2)™t for1 <i< N -3
—Fn_o(En_1 +UN_1G)™! fori=N -2
Ui=1q —Ex_1(H+UxG)™, fori=N -1
—MH +Ui1G)! forN<i<L—2
—-AJ 7! fori=1L-1.
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From the normalizing condition we = 1 we have

L-1 j
mo | Y [[th+1|e=1 (2.21)

§=0 i=0

The inequality (2.19) gives the stability condition as

N—-2 i L-1 i
o |:(I(l+m’) ® D1)e + Z Huj(f((zv—i)m+m/) ® D1)e + Z Huj([(m+m’) ® Dl)e:|

i=0 j=0 i=N—1;=0
N-2 1 L—-1 i

<o | A20 + Z HujAQi + Z HUjAQ(N—l)) (2.22)

i=0 j=0 i=N+1j=0

0 0
where, Agyy = , Aoy = ,1<i< N-—2and
20 (T @ Ie . (T"°a® Ie
0
Ao n_1) = , with 0 a zero column vector of order n, (N —i)mn
2AN=D) (T @ Ie ( )

and mn for Agg, Ag;, 1 <i < N —2 and Ayy_q) respectively.

2.5.2 Steady-state probability vector

Assuming that the condition (2.22) is satisfied we proceed to find the steady-
state probability of the system state.

Let = be the steady state probability vector of (). We partition this vector
as

x = (xg,21,22...),

where xq is of dimension n + %(N2 — N 4+ 2L), z1,Z9, ... are of dimension
(1+m/)n+ 22 (N? — N +2L) 4+ Lm'n. Under the stability condition, we have

x; = (BlRiil,Z‘ >2

where the matrix R is the minimal nonnegative solution to the matrix quadratic
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equation
R2A2 + RA1+A4,=0

and the vectors g and xjare obtained by solving the equations

oGy +x1H1 =0 (2.23)
xoHp +21(A1 + RA3) =0 (2.24)

subject to the normalizing condition

zoe +z1(I — R) e =1. (2.25)

2.5.3 Distribution of duration of slow service mode

The duration Ug,, in slow service mode is defined as the time the server
starts in slow service mode (through initiating a WV) until either switching
to normal mode through vacation clock realization or with the number of type I
customers in the sytem plus number of type I customers already served during
the current vacation hitting the threshold value NV, 1 < N < L or the number
of type I customers hitting 0 before expiration of vacation. We consider the
Markov process Ugow(t) = {(N(t), J(t),K(t)) : t > 0} where N(¢) is the
number of type I customers in the system at time ¢, J(t) the number of type
I customers in the system plus number of type I customers already served
during the current vacation and K (t), the service phase at the time ¢. Thus
the state space of the process is {(i,7,k): 1 <i< N—-1;i<j<N-1;1<
E<m}U{0}U{*;}U{*2} where 0 denotes the absorbing state indicating that
there is no type I customer in the system and *; denotes the absorbing state
indicating the vacation expiration by vacation clock realization and %9 denotes
the absorbing state indicating the vacation expiration by the number of type

customers in the system plus number of type I customers already served during
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the current vacation hitting N. The initial probability vector is given by

1

- a(w17w27 o 7wm70)

71

where, for, 1 < j < m, w; and d; are defined as in section 2.2.3 and 0 is a
zero matrix of order 1 x %Wm

The infinitesimal generator U; of Uy, (t) has the form

o v vV u?

U, = where,
0 0 0
Lo -
K1 Lo Mo
U= with,
Ky-3 Ly—2 Mn_o
i Ky—2 Ln-

Ki=[0 Iyi1®(@T'%) |, for 1<i<N-2

where 0 is a zero matrix of order (N —i — 1)m x m.

Li=InN_;®@@0T —A+n)lp),for1 <i<N-1

My
M; = ! (NB"U“”‘ ] for 1<i<N-—2

where 0 is a zero matrix of order m x (N —i — 1)m.

0 6(N—1)®9T0
U§>=[ 0
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W-2(N-),,

where 0 is a zero matrix of order x 1.

ne((N —2)m) 0

ne(m) Ae(m)
ne((N —3)m) 0

1 ne(m) 2 Ae(m)
Ug ) _ ' ’ Ug ) _ '
ne(m) 0

ne(m) Ae(m)

L me(m) L Ae(m) |
where 0’s are zero matrices of order (N —2)m x 1,(N —=3)m x 1,...,m x 1

respectively.

Thus we have the following Lemma.

Lemma 2.5.1. The expected duration of time the server remains in WV

until the number of type I customers reach 0 is given by 'yl(—Ul)*QUgO).

Define the random variable My as number of returns to 0 type I customer
state starting from 0 type I customer state during vacation mode of service

before the arrival of a type II customer.

2.5.4 Expected value of M,

Let Us denote the duration of slow service until the arrival of a type II cus-

tomer.

Distribution of U,

We consider the Markov process Ug(t) = {(N(t),J(t), K(t), M(t)) : t > 0}
where N(t) is the number of type I customers in the system at time ¢, J(t)

the number of type I customers in the system plus number of type I customers
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already served during the current vacation, K (t) the service phase and M (t)
the arrival phase of type II customer at that instant. Thus the state space of
the process is {(i,7,k,0) : 1 <i< N—-1;i<j<N-11<k<m1l<
I < n}U{0}U{*x1}U{*2} where 0 denotes the absorbing state indicating
that there is no type I customer in the system, *j,%o denote the absorbing
states indicating the vacation expiration and arrival of a type II customer

respectively. The initial probability vector is given by

T2 = (1/d2)(w1,17 e 7w1,n7 e awm,la e 7wm,n50)

where, for, 1 < j <m, 1 <k < n, w;; and dz are defined as in section 2.2.4
(N—=2)(N+1)

5 mn. The infinitesimal generator

and 0 is a zero matrix of order 1 x
Us of Us(t) has the form

v, Uy Uy U

Uy = where,
0 0 0
i, Lo -
Ky Ly M
U; = with,

Kn-3 Ly-2 My
Ky2 Ly

K = [o Ino1-s @ (0T @ 1) ] for1<i<N—2,

where 0 is a zero matrix of order (N —i — 1)mn x mn,

My i
Mi:[ (N(; Um"], for 1<i<N -2,
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where 0 is a zero matrix of order mn x (N — 1 — ¢)mn.
Li=InN_;® 0T ®Do— AN+n)lnn), for 1 <i<N-—-1

e(N — 1) ® (0T° @ e(n))

vl® — ’
? 0
[ ne((N —2)mn) |
(A +n)e(mn)
ne((N — 3)mn) de((N —1)m))
1 (A +n)e(mn) 5 de((N —2)m)
vy = . U = .
ne(mn) oe(m)
(A +n)e(mn)
(A +n)e(mn)
where 0 is a zero matrix of order Wmn x 1 and § is given by (cl).

Thus we have the following Lemma.

Lemma 2.5.2. The expected duration of time the server remains con-
tinuously in WV until the number of type I customers reach 0 and before the

arrival of a type II customer is given by 72(—U2)_2Ué0).

Let U/ denote the duration of time the server starts in slow service mode
until either he gets back to normal mode through the vacation expiration or

the arrival of a type II customer.

Distribution of U

The distribution of U, can be studied as the time until absorption in a con-
tinuous time Markov chain with state space {(0,1) : 1 <1 < n}U{(i,j,k,1) :
1<i<N-1;i<j<N-1;1<k<m;1<1<n}U{x}U{*2}, where, i

denotes the number of type I customers in the system, j the number of type
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I customers in the system plus number of type I customers already served
during the current vacation, k, the service phase, [, the arrival phase of type
IT customer, *; the absorbing state indicating the vacation expiration and o

the absorbing state indicating the arrival of a type II customer.
The initial probability vector is given by

Y3 = ()\/d2>(07w1,17'” 7w1,n;"' 7wm,17"' 7wm,n70)

For,1 <j<m,1<k<mn, w;;, and dy are defined as in section 2.2.4 and,
first 0 is a zero matrix of order n and second 0 is a zero matrix of order

| x (V=2)(V+bmn

The infinitesimal generator Us of U.(t) has the form

U U(O) U(l)
Us = 373 3 where,
0 0
[ Do — N[ M, |
K, Ly M,
Us = with,
Ky_o Ly-—2 My
i Ky-1 Ln-1 |

M, = [ Ma®I) 0 } , where 0 is a zero matrix of order n x (N — 2)mn.

Ky = [ e(N-1)@ 0T’ ® 1)) ]

For2<i<N—1,

K; = [ 0 Iy ® (0T a®1) } , where 0 is a zero matrix of order (N — i)mn x mn
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and

M; = AI(N—i)mn
0

where 0 is a zero matrix of order mn x (N — i)mn.

Li=In_;® (0T ® Do — (A+n)Lny), forl <i< N -1,

0
e(N —2) ® ne(mn)
(A + n)e(mn) [ 5 |
e(N - 3) @ ne(mn) e((N—1)m)) @9
v = | (A+nelmn) | UV =] e(N-2)m)@3d
ne(mn) i e(m)®4d |
(A +m)e(mn)
(A +mn)e(mn)

where, 0 is a zero matrix of order n x 1 and ¢ is given by (cl).

Thus we have the following Lemma.

Lemma 2.5.3. The expected duration of time the server remains in WV
with or without hitting zero state of type I customer until the arrival of a type

I customer before hitting normal mode is given by y3(—Us)~2U :(31).
Thus we arrive at

Theorem 2.5.1. The expected number of returns to 0 type I customer

state during the vacation mode of service before the arrival of a type II cus-
tomer, is given by (% +’)'3(—U3)_2U:(31)> / (% +72(—U2)_2U§0)> .
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2.6 Waiting Time Analysis

2.6.1 Type I customer

To find the waiting time of a type I customer who joins for service at time x,
we have to consider different possibilities depending on the status of server at
that time.The server may be on vacation, WV, normal mode 1 or in normal
mode 2. Let Z; be the random variable representing the waiting time of a
type I customer in the queue. Define Wi (z) = Prob(Z; < z) and W{(s) be
the corresponding LST.

Case 1

The tagged customer arrives to the system when the server is on vacation.
Suppose E7 denote the event that the system is in the state (0,1,0,1,u,v), 1 <
u<m;1<wv<norin the state (n1,1,0,1,u,v),n1 > ;1 <u<m;1<v<
n immediately after arrival of the tagged customer. Let W (s|E1) denote the
corresponding LST. Then

Wi (sl Er) = 1.

Case 11

The tagged type I customer arrives to the system when the server is on
WV. Suppose that a+1 is the position of the tagged customer when he arrives
the system. For 1 < a < N — 2, let F5 denote the event the system be in the
state (n1,a +1,0,t 4+ L,u,v),ny >0, a<t<N—-21<u<m;1<v<n
immediately after arrival of the tagged customer arrives.. Let W (s|E2) denote
the corresponding LST.

Case (i)

Let E denote the event that the server switches to normal mode due to
random clock expiration during the slow service. Then E = U:={*Y(E N K;)
where K7 denotes the event the random clock expire during the residual service
time of the customer in service and for 2 < i < a, K; denotes the event the

random clock expire during the ith service. In these cases, the waiting time
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of an arbitrary type I customer is the sum of time duration, starting from
his arrival epoch till random clock expiration, service time of the customer
in service at the time of random clock expiration from the beginning in the
normal mode of service and service time of the remaining customers. Let K,
denotes the event the random clock expires after the ath service. In this case,
the waiting time of an arbitrary customer is the sum of the residual service
time of the customer in service when the tagged customer arrives and service

time of remaining a — 1 type I customers in slow mode.

Now,

= N —1)Nm
P(E/E3) = </t_06‘21(2N—a—1)m+(t—a—1)m—|—u((2))&Tp(Ult)Ugl)dt)

where Uy, U 31) are as defined in section 2.5.3.

_ (N—1)Nm —2pp(1)y—1
Let pgy = (6%(2N_a_1)m+(t—a—1)m+u(f)(—Ul) Ui’)" be the rate of
absorption to {*1} from U; and p( denote the expected rate of sum of i
service time distributions, each following PH(a, T') from the arrival epoch of
the tagged customer. Here, u(!) = 0, which is the residual service rate when

the server is providing slow service in phase u.

Pa,u
PUIE ) =
PK|E, Ey) = —Pav _ Pau 459 <i<aq,
Pau + Iu,(z) Pau + M(z—l)
(@
P(Koy1/E, Es) = o L 1@

Then the conditional LSTs are given by

Wi (s|Es, E, K1) = (s”) (a(sI — T)~'T0)e,

+1
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Wi (s|Ey, B, K;) = (sZn) (a(sI —T) ') for2<i<a

and
W7 (s|Ey, E, Ko11) = (€,(sI — 0T) 71 0T°) (ae(sI — 0T)~16T")* L.

Thus the conditional LST
a+1

Wl*(S‘E%E) = ZWT(S|E27Ea KZ)P(K2’E27E)
i=1

Case(ii)

Let F denote the event “the server switches to normal mode when the
number of type I customers in the system plus number of type I customers
already served during the current vacation hits N” during the slow service.
Then F = Ui‘fH(F N M;) where M; denote the event: the number of type I
customers plus number of type I customers already served during the current
vacation reaches IV during the residual service time. For 2 < i < a, M; denote
the event: the number of type I customers in the system plus number of type
I customers already served during the current vacation reaches N during the
ith customer’s service time. In these cases, the waiting time of an arbitrary
type I customer is the sum of time duration starting from his arrival epoch till
the number of type I customers in the system plus number of type I customers
already served during the current vacation hits NV, service time of the customer
in service at the time of switching to normal mode from the beginning in the
normal mode of service and service time of remaining customers. Let M,
denote the event “the number of type I customers in the system plus number of
type I customers already served during the current vacation reaches N after
the ath customer’s service”. In this case, the waiting time of an arbitrary
customer is the sum of the residual service time of the customer in service

when the tagged customer arrives and service time of remaining a — 1 type I
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customers in slow mode.

Now,

>~ N —1)Nm
P(F/Ey) = </tOeg(QN—a—l)m+(t—a—1)m+u((2))el'p(Ult)ng)dt)

where Uy, U 32) are as defined in section 2.5.3.
_ (N—1)Nm —2pr(2)y—1
Let qqu = (e%(2N_a_1)m+(t_a_1)m+u(#)(_Ul) U; ) be the rate of

absorption to {*3} from Uj.

— o
P(M|F, Ey) = dont g
P(M;|F, By) = — 22 dav ___ fro2<i<a
Qo+ 1D o+ pl=Y
and
P(Myi1|F, E )
( a+1| ) 2) - m

The conditional LSTs,

A

N—t—1
— I-T)"'T%"
) G-

Wi (s| s, F,My) — (

A

N—t-1
S—i—)\) (a(sI —T)'T%) o= for 2 <i<a

Wl*(s‘E%Fa MZ) = <
and

Wi (s|Ea, F, Myi1) = (' u(sI — 0T)10T°) (au(sI — 6T) 1 oT°)*?
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Thus the conditional LST
a+1
Wi (s|Ea, F) =Y Wy (s|Ea, F, M;) P(M;| Ey, F)
i=1

Case (iii)
Let G denote the event that the system becomes empty before vacation

expiration.

= N —1)Nm
P(G/EQ) = </ 06‘2’(2N—a—1)m+(t—a—1)m+u((2))exp(Ult)Ugo)dt>
t=

where Uy, U go) are as defined in section 2.5.3.
In this case the conditional LST,

Wi(s/Fa, G) = (el (sI — 0T)10T°) (a(sI — 6T)~toT%)2 1,

Thus the conditional LST,

Wi (s/Es) = Wi (s/Ea, E)P(E/E2)+W7(s/Ey, F)P(F/E9)+W7(s/Es, G)P(G/E»).

Case 111

Let Es3 denote the event that the customer arrives to the system when the
server is in normal mode 1. This case is same as for model 1. Let W (s/FE3)
denote the corresponding conditional LST.

Then the conditional LST of the waiting time is given by
Wi (s|Es) = (el,(sI — T)"'T%)(a(sI — T)'T")* .

Case IV

Let E4 denote the event that the customer arrives to the system when the
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server is in normal mode 2. This case is also same as for model I. Let W7 (s/E})
denote the corresponding LST.
Then the conditional LST of the waiting time,

Wi (s|Ey) = (e),(sI — T 'T"°) (a(sI — T)~'T)°.

Let w;, 4y j, jo,k,i denote the probabilty that the system is in the state (iq, 2, j1,

J2, k,1) immedietly after arrival of the tagged customer. Then,

Wo,1,0,1,u,v = %ZEO,O’U, for,1<u<m,1<v<n
A*Fn*dv'u
A
Wn1,1,0,1,u,v = 7)\+77(i7;l(0) Tnq,0,0,0 for,mp>1,1<u<m,1<v<n
VU

A
Wny,a+1,0,t+1,u,0 mﬂcm,a,o,t,u,v, for,n1 >0, 1<a< N —2,
a<t<N-2,1<u<m,1<v<n
m pYet A
w = o — = 7 _ , + I S
nl,a+1,1,u,v Z’U/*l )‘+7]_9Tu/u/_d’l(.90) 77/170,707N Lu' v )\_Tuu_dg)%)
Tnyaluw, for,n1 >0,1<a<N-1,1<u<m,
1<v<n
A
Wny,a+1,1,u,v = T —d® Tny,a,1,u,vs for,n1 >0, N <a<L-1,
1<u<m, 1<v<n
A
Wny,a+1,2,u,v = Wmnl,a,lu,v, fOl“7 ny > 1, 0 <a< L— 1:
—LuuT Uyv

1<u<m/,1<v<n

Thus we have the following Theorem.

Theorem 2.6.1. The LST of the waiting time of a type I customer is
given by

oo n co N-2N-2 m n

Wi(s) = %[Z an1,1,0,1,u,v + Z Z Z Z ZWl*(S\Ez)(’wnl,a+1,0,t+1,u,u)
ny;=0v=1 n1=0 a=1 t=a u=1v=1
c© L-1 m n co L-1 m n
+ Z Z Z Z W1 (5| E3)(Wny ,at1,1,u.0) + Z Z Z Z Wl*(5|E4)(wn1,a+1,2’u,v)]
n1=0 a=1 u=1v=1 n1=1a=0 u=1v=1

(2.26)



(M, MAP)/(PH, PH)/1 queue with Non-preemptive priority and working vacation
74 under N-policy

where

co N-2N-2 m n

0o n
d= § § Wn,y,1,0,1,u0 T § § § § § Wny,a+1,0,t+1,uvt

n1=0v=1 n1=0 a=1 t=a u=1v=1
co L-1 m n o L-1 m n
+ E E E E Wpy a+1,1uv T E E E E Wny,a+1,2,u,v- (227)
n1=0 a=1 u=1v=1 n1=1a=0 u=1v=1

2.6.2 Type II Customer

To find the LST of the waiting time distribution of a type II customer, we

have to compute the following distribution.

Let U! be the duration of time the server, starting in vacation, until either
he gets back to normal mode through the random clock expiring or the WV
is interrupted as the number of type I customers in the system plus number

of type I customers already served during the current vacation hits N.

Conditional distribution of U/ given a type II customer arrives

before the random clock expires

We can study this by a phase type distribution with representation (74, Uy)
where the underlying markov chain has state space {0} U {(4,j,k) : 1 <1 <
N—-1;i<j<N-1;1 <k <m}U{x} where i denotes the number of type
I customers in the system, j the number of type I customers in the system
plus number of type I customers already served during the current vacation,
k, the service phase and * denotes the absorbing state indicating the vacation

expiration. The infinitesimal generator Uy of U/ (t) is given by

U, U9

Uy —
* 0 0
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where,
—(A+n) M
K, Ly M
U, = . (c8)
Kyn-2 Ln-2 My
Kn-1 Ly

with

M, = { Aa 0 ] , where 0 is a zero matrix of order 1 x (N — 2)m.
K, =e(N—-1)®6T"

For2<i<N —1,
K; = [ 0 In_;® (HTOa) } , where 0 is a zero matrix of order (N —i)m x m
and

M, = AM(N—iym
0

where 0 is a zero matrix of order m x (N — i)m.

Li=In_;® 0T ®Dy— (A+n)ly), for 1 <i<N-—-1

S
=)
—~

Q

O
~—
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The initial probability vector is given by

N —-1)N
v4 = (1,0), where 0 is a zero matrix of order 1 x (Q)m (c10)

Thus we have the following Lemma.

Lemma 2.6.1. The expected duration of time the server stays in vacation
mode until either the server gets back to normal mode through the random
clock expiring or the WV is interrupted as the number of type I customers
in the system plus the number of type I customers already served during the
current vacation hits N given a type II customer arrives before the random

clock expires, is given by y4(—Uy)le.

To find the waiting time of a type II customer who arrives at time x, we
have to consider different possibilities depending on the status of server at
that time. The server may be in vacation mode, WV mode, normal mode 1
or in normal mode 2. Let Z5 be the random variable representing the waiting
time of a type II customer in the queue. Define W (z) = Prob(Z; < z) and
W5 (s) be the corresponding LST.

Case 1

Let F; denote the event that the system is in the state (1,0,0,v) imme-
diately after arrival of the tagged customer. In this case the waiting time is
the sum of time duration from his arrival epoch till the server shifts to normal
mode and the time duration of busy period generated by type I customers
present at that time, if any. Let W3 (s|F}) denote the corresponding condi-
tional LST of the waiting time.

Then

N
Wi (s|Fy) = va(sI — Us)"'U[to + > _yp(sI — T1) "' T,
p=1

where t,,, 0 < p < N denote the probabaility that there are p type I customers
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when the vacation expires which is given by

[Z0va(eV4)ndt ifp=0
)p(UQ)pdt fl<p<N-2
[ Zova(€¥ ) y_ime(m)dt ifp=N —1
ft0:00'74 eV n_1e(m)dt ifp= N

where (eV1!),, denote the columns in eV4!

corresponding to p type I customer
states and (U g)p the absorbing rates corresponding to p type I customers,
T, T, vp, Us, UY and 74 are given by (c2), (c3),(c4),(c8), (c9) and (c10)
respectively.

Case I1

Let F5 denote the event that the system is in the state (b+1,0,0,v), b > 1
immediately after arrival of the tagged customer. In this case the waiting
time is the sum of time duration from his arrival epoch till the server shifts to
normal mode, the time duration of busy period generated by type I customers
present at that time, if any and the time duration of busy cycles generated
by type I customers arriving during the service time of each of the b type 11
customers. Let W3 (s|F2) denote the corresponding conditional LST of the
waiting time.

Then

N
W3 (s|Fo) = ya(s] = Un) "' UR[to + Y _p(sI = T1) "' Tty ] (Be, (5))°
p=1

where B, (s)) is given by Theorem 2.3.3.
Case 111

Let F3 denote the event that the system is in the state (b+ 1,a,0,t,u,v),
b>0;1<a<N-1;a<t<N —1immediately after arrival of the tagged
customer. In this case also the waiting time is the sum of time duration from

his arrival epoch till the server shifts to normal mode, the time duration of
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busy period generated by type I customers present at that time, if any and the
time duration of busy cycles generated by type I customers arriving during
the service time of each of the b type II customers. Let W3 (s|F3) denote the
corresponding conditional LST.

Then

N
Wi (s|Fs) = i, (sT = Us) ' US[to + Y yp(sT = T1) " Ttp| (Bey ()
p=1

where g ; = (0,0,--- ,€;_,, (N —a)®e€,,0) with e}, (N —a)®e], is in the
(a + 1)™ position, where 0s are zero matrices of order (N — 1)m,--- , (N —
a+1)m, (N —a—1)m,--- ,m respectively, v, = (0,0,--- ,e,0,---,0) where
« is in the pth position and 0 denotes zero matrix of order m.
Case IV

Let Fy denote the event that the system is in the state (b + 1,a,1,u,v),
b>01<a< ;1 <u<ml<ov < n immediately after arrival of the
tagged customer. This case is same as for model I. Let W5 (s|Fy) denote the
corresponding conditional LST.
Then

Wi (s|Fa) = (vi(sT = Th) "' T)(Be, (5))"

where 4% = (0,--- ,€.,---,0) where €/, is in the a'* position and 0 denotes

9 u?
zero matrix of order m.

Case V

Let F5 denote the event that the system is in the state (b + 1,a,2,u,v),
b>1;0<a< L;1 <u<m;l<wv<n, immediately after arrival of the
tagged customer. This case is also same as for model I. Let W5 (s|F5) denote
the corresponding conditional LST.
Then

~

W3 (s|Fs) = (en(sI — T") " 'T")(B(s)(Be, (5))" "

By,(s) is given by Theorem 2.3.4.
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Let w;, iy j;,jo,k,y denote the probabilty that the system is in the state

(41,192, 41, J2, k, 1) immediately after arrival of the tagged customer. Then,

(1)
d
W1,0,0,v = U/v(o) xOOU’vforalsvavlgn
I My A+,r]7dv//u/ bl
ey /
Wp41,0,0,0 = — 0,00, for, b > 1,1 <00 <n
)‘+77_d§)92)/ ) ’ ’ I
ey
w = —vr o7 rnfor,b>0,1<a<N-1
b+1,a,0,t,u,v )\+7]_6Tuu_d§}(/)z)/ b,a,0,t,u,v"y y VU, L0 > )
a<t<N-1,1<u<m,1<v,v<n
d(})
Wy+1,a,1,u,v = T . vd(o) Tv,a,1,u,0" fOI‘, b>0,1<a<L,1<u<m,
—LuuT ,U/,U/
1<v,v <n
a
Wy+1,a,2,u,v

We sum up the above discussions in the following.

Theorem 2.6.2. The LST of the waiting time of a type II customer is
given by

n © n )
Ws(s)=> Wy (s|F)wio00tY > Wa(s|F)wsir000+
v=1 b=1 v=1 b=0 a=1 t=a u=1v=1
co L m n
W5(3’F3)(wb+l,a,0,t,u,v) + Z Z Z Z W;(S‘F4)wb+l,a,l,u,v+
b=0 a=1u=1v=1
co L m n

Z Z Z Z W5 (s|F5)wot1,0,2,u0-  (2.28)

b=1 a=0u=1v=1
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2.7 Numerical Results

2.7.1 Comparison of mean/variance of number of type I and

type 11 customers in the system

Wefix A =1,0=0.6, Do = (~1),Dy = (),a=[ 1 0],7=

a':[o.g 0.2},T’:

—2.5
2.5

0
)

Table 2.1: Mean/Variance of number of type I customers in the system for
model I: Effect of n and N

N=1, L=3 N=2, L=4 N=3, L=5 N=4, L=6 N=5, L=7
n Ens Vns Ens Vns Ens Vns Ens Vns Ens Vns
0.01 | 0.6934 | 0.7328 | 0.8170 | 0.9367 | 0.8928 | 1.1001 | 0.9494 | 1.2388 | 0.9947 | 1.3680
0.02 | 0.6934 | 0.7328 | 0.8169 | 0.9366 | 0.8924 | 1.0996 | 0.9482 | 1.2371 | 0.9924 | 1.3638
0.03 | 0.6934 | 0.7328 | 0.8168 | 0.9365 | 0.8919 | 1.0991 | 0.9470 | 1.2354 | 0.9901 | 1.3597
0.04 | 0.6934 | 0.7328 | 0.8166 | 0.9364 | 0.8914 | 1.0986 | 0.9458 | 1.2338 | 0.9878 | 1.3557
0.05 | 0.6934 | 0.7328 | 0.8165 | 0.9363 | 0.8909 | 1.0981 | 0.9446 | 1.2322 | 0.9857 | 1.3518

Table 2.2: Mean/Variance of number of type I customers in the system for

model II: Effect of n and N

N=1, L=3 N=2, L=4 N=3, L=5 N=4, L=6 N=5, L=7
i Ens Vns Ens Vns Ens Vns Ens Vns Ens Vns
0.01 | 0.6934 | 0.7328 | 0.8170 | 0.9367 | 0.8807 | 1.0854 | 0.9200 | 1.1885 | 0.9479 | 1.2653
0.02 | 0.6934 | 0.7328 | 0.8169 | 0.9366 | 0.8804 | 1.0851 | 0.9194 | 1.1878 | 0.9470 | 1.2640
0.03 | 0.6934 | 0.7328 | 0.8168 | 0.9365 | 0.8801 | 1.0848 | 0.9188 | 1.1872 | 0.9461 | 1.2627
0.04 | 0.6934 | 0.7328 | 0.8166 | 0.9364 | 0.8797 | 1.0845 | 0.9183 | 1.1865 | 0.9453 | 1.2615
0.05 | 0.6934 | 0.7328 | 0.8165 | 0.9363 | 0.8794 | 1.0842 | 0.9177 | 1.1858 | 0.9444 | 1.2602

In Tables 2.1 and 2.2, Ens denote the expected number of type I customers

in the system and Vus, its variance. In these tables we look at the values of

these measures as functions of N and 7. The two models coincide with the

classical model in the case N = 1. These two models coincide in the case of

N = 2 also. As expected, in both the models, both mean and variance are non-

increasing functions of 7 (for fixed V) and is also non-decreasing functions of

N (for fixed ). The rate of decrease of mean and variance as 1 grows shows an
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increasing trend with value of IV going up. This happens due to the diminished
effect of IV as IV increases. Also the rate of increase of mean and variance with
growth of N decreases as n increases. This is due to the increased effect of n
with growth of . But variance is larger than mean in all cases. When N > 3,

both Ens and Vns are comparitively less in model II than in model I.

For the arrival process of type II customers, we consider the following five
sets of matrices for Dy and D;.

1. Exponential (EXP)

Dy = (_1)7 Dy = (1)

2. Erlang (ERA)

-3 3 0 0 00
Dy = 0o -3 3 Di={0 00
0 -3 300

3. Hyperexponential (HEXP)

s, 1 =

0 —0.8500

5 _ | —3.4000 0
0 0.1700 0.6800

0.6800 2.7200 ]

4. MAP with negetive correlation (MNA)

—0.8101 0.8101 0 0 0 0
Dy = 0 —1.3497 0 ,Dy=1] 0.0810 0 1.2687
0 0 —40.5065 38.0761 0 2.4304

5. MAP with positive correlation (MPA)
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Table 2.3: Effect of n and N on Mean/Variance of number of type II customers
in the sytem for model I

(N, L) n EXP ERA HEA MNA MPA

’ Ens Vns Ens Vns Ens Vns Ens Vns Ens Vns
0.01 2.95 8.11 2.44 4.30 3.14 9.82 3.17 9.15 16.35 | 693.94

(1,3) 0.03 2.93 8.05 2.42 4.25 3.12 9.76 3.15 9.09 16.33 | 693.59
0.05 2.91 8.00 2.40 4.21 3.11 9.70 3.13 9.03 16.32 | 693.26
0.01 5.18 19.55 4.63 13.78 5.39 22.02 5.40 20.89 19.49 | 804.02

(2,4) 0.03 5.02 18.46 4.47 12.80 5.22 20.90 5.24 19.79 19.33 | 800.52
0.05 4.87 17.54 4.32 11.97 5.08 19.94 5.10 18.85 19.19 | 797.43
0.01 9.57 68.10 9.01 59.18 9.78 71.77 9.80 69.91 24.23 | 944.18

(3,5) 0.03 8.67 55.02 8.10 46.70 8.88 58.46 8.89 56.74 23.33 | 917.61
0.05 7.97 45.98 7.40 38.13 8.18 49.25 8.19 47.64 22.63 | 898.11
0.01 | 17.20 | 242.85 | 16.63 | 228.76 | 17.41 | 248.45 | 17.43 | 245.42 | 31.98 1242

(4,6) 0.03 | 13.84 | 151.36 | 13.51 | 139.51 | 14.05 | 156.12 | 14.06 | 153.60 | 28.61 1101
0.05 | 11.72 | 105.45 | 11.15 95.01 11.94 | 109.69 | 11.95 | 107.48 | 26.50 1023
0.01 | 2854 | 717.64 | 27.96 | 695.96 | 28.75 | 726.08 | 28.76 | 721.32 | 43.35 1890

(5,7) 0.03 | 19.59 | 321.67 | 19.02 | 305.95 | 19.81 | 327.88 | 19.82 | 324.48 | 34.41 1360
0.05 | 15.22 | 186.29 | 14.65 | 173.48 | 15.43 | 191.41 | 15.44 | 188.67 | 30.03 1159

—0.8101 0.8101 0 0 0 0
Dy = 0 —1.3497 0 , Dy =1 12687 0 0.0810
0 —40.5065 2.4304 0 38.0761

All these five MAP processes are normalized so as to have an arrival rate

of 1.

However, these are qualitatively different in that they have different

variance and correlation structure. The first three arrival processes, namely

EXP, ERA and HEA correspond to renewal processes and so the correlation

is 0. The arrival process labeled MNA has correlated arrivals with correlation

between two successive interarrival times given by -0.4211 and the arrival

process corresponding to the one labelled MPA has a positive correlation with
value 0.4211.

For the service time distributions, we consider phase type distributions,

a:[1 0},T:

-5
0

We fix A\=1and € = 0.6

In this case also, the mean and variance are both non-increasing functions

and of — { 0.8 0.2 } T =

—-2.5
2.5

0
-5

of n (for fixed N) and is a non-decreasing function of N( for fixed n, with
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Table 2.4: Effect of n and N on Mean/Variance of number of type II customers

in the system for model II

(N, L) n EXP ERA HEXP MNA MPA
’ Ens Vns Ens Vns Ens Vns Ens Vns Ens Vns
0.01 2.95 8.11 2.44 4.30 3.14 9.82 3.17 9.15 16.35 | 693.94
(1,3) 0.03 2.93 8.05 2.42 4.25 3.12 9.76 3.15 9.09 16.33 | 693.59
0.05 2.91 8.00 2.40 4.21 3.11 9.70 3.13 9.03 16.32 | 693.26
0.01 5.18 19.55 4.63 13.78 5.39 22.02 5.40 20.89 19.49 | 804.02
(2,4) 0.03 5.02 18.46 4.47 12.80 5.22 20.90 5.24 19.79 19.33 | 800.52
0.05 4.87 17.54 4.32 11.97 5.08 19.94 5.10 18.85 19.19 | 797.43
0.01 7.60 41.37 7.04 33.76 7.81 44.54 7.83 42.99 22.26 | 888.02
(3,5) 0.03 7.11 36.04 6.55 28.76 7.33 39.10 7.34 37.61 21.77 | 875.40
0.05 6.71 32.00 6.14 24.99 6.92 34.95 6.93 33.53 21.37 | 865.32
0.01 | 10.24 77.57 9.67 68.12 10.45 81.44 10.46 79.46 25.01 | 972.90
(4,6) 0.03 9.20 61.54 8.63 52.78 9.41 65.15 9.43 63.33 23.98 | 941.38
0.05 8.41 50.75 7.84 42.52 8.62 54.17 8.63 52.47 23.18 | 918.76
0.01 | 13.09 | 132.02 | 12.52 | 120.63 | 13.31 | 136.61 | 13.32 | 134.19 | 27.91 1073
(5,7) 0.03 | 11.26 94.86 10.68 84.70 11.47 99.00 11.48 96.86 26.07 1009
0.05 9.96 72.76 9.39 63.45 10.18 76.57 10.19 74.62 24.78 967

reference to Tables 2.3 and 2.4), for the input parameters prescribed. This is
the case for all combinations of arrival processes of type Il customer. But the
rate of change in the case of MPA is much smaller compared to other arrivals.
Both mean and variance are significantly larger for MPA indicating the role
played by (positively) correlated arrivals. We observe that both mean and
variance change significantly as functions of n when N becomes large for both
the models. When N > 3, both Ens and Vns are comparitively less for model
II compared to model I.

From Figures 2.1 and 2.2, we note that as A\ increases both Ens and Vns
of type Il customers decrease first but increase after a certain stage for all
values of N and for all type II arrival processes for both the models. This
happens because as A increases, the rate of hitting N become faster and the
queue length decreases. But when )\ reaches a specified value the queue length
increases due to diminished effect of N. As IV increases this A value becomes
larger and larger.This A value is different for different type Il arrival processes

and is the smallest for the arrival process MPA.
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2.7.2 Optimal N

Next, we find an optimal N for both the models by constructing a suitable
cost function.

Let

Cs: Unit time cost of switching to normal mode

Ch: Holding cost for retaining a type II customer when the server is in vaca-
tion/WV

R, Rate of switching to normal mode

FE,: Expected number of type Il customers in the system till vacation expires.

Then the expected cost per unit time,
C:CSXR5+ChXEv

For model I,

co N-1 m n

o0 n
Ry = E E N%ny,0,0,k + Ef E EE NTny 00,2,k
n1=1 k=1 n1=0no=1 jo=1 k=1
o0 m n

Z Z Z)‘xnthl,O,jz,k (229)

n1=0 jo=1 k=1

and
co N-1 m n

o n
By= D > memookt D DL DD mTmmopk

n1=1k=1 ni1=1n2=1jo=1 k=1

For model 11,

00 n co N—-1 N-1 m n
Ry = E E NZn1,0,0,0 T § : E : E : E : E :nxn17n2707j27k71+
n1=1 (=1 n1=0n2=1 jo=ng k=1 I=1

oo N-1

D

n1=0no=1

3

NE

Ay ns,0,N-1,0k1 (2-30)

b
Il

11l=1
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and

o n
E, = E g Nn1%Tp,.,0,0,0 +

ni1=1[=1

D

co N

>

1

n

ni xnl ,n2,0,52,k,l

ni1=1n2=1 jo=ng k=1 =1

For both models we fix L =15, § = 0.1, A\ = 0.05, n = 0.001, a = [ 10 } ,

T = 05 55 and of = [ 0.8 0.2 } T = 2255 0 , Cs = 3000 and
C} = 0.05.
N Model 1 Model I
Rs E, Cost Rs E, Cost
1 0.0296 11.3725 89.2242 0.0296 11.3725 89.2242
2 0.0049 69.0362 18.2221 0.0049 69.0362 18.2221
3 0.0012 278.8977 | 17.6771 0.0018 194.1026 | 15.0271
4 | 6.8644 x 10~* | 508.8820 27.5034 9.8500 x 10~ % | 352.2230 20.5662
5 | 6.0488 x 10~ | 578.3485 | 30.7321 7.3595 x 10~1 | 473.2067 | 25.8682
6 | 5.9332 x 107 | 589.9899 | 31.2795 | 6.4776 x 10~ T | 538.8852 | 28.8875
7 1 5.9171 x 10~* | 591.7079 31.3605 6.1432 x 10~ % | 569.0909 30.2975
8 | 5.9149 x 10T | 591.9660 | 31.3728 | 6.0103 x 10~ 7 | 582.1676 | 30.9115
Table 2.5: Optimal N for EXP type II arrival process
N Model T Model 11
R E, Cost R E, Cost

1 0.0296 11.4214 89.2608 0.0296 11.4214 89.2608
2 0.0049 69.0862 18.2303 0.0049 69.0862 18.2303
3 0.0012 278.9481 | 17.6811 0.0018 194.1521 | 15.0316
4 ] 6.8678 x 10~ | 508.8366 | 27.5022 | 9.8536 x 10~ | 352.1463 | 20.5634
5 | 6.0530 x 10~ | 578.5717 | 30.7445 | 7.3622 x 10~ % | 472.8003 | 25.8487
6 | 5.9375 x 10~% | 590.2368 | 31.2931 6.4809 x 10~* | 538.5319 | 28.8709
7 | 5.9215 x 1077 | 591.9584 | 31.3744 | 6.1472 x 10~ ? | 568.9850 | 30.2934
8 | 5.9193 x 10~ % | 592.2169 | 31.3866 | 6.0148 x 10~ % | 582.2466 | 30.9168

Table 2.6: Optimal N for ERA type II arrival process

From Tables 2.5 to 2.9, we get the expected cost corresponding to different
values of N for different type II arrival processes, for model I and model II. For

both the models, Ry decreases and F, increases as N increases. As expected,
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N Model 1 Model 11
R E, Cost R E, Cost

1 0.0295 11.3550 | 89.2110 0.0295 11.3550 | 89.2110
2 0.0049 69.0182 | 18.2191 0.0049 69.0182 | 18.2191
3 0.0012 278.8795 | 17.6757 0.0018 194.0845 | 15.0254
4 ]6.8630 x 10~ % | 508.6858 | 27.4932 | 9.8486 x 10~ * | 352.2043 | 20.5648
5 | 6.0476 x 10~* | 578.2960 | 30.7291 | 7.3583 x 10~ % | 473.1812 | 25.8666
6 | 5.9320 x 10~ | 589.9324 | 31.2762 | 6.4767 x 10~ % | 539.0376 | 28.8949
7 15.9159 x 10~% | 591.6498 | 31.3573 | 6.1420 x 10~ | 569.1643 | 30.3008
8 | 5.9137 x 10~* | 591.9077 | 31.3695 | 6.0091 x 10~ % | 582.1740 | 30.9114

Table 2.7: Optimal N for HEXP type II arrival process

Model T Model 11
R E, Cost Rs E, Cost
0.0295 11.3028 89.1856 0.0295 11.3028 89.1856
0.0049 68.9648 18.2125 0.0049 68.9648 18.2125
0.0012 278.8374 | 17.6726 0.0018 194.0309 | 15.0213

6.8609 x 10~ % | 508.7016 | 27.4933 | 9.8461 x 10~ * | 352.1768 | 20.5627
6.0451 x 107 | 578.2791 | 30.7275 | 7.3563 x 10”7 | 473.2641 | 25.8701
5.9292 x 10~ % | 589.7552 | 31.2665 | 6.4742 x 10~ * | 538.9180 | 28.8882
5.9131 x 10~ * | 591.4750 | 31.3477 | 6.1393 x 10~ * | 569.0171 | 30.2927
5.9109 x 10~ % | 591.7349 | 31.3600 | 6.0062 x 10~ | 582.0134 | 30.9025

oo o k| w| o= =

Table 2.8: Optimal N for MPA type II arrival process

R, is higher and FE), is smaller for model IT than model I for all type II arrival
processes. In all cases we see that as IV increases, the expected cost first
decreases, reaches a minimum value and then increases. This is due to the
fact that, Rs decreases and E, increases, as N increases. The optimal cost is
slightly different for different type II arrival processes, but it corresponds to
N = 3 in all cases( This may vary according to variation in the parameters).
Hence model II performs much better than model I for all type II arrival
processes. It may be noted that we assigned small values for A (Poisson arrival
rate of type I customers), ) (parameter of vacation clock duration) for reducing
R, value and to get clear distinction in the expected cost between models 1
and II.
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N Model 1 Model IT
R E, Cost R, E, Cost
1 0.0295 11.4336 89.1955 0.0295 11.4336 89.1955
2 0.0049 69.0995 18.2198 0.0049 69.0995 18.2198
3 0.0012 278.9731 | 17.6795 0.0018 194.1663 | 15.0283
4 ] 6.8611 x 10~* | 508.7373 | 27.4952 | 9.8464 x 10~ * | 352.2857 | 20.5682
5 | 6.0454 x 10~* | 578.2921 | 30.7282 | 7.3564 x 10~ % | 473.2473 | 25.8693
6 | 5.9296 x 10~% | 589.9148 | 31.2746 | 6.4746 x 10~ % | 539.1406 | 28.8994
7 15.9135 x 10~* | 591.6300 | 31.3556 | 6.1397 x 10~ * | 569.2176 | 30.3028
8 [ 59113 x 107" | 591.8876 | 31.3678 | 6.0066 x 10~ % | 582.1987 | 30.9119
Table 2.9: Optimal N for MNA type II arrival process
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Figure 2.1: Effect of A on expected number of type II customers in the system
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Chapter 3

(M, MAP)/(PH, PH)/1
queue with Nonpreemptive
priority, Working

Interruption and Protection

In the previous chapter we considered working vacation: service is provided to
customers at a slower rate during a vacation. In this chapter we consider the
case of server providing service when customer is under interruption. We also
investigate the effect of providing a protection mechanism to the customer
against interruption. We analyze a single server queueing model with two
priority classes of customers where the type I customers are assumed to have a
non-preemptive priority over type II customers. We consider customer induced
interruption during own service. Varghese et al. [50] introduced this new type

of interruption in which a customer interrupts own service. Instead of stopping

Some results of this chapter are included in the following paper.
A. Krishnamoorthy, Divya V.: (M, MAP)/(PH, PH)/1 queue with Nonpreemptive
priority, Working Interruption and Protection,Reliability: Theory and Applications,
Vol.13,No.2(49),2018
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service completely, the service continues at reduced rate during interruption.
However these two models cannot be compared. In Varghese et al. [50],
a self interrupted customer goes to the waiting space and stays there until
interruption is completed then he moves to another waiting room and wait
for his turn for service. However in our model the self interrupted customer
is provided service at a reduced rate. The protection for the service of type I
customers is provided at the epoch of realization of the clock which starts at
the epoch at which the type I customer is taken for service.

There are several real life situations in which this model is suitable. For
example, in production process, especially of expensive commodities, it is es-
sential to give protection starting from some stage of manufacture of an item.
Thus in a manufacturing process, wherein the item produced has to be pro-
tected from variations in power supply; for example: The voltage fluctuation
can be considered as an arrival of interruption; this can affect the customer
being served or even the server. Thus protection from breakdown of ser-
vice/damage to customer has to be ensured. Another instance of the model is
a patient admitted to hospital for surgery. In this case, he has to be protected

from enviornment generated complications.

3.1 Model Description and Mathematical formula-

tion

We consider a single server queue with two priority classes of customers type
I and type II with the former arriving according to a Poisson process of rate
A and the latter according to Markovian Arrival Process with representation
(Dyg, D1). Service time of both types follow distinct phase type distributions
with representations PH(e,T) of order m; and PH(B, S) of order my respec-
tively. The number of type I customers in the system is restricted to a maxi-
mum of L. Also type I customers are assumed to have a non-preemptive prior-

ity over type II customers. Customer services are subject to interruption by a
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self induced mechanism. While in interruption arrival of another interruption
doesnot affect the customer.The interruptions occur according to Poisson pro-
cess with rate v. Instead of stopping the service of that customer completely,
it continues at slower rate during interruption. That is, the service time of
type I and type II, during an interruption follow phase type distributions with
representation PH(a, T) and PH(B,6'S), 0 < 6,6’ < 1 respectively. Thus
p = [a(—=T)"'e]~! is the normal service rate and Ay is the interrupted service
rate of type I customers and p' = [B(—S)le]~! and 6’y are respectively the
corresponding rates of normal and interrupted services of type II customers.
The server continues to serve at this lower rate until a random clock expires.
The duration of interruption is assumed to be exponentially distributed with
parameter 7. A protection mechanism to diminish the effect of interruptions
on type I customers service is arranged. An exponential random clock with
mean % is started simultaneously with each type I service. The protection
for the service of type I customers is provided at the epoch of realization of
this clock. Type II customers are not provided protection against interruption
during their service. Also we assume that the service time of type I customers
on activation of protection clock, follows phase type distribution with repre-
sentation PH(a, 1), ¢ > 1 and finite.

Let Q* = Dg + D1 be the generator matrix of the type II arrival process
and 7* be its stationary probability vector. Hence m* is the unique (positive)
probability vector satisfying #*Q* = 0, w*e¢ = 1. The constant §* = n*Dse,
referred to as fundemental rate, gives the expected number of type II arrivals
per unit of time in the stationary version of the MAP. It is assumed that the
two arrival processes are mutually independent and are also independent of

the service time distributions.

3.1.1 The QBD process

The model described above can be studied as a LIQBD process. First we

introduce the followiing notations:
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At time t:
Ni(t) : number of type II customers in the system

N3 (t) : number of type I customers in the system

0, ifthetype I customerin serviceisunprotected/type Il customer
J(t) = 181N service

1, ifthetypel customer in serviceis protected

if the server provides service totype I customer in W1
K(t) = if the server provides service totype 11 customer in W1

0,
1,
2, if the server provides normal service totype I customer
3,

if the server provides normal service totype 11 customer

S(t): the phase of service when the server is busy

M(t) : the phase of arrival of the type II customer.

It is easy to verify that {(Ny(t), Na(t), J(t), K(t),S(t), M(t)) : t > 0} is a
LIQBD with state space

1(0) = {(0,0,k) : 1 < k < n}pU{(0,i2,0,j2, k1, k2) : 1 <iip < L; jo =0o0r2; 1 <
Ei <mi; 1 < ke <n}pU{(0,i2,1,2,k1,ko) : 1 <ipg < L;1 < kg <my; 1<
ko < n}

For i1 > 1,

{(i1,0,0, j2, k1, k2) : jo =1or3; 1 < k; < mg; 1 < ky < n}pU{(i1,i2,0, o, k1, k2) :
1<ig < L;jo=00r2; 1<k <my; 1< kg <njU{(i1,42,0,52,k1,k2) : 1 <
i9 < Lyjo = 1lor3; 1 < ky < mg; 1 < ko < n}U{(i1,i2,1,2,k1,ke) : 1 <
i—2<L;1<ki <mq;1<ky<n}
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The infinitesimal generator of this CTMC is

By Cy
By A1 Ap
Q1 =
Ay A1 Ao

where By contains transitions within the level 0; Cy represents transi-
tions from level 0 to level 1; By represents transitions from level 1 to level
0; Ap represents transitions from level g to level g + 1 for ¢ > 1, Ay repre-
sents transitions within the level g for ¢ > 1 and As represents transitions
from level g to g — 1 for ¢ > 2. The boundary blocks By, Cy, B; are of or-
ders n(1 4+ 3mi1L) x n(1+ 3miL), n(1 + 3miL) x (2man + (3my + 2ma)nl),
(2man + (3my + 2mg)nL) x n(1 + 3my L) respectively. Ao, A1, As are square
matrices of order 2maon + (3my + 2ma)nL.
Define the entries of B(()hz’iQ’j2’k2’l2) Clhzizizkaly) - plhaiagzkala) oo o

(hsirognkiln)”  Olhy iy grkdn)  Lhyigadnokaby)
tion submatrices which contains transitions of the form (0, k1,41, 51, k1,01) —

(0, ho, iz, jo, k2,12), (0, hi,i1, j1, k1, l1) = (1, ho, iz, j2, ko, l2) and (1, hq, i1, j1, k1,
(h2,i2,j2,k2,l2)
O(hy,i1,91.k1,011)°

as transition submatrices which contains tran-

l1) = (0, ha, i2, j2, k2, l2) respectively. Define the entries of A

(ha,i2,j2,k2,l2) (h2,i2,j2,k2,l2)
Lihyigankrt)? 7 2(hy ig g1k 0)

sitions of the form (g, h1,41,71,k1,01) — (g + 1, ha, 2, j2, ko, l2), where g >
1, (g, h1,i1, j1, k1, l1) — (g, ha,d2, j2, k2, l2), where g > 1, (g, h1, i1, j1, k1,11) —
(g—1, ho, iz, jo, k2, l2), where g > 2 respectively. Since none or one event alone
could take place in a short interval of time with positive probability, in general,
a transition such as (g1, h1, 41, 41, k1, 1) — (g2, ha, i2, j2, k2, [2) has positive rate
only for exactly one of g1, h1,11, j1, k1, {1 different from gs, ho, i, j2, ko, l2.
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(h2,92,52,k2,l2) _
O(hy,i1,41,k1,00)

AMa ® In) h1 =0,h2 = 1;i2 = 0;j2 = 2,1 < ka < my,
1<li,lo<n

Mmqn 1<h;y <L—-1,ha=h1+1;i1 =i2 =0;
J1=17J2,51 =00r2;1 < ki, k2 < my;
1<li1,l2<n

AMmyn 1<h; <L—-1,ha=h1+1;i1 =i2 =1;
J1=J2=21<ki,ka <my;1<1,l2<n

0T’ @ I, h1 =1,h2 = 05i1 = 0;51 = 0;1 < k1 < my;
1<li,lo<n

TR I, h1 =1,he = 0;i1 = 0;j1 = 2;1 < k1 <my;
1<li1,l2<n

¢TO ® I, h1=1,he =0;i1 = 1551 = 2;1 < k1 <ma;
1<li,lo<n

T’ ® I, 2<hy <L,hg="hy—1;i1 =iz =0;51 =0,
J2=2;1< ki, k2 <my;1<11,la<n

Ta® I, 2<hy <L,hg=hy—1;i1 =iy =0;
J1=J2=21<ki, ko <my;1<11,l2<n

¢TOa® I, 2< hy <L,hg=hy—1;i1 = 1,ip = 0;
J1=J2=21<ki,ka <my;1<1y,l2<n

Mmyin 1< hy <L,h1 = hg,i1 =1i2 =0;51 =0,
J2=2;1< ki, ko <my;1<11,la<n

YImin 1< hy <L,h1 =hg;i1 =i2 =0;j1 =2,
Jj2 =0;< ki, ke <my;1 <l1,la<n

6myn 1<h; <L,hy =hg;i1 =0,ia =1;51 =0
or 2,52 =2;1 < ki, ko <my;1<15,l2<n

Do — M\, h1 =ho=0;1<11,la<n

9T@D0*(A+W+5)Imln 1<h; <L-—1,h; = ho;i; =i2 =0;
J1=J2=0;1< ki, ko <m1;1<I1,lo<n

T®Do—A+7+0)Imn 1<hy <L—1h1=hy i =iy =0;
J1=7J2=2;1<ki,k2 <mi;1 <l,le <n

¢T ® Do — Minyn 1<h; <L—-1,h =hojig =iz =1;
J1=J2=21<ki, ke <my;1<I1,l2<n
0T ® Do — (N + 6)Imyn h1 = ha = L;i1 =iz = 0;j1 = j2 = 0;
1< ki, k2 <my;1<11,l2<n
T® Do~ (y+8)Imyn h1 =hga = L;i1 =iz = 0;j1 = jo = 2;
1< ki, k2 <my;1<11,l2<n
¢T @ Do hi =ho = L;i1 =i2 = 1,51 = j2 = 2;

1< ki, k2 <my;1<11,l2<n
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(ho,i2,52,k2,l2) __

O(hy.i1,d1.k1,01)

(hayiz,j2,k2,l2) _
L(hyig.d1.k1.01)

(h2,iz,j2,k2,l2) _
O(hy.iq.d1.k1.01)

(h2,i2,52,k2,l2)
(h1,i1,51,k1,01)

B ® D1

0'S° ® I,

S°®1I,

Sa® I,

Iy ® D1
Iy @ D1
Im, ® Dy
In, ® Dy

Img ® Dl

0'S°B® I,
S°B® I,
0'S°a® I,

Sa® I,

hi = ha = 0;i2 = 0;j2 = 3; 1 < k2 < ma;
1<h,l2<n

Imy @ D1 1< hy <L,h1 =h;in =12 =0;j1 =j2=0;

1<k, k2, <m1;1 <1, l2<n

Imy @ D1 1< hy <L,k = hgjin =12 = 0571 = j2 = 2;

1<k, ko <my;1 <12 <n

Im, ® D1 1< hi <L hi =hojiit =i2 =1;j1 = j2 = 2;

1<k, ko <my;1 <yl <n

h1=hz =0;i1 = 0;51 = 1;1 < k1 < ma,
1§11712§n
hi =ha = 0;i1 = 0;51 = 3;1 < k1 < ma;
1§l1,lg§n

Q/SO(M@In h1:h271§h1SL;ilziQZO;j1:1,j2:2;

1<k <me, 1 <ky<mi;1<l,l2<n
hi=h2,1 < hy < Ljip =42 = 0551 = 3, jo = 2;
1<k <ma,1 <k <my;1 <112 <n

i1=12=0;j1 =j2a=1;1 < ki, ka < mgo;
1<h,l2<n
ilzigzo;j1:j2:3;1§k1,k2sz;
1<l,la<n
1§h1§L7h1:h2;i1:i2:0;j1 :j2:00r2;
1§k1,k2§m1;1§11,12§n

1< hi <L hi =hojit =i2=1;j1 = j2 =2;
1§k1,k2§ml;1§l1,12§n

1< hi <L/hi =hoi1 =i2=0;j1 =j2=1or3;
1< ki,ke <mo;1 <l la<n

hi =h2=0;i1 =42 =051 = 1,72 = 3;1 < k1, k2 <my;
1§l1,l2§n

hi =h2=05i1 =i2 = 0551 = jo = 3;1 < k1, k2 < ma;
1§l17l2§’n,

1<hi < Lhi=hosin =iz =0;j1 = 1,jo = 2;

1<k <mo,1 <ks<my;1<1,l2<n

1< hy <L hi =hoji1 =12 =0;51 =3,j2 = 2;

11 <ki <mo,<ka<mi,1 <, <n



(M, MAP)/(PH, PH)/1 queue with Nonpreemptive priority, Working Interruption
and Protection

98

Alh2siz,d2,k2,l2)
Yhyit,d10k1001)

Mmin
Mmon

Mmin

0T°B ® I,

T8 ® In

$TB® I,

0T« ® I,

T ® In

¢»Ta @ I,

NMmn

NMmgn

Ymin

Ymgn

6Imyn

0'S ® Do — (A + 1) Imyn
S@® Do — (A +7)Imgn
0T & Do — (A+n+8)Imin
6’S @ Do — (A + M Imgn
T®Do— A+v+8)Imyn
S @ Do — (A+ V) Imgn

#T & Do — AMlmqn

0T @& Do — (N + ) Imyn
6'S ® Do — nlmgn
T&Do—(v+)Imyn
S@® Do —vImgn

¢T @ Do

1< hy <L—1,hyg=hy+15i1 =iz =0;5j1 = j2 =0or2;
1< ki, kg <mi;1<1,la <n

0<hy <L—-1,hy=nh1+1;i =iz =0;j1 =j2 = lor3;
1<ki,ka <mg;l1<l,lg <n

1<hy <L-1,ha=nh1+15i1 =iz =141 =j2 =2
1< ki, kg <mi;1<1l,lg <n

h1 =1,hg =05i1 =iz =0;j1 =0,j2 = 3;1 < k1 < my,
1 <ky <mg2;1<l,la2<n

h1 =1,h2 = 05i1 =i2 = 0571 = 2,J2 =3;1 < k1 < my,
1<k <mg;1<1y,lg<n

hy =1,hg =05i1 = 1,i2 = 0;j1 = 2,72 = 3;1 < k1 < my,
1<k <mg2;1<1l,la2<n

2< hi1 <L, hg =h1 — 1541 =12 =0;j1 =0,j2 =25
1<ki, kg <mi;1<1l,lg <n

2< hy < L,hg =h1 — 1341 =iz = 0;j1 = j2 =25
1<ki,ka <mi;1<l,la <n

2<hi <L hg =h1 —1ji1 =iz = 1551 = j2 = 25

1< ki, ke <my;1<11,l2<n

1< hy <L,hy = hg;ip =iz =0;j1 =0,j2 =2;
1<ki,ka <mi;1<l,lg <n

0< hi <L,h1 = hg;ii =iz =05j1 =1,j2 =35

1< ki, ka <mo;1<1g,l2<n

1< hy <L,hy = hgjip =iz =0;j1 = 2,j2 =0;
1<ki,ka <mi;1<ly,la <n

0< hi <L, hi =hg;ii =i2 =05j1 =3,j2 =15

1< ki ko <mo;1<1g,l2<n

1< hy <L,h; =hg;i1 =0,i3 = 1;51 =0o0r2,j3 =2;
1<ki,ka <mi;1<ly,lg <n

h1 = ha = 05i1 =i = 0551 =Jj2 = 1,1 < k1, k2 < my;
1<1,la<n

hi =hg =0;i1 =iz = 0551 = j2 = 3,1 < ki, ka < ma;
1<11,l2<n

1< hy <L-1,h1 = h2;i1 =iz =0,j1 =j2 = 0;

1< ki, ko <m1;1< 1,02 <n

1<hy <L—1,hy =hoji; =iz =0,j1 =j2=1;
1<ki,ka <mg,1<1l1,l2<n

1< hy <L-1,h1 =h2ji1 =iz =0,j1 =j2 =2,

1< ki, kg <my,1<1y,l2 <n

1< hy <L—1,hy =hoji; =iz =0,j1 =j2 =3,
1<ki,ka <mg,1<1l1,l2<n

1<hy <L-1,h1 =h2ji1 =iz =1,j1 =j2 =2,

1< ki, kg <my,1<1y,l2<n

hi =hg = L,i1p =i2 =0,j1 =j2 =0,1 < k1,kz < my,
1<11,l2<n

h1 =ha =1L,i1 =iz =0,j1 =j2 =1,1 < k1, k2 < ma,
1<l,lg <n

hi =hg = L,i1p =i2 =0,j1 =j2 =2,1 < k1,kz <my,
1<11,l2<n

h1 =ha = L,i; =iz =0,j1 =j2 = 3,1 < k1, k2 < ma,
1<l,la <n

hy =ho = L,ip =i2 =1,j1 =j2 =2,1 < k1,k2 <my,

1<11,l2<n
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3.2 Steady State Analysis

First we find the condition for stability of the system under study.

3.2.1 Stability condition

Let m = (mp,m1,...,m) denote the steady state probability vector of the gen-

erator
[ Fy R 1
Fy Fy M
F, F3 M
A=Ag+ A1+ Ay =
F, F3 M
L F4 F5 -
ie,
TA=0,1Te=1.
In the above,
'S @ Dy — (A4 n0)Lmyn + I, ® Dy k=1,1=1
Ln + 6'S° I, k=11=2
Folk,1) = Mmen pel, - L=
vIman k=21=1

SO Dy~ AN+ on +8°BRL, + I, @Dy k=2,1=2

TB®I, k=1,1=2
TB®I, k=31=2
JTBRI, k=51=2

0 otherwise

Mpgn k=1,1=2
Fuk, ) ={ Mpyn k=21=4 , Fkl) =

0 otherwise
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0T ® Do — A+ 0+ 06)Lnyn+ Im, ® D1 k=1,1=1
Nmin k=1,01=3
8L min k=1,1=5
0'S @ Do — (A + 1) Inyn + In, @ Dy k=21=2
¢'S’a ® I, k=21=3
Mman k=21=4
Byl 1) = { Vo k=3,1=1
T&Dy—A+v+00) I+ In, ®D1 k=3,1=3
0Imin k=31=5
’YIan k:4,l:2
S'a®I, k=4,1=3
S @& Do — (A +7)Imyn + Iy, © Dy k=4,1=4
¢T @ Do — My + Iy @ Dy k=51=5
0 otherwise
0Ta® I, k=1,1=3
Fa(k,1) = Ta® I, k:37l:3’
¢Ta®1, k=51=3
0 otherwise
0T & Do — (N4 0)Imyn +Im, ® D1 k=1,1=1
Mmyn k=1,1=3
6Imin k=1,1=5
0'S @ Do — nlmyn + I, @ Dy k=21=2
0S%a® I, k=21=3
Mmayn k=21=4
Fy(ky 1) = 4 Imn k=31=1
T®Do— (y+8)Imyn+Im ®D1 k=3,1=3
6Imin k=3,1=5
Ymon k=4,1=2
Sla®I, k=4,1=3
S @® Do — YImgn + Ims ® D1 k=4,1=4
¢T & Do + I, @ D1 k=51=5
0 otherwise
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with dimensions of Fy, F1, Fy be 2man x 2man, 2man x (3mj + 2ma)n,(3m; +
2ma)n x 2meon respectively. F3, F)y and F5 are square matrices of order (3m; +
2mg)n. The LIQBD description of the model indicates that the queueing
system is stable (see Neuts [40]) if and only if the left drift exceeds that of
right drift. That is,

mApe < mAqe. (3.2)

The vector w cannot be obtained directly in terms of the parametres of the
model. From (3.1)we get

wi:wi,ll/{i,hl SZSL (33)

where
Uo = —F1(F5 + Ui Fy) '

Yo — ANF3+ Ui Fy)™ for1<i<L—2
| ARt fori=L-1.

From the normalizing condition we = 1 we have

o <Lzlf[ui+[>€=1. (34)

=0 i=0

The inequality (3.2) gives the stability condition as

L—1 i
0 |:(I(2m2) ® Di)e + Z HUj(I3m1+2m2 ® D1)8:| <

i=0 j=0
L—-1 1
o [[51(2)(9'30,3 ® )+ e2(2)8°B ® Dle(man) + > [ Usle2(5)0'S%a @ I) + ea(5)(S°a @ I)le(man) | .
i=0 j=0

(3.5)

3.2.2 Steady-state probability vector

Assuming that the condition (3.5) is satisfied we proceed to find the steady-
state probability of the system state. Let & be the steady state probability



(M, MAP)/(PH, PH)/1 queue with Nonpreemptive priority, Working Interruption
102 and Protection

vector of Q. We partition this vector as & = (xo, 21,22 ...), where x( is of
dimension n(1+ 3mL) and 21,22, ... are each of dimension n(2msy + (3m; +
2mso)L) . Under the stability condition, we have x; = £, R*"',i > 2, where
the matrix R is the minimal nonnegative solution to the matrix quadratic
equation

R?*As+ RA1 + Ag =0

and the vectors g and xjare obtained by solving the equations

xoBy+x1B1 =0 (36)
x2oCo + 11 (Al + RAQ) =0 (37)

subject to the normalizing condition

zoe+z (I —R) le=1 (3.8)

3.2.3 Analysis of service time of a type I customer

The duration of service of a type I customer is a phase type distribution with
representation (@, S1) where the underlying MC has state space {(i, j, k) : i =
0;7=00r2;1 <k <m}U{(42,k):i=11<k <m)}U{*} where i
denotes the status of the protection clock, j, the status of the server, k, the
service phase and *, the absorbing state indicating service completion. The
infinitesimal generator is

S SO 0T — (77 + 6)]7”1 n1m1 6Im1 oT°
S = [ o1 ] , where, S1 = YIm, T—(+08)Im, 6Im, | and8%=| T°

0 o
0 0 T #TO

The initial probability vector is o' = [ 0 a O ], , where 0 is a zero matrix
of order 1 x mj.
Thus the service time distribution of a type I customer is PH(a/, S1) of order

3min.

|
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3.2.4 Analysis of service time of a type II customer

The duration of service of a type Il customer turn out to be a phase type
distribution (8’,S2) where the underlying MC has state space {(i,7) : i =
lor3;1 < j < mgo} U {x} where i denotes the status of the server, j, the
service phase and *, the absorbing state indicating service completion. The
infinitesimal generator is

0 'S —nl I / QO
52 izl,where,SngS Mme ma ]andSoles ]

S, =
? 0 71m2 S — 71m2 SO

The initial probability vector is g’ = { 0 «a ] , where 0 is a zero matrix of
order 1 x mo. Thus we have the service time distribution of a type II customer
is PH(f, S2) of order 2man.

3.3 Waiting time analysis

3.3.1 Type I Customer

To find the waiting time of a type I customer who joins for service at time ¢,
we have to consider different possibilities depending on the status of server at
that time. Let W;(¢) be the waiting time of a type I customer who arrives at
time ¢ and W7 (s) be the corresponding LST.
Case I

Suppose that £ denote the event the system is in the state (0,1,0,2,u,v), 1 <

u < mi1; 1 < v < n immediately after arrival of the tagged customer. Let
W (s/E1) denote the corresponding LST.Then

Wi (s/Er) =1

Case 11
E5 be the event that the system is in the state (n1,a 4+ 1,0,0,u,v), ny >
01 <a<L-11<u<m;l <o < n, immediately after arrival of
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the tagged customer. In this case the waiting time is the sum of the residual
service time of the type I customer in service when the tagged customer arrives
and service time of a — 1 remaining type I customers. Let W (s/E2) represent
the corresponding conditonal LST. Then

Wi (s/Ez) = (€'u(3m1)(sI — S1)7'89) (o (sI — 1)~ '89)" ™",

Case III

E5 denote the event: the system is in the state (n1,a + 1,0,2,u,v), ny >
01 <a<L-11<u<m;l <o < n, immediately after arrival of
the tagged customer. In this case the waiting time is the sum of the residual
service time of the type I customer in service when the tagged customer arrives
and service times of a — 1 remaining type I customers. With W{(s/E3) as the
corresponding conditonal LST, we have

Wi(s/E3) = (e’m1+u(3m1)(sI — Sl)_lS‘f)(a’(sI — Sl)_ls(f)afl.
Case IV

E, denote the event: the system is in the state (n1,a +1,1,2,u,v), ny >
0;1 <a<L-11<u<m;1l <v < n, immediately after arrival of
the tagged customer. In this case the waiting time is the sum of the residual
service time of the type I customer in service when the tagged customer arrives
and service times of a— 1 remaining type I customers. Let W (s/E4) represent
the corresponding conditonal LST. Then

Wi (5/Ex) = (€' amy+u(3ma)(sI — 51) 7189 (o (sI — 1) 7189)" .

Case V

Es5 denote the event: the system is in the state (n1,a + 1,0,1,u,v), n; >
5,0<a<L-1;1<u<ml <v <n, immediately after arrival of the
tagged customer. In this case the waiting time is the sum of the residual service
time of the type II customer in service when the tagged customer arrives and
service times of a remaining type I customers. Let Wi (s/E5) represent the
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corresponding conditonal LST. Then
Wi (s/Es5) = (€' (2ma)(sI — S2)7189) (& (sI — S1)7'89)".
Case VI

Eg denote the event: the system is in the state (ny,a + 1,0,3,u,v), ny >
1,0<a<L—-1;1<wu<me 1 <wv<n, immediately after arrival of the
tagged customer. In this case the waiting time is the sum of the residual service
time of the type II customer in service when the tagged customer arrives and
service times of a remaining type I customers. Let W*(s/Eg) represent the
corresponding conditonal LST. Then

Wl*(S/Eg) = (e'm2+u(2m2)(sl — 5’2)_18’3) (a'(s[ — Sl)_ls(l))a.

Let wj, iy 4, 4o,k denote the probabilty that the system is in the state (i1, i2, j1, jo, k, )

immediately after arrival of the tagged customer. Then,

w0,1,0,2,u,v = ,&%1‘0,0,@, for,1<u<m,1<v<n

Wny,a+1,0,0,u,v = mxnl,a,&&u,va fOI', ny > 1, 1<u< my,
1<v<n

Wny,a+1,0,2,u,0 = mxnl,a,o,lu,m for, n1 >0,1<a<L -1,
1<u<m;,1<v<n

Wny,a+1,1,2u,v — mfﬂnl,a,l,lu,va for,n1 >0,1<a<L—-1,1<u<my,
1<v<n

Wny,a+1,0,1,u,v = mxnl,a,o,l,u,va for,n1 >1,0<a<L -1,

1<u<my,1<v<n

A
wnl,a+1,0,3,u,v - /\+7—Suu—d8v xnl,a,O,S,u,m fOI‘, ni Z 17 0 S a S L — 17

1<u<me,1<v<n

Thus we have the following Theorem.

Theorem 3.3.1. The LST of the waiting time of a type I customer is
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given by

c©o L—1mp n

[Zw0102uv+ Z ZZZW (8/E2)Wn, a41,0,0,uw+

v=1 n1=0 a=1 u=1v=1

h
L

oo L—1m; n

Z (S/ES)wnl,a—i-l 0,2,u,v + Z Z Z Z W 3/E4 Wny,a4+1,1,2,u, vt

=1 n1=0a=1 u=1v=1

hE

i M? \iM§

3

=
Il
=]

[}
)I—ll—‘

co L—1 ma n

Z S/ES Wny,a+1,0,1,u, vt Z Z Z ZW S/EG Wny,a+1,0,3,u v:|

ni=1a=0 u=1v=1

M8
HM

3
=
| |

(3.9)
where,
co L—1mi n co L—1m1 n
d= E w0,1,02uv+§ E E E wnl,a+100uv+§ § E wnl,a+102uv+
n1=0a=1 u=1v=1 n1=0a=1 u=1v=1
oo L—1mi n oo L—1mo n
§ § wn1a+112uv+ § § § § wn17a+101uv
n1=0 a=1 u=1v=1 ni=1a=0 u=1v=1

co L—1ma n

+ Z Z Z anl,a—&-l,O,S,u,v

ni=1a=0u=1v=1

3.3.2 Type II customer

To find the LST of the waiting time distribution of a type II customer, we

have to compute certain distributions. We proceed to such computations.

Definition 3.3.1. Consider the duration of time with p type I customers
in the system at a service commencement epoch of type I customers until
the number of type I customers become zero for the first time, we call this a

p-cycle, denoted by B,,.

Distribution of a p-cycle

This is a phase type distribution with representation (vy,,71) where the un-
derlying Markov chain has state space {(i,7,k,0) : 1 < i < L;j = 0; k =
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0or2; 1 <1<mi}U{(i,jk,):1<i<Lij=1k=21<1<m}U{}
and ¢, 7, k,l and * respectively denote the number of type I customers in the
system, the status of the protection clock, the status of the server, the service
phase and the absorbing state indicating that the number of type I customers
become zero. The infinitesimal generator 7; of B,(t) has the form

Er My, 50
Es E1 Mp
. T9 ' 0 0
T = , where Ty = " " . , T7 = )
0 0 . . . :
Ey Ei1 A, 0
E, FEj
where
0T — A+ 1+ 6) L, N, 81 m, 0 6T’ 0
E, = ~I T—A+v4+8)In, 81 m, ,EBa=1|0 T°a 0
0 0 ¢T — M, 0 ¢T’a 0
Es = Y, T—(y+06)lm, 6ln, | andE’=| T°
0 0 oT ¢T°
The initial probabilty vector is
=0 0 4 0 - 0] 1<p<L

where 0 s a zero matrix of order 1 x 3my, with 4/ = [ 0 a0 } ,1<p<L
is in the pth position and 0 is a zero matrix of order 1 x mj.

Thus we have the following Theorem.

Theorem 3.3.2. The LST of the length of a p-cycle is given by

Yp(sI —Ty) 7 'TY
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LST of the busy cycle generated by type I customers arriving during

the service time of a type II customer

Theorem 3.3.3. The LST of the busy cycle generated by type I cus-
tomers arriving during the service time of a type Il customer is given by

L—1
Be, () =B'[(s+ A — 8] 'S + Z Yp(sI —T1) " TINB[(s+ A\)T — S5] @S9
Fyn(sT=T1) YT A (s M) T—=S5)]| LT =A[(s+ M) T—So] 717 [(s4+A) T —S3] ~185°

(3.10)

Proof. Replace & by B8/, T' by Sy and T'? by 89 in the proof of Theorem
2.3.3. O

LST of the busy period of type I customers generated during the

service time of a type II customer

Theorem 3.3.4. The LST of the busy period generated by type I cus-
tomers arriving during the service time of a type II customer is given by

L—1

Bi(s) = B'IN=Sa] ' Sa"+ Y yp(sT=T1) " TON BN~ So] - PV G4y (sT-T1)
p=1

TYB' NHNT — So)]7E T — AN — So] 1M — So] 7189 (3.11)

Proof. Replace o' by B, T" by Ss and T'° by §Y in the proof of Theorem
2.3.4. ]

Now, to find the waiting time of a type II customer who joins for service
at time ¢, we have to consider different possibilities depending on the status
of server at that time. Let W5(t) be the waiting time of a type II customer
who arrives at time ¢ and W5 (s) be the corresponding LST.

Case I
Suppose that F; denotes the event the system is in the state (1, 0,0, 3, u, v),
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1 <u<mg; 1 <v<n immediately after arrival of the tagged customer. Let
W5 (s/F1) denote the corresponding LST.Then

Wi (s/F1) =1

Case I1

F5 be the event that the system is in one of the states (b+1,a,0,0,u,v), b >
0;1 <a< L;1l <u<m;l <o < nimmediately after arrival of the
tagged customer. In this case, the waiting time is the length of the busy cycle
generated by a type I customers starting from his arrival epoch plus lengths
of busy cycles of type I customers generated during service times of each of
the b type II customers. Let Wy (s/F3) denote the corresponding LST. Then

W3 (s/F2) = € (a—1)3my+u(3Lm1)(s] — T1) 'TY(B,, (s))"

Case II1

F’; denote the event the system is in one of the states (b+1, a, 0,2, u,v), b >
0;1 <a< Lyl <u<m;l <o < nimmediately after arrival of the
tagged customer. In this case, the waiting time is the length of the busy cycle
generated by a type I customers starting from his arrival epoch plus lengths
of busy cycles of type I customers generated during service times of each of
the b type II customers. Let W5 (s/F3) denote the corresponding LST.Then

W3 (s/Fs) = € (a—1)3mq+mq1+u(3Lm1)(s] — 1) 'TY(B.,(s))®

Case IV

F denote the event the system is in one of the states (b+1,a,1,2,u,v), b >
0;1 <a<L;l1 <u<m;l <o < n immediately after arrival of the
tagged customer. In this case, the waiting time is the length of the busy cycle
generated by a type I customers starting from his arrival epoch plus lengths
of busy cycles of type I customers generated during service times of each of
the b type II customers. Let W5 (s/Fy) denote the corresponding LST. Then

Wz* (S/F4) = el(a71)3m1+2m1+u(3Lm1)(51 - Tl)_lT?(BCL (s))b
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Case V

F’5 denote the event the system is in one of the states (b+1,a,0,1,u,v), b >
1;0<a<L;1<u<mg 1 <v<nimmediately after arrival of the tagged
customer. In this case, the waiting time is the length of residual service time
of the type II customer in service plus length of the busy period generated
by type I customers arriving during the service time of the type II customer
in service plus lengths of busy cycles of type I customers generated during
service time of each of the b — 1 type II customers. Let W3 (s/F5) denote the
corresponding LST. Then

W3 (s/F5) = € (2ma)(sI — S2) "' 83B1(s)(Be, (5)" "

Case VI

Fy denote the event the system is in one of the states (b+1, a,0, 3, u,v), b >
1,0<a< ;1 <u<ms;1l<wv<nimmediately after arrival of the tagged
customer. In this case the waiting time is the length of residual service time
of the type II customer in service plus the length of the busy period generated
by type I customers arriving during the service time of the type II customer
in service plus lengths of busy cycles of type I customers generated during
service time of each of the b — 1 type II customers. Let W5 (s/Fg) denote the
corresponding LST.Then

W3 (s/Fs) = € mysu(2m2)(s] — S2) ' SIBL(s)(Be, ()"

Let w;, iy j;,jo,ky denote the probabilty that the system is in the state

J1
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(41,12, j1, j2, k, 1) immedietly after arrival of the tagged customer. Then,

w1,0,0,3,u,v

Wy+1,a,0,0,u,v

Wh4-1,a,0,2,u,v

Wh+1,a,1,2,u,v

Wh41,a,0,1,u,v

Wh+1,a,0,3,u,v

d 1
%woov,for 1<u<mg, 1<v,v <n
d ’vl
)\+77+6_0Tuu_d?)/v/ wb,a,0,0,u,v’: fOI', b Z 17 1 S U S m17
1<v,v <n
d'Ul'Ul
)‘+7+5_Tuu_dglvl Wh,a,0,2,u,v" fOI', b > O) 1<a< Lu 1 <u< my,
1<v,v <n
d 1
#ﬁdo//wb,a,l,lu,v’a for,6>0,1<a<L,1<u<my,
Vv
1<v,v <n
ds !
N7 S0, Wb 0, L for,b>1,0<a<L,1<u<my,
1<v,v <n
ds !

TSt Wha03u, for, 0> 1,0 <a< L, 1<u<my,
!

Thus we have the following Theorem.

Theorem 3.3.5. The LST of the waiting time of a type II customer is

given by

oo L mi1 n

Zw1003uv+ZZZZW (8/F2)Wp+1,0,0,0,u0t

ooLmln

b=0 a=1u=1v=1

oo L mp n

Z Z Z Z W*(S/FS)wb+1,a,0,2,u,v+Z Z Z Z W*(s/Fy)wei1,a,1,2,u0+

b=0 a=1 u=1v=1

oo L m2 n

b=0 a=1u=1v=1

oo L mo2 n

Z Z Z Z W*(S/F5)wb+1»a70»1:“v”+z Z Z Z W*(S/Fﬁ)warl,a,O,S,u,v

b=1 a=0 u=1v=1

b=1 a=0u=1v=1
(3.12)
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3.4 Expected number of interruptions during a sin-

gle type I service

3.4.1 Distribution of duration of time till interruptions occur
during a single type I service

Consider the Markov process, x1 = (N (t), J(t), K(t)), where N(t) denote the
number of interruptions upto time ¢, J(t), status of the server (providing
normal or interrupted service) and K(t), the service phase at time t. The
state space of the process is given by {(0,2,k) : 1 <k <m;} U{(3,4,k) : 7 >
1;7=00r2; 1 <k <mi}U{*1}U{*2} where x; denotes the absorbing state
indicating the service completion and %9 denotes the absorbing state indicating
the realization of protection. The infinitesimal generator of the process is given
by

0 0 0 0 0 0 0

se(m1) T T —(v+8)Im, YIm, 0 0 0

u— | de(m) oT° 0 0T — (1 + 8)Im, Nlm, 0 0

T | se(my) T° 0 0 T — (v + 8)Im, Yy 0
se(my) 6T° 0 0 0 0T — (n+)Imy  nlmy

3.4.2 Distribution of number of interruptions during a single

type I service

Let y, be the probabaility that the number of interruptions during a single
type I service is k. Then y is the probabilty that the absorption occurs from

the level k for the process x1. Hence y; are given by

yo = —a(T = (v +)I)) " (T° + de)
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and for k =1,2,3,...

yr. = a(T—(y+6)1) I ((0T — (n+8)I) " I (T — (v +8)I) " 71)’“‘1 (0T — (n+0)1)~"
((0T° + de) — I (T — (v +6)I) " (T° + de)) (3.13)

Thus we have the following Theorem.

Theorem 3.4.1. The expected number of interruptions during any par-
ticular type I customer service is given by

oo —2
E(i) =" kyn = a(T—(v+6)1)"*y1 ((1 0T — (p+0)]) " I (T — (y+8)1)" 71))
k=0

(0T — (n+8)I) ™" ((0T° + de) — nI (T — (v +6)I)~" (T° + de)). (3.14)

3.5 Expected number of interruptions during a sin-

gle type II service

3.5.1 Distribution of duration of time till interruptions occur

during a single type II service

Consider the Markov process, x2 = (N(t),J(t), K(t)), where N(t) denote
the number of interruptions, J(t), status of the server (providing normal or
interrupted service) and K (t), the service phase at time t. The state space of
the process of the process is given by {(0,3,k) : 1 < k < mo} U{(i,j,k) : 1 >
1;j=1o0r3;1 <k <my}U{x} where x denotes the absorbing state indicating

the service completion. The infinitesimal generator of the process is given by

0 0 0 0 0 0
S S—~I, Ym, 0 0 0
Y= 6'S° 0 0'S — I, D m, 0 0
s° 0 0 S — v, YIm, 0
0'S° 0 0 0 0'S —nlmy  Nlm,
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3.5.2 Distribution of number of interruptions during a single

type II service

Let zx be the probabaility that the number of interruptions during a single
type II service is k. Then zj is the probabilty that the absorption occurs from

the level k for the process xs. Hence z; are given by
2= —B(S —~1))"'8"
and for k =1,2,3,...

2= B(S —AI) " I((0'S —nI) "I (S — A1) 1) T (0'S — D)t (080
nI (S —~I1)"'8% (3.15)

Thus we have the following Theorem.

Theorem 3.5.1. The expected number of interruptions during any par-
ticular type II customer service is given by

E@i) =Y kz=B(S — D)y I(I — (0'S —nI) " nI (S —~1) " ~4I) "
k=0

('S —nI) "t (0'S° —nI (S —~1)""8%). (3.16)

3.6 Other Performance Measures

e The probability that the server is idle:

n
Pidle = § Zo,w-
v=1
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e Mean number of type I customers in the system:

oo L mq [e%) L mo

n n
Ensh: é g é g annl,ng,0,0,u,u+ 2 § g 5 n2xn1,n2,0,1,u,v+

n1=0ng=1u=1v=1 ny=1lng=1u=1v=1

oo L m1 n oo L mo

n
g § E E N2Tnq,no,0,2,u,0 + g § § g N2Tnq,n9,0,3,u,0+

n1=0ns=1u=1v=1 ni=1lns=1u=1v=1

oo L m1 n
g § g 5 N2Tny,ny,1,2,u,v

n1=0ny=1u=1v=1

e Mean number of type II customers in the system:

oo
Ensl = 5 Nn1Tn, €

n1=0

e The fraction of time during which the system is protected:

mi; n

oo L
T, = E E E E Tny,ng,1,2,u,v
n1=0

no=1lu=1v=1

e The fraction of time the server is providing service to type I customers
during WI:

oo L m1 n
Tin = § g § E Tny,ns,0,0,u,v

n1=0ns=1u=1v=1

e The fraction of time the server is providing service to type II customers
during WI:

oo L mo n
Ty = E g E § Tny,nz,0,1,u,0

n1=1ng=0u=1v=1
e The fraction of time the server is providing service to type I customers
in normal mode:
oo L m1 n
Ton= 20 2.0 2 Tnmao2u
n1=0ny=1u=1v=1
e The fraction of time the server provides service to type II customers in

normal mode:
%) L ma2 n
T = Z Z sznl,ng,o,&um

n1=1ng=0u=1v=1
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3.7 Analysis of a cost function

We construct a cost function based on the above performance measures.

Let

Ch: Holding cost for retaining a type I customer

C;: Holding cost for retaining a type II customer

Cp: Unit time cost of providing service with protection

Cip: Unit time cost of providing service when the server is providing service
to type I customer in WI

Cyi: Unit time cost of providing service when the server is providing service
to type II customer in WI

Chp: Unit time cost of providing service when the server is providing service
to type I customer in normal mode

Chy: Unit time cost of providing service when the server is providing service
to type II customer in normal mode

Then the expected cost per unit time,

C = Epsn XCh+Epg X Ci+ Ty x pCp+ T, X OC;,+ Ty X 0" Cit+Tyopy X Croy+ Ty X Cry

3.8 Numerical Results

For the arrival process of type II customers, we consider the following two sets

of matrices for Dy and D; :

1. MAP with negetive correlation (MNA)

—-0.8101  0.8101 0 0 0 0
Dy = 0 —1.3497 0 ,Dy=1] 0.0810 0 1.2687
0 0 —40.5065 38.0761 0 2.4304

2. MAP with positive correlation (MPA)
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—-0.8101  0.8101 0 0 0 0
Dy = 0 —1.3497 0 , Dy =1 12687 0 0.0810
0 0 —40.5065 2.4304 0 38.0761

These two MAP processes are normalized so as to have an arrival rate of
1. The arrival process labeled MNA has correlated arrivals with correlation
between two successive interarrival times given by -0.4211 and the arrival
process corresponding to the one labelled MPA has a positive correlation with
value 0.4211.

[ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E,sh 1.3493 1.2748 1.2194 1.1774 1.1450 1.1193 1.0985 1.0815 1.0672 1.0552
E,s1 49.9733 19.8907 13.2051 10.3241 8.7368 7.7382 7.0548 6.5593 6.1843 5.8910

Ty 0.0334 0.0324 0.0318 0.0313 0.0308 0.0305 0.0302 0.0300 0.0298 0.0296
Tin 0.1298 0.1104 0.0955 0.0838 0.0746 0.0672 0.0611 0.0559 0.0516 0.0479
Ti1 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863
s 0.3924 0.3988 0.4032 0.4063 0.4086 0.4103 0.4116 0.4126 0.4134 0.4141
Thi 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482

C 33.7635 31.2805 30.9839 30.9648 31.0063 31.0595 31.1111 31.1575 31.1982 31.2335

Table 3.1: Effect of #: Fix L = 3,0’ = 0,6,\ = 2,n = 05,0 = 1,7 =
0.6and ¢ =4

Tables 3.1 to 3.6 contain the effect of different parameters on various per-
formance measures and on the cost function when the arrival process of type 11
customer is MNA and tables 7 to 12 contain the effect of different parameters
on various performance measures and on the cost function when the arrival
process of type II customer is MPA.

Table 3.1 indicates the effect of the parameter # on various performance
measures and the cost function.As 0 increases, type I customers get faster
service during WI and hence F,, decreases. Then more number of type II
customers also get service and hence F,q also decreases. T), and T, also
decreases since the expected number of type I customers during WI decreases.
As 0 increases, T;; and T,,; remains fixed due to the diminished effect of 6 on
type II customers and T} increases due to the fact that the system stays in
WI serving type I customers for lesser time and hence it stays more in normal
mode serving type I customers. As 6 increases, the system cost first decreases,

reach an optimal value(30.9648) corresponding to # = 0.4 and then increases.




(M, MAP)/(PH, PH)/1 queue with Nonpreemptive priority, Working Interruption

118 and Protection
) 1 1.5 2 2.5 3 3.5 4 4.5 5
Eron 1.3572 T.1902 11112 1.0658 1.0366 1.0162 1.0013 0.9898 0.9808
E, s 1.1787 x 107 12.1182 7.6530 6.1872 5.4634 5.0334 4.7491 4.5473 4.3968
Tp 0.1581 0.1087 0.0826 0.0665 0.0557 0.0479 0.0420 0.0374 0.0337
Ton 0.0482 0.0497 0.0504 0.0507 | 0.0500 | 0.0511 | 0.0512 | 0.0513 | 0.0513
T;1 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863
Tyn 0.3591 0.3702 0.3751 0.3778 0.3795 0.3806 0.3814 0.3820 0.3824
Thi 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482
C 1.2112 x 10> 34.4147 34.2737 34.2923 34.3216 34.3469 34.3673 34.3837 34.3969

Table 3.2: Effect of ¢: Fix L = 3,0 = 0.7,0/ = 0,6,\ = 2,n = 0.5,0 =
1.5andy = 0.6

Table 3.2 indicates the effect of the parameter ¢ on various performance
measures and the cost function. As ¢ increases, the type I customers in pro-
tected mode get faster service and hence E, g, decreases. As a result, E,gq
also decreases. As expected T), also decreases. As ¢ increases, Tj, and Ty
increase since Tj, decreases. T} and T, remains unchanged since ¢ has only
a small effect on low priority customers. As ¢ increases, the system cost first

decreases, reach an optimal value(34.2737) corresponding to ¢ = 2 and then

mcreases.

B 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E,sh 1.3590 1.3225 1.2883 1.2562 1.2260 1.1975 1.1706 1.1452 1.1212 1.0985
nsl 1071.6 57.1361 29.5220 19.9883 15.1618 12.2491 10.3021 8.9100 7.8661 7.0548
Tp 0.0035 0.0069 0.0102 0.0133 0.0164 0.0193 0.0222 0.0250 0.0276 0.0302
Tin 0.0865 0.0831 0.0798 0.0767 0.0737 0.0709 0.0683 0.0657 0.0633 0.0611
T;1 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863
s 0.4750 0.4674 0.4599 0.4526 0.4454 0.4384 0.4315 0.4247 0.4181 0.4116
T 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482
C 129.7496 29.2871 27.4764 27.4443 27.8543 28.4282 29.0719 29.7453 30.4286 31.1111

Table 3.3: Effect of §: Fix L = 3,60 = 0.7,0' = 0,6,\ = 2,np = 0.5,y =
0.6and ¢ =4

Table 3.3 indicates the effect of the parameter § on various performance
measures and the cost function. As § increases, protection clock realizes
quickly and hence T}, increases, so Tj;, and T, decreases. But Tj; and T},
remains unchanged since § has only a small effect on low priority customers.
In this case also, as J increases, the system cost first decreases, reach an opti-

mal value(27.4443) corresponding to 6 = 0.4 and then increases.
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n 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E,sh 1.1161 1.1112 1.1067 1.1025 1.0985 1.0948 1.0913 1.0880 1.0848 1.0819
FE,s1 7.7025 7.5160 7.3475 7.1944 7.0548 6.9270 6.8096 6.7013 6.6012 6.5083
Tp 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0303 0.0303 0.0303
Tin 0.0663 0.0649 0.0636 0.0623 0.0611 0.0599 0.0587 0.0576 0.0566 0.0555
T 0.0994 0.0958 0.0924 0.0893 0.0863 0.0836 0.0810 0.0785 0.0762 0.0740
Thn 0.4058 0.4074 0.4089 0.4103 0.4116 0.4129 0.4141 0.4153 0.4165 0.4175
nl 0.3403 0.3425 0.3445 0.3464 0.3482 0.3499 0.3514 0.3529 0.3543 0.3556
C 31.6461 31.5012 31.3642 31.2344 31.1111 30.9939 30.8823 30.7759 30.6743 30.5772

Table 3.4: Effect of n: Fix L = 3,0 = 0.7,/ = 0,6,\ = 2,5 = 0.5,y =
0.6and ¢ — 4

Table 3.4 indicates the effect of the parameter 1 on various performance
measures and the cost function. As 7 increases, the server turns to normal
mode quickly. Hence T},;, and T,,; increase and E,gp, Ens, T;, and T;; decrease.

n has only a very small effect on T},. The cost function decreases as 1 increases.

07 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Ensh 1.3367 1.1562 1.0535 0.9894 0.9467 0.9166 0.8945 0.8779 0.8649
E,si 56.6142 10.2087 6.2053 4.7515 4.0095 3.5628 3.2658 3.0547 2.8973

Ty 0.0464 0.0490 0.0504 0.0512 0.0517 0.0521 0.0523 0.0525 0.0527

Tin 0.0369 0.0389 0.0400 0.0406 0.0410 0.0413 0.0415 0.0417 0.0418

T;; 0.2089 0.1576 0.1260 0.1049 0.0898 0.0785 0.0697 0.0627 0.0569
Thn 0.3182 0.3357 0.3452 0.3508 0.3544 0.3568 0.3586 0.3599 0.3608

nl 0.3791 0.3685 0.3622 0.3580 0.3551 0.3529 0.3512 0.3499 0.3488

C 38.4471 35.5315 36.0777 36.5074 36.8103 37.0278 37.1887 37.3113 37.4072

Table 3.5: Effect of ¢: Fix L = 3,0 = 0.7,A = 2,np = 0.8, = 2,7 =
0.6and ¢p =4

Table 3.5 indicates the effect of the parameter 6’ on various performance
measures and the cost function. As expected, T;; decreases and hence E, g
and FE,, decrease, Ty, , T, and T}, increase since type I customers have high
priority. As a result, T},; decreases. As ' increases, the system cost first
decreases, reach an optimal value(35.5315) corresponding to 6/ = 0.2 and then
increases.

Table 3.6 indicates the effect of the parameter v on various performance
measures and the cost function. As v increases, more interruptions occur
during service and hence both E,, and F, increases. T}, also increases in a
slow rate. As v increases T;;, and Tj; increase and T},; and T),; decrease since

the system stays more time in interruption mode. As ~ increases, the cost
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¥y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E,sh 0.9997 1.0204 1.0407 1.0604 1.0797 1.0985 1.1169 1.1349 1.1525 1.1697
FE,s1 4.4562 4.8646 5.3190 5.8279 6.4019 7.0548 7.8046 8.6747 9.6973 10.9167
Tp 0.0301 0.0301 0.0302 0.0302 0.0302 0.0302 0.0302 0.0303 0.0303 0.0303
Tin 0.0113 0.0220 0.0324 0.0423 0.0519 0.0611 0.0699 0.0784 0.0866 0.0945
T, 0.0160 | 0.0313 | 0.0450 | 0.0599 | 0.0734 | 0.0863 | 0.0088 | 0.1107 | 0.1222 | 0.1333
Thn 0.4586 0.4485 0.4378 0.4293 0.4203 0.4116 0.4033 0.3953 0.3876 0.3801
nl 0.3904 0.3812 0.3725 0.3640 0.3560 0.3482 0.3407 0.3336 0.3267 0.3200
C 27.0694 27.9294 28.7606 29.5661 30.3486 31.1111 31.8570 32.5901 33.3148 34.0369

Table 3.6: FEffect of v: Fix L = 3,06 = 0.7,A = 2,5 = 08,0 = 2,y =
0.6and¢p =4

function increases. Note the sharpness in decrease of the value of E,  is quite

pronounced. However the trend is not seen in table 4 which gives the effect of

n.
[ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E,sh 1.3471 1.2716 1.2167 1.1761 1.1451 1.1208 1.1013 1.0853 1.0721 1.0609

E,s1 343.0679 141.3074 96.1158 76.4713 65.5556 58.6331 53.8616 50.3784 47.7263 45.6412
Ty 0.0334 0.0324 0.0318 0.0313 0.0308 0.0305 0.0302 0.0300 0.0298 0.0296
Tin 0.1298 0.1104 0.0955 0.0838 0.0746 0.0672 0.0611 0.0559 0.0516 0.0479
T;1 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863
Tpn 0.3924 0.3988 0.4032 0.4063 0.4086 0.4103 0.4116 0.4126 0.4134 0.4141
Thi 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482

63.0719 43.4206 39.2737 37.5789 36.6882 36.1497 35.7932 35.5413 35.3548 35.2114

Table 3.7: Effect of #: Fix L = 3,0/ = 0,6,\ =
0.6and ¢ =4

2,m = 05,6 = 1,v =

Table 3.7 indicates the effect of the parameter # on various performance

measures and the cost function. In this case also F,, and E, decreases as

0 increases. But the values of F,4 is much high when the arrival process of

type II customer is MPA. All other values are same as in the case of MNA.

But the cost function decreases as 6 increases.

[ 1 1.5 2 2.5 3 3.5 4 4.5 5
E,sh 1.3571 1.1900 1.1141 1.0711 1.0436 1.0244 1.0104 0.9996 0.9911
E, sl 4.4374 x 107 90.9874 58.6062 47.8674 42.5211 39.3245 37.1995 35.6852 34.5516

Tp 0.1581 0.1087 0.0826 0.0665 0.0557 0.0479 0.0420 0.0374 0.0337
Tin 0.0482 0.0497 0.0504 0.0507 0.0509 0.0511 0.0512 0.0513 0.0513

Ti1 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863
Thn 0.3591 0.3702 0.3751 0.3778 0.3795 0.3806 0.3814 0.3820 0.3824
Thi 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482

C 4.4699 x 105 42.3015 39.3705 38.4629 38.0309 37.7801 37.6169 37.5023 37.4175

Table 3.8: Effect

1.5andy = 0.6

of ¢ Fix L = 3,0 = 0.7,/ = 0,6,\ = 2,n = 0.5,0 =
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Table 3.8 indicates the effect of the parameter ¢ on various performance
measures and the cost function. Both E, s, and E, decrease as ¢ increases.
The cost function and F, decreases sharply as ¢ increases from 1 to 1.5.
However, with further increase in ¢ value does not produce that decrease in

values of cost function and E,.

B 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E,sh 1.3589 1.3214 1.2867 1.2545 1.2244 1.1965 1.1703 1.1458 1.1229 1.1013
E,s1 7519.70 411.63 214.53 146.44 111.95 91.12 T7.17 67.19 59.70 53.86

Tp 0.0035 0.0069 0.0102 0.0133 0.0164 0.0193 0.0222 0.0250 0.0276 0.0302
Tin 0.0865 0.0831 0.0798 0.0767 0.0737 0.0709 0.0683 0.0657 0.0633 0.0611
Ti1 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863 0.0863
Thn 0.4750 0.4674 0.4599 0.4526 0.4454 0.4384 0.4315 0.4247 0.4181 0.4116
Th 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482 0.3482

C 774.5584 64.7362 45.9761 40.0889 37.5324 36.3143 35.7588 35.5737 35.6123 35.7932

Table 3.9: Effect of §: Fix L = 3,60 = 0.7,0/ = 0,6,\ = 2,9 = 0.5,y =
0.6and¢p =4

Table 3.9 indicates the effect of the parameter § on various performance
measures and the cost function. Both E,, and E,q decrease as ¢ increases.In
this case, as 0 increases, the system cost first decreases, reaches an optimal
value(35.5737) corresponding to 6 = 0.8 and then increases. Both E,y and
the cost show sharp decrease in their values when § moves from 0.1 to 0.2.

Thereafter the decrease is not that pronounced.

n 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E,sh 1.1184 1.1136 1.1093 1.1051 1.1013 1.0976 1.0942 1.0910 1.0880 1.0851
E, sl 58.6679 57.2868 56.0367 54.8999 53.8616 52.9096 52.0337 51.2250 50.4761 49.7807

Tp 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0303 0.0303 0.0303
Tin 0.0663 0.0649 0.0636 0.0623 0.0611 0.0599 0.0587 0.0576 0.0566 0.0555
Ti1 0.0994 0.0958 0.0924 0.0893 0.0863 0.0836 0.0810 0.0785 0.0762 0.0740
Thn 0.4058 0.4074 0.4089 0.4103 0.4116 0.4129 0.4141 0.4153 0.4165 0.4175
Th 0.3403 0.3425 0.3445 0.3464 0.3482 0.3499 0.3514 0.3529 0.3543 0.3556

36.7438 36.4795 36.2344 36.0062 35.7932 35.5936 35.4062 35.2298 35.0634 34.9061

Table 3.10: Effect of n Fix L = 3,0 = 0.7,0/ = 0,6,A\ = 2,np = 0.5,y =
0.6and ¢ =4

Table 3.10 indicates the effect of the parameter n on various performance
measures and the cost function. Both F, s, and E,, 5 decrease as 7 increases. The
cost fuction decreases as 7 increases.

Table 3.11 indicates the effect of the parameter 6’ on various perfor-
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0’ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Ernan 1.3380 1.1630 1.0642 1.0027 0.9616 0.9325 0.9111 0.8947 0.8819 0.8716
E,, 417.6867 | 79.1550 | 49.1289 | 37.9315 | 32.0828 | 28.4903 | 26.0604 | 24.3078 | 22.9843 | 21.9498
Tp 0.0464 0.0490 0.0504 0.0512 0.0517 0.0521 0.0523 0.0525 0.0527 0.0528
Tin 0.0369 0.0389 0.0400 0.0406 0.0410 0.0413 0.0415 0.0417 0.0418 0.0419
Ty, 0.2089 0.1576 0.1260 0.1049 0.0898 0.0785 0.0697 0.0627 0.0569 0.0521
Ton 0.3182 0.3357 0.3452 0.3508 0.3544 0.3568 0.3586 0.3599 0.3608 0.3616
Ty 0.3791 0.3685 0.3622 0.3580 0.3551 0.3529 0.3512 0.3499 0.3488 0.3479
C 74.5558 42.4295 | 40.3754 | 39.8320 | 39.6251 | 39.5285 | 39.4764 | 39.4450 | 39.4244 | 39.4098

Table 3.11: Effect of ¢: Fix L = 3,6 = 0.7, = 2,7 = 0.8,§ = 2,~

0.6and ¢ =4

mance measures and the cost function. Both E,, and E,, decrease as ¢’

increases.The cost fuction decreases as 6’ increases, as it is to be expected.

However, there is a sharp decrease in value of E,,; when ¢’ moves from 0.1 to

0.2. For higher values of ¢, the initial sharpness in decrease is not seen.

Y 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
E,sh 1.0050 1.0251 1.0448 1.0640 1.0829 1.1013 1.1193 1.1369 1.1542 1.1711
E, sl 34.0325 37.1338 40.5924 44.4740 48.8618 53.8616 59.6115 66.2942 74.1569 83.5428

Tp 0.0301 0.0301 0.0302 0.0302 0.0302 0.0302 0.0302 0.0303 0.0303 0.0303
Tin 0.0113 0.0220 0.0324 0.0423 0.0519 0.0611 0.0699 0.0784 0.0866 0.0945
Ti1 0.0160 0.0313 0.0459 0.0599 0.0734 0.0863 0.0988 0.1107 0.1222 0.1333
Thn 0.4586 0.4485 0.4378 0.4293 0.4203 0.4116 0.4033 0.3953 0.3876 0.3801
Th 0.3904 0.3812 0.3725 0.3640 0.3560 0.3482 0.3407 0.3336 0.3267 0.3200

30.0298 31.1586 32.2900 33.4325 34.5961 35.7932 37.0389 38.3530 39.7616 41.3003

Table 3.12: Effect of v: Fix L = 3,0 = 0.7,A = 2,n = 0.8,§ = 2,v

0.6and ¢ = 4

Table 3.12 indicates the effect of the parameter v on various performance

measures and the cost function. Both F,,, and FE, 4 increase as -y increases.

As expected, the cost increases as v increases.




Chapter 4

On a Queueing System with
processing of Service items

under Vacation and N-policy

The motivation for this chapter is two papers by Kazimirsky[23] and Gabi
Hanukov et al. [17]. In those the authors analyzed a single server queue in
which the service consists of two independent stages. The first stage can be
performed even in the absence of customers, whereas the second stage requires
the customer to be present. When there is no customer in the system, the
server produces an inventory of first stage called 'preliminary ’ services, which
is used to reduce customer’s overall sojourn times. Hence in those models
customer will not have to wait for the entire service to be carried out from
the beginning, provided processed item is available at the time the customer
is taken for service. Such customers have a shorter service time in comparison

to those who encounter the system with no processed item when taken for

Some results of this chapter are included in the following paper.
V. Divya, A. Krishnamoorthy , V. M. Vishnevsky: On a Queueing System with pro-
cessing of Service items under Vacation and N-policy DCCN 2018, CCIS 919, pp.
43-57, Springer Nature Switzerland AG 2018.
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service.

Yadin and Naor [51] introduced the concept of N-policy in which the server
turns on with the accumulation of N or more customers and turns off when
the system is empty. This has the advantage that the length of a busy pe-
riod becomes larger when server is activated on accumulation of N or more
customers, thereby bringing down the expected cost incurred per unit time.

We consider a single server queueing system in which customers arrive
according to Markovian Arrival process. When the system is empty, the server
goes for vacation and produces inventory for future use during this period.
Maximum inventory level is fixed as L. Processing time for each item of
inventory follows phase type distribution. The server returns from vacation
when there are N customers in the system. The service time follows two
distinct phase type distributions according to whether there is no processed
item or there are processed items at the beginning of service. Each customer
requires an item from inventory for service which is used exclusively for the

service of that particular customer only.

4.1 Model Description and Mathematical formula-

tion

We assume that customers arrive at a single server queueing system according
to MAP with representation (Dg, D) of order n. When the system is empty,
the server goes for vacation and produces inventory for future use during
this period. The maximum inventory level permitted is L. The inventory
processing time follows phase type distribution PH(a,T") of order m;. These
are required for the service of customers - one for each customer. The server
returns from vacation when N customers accumulate in the system. The
service time follows the PH(B,S) distribution of order mg when there is no
processed item and it follows PH(y, U) of order ms when there are processed
items with PH(S,S) =3 PH(v,U).
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Let @* = Do+ D; be the generator matrix of the arrival process and 7v* be
its stationary probability vector. Hence 7* is the unique (positive) probability
vector satisfying

Q" =0, n*e=1.

The constant 8* = w*Dje, referred to as fundemental rate, gives the expected
number of arrivals per unit of time in the stationary version of the MAP. It
is assumed that the arrival process is independent of the inventory processing

and service process.

4.1.1 The QBD process

The model described above can be studied as a LIQBD process. First we
introduce the following notations:

At time t:

N(t) : the number of customers in the system

I(t): the number of processed inventory

JT(t) =

0, when the server is on vacation
1, when the server is busy serving customer

K(t): the phase of the inventory processing/service process

M (t) : the phase of arrival of the customer.

It is easy to verify that {(N(t),I(t),J(t),K(t),M(t)) : t > 0} is a LIQBD
with state space: (i) corresponding to no customer in the system

10) = {(0,4,0,k1,1) : 0 <i < L—1;1 < ky <my; 1 <1 <n}pU{(0,L,0,0) :
1<i<n}.

(ii) when there are h customers in the system, for 1 < h < N — 1:

I(h) ={(h,7,0,k1,]) : 0<i<L—-1;1<k; <my;1<1<n}U{(h,L,0,I):
1<1<n}U{(h,0,1,ko,0): 1 <ko <mo; 1 <1<ndU{(hyi,1,ks0):1<i<
L—N+h;1<ks<ms;1<1<n}(last part only when L — N + h > 0)
and (iii)for h > N
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I(h) = {(h,O,l,l@,l) 1 <k <mg;1 <1< n}U{(h,i,l,k‘g,l) 1 <1 <L
Ly 1 <ks<mg; 1 <l<n}.
The infinitesimal generator of this CTMC is

Q= Byn_2 En—2 Fn_o
By-1 En-1 Fy_,4

By A A
Ay Ay Ag

The boundary blocks Ey, Fy, By, Fy_q, By are of orders (Lm; + 1)n x
(Lmy + )n, (Lmq + 1)n x ((Lmy + 1)n +mon + (L — N + 1)mgn),((Lmq +
Dn+man+(L—N+1)man) x (Lmy+1)n,((m1+mo)n+(L—1)(mi+mz)n+
n) x (mg+Lmg)n, (ma+Lmg)nx ((mi+mg)n+(L—1)(mi+msz)n+n), respec-
tively. For 2 < h < N—1, By, is of order ((mi+mg)n+(L—N+h)(mi+m3)n+
(N —h=1)min+n) x (mi+ma)n+(L—N+h—1)(mi+mg)n+(N—h)min+n).
For1 < h < N—1, Ej is of order ((my+ma)n+(L—N+h)(mi+mg)n+ (N —
h—1)min+n) x ((m1+ma)n+(L—N+h)(mi+m3)n+ (N —h—1)min+n).
For 1 < h < N -2, F}, is of order ((mq+ma)n+(L—N +h)(mi+mg)n+(N—
h—1)min+n) x ((m1+ma)n+(L—N+h+1)(mi+mz)n+(N—h—2)min+n).

Ap, A1, Ay are square matrices of order (mg + Lmg)n. Define the entries
(i2,42,k2,l2) (i2,52,k2,l2) (i2,42,k2,l2) (i2,72,k2,l2) (i2,72,k2,l2) (i2,J2,k2,l2)
Oiy,51.k1.01) " ~ OGrgnket)’  Legd1kiln)’ hig,grk10)” PGk T T PG k)

12,72 ,k2,l 12,72 ,k2,l . . . .
F’ N—lngﬁkflig and B’ Nng;?kilfg as transition submatrices which contains

transitions of the form (O,il,jl,kl,ll) — (O,ig,jg,kQ,lz), (O,il,jl,kl,ll) —
(1,42, g2, k2, 12), (1,41, 41, k1, 11) — (0,42, jo, k2, l2), (h,i1, 71, k1,01) = (h,i2, jo,
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ka,l2), where 1 < h < N —1; (h,i1,j1,k1,0l1) = (h — 1,42, j2, k2,l2), where
2 < h < N — 17 (h77:17j17k17l1) — (h+ 17i27j27k27l2)7 where 1 < h <
N — 2; (N— 1,i1,j1,k‘1,l1) — (N,’iQ,jg,k‘Q,lQ) and (N,il,jl,/ﬁ,ll) — (N —

. . . . i2,72,k2 12) (ig J2,ka l2)
1,4 ky.ly) respectively. Define the entries A{272F2 2002
11252, N2 2) p Y 26i1,91,k1.01) 7 Lg.a1 k100

as transition submatrices which contains transitions of the form

and

(12,J2,k2,l2)
0(iy.g1,k1.01)

(hyi1, j1,k1,01) — (h — 1,i9, jo, ka,l2), where h > N + 1; (h,i1,71,k1,0l1) —
(h,i2, j2, ka,1l2), for h > N and (h,i1,71,k1,01) — (h + 1,49, j2, ka,l2), with
h > N respectively. Since none or one event alone could take place in a
short interval of time with positive probability, in general a transition such as
(h1,i1,71,k1,01) — (ha,i2,j2, ko, l2) has positive rate only for exactly one of

hl, ’il,jl, kl, ll different from hg, iQ,jQ, /€2, l2.

Toa®1I, iz=i1+1,0<i; <L—2j =js=0;
1< ki ke <my;1 <ly,la<n
T°®I, i1=L—-1iy=0L;j1=jo=0;1<ky ko <mq;

(i2,J2,k2,l2)
Eo(i1,j1=k1111) - 1 S l17l2 S n
T®Dy i1 =12,0<41 <L—1;51 =2 =0;1 < kg, by <my;
1§117l2 Sn
Dy i1=1t2=L;j1 =jo=0;1<1I1,l5<n

Im1®D1 OgilSL_]‘Vil:i25j1:j2:0§1§k1,k2,§m1;
(in.jokals) _
By gy = 1<l <n
Dy W=ti2=Lij1=J2a=0;1<1,la <n

Sa®l, i1=ia=0;51=17>=0;1<k; <mo,
(iz,g2.k2l2) _ 1<k <m;;1<,lo<n

Livan ki) Uba®l, 1<ii<L—N+1is="1i—1;j1 =1,js=0;
1<k <m3, 1<k <m;1<1,lo<n
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For1<h <N -1,

Toa®l, 0<i<L-—2iy=1i+1;j =j2=0;
1<k ko <my;1 <1yl <n

T®1, i1=L~-1is=L;j1 =ja=0;
1<k <my;;1<h,l2<n

T®Dy 11=12,0<i1 <L—1;j1=72=0;1<ky, ks <my;

il = 1<l <n

S@® Dy i1 =1i2=0;71 =ja=11< ki, ka < my;
1<l,ls <n

UoDy 1=i31<i1<L-N+hji=5h=1
1<k, ko <mg;1<11,la<n

Dy h1=ia=L;j1 =jo=0;1<11,lo<nm

For2<h<N-1,

SB®I, i1 =1iy=0;j41 =jo=11<ky ks <mo;

1<l <n
Bzt _ ) UB@ Iy i1 =10 =0;j1 = jo = ;1 < ky < ma,
Mavan et 1<k Smosl<li,la<n

Uy®I, 2<ii<L—N-+hjiz=1i1—1;j;=7j2=1;
1<k ke <ms;1<1;,lo0<n

For1<h<N -2,

I, ® D1 0<4; < L—1,4 =d9;51 = Jo = 0;1 < ky, kg <y

1<l <n
plizgzkots) _ ) Ime @ D1 =i =01 =2 =L1<k,ky<mp1<l,lb<n
Mokt Iy @ D1 ig=141,1 <iy < L—-N+hjji=jo=1

1<k, ko <ms,1<1,la<n
D, 1 =td2=L;j1 =Jo=0;1 < ki,ko <mq;1 <yl <n
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e(m1)®(,3®D1) i1:i2:0;j1:0,j2:1;1§k1gml,
1<ks<mg;1<l1,la<n

I, ® Dy ig =41 = 0551 = Jo = 1;1 < Ky, ko < mio;
1<h,le<n
F’ (i2,72,k2,l2) Im3®D1 19 =11,0 < 4q SL_1§j1:j2:1§»

N—1¢; . =
(ranth) L<kyky <mg, 1 <hyly<n

e(m)®@(y®D1) 1<i3<L—-1;51 =052 =1;1 <k <my,
1<k <mg;1<11,l<n

Y ® Dy i1 =iz =L;j1 =0,52 = 1;1 < k1 <my,
1<k <m3;1<11,lo<n

SB@ I, iy =iy=0;j1=7jo=1;1<ki,ky <mg,;
1<l,ls <n
B/N(’%Q,jiz,kz,lz) _ UB® 1, i1=1,i3=0;j1 =jo=1;1<ks <ms,
(gndty) L<hy <mg1<llb<n
Uy@I, 2<iy<Ljy=iy—1;j1=j2=11<ky, ky <mg;
1 S 11,12 S n

SBRI, i1 =iy=0;j1=7j2=11<ky, ko <mo;
1§l1,l2§n
ik ds) _ UB® I, i1=1i3=0;j1 =jo=11<ky <ms,1<ky <my;
Aoty 1<ly,l<n
Uy@l, iz=1i1—1,2<iy < Liji=jo=11<ki ko <my;
1<l <n

S®Dy 11=12=0;j1=Ja=11<ki ke <mo;1<Il,la<n
U@DO ilzig,lgil§L;j1:j2:1;1§k1,k2§m3;
1Sl17l2Sn

(hyiz,j2,ka,l2)
Ln,i1,1.k1001)
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I, @ Dy iy =i = 0551 = jo = 1;1 < Ky, kg <mig;

A(i27j2,k2,12) _ 1<lh,la<n
O(i11.7'1,k1,l1) Img ®D1 il = i27 1 S il S L7,71 = j2 = 1’ 1 S k/’17k2 S ms;
1 < l1312 <n

Next we proceed for the steady state analysis of the system described.

4.2 Steady State Analysis

To this end we first obtain the

4.2.1 Stability condition

The stabilty condition for the system is given by

Lemma 4.2.1. The system is stable iff

m*Die < (B(—9) te)! (4.1)

4.2.2 Steady-state probability vector

Assuming that the condition (4.1) is satisfied we proceed to find the steady-
state probability of the system state.

Let x be the steady state probability vector of ). We partition this vector
as

x = (x9,Z1,ZL2...),

where z¢ is of dimension (Lmj + 1)n, z,, 1 < h < N — 1 are of dimension
(mi+mo)n+(L—N+h)(mi+ms)n+(N—h—1)min+nand zy,Tn41 ...

are of dimension (mg + Lms)n. Under the stability condition, we have

TN+; = :z:NR",i > 1
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where the matrix R is the minimal nonnegative solution to the matrix quadratic

equation
R2A2 + RA1+A4p=0
and the vectors zg, 1, ,Z ...are obtained by solving the equations
.'L‘()EQ + £L'1B1 =0 (42)
ol +x1E1 +22B> =0 (43)
mi_lFl'_l +:E1El +.’L’i+1Bi+1 = 0, for 2 S ) § N -2 (44)
TN oFN_ o+ xZNy_1En_1+ZnyBy =0 (4.5)
ey 1 F' N1+ zn(A + RAQ) =0 (4.6)
(4.7)
subject to the normalizing condition
N-1
ine—f—xN(I—R)_le: 1 (4.8)
i=0

Remark:

Our model reduces to Hanukov et al. [17] if we assume N = 1, restrict
MAP arrival process to Poisson process of rate A, phase type processing time
to exponential distribution of mean duration i, phase type service time when
there is no processed item to two exponential stages with mean durations i
and i and phase type service time when there is processed item to a single

exponential stage of mean duration /713 Clearly the stability condition
7*Die < (B(—9) le)!

reduces to
1 - 1 . 1
AT op2 o3

which is the stability condition for Hanukov et al. [17] model. Also steady

state vectors in our model with the above restrictions coincides with that in
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Hanukov et al. [17].

4.2.3 Distribution of time till the number of customers hit N

or the inventory level reaches L

We consider the Markov process {N(t), I(t), J(t), K(t)} with state space
{(h,i,j,k) :0<h<N-10<i<L-1;1<j<mi;1<k<n}U{x1}U{*}
where %; denotes the absorbing state indicating the inventory level hitting L
and *o denotes the absorbing state indicating the number of customers reach-
ing N. The infinitesimal generator of the process is

E Ipm, ® D1
© 1) N N
V) = i Vit Vi where, V; = : ‘ )
0 0 0 E Itm, ® Dy
E
0 0
er(L)® (T° ®e(n)) _
v = : Vi = 0
er(L) @ (T° @ e(n)) e(Lmy) 5
with
T ® Dy Ta ® I, 5
1
E = : andd=| : |,
TeDy Ta®l, 5

T & Dy

with &; representing the sum of ith row of the D; matrix.
The initial probability vector is

Y1 = (1/d1)(20,0,0,1,1,"* »%0,00,1,n5" " L0,0,0,m1,15 " +2£0,0,0,m1,n:0)
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where
n mi

d1=§ E 20,0,0,k,1

1=1 k=1
and 0 is a zero matrix of order 1 x ((N — 1)Lmyn + (L — 1)mn).

Thus we have the following Lemma.

Lemma 4.2.2. The expected duration of time till the inventory level
reaches L before the number of customers hit N is given by 1/)1(—V1)_2V50)
and the expected duration of time till the number of customers hit N before

the inventory level reaches L is given by 1/)1(—V1)_2V§1).

4.2.4 Distribution of idle time

Case (i)

Suppose that the number of customers become N only after the inventory
level hits L. The probabaility for this event is the probability for absorption
of PH(#1, V1) to %1. In this case, we can study this conditional distribution
by a phase type distribution PH (2, Vo) where the underlying Markov process
has state space {(h,L,0,1) : 0 <h < N —1;1<1<n}U{*} where % denotes
the absorbing state indicating that the number of customers hitting N. The

infinitesimal generator is

Dy Dy 0
Vo Vot :
Va=| 2 "2 |, where, V5 = Vi=

0 0 Dy Dy 0

Dy 0
01

where § = - | with &; representing the sum of ith row of the D; matrix.

On

The initial probability vector is
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o = (1/d2)(v0,0,0,1," "+ s 00,0005 " s UN=1,L,0,15" " * s UN—1,L,0,n)
where, for 0 < h < N —2,1 <[ <n,
m1
> -
1 Zl;ﬁl’ d?l’ + 5[ + Zk;ﬁk’ Tkk/ + nk

Vh,L,0,l = Th L—1,0,k,l

and, for h =N —1,1<1 <n,

mi

Mk

UN-1,L,0,l = Z 0 TN—-1,L—1,0,k,l>
= 2o i+ 2epr T + 70

with, dy = hN;Ol > e Vh.L.0.-

Here, 7, represents the absorption rate from phase k in PH(a, T'), Ty repre-

sent the kk'th entry of T, d?l/ represent the transition rates from the phase [

to the phase I’ without arrival and §; represent the {th row sum of D matrix.
Case(ii) Suppose that the number of customers become N before the

inventory level hits L. The probabaility for this event is the probability for

absorption of PH (11, V1) to *3. In this case, the idle time=0.

Thus we have the following Theorem.

Theorem 4.2.1. The LST of the distribution of the idle time is given by

(1/)2(8[ — Vz)_IVQO) < 1/)1eV1tV§0)dt>
t=0

4.2.5 Distribution of time until the number of customers hit
N

We can study this by a phase type distribution PH(¢3,V3) where the under-
lying Markov process has state space {(h,i,7,k) : 0 < h < N—-1;0 < i <
L-11<j<my;; 1<k<n}U{(h,L,k):0<h<N-1;1<k<n}U{x}
where * denotes the absorbing state indicating the number of customers reach-
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ing N. The infinitesimal generator is

Vs VY
VS = 3 3 ] )
0 0
where
F Ipm+1®D; 0
V, = . .. ’Vg _ :
F ILm.1+1 ® Dl O
F e(Lm1 + 1) ® 1)
with

[ Te D, Ta®I,

F= T®Dy Tla®]l,
T®eDy T°®I,
Dq
The initial probability vector is
Y3 = (1/d1(20,0,0,1,1, " »0,00,1,m>" " +£0,0,0,m1,15" " »£0,0,0,m1,n:0)
where
n mi
dy = Z Z 20,0,0,k,1
=1 k=1

and 0 is a zero matrix of order 1 x ((N — 1)(Lmy + 1)n + (L — 1)mq + 1)n).

Thus we have the following Lemma.

Lemma 4.2.3. The distribution of time from the epoch the processing

starts until the number of customers hit IV is a phase type with representation

PH(vs3, V).
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4.2.6 Distribution of number of inventory processed before the
arrival of first customer

To compute the above distribution, first we find the following:

Distribution of processing time till the arrival of first customer

Consider the Markov process with state space {(i,7,k) : 0 < i < L —1;1 <
J<my;1 <k<n}U{(Lk):1<I1<n}U{x}, where i denotes the number
of items in the inventory, j, the phase of inventory processing, k, the arrival
phase of customer, *, the absorbing state indicating the arrival of a customer.

The infinitesimal generator of the process is given by

0 0 0 0 0 0
e(m)®§ T®Dy, TaxlI, 0 0 0
e(m)®4 0 T®Dy Ta®I, 0
Vi = : : , . . :
e(m)®4 0 0 T®Dy Ta®lI, 0
e(m1) ® 4 0 0 TeDy, T°®I,
| ) 0 0 0 0 Dy |

The initial probability is given by

1
Py = d*($0,0,0,1,1, s 0,0,0,1my - - - > £0,0,0,m1,1s - - - £0,0,0,m1,n5 0)
1

where 0 is a zero matrix of order 1 x ((L — 1)m; + 1)n.
Let Y denote the number of items processed before the first arrival and yi be
the probabaility that k items are processed before an arrival. Then y; is the
probabilty that the absorption occurs from the level k for the process. Hence
Yy are given by

yo = —a(T ® Do)~ (e(m1) ® 9)

For k=1,2,3,...L -1
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y = (1) o (T & Do) (T°a ® 1)) (T & D)™ (e(m1) @ )
and
yr = (=1)"a (T & Do) (T a © 1,))" ™ (T'& Do) (T ® I,,) Dy '
Thus we have the following Lemma.

Lemma 4.2.4. The distribution of number of inventory processed before

the arrival of first customer is given by P(Y = k) = y.

Definition 4.2.1. Starting up with the epoch of departure of a customer
leaving behind no customer in the system until the next epoch at which no

customer is left at a service completion epoch is called a busy cycle.

4.2.7 Distribution of Busy Cycle

First we assume that L > N.

The distribution of duration of busy cycle can be studied by a continuous time
Markov chain with state space {(h,,0,k,1) : 0 <h< N—-1;0<i<L-1;1<
E<mi;1<1<n}U{(h,L,0,]):0<h<N-1;1<I<n}U{(h,i,1,k,I):
1<h<M;i=01<k<mygl<Il<ntUu{(hilkl):1<h<
N-11<i<L-N+h1<k<mg1<I<n}U{(h,il,kl): N<h<
M;1<i<L;1<k<ms1<Il<n}U{x}, where (h,i,0,k,1) denote the
states that correspond to the server being in vacation with A customers in the
system,i, items in the inventory, k, processing phase and 1,the arrival phase,
(h,L,0,1) denote the states that correspond to the server being in vacation
with h customers in the system, L, items in the inventory and l,the arrival
phase, (h,i,1,k,1) denote the states that correspond to the server being in

normal mode with h customers in the system,?, items in the inventory, k,
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service phase and 1,the arrival phase, * denote the absorbing state indicating
that the number of customers become zero by a service completion and M is
chosen in such a way that P (Zﬁio Tre > 1 — e) — 0 for every € > 0. Then
the distribution of a busy cycle can be studied by a phase type distribution

PH(¢, B), whose infinitesimal generator is given by

B BY By, B
= where, B = M 2
0 0 DB
Now,
F Ipm41® Dy
B = A ) ’
F o Ipmy+1® Dy
F
with ~ -
T® Dy Taw®l,
F = TeDy TaxlI,
TeDy T ®I,
- DO =
Bz =en(N)ey(M) @ B'1a,
where,
e(m1) ® (B® D1)
/ I 1 ® (e(my1) @ (y® Dy)
B 12 —

¥ ® Dy
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E, F
Gi1 Es Fy

Gn-2 En_1 Fn_:

Bgy =
Gyo1 En I®D

Gy-2 Ey-1 I1®D;

I Gu-1 By
Fori1<h<N-1,
S8 I, 0
2 S& Dy
Gy = Uﬂ@[n 0 , Ep = 7 ®(U@D)
0 I Nih @ Uy ® 1) Lo NEh 0

and

by = [ Imz-i-(L—N-i-h)m:s ®Dy 0 ] :

D
ForN <h<M —1, E), = 5 Dy
I ® (U@ Do) |
S8 ® I, 0 0 ]
Forh > N,Gp= | UB® I, 0 0
0 IL_1®(UO’Y®In) 0
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Entg=S® Do — I, ®A and Epp, = U @ Dy — I, ® A, with

o1
A =
On
and
Booo
0 0 50
B’ = . with, B® = || where, B" = @e(n)
B : e(L-N+1)® [U°®e(n))
0
The initial probability vector is
¢=(¢,0)
where, ¢ = -(w0,0,0,1,15 "+, W0,00,m1.m5 "+ »WO,L-1,0,1,15" " »W0,L—1,0,my,n5 0);

with

L—1 m1 n

=2 > > wniow

i=0 k'=1 =1
For 1 <k'<mi;1<1<n,
2 OO
w0,0,0,k",1 = ; 5+ Zlﬂ/ d?l’ tort Zk#// Skk”$1,o,1,k,l+

m3
T O/

; 01+ D Ay + T+ D Ui

Tk (49)

For1<i¢<L-1;1<k <mq,1<I1<n,

— TRO!
Wo,5,0,k",1 = E 0 T1,i+1,1,k,0>
—1 5[ + Zl;ﬁl’ dll’ + Tk + Z]ng// Ukk//
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where oy, 7 represent the absorption rates from service phase k in PH(S,.5)
and PH(vy, U) respectively, Skr», Ugg» represent the kk”th entry of S and U
respectively, ais represents the probability that the processing of item starts
in phase ¥/, d?l, represent the transition rates from the phase [ to the phase '
without arrival and §; represent the Ith row sum of D matrix.

From the above discussions we have the following.

Theorem 4.2.2. The LST of the distribution of a busy cycle in which

no item is left in the inventory is given by
Bey(s) = ¢(sI — B)~'I'(B°Y

where, I' denote the columns of identity matrix corresponding to the 1 cus-

tomer level with number of items in the inventory 0 and 1 and

Theorem 4.2.3. The LST of the distribution of a busy cycle in which

atleast one item is left in the inventory is given by
Be,(s) = ¢(sI — B)"'I"(B")"

where, 1" denote the columns of identity matrix corresponding to 1 customer

level with number of items in the inventory > 1 and
(B)" =e(L —N)® (U’ @e(n))

Theorem 4.2.4. For stationary MAP, the expected number of busy

cycles in which at least one inventory left in an interval of length t is given by

(t/(¢(~B) ")) (Be, (0)/ (B, (0) + B, (0)))
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4.3 Numerical Results
W@ha:[1(ﬂ,ﬂ=[1o}am7:[a802}T: ,

-4 4 -2 2
S = ,U: andD():—l,Dlzl.
0 -4 0 -2

For these input parameters we get the system characteristics as given in Table
4.1. The behaviour of the performance characteristics is on expected lines.
Let E denote Expected Idle time, SD, standard deviation of Idle time, CV,

Coeflicient of Variation of Idle time.

Table 4.1: Mean/Standard Deviation/Coefficient of Variation of idle time of
the server

LIN -

2 3 4
E SD | CV | E SD | CV | E SD | CV
0.90 | 1.20 | 1.33 | 1.47 | 1.52 | 1.03 | 2.00 | 1.79 | 0.90
0.63 | 107|171 | 115|143 | 1.25 | 1.78 | 1.77 | 1.00
042092 219|086 | 1.31 | 1.52 | 1.44 | 1.68 | 1.17
0.27 | 0.76 | 2.80 | 0.63 | 1.16 | 1.86 | 1.12 | 1.56 | 1.39

QU =W N




Chapter 5

On a Queueing System with
Processing of Service Items
under Vacation and N-policy

with Impatient Customers

In this chapter we extend the queueing model considered in the previous chap-
ter to the case where the customers are impatient. In addition we formulate
a strategic game corresponding to the problem and investigate the individual,
social and system optimal strategies by introducing appropriate costs associ-
ated with certain system parameters.

Next we turn to further details of this chapter. We consider a single server
queueing system in which customers arrive according to Markovian Arrival
process. When the system is empty, the server goes for vacation and produces

inventory for future use during this period. Maximum inventory that can be

Some results of this chapter are included in the following paper.
Divya V., Vishnevsky, V.M., Kozyrev, D., A. Krishnamoorthy: On a Queueing System
with Processing of Service Items under Vacation and N-policy with Impatient
Customers (communicated).
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held is L. Inventory processing time follows phase type distribution. Server re-
turns from vacation when N customers accumulate in the system. Service time
of customers follow two distinct phase type distributions according as there is
no processed item or there are processed items at the beginning of service.The
customers join the queue with probability p or balk with probability 1 — p.
Further customers while waiting for service, may become impatient and renege
after a random time period which is exponentially distributed. Somewhat re-
lated work is by Wang and Zhang [53]. Whereas they follow replenishment
policy through external sources in the context of queueing-inventory, we inves-
tigate the system in which the item is processed by the server himself. Further,
in Wang and Zhang model, the server has to stay idle when inventory level
drops to zero; in the present model the server processes the item and serves

the customer if at a service commencement epoch the item is not available.

5.1 Model Description and Mathematical formula-

tion

We assume that customers arrive at a single server queueing system according
to MAP with representation (Dg, D7) of order n. At the end of a service if
the system is left with no customer, the server goes for vacation and produces
inventory for future use during this period. Maximum number of such items
that can be held is restricted to L. Processing time for each item in the
inventory follows phase type distribution PH(e, T') of order my. Server returns
from vacation when there are IV customers in the system. The service time
follows PH(B,S) of order mgy when there is no processed item and it follows
PH(y,U) of order m3 when there are processed items. Customers join the
queue with probability p or balk with probability 1 — p. Also the customers
waiting for service may become impatient and renege after a random time
period which is exponentially distributed with parameter (n — 1)¢, n > 1,

where n is the number of customers in the system.
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Let Q* = Do+ D1 be the generator matrix of the arrival process and * be
its stationary probability vector. Hence m* is the unique (positive) probability
vector satisfying

Q" =0, n*e = 1.

The quantity 8* = 7* Dye, referred to as fundemental rate, gives the expected
number of arrivals per unit time in the stationary version of the MAP. It is
assumed that the arrival process is independent of the inventory processing

and service process.

5.1.1 The QBD process

The model described above can be studied as a level dependent quasi-birth-
and-death (LDQBD) process. First we introduce the followiing notations:

At time t:

N(t) : the number of customers in the system

I(t): the number of processed inventory

J(t) = 0,7f the server is on vacation
1,if the server is busy serving customer

K(t): the phase of the inventory processing/service process

M (t) : the phase of arrival of customer.

It is easy to verify that {(N(t), I(t), J(t), K(t),M(t)) : t > 0} is LDQBD with
state space

10) = {(0,4,0,k1,0) : 0<i<L—1;1<k <my, 1<1<n}U{(0,L,0,):
1<i<n}

For1<h<N-1,

I(h) ={(h,7,0,k1,0) :0<i<L—-1;1<k; <my;1<1<n}U{(h,L,0,I):
1 <1<y U{(h,0,1,ko 1) : 1< ko <mo; 1 <1< nyU{(hyi,1,ksl):1<i<
Ly 1<ks<mg; 1<l<n}

and for h > N,
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I(h) = {(h,0,1,ka,1) : 1 < kg < mo; 1 <1 <npU{(hi,1ks,l):1<i<

Note that if there is no customer in the system and level of processed item
is L, then also J(t) = 0, indicating that server is idle. Further at the start of

a new cycle, the server stays idle until N customers accumumulate.

The infinitesimal generator of this CTMC is

" Bo Co _
By Ey I®pD;
B E> 1®pDy

Bn-2 Eny_2 1®pD1
Bn-1 En_1 F
By AN 40
Ay (NHD) - f (NH1) - p (N+1)
A (N+2)  f (N+2) 4 (N+2)

©
Il

The boundary blocks By, Cy, By are of orders (Lmi+1)nx (Lmy+1)n, (Lmy+
Dnx ((mi+mg)n+(L—1)(m1+mg)n+(1+mg)n),((m1+me)n+(L—1)(my +
m3)n+(1+m3)n) x (Lmy+1)n respectively. For2 < h < N—1, Bj, and for 1 <
h < N—1, Ej, are square matrices of order (mj+ma)n+(L—1)(mi+ms3)n+(1+
ms)n. F and By are of orders ((m1+ma)n+(L—1)(m1+ms)n+ (14+ms)n) x
(ma+Lmg)n and (mg+Lmgz)nx ((m1+ma)n+(L—1)(my+mg)n+(1+m3)n)

respectively. For h > N, Ao™ A" and for h > N + 1, A, are square
(i27j21k2712) (i27j27k27l2)
Oy okr1)” Oiy,g1,k1,00)

as transition submatrices which contain transitions of the

matrices of order (mg 4+ Lmg)n. Define the entries B

(i2,42,k2,l2)
Leiy,51,k1,00)
form (0,41, j1,k1,01) — (0,42, 52, k2, 12), (0,41, 51, k1, 1) — (1,42, jo, k2,l2) and
(12,2,k2,l2) B(i27j27k2,l2)

heso - ) hes o - i
(i1,91.k1,11) (i1,315k1,511)
F and Bf\, as transition submatrices which contain transitions of the form

(h i1, 41, k1,11) — (h,i2,72,ka,l2), where 1 < h < N —1, (h,i1,j1,ki1,l1) =

and B

(1,41, 71, k1,11) — (0,12, j2, ko, l2) respectively. Define E
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(h—1,1i9, j2, ka,l2), where 2 < h < N—1, (N—1,i1,j1, k1,11) = (N, iz, j2, ko, l2)
and (N,i1,71,k1,01) — (N — 1,49, j2, ka,l2) respectively. Define the entries
A g ) g 0 o ransiton submatrices
which contain transitions of the form (h,i1,71,k1,l1) — (h — 1,i2, jo2, k2, [2),
where h > N + 1, (h,i1,j1,k1,01) — (h,i2,72,ke,l2) and (h,i1,j1,k1,0) —
(h + 1,12, jo, k2,l2), where h > N respectively. Since none or one event alone
could take place in a short interval of time with positive probability, in general,
a transition such as (hy, i1, j1, k1,11) — (he,i2, j2, k2, l2) has positive rate only

for exactly one of hq,1%1, j1, k1,11 different from hs, i9, jo, ko, lo.

TOCM@In i2:i1+1,0§i1§L—2;j1:j2:0;1§k1,k‘2§m1;
1<h,lo<n
T°®1I, i1=L—1,io=0Ljj1=jo=0;1<ki, ke <mu;
(i2,J2,k2,l2) _
Bo(ilsjl’klxll) - 1§l17l2§n
ToA i1 =102,0< 11 < L—1;71 = j2a=0;1 < k1, ka < my;
1<h,lo<n
A i1=i2=L;j1=j2=0;1<11,l2<n
where
01
02
A=Do+(1-p)
On,
]m1®pD1 OS’ilSL—l;ilzig;jlszZO;lSkl,k2,§m1;
0(12,]2,k2,l2) — 1<li,lb<n

O(iy,51,k1,01)

pD to=t1=L;j1 =jo=0;1<11,la<m

Sla®l, i1=1i2=0;51=1,72=0;1<k <mg,
plizdzikala) _ 1<ks<mi;1<l,lo<n
r.dn ki) Ula®l, 1<ii<Ljis=1i1—1;j1=1,j2=0;;1<k <ms,
1<k <my;1<1,l2<n

For1<h <N -1,
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(i2,72,k2,l2)  _
P(iy,g1.k1,00)

Ta®I,

T°® I,
TOA—-(h—1)pImn
SO®A—=(h—1)pLmn
UPA—(h—1Dplmn

A—(h—1)¢I,

For2<h<N-1,

(i2,42,k2,l2)  _
R(iy,g1.k1,00)

(i2,42,k2,l2) _
(41,91.k1,01)

(h = 1)¢Lnyn

(h—1)¢l,

S°B& I+ (h—1)¢Imyn
(h = 1)¢Lngn

U°B® I,

UO'Y ® In

e(m1)® (B@pD1) i1 =

0<ir<L—2is=i1+1;j1 = jo = 0;
1<k, ko <my;1 <y,lo<n

i1 =L—1,i2 = L;j1 = j2 = 0;

1<k <my;1<l,la<n

i1 =12,0< 11 < L—1;71 =j2=0;

1 <ki,ka<my;1<l,la<n

i1 =42 = 0,51 = jo = 1,1 < k1, ka <ma,
1<h,lo<n

i1 =i2,1 <41 < L;j1 =j2 = 1,1 < k1, k2 < mg,
1<h,lo<n
i1:i2:L;j1:j2:O;1§ll,lzSn

0<iu <L-1,i1=425;51=72=0;
1§k1,k2§m1;1§l1,l2§n

i1 =42 =L;j1 =j2=0;1 < k1,ka <my;
1Sll,l2§n

i1 =12 =0;51 = jo=1;1 < k1, ks < mg;
1<i,la<n

1Si1§L,i1=i2;j1 :j2:1;1§k1,k2§m3;
1<,la<n

i1:1,i2:0;j1 :j2:1;1§klgm3,
1<ka<mg;1<Ili,la<n

2< 1< Ljio=t1— 171 =j2=1;
1§k17k2§m3;1§l1,l2§n

12 =0;j1 =0,j2 = ;1 < k1 <my,1 < k2 <mg;

1<h,lo<n

I, ® pD1 io=191 =051 =jo=1;1<ki,ko <mo,1 <l1,la<n

1m3®pD1 i2:i1,1§i1SL;j1:j2:1;1§k1,k2§m2,
1<,la<n

e(m)®(y®pD1) 1< <L—-1;51=0,j2=11<k <my, 1< ke <ma;
1§ll,l2§n

Y ®pD: i1 =142 =L;j1 = 0,52 = 1 < k1 <ma, 1 < ko < mg;

1<

Ll <n
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SBR I+ (N = 1)plmyn i1 =i2=0;j1 =jo = 1;1 < ki, ko < mo;
1<i,la<n
U8 I, i1=1,d2 =051 = jo = 1;1 < k1 < mg,
1(i2,42,k2,l2) 1<k <ma;1<11,l2<n
MmO Uy @ I, 2<it <Lz =i —Liji=ja=1;
1§k1,k2§m3;1§l1,12§n
(N = 1D)¢Imyn 1<y < Lyiz =id1351 = j2 = 1;
1<k, k2 <m3;1<li,l2<n
For h > N +1,
Soﬁ®fn+(h—l)¢lm2n 11 =42 = 0;51 = jo = 1;1 < k1, k2 < ma;
].Sll,lggn
UB®I, i1 =110 =0;j1 = jo = 1;1 < ky < ma,
A (h) (i2:32:k2,l2) 1<k <mz;1<1l,la<n
2 (i1,51,k150) = 0 . . . . .
Uvy®In ia =101 —1,2<ix < L;j1 = jo = 1;
1< ki, ke <mg;1<lh,l2<n
(h = D)¢lmgn o =101,1 <2< Ljj1 =j2=1;
1 <ki,ka<msz;1<li,la<n

For h > N,

S®A = (h—VdImyn 1=z =0,j1 = jo= 1,1 < kn, ks < ma;
A (h) (i2,72,k2,12) 1<,la<n
1 (ir,1,k1,00) — . . L
USA—=(h=1)plmsn i1 =1i2,1 <i1 < Ljj1=j2=1,
1< ki,ka <ms, 1 <Ili,l2<n

Im2®pD1 11 =12 =051 :j2:1;1§k1,k2Smg;lgll,lggn
A (h) (i2:32,k2,l2) . . . . .
0 (ingroki) = dms @pD1 i1 =2, 1 <0y < Lyji = j2 =151 < k1, k2 <ms;
1<h,l2<n

Remarks: When L = 0 (that is, no item processed during vacation) the

problem discussed reduces to classical N-policy.
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5.2 Steady State Analysis

First we find the condition for stability of the system under study.

5.2.1 Stability condition

Lemma 5.2.1. The system under consideration is stable.

Proof. We use the following result to prove this.

Proposition(Tweedie) Let {X(¢)} be a Markov process with discrete
state space S and rates of transition ¢, 5,7 € S, >, gsr = 0. Assume that
there exist
1. a function ¥(s), s € S, which is bounded from below (this function is said
to be a Lyapunov or test function);

2. a positive number e such that:
e variables ys = > qsr (¥(r) —(s)) < oo for all s € 5;
o y, < —¢ for all s € S except perhaps a finite number of states.

Then the process {X(t)} is regular and ergodic.

For the model under discussion, we consider the following test function:

U(s) = P(hyi, j, k,1) = h

. The mean drifts
Ys = ZT¢S qsr (d)(?‘) - 1/)(5))
= ({s,s+1 —(s,s—1 (51)

We have g, 541 = 71, say (a constant) and gs s—1 = 72 + (s — 1)¢, where 1o
is a constant.

Hence from (5.1), ys = 1 — ro — (s — 1)¢, which depends only on the level s.
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Now,

lim ys = —oc.
$§—00

Thus the assumptions of Tweedie’s result hold and hence the Markov pro-
cess under cosideration is regular and ergodic (see Falin and Templeton [11]).

Hence the system is stable. O

Next we proceed to find the steady-state probability of the system state.

5.2.2 Steady-state probability vector

By finite truncation method we get steady state vectors of the LDQBD ap-
proximately. In this method, we truncate the infinitesimal genarator at a finite
level K. The level K is chosen in such a way that probability of customer loss
due to truncation is small. To get an appropriate level,say , K, we start with
an initial value for K and increasing it in unit steps until a properly chosen
cut-off criterion is satisfied. Here, we use the algorithm by Artalejo et al.[1],
the steps of which are explained below.

With K as cut-off level, the modified generator is

[ By Co
B E1 I®pD:
B FEs I ®pD:
Bn_2 En-2 1®pD:
Ok = By En_1 F
Bly AN Ay
Ay (NHD g (N1 g (N4
A (KD p (K= g (K-1)
Ay () f(K)

where 0 = A1) + A5 Let 7 be the stationary distribution of Q(K)

which satisfies

(5.2)
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where = [7(0),@(1),...,7(K)]. Define y = [yo(K),y1(K)] with

yO(K) = 7?(0)?7?(1)7 ce ,7_l‘(K - 1)]7
y1(K) = 7(K).

Now y(K,i) = 7(i), 0 < i < K. Here yo(K) is a row vector of dimension
m = (Lmy + 1)n+ (N — 1)[man + L(m1 + m3)n+n] + (K — N)(ma2 + Lmsz)n
and y1(K) is a row vector of dimension (mg + Lmg)n. Now from ((5.2)), we

have
Hoo(K) Hoi(K)

Hy(K) Hpj(K) = [0, 013+ Limg)n] (5.3)

[yo(K), y1(K)] [

where Hoo(K) is obtained from Q(K) by deleting the last column matrices and
last row matrices. Hoj(K) = [0,0,...,0, AS ™7, Hio(K) = [0,0,...,0, A%
and Hy(K) = 0). These are block structured matrices with K x K, K x
1,1 x K and 1 x 1 blocks respectively. 0,, and O(mea + Lms)n are row vectors
of dimensions m and (mg 4+ Lmg)n respectively, with all entries equal to zero.

From (5.3), we get
y1(K)Hio(K)Hyg' (K) = —yo(K) (5.4)

Y1 (K)[H1 (K) — Hio(K)Hyg' (K)Hor (K)] = 00,4+ Limg)n (5.5)

Also we have
B Hopo(K —1) Hp (K —1)

Hoyo(K) =
oo(K) Jo(K —1)  Ji(K —1)
where
Jo(K —1)=10,...,0, A{K~]
Ji(K —1) =AY

The inverse of matrix Hy(K) can be determined using Theorem 4.2.4 in
Hunter [19] as
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s = [ 406 o)
10(K) My (K
where
Moo(K) = [Hoo(K — 1) — Ho1 (K — 1)J; /(K — 1)Jo(K — 1)] 71,
Moy (K) = —J; HK — 1)Jo(K — 1) Moo (K),
M1 (K) = [Ji(K — 1) = Jo(K — 1)Hyg' (K — 1) Hoy (K — 1)] 7!
Mo1(K) = —Hyg' (K — 1)Ho (K — 1) M1 (K)

Now we can see that the structure of the block matrices Hyi (K — 1) and

Jo(K — 1) simplify the above set of equations. We have Hy,' (K — 1) Hp (K —

1) = [ Mo1 (K —1)
M (K —1)

A (K — 1) A,

By Example 4.2.2 Hunter [19], we have (X + AYB)™! = X! - X-1A(Y !

BX1A)71BX~!. Then we have

] AO(K_2)' Also JO(K — 1)H&)1(K — 1)H01(K — 1) =

(X+AYB) ' =[I - XAy '+ BX 1A 'B] XL,

Here, we have X = Ho(K — 1), A = —Hn(K —1),Y = J; (K — 1) and
B = J)o(K —1). Finally, we get

Moo(K) = [I — Mo (K)Jo(K — 1)]Hyg' (K — 1)

MH(K) = [Jl(K — 1) — AQ(K_l)MH(K — 1>A0(K_2)]71,
o My (K —1)

Moi(K) = [ Miy(K —1)

Mio(K) = —J; YK — 1) Jo(K — 1) Myo(K)

AO(K72)M11(K)
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Thus the computation of the vector y1(K) reduces to solving the system of

equations (5.5) subject to the normalizing condition
7(K)le — Hio(K)Hy, (K)e] = 1

The vector yo(K) can be solved by substituting y;(K) in (5.4). To get the
cut-off value, successive increments of K are made, starting from N + 2 and

we stop at the point K = K, when
mazo<i<k., |[Y(Ke, i) —y(Ke — 1L i)| oo <€

where ¢ > 0 is infinitesimal quantity and ||.||c is the infinity norm (see

Goswami and Selavaraju[15]).

5.2.3 Distribution of time until the number of customers hit
N

We show that this is a phase type distribution where the underlying Markov
process has state space {(h,7,j,k) :0<h<N-1;0<i<L-1;1<j5<
my; 1 <k <npU{(h,L,k):0<h<N-=-1;1<k < n}U{*x} where
denotes the absorbing state indicating the number of customers reaching V.
The infinitesimal generator is

0
Vl = ‘/1 V(l ) )
0 0
where
[ Fo Iimy1 @ pD ]
Fo Iim,+1 ®@pDy
Ga Fo Ipm,+1 ® pDs
Vi= .
GN-2 FN -2 Inm,+1 ® pD1
L GN-1 Fn_1 ]
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0 TeA Ta®l, 0 0
: 0
Ve = ' withiy= | 0 T&A Tawlh 0
0 0 0 TeA T'®I,
e(Lm; + 1) ® pd 0 0 0 A
For2<h<N-1,
Gp=(h =1L Lm;+1)n
and
T&A—(h—1)¢Imyn Ta® I, 0 0
P 0 TOA—(h—1)¢Imn Ta® I, 0
b 0 0 T&A— (h—1)¢Imn T @I,
0 0 0 A= (h—1)¢Imin

The initial probability vector is

1

’l,z)l = (I)(w0,0,1,17 Tt 7w0,0,l,’na T 7w0,0,m1,17 e 7w0,0,m1,n e 7w0,L71,m1,17 R
1
Wo,L—1,m1,n> O) (56)
where,
mo /
Wo,0,k,l = T o TL0Lk + — = T1,1,1.k I
=1 —d;,’ — Sy k=1 _dll — Uprpr
3 o
k . .
Wo ikl = Z (O)k—l‘l,i+1,1,k’,l, withl <:< L —1.
k=1 *dll — Uprpr
and

n L-—1

mi
= g g wWo,i,k,1
I=1 i=0 k=1
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where 0 is a zero matrix of order 1 x ((N — 1)Lmin + n).
Here, o}, represents the absorption rate to phase k&’ from PH(B, S), 7, repre-

sents the absorption rate to phase k' from PH(y,U), Syx represent the k'k’th

entry of S, Uy represent the k'k’th entry of U and dl(l0 ) represent the diagonal

entry in [th row of Dy.

5.2.4 Some other Performance Measures

e Probability that the server is idle,

N-1 n

Pige = § E Th,L,0,

h=0 l=1

e Expected number of customers in the system,

N—1L-1m; n N—-1 n co Mm2 n
Bo=> > ZhivhzokﬂrzZhﬂchLoHEZZhéBhom,ﬁ

h=1 i=0 k=11 h=1 I=1 h=1k=1 I=1
oo L ms n
D20 heniake (5:7)
h=1i=1 k=1 I=1

e Expected number of items in the inventory,
N—1L—-1 m; n N—-1 n oo L m3 n
= 2.2 ionionit D Y Lansort) 3 D D iwhivk
h=0 i=1 k=11 h=0 I=1 h=1 i=1 k=1 I=1

(5.8)

e Expected rate at which the inventory processing is switched on,

L m3 n

Eipo = Z Z OkT1,0,1,kl + Z Z Z TkT1,i1,k,l

k=1 1=1 i=1 k=1 [=1



5.3. special cases 157

5.3 special cases

l.p=1,¢=0
In this case, the present model reduces to Divya et al.[8]. We see that
the model can be studied as a LIQBD process.

2. 0=0
In this case also, the model can be studied as a LIQBD process with

obvious modifications in Divya et al.[8].

From now on we concentrate in the case ¢ = 0.
First, we find the LST of the waiting time distribution.

5.3.1 Waiting Time Analysis

To find the waiting time of a customer who joins for service at time ¢, we
have to consider different possibilities depending on the status of server at
that time.The server may be on vacation or in normal mode. Let W(¢) be the
waiting time of a customer in the system who arrives at time ¢ and W*(s) be
the corresponding LST.
Case I(Vacation mode)

Let E7 denote the event that the tagged customer immedietly after his
arrival finds the system in the state (k' + 1,4',0,&",1') or in the state (h' +
1,L,0,I"), where 0 <h' < N—-2,0<¢<L-1;1<k <mq;1<1l; <n.

In this case, the waiting time is the time until absorption in a Markov
process whose state space is given by {(h,i,k1,l) : 1 < h < N —-1;0<i <
L-11<k <mpl<Ii<npuUu{hLl :1<h<N-11<I<
n}U{(h*,O,k‘Q) 1 <A< N-1;1 <k < mQ}U{(h*,i,kg) 11 < h* <
N—-1;1<i<L;1< ks <mg}U{x} where (h,i,k1,l) denote the states that
correspond to the server being in vacation with h customers in the system
,i,items in inventory, kj,the processing phase and [,the arrival phase, (h, L,[)
denote the state that correspond to the server being in vacation mode with

h customers in the system, L items in inventory and [, the arrival phase.
(h*,0, k2) denote the states that correspond to the tagged customer being in
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the position h* when the server is in normal mode, ko, the service phase when
there is no processed item, (h*, 4, k3) denote the states that correspond to the
tagged customer being in position h* when the server is in normal mode with
processed items in the inventory and k3 denote the service phase and * denote
the absorbing state indicating the service completion of the tagged customer.
Thus the conditional waiting time can be studied by a phase type distribution
with representation PH(1, W) where

W1_|:M11 M12:|,W[1)—[ 0 :|’

0 Moo MP°
where
00 0
mo—| M , withM® = s o
0 e(L)®U
E Ipm+1®D
My = B h )
K Ipm,+1 ® Dy
FE
where ~ _
ToA Ta®l,
E= TeoA Taxl,
TeA T°®I,
. A -
Mo = eN_l(N — 1)6%1(1\[ — 1) ® F,
where

e(m1) ® (pd @ B)
e(m1) @ (pd @)

po @y
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G
H G
M22: . . )
H G
where
g ] 0 0
G= ,H=| U 0 0
Ip; U

0 I,1oU%) 0
Thus the conditional LST,

W*(s|Ey) =41 (s — W)WY,

where 1 is the initial probabilty vector which ensures that the Markov chain
always starts from the level h.
Case II(Normal mode)

Let Es denote the event that the tagged customer immedietly after his
joining finds the system in the state (h'+1,0,1,k",1"), where b’ > 1; 1 < k" <
ma; 1 <1 < n orin the state (W' + 1,7/, 1,k",I'), where 1 < < N —1; 1 <
i <L—-N+h;1<K" <mg;1 <1 <norin the state (W' +1,¢,1,k",1'),
where W/ > N; 1 <¢/ <L;1<k" <m3;1<l' <n.

In this case, the waiting time is the time until absorption in a Markov
process whose state space is given by {(h,0,k) : 2 < h < K;1 <k < mg} U
{(hyi,k) :2 < h< N-1;1<i<L-N+h1l<k<mg}U{(hik):
N<h<K;1<i<L;1<k<mg}U{x} where (h,0,k) denote the states
that correspond to the server being in normal mode with h customers in the
system, service phase k when there is no processed item, (h,i,k) denote the
states that correspond to the server being in normal mode with h customers in
the system, service phase k when there are ¢ processed items and * denote the
absorbing state indicating the service completion of the tagged customer and
K is chosen in such a way that P (Ztho e >1— e) — 0 for every € > 0.
Thus the conditional waiting time can be studied by a truncated phase type
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distribution with representation PH(t2, W2) where

G1
Hy Gy

Hy_o Gy WO —

Wy
Hpy_

T Q
@

where
E° = 5
e(L-N+1)xU°

7

For1<h<N —1,

s S°B 0
Gn = s 2U |’ H,=| U8 0
LonEh 0 In-nih®U%
s S°B 0 0
E= ,F=| U8B 0 0
I U 0
0 I_1 Uy 0

Thus the conditional LST,

W*(s|Fo) = tho(sI — Wa) " 1W3°

EO

where 15 is the initial probabilty vector which ensures that the Markov chain

always starts from the level h.

Let wp ; j k, and wy, 1,01 denote the probabaility that the tagged customer finds
the system in the state (h, i, j, k,1) and (h, L, 0, 1) respectively immedietly after
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his arrival. Then

(1)
pd', .
Wh,,i,0,k1,1 = Ziﬂ/: LL Th—1,i,0,ky,l 1 S h S N—-1,0 S 7 S L—1
! d;?l)/ (1=p)d;r =Ty kq HEELED ’ '

1<ki<my,1<1<n

pd
WhLol = Xlim1 o Th-1,L,00 1<h<N-1L1<i<n
dl'l’ (1717)51/
(1)
pd
Wh,0,1,ko,1 = Zﬁzl © 1 Th—1,0,1,ks,l's 2<h<N-—-1lorh>N+1,
dl/llf(lfp)él/fskzkz

1<ky<m2,1<1<n

a g
_ n my Pyry Pko
WN0, 1kl = D=1 Dapye 0 TN-1,0,0,kq,l’
2 k=1 _d;/l)/_(l_P)él/_Tklkl !
pdV)
n
+2 V=1 G TN—-1,0,1,ko,l> 1<ka<mg,1<1I<n
d,/l/_(l_P)él/_Sksz
1)
pd,,
Wh,i,1,k3,l = Z?:l ©) L Tp—1,i,1,ks,l"> 2<h<N-1,1<L-N+h-1,
dlll/_(l_p)‘sz'_Uk;;k;;
1<k3<ms, 1<I<n
pd(D)
n .
Whil ksl = D=1 ) 1L Th—1,i,1,ks3,l> h>N+1,1<:< L,
l’l’ (1*P)51/*Uk3k3
1<ks<ms 1<1<n
WN,i,1,k3,1 = Zn Zml pdl(/ll)vk:; x kq,l’
yi,1,k3, - '=1 =1 0 N—-1,2,0,k1,
k1 7‘1[(/[)/7(1*?)61/*7—'1@11@1 !
pd)

+30— Ll TN 1,01 kgl 1<i<L,1<ky<mg, 1<1<n
PR —af) —(1-p)oy Sy, R ' ’

Thus we have the following Theorem.

Theorem 5.3.1. The LST of the waiting time is given by

N—-1L—-1 mq n

W*(s) d2 Z Z Z 21/11 (sI-W1)~ Wlwh’ i’,0,k" u+z Zl/h (sT—=W1) ™ "W wp ,L,0,l/

h'=1=0k/=11'=1 h'=11'=1
N L-N+h'—1 ms

(o'} mo n
+Z Z ZwQ(SI_W2)_IWQO’LU;L/,OJ’;C//,Z/+Z Z Z Z¢2 8[ Wz) IWQO’IU}L/J/JJC///’Z/

h/'=1k"=11'=1 R=1 =1 kM =11=1

+ Z Z Z ng(sl Wa) " Wwp iy ] (5.9)

R =N+1i=1k"=11=1
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where

N—-1L—-1 m; n N—-1 n

Zzzwh/ ’Ok/l’+zzwh/LOZ/+Z Z th’OIk”l’

h'=1#=0k/'=11'=1 h=11'=1 h'=1k"=11'=1
N L—N+h'—1 m3 n

Z Z Z th’ il 1,k 1 T Z Z Z th/ 1K (5.10)

h'=1 /=1 k'M=11"=1 =N+1id=1k"=11'=1

Now,we assume that each customer receives a reward of R units after
service completion and he has to pay a price ¢ (0 < ¢ < R) for an item. Let

h, denote the waiting cost per unit time of a customer in the system.

5.3.2 Individual equillibrium strategy

Define
Fi(p) =R—q—hoE(W).

We shall find an equillibrium strategy according to which the customers join

the system.

5.3.3 Revenue maximization

This is concerned with pricing of the item served to the customer. We have

to find an optimal price ¢ to maximize the revenue of the server given by
F>(q) = peqm*D1e — h1 Eg — hoEy — cEip,

where

h1 : holding cost/customer/unit time

ho : holding cost/item/unit time

¢ : switching on cost of inventory processing each time it is turned on.

. : Individual equillibrium strategy corresponding to q.
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5.3.4 Social optimal strategy

Next we consider social optimal strategy. For a given price ¢ and a joining
probability p, the surplus of all customers is S1 = #*pDie(R — ¢ — hyE(w))
and the server revenue is So = pgn*Die — h1 Eg — hoEyy — cEjpo.

Therefore, the expected social welfare per unit time is,

F3(p) = S1+ 59
7*pDie(R — hy E(W)) — hiEs — hoEy — cEjp,

5.3.5 Numerical results

50 50
FixN:3,L:2,a:B:[1 0},7:[0.8 0.2},T: ,
0 —50
80 80 ~150 150
S = LU= R =75, q =60, hy = 50,h; —
0 —80 0 —150

2,he = 1,¢=30.
We find the individual optimum and social optimum corresponding to the

above parameters.

p Ewt Es Eit Ei,po Fl F3
0.1 | 0.5045 | 1.0248 | 1.8794 | 0.6445 | -10.2243 | 76.2876
0.2 | 0.2571 | 1.0514 | 1.7601 | 1.2429 | 2.1430 238.8498
0.3 | 0.1762 | 1.0806 | 1.6421 | 1.7921 | 6.1878 339.5609
0.4 ] 0.1368 | 1.1129 | 1.5254 | 2.2882 | 8.1599 472.8811
0.5 | 0.1138 | 1.1486 | 1.4102 | 2.7271 | 9.3077 607.5573
0.6 | 0.0991 | 1.1881 | 1.2965 | 3.1041 | 10.0449 | 743.7425
0.7 ] 0.0891 | 1.2316 | 1.1848 | 3.4149 | 10.5461 | 881.5515
0.8 | 0.0821 | 1.2794 | 1.0752 | 3.6551 | 10.8954 | 1021.0406
0.9 | 0.0773 | 1.3325 | 0.9680 | 3.8207 | 11.1356 | 1162.1853

1 | 0.0743 | 1.3925 | 0.8635 | 3.9081 | 11.2870 | 1304.8471

Table 5.1: Effect of p on various performance measures, when Dy =
(=20), Dy = (20)
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p Ewt Es E’i Eipo Fl F3

0.1 | 0.4052 | 1.0312 | 1.8494 | 0.7985 | -5.2584 | 108.9862
0.2 | 0.2084 | 1.0657 | 1.7009 | 1.5239 | 4.5807 | 273.3550
0.3 | 0.1446 | 1.1045 | 1.5545 | 2.1694 | 7.7701 | 439.4306
0.4 | 0.1138 | 1.1486 | 1.4102 | 2.7271 | 9.3077 | 607.5573
0.5 | 0.0962 | 1.1986 | 1.2684 | 3.1882 | 10.1881 | 778.0391
0.6 | 0.0853 | 1.2549 | 1.1297 | 3.5441 | 10.7364 | 951.0852
0.7 | 0.0783 | 1.3187 | 0.9946 | 3.7865 | 11.0843 | 1126.7485
0.8 | 0.0743 | 1.3925 | 0.8635 | 3.9081 | 11.2869 | 1304.8471
0.9 | 0.0728 | 1.4827 | 0.7371 | 3.9027 | 11.3611 | 1484.8406

1 | 0.0741 | 1.6035 | 0.6156 | 3.7651 | 11.2950 | 1665.6008

Table 5.2: Effect of p on various performance measures, when Dy =
(=25), D1 = (25)

p Ewt Es Eit Eipo Fl Fd

0.1 | 0.3392 | 1.0378 | 1.8196 | 0.9496 | -1.9586 | 141.7398
0.2 | 0.1762 | 1.0806 | 1.6421 | 1.7921 | 6.1878 339.5609
0.3 | 0.1240 | 1.1303 | 1.4676 | 2.5151 | 8.8023 | 540.0395
0.4 | 0.0991 | 1.1881 | 1.2965 | 3.1041 | 10.0449 | 743.7425
0.5 | 0.0853 | 1.2549 | 1.1297 | 3.5441 | 10.7365 | 951.0857
0.6 | 0.0773 | 1.3324 | 0.9680 | 3.8207 | 11.1356 | 1162.1853
0.7 | 0.0734 | 1.4260 | 0.8124 | 3.9215 | 11.3322 | 1376.6660
0.8 | 0.0732 | 1.5501 | 0.6636 | 3.8363 | 11.3401 | 1593.3114
0.9 | 0.0777 | 1.7424 | 0.5222 | 3.5570 | 11.1132 | 1809.3387

1 0.0898 | 2.1045 | 0.3886 | 3.0780 | 10.5080 | 2018.3028

Table 5.3: Effect of p on various performance measures, when Dy =
(—=30), D1 = (30)

In Tables 5.1, 5.2 and 5.3, E,; denotes the expected waiting time of an
arbitrary customer. We can see that the F,,; decreases as p increases upto
some p’ (shown in bold letters) and after that it increases. This is due to the
effect of N-policy. As p increases (upto p’), the number of customers in the
system hit N more fast so that the server stops processing of service items
and start serving customers and hence E,; decreases. When p becomes p/,

E,: starts increasing due to the diminished effect of N. Hence F} increases
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as p increases upto p’ and after that it decreases. As we expect, Ey increases
as p increases. As p increases, F;; decreases, since larger number of customers
are served in a cycle. Ej,, increases upto p/, as p increases. This is due to
the effect of N-policy. As p increases, the number of customers in the system
hit N more rapidly and hence customers leave the system quickly sothat the
server can switch on to processing at a faster rate. When p increases beyond
P, Eipo decreases as p increases due to the diminished effect of N.

From Tables 5.1, 5.2 and 5.3, we can see that F} is strictly increasing on

[0,p/] and strictly decreasing on [p’,1]. Thus,

1. If Fi(p') <0, then Fi(p) <0 for all p € [0, 1]. In this case, the maximum
benefit is negative which implies that customers do not join the system

even if there is no customer in the system.

2. If F1(0) > 0 and F;(1) > 0, then Fy(p) > 0 for all p € [0,1]. In this case,
the customers prefer to join the system, because the minimal benefit is

positive.
3. If, Fi(p/) > 0 and F1(0) < 0, 3 pe € [0,p] such that Fy(pe) = 0.
4. It Fi(p') > 0 and F1(1) <0, 3 pe € [p/, 1] such that F;(p.) = 0.

5. If Fi(p') > 0, F1(0) < 0 and Fi(1) < 0 then 3 p. € [0,p] such that
Fi(pe) = 0 and p,, € [p', 1] such that Fy(p}) = 0.

Hence, if, either of the cases 3,4 and 5 happen, then the customers are indif-
ferent between joining and balking the system. Suppose that, case 3 holds.
Then the above discussions imply that when the joining probability p adopted
by other customers is greater than p., the expected net benefit of an arriv-
ing customer is positive provided he joins, thus the unique best response is 1.
Conversely, the unique best response is 0 if p < p. because then the expected
net benefit is negative. If p = p., every strategy is the best response since the

expected net benefit is always 0. This behaviour illustrates a situation that
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an individuals best response is an increasing function of the strategy selected
by other customers. Therefore, we expect a crowd situation in this case due
to the effect of N-policy.

Next, suppose that, case 4 holds. Then the above discussions imply that
when the joining probability p adopted by other customers is smaller than
Pe, the expected net benefit of an arriving customer is positive provided he
joins, thus the unique best response is 1. Conversely, the unique best response
is 0 if p > pe because then the expected net benefit is negative. If p = pe,
every strategy is the best response since the expected net benefit is always 0.
This behaviour illustrates a situation that an individuals best response is a
decreasing function of the strategy selected by other customers. Therefore, we
can avoid a crowd situation. This is due to the diminished effect of N-policy.

Next, suppose that case 5 holds, then the above discussions imply that
when the joining probability p adopted by other customers is greater than p.
and less than pl, the expected net benefit of an arriving customer is positive
provided he joins, thus the unique best response is 1. Conversely, the unique
best response is 0 if p < p. or p > p. because then the expected net benefit
is negative. If p = p. or p = pl, every strategy is the best response since the

expected net benefit is always 0.

plqg— 10 20 30 40 50 60 70 75
0.02 -50.11 | -60.11 | -70.11 | -80.11 | -90.11 | -100.11 | -110.11 | -120.11
0.1 39.78 | 29.78 | 19.78 9.78 -0.22 | -10.22 | -20.22 | -30.22
0.2 52.14 | 42.14 | 32.14 | 22.14 | 12.14 2.14 -7.86 -17.86

0.3 56.19 | 46.19 | 36.19 | 26.19 | 16.19 6.19 -3.81 -13.81
0.4 58.16 | 48.16 | 38.16 | 28.16 | 18.16 8.16 -1.84 -11.84
0.5 59.31 | 49.31 | 39.31 | 29.31 | 19.31 9.31 -0.69 -10.69

0.6 60.04 | 50.04 | 40.04 | 30.04 | 20.04 10.04 0.04 -9.96
0.7 60.55 | 50.55 | 40.55 | 30.55 | 20.55 10.55 0.55 -9.45

0.8 60.90 | 50.90 | 40.90 | 30.90 | 20.90 10.90 0.90 -9.1
0.9 61.14 | 51.14 | 41.14 | 31.14 | 21.14 11.14 1.14 -8.86
1 61.29 | 51.29 | 41.29 | 31.29 | 21.29 11.29 1.29 -8.71

Table 5.4: Individual optimum when Dy = (—20), Dy = (20)
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pla—] 10 20 30 40 50 60 70 75
0.02 | -25.12 | -35.12 | -45.12 | -55.12 | -65.12 | -75.12 | -85.12 | -95.12
0.1 A474 | 3474 | 2474 | 1474 | 474 | 5.26 | -15.26 | -25.26
0.2 | 54.58 | 44.58 | 34.58 | 24.58 | 14.58 | 4.58 | -5.42 | -15.42
0.3 | 5777 | 4777 | 3707 | 2707 | Lror | 77 | 2.23 | -12.23
04 | 59.31 | 49.31 | 39.31 | 29.31 | 19.31 | 9.31 | -0.69 | -10.69
05 | 60.10 | 50.19 | 40.19 | 30.19 | 20.19 | 10.10 | 0.19 | -9.81
0.6 | 60.74 | 50.74 | 40.74 | 30.74 | 20.74 | 10.74 | 0.74 | -9.26
0.7 | 61.08 | 51.08 | 41.08 | 31.08 | 21.08 | 11.08 | 1.08 | -8.92
0.8 61.20 | 51.29 | 41.29 | 31.29 | 21.29 | 11.29 | 1.29 | -8.71
0.9 | 61.36 | 51.36 | 41.36 | 31.36 | 21.36 | 11.36 | 1.36 | -8.64
1 61.30 | 51.30 | 41.30 | 31.30 | 21.30 | 11.30 | 1.30 | -8.70
Table 5.5: Individual optimum when Dy = (—25), Dy = (25)
plqg— ] 10 20 30 40 50 60 70 75
0.02 -8.46 | -18.46 | -28.46 | -38.46 | -48.46 | -58.46 | -68.46 | -78.46
0.1 48.04 | 38.04 | 28.04 | 18.04 8.04 -1.96 | -11.96 | -21.96
0.2 56.19 | 46.19 | 36.19 | 26.19 | 16.19 6.19 -3.81 | -13.81
0.3 58.80 | 48.80 | 38.80 | 28.80 | 18.80 8.80 -1.20 | -11.20
0.4 60.05 | 50.05 | 40.05 | 30.05 | 20.05 | 10.05 0.05 -9.95
0.5 60.74 | 50.74 | 40.74 | 30.74 | 20.74 | 10.74 0.74 -8.26
0.6 61.14 | 51.14 | 41.14 | 31.14 | 21.14 11.14 1.14 -8.86
0.7 61.33 | 51.33 | 41.33 | 31.33 | 21.33 | 11.33 1.33 -8.67
0.8 61.34 | 51.34 | 41.34 | 31.34 | 21.34 11.34 1.34 -8.86
0.9 61.12 | 51.12 | 41.12 | 31.12 | 21.12 | 11.12 1.12 -8.88
1 60.51 | 50.51 40.51 30.51 20.51 10.51 0.51 -9.49

Table 5.6: Individual optimum when Dy = (—30), D; = (30)

From Tables 5.4, 5.5 and 5.6, we get the values of F} corresponding to

different values of p and g when the arrival rates are 20, 25 and 30 respectively.
In our experiment, 3 a ¢’ such that Fy(p’) > 0, F1(0) < 0, F;(1) > 0 and
3 exactly one equillibrium p, in (0,p'] for all ¢ € [0,¢") where 0 < ¢’ < R (in

Table 5.6, ¢ = 70.51). Also p, is strictly increasing for all ¢ in [0, ¢')(in Fig

5.1, (pe,0) corresponding to different ¢’s are plotted using squares). This is
due to the effect of N-policy. Also, 3 ¢”, where ¢’ < ¢” < R such that when
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¢ <q<4q'" Ip.€[0,p] and p, € [p/,1] such that p. is strictly increasing
and p., is strictly decreasing in [¢/,¢"] (in Table 5.6, ¢” = 71.34). This case
is shown in Fig 5.2. When ¢ € (¢, R], Fi(p) < 0 for p € [0,1] and there is
no equillibrium probability. Hence, if ¢ increases (upto ¢’'), more customers
are supposed to join the queue, since the server can start service only if the
number of customers in the system hit N. When ¢ increases from ¢’ to R,

customers do not join the system since the maximum benefit is negative.

D,=(-20), D,=(20)

Dy=(-25), D,=(25)

=10
4=20 =
=30 =30
q=40 [ a0 q=40
=50 H =50

q=60 {= =60
2 4=70 20F 4=70

4=10

1
@
3

L

D,=(-30), D,=(30)

q=10
4=20 (4
60 a0

q=40
=50
q=60 ]
=70

Figure 5.1: Effect of ¢ (< ¢’) on individual equillibrium strategy

Fig 5.1 shows individual equillibrium probabilities p. as g varies (0 < g <
q'), corresponding to different arrival rates. We can see that p. increases as ¢
increases for the three different arrival rates. But p. decreases as arrival rate
increases. Fig 5.2 shows individual equillibrium probabilities p., p, as ¢ varies

(¢ < q < ") corresponding to different arrival rates. We see that p. increases
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D,=(-20), D,=(20)

Dy=(-25), D,=(25)

F1
&

q=71.34

Figure 5.2: Effect of ¢ (¢’ < ¢ < ¢”) on individual equillibrium strategy

and p, decreases as ¢ increases and coincides when ¢ = ¢” for three different
arrival rates.

Tables 5.7 and 5.8 show the effect of ¢ on revenue of the server. Here, we
see that Fy decreases as ¢ increases upto ¢’. This happens because when ¢
increases upto ¢, p. increases and hence the rate of hitting N becomes faster
so that Ejp, increases. But we see that when ¢ increases in [¢, ¢"], after a
certain g-value, revenue function increases if pe is the joining probability. This
is due to the diminished effect of N-policy. Here, in all the cases, maximum
revenue occur corresponding to ¢ = 10 and the revenue decreases if a higher
q is levied upto ¢’. But when ¢ increases beyond ¢/, after a certain g-value,
revenue increases if a higher ¢ is levied.

Again, from Tables 5.1, 5.2 and 5.3, we can see that Fj3 increases as p
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Dy = (—20), D; = (20) | Dg = (—25), D; = (25) | Do = (—30), D, = (30)

4 Pe F2 De F2 DPe F2

10 | 0.0646 -15.31 0.0327 -11.22 0.0320 -12.45
20 | 0.0735 -16.82 0.0477 -14.45 0.0461 -16.08
30 | 0.0824 -18.32 0.0628 -17.67 0.0603 -19.67
40 | 0.0913 -19.82 0.0778 -20.81 0.0745 -23.20
50 | 0.1018 -21.56 0.0929 -23.92 0.0886 -26.65
60 | 0.1827 -34.50 0.1535 -35.91 0.1240 -35.01
70 | 0.5932 -84.23 0.4784 -84.63 0.3960 -84.29

Table 5.7: Revenue Maximization (0 < ¢ < ¢)

Dy, Dy q Pe Fy Pe Fy
(20),(20) [ 71.29( ¢/ =¢") | 1 |-10089| 1 |-100.89
71.30(¢) 0.8143 | -100.76 1 -91.78

(-25),(25) 71.33 0.8571 | -99.87 | 0.9500 | -95.52
71.36(¢") 0.9000 | -98.28 | 0.9000 | -98.28

7051(¢) | 0.4667 | -92.10 | 1 | -66.92

71 0.5650 | -98.98 | 0.9197 | -80.85

(-30),(30) 71.15 0.6053 | -100.39 | 0.8864 | -85.567
71.30 0.6842 | -100.66 | 0.8182 | -93.25

71.34(¢") 0.8000 | -94.85 | 0.8000 | -94.85

Table 5.8: Revenue Maximization (¢’ < g < ¢')

inreases. But the rate of increase decreases as p increases. Here, the social

optimum corresponds to p = 1 (ps) in all cases.

5.4 Special case: The system in normal mode

5.4.1 Waiting time Analysis

To find the waiting time of a customer who joins for service at an epoch in the
long run, we have to consider different possibilities depending on the status of
server at that time. Let E denote the event the system is working in normal

mode. Let W(¢|E) be the conditional waiting time of a customer who arrives
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at time ¢ and W*(s|E) be the corresponding conditional LST.

Let wp; j k1 denote the probabaility that the tagged customer finds the
system in the state (h, i, j, k, 1) immediately after his arrival when the system
is in normal mode.

Then
n Pdl(/ll) ) h h
w = _ Th_ <h<N-lorh>N-+1
h,0,1,k,1 Do 0, (1 —p)y—Sun h—1,0,1,k,l'> S s > N+1,
1<k<mo, 1<I<n
S vy 1<k<my, 1<1<
w = TN_ m n
N,0,1,k,l =1 —d§9,)/—(1—p)5ll—5kk N-—1,0,1,k,l = >~ 2, >0
) (1)
n pdl’l
Wh, 4 = Th_1 2<h<N-1,1<L-N+h-1
i 1k, Do 7d§?l)/7(17p)6l,7UM h—1,,1,k,1'> S s 1< + )
1<k<ms3,1<I<n
(1)
n pdl/l .
Whi = Th_1 h>N+1,1<:i<L,1<k<m
hyiy1,k,l Dor—1 I SRS . h—1,i,1,k,0"> 2N+1L 1 <1< L, 1 <k < ms,
1<I<n
. pdy) k l
WN,; = TN_14 1<i<L, 1< <meo,1<1I<n
N,i,1,k,l Zl/zl 7d1(?1)/7(17p>5l’7skk N-—1,i,1,k,l’» >1x> Ly > R2 > 2, >0

Casel: LN

Case (1)

Let F; denote the event that the tagged customer immediately after his
arrival finds the system in the state (r + 1,0,1,k,1), where r > 1; 1 < k <
mg; 1 <[ < n. In this case, processed item is not available to any customer.

Thus waiting time is the sum of residual service time and r service time each
following PH (B, S).

W*(s|E,Ey) =€ u(sI — S)"18%(B(sI — §)~18°)"

Case (2)
Let E5 denote the event that the tagged customer immediately after his
arrival finds the system in the state (r+1,4,1,k,1), where 1 <r < N—1;1 <
1< L—N+4+7r;1<k<mg; 1< <n. In this case, processed item is available

to ¢ customers. Thus waiting time is the sum of residual service time and ¢ —1
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service time each following PH(y, U) and r 4+ 1 — ¢ service time each following

PH(B,S).
W*(s|E, Ey) = € (sI — U)flUO(’y(sI _ U)flUO)ifl(‘B(sI _ S)flsO)TJrlfi

Case (3)

Let F5 denote the event that the tagged customer immediately after his
arrival finds the system in the state (r + 1,4,1,k,l), where r > N; 1 < i <
L;1 <k <m3;1 <1 < n. In this case, processed item is available to ¢
customers. Thus waiting time is the sum of residual service time and 7 — 1
service time each following PH(y,U) and r 4+ 1 — ¢ service time each following

PH(B, S).
W*(s|E, E3) = € (sI — U)'U(y(sI — U) U Y(B(sT — §)~180) 1~

Thus the conditional LST of the waiting time,

N—1L—N+r ms n

ZW* s|E, Ey wr+101kl+z Z ZZW* S|E, Ey)
k=1 1=1

3

2

1 o0
)=

r=1k=11=1 r=1 i=1
o) L m3 n
Wr41,i,1,k0 + Z ZZZW* s|B, B3)wri1i1k0]  (5.11)
r=N i=1 k=1 I=1
where
oo M2 n N—1L—N+r msz n
d3—§ E § wr+10,1,kl+§ § § E Wr41,i,1,k, 1+
r=1k=11=1 r=1 i=1 k=1I[=1
oo L m3 n
E E E Wyr4-1,3,1,k,1 5 12)
r=N 1=1 k=1 I=

Case II: L > N
Case(1)
Let F} denote the event that the tagged customer immediately after his
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arrival finds the system in the state (r + 1,0,1,k,1), where r > 1; 1 < k <
mg; 1 <1 < n. In this case, processed item is not available to any customer.

Thus waiting time is the sum of residual service time and r service time each
following PH(S, S).

W*(s|E, Fy) = € ,(sI — S)"'8°(B(sI — S)~18°)"

Case(2)
Let F5 denote the event that the tagged customer immediately after his
arrival finds the system in the state (r+1,4,1,k,0), where 1 <r < N —-1; 1 <
I<L-—N4+r1<k<mg 1<Il<n.

Case(i), 1 <i<r+1
In this case, processed item is available to ¢ customers. Thus the conditional
LST,

W*(S|E,F2) = e’u(SI — U)_IUO(’Y(SI _ U)—IUO)i—l(IB(SI _ S)_ISO)T+1_i

Case(ii), r+1<i<L—-N+r
In this case, processed item is available to all the r + 1 customers. Thus the
conditional LST,

W*(s|E, Fy) = € (sI —U)'U(v(sI — U)~U")"

Case(3)
Let F3 denote the event that the tagged customer immediately after his
arrival finds the system in the state (r + 1,4,1,k,l), where r > N; 1 < i <
L;1<k<ms; 1<I<n.

Case (i), N<r<L
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Case(a), 1 <i<r+1

In this case, processed item is available to ¢ customers. Thus the condi-
tional LST,

W*(S|E7F3) = elu(sl — U)_lUO(’y(SI N U)—lUO)i—l(lB(SI N S)—lsO)r+1—i

Case(b), r+1<i<L
In this case, processed item is available to all the r + 1 customers. Thus the
conditional LST,

W*(s|E, F3) = € y(sI — U)'U(y(sI — U)"U°)"

Case (ii),r > L+1
In this case, processed item is available to ¢ customers. Thus the conditional
LST,

W*(S|E,F3) = e’u(SI — U)_IUO(’Y(SI _ U)—IUO)i—l(IB(SI _ S)—lSO)T+1—i

Thus the conditional LST of the waiting time,

co ma n N—-1L—N+r m3z n
ZZZW s|E, Fy) w'r+101kl+z Z ZZW* s|E, Fy)
r=1k=11=1 r=1 i=1 k=1I1=1

Z W*(s|E, Fs))wr+1,i,1,k,l] (5.13)

where
co ma2 n N—1L—N+r m3z n (e} L m3 n
g g E Wr41,0,1,k,1 1 E E g g Wr41,i,1,k,0 T+ E E Wr41,i,1,k,1
r=1k=1I=1 r=1 =1 k=11l=1 r=N i=1 k=1 =1

(5.14)
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—50 50
FiXN:3,L:2,a:,B:[1 0],7:[0.8 0.2],T: ,
0 —50
—80 &0 —150 150
5 = U= R =75 q =60, hy = 50, h; —
0 —80 0 —150
92, hy = 1,¢ = 30.
P Ewt Es Eit Ez'po Fl FB

0.1 | 0.0485 | 1.5214 | 0.6972 | 19.3813 | 12.5747 | -440.0284
0.2 | 0.0499 | 1.5604 | 0.6564 | 18.3266 | 12.5034 | -263.5605
0.3 | 0.0512 | 1.6081 | 0.6117 | 17.2386 | 12.4386 | -86.3546
0.4 | 0.0524 | 1.6657 | 0.5640 | 16.1240 | 12.3798 91.4217
0.5 | 0.0535 | 1.7341 | 0.5145 | 14.9939 | 12.3259 | 269.4597
0.6 | 0.0545 | 1.8144 | 0.4645 | 13.8595 | 12.2749 | 447.4200
0.7 | 0.0555 | 1.9081 | 0.4153 | 12.7308 | 12.2237 | 624.9757
0.8 | 0.0566 | 2.0174 | 0.3677 | 11.6154 | 12.1681 | 801.8239
0.9 | 0.0579 | 2.1455 | 0.3224 | 10.5189 | 12.1027 | 977.6669
1 | 0.0596 | 2.2971 | 0.2796 | 9.4448 | 12.0200 | 1152.1810

Table 5.9: Effect of p on various performance measures, when Dy =
(—20), Dy = (20)

From Table 5.9, we see that E,; increases as p increases. This happens
since when the system is working in normal mode, the number of customers
accumulating in the system increases with increasing value of p. As p increases
I decreases consequent to increase in F,;. As we expect, E increases as p
increases. As p increases, F;; decreases, since larger number of customers get
served in a cycle. Ej,, decreases as p increases. This happens due to the fact
that when p increases more customers accumulate in the system and hence
customers leave the system slowly so that the server switch on to processing
at a slower rate. Also from Table 5.9, we see that Fj3 increases as p increases.
Thus the social optimum corresponds to p = 1.

Here when ¢ < 72.02, the expected net benefit is always positive. When
q increases beyond 72.02, (see Table 5.9), we can find a p. € [0, 1] such that
Fi(pe) = 0 and p, is decreasing (see Fig 5.3). Here when the joining probability

p adopted by other customers is smaller than p., the expected net benefit of an
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01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
P

Figure 5.3: Effect of ¢ on individual equillibrium strategy when Dy =
(—20), D; = (20)

arriving customer is positive provided he joins. Thus the unique best response
is 1. Conversely, the unique best response is 0 if p > p. since, the expected
net benefit is negative. If p = p., every strategy is the best response since the
expected net benefit is always 0. This behaviour illustrates a situation that
an individuals best response is a decreasing function of the strategy selected

by other customers. Therefore, we can avoid a crowd situation.

q De F
72.1 | 0.9000 | -302.1809
72.2 | 0.7400 | -357.9769
72.3 | 0.5500 | -425.8322
72.4 | 0.3667 | -491.4621
72.5 | 0.2000 | -549.3741

Table 5.10: Effect of ¢ on Revenue function

Also, in this case revenue function F decreases as ¢ increases. This hap-
pens due to the fact that as ¢ increases, the equillibrium probability p. de-

creases and hence Ej),, increases (see Table 5.10).



Chapter 6

A Two-Server Queueing
System with Processing of

Service Items by a Server

This chapter is concerned with a two server queueing system in which Server
1 (S1) provides service alone, whereas Server 2 (S2) provides service and also
processes the item required (we call this additional item or inventory) to serve
the customers. Each customer requires exactly one additional item for his
service. In the absence of this additional item service cannot be provided.
Therefore So keeps processing the item until it hits a threshold value L. At
this epoch he switches to serve customers, if any waiting. However, when the
additional item level reduces to s, Sy returns to process items. His service rate

is higher than that of S7; both servers provide service according to phase type

1. Presented in the International Conference on Advances in Applied Probability and
Stochastic Processes organised by the Centre for Research, Department of Mathematics,
CMS College, Kottayam held from 07-10 January 2019.

2. Some results of this chapter are included in the following paper.
A. Krishnamoorthy, Divya V.: A Two-Server Queueing System with Processing of
Service Items by a Server (communicated).
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distributed random variable. Processing of each additional item requires a
Phase type distributed amount of time, independent of the arrival and service

processes.

6.1 Model Description and Mathematical formula-

tion

We consider a two-server queueing system in which the customers arrive ac-
cording to Markovian Arrival Process with representation (Dg, D1) of order n.
Each customer is to be provided with a processed item at the end of his service.
S1 is always available to the customers provided processed item is available,
whereas S produces items for service(inventory) for future use whenever the
inventory level drops to a threshold s. Until the inventory level reaches L,
(the maximum permitted level) he does not provide service to customers. The
inventory processing time follows phase type distribution PH(ea, T") of order
my. After processing L items, Sy starts serving customers if any waiting; else
stays idle. S7 is dedicated to service only. Servers provide service only if there
are processed items. Also, when a customer arrives to an empty system, S
provides him service and S5 remains idle even he is not engaged in processing
the inventory. The service time at Sy follows phase type distribution PH(S, .5)
of order my and that at S; follows phase type distribution PH(8, 6.5) of order
ms, 0 < 6 < 1. If the inventory level drops to level s after a service completion
by S9, then he starts processing items. If the inventory level drops to level s
due to a service completion by S7, then the customer served by Ss is shifted to
S1 for the remaining part of his service and Sy goes for processing items. The

arrival process is independent of the inventory processing and service process.



6.1. Model Description and Mathematical formulation 179

6.1.1 The QBD process

The model described above can be studied as a LIQBD process. First we
introduce the following notations:

At time t:

N(t) : the number of customers in the system

I(t): the number of processed items in the inventory
0, when Sy is processing items

J(t) : status of Sy = ) ]
1, when Ss is serving a customer

Ki(t) = processing/service phase of Sy
7 0, when S, s idle

i h £S
Ka(t) = { service phase of S}

0, when Sy is idle

M (t) : the phase of arrival of the customer.

It is easy to verify that {(N(t),1(t), J(t), Ki(t), Ka(t),M(t)) : t > 0} is a
LIQBD with state space:

(i) no customer in the system
1(0) = {(0,4,0,k1,0,p) : 0 < i < L—-1;1 <k <my;1 <p<mn}U
{(0,7,0,0,p) : s+1<i<L; 1 <p<n}

(ii) when there is 1 customer in the system

1(1) ={(1,0,0,k1,0,p) : 1 < k1 <m;1 <p <npU{(1,4,0,k1,ka,p) : 1 <i <
L—11<k <mpi;1 <kg <mg;l <p<npuU{(1,4,0k,p):s+1<i<
L1 < ko <mo;1 <p<n}U{(l,i,1,k1,0,p) : s+1<i<L—-1;1<k <
ma;1 < p<n}

(iii) when there are h customers in the system, h > 2:

I(h) = (h,0,0,k1,0,p) : 1 < k1 <my;1 <p<nfU{(hi,0,k1,ko,p): 1< <
L-11 <k <mi;1 <ky <mo;l <p <njU{(hi, 1,k ko,p):s+1<i <
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L;1 <ky,ka <mg;1 <p<n}
Note that when K;(t) =0, J(t) need not be considered.
The infinitesimal generator of this CTMC is

Ao Aot
Ao A A
Q = Ay A Ag

Ay A A

where Agg, Ao1, A10, A11, A12, A2y represent transitions within level 0, from
level 0 to level 1, from level 1 to level 0, within level 1, from level 1 to level 2,
from level 2 to level 1 respectively; Ay represents transitions from level h to
level h+1 for h > 2, A; represents transitions within the level h for h > 2 and
Ajg represents transitions from level h to h — 1 for h > 3. The boundary blocks
Ao, Ao1, Aro, A11, A2, Aoy are of orders (s+1)min+(L—s—1)(1+mq)n+n,
((s+1)min+(L—s—1)(1+mi)n+n) x (min+smiman+ (L —s—1)(2mq+
myme)n +men),(min+ smymen + (L — s — 1)(2ma +myma)n+maon) X ((s+
min+(L—s—1)(1+mi)n+n), min+smimon+(L—s—1)(2ma+mima)n+
man, (min+smymen+ (L —s—1)(2mg+mima)n-+maon) X (min—+smimaon—+
(L — s —1)(myman +ma?n) +ma?n), (min +smiman + (L — s —1)(myman +
ma?n) + mae?n) x (min + smyman + (L — s — 1)(2ma + mima)n + man) re-
spectively. Ap, A1, Az are square matrices of order min + smimon + (L — s —

1)(miman + ma?n) + mo?n.

: haig.ja kol i : :
Define the entries of Aéqfhffjfkfl)l) as transition submatrices which con-

tains transitions of the form (p, h1,i1,71,k1,0) — (q, ha, iz, j2, k2, l2), where
g=0or1, when p =0; ¢ =0,1 or 2, when p =1 and ¢ = 1, when p = 2.

. ha,i2,j2,k2,l h2,i2,j2,k2,l ha,i2,j2,k2,l
Define the entries of A(() 222,02 2), 5 2220, 2), é 212202 2)
(h1,i1,51,k1,01) (h1,i1,71,k1,01) (h1,i1,31,k1,01)
tion submatrices which contains transitions of the form (g, h1,41,71,k1,01) —

(9 + 1, ho,ia, jo, k2,12), where g > 2; (g, hi, i1, j1, k1,01) = (g, ha,i2, jo, ka2, [2),

as transi-
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where g > 2; (g, h1,11, j1, k1,11) — (9 — 1, ha,i2, jo, k2, l2), where g > 3 respec-
tively. Since none or one event alone could take place in a short interval of time
with positive probability, in general, a transition such as (g1, h1, 1, j1, k1,11) —
(g2, ha, i2, j2, ko2, l2) has positive rate only for exactly one of ga, ha, i, j2, k2, l2
different from g1, h1, 11, j1, k1, 1.

Ta @I, ix=1i1+1,0<i1 <L—2j1=j2="0;1<ky,k} <m;
ko =khb=0;1<I,ls<n
TO®I, i1=L—1ig=1L;j1=7jo=0;1<k <my,
(i2,g2, K ko la) =0k =kl =0;1<11,l5<n
Plvakiket) ) T Dy iy =i2,0<i; < L—1;5; = jo = 0;1 < ky, k| < my;
ko =kl =0;1<1y,l<n
Dg i1 =d2,8+1<i; < Lyky =k} = 0; ko = kb = 0;
1<l,lp<n
I, @ Dy i1 =12 =051 = jo = 0;1 < ky, K <y

ko =Ky = 0;1<l1,lo <n
Iy, @ BRD1) i1 =12,1 <0y <L —1;j1 = jo =0;
1<k, k) <mysky =05
1<ky<mg;1<l,la<n
B ® Dy i1=1d2,8+1<iy <L;jky =k =0;
ko =01 <kl <mg;1<lj,la<n

(i2,42,k] k5,l2)
01(7311J'11k1 kosly)
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(12

10¢iy gy .1 kaly)

225k k2,l2)

A(i2 2.k, kG, l2)

11

i1,91,k1,k2,01)

I, ® (08 ®I,)

0S%a ® I,
S ® I,
Sa® I,

S'® 1,

T(a®B)® I,
Ta @ In,n
T°® Inyn

T @ Dy

0S ® Dy

S @ Dy

T®0S® Dy

o =11 —1,1<4; <L—-1;51 = jo =0

1< ki, k) <my, 1 < ko <mgjky = 0;
1<l,ls <n
i1=84+1,ia =5;j2 =0;k1 = 0,1 <k} <my;
1<ky<mgiky=0;1<11,l3<n
io=141—1,s+2<i < Ljk =k =0;
1<ky<moiky=0;1<11,l3<n

i1 =5+ 1,42 = 8;j1 = 1,52 = 0;1 < k1 < ma,
1<K <mi;ke =kl =0;1<11,ls<n

g =91 —1,s+2<i1 <L-1;51 =1

1<k <mo, Kk} =0;ky=Ek,=0;
1<l,le <n

i1 = 0,42 = 1;j1 = j2 = 0; 1 < kg, K < g
ky=0,1<ky <mo;1<11,la<n

1< L =200 =41 + 1551 = j2 = 0;
1<ki, ki <mq;1 <kokh<mg;1<l,la<n
i1 =L—1ig=L;j1 = 0;1 < ky <my, k) =0;
1<k, ky <mg;1<l,l<n

i1 =iz = 0;j1 = jo = 0; 1 < Ky, Ky <y
ko=kb=0;1<1[1,l3<n

i1 =1t2,8+1<i < Ljky =k} =0;
1<koky <mp;1 <yl <n

11 =19,s+1<i1 < L—-1;571 =72=1;

1< ki, Ky <majky = kj = 0;

1<h,l2<n

11 =12,1 <4y < L—1;j1 = jo =0;

1<k, K <mp;l < kg ky <mo;1 <li,lp<n
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(i2,42,k1,k5,l2) _
12¢i1 41, k1 k2,10)

(i2,42,k k2,l2)

21(iy .1,k kaul1)

where,

I, ® Dy i1 =1 = 0551 = jo = 0;1 < ky, k] <my;
k2:k§:0;1§l1,12§n
Iinim, ® Dy iy =12,1 <y < L —1551 = jo = 0;1 < ky, by <my;

1< ko, ky <mp;1 <11l <n

B& (Im, ® D) i1 =1t2,5s+1<i; < Ljjo=1k =0,1 <k} < my;
1< ko ky <mo;1<1y,la<n

I, ®(B®D1) 1 =td2,s+1<i1 <L-1;j1=j2=1,
1< ki, k} <magsks =0,1 <k < my;
1<ly,la<n

I, ®(08°® I,)

I, ®(08°B®1I,)

0S° @ Lnyn

SO ® Im2n

S%a @ I,,n + B

i1 = 1,ip = 0;j1 = jo = 0;1 < ky, by <y,
1<ko <mo,kh=0;1<lI1,la <n
io=i1—1,2<i1 <L—1:j1 = jo = 0;

1< ki, k) <mq;1 < ko, kb < mo;
1<l,lo<n

to=101—1L,s+2<i1 <Lij1i=52=1;

1< ki, k) <mg;l < kg <mg;kh =0;
1<li,ls <n

io =11 —1,5+2<id; <Lij1 =11 < ki <ma,
i =0;1<kokl <mg;1<l1,la<n
i1=s+1ia=sj1 =172 =0;1 < ks <my;
1<K} <mpl < kg, kh <mo;1 <11, <n

a® B;
a® By

a® By,
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where
B, = [ 0 --- 68°®1I, ---0 |,where 8S°® I,,is in the i"position
In, ® Dy iy =12 = 0;j1 = j2 = 0;
1<ki, ki <my;ke=kh,=01<1l;,la<n
PGS Lym, @ Dy i =g, 1 <ip < L —1;51 = jo = 0;1 < Ky, by <my;
Ok L<kyky Smpl<h,ly<n
Iz ®Dy iy =iz, s+ 1 <1 < Lyji = jo = L1 < ki, kf <moy;
1< ko, kg <mp;1<11,l2 <n

T(a®B) @I, i1=0,is=1;j1 =jo=0;1 <k, ki <my;
ko =0,1<kh<mo;1<l,ls<n

T @ Iyn, 1< <L -2 =141+ 1;j1 = ja = 0;
1 < ki, by <mas 1 < ko, ky <mo;
1§llvl2 Sn

T°B @ Imyn in=L—1ia=1L;j1 =0,jo = 1;1 < ky < my,
1 <ki <mag;1 < ko, kb < mo;
1<l,lb<n
T @ Dy iy =iy = 0;j1 = jo = 0;1 < ky, by <myg;
ko = kb= 0:1<1l1,lo <n
T®OSSDy iy =1i,1<iy <L—1;j1 = ja = 0;
1< ki, k) <my;l < ko, ky < mo;
1<li,lo<n
S®0S® Dy iy =i, + 1<y < Lyji = jo = 151 < Ky, k) < mg;
1< ko, kh <mo;1<Ii,la <n

A(i27.727ki,’€/2712) _
iy g1,k kouly)
(i1,31,k1,k2,01)
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I'ml & (950®In) il = 17i2 :Oyjl :j2 207
1<k, k) <mi,1<ks <mo,
ky=0;1<Ul,la<n

Iy, ® (08°B ® 1) io=1i1—1,2<41 < L—1;
J1=j2=0;1 <k, ki <my;
(iz 2.k k2 l2)  _ 1<ka ks <mo;l <li,la<n
211k k2 01) 8% @ Ipyn + B i1 =54 1,02 = s;51 = 1,72 = 0;

1 <k <mg;1 < ky < ma;
1<k ks <mp;1<li,la<n
Im1®(930ﬂ®[n)+soﬂ®jm2n i2=11—1,s+2<14 < L;
J1=J2=1;1<ki, ki <mo;
1<ko, ks <mp;1<li,la<n

Next we proceed for the steady state analysis of the system described.

6.2 Steady State Analysis

To this end we first obtain the

6.2.1 Stability condition

Let m = (mg,m1,...,m1) denote the steady state probability vector of the

generator
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Fo F
I F3 Fy
Fs F3 Fy
Fs F; Fy
s F3 g
A=Ag+A+A5 =
o+A1+A; FoORF
Fio Fg Fy
Fyo Fy Iy
Fio Fy Fny
L Iy Fi3
Then 7 satisfies
A =0,me = 1. (6.1)

The LIQBD description of the model indicates that the queueing system
is stable (see Neuts[40] ) if and only if the left drift exceeds that of right drift.
That is,

mApe < mAze (6.2)

The vector m cannot be obtained directly in terms of the parameters of the

model. From (6.1)we get
m = miali—1,1 <i<L (6.3)

where
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—Fy(F3 + U Fs)1 fori=20
—Fy(F3+ Ui F5)™t for1<i<s-—2
—Fy(F3 +UsFy) ™1 fori=s—1
U= —Fs(Fs+Usi1F19)" Y fori=s
—Fo(Fs + Ui 1 F0)™t fors+1<i<L-3
“Fy(Fs +Up_1Fis)  fori=L—2
—Fii(Fi3)7! fori=L-1

From the normalizing condition me = 1 we have
L-1 j
m (Y JJui+T]|e=1 (6.4)
§=0 i=0

We get mg by solving (6.1) and (6.4). Substituting (6.3) and (6.4) in (6.2)
gives the stability condition as

J L—1 j L—1
[(lml ® D1)e + Z I1 timymy ® D1)e+ > H Ui(Imymy ® D)e+ ] (1, 2 ®D1>e} <
j=1i=0 j=s+1i=0 i=0

|51

i :]u

-1

Ui (e(m1) ® (68° @ In)e) + Z H U; Ahe + + H U (e(m1) ® (08° @ I,) + (8° ® Im2n))e):|
Jj=s+1i=0 =0

(6.5)

where

e(m) ® (8° ® I,,)

=1 ) @ (05 1) + (80 @ W]

6.2.2 Steady-state probability vector

Assuming that the condition (6.5) is satisfied we proceed to find the steady-
state probability of the system state.

Let x be the steady state probability vector of . We partition this vector
as

x = (g, 21,22...),
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where  is of dimension (s + 1)min + (L — s — 1)(1 + my)n + n, &1 is of
dimension min + smyman + (L — s — 1)(2mg + mimao)n + maon, 2,3, ... are
of dimension myn + smyman + (L — s — 1)(myiman + ma?n) + ma?n . Under

the stability condition, we have
T, =zoR"%i >3

where the matrix R is the minimal nonnegative solution to the matrix quadratic
equation

R2A2 + RA1+A4p=0

and the vectors zg, £1 and a9 are obtained by solving the equations

.’L‘voo + $1A10 =0 (6.6)
ToAgr +x1 A1 + 22421 =0 (6.7)
z1A12 +x22(A1 + RA2) =0 (6.8)

subject to the normalizing condition

zoe +xie+xo(l —R) le=1 (6.9)

6.3 Level crossing problems

6.3.1 Distribution of number of downcrossings from inventory

level s to s — 1 before hitting s + 1

To find this distribution, first we find the the distribution of duration of time
till down crossing from s to s — 1 occur before hitting s + 1. This can be
studied as the time until absorption in the continuous time Markov chain,y;=
{(N1(t), Nao(t), I(t), K1(t), K2(t), K3(t))} where Np(t) denotes the number of

down crossings from s to s — 1, Na(t), the number of customers in the system,
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1(t), the number of processed items, K (t), processing phase of Sy, K(t), the

service phase of Sy, K3(t), the phase of the customer arrival process at time ¢.

A

The state space of the process is {(4,0,k,11,0,p) : i > 0; 0 < k < s; 1
Ih <mi;1 <p < n}puUu{440,4,0,p) : 4 >01<j< M1<|
mi; 1 < p < n}U{@,j4kl,lnp) i >01<j<M1<Ek<s1
I <mg; 1 <ly <mg; 1 <p<n}U{x} where *x denote the absorbing state
indicating the hitting of level s + 1. Here M(e) is chosen in such a way that
P (22/[:(8) zne>1— 6) — 0 for every € > 0.

The infinitesimal generator of the process is given by

ININAIN

0 0 O . 7
E° B C
E° B C
U= .
E° B C
where i )
P Gy
Hy F, Go
Hy F», G»
B =
Hy F» Gs
L F3
with
T Dy Tlaxl,
I’VVL D
Fl = : , Gl — 1 ® 1
T®&Dy Ta®l, I, ® (Im; ® (B® D1))

T @ Do
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T®Dy T (a®B)® I,
T®O0S® Dy Ta® Imgn

0 0
Hy = P2 =
YT LeUm 08 el)) 0|07 '
T®IS® Dy T°0® Imgn
T@0S & Doy
0 0
Gy = Im1+sm1m2®D1a Hy = Im1 ® (HSO ® I”) 0 ’
0 I 1 ® (I, ® (08°B® 1))
T@®Do—Imy ®A T(a®B) ®In
T@QS@DO_ImlmQ@A T0a®1m,2n
F3 = .
T ®6S® Do — Imymg R A T0a®1m,2n
T®OSS Do —Imymy @A
with
01
A =
dn,
0 ---0-- 0
. . . 0 0
c—|: : | ,where,C' = | I, ® (08° @ I,) 0
0. 0 0 [S_1®(Im1®(950ﬁ®1n))
0 O 0
[ B
e(M)® ES
with
0
0
0 0 _
El - . ’ E2 0
T° ® e(man)
T° ® e(n)

Let yx, Kk = 0,1,--- be the probability that the number of downcrossings
from inventory level s to s — 1 is k. Then y; is the probabilty that the
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absorption occurs from the level k for the process x1. Hence y; are given by
yo =71(—B)"'E°
and for k =1,2,3,...
vk = ((=B)"'C)*(~B)'E°

where,

Y1 = (1/d)(20,0,0,1,0,1, " +%0,5,0,m1,0,n5" " * >EM,0,0,1,0,15 " " * s LM,5,0,m1,ma,n)
with

S mi1 S mi1 m2 n

n M
d= Z Z Zxo,z’,o,kl,o,p + Z Z Z Z th,i,o,kl,kg,p

i=0 k1=1 p=1 h=1 i=0 ky=1 ko=1 p=1

Thus we arrive at the Lemma.

Lemma 6.3.1. The expected number of downcrossings from inventory

level s to s — 1 before hitting s + 1 is
o
E(i) =) ky
k=0

6.3.2 Distribution of number of upcrossings of inventory level
from s to s + 1 before hitting s — 1

To find this distribution, first we find the the distribution of duration of time
till upcrossing from s to s + 1 occur before hitting s — 1. This again can be
studied as the time until absorption in a continuous time the Markov chain
x2= {(Ny(t), Nao(t), I(t), J(t), K1(t), K2(t), K3(t))} where Np(t) denotes the

number of upcrossings from s to s + 1, Na(t), the number of customers in the
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system, I(t), number of processed items, J(t), status of Ss, Kj(t), process-
ing/service phase of Sy, Ks(t), the service phase of S1, K3(t), the arrival phase

at time t.

The state space of the process is {(h,0,7,0,k1,0,1) : h > 0;s < j
L-1L1<k <mp3l<1<nlU{(h050010):h>0s+1<;
L;1 <1< n}U{(hi,4,0,k1,ko,l) :h>0;1<i<M;s<j<L-1;1
ki <mi; 1 <ky<mo;1 <l <n}U{(h1,5,0,ke,l):s+1<j<L;1
ko <mg;1 <1 <n}U{(h1,5,1,k,0,l) :h>0s+1<j<L-1;1
ki <mo; 1 <1 <nfU{(hij,1k,kol):h>02<i<M;s+1<j
L;1 < ky,ka < mo; 1 <1 < n}U({x} where x denote the absorbing state
indicating the hitting of level s + 1. Here M(e) is chosen in such a way that
P<ZhM:(5)xhe>1—e) — 0 for every € > 0.

VAN VANEE VAN VAN VAR VAN

Let zi, k= 0,1, -- be the probability that the number of upcrossings from
inventory level s to s + 1 is k. Then z; is the probabilty that the absorption

occurs from the level k£ for the process yo.

Proceeding on similar lines as in the proof of Lemma 6.3.1, we arrive at

Lemma.

Lemma 6.3.2. The expected number of upcrossings from inventory level

s to s 4+ 1 before hitting s — 1 is

E(i) =Y kz
k=0

6.4 Performance Measures

1. Expected number of customers in the system, Es = > ;2 hape
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2. Expected number of processed items in the inventory,

L—-1 mi n

Pe= 3 30 Y itniaon t 30 Dimvionst

i=1 k1=1p=1 i=s+1p=1

oo L—1 mq

Z Z Z Z Z”"hw k1 ka,p + Z Z le,z,o ka.pt

h=1 1=1 k1=1ko=1 p=1 i=s+1 ko=1 p=1
- m2 (0.) ma mo n
E : E : E 121,i,1,k1,0,p T E : E : E E : E TRk p
i=s+1k;=1p=1 h=2i=s+1k1=1ko=1 p=1

3. Expected rate at which the inventory processing is switched on,

zpo = Z ZUkl.Tl s+1,1,k1,0,p + E E 90k2x1 S+10k2,p+

ki=1p=1 ko=1p=1
o0 mo mo n

Z Z Z Z 90k2 + Uk1 Th,s+1,1,k1,k2,p (6.10)

h=2k1=1ko=1p=1

4. Expected rate of switching of Sy to service mode,

mo L n n
Ron= 30 32 33 dytrinokapt
pp 4, L,U,R2,p
ko=11=s+1p=1p/'=1
coO Mmi Mms n

Z Z Z Z%ﬂﬁhL 1,0,k1,k2,p  (6.11)

h=2k1=1ko=1p=1

6.5 Analysis of a cost function

We construct a cost function based on the above performance measures.
Let
c1: Unit time cost for switching on inventory processing

co: Unit time cost for switching of S5 to service mode



194 A Two-Server Queueing System with Processing of Service Items by a Server

h1: Unit time cost for holding a customer
ho: Unit time cost for holding an item in inventory

Then the expected cost per unit time,

C =c1Ripo + c2Rsp + h1Es + hoEjy

6.6 Numerical Experiments
We find optimal s and optimal L by using the above cost function.

—4 ],ﬂ: [0.8 0.2],5:

We fix & = [0.9 O.l},T: [ o

-3 3
0 -3/
0= 0.6,61 == 100, Cy = 5,h1 = 30 and hg =1.

For the arrival process of type II customers, we consider the following five
set of matrices for D0 and D1.

1. Exponential (EXP)

2. Erlang (ERA)

-3 3 0 00 0
Do=| 0 -3 3 |,Di=]0 0 0
0 0 -3 300

3. Hyperexponential (HEXP)

o [ —3.4000 0 [ 06800 2.7200
0T 0 —0.8500 | "' | 0.1700 0.6800

4. MAP with negative correlation (MNA)
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—0.8101 0.8101 0 0 0 0
D0 = 0 —1.3497 0 , D1 = 0.0810 0 1.2687
0 0 —40.5065 38.0761 0 2.4304

5. MAP with positive correlation (MPA)

—0.8101 0.8101 0 0 0 0
D0 = 0 —1.3497 0 ,D1=1] 12687 0 0.0810
0 0 —40.5065 2.4304 0 38.0761

All these five MAP processes are normalized so as to have an arrival rate
of 1. However, these are qualitatively different in that they have different
variance and correlation structure. The first three arrival processes, namely
EXP, ERA and HEA correspond to renewal processes and so the correlation
is 0. The arrival process labeled MNA has correlated arrivals with correlation
between two successive interarrival times given by -0.4211 and the arrival
process corresponding to the one labelled MPA has a positive correlation with
value 0.4211.

Tables 6.1 to 6.5 indicate the effect of the parameter s on various per-
formance measures and the cost function corresponding to different arrival
processses when L is fixed. In the following we summarize the observations
based on these tables.

We see that R;,, increases when s increases. This happens because when
s increases, the inventory level reaches s more rapidly from above. Rg, also
increases as s increases. This is due to the fact that when s increases, S9 is
switched on to procesing at a faster rate and hence the inventory level reaches
to maximum value L at a faster rate and as a result Sy switched on to service
mode if customers are waiting. FE, decreases as s increases. This happens
since when s increases both R;,, and R, increase and as a result customers
get service at a faster rate. FEj; increases as s increases. This is because
when s increases, So is switched on to processing mode at a faster rate. The

cost funtion first decreases reaches a minimum value and then increases for
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all arrival processes. The optimal cost varies for different arrival processes
(see Fig 6.1). It is the highest for MPA. This shows the effect of positive

correlation.
s 2 3 4 5 6 7 8
Ripo 0.035 0.037 0.039 0.042 0.045 0.049 0.053 0.058 0.064
Rsn 0.178 0.180 0.181 0.182 0.184 0.186 0.188 0.191 0.194
FEs 1.984 1.952 1.923 1.894 1.866 1.837 1.808 1.779 1.750
FEi 10.467 | 10.976 | 11.485 | 11.994 12.500 13.005 | 13.507 | 14.005 | 14.497
C 74.336 | 74.105 | 73.990 | 73.918 | 73.883 | 73.894 | 73.963 | 74.110 | 74.340

Table 6.1: Effect of s: Fix L = 20 and arrival process as EXP

s 2 3 4 5 6 7 8
Ripo | 0.034 0.036 0.038 0.041 0.045 0.048 0.053 0.058 0.064
Rqp 0.199 0.201 0.202 0.204 0.206 0.209 0.212 0.215 0.219
B 1.553 1.527 1.501 1.475 1.448 1.421 1.393 1.365 1.336
FEi 10.487 | 11.001 11.516 | 12.031 | 12.546 | 13.061 | 13.576 | 14.089 | 14.602
C 61.475 | 61.420 | 61.414 | 61.432 | 61.475 | 61.553 | 61.680 | 61.872 | 62.155
Table 6.2: Effect of s: Fix L = 20 and arrival process as ERA
s 2 3 4 5 6 7 8
Ripo | 0.035 0.037 0.039 0.042 0.045 0.049 0.053 0.058 0.064
Rsn 0.171 0.172 0.173 0.175 0.176 0.178 0.180 0.183 0.186
Es 2.152 2.119 2.090 2.060 2.032 2.003 1.975 1.947 1.920
Eiy 10.457 | 10.963 | 11.469 | 11.975 12.478 | 12.978 | 13.474 | 13.966 | 14.451
C 79.319 | 79.051 | 78.923 | 78.848 | 78.815 | 78.831 | 78.909 | 79.068 | 79.333
Table 6.3: Effect of s: Fix L = 20 and arrival process as HEXP
s 2 3 1 5 6 7 8 9 10
Ripo | 0.033 0.035 0.036 0.040 0.043 0.046 0.050 0.055 0.060
Rsn | 0.076 0.078 0.079 0.081 0.083 0.085 0.088 0.092 0.095
E, | 16.697 | 16.645 | 16.631 | 16.629 | 16.630 | 16.633 | 16.635 | 16.637 | 16.639
E; | 10.644 | 11.122 | 11.605 | 12.090 | 12.573 | 13.054 | 13.533 | 14.009 | 14.480
C | 515.265 | 514.383 | 514.689 | 515.370 | 516.188 | 517.078 | 518.028 | 519.044 | 520.144

Table 6.4: Effect of s: Fix L = 20 and arrival process as MPA
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s 2 3 4 5 6 7 8 9 10
Ripo | 0.035 0.037 0.040 0.042 0.046 0.049 0.054 0059 0.065
R 0.208 0.209 0.211 0.212 0.214 0.216 0.219 0.222 0.225
Es 2.100 2.068 2.037 2.008 1.9778 1.949 1.918 1.890 1.858
E; 10.418 | 10.918 | 11.427 | 11.924 | 12.430 | 12.918 | 13.419 | 13.892 | 14.381
C 77.951 | 77.702 | 77.546 | 77.460 | 77.380 | 77.383 | 77.399 | 77.542 | 77.729

S

BY

Table 6.5: Effect of s: Fix L = 20 and arrival process as MNA

Tables 6.6 to 6.10 indicate the effect of the parameter L on various per-
formance measures and the cost function when s is fixed. We summarize the
observations based on these tables below.

Ry, decreases as L increases. This is due to the fact that the level s is
attained at a slower rate. R, also decreases as L increases. This happens
since L is attained at a slower rate. E; increases as L increases. This happens
since when L increases both R;p, and R, decrease and as a result customers
get service at a slower rate. Ej; increases as L increases since more items are
processed at a stretch. The cost funtion first decreases reaches a minimum
value and then increases for all arrival processes. The optimal cost varies for
different arrival processes.(see Fig 6.2) It is the highest for MPA. This shows
the effect of positive correlation.

L 8 9 10 11 12 13 14 15 16 17 18

Ripo | 0.131 | 0.109 | 0.093 | 0.081 | 0.072 | 0.064 | 0.058 | 0.053 | 0.049 | 0.045 | 0.042

Rsn | 0.227 | 0.216 | 0.208 | 0.202 | 0.197 | 0.194 | 0.191 | 0.188 | 0.186 | 0.184 | 0.182

B 1.617 | 1.641 1.667 | 1.695 | 1.723 | 1.751 | 1.780 | 1.809 | 1.838 | 1.867 1.895

Eit 5.090 | 5.597 | 6.096 | 6.591 | 7.083 | 7.573 | 8.062 | 8.549 | 9.035 | 9.521 | 10.006

C 67.86 | 66.80 | 66.43 | 66.52 | 66.90 | 67.48 | 68.21 | 69.04 | 69.96 | 70.93 71.96

Table 6.6: Effect of L: Fix s = 3 and arrival process as EXP
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L 8 9 10 11 12 13 14 15 16 17 18
Ripo | 0.134 | 0.111 | 0.094 | 0.081 | 0.072 | 0.064 | 0.058 | 0.053 | 0.048 | 0.045 0.041
Rsn | 0.255 | 0.244 | 0.235 | 0.229 | 0.223 | 0.219 | 0.215 | 0.212 | 0.209 | 0.206 | 0.204
Es 1.187 | 1.216 | 1.247 | 1.277 | 1.307 | 1.336 | 1.365 | 1.393 | 1.421 | 1.448 1.475
FEit 5.208 | 5.694 | 6.178 | 6.660 | 7.142 | 7.624 | 8.106 | 8.588 | 9.070 | 9.552 | 10.035

C 55.51 | 54.46 | 54.12 | 54.22 | 54.61 | 55.19 | 55.90 | 56.70 | 57.57 | 58.49 | 59.44

Table 6.7: Effect of L: Fix s = 3 and arrival process as ERA

L 8 9 10 11 12 13 14 15 16 17 18
Ripo | 0.130 | 0.108 | 0.092 | 0.081 | 0.071 | 0.064 | 0.058 | 0.053 | 0.049 | 0.045 | 0.042
Rsn | 0.219 | 0.208 | 0.200 | 0.194 | 0.189 | 0.186 | 0.183 | 0.180 | 0.178 | 0.176 | 0.175
Es 1.795 | 1.817 | 1.842 | 1.867 | 1.894 | 1.921 | 1.949 | 1.977 | 2.005 | 2.033 | 2.062
FEi 5.048 | 5.559 | 6.063 | 6.561 | 7.056 | 7.549 | 8.040 | 8.529 | 9.017 | 9.504 | 9.991

C 73.02 | 71.93 | 71.54 | 71.59 | 71.94 | 72.49 | 73.20 | 74.01 | 74.92 | 75.88 | 76.90

Table 6.8: Effect of L: Fix s = 3 and arrival process as HEXP

L 8 9 10 11 12 13 14 15 16 17 18
Ripo | 0.122 | 0.101 | 0.087 | 0.076 | 0.067 | 0.060 | 0.055 | 0.050 | 0.046 | 0.043 | 0.040
Rsn | 0.139 | 0.124 | 0.114 | 0.106 | 0.100 | 0.096 | 0.092 | 0.088 | 0.085 | 0.083 | 0.081
Es 16.71 | 16.70 | 16.69 | 16.69 | 16.68 | 16.68 | 16.67 | 16.67 | 16.66 | 16.66 | 16.65
FEit 5.033 | 5.551 | 6.063 | 6.573 | 7.080 | 7.587 | 8.093 | 8599 | 9.104 | 9.609 | 10.113

C 519.3 | 517.3 | 516.1 | 515.3 | 514.7 | 514.4 | 514.2 | 514.1 | 514.0 | 514.0 514.1

Table 6.9: Effect of L: Fix s = 3 and arrival process as MPA

L 8 9 10 11 12 13 14 15 16 17 18
Ripo | 0.132 | 0.111 | 0.094 | 0.082 | 0.072 | 0.065 | 0.059 | 0.054 | 0.049 | 0.046 | 0.042
Rsn | 0.264 | 0.250 | 0.242 | 0.235 | 0.230 | 0.225 | 0.222 | 0.219 | 0.216 | 0.214 | 0.212
Es 1.723 | 1.745 | 1.776 | 1.800 | 1.833 | 1.860 | 1.891 | 1.919 | 1.950 | 1.979 | 2.009
FEit 4.940 | 5.488 | 5.979 | 6.505 | 6.987 | 7.500 | 7.980 | 8.483 | 8.964 | 9.461 | 9.942

C 71.12 | 70.14 | 69.81 | 69.90 | 70.32 | 70.89 | 71.67 | 72.50 | 73.46 | 74.44 | 75.51

Table 6.10: Effect of L: Fix s = 3 and arrival process as MNA
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Concluding remarks and

suggestions for future study

In this thesis we discussed some queueing models with working vacation, work-
ing interruption and processing of service items by identifying the underlying
continuous time Markov chains. In the following we give a sketch of our find-
ings in this thesis:

In chapter 2, we considered two (M, MAP)/(PH, PH)/1 queues with non-
preemptive priority and exponentially distributed working vacation under N-
policy. Based on two distinct definitions of N-policies, we studied the distribu-
tion of the duration of slow service mode without any break, expected number
of returns to 0 type I customer state, starting from 0 type I customer state
during vacation mode of service before the arrival of a type II customer and
the distribution of a p-cycle in normal mode. Also we provided LSTs of busy
cycle, busy period of type I customers generated during the service time of a
type II customer. For the waiting time distributions of both type I and type
II customers, we provided an analysis using LST. We also performed some
numerical experiments to find the mean and variance of the number of both
type I and type II customers in the system and optimal N for both models
by constructing a cost function. We compared the two queueing models with
non-preemptive service and exponentially distributed working vacations and

N-policy. These models were analyzed under the assumption of stability. Nu-

201
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merical experiments were carried out to find the superior one. It is possible
to extend the arrival process of type I customers to MAP. In a future work
we propose to extend the models discussed here to the case in which the type
IT customers are impatient. This will lead to the problem of finding individ-
ual optimal strategy of type II customers, maximum revenue of the server
and social optimal strategy. Also, the extension of the models discussed to

multi-server case is proposed to be taken up.

In chapter 3, we considered a (M,MAP)/(PH,PH)/1 queue with non pre-
emptive priority, exponentially distributed working interruptions and protec-
tion. We analysed the distribution of service time of type I and type II cus-
tomers and the distribution of a p-cycle. Also we provided LSTs of busy cycle,
busy period of type I customers generated during the service time of a type 11
customer. For the waiting time distributions of type I and type II customers,
we provided an analysis using LST and the matrix analytic method. We also
performed some numerical experiments to evaluate some performance mea-
sures and also found optimal values using a cost function. Extension of the

model discussed to multi-server is proposed to be taken up in a future study.

In chapter 4, we considered a MAP/(PH,PH)/1 queue with processing of
service items under Vacation and N-policy. We obtained the distribution of
time till the number of customers hit N or the inventory level reaches L, dis-
tribution of idle time, the distribution of time until the number of customers
hit NV and also the distribution of number of inventory processed before the
arrival of first customer. Also we provided the distribution of a busy cycle,
LSTs of busy cycles in which no item is left in the inventory and also that for
atleast one item left in the inventory. We performed some numerical experi-
ments to evaluate the expected idle time, standard deviation and coefficient

of varaiation of idle time of the server .

In chapter 5, we considered a MAP/(PH,PH)/1 queue with processing
of service items under Vacation and N-policy with impatient customers. We

found the distribution of time until the number of customers hit N. Several
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system performance characteristics were computed. LST of the waiting time
distribution for the case of no reneging was derived. Also we performed some
numerical experiments for computing individual optimal strategy, maximum
revenue to the server and social optimal strategy for the special case of no
reneging.

In chapter 6, we considered a MAP/(PH,PH)/2 queue with processing of
service items by a server. We analyzed the model in steady state by Matrix
Analytic Method and also derived some important distributions. Also we
provided some numerical experiments to find the optimal values of L and s.

We propose to extend this model to multi-server in a future study.
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