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Chapter 1
Introduction

The fuzzification of crisp concepts is an important topic which
attracts the attention of a number of researchers. There are ap-
proaches which are based either on the structure of lattice or more
restrictive structures. Zadeh [51] defined [0, 1] valued fuzzy sets,
Goguen[16] generalised them to the L-valued fuzzy sets, where L
has the structure of a lattice. Rosenfeld[38] started the pioneer
work in the domain of fuzzification of the algebraic objects. Also
C. L. Chang [11] introduced the concept of fuzzy topological space
and R. Lowen [28] introduced a more natural definition of fuzzy

topological space.

Weakening the structure of the underlying set of membership
functions for fuzzification has been studied extensively in recent
years. One can find some attempts aiming at weakening the re-
strictions imposed on a lattice namely “the existence of least upper

bounds and greatest lower bounds” relaxed to the existence of min-
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2 Introduction

imal upper bounds and maximal lower bounds. In this direction we
have a structure of a multilattice.

In 1954 M. Benado introduced the notion of a multilattice which
generalize a lattice by replacing the axiom of existence of a [.u.b for
two elements by that of a set of minimal upper bounds and dually.
But in L-fuzzy sets introduced by Goguen where L is a lattice, the
membership function gives unique values in L for each element of
its domain. Here we are fuzzifying a crisp concept through a mem-
bership function, the membership function gives a set of values to
each element of its domain. We call this type of membership func-
tion as non- deterministic (nd, for short). Thus we introduce the
non-deterministic-M-fuzzy set in terms of non-deterministic mem-
bership functions, where M has the structure of a complete and

consistent multilattice [21].

1.1 Summary of the thesis

The main objective of the Thesis is to study the extension of lattice
theoretic works using mutilattices. In this thesis we study the non
deterministic fuzzification using multilattices. The structure of the
thesis is divided into five chapters. A brief chapter wise description
is given below.

Chapter 2 contains brief outline of preliminary results for this
thesis. So in that chapter we present a short summary of elementary
notions of lattices [5], multilattices [4, 8, 12], L-fuzzy subsets and
properties [18], L-fuzzy topological spaces [27], L-fuzzy lattice [2],
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strong L-fuzzy lattice [39] and lattice matrix [50]. All results here
are quoted from existing literature.

Chapter 3 introduces the concept of nd— M-fuzzy subsets. Then
we define the union, intersection, complementation and distribu-
tivity in nd — M —fuzzy subsets and also we define nd — M —fuzzy
extensions of functions. Then we introduced nd — M —fuzzy topo-
logical spaces. Also defined interior and closure of nd — M —fuzzy
topological spaces along with some properties and define the no-
tion of nd — M —closure operator and nd — M —interior operators.
Then we discussed the continuous mappings on nd — M— fuzzy
topological spaces .

The notion of L-fuzzy lattice was introduced by Tepavcevi¢ and
Goran Trajakoviski [2]. Chapter 4 extends the concepts of L-fuzzy
lattices to nd — M —fuzzy lattices, where M has the structure of
a complete and consistent multilattice along with the FEgli-Milner
[21] ordering of subsets. As in the L-fuzzy lattice [2] here we intro-
duced two types of nd — M — fuzzy lattice. The first is obtained
by assigning a singleton set or set of values to each element of the
carrier of the bounded lattice. The second type is obtained by non-
deterministic fuzzy relation of the order in a crisp relation. Then
we define the relation between the two approaches and we prove
that these two types of approaches are equivalent.

The fifth chapter introduces the concept of strong nd — M-
fuzzy lattice which is the extension of strong L-fuzzy lattice [39].
Before introducing nd — M-fuzzy lattice, first we introduce the
concept of nd — M-fuzzy meet(join)-semilattices and nd — M —

fuzzy*meet(join) - semilattices.



4 Introduction

In chapter six we introduces the matrices over a multilattice. We
develop this concept on the basis of lattice matrices [50]. In lattice
matrices the entries are elements from a complete distributive lat-
tice. But here we use set of elements to each entries of the matrix
from a complete consistent and distributive multilatice M. Later

we define algebraic operations and properties of these matrices.



Chapter 2
Preliminaries

In this chapter we discuss some basic concepts needed for the study
of nd — M— fuzzy subsets and related concepts. We develop the
concept of nd — M —fuzzy sets on the platform of fuzzy set theory.

2.1 Lattices

One of the important concepts in all mathematics is that of a rela-
tion. The particular interests are for equivalence relation, functions
and order relations. An order relation, denoted by < on a set X
is called a partial order relation if it is reflexive (z < x for every
x € X), antisymmetric (that is if x and y are such that = < y,
y < x then x = y, for every x,y € X) and transitive (that is if
x,y and z such that z < y, y < 2z then z < 2z, for every z,y and
z € X). A partially ordered set (or poset) is a set in which a partial

order relation is defined on it. The diagrammatic representation of

bt



6 Preliminaries

a finite poset is called a Hasse diagram.

A lattice is a partially ordered set in which any two elements
have a unique supremum (the elements least upper bound; called
their join) and an infimum (greatest lower bound; called their
meet). A subset A of L is called a sublattice of L if for each
v,y A,z Nye Aand zVy € A. An element 0 in L is called
a lower bound ( or least element) of L if 0 < z, for every x € L.
An element 1 in L is called a upper bound (or greatest element) of
L if z <1 for every x € L.ies. Since the two definitions are equiv-
alent, lattice theory draws on both order theory and the universal

algebra.

Definition 2.1.1. [5, 17] A poset (L, <) is a lattice if for any
two elements a and b of L, a Vb = sup(a,b) and a A b = inf(a,b)
exist. A subset A of L is called a sub lattice of L if for each z,y € A,
xAy € Aand zVy € A. An element 0 in L is called a lower bound
( or least element) of L if 0 < z, for every x € L. An element 1 in
L is called a upper bound (or greatest element) of L if z < 1 for
every x € L.

An algebraic structure (L, V,A) consisting of a set L and two
binary operations V and A on L is a Lattice if the follwing axiomatic

identities hold for all elements a, b, c of L.

1. Commutative laws:
aVb=bVa

aANb=bAa
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2. Associative laws:
aV(bVe)=(aVb) Ve
aN(bAc)=(aNb)Nc

3. Absorption laws:
aV(aANb)=Db

aN(aVb)=b

The following two identities are also usually regarded as axioms,
even though they follow from the two absorption laws taken to-
gether,
Idempotent laws: a Va=aand aAa=a

These axioms assert that both (L, V) and (L, A) are respectively

join-semi lattices and meet-semilattices.

Definition 2.1.1. A bounded lattice is an algebraic structure
of the form (L, V, A, 1,0) such that (L, V,A) is a lattice, and 0 (the
lattice’s bottom) is the identity element for the the join operation
V and 1 (the lattice’s top) is the identity element for the meet

operation A.

Definition 2.1.2. A poset is called a complete lattice if all

its subsets have a join and a meet.
Remark 2.1.1. Every complete lattice is a bounded lattice.

Definition 2.1.3. A lattice (L, V,A) is called distributive
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lattice if for all a, b, c € L, one of the following is satisfied.
l.an(bVe)=(aANb)V(aNc)
2.aV(bAc)=(aVb) A(aVec)

Definition 2.1.2. [5, 17] A sublattice of a lattice L is a non-
empty subset of L which is a lattice with the same meet and join
operations as L. That is , if L is a lattice and M # () is a subset
of L such that for every pair of elements a,b € M both a A b and
a Vb arein M, then M is a sublattice of L.

Definition 2.1.3. Let L be a lattice with 0, an element x of L
is called an atom if 0 < x and there exists no element y of L such

that 0 <y < x.

Definition 2.1.4. Let L be a lattice with 0 and 1, an element
x of L is called a co-atom if forally e Lwithx <y<l=z=y

Definition 2.1.5. A complemented lattice is a bounded
lattice (with least element 0 and greatest element 1) in which every
element a has a complement, i.e., an element b such that a Vb =
1 and aAND=0.

2.2 Multilattices

Given (M, <) is a partially ordered set and B C M, multisupremum
of B is a minimal element of the set of upper bounds of B and
multisup(B) denote the Multisuprema of B. Dually we define the

multiinfima.
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Definition 2.2.1. [12] A poset (M, <) be an ordered multi-
lattice if and only if it satisfies the condition that for all a, b, x with
a <z and b < x, there exist z € multisup {a, b} such that z < z.

When comparing with lattices, we see that least upper bound
(which is a unique element) is replaced by the non empty set of all

minimal (instead of least)upper bounds and dually.

Definition 2.2.2. [20] A multilattice is distributive if for each
a,b,c € P, the conditions (aVb)N(aVe) # 0 and (aAb)N(aAc) #
) = b = c (where N - is the usual set intersection and U- is the

usual set unions).

Similarly to lattice theory, if we define a V b = Multisup{a,b}
and a A b = multiinf{a,b}, then (M, A, V) be a algebraic multilat-
tice and if we define a < b if and only if aVb = {b} and aAb = {a}

it is possible to obtain the order version of multilattice.

Definition 2.2.3. A complete multilattice is a partially or-
dered set (M, <) such that every subset X C M the set of upper
bounds of X has minimal (maximal) element, which are called mul-
tisuprema (multiinfima), that is for any subset A of X, multiinf(A)
and Multisup(A) exists and non empty.

Definition 2.2.4. A poset (M, <) is said to be a multisemi-
lattice if it satisfies that for all a,b, x € M with a < x,b < x, there
exist z € multisup { a,b} such that z < x and dually.

Definition 2.2.5. Let (M, <) be a poset. The element a € M
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is called a greatest element of M if all other element are smaller.
That is a > z for every x € M. Similarly b € M is called a smallest
element of M if b < x for every x € M

If a multi-lattice has a greatest element and smallest element, then
(M, <) is said to be bounded. Normally greatest element is taken

as 1 and smallest element is taken as 0.

Definition 2.2.6. A multilattice M with 0 and 1 is called
complemented if for each € M, there is at least one element y

such that x Ay = {0} and z VvV y = {1}.

Remark 2.2.1. Let M be complete distributive multilattice.
Then every element in M has exactly one complement in M. For, if
a € M has two complements say a; and as in M. Then aVa; = {1}
and aAa; = {0},aVay = {1} and a Aazy = {0} then (aVa;)N(aV
az) ={1}N{1} = {1} # ¢, and (a Aay) N (a Aag) = {0} N{0} =

{0} # ¢. Therefore a; = ay, two complements are equal.

Note that as by assumption our sets will not necessary have a
supremum but a set of multisuprema. Then we are going to or-
dering between subsets of posets. Here we are considering three
different orderings, the Hoare ordering, the Smyth ordering and

the Egli-Milner ordering.

Definition 2.2.7. [21] consider A, B C 2 then

(i) A Cy B if and only if for all a € A exists b € B such that
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a<b

(i) A Cg B if and only if for all b € B there exists a € A such
that a < b

(ili) ACgy Bifand only if ACy B and A Cg B.

Definition 2.2.8. [40] (M, A, V) - be a algebraic multilattice.
Let z € M and A and B be subsets of M, then
rANA=U{(zNa)/a € A}
rVA=U{(zVa)/aec A}

Also ANB= U{(aAb)/a€ Abe B}
AVB=U{(aVb)/a€ A bec B}.

Definition 2.2.9. [21] A multilattice M is said to be consistent
if the following set of inequalities holds for all A C M
LB(A) Cgp multiinf(A)
Multisup(A)C gy UB(A)
Where LB(A) and UB(A) are the lower bound of A and upper
bound of A respectively.

Note 1. A multilattice should not contain infinite sets of

mutually incomparable elements.

2.3 Fuzzy sets

In 1965 L. A Zadeh introduced the concept of fuzzy sets. He used

the interval [0, 1] for describing the vagueness mathematically and
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used membership values in [0, 1] for solving such problems to each

member of a given set.

Definition 2.3.1. [18] Let X be a non empty set. A fuzzy set
A of X is a mapping A : X — [0, 1], that is
A = {(z,pa(x)) : pa(z) is the membership grade of z in A,z €
A}

Let pa and pp be membership functions of the fuzzy subsets A
and B respectively. The set of all fuzzy sets on X is denoted by
F(X)

1. A=B < pa(r) = pp(x),Voe € X.

2. ACB & pa(x) < up(x),Vr e X.

3. paup(x) = max{pa(x), up(x)}, Vo € X.

4. panp(r) = min{pa(z), up(zr)}, Ve € X.

5. par(x) =1—pa(x),Vo € X where A’ is the fuzzy complement

of A.

2.3.1 Zadeh’s extension of functions

Let pa(x) and ppea)(y) be denoted by A(z) and f(A)(y) respec-
tively, where f : X — Y be a crisp function.

Definition 2.3.2. [18] Let f : X — Y be a crisp function.

The fuzzy extension of f and the inverse of the extension are f :
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F(X)—= F(Y)and f~': F(Y) — F(X) defined by

and

fA) =\ Al) ,AeF(X), yeY
y=f(z)

fH(B)(@) = B(f(z)), BEF(Y),z€X.

Theorem 2.3.3. Let f be a function from X to Y then

1.

2.

(f~YB)) = f~Y(B') for any fuzzy set B in Y;
(f(A)) C f(A") for any fuzzy set A in X;

By C By = f~YBy) C f~Y(B,) where By ,By are any fuzzy

set in'Y;

. A C Ay = f(Ay) C f(Ay) where Ay Ay are any fuzzy set in

X;

A C f7Yf(A)) for any fuzzy set A in X;

f(f~Y(B)) C B, for any fuzzy set B inY.

2.3.2 L—fuzzy sets

Definition 2.3.4. L-fuzzy set is the generalisation of Zadeh’s

definition of fuzzy sets. Let X be a non-empty ordinary set and L

be any lattice . An L-fuzzy set on X is a mapping A : X — L, The

family of all the L-fuzzy set on X is denoted by L consisting of

all the mappings from X to L.
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The algebraic operations on L* are defined by Vz,y € X, A, B €
X
pravs () = pa(z) V pp(x)
ptans(®) = pa(z) A pp().
Definition 2.3.5. Let X be a non-empty set and L be a

complete lattice. Let o € L and A € LX. Then the a-level of A is
a crisp set defined by

Ay ={r e X : A(z) > o}

2.4 Fuzzy topology

Definition 2.4.1. [11, 27] Let X be non empty set, L a F-
lattice, 7 C L, 7 is called a L-fuzzy topology on X, and (LX,T)
is called an L-fuzzy topological space, if 7 satisfying the following

conditions:

1. 0,1eT.

2. if p,y €7 then uAnyerT.
3. if p; € 7 for each i € I', then \/, . p1; € 7.

Where 0 represents null set and 1 represents full set.

A fuzzy set A € 7 is called 7 — closed if and only if its comple-

ment is A’ is 7 — open.
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Remark 2.4.1. 1. The element in 7 are 7 —open fuzzy sets
in X.

2. A fuzzy set A € 7 is called 7 — closed if and only if its com-

plement A’ is 7 — open.

3. The collection of all constant fuzzy sets in X is a fuzzy topol-

ogy on X.

4. Let A € L, then interior of A is the join of all the open sets

contained in A.

5. Let A € L¥, then closure of A is the meet of all closed subsets

containing A.

Definition 2.4.1. Let (L*,7) and (LY,v) be L—fuzzy topo-
logical spaces 7 : LX — LY be an L—fuzzy mapping, we say
is an L—fuzzy continuous mapping from (L*,7) to (LY, v) if its
reverse mapping ? : LY — L* maps every open subsets in (LY, v)

%
as an open set in (LX, 7). i.e,Vvery, f(v)er

Theorem 2.4.2. Let (X,7) and (Y,v) be fuzzy topological
spaces and let f be a function from X into Y . Then, f is fuzzy
continuous if and only if ?(C) is closed in X in X, for each closed
fuzzy set C'in'Y .

Proposition 2.4.1. If f: (X,7) — (Y,v)and g : (Y,v) —
(Z,v) are fuzzy continuous, then go f : (X,7) — (Z,v) is fuzzy

continuous.



16 Preliminaries

2.5 L-fuzzy lattice

Definition 2.5.1. [2] Let X be a lattice and (L, Vp,Ar) is a
complete lattice with 0, and 1,. Let u be a L-fuzzy set defined on
X. The p cut (p € L) of p is defined by u, = {z € X : u(z) > p},
A fuzzy set u defined on L is a fuzzy sub lattice of L, if

p(@ Ay) A p(zVy) = min(p(z), u(y) =,y € X

wxAy) Ap(eVy) > p@) A ply)

Note 2. p € L~ is a L-fuzzy sub lattice of X if and only if 1,
is a sublattice of X for each p € L.

Proposition 2.5.1. A L-fuzzy lattice satisfies the following
results. Let L, Ar, Vy be alattice and M, Ay, Vs a complete lattice
with 07, and 1, then the mapping A : M — L is an L-fuzzy lattice
iff both of the following relations hold for all x,y € M

1. A(z) Ap Ay) < A(x Ay y).
2. A(x) A Aly) < Az Aary).

Definition 2.5.2. [44] Let (M, Aps) be a meet semilattice and
(L,Vp,Ap)is a complete lattice with 0y, and 1. Let p be a L-fuzzy
set defined on X.Then pu is called an L-fuzzy meet semi lattice of

of M, if all the p (p € L) level sets of u are sub meet semilattice of
M.
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Definition 2.5.3. Let (M, V)s) be a meet- semilattice and
(L,Vp,Ar) a complete lattice with 0, and 1. Let u be a L-fuzzy
set defined on X. Then p is called an L-fuzzy join- semilattice of
of M, if all the p (p € L) level sets of u are sub join-semilattice of
M.

2.6 Lattice matrix

Definition 2.6.1. [50] Let L be a distributive lattice with 0y,
and 1, and let a + b = sup(a,b) and a.b = inf(a,b). Then L,
represents the set of all n x n matrices over a lattice L.

The algebraic operations in L, are defined in terms of suprimum
and infimum.
i.e.,

Ly, ={A=(a;)/a;; € L},
a;j is the (ij)™ element of A.
Definition 2.6.2. Let A, B € L, then
1. A+ B = C if and only if ¢;; = a;; + b;;.
2. A< Bif and only if A+ B = B, that is a;; < b;;.
3. ANy B =C'if and only if ¢;; = a;;.b;5.

4. A.B=AB = Cif and only if ¢;; = > aby;.
k=1

5. AT = C if and only if ¢;; = ay,
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6. Fora € M, aA = a.A = C if and only if ¢;; = a.a;;.

7. I = (a;j), where a;; =1fori=j
=0 for i # j.

8. A0 =, AR+l = Ak A

9. O = (0;;) where 0;; = 0 for every ¢ and j.

10. E = (e;;) where e;; = 1 for every i and j.

Definition 2.6.3. A L, Matrix A is called a unit if and only
if there is an L,, matrix B such that AB = BA = I and A is called
orthogonal if and only if AAT = ATA=1



Chapter 3

nd-M-Fuzzy Topological

Spaces

In this chapter we introduce new concept of nd — M — fuzzy subset
and nd — M — fuzzy topological space. Also we will study some

concepts in nd — M — fuzzy topological spaces.

3.1 nd- M-fuzzy subsets

Definition 3.1.1. A non deterministic M —Fuzzy subset of X
(or nd-M-fuzzy subset) is a function from X to 2™, where M is a
complete and consistent multilattice. Then the collection of all the
nd — M — fuzzy subsets of X is called nd — M — fuzzy space and is
denoted by (2M)X.

19
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Definition 3.1.2. A complete and consistent multilattice M is
called a nd-F—multi-lattice if M has an order reversing involution
1M oM,

Let X be a non empty ordinary set and M a F— multilattice.
and A € (2M)X. Then A'(z) = [A(2)] = U{d'|a € A(z)}.

If M is a complete and consistent multilattice, then A'(z) =
(A(x)) = {d'|a € A(x)}. Now, ' : (2M)X — (2M)X the pseudo
complementary operation on (2¥)X, A" is the pseudo complemen-
tary set of A in (2M)X,

Definition 3.1.3. Rules of set relations on (2)%

Let A and B be two nd — M — fuzzy subset of X. Then
1. A= B if A(x) = B(x) for every x € X.
2. ACgy Bif A(z) Cgy B(x), for every x € X.

3. C = AV B if C(z) = multisup {(A(x), B(x)) |, for every
r € X}
=U{aVb|aeAlx),be B(x)}, for every x € X.

4. D = A A B if D(z) = multiinf {(A(x), B(x)) |, for every
re X}
=U{(aAb)|aec A(x),be B(x)}, for every z € X.

5. E=X—Aif E(x) ={d | a € A(z)}, for every z € X.

Note 3. Let A € (25)% and a € 2L If A(x) = « for every
x € X, then Ais called constant nd— M-fuzzy subset and is denoted
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by «. But in this thesis we use A = « instead of using « for constant

nd — M — fuzzy subset.

Definition 3.1.4. An nd — M fuzzy subset A is said to be
bounded if for each x € X, there exist K and L such that K <
A(x) < L, where K and L depends only on z.

Proposition 3.1.1. Let A, B,C € (2M)X be any bounded
nd — M —fuzzy subset in X, then

1. ACpm AV B, BCyy AV B

Proof. 1. we have AV B =U{aVbla € Aand b e B}. Then
there exist ¢; and ¢y belongs to Multisup {L1, Lo} such that
ti >aand ¢ty >bforalla € Aand b € B. Thus

AESA\/BandBESA\/B (31)

Also all the elements in A and B are less than or equal to the
Multisup {L;, Ly}. Thus

From 3.1 and 3.2, we have the required result.

2. ANB =1{aANB)/a € Aand b € B}. Since A and B
are bounded there exist K;, L, Ky and Ly such that K; <
A(z) < Ly and Ky < B(z) < Ly. Then there exist elements
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21 and zy belongs to multiinf {K;, K} such that z; < a and
29 < b for every a € A and b € B. Thus

A/\BESAandA/\BESB (33)

Also every elements in A and B are greater than or equal to
the multiinf { K, K»}. Thus

hence from 3.3 and 3.4, we have the result.

Example 3.1.1. AV A = A is not generally true.
Let X be the set {p,q,r,s,t} and M be the multilattice given in
the Figure 3.1, the nd — M-fuzzy subset is defined by

A:<p q T S t)
{a,b} {c} {a} {1} {0}

Then

(AVA)(p) = Alp)VA®P)
= {a,b} VvV {a,b}
= (aVa)U(aVvb)U(bVa)U(bVb)
= {a}U{c,d}U{c,d} U {b}
= {a,b,c,d}
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0

Figure 3.1: The multilattice in Example 3.1.1

thus AV A # A.

Remark 3.1.1. A Cpgy B does not implies AV B = B and
A Cgy B does not implies A A B = A. From the example 3.1.1,
let A = {0,a},B = {b,1}, where A and B are constant nd —
M —tuzzy subsets. Then A Egy; B but

AV B =H{o,a} vV{b1} ={b,c,d, 1} # A
and let A = {0,c}, B={d, 1} then A Cgys B but
ANB={0,a,b,c} # A

Proposition 3.1.2. Let A € (2")* and for any a € (2F),
then the set A, = {r € X/a Cgy A(z) , a € (2M)} be the « level
of A. If A, B € (2M)X then for any «, 8 € (2M)*

1. aEEMﬁﬁABQAa.
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2. ACgy B if and only if A, C B,,.
3. A= B if and only if A, = B,,.

Proof. 1. Let a Ty B and @ € Ag, then 8 Try A(x)
since o« Cgpy (B, we have o Ty A(x)
there fore Az C A,.

2. ACgy B= A(x) Cgy B(z), for all x € X.
then for every a € 2™ and y € A, = vy € B,
since o Ty A(y) and A(y) Ceay B(y). There fore A, Ceay
B,.

Conversely assume that A, Cgy Ba, for every o € 2M.
Then for every z € A, = = € B,.

That is o Ty A(z) Egy B(x), for every o € 2M. Hence
ACgpym B.

3. A= Bif and only if A(x) = B(z) if and only if A, = B,, for
every a € 2M.
U

Proposition 3.1.3. For any family {A;} of nd — M— fuzzy
subset in X, the De Morgan’s Law does not hold, but if each A; are
bounded and A\ A; Cpy A;i , Ai Cey VA, for every i € I, then

1. (AA) Cen VA
\/Ai, Cen (A A)

2. (VA) Ceu NA;
NA; Cem (VA
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Proof. Since N A; Cpy A; and A, Tpyr (A A;) by the order
reversing involution .

So,
\/ A Epu (/\ 4;) (3.5)

Similarly, from the fact A; Cga \/ A;, we get (\/ Ai)/) Cru A
That is

(\/ A;) Ceur /\A; (3.6)

If we substitute Alz for A; in 3.6, we get (\/ A@',), Cem /\(Ai)l),-
Therefore (\/ A) Cear A(A;)
So

(/\ A;) Cpu \/ A (3.7)

Similarly if we replace A;" for A; in 3.5, we get
VA Coar (AA)Y.
Thus

/\Ai, Cem (\/ Ai>/- (3.8)
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3.2 nd-M-fuzzy extensions of functions

Let (2M)X and (2M)Y be Nd — M —fuzzy spaces and f : X — Y be
an ordinary mapping. Based on f: X — Y define nd — M —fuzzy

mapping £ : (2)% = @M) by F(A)y) = V,_,w{A@)/z €
X} for every A € (2M)X | for every y € (2M)Y.

Similarly ? L (2M)Y — (2M)X by

f(B)(z) = B(f(x)), for every B € (2M)Y | for every x € X.

Theorem 3.2.1. Let (2M)%, (2M)Y be nd — M- fuzzy spaces,
f : X — Y an ordinary mapping. Then for every a € 2M and
every A€ 2M)X, T (ad) = a [ (A)

Proof. For every o € 2M  for every A € (2M)X, for every y € Y,

we have

T (ad)(y) = \VA{lad)(@) 2 € X, f(z) =y}
=\{aA(A@) 2 € X, f(x) =y}
=an\/{A2) 2 € X, f(z) =y}
—an (T ()W)
= o f (A)y).

Therefore ?(QA) = a?(A).
U

Theorem 3.2.2. Let (2M)X, (2M)Z and (2M)? be nd — M-
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fuzzy spaces,

f: X —Y and g:Y — Z be ordinary mappings. Then

L 77 =gf
2 Fg=9f

Proof. 1. for every A € (2")* 2 € Z, then

T (A)@) = \{T (A yeYogly) =2
= \V{VI{A@) :ze X, f(z) =y} y € Vigly) = 2}
= \/{A(x) : 2 € X, gf(x) = 2}
— 91(A)(2).

Therefore 7? = g—}

2. for every C' € (2M)Z, for every x € X, then

TGO @) =FO)(f(2)
= C(gf)(@)
— 9 (C)(a).
Therefore 7? = ?

O

Theorem 3.2.3. Let f: X — Y be an arbitrary crisp func-
tion. Then for any A; € (2M)X and B; € (2M)Y, i € I, the following

properties of functions obtained by the extension principle hold .
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1. If Ay Epy Ao = 7(141) Cem 7(142)

2. T(VA)=V T(A)

el iel

3. F(AA) Con A T (4)

el el

— <

Proof.

IfA, Cppm Ay = Ai(z) Epa Aa(x), for every v € X

=V (h@)/y=f(2)Cen \ (As(2)/y = f(2))

y=f(x) y=f(x)
— F(A)) Con £ (As(y)), for every y € ¥
— F(A) Con f(A9)
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=\/( \/ Az iz e Xy =1 (@)
el y=f(z)

= V() v =7 @)
= \/?(A»(y)

Thus f ( VA=V 74

TG = Y (A € Xy =12
y=f(z) @
I:EM/\ \/A /:EEXy—?( )

i€l y=f(x)

= AT (4:w)

Thus ?(/\ZEIAZ‘) = Nier [ (Ai).

4. Bl EEM BQ —)Bl<y) EEM BQ( ) forevernyY f(Bl)( ):

Bu(J(@) Con Balf(x)) = T (B)(x), for every = € X.
There for f (By) Cgun f (Bs).
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5. for every x € X |, we have

- B @)
=\ T(B)@
Hence T (A B) = A T(B)
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3.3 nd-M-fuzzy topological spaces

Definition 3.3.1. Let X be a non empty set and M be a
complete and consistent F- multilattice. Let 7 C (2M)X. Then 7 is
called a non-deterministic M fuzzy topology on X if it satisfies the

following conditions.

L A0} {1} er

2. f ABer,then ANBerT

3. Let {A;,i € I} C 7, where [ is an index set, then v A er.

1€
where{0} € 7 means the empty set and {1} means the whole set
X. Then the pair ((2M)%, 1) is called a non deterministic M —fuzzy

topological space.

The elements in 7 are called open elements and the elements
in the complement of 7 are called closed elements, and the set of

complements of open sets is denoted by 7

Example 3.3.1. 1. Every L— fuzzy topological space is a
nd — M —fuzzy topological spaces where L = M is a complete

distributive lattice.

2. Take 7 = {a: a € 2M} C (2M)¥ is a nd-M fuzzy topological
space, where a denote the constant nd — M fuzzy subset.

That is every element in X has the membership values a.
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0

Figure 3.2: The multilattice in Example 3.3.1

3. Let X be any non empty set and M be a multi-lattice given
in the Figure 3.2.

Let 7 = {{0}, {1}, {a}, {0}, {a, b},{c, d},{a, ¢, d},{0,a},{0,0},{0, a, b},
{a,b,¢,d},{0,a,b,¢c,d},{0,a,b,¢,d, 1},{0,a,c,d},{0,a,c,d,1}} Where
each sets in 7 are constant nd — M fuzzy subsets of X.

Then 7 forms a nd-M-fuzzy topology on X

Definition 3.3.2. nd-M-Pseudo interior and nd-M-pseudo clo-
sure

For any nd — M —fuzzy subset, we define

1. The nd-M-Pseudo interior of A as the join of all the open
nd-M-fuzzy subsets contained in A denoted by A°, that is
A°=Vv{B et |B<A}

2. The nd-M-Pseudo closure of A as the meet of all the closed
nd — M-fuzzy subsets containing A, denoted by A, that is
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A=NBe7 |A< B}

In the above example, The nd-M-Pseudo 7-closed subsets are

7 = {0}, {1} {e, g}, {e. f}.{e} {e, 9, 1} {e, £, 1) {e, g, f. 1} {e, 9, /),
{07 €, f7g7 1}7 {07 17 €,g}}.

1. Let A=1{0,a,c} . Then

A® = V{B/B Cpy A}
= v{{0},{0,a}}
= {0} v{0,a}
=(0VvV0)U(aVa)
= {0} U {a}
={0,a}.

A=nNBe7/ACTgy B}
=M1} Ae 9.1} {e, /,1}1.{0¢e, f 1} {e, f.9,1},{0,e,9, f,1},{0, L e, g} }
= N{0,e,9. 1} A{0e, f, 1} {e, g, f,1},{0. ¢, 9, f,1},{0, 1, €, 9}}
=N{0,¢e, f, 9,1} A{e, g, f.1}.{0,¢, f, 9,1}, {0, ¢, 9,1} }
=M{0.¢, f,9.13 A {0,e,9, f,1},{0, L ¢, 9}}
={{0,¢,9,f,1} A {0,1,¢,9}}
={0,e, f,g,1}.
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3. from the above example of topological space, let A = {c} ,
then

A" = v{{0}, {a}, {b},{0,a}, {0, b}, {a, b}, {0, a, b}
= V{{a} v {b},{0,a},{0,b},{a,b},{0,a,b}}
= V{{c,d},{0,a},{0,b}, {a,b},{0,a,b}}
=V{{c,d},{a,b},{0,a,b}}
= {{¢,d} v{a,b},{0,a,0}}
= {{c,d} v{0,a,b}}
={c,d}.

(A")" = v{{o} {a}, {0}, {0,a},{0, b}, {a, b}, {0, a, b}}
={c,d}.

(AO)O — A

but A° not a Egli- Milner subset of A

4. Now let A = {a} and B = {d} then

A® =v{{a},{0}} = {aVo} = {a}
and

B? = v{{0},{b}},{0,a},{0,b}, {a, b}, {0, a, b}
={c,d}
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. A" A BY =u{{a} A {c,d}}
={(aANc)U(and)}

= {a}.

Now AN B = {{a} AN{d}} ={aNd} = {a} then
(AnB) = {a}

(ANB)? = A° A BY

Theorem 3.3.3. Let ((2")*,7) be an nd-M-fuzzy Topological

space. Then,

1.

(a) {0} = {0} and (b) {1}* = {1}

. A Cgar A or A° is not compare with A by Egli-Milner or-

dering.
(AO)O — AO
Let AO EEM A and BO EEM B.If

ACpy B= A" Cpy B°

Let A’ Cpy A and B° Cgy B.Then (AN B)? = A° A B°

Proof. 1. (a) and (b) are by the definition of nd-M-Pseudo

interior.
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2. nd-M-Pseudo interior of A is the join of all open subsets con-
tained in A. That is interior of A contains the element of Mul-
tisup of elements in the open set contained in A.But we know
that any setA, Multisup(A) Cgy UB(A).If the Multisup of
open subset of A is a subset of A ;then A° Ty A.Otherwise
Multisup of open subset contained in A contains elements not
in A. So that A° may not be a Egli-Milner subset of A because

some of the elements in A is not compare with elements in A.

3. Since (A%)Y is the largest openset contained in A° and A is
itself open ,then A°%)Y = A°O.

4. Assume A° Ty A and B° Cgy B.

Given that A° Ty A. Soif A Cgy B, We have A Ty B.

Thus AY is an open set contained in B. So A Ty BP.

5. (AN B)? Cpy A° and (AN B)° Cgyy B°
. So (AN B)? Cgy A° A B.
Since A° Cpy A and B Try B, A°A B° Cpy AN B,
of which A% A BY is an open set contained in A A B; Hence
A% A B® must be contained in the largest open set (A A B)°.
Thus A° A B Cgy (AN B)°
0

Theorem 3.3.4. Let ((2M)%,7) be an nd-M-fuzzy topological
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space. Then,

~

o

(a) {0} = {0} and (b) {1} = {1}.

A Cpy A or A not compare with A by Egli-Milner ordering.

(4)=A

IfA EEM z and B EEM E, then

Proof. 1. (a) and (b) are by the definition of nd-M-Pseudo

2.

closure.

A is the meet all the closed supersets containing A. That
is, nd-M-Pseudo closure of A contains the elements of mul-
tiinf of closed superset of A. But we know that for any set
A LB(A) Cgy multiinf(A). If the multiinfmum of all the
supersets containing A contains all the elements in A ,then
A Cpy A . Otherwise multiinf of closed superset containing
A contains elements not in A, which are not comparable with
the elements in A. So that A is not a Egli-Milner subset of A.

. since A is the smallest closed set containing A and A itself is

closed, then (A) = A

. Given that A Cgy A and B Ty B. Since B Ty B, if

A Cpy B, we have A Ty B, since B is closed, we must
have A Cpy B.
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Also since A and B are closed set containing A and B, respec-

tively ;A V B is a closed set containing (AV B). As (AV B).
is the smallest closed set containing AV B, hence (AV B) Cgpy
AV B.
O
Definition 3.3.5. nd — M —fuzzy boundary
The boundary of a nd — M fuzzy subset of A is defined as

7

dA=ANA)

Example 3.3.2. From above example, the boundary of the
set A ={0,a,c} is given by

aA:{0767f7g7]‘}/\{a7b7c7d7f7g} :{07a7b7c7f7g}

From the above theorems and we can introduce the two con-

cepts, which are the new directions in defining a new nd — M —fuzzy

topology.

Definition 3.3.6. nd-M-closure operator
An operator ¢ : (2M)* — (2M)X is a non deterministic-M- closure
operator (nd — M Closure operator) if the following conditions are
satisfied.

L. c({0}) = {0}
2. ACpy c(A), for all A e (2M)X
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3. ¢(AV B) Cgy c(A) Ve(B)
4. (¢(A)Ve(B)) CEpy ¢(AV B)
5. c(c(A)) = c(A), for all A € (2M)¥

Definition 3.3.7. nd — M —interior operator
An operator i : (2M)X — (2M)¥ is a non deterministic interior
operator (nd-M-interior operator) if the following conditions are
satisfied.

Loa({1}) = {1}

2. Z(A) EEM A, for all A € <2M)X

3. i(AA B) Cpar i(A) Ai(B)

4. i(A) Ai(B) Cpar i(A A B)

5. i(i(A)) = Afor all A € (28)%.

We know that the interior operator corresponds to one fuzzy
topology and each closure operator corresponds to one fuzzy topol-
ogy [27]. In the similar way we have each nd—interior operator cor-
responds to one nd — M —fuzzy topology and each nd—closure oper-

ator corresponds to one nd— M —fuzzy topology. That is, in general,
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if we define two operators, nd—closure and nd— interior,separately
they will define two nd — M —fuzzy topologies.

Let X be a non-empty set and let [ = {{1},{0}} and D = {A |
A€ (2M)X}. Then I and D are both nd — M —fuzzy topologies on
X such that for any nd — M — fuzzy topology 7Ton X |, I <7< D

Where < means the ordering of topologies on X.

Let ((2M)%,7) be a nd — M —fuzzy topological space, then
7. = {A ]| A(x) > a,Vo € X} is called the a- level of a nd —
M —tuzzy topological spaces X.

If A, B € 7,, then it is always not true that o Cgyy AN B. If

an a-level set satisfying o Ty A A B jthen 7, is denoted by 7%

Proposition 3.3.1. Let ((2M)%X, 1) be a nd — M —fuzzy topo-
logical space. Then for each o € ((2M)), then 7 together with {0}
form a nd — M —fuzzy topology on X.

Proof. 1. {0} and {1} € 7,

2. Let A, B € 7, then A(z) > o and B(z) > «,

So (AN B)(z) > a .Therefore AN B € 7,.

3. Let A; € 7, fori € I.

So a Ty Ai(x) Jfor every i € I and for all z € X.
Then, o Cppy Ai(z)
Crm V Ai(z)
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Cem (V A)(z),for every x € X. So \/ A; € 7

Hence 7} form a nd- M fuzzy topology on X. O

3.4 nd-M-fuzzy continuous maps

Definition 3.4.1. Let ((2M)X,7) and ((2M)Y,v) be two nd —
M — fuzzy topological spaces and f : X — Y a map. The map
? C(2M)X — (2M)Y is a nd-M- fuzzy mapping.We say 7 is an
nd-M fuzzy continuous mapping from ((2M)*, 1) — ((2)¥,v) if
for each B € v, B Cpay f (B). That is B(f(z)) Cea [ (B)(@),for
every x € X.

Proposition 3.4.1. Let ((25)%, 7) and ((2M)Y,v) be two nd—
M— fuzzy topological spaces and f : X — Y a map. Then
the map ? ((2M)X 1) — ((2M)Y,v) is fuzzy continuous if and
only if , for all a € 2M,7 L (2% 1) — ((2M)Y v,) is fuzzy

continuous.

Proof. Suppose 7 (MY 1) — ((2M)Y,v) is fuzzy contin-
uous map and a € 2M.
Take B € v,, then o Ty B(f(2)) Cgu <T(B)(:c), forevery x € X
Therefore 7(3) is open and so 7(3) € Ta-
That is ? S ((2M)X 1) — ((2M)Y, v,) is nd-M- fuzzy continuous.
Conversely suppose f : ((2")X, 7,) — ((2M)Y, v,) is nd-M- fuzzy
continuous.
Let B € wv. If B=0, then it is obvious that B Cgy, <?(B)
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Assume B # 0 ,B(f(z)) = A, for every z € X, Then B € vy So
7(3) € Ty, by the nd-M-fuzzy continuity of ? C((2M)X 1) —
(M) 0y).

Hence A = B(f(z)) Cegn f (B)(z), for all x € X. Thus B Cgy
7(8) Therefore 7 C((2MX 1) — ((2M)Y,v) is fuzzy continu-

ous . O

7

Proposition 3.4.2. Let ((2")*,7)  ((2™)Y,v) and ((2)%,v)
be three nd — M — fuzzy topological spaces . If ? (22X 1) —
(25, v) and ¢ : (2M)Y,v) — ((2M)%, ) are nd-M- fuzzy con-
tinuous maps. Then ¢ o ? (22X 1) — ((2M)Z,v) is also

nd-M- fuzzy continuous.
Proof. Obvious. H

Definition 3.4.1. A map f : (2")%,7) —s (2M)",v) is
called a nd-M -fuzzy homomorphism if f : X — Y is bijective and
? and ? are nd-M-fuzzy continuous. A map ? (MY 1) —
((21)Y, v) is said to be fuzzy open if 4 Cgay ?(,u) for all u € (2M)*.
A map ? (2% 1) — ((2)Y,v) is said to be nd -M-fuzzy
closed if pi' Ty ?(,u'), where € (2M)X.

Proposition 3.4.3. Let ((2™)* 7) | ((2M)Y,v) be two nd-
M- fuzzy topological spaces and f : X — Y a bijection. Then the

following are equivalent.

1. ? is a nd-M- fuzzy homeomorphism.

2. 7 is nd-M-fuzzy continuous and nd-M-fuzzy open.
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3. ? is nd-M-fuzzy continuous and nd-M-fuzzy open.

4 jCpar T () and 7 (1) Coar g for all p € (29)%

5. ACuw f(A) and F (A) Caar A for all A € (2M)Y

Proof. Obvious
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Chapter 4

nd-M-Fuzzy Lattice

The L-fuzzy lattice was introduced by Tepavcevi¢ and Goran Tra-
jakoviski[2], where a bounded lattice is fuzzified by using a complete
lattice. They defined two types of fuzzy lattices. The first type of
fuzzy lattices is obtained by fuzzifying the membership of the ele-
ments from the carrier of a crisp lattice and second type of fuzzy
lattices is obtained as a result of fuzzification of the order relation
in a crisp lattice. They arrived at the conclusion that these two
types of fuzzy lattices are equivalent.

In this chapter first we discuss nd — M-fuzzy order relation.
Then we extend the idea of L-fuzzy lattice[2] to the nd — M-fuzzy
lattice using Egli-Miler ordering of subsets. Here we fuzzified a
bounded lattice by using a complete and consistent multilattice M.

Asin the L-fuzzy lattice, we defined two types of non-deterministic
M-fuzzy lattice. The first is obtained by assigning single or set of

values to each element of the carrier of the bounded lattice. The
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second type is obtained by non-deterministic fuzzyfication of the
order relation in a lattice.We arrived at the conclusion that these

type of approaches are equivalent.

4.1 nd-M-fuzzy relation

Definition 4.1.1. Let (M, A, V) be a complete and consistent
multilattice with bottom element 0, and top element 1,,. Let X
be a non-empty set. Then any mapping R : X x X — 2M is
a non — deterministic M — valued fuzzy relation on X called

nd — M —fuzzy relation on X.

Definition 4.1.2. For o € 2™ an o — level of R is a mapping
Ry : X x X — {0,1}, such that R(x,y) = 1 if and only if o gy,
R(z,y). Then

Ro ={(z,y) : o Cpur R(z,y)}

is the corresponding level set of R ,which is a crisp relation on X
called a level of R.

Definition 4.1.3. An nd — M —fuzzy relation is
1. nd — M — reflexive if R(z,z) = {1} for every z € X.
2. Weakly —nd — M — reflexive if

R(z,y) Cgy R(x,x) and R(y,z) Cpy R(z,z) V 2,y € X
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3. nd— M — anti — symmetric if

R(z,y) Am R(y,x) = {0} V z,y € X with = #y

4. nd — M — transitive if

R(x,y) NR(y,x) Cgy R(z,2) ¥V x,y,2 € X

An nd — M— valued relation R on X is an nd — M—fuzzy
ordering relation on X if it is an nd — M —reflexive nd — M — anti-

symmetric and nd — M —transitive.

Definition 4.1.4. Let (L,Ar,V,0,1) be a bounded lattice
and (M, Apr, V) be a non-trivial complete and consistent multi-
lattice. Let p be a nd — M — fuzzy subset defined on L, denoted by
we (2M)E,

For € (2M)F and o € 2™, then the a— level of yu is defined by

o ={x € L:aCgy p(x)}

4.2 nd-M-fuzzy lattice

Definition 4.2.1. An nd-M fuzzy subset p € (2M)L is a nd —
M —fuzzy sub lattice of L if & Cgpy pu(x) Apsp(y) for every o,y € pq

and [, is a sub lattice of L for each o € 2M .
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Figure 4.1: The valuated lattice L, the valuating multilattice M
and the a-level p, where a = {p} in Example 4.2.1

Example 4.2.1. 1. For any L-fuzzy lattice is nd — M—

fuzzy lattice.

2. Choose o € 2™ such that o A a = «, define p : L — 2M by
p(x) =a V¥V x € L. Then u is a nd — M — fuzzy lattice.

3. Let (L, Ap, V) bealattice and (M, Ay, Var) be a multilattice
with Op7, 13 where L = {01, a,b,¢,d, e, f,g,h, 11} and M =
{OM7p7Q7T7871M}'
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Let

E—( 0 a b c d
U o g g )

e f g h 1 )
{p,a} {s} {r,s} {s} 1u

is an nd — M — fuzzy lattice.

If « = {p} then L, = {a,d,e, f,g,h,1}.

Theorem 4.2.2. Let p is an nd-M fuzzy subset defined on L
and fi,, o € 2M is a o level set of . Assume that p, satisfies o C gy
pu(x) A uly) for every x,y € po. Then u is called a nd — M —fuzzy
sub lattice of L (or simply nd — M —fuzzy lattice of L) if and only
if for all x,y € L,

multiin f{p(x), w(y)} Cepm multiinf{u(x AL y), p(z Ve y)}

That is,

() A p(y) Eene (e Az y) Aa p(z Vi y)

Proof. Let p is an nd-M fuzzy subset and
o ={x € L:a Cgy p(z)}

. Assume that p, satisfies @ Cga p(z) Aprp(y), for every x,y € fiq
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Let T' = p(x) Ay pu(y), Then T Crpy p(z) and T Egar p(y)
That is z,y € up.
But by the assumption,ur is a sub lattice of L,then = A y and
x Vry belongs to ur and so T'Cey x Vi y and T Cey x Ay y
Since xApy and xVy belongs to ur, T Cey w(xVpy) App(zALy).
Therefore T = p(x) Ay p(y) Cear p(z Vi y) Aar p(x AL y)
(@) Ane p(y) Cene (Vi y) A (e A y)
conversely assume that p satisfies
(@) Anr p(y) Epne (@ Vi y) Av p(z Ary)
Let T is an arbitrary element of 2", For every =,y € pr, Then
T Cey p(x) and T Ceyy p(y). Hence T Crpy p(x) Apr pu(y)
But our assumption ,we have
T ey pl(x) A pi(y) Een (@ AL y) A p(z Vi y).
Hence T' Cgy p(z Apy) and T gy p(z Vi y).
Hence x Vi y € pur and x Ap y € pur and thus ur is a sublattice of
L. Therefore ;1 is an nd-M fuzzy lattice.
]

An nd — M — fuzzy lattice satisfies the following proposition.

Theorem 4.2.3. Let L : L — 2M be an nd — M — fuzzy lattice
and let a, 3 € 2M. If « gy B then Lg is an nd — M — sub lattice
of Ly,

Proof. Let x € Eﬁ, Then B Cpy L(x). So if a Egy (,then
a Cpy L(x). There for x € L,. So Lg C L,. Thus the collection
of all level sets is closed under intersection and contains the greatest

element. O
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Theorem 4.2.4. Let (L, A1, V1) be a lattice (M, Ay, V) be
a complete and consistent multilattice with Oy; and 1,;. Then the
mapping L : L — 2™ is an nd — M— fuzzy lattice if and only if
both of the following relations hold for all x,y € L

() At L(Y) Epu Lz AL y)

'l

1.

(2) Ap L(Y) Cpyr L(z Vi y)

il

2.

The following gives an idea of how to construct an nd — M—
fuzzy lattice having a family of lattice as its family of level sets [2].
Let P, and P, be two posets with disjoint underlying sets. The
disjoint union of posets P; and P, is the poset (P, U P, <) where
< is defined by x < y if and only if z,y € P, and x <y in P,
orz,y€ Pband x <yin Pborxz € P, and y € Ps.

The linear sum of Posets P; and P is the poset (PUP;, <),denoted
by (P; @ P,) where < is defined by

ryzye€Pandz <yin P
r<yifand onlyifor xz,y € P,and z <y in P,

orx € P,yepb.

Theorem 4.2.5. Let F be a collection of lattices with disjoint
elements. Then there exists an nd — M — fuzzy lattice whose non-

trivial a-levels are exactly the lattices from F.

Proof. Let F be a collection of lattices (L;, A;, V;) with disjoint
elements. bottom 0; and top element 1;, (i € I). Our aim is to find
a nd — M — fuzzy lattice using the collection of lattices, which is

obtained in the following manner.
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Let {0nr, 1as} U {pi,qi = i € I} be the elements of the multilattice
M where the order is defined by p; > ¢; V .

P12 G2,P2 2
, where p;,’s are co atoms and ¢;’s are atoms.

Let L be a poset defined by
L =0,® L;® 1, where 07, and 1, are the one element lattices,
i€l
@ is a linear sum and J is disjoint union of posets. Clearly L is a
lattice. Where define the mapping L : L — 2™ by

L{z} = {pi,q} iff v € Ly,i € I and L{0.} = {0p}, L{1.} = {11}

Then for each o € 2M | it is clear that all the non-trivial a-levels

of L are exactly the lattices from F. O

Example 4.2.2. Let F consists of three lattices L, L, and
L3. Then construct M and L according to the previous theorem.

Then the required nd — M — fuzzy lattices given by the mapping

I— a b c d e f
{pl, 611} {Pl, Q1} {p17 Q3} {p2, 612} {p2, 613} {Pz, Q3}
qg h 1 OL 1L

{p2, 2} {ps, a3} {ps, a3} Om 1
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Figure 4.2: The lattices and the multilattice in Example 4.2.2

4.3 nd — M— fuzzy lattices as nd — M—

fuzzy relations

In the previous section we defined nd — M — fuzzy lattices as nd —
M— fuzzy algebraic structures. In this section, we introduce an-
other approaches to nd-M- fuzzy lattices (via) nd— M — fuzzification
of the order relation.

Let (M, <) is a complete multi lattice with bottom element 0y,
and top element 13, and let O be the one element lattice (which
is also a multi lattice). Let M’ = O & M. Clearly (M’',<) is a
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complete multi lattice with bottom element 0,; and top element
1a. Let R: L? — 2™ be an nd — M — fuzzy relation.
Let N, is the set defined by

Ny={z€L:algy R(z,z)}

Now we have the definition of a nd-M-fuzzy lattice (as an nd-M-

fuzzy relation

Definition 4.3.1. Let L be a non-empty set and M’ = O &
M be a complete and consistent multilattice, then the pair (L, R)
where R : L2 — 2M is an nd — M— fuzzy relation, is called an
nd — M— valued fuzzy lattice if (L, Ry,,) is a lattice and all the
a-levels of R, o € 2M | satisfies o Cpr R(z1,y1) A R(w2,52) , where
(x1,21), (x2,y2) € R, and also R,, are sub lattice of it.

Note 4. We know that {0,/} level of R equal to L? which is
not an nd-M-fuzzy ordering relation and thus neither a nd-M-fuzzy
lattice.Our aim is to find a nd-M-fuzzy sublattice of L,that is why

we introduce the artificial element {0 }.

The next theorem gives the necessary and sufficient conditions

under which an nd — M — fuzzy relation is an nd — M —fuzzy lattice.

Theorem 4.3.2. Let L be a non-empty set and M complete
and consistent multilattice. Then M' = O & M be a complete and
consistent multi lattice with the least element 0 and a unique atom
0ps. Then the mapping
R:L? = 2M isannd—M— tuzzy lattice if and only if the following
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holds
1. R is a weak nd — M— fuzzy ordering relation.

2. For all x,y € L there exist S € L such that for all o €
{0y} U{a€e2M/x,y € N,} the following holds .
alpy R(x, S), a Cgy R(y, S) and the following holds for
all s € L:
(e Ceym R(7,8) A (o Egy R(y,s)) = a Ty R(S,s) .

3. for all x,y € L there exist I € L such that for all
ac{0}u{aec2Y/x ye Ny}

the following holds
(a Cpy R(I,2)),(a Cray R(I,y)) and the following holds for
alli e L:

Proof. Assume that R : L2 — 2M be an nd — M— fuzzy lattice.
Let v = {0ys}. Then (L, Ryo,,}) is a lattice and for each o € 2 R
satisfies a Cay R(x1,y1) Aar R(22,92), where (21, 1), (72,92) € Ry
and also R, are sub lattice of it. This means that for any pair of
elements z,y € L, (zVpy) and (x Ap y) exists. Let xVpy =5
and Ay = I, therefore the relations in 2 to 3 holds for a« = {0y }.
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Suppose that a € 2™ z,y € N,,.
Since R, is a sublattice of Ry,,}, we have that supremum and in-
fimum for elements z and y in lattices (N, R,) and (L, Ryo,,}) are
the same.
Then o Ty R(x,S) and a Cgyy R(y, S), then for all s € L | the
conditions in 2 and 3 holds.
since (L, Ryg,,) is a lattice and for each « levels of R satisfies
a Cey R(zy,y1) Ay R(x,90) , where (z1,11), (72,2) € R, and
also R, are sub lattice of it,they are ordering relations on subsets,
that is all levels of R is an nd-M- weak ordering relations on L ,
condition 1 is satisfied.
Conversely suppose that the mapping R : L? — 2M l , satisfies the
conditions 1 to 3.
By weak reflexivity and condition 2, we have R(z,y) Cpy R(x, z)
and R(y,z) Cgy R(z,x) for every z,y € L. Since {0y} Cpu
R(z,S). we have that Ry,,}(z,z) = {1} for all z.
This follows that E’{OM} is an ordering relation and by condition
2 and 3 (L, Ry,,) is a lattice. Also from 2 and 3 ,we have a Cpyy
R(z,y) Ay R(z,y) whenever o Ty R(z1,91) and o Cgay R(w2,2).Also
we see that a level R, is an ordering relation on N,. Thus (N, R,)
is a lattice and it is a sublattice of (L, Ry,,). O
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4.4 Relation between two types of nd-
M-fuzzy lattices

Theorem 4.4.1. Let (L, Ap, V) is a lattice and (M, Ay, Var)
be a complete multilattice with 0y; and 1,;. Then M' = O & M be
a complete multi lattice. Let L : L — 2M be an nd — M — fuzzy
lattice satisfying o Cpy L(x) Ay L(y), for every x,y € L. Then
the mapping R : L? — 2™ is defined by

R(z,y) = L(z)AmL(y) if 2 <y

= {0p} otherwise

is an nd — M— fuzzy lattice (as an Nd — M— fuzzy relation ).
Moreover ,L,, and (N, R,) ,for a € 2M are the same sub lattice of
M.

Proof. Let L : L — 2™ be an nd -M -fuzzy lattice, then for
each o € 2M [ satisfies o Cpy L(x) Ay L(y) for all 2,y € L,. If
a = {0y}, then {04/} Egas L) for every x € L. Hence oy Cpy
L)(z) A L(y) and so Oy Cgar Ryo,,y- That is R,y (x,y) = 1 for
all v < y. If Ryyy3(2,y) = 0, we have that (L, R,,,1) is the same
lattice as (L, A, V).

Now let o € 2M. If & € L, if and only if o Cpp L(z) if and only if
a Cgy R(w.z) if and only if € N,. Hence for all o € 2™, the sets
Le and N, are equal. Now let 2.y € L, x < y, then o Cppy L(z)
and o Cgy L(y), this implies o Egy R(w,y).

That is (z,y) € R,.
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O

0

Figure 4.3: The multilattice in Example 4.4.1

If (x,9) € Ry, then o Ty R(x,y), hence

R(z,y) # {0} and a CEgy R(x,y) = L(z) Ay L(y) and x < y.
Then we have to prove that the relations R, on L, and < on L, are
same. Since (L,, <) is a lattice, and also it is a sub lattice of (L, <).
This means that (N, R,) is a sub lattice of (L, R{05,}. Therefore
the mapping R is an nd-M-fuzzy Lattice(nd-M-fuzzy relation). [

Example 4.4.1. Consider the example 3.2,the corresponding
nd-M-fuzzy lattice(as a nd-M-fuzzy relation) is mapping R : L? —
M’ given in the table below, where L = {0y, a,b,¢,d, f, g, h,1} and
M’ is the figure
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nd-M-fuzzy lattice as a nd-M-fuzzy relation from example 4.4.1

R(z,y) Or, a b c d e f g h 1
0L onp {p} Onm {0ar, P} {r} {0, P} {r} {r} {r} {r}
a opm {p} Om {O0n, P} {r} {0, P} {r} {r} {r} {r}
b Op  Onm Op {Onr,q} Onr {0, q} {r} {qa} {qa} {a}
c Op Om Om {Om,pia} {Oar,p} {omp,a} {p,a} {p q} {r,p} {p,p}
d Op Op Opg Om {r} {0, p} {r} {r} {r} {r}
e Op  Onm Op O Onr {om.p,q} {p,a} {p,q} {p,q} {p,a}
f Opr On Ong O O O {s} {r,p,q} {s} {s}
g Op Opr Opg Om Onm Onm Onm {r,s} {p,q,s} {r s}
h Opr On Ong Ons O O O O {s} {s}
1, Om  Onm Om Onm Oar Oar Oar Oar Onm 1n
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Chapter 5

Strong nd-M-Fuzzy Lattice

In the previous chapter we discussed the concept of nd-M-fuzzy
lattice. in this chapter we discuss the nd-M-fuzzy join and meet
semilattices and also we define strong nd-M-fuzzy lattices.
LetA : X — 2M be a nd-M fuzzy subset of X, where X is any set
and M is a complete and consistent multilattice. Let o € 2 then
the a level of A is defined by A, = {x € X|a Cgy A(x)} .

5.1 nd-M fuzzy -meet semilattice

Definition 5.1.1. Let (L, Ar) be a meet — semilattice and
(M, Apr, Var) be a complete and consistent multi lattice. A mapping
A L — 2M is called an nd-M-Fuzzy meet-semilattice of L, if
for each a— level sets satisfies , @ Cgpy A(x) Ay A(y) for every

x,y € A, and are sub meet-semilattices of L.
Proposition 5.1.1. Let (L,Ar) be a meet-semilattice and

61
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(M, A, Var) be a consistent and complete multi-lattice. Assume
that A, satisfying o Cgys A(z) Ay A(y) for every z,y € A, . Then
A mapping A : L — 2™ is an nd — M- Fuzzy meet-semi lattice of
L if and only if

multi sup (A(z), Aly)) Cepn AlxApy) V z,y €L

That is

A(x) At Aly) Cey AleApy) V o,y €L

Proof. Assume that A : L — 2M is an nd — M- Fuzzy meet-
semilattice of L .Then for each o € 2, A, satisfies o« Cpyy A(x)Ans

A(y) for every z,y € 2M and are sub-meet-semilattice of L.

If z,y € L and T = A(x) Ay A(y) ,then T' Cgpy A(x) and
T Cga A(y).Since Ar is a sub-meet-semilattice of L, Then zApy €
Ay, for every x,y € Ap. Hence T Ty A(x Ap y) and so
A(z) Ay Aly) Egnr Az A y).

Conversely assume that A : L — 2M satisfies the conditions
A(x) Avr Aly) Eepn Az Az y)

Let T be an arbitrary element of 2M. If for every x,y € Ap, then
T Cey A(z) and T Ty A(y) - Thus

T Cem A(z) A A(y).

By our assumption we have ,

T Cpm A(X) A A(y) Epn Az ALy)

Hence T'Cpy A(x Apy) and x AL y € Ap. Therefore, Ar is a sub-

meet-semilattice of L,and so L is an nd M-fuzzy meet semilattice.
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Lemma 5.1.1. Let L be a meet-semilattice , M be a complete
and consistent multilattice and A; : L — 2M be an nd — M- Fuzzy

meet-semilattice(for each j € J), then

1. A A;is an nd — M- Fuzzy meet-semilattice.
jeJ

2. 'V A; is an nd-M-fuzzy meet semilattice of L.
j€J

Proof. 1. We now show that each A A; is an nd-M - Fuzzy
meet-semilattice. Since each A; is an nd-M-fuzzy meet-semilattice,
each A; satisfies
A;j(z) NA;(y) Cem Aj(x Apy),for all z,y € L.

Cem /\(Aj(x ALY))
Cem (/\ Aj)(x AL y)

((ACA) () Anr ((A(A))(@)) Ear (A Aj) (@ Ary).
2. We now show that each \/ A; is an nd — M- Fuzzy meet-semi

lattice. Since each A; is an nd-M-fuzzy meet semi lattice ,each
A; satisfies
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Aj(x) NAj(y) Cem Aj(x A y)for all z,y € L.

Now, (\/ 4;)(@) Aar (\/ 45)(w) = (\/ A5(2)) Au \/A
Cron \/ (4;(@) A >>

5.2 nd-M-fuzzy join-semilattice

Definition 5.2.1. Let (L,Vy) be a joint — semilattice and
(M, Apr, Var) be a complete and consistent multilattice. A mapping
A L — 2M is called an nd — M- Fuzzy join-semilattice of L, if
each a—level set satisfies o« Ty A(x) Ay A(y) for every z,y € A,

and are sub join-semilattices of L.

Proposition 5.2.1. Let (L,Vy) be a join — semilattice and
(M, Apr, Var) be a consistent and complete multilattice. Assume
that A, satisfying o Cgy A(x) Ay A(y) Then a mapping A :
L — 2M is an nd — M- fuzzy join-semilattice of L if and only if
multi sup (A(z), Aly)) Cen AlxVpy) V z,y € L.
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That is

A(x) Ay Aly) Cey Az Vpy) V o,y €L

Proof. Assume that A : L — 2™ is an nd — M- Fuzzy join-
semilattice of L. Then for each (a € 2M),Aa satisfies o Cpus
A(z) Ay A(y) for every z,y € 2M and are sub meet-semilattice of
L.

Ifz,y € Land T = A(x) Ayy A(y), then T Cpyy A(x) and T Cry
A(y).Since Ar is a sub join-semilattice of L, Then x Vpy € Ap ,
for every x,y € Ap. Hence T Ty A(x Vy y) and so

A(x) At Aly) Epu Az A y).

Conversely assume that A : L — 2M satisfies the conditions
A(x) A Aly) Eem Alz Vi y)

Let T be an arbitrary element of 2M. If for every =,y € Ap,
then T Cpy A(z) and T Cgy A(y). Thus
T Ten A(z) A Aly)

By our assumption we have,

T Epn A(X) A A(y) e Az Vi y)
Hence T' Cgy A(z Apy) and (x Vi y) € Ap. Therefore, Ay is a sub

join-semilattice of L and so L is an nd-M-fuzzy join-semilattice. [

Lemma 5.2.1. Let L be a join-semilattice , M be a complete
and consistent multilattice and A; : L — 2M be an nd — M- Fuzzy

join-semilattice(for each j € J), then
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1. A A, is an nd — M- Fuzzy join-semilattice.
jeJ

2. 'V 4; is an nd-M-fuzzy join semilattice of L.
jed

Proof. 1. We now show that each A A; is an nd-M - Fuzzy
join-semilattice. Since each A; is an nd-M-fuzzy join-semilattice,
each A; satisfies
Ai(z) A Aj(y) Cem Aj(x Vi y)for all z,y € L.

(A @) Aar (N A () = (N As(@) Au /\A
I:EM/\ Aj(z) A ))
IZEM/\ ](az/\Ly
Cem ( /\Aj) (xVry)

((ACA) () Aar ((A(A))(@)) Ear (N Aj) (@ Vi y).

2. We now show that each \/ A; is an nd — M- Fuzzy join-
semilattice. Since each A; is an nd — M — fuzzy join semi-
lattice, each A; satisfies
Aj(x) A Aj(y) CEpm Aj(x Vi y)for all x,y € L.

(\/ A @) A (\/ Ap)(y) = (\/ Aj(x)

((V(A3)(@) Ar ((V A3) () Eenm (V Aj) (@ Vi y).
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Note 5. Let (L,AL, V) be a lattice and (M, Ay, Var) be a
complete and consistent multilattice. A mapping A : L — 2 is
called an nd — M- Fuzzy lattice if and only if A is both an nd — M-

Fuzzy meet-semilattice and an nd — M- Fuzzy-join-semilattice.

5.3 nd— M — fuzzy* join-semilattice and

nd — M — fuzzy® meet-semilattice

Definition 5.3.1. Let (L, V) be a join semilattice and (M, Ay, Var)
be a complete and consistent multilattice. A mapping A : L — 24
is called an nd — M Fuzzy* join semilattice of L if for each g €
2M The set A = {z € L|A(x) Cpys B} satisfies A(2)Var A(y) Ceu
3 for every x,y € A% and AP is a sub- join semilattice of L.

Lemma 5.3.1. Let (L, V) be a join semilattice and (M, Ays, Vg )
be a complete and consistent multilattice .Assume thatA® satisfies
A(z) Var A(y) Egy B for every z,y € A? . Then a mapping
A: L —2Mis an nd — M — Fuzzy*join semilattice of L if and only
if

Az Vi y) Cpy A(z) Var Aly) ¥V 2,y € L

Proof. Assume that A is an nd — M- Fuzzy join semilattice of L.
Then for each 3 € 2™ the set A? = {x € L|A(x) Cpy B} satisfies
A(z) Var A(y) Egpy B for every x,y € AP and AP is a sub- join

semilattice of L.
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Let x,y € L and

S = Ax) Vi Ay)

Then A(x) Cga S and A(y) Cpar S and so o,y € AS.

But our assumption A° is a sub-join semilattice of L, for any z,y €
A% Az Vi y) Egn S.

Thus A(x V5 y) Egar A(x) Var A(y),for every z,y € L .

conversely assume that, A(zVy) Cey A(x) Vi A(y), for all z,y €
L

Let S € 2M and A(x) Ega S and A(y) Cea S.

Then A(z) Vi A(y) Cgar S. Then by our assumption, we have
Alx VL Y) Cga A(z) Vi A(y) Ceum S

Thus A(x V5 y) Egpa S.

That is (z V1 y) € A%. Hence A® is a sub-join-semilattice of L. [

Definition 5.3.2. Let (L, Ar) be a meet-semilattice and (M, Ayr, Var)
be a complete and consistent multilattice. A mapping A : L — 2M
is called an nd — M Fuzzy* mee-semilattice of L if for each § €
2M The set AP = {z € L|A(x) Cpys B} satisfies A(2) Vi A(y) Ceur
3, for every =,y € A% and A” is a sub- meet-semilattice of L.

Lemma 5.3.2. Let (L, A) be a meet-semilattice and (M, Apr, V)
be a complete and consistent multilattice. Assume that A® satis-
fies A(x) Vs A(y) Cpar B for every x,y € AP. Then a mapping
A: L — 2Mis an nd — M — Fuzzy*meet-semilattice of L if and
only if

Alx AL y) Ceam A(z) Vi A(y) ¥V z,y € L
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Proof. Assume that A is an nd — M- Fuzzy meet-semilattice
of L. Then for each 8 € 2M the set A® = {x € L|A(z) Cry S}
satisfies A(z) Vs A(y) Cgar B for every z,y € AP and AP is a sub

meet-semilattice of L. Let x,y € L,and

S = A(x) Var Aly)

Then A(z) Cga S and A(y) Cpas S and so o,y € AS.

But our assumption A” is a sub meet-semilattice of L,for any z,vy €
A3,

Alx ALy) CEem S.

Thus A(x AL y) CEgn A(z) Var A(y),for every z,y € L.

Conversely assume that,

A(x Apy) Cea A(z) Var A(y), for all z,y € L

Let S € 2M and A(x) Cgar S and A(y) Cey S.

Then A(z) Var A(y) Cgar S.

Then by our assumption, we have A(xALY) Cgy A(2)VirA(y) S
S

. Thus A(z Vi y) Egy S.

That is (xVyy) € AS. Hence A® is a sub meet-semilattice of L. [

5.4 nd-M-fuzzy™ lattice

Definition 5.4.1. Let (L, A1), V.) be a lattice and M be
a complete and consistent multilattice with least element 0,; and

the greatest element 1;;,. A mapping A : L — 2™ is called an
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nd — M-fuzzy* lattice if

AP ={z e L:Ax)C B}

is a sub lattice of L, for every g € 2M

Theorem 5.4.1. Let L be a lattice and M be a multilattice.

Let A: L — 2™ be a nd-M fuzzy subset. Then

1. A(l‘l A IL‘Q) EEM A(l‘l) A\ A(I‘Q) and A(xl Vi $2) EEM

A(z1) Vi A(xg) if and only if A is both nd — M fuzzy* meet-
semilattice and nd — M fuzzy* join semilattice of L if and
only if

AP ={z e L:Alx)Cpy B}

is a sub-lattice of L for every 3 € 2 if and only if A is an
nd-M-fuzzy* lattice.

- A(zr) Ay A(z2) Cpar Az AL x2) and

A(.I‘l) Ny A(.I‘Q) EEM A(l’l Vi, 1’2) if and only if Aa = {.T €
L : o Cpgy A(z)} is a sub lattice of L for every a € 2M if and
only if A is both nd-M fuzzy join semilattice and nd-M fuzzy

meet semilattice if and only if A is an nd — M fuzzy Lattice.

5.5 Strong nd-M-fuzzy lattice

Definition 5.5.1. Let (L, Ar, Vy) is a lattice and (M, Ay, Vi)

is a multilattice with the least element 0,; and the greatest element
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1ps. The mapping A : L — 2™ is called a strong nd — M-fuzzy
lattice if for each a, 3 € 2M the set A? = {x € L|a Cpy Ty B}

satisfies,
1. o Cpy A(z) A A(y) for every x,y € A,
2. A(z) Var A(y) Egp B Jfor every x,y € A, and A(y) Cey O
3. AP is a sub-lattice of L, for all o, 8 € 2M.

Theorem 5.5.2. Let (L,Ar,Vy) be a lattice and (M, ApV )
be a complete and consistent multilattice with 0y, and 1,;. Then
the mapping A : L — 2™ is a strong nd — M-fuzzy lattice if and
only if A satisfies the following conditions, for all x,y € L.

1. A(z) Av Ay) Cear Az Ary) Eean A(z) Vs Aly)
2. A(z) Av A(y) CEpar Az Vy) Cpn Alz) Var Ay)

Proof. Assume that A : L — 2™ is a strong nd— M-fuzzy lattice
of L.Then for each o, B € 2M, A satisfies

1. o Cpy A(z) Apr A(y) for every x,y € A,
2. A(z) Var A(y) Egp B Jfor every x,y € A, and A(y) Cey S
3. AP is a sub-lattice of L, for all o, 8 € 2M.

Let x,y € L, T = A(z) Ay A(y) and S = A(x) Var A(y).
Then T'Cpy A(z) Cey S and T Cray A(y) Cpy S.
Hence x,y € AJ. That is

TCem Alx Apy) Cpy Sand T Ty A(x Vi y) CEem S
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Hence A(z) Ay A(y) Cey A(x AL y) Ceu A(z) Var Ay)

and A(z) Ay A(y) Eenm Az Vi y) ey A(z) Var A(y)..
Conversely assume that A : L — 2M satisfies the conditions
A(X) Ay A(y) Cem A(x AL y) Cear A(x) Var A(Y) and

A(X) Aar Aly) Epn Az Vi y) Epn A(z) Var A(Y)

for every x,y € A7, then

TCgy A(x) Cpy S and T Ty A(x) Cgyy S

Hence T' Cry A(x) Ay A(y) CEeyr S and T Crpy A(2)Vayr gy S
That is, from our assumption,we have

T Cryv Alx) At Ay) Cem A(x AL y) v A(z) Ve A(y) Cev S
and

T Crm Alx) At A(y) Cam Az Vi y) Eem Alx) Var A(y) Cem S
Hence T Cpy A(x Apy) Cpy S and T gy A(x Vi y) Epn S.
That is * Ay € A and x Vi y € A Hence AF is a sub lattice of
L and so L is a strong sub lattice of L. O

Theorem 5.5.3. Let L be a lattice, M be a complete and
consistent multilattice and A; : L — 2M be a strong nd — L-fuzzy

lattice, for each j € J, then \/ ;. ; and )\ . ; are nd— L-fuzzy lattices.
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Proof.

(\/ An(@) A ((\ A4y

Therefore ((\/ 4;)(x)
Cear ((V A))(2))

Similarly

(VA=) e (\/ 450y

A (V A5)(y) Eem V(Aj(z ALy))
Var ((V(45)(y)).

\/A ) A ( \/A
—\/ J) A;(y))
Y (\/ Aj)(x Vi y)
=\ 4)) (= Var y)
=V
Cen V(A;(x) Var As(y))
= (\((4)(x )) var (V((4)(1))
= ((\V/ A) (@) var (\/ 4)()

(zVy))

73
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Therefore
(O 4)@) A (V) A)(w) S (N A5} ve )
T ((\V A)(@) Var (VA) ()

Hence the expressions from (1) and (2) together implies (\/(A4;) is
a nd — M —fuzzy lattices,
Similarly,

((/\ A @) Aur (A4 () = (N Aj(ﬂf)) Anm (/\ Aj(y))
_/\ Y))
Ceum /\ (x ALy))
=Con \ Az VLy)
= /\ (z ALy))
Cen \(Aj(2) Vs 4;(y))
Cen (/\ Aj(ﬂf)) var (N 4; ()
= (/A4 @) var (N A )

Therefore

((/\(Aj)(fﬁ))AM /\A ) Emm ( /\A 90/\Ly)
Ceu /\A )) Vs ( /\A
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similarly

(A A () Aar (N Ay /\ §(@) Ant /\A

_ (z) )
Cem /\ (VL y))

= /\A TV y

— /\ i

Con /\<Aj<:c>> Var (4(9)

= (A Ai@) var (N 45()
= (A4 @) var (A4 )

Therefore
/\A ) A ( /\A ) Cem (/\Aj)@\/Ly)
Conr ((/\ 4) (@) v (\ A4y

75

Hence from the expression above we have (AA;) is an nd — M —fuzzy

lattices.

O
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Chapter 6

Matrices over Multilattices

Let M be a complete ,consistent and distributive multilattice with
0 and 1. The multisup(a,b) is denoted by a + b and multiinf(a,b)
is denoted by a.b. Recall that multisuprimum and multiinfimum of
elements are set of elements in M. In a lattice matrix each entries
of a matrix are single elements. Here we are taking a set of elements
to each entry of a matrix from a multilattice M instead of taking
a single elements.As defined in the lattice matrix [50], here we are
defining matrices over a Multilattice along with some basic concepts

and properties of these matrices are studied.

In this chapter we use 0 and 1 for bottom and top element

respectively in a multilattice M instead of using 0y, and 1,;.

77
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6.1 Definition and some properties

Definition 6.1.1. Let M be a complete, consistent and dis-
tributive multilattice with 0 and 1.The multisup(a,b) is denoted by
a+ b and multiinf(a,b) is denoted by a.b Let M,, (for n > o) be the
set of n X n matrices over M.
ie,

My, = {A = (aij)/a;; € 2"}

, a;; is the (i5)™ element of A.

Definition 6.1.2. Let A, B € M, we define
1. A+ B = C'if and only if ¢;; = a;; + b;;

2. ACgy B if and only if a;; Cgas bij

3. ANy B =Cif and only if ¢;; = a;;.b;5

4. A B=AB =C If and Ol’lly Cij = Z aikbkj
k=1

5. AT = C'if and only if ¢;; = ay
6. Fora € M, aA = a.A = C if and only if ¢;; = a.a;;

7. I = (a;;), where a;; = {1} fori=j
and = {0} for ¢ # j

8. A0 = ARl — Ak A
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9. O = (0j) ,where 0;; = 0 for every ¢ and j.

10. E = (e;;), where e;; = {1} for every ¢ and j

Example 6.1.1. Consider the multilattice in Figure 3.1. Let

{a} {1}] {b} {d}]
vy {0y |’ {a} {1}
{a+0b} {1+d}

A+B=
{b+a} {0+1}
_ | fedy {1}
{e.dp {1}
Af?::[ {a.b} {Ld}] _ [{0} {d}]
{ba} {0.1} {0} {0}
_ {0+a} {a+1} _ {a} {1}
{b+0} {b+0} {v} {0}

properties with respect to addition and multiplication:

—_

LA+ A£A

2. A+ B=B+ A

w

. (A+B)+C=A+(B+C)

I

. AB # BA

5. (AB)C = A(BC)
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6. AI=1.A=A
7. AO=0.A=0
8. AP A1 = Artd
9. (AP)7 = AP1
10. A(B+C)=AB+ AC
11. (A+ B)C = AC + BC
12. if ACgy B and C Cgyy D then AC Cgy BD

13. Let E = (e;j), where e;; = {1} for every ¢ and j and
I = (a;;), where a;; = {1} for ¢ = j and
= {0} fori # j
Let A = (a;; be any matrix over a multilattice.
Nowif I Cpyy Aand ACgy [ then I = A .
Alsoif ACgy EF and E Cgy A, then B = A.

properties of transposition
1. (A+B)T =AT + BT
2. if ACgy B then AT Cgy BT
3. (AAy B)T = AT Ay BT

4. (ATYT = A
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Definition 6.1.3. For a € 2™ we shall use the notation

a < (AF);;, the i entry of A*

whenever o = i, .Qiyip. =+ iy iy
where ig = 7 and i = 7 for some 71,49, -+ ,ix_1
Note 6.

Proposition 6.1.1. If a < (A*);;, where k& > n, then there
are integers m; ,ms ;m3 and v (all of them dependent on «) such
that
0<mg <n,m +mg+mg=k%k, 1<~ <n and such that for

K

each positive integer m:

oalpy (Aml)ify(Am.mQ)'w-(Amg)’Yj

Proof. Let & = @i, -Qiyiy-* +* @iy _i,, Where v € 2,
Since n < k, Then n < k + 1, two indices among the k+1 indices
10,11, - - ,1x must be equal. Let 7, = 15, where r < s.
Also we can find such r and s such that i, = i5,7r < sand s—r < n.

Solet mi=r,mo=s—r,mz3=k—sand v=i, =i,
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Corollary 6.1.4. If a < (A*);; where k > n then there are
natural numbers my, mo, m3 and ~ such that m; + my < n
0<mg <n,1<~v<n and such that for each m

a Epnr (A™ )i (A7)0 (A7)

iy

Theorem 6.1.5. Ifk > n then (A¥);; Cpy multisup( AR e,

where p is an arbitrary number.

Proof. suppose o — (AF);;. Then by the above proposition ,
there are natural numbers mq, mo, m3 and y(all of them dependent
on «) such that
0<mg<n,mi+mo+m3=k,l <~ <n and such that for each
m,

a Epyr (A™ )iy ((A™ ). (A7)
Hence oo Cpgpy (A™Hmmatms), .

— (Ak+(m71).m2 )z‘j

Replace (m — 1) by (p.n!/msy) where p is an arbitrary natural

number.

Then [0} EEM (Akqt(p.n!/mg).mg)ij

— (AK—l—pn!)Z”

J

Then all o's such that
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> a= (A,

Then >« Cpy Multisup(AFPm),;

a—(Ak);

This implies (A*);; ey Multisup( AP,

6.2 Orthogonal Matrices

Definition 6.2.1. A M, Matrix A is called a unit if and only
if there is an M,, matrix B such that AB = BA = I, and A is
called orthogonal if and only if AAT = ATA =1

Proposition 6.2.1. 1. f CB=Fthen FEB=F

2. If FEAB = E then EB=F

3. Assume ANy A=A If EA=FE if and only if ] Cgyy ATA

Proof. 1. For any matrix B Cgy E and C Cgy E are
always true. Therefore by the property 12, CB Egy EB.
But CB = FE implies £ Cgy EB. Thus EB Cgy E and
E Cgy EB this implies £ = B.

2. This proof is a particular case of 1
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3. Let ANy A=A .EA = FE holds if and only if for each i and
j )
{1} = (BA);; = X einar;
k=1

n
= > ay; , since e;; = {1}
k—1

n
= Qkj-Akj
k=1

= 2 (A7) jr-Arg
k=1
= (AT.A),;, that is each diagonal entries are {1}.

Hence EA = E holds if and only if I Cgy (AT.A) holds.
U

Note 7. from the above proposition we have ,J Cgy ATA =
FA= E, since I Cgy AT A — FICgy EATA,
that is I Cpy AT A implies FEATA = E.

Proposition 6.2.2. If A is a unit then A is orthogonal.

Proof. If A is a unit then there is a B such that AB = BA =1
.This implies BTAT = ATBT =].
Hence £ = FAB = EBA = EBTAT = FEATBT and there-
fore by above proposition, we have I Tgpy ATA I Cpy AAT,
I Cpy BB, I Cpy BB
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Then to show That ATA Cgy I and AAT Ty I
That is to show that ATA Cgy BA and AAT Cgpy AB since
AB=1and BA=1
for this, it is suffices to show that AT Ty B holds.

but I Cpy BB = AT Cpy ATBTB

since AT BT = I and therefore AT Cgy; B holds.
Therefore ATA Cgy I and AAT Trpy 1.
This implies ATA = I, A is orthogonal.

O

Definition 6.2.2. 1. A set {S1,5, ccoeeenne ,Sp} of subsets

of M is a decomposition of {1} in 2™ if and only if

kilsk — {1

That is Multisup{{Si, S2, ........... .St = {1}

2. A set {S1,59, ceenenn. ,Sp} of subsets of M is said to be or-
thogonal if and only if S;Sj = {0}
That is multiinf{SiSj} =0

3. A set of subsets of M is an orthogonal decomposition of

{1} in 2™ if and only if it is orthogonal and a decomposition
of {1} in 2M
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We know that I Cpy ATA, I Cpy ATA implies EA = E.
Since A is orthogonal AAT = AT A = I implies

AAT T I, ATACEy [ I Ty ATA and I Ty AAT.
Also EA=FE = FEAT =E

From this the following proposition follows.

Proposition 6.2.3. A M, is orthogonal if and only if each

row and each column of it is an orthogonal decomposition of {1} in
2M
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