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Preface

Bose-Einstein condensation has been a field of intense theoret-
ical and experimental research for the past few decades. Being a
macroscopic window into the quantum realm, properties and dy-
namics of this peculiar phase have raised considerable interest to

low temperature physicists.

Collective excitations in three dimensional as well as reduced
dimensional Bose-Einstein condensate(BEC) have been investigated
rigorously in the literature. But the theoretical studies often ne-
glected the influence of factors like gravity, anharmonicity in the
trap potential, beyond mean field effects etc. In this thesis, an
attempt has been made to study the effect of such parameters on
the collective excitations of a quasi-two-dimensional BEC. A quasi-
two-dimensional BEC is one, in which the trap frequency in one of
the three dimensions is made large enough to freeze the particle dy-
namics (except the zero point oscillation) in that dimension. The
significance of this work is that by the introduction of these modi-
fications in the potential, we are making the trapped system closer
to an experimental one. This leads to a more accurate theoretical
description of the experimental results. In this work, a variational
procedure is adopted for the study of the dynamics of the conden-
sate. As the trial wave function for the variational procedure, a
Gaussian wave function with a few variational parameters is cho-

sen. This thesis is divided in to five chapters.

Chapter 1 introduces the phenomenon of Bose-Einstein con-

densation and the theoretical frame work of this phenomenon. The
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thermodynamics of trapped and untrapped ideal Bose gas are dis-
cussed in detail. The effect of inter-particle interaction on the
dynamics of BEC is further analyzed. The derivation of the mean
field nonlinear Schrodinger equation called Gross-Pitaevskii (GP)

equation is also elaborated in this chapter.

Chapter 2 deals with the variations of the collective excitation
frequencies of a quasi-two-dimensional BEC due to the influence
of gravity and anharmonicity. The variational study reveals that
the center of the condensate is coupled with its internal degrees of
freedom. It is observed that the two excitation frequencies corre-
sponding to the width of the condensate get modified due to the
effect of these modifications in the potential. One of the excita-
tion frequencies, which is a breathing mode in a pure harmonic
trap, is destabilized due the additional effects. The other excita-
tion frequency is seen to be independent of the effect of gravity, if
the inter-particle interaction is negligibly small. Plots showing the
variation of excitation frequencies against the condensate particle
number (N) are prepared for both attractively and repulsively in-

teracting particles.

Chapter 3 - The mean field approach to BEC is exactly valid
only for the low values of number density and scattering length.
But, ingenious methods which exploit phenomena like Feshbach
resonance have made it possible to tune the scattering length and
have thus resulted in condensate experiments, requiring analysis
which goes beyond the mean field realm. Hence an extension of
GP equation into the beyond mean field regime is necessary. In

this chapter, the influence of beyond mean field effects, namely, ef-
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fective range interaction and quantum fluctuation on the collective
excitations of quasi-two-dimensional BEC are studied. Analysis re-
veals that the beyond mean field effects do not result in a coupling
of the center of the condensate and its internal degrees of freedom.
Plots showing the variation of excitation frequencies against the
condensate particle number reveals that the breathing mode oscil-
lation is destabilized by the beyond mean field effects. In a pure
harmonic trap, for attractively interacting condensates, a collapse
of the condensate can be observed at certain particle number. It is
followed by a reappearance of the condensate at a higher value of
N, i.e. there exist a ‘forbidden window’ in the condensate parti-
cle number. When the beyond mean field effects are included, it is

observed that the reappearance of the condensate does not happen.

Chapter 4 deals with BEC at finite temperature. Finite tem-
perature results in the inclusion of the effect of thermal cloud on
the condensate. As a first approximation, a static thermal cloud is
considered. In addition to the thermal cloud, the effects of gravity,
anharmonicity and beyond mean field effects are also included in
the potential. Plots showing the variation of excitation frequen-
cies against the condensate particle number(N) and temperature
are prepared. It is observed that the dynamics of the center of
the condensate are not influenced by the thermal cloud. But the
oscillations of the width of the condensate are found to depend on
the thermal cloud.

In Chapter 5, a summary of the entire work is given and the

scope for future work is suggested.
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Introduction

1.1 Classification of quantum particles

In the formulation of classical statistical mechanics, a system of
identical particles is distinguishable. But when it comes to the
quantum many body systems, the characteristic of distinguisha-
bility is lost. This indistinguishability confines the choice of wave-
function for a quantum many body system into just two, a sym-
metric wavefunction or an antisymmetric wavefunction which can

be expressed as

\I’(....nb -1, ) = :E\If(.‘..nj, .M ) (1.1)

where n; is the label of ith particle which represents the particle’s
spin as well as position. System of particles for which the ‘+’ sign
holds are known as bosons (which have zero or integral spin), whose
thermodynamic behavior is governed by Bose-Einstein statistics.
While the particles for which the ‘-’ sign holds comes under the
class of fermions(which possess half integral values of spin). The
fermionic particles obey Pauli’s exclusion principle which puts a
natural limit on the number of such particles which can occupy a
particular quantum level. Where as the population of bosonic par-
ticles does not follow exclusion principle so that, when the temper-
ature of a system of bosons decreases, more and more of them start
1



to occupy the lowest energy level. Below a critical temperature
T,, a large fraction of the particles occupy the ground state or the
lowest quantum state. This is the phenomenon of Bose-Einstein
Condensation (BEC). A further decrease of temperature towards
absolute zero results in the migration of more and more particles
to the ground state. Since atoms are composed of fermionic par-
ticles, an atom consisting of even number of fermions behaves as
a boson, while that containing odd number of fermions has the
characteristics of a fermion.

Proposed by Einstein in the year 1925 [1], based on the ideas
of Satyendra Nath Bose on photon distribution [2], BEC provides
a bridge between the macroscopic and quantum realms. But at
the time of its theoretical proposition, Einstein’s contemporaries
considered BEC to be just a theoretical fantasy thanks to the non-
interacting nature assigned to the system and the extremely low
temperature needed for attaining this state. This attitude towards
BEC changed with the discovery of superfluid helium-4. Liquid
Helium is unique in the sense that it doesn’t solidify at normal
pressures even at absolute zero temperature. Below a particu-
lar temperature called ‘lambda point’, liquid Helium is found to
become a superfluid with many striking features. Most notable
among them is its ability to flow through narrow capillaries expe-
riencing almost zero friction. F. London proposed that the super-
fluid behavior of helium-4 below a critical temperature is due to
the Bose condensation of helium-4 atoms [3]. London showed that
the transition temperature of helium-4 is in good agreement with
that calculated using Einstein’s formula of transition temperature
for BEC. This was followed by the ‘T'wo-fluid model” of helium-4
by L Tisza and its further development by Landau [4, 5]. These



theoretical studies on helium-4 served as the basis for the devel-
opment of BEC theoretical framework. These theories backed by
the new experimental techniques for attaining extremely low tem-
peratures finally led to the realization of BEC. The attainment of
BEC necessitates temperature as low as 107K . In these temper-
ature ranges, the equilibrium phases of most substances are solid.
But, for maintaining a gaseous state of the system, it is neces-
sary to minimize the inter particle collisions which may lead to
the formation of molecules. This necessitates the use of a weakly
interacting bose gas. These constraints made spin polarized hy-
drogen atoms the most preferred candidate for early experiments
for the realization of BEC [6]. Actually, Hecht in 1959 itself had
pointed out the advantages of spin polarized hydrogen as a suit-
able choice for BEC experiments [7]. It is observed that when the
electronic spin of two hydrogen atoms are aligned, their attrac-
tive interaction is not strong enough to form a bound state and
this keeps them in gaseous state even at absolute zero tempera-
ture. The development of efficient and elegant cooling mechanisms
such as laser cooling and evaporative cooling in the 1980’s made
it possible to attain temperatures low enough for the realization
of BEC. But the experiments using spin polarized hydrogen did
not meet with complete success as the 3-body collisions resulted
in spin flips of hydrogen atoms which in turn resulted in the forma-
tion of molecules. Since the laser cooling techniques were greatly
developed in the case of alkali metals, further BEC experiments
were concentrated on them.

Experimental realization of BEC was achieved finally in the
year 1995 by JILA group led by E Cornell and C Wieman in the
dilute gases of rubidium-87 [8]. Soon Ketterle’s groups at MIT suc-



ceeded in producing BEC of sodium-23 and Hulet’s groups at Rice
University in lithium-7 [9, 10]. Since then condensates have been
produced in many other atoms which include dilute gases of hydro-
gen, potassium, chromium etc.[11, 12, 14, 15]. The idea of BEC,
though in a more generalized sense, is now understood to be the
basic idea behind many phenomena. Superconductivity, exhibited
by some materials at low temperatures, is understood to be from
the formation electron-electron bound states which are bosonic in
nature. The superfluid phases exhibited by liquid helium-3, which
is a fermionic atom, is also found to be resulting from the con-
densation of pairs of atoms. It is postulated that the interior of
neutron stars consists of neutron superfluid formed from nucleon

pair condensation.

1.2 Theoretical frame work

1.2.1 Bose-Einstein condensation in ideal Bose
gas

By an ideal gas, we mean a collection of N > 1 non-interacting
particles each of mass m in a large box of volume V = L3. The
system is considered in the thermodynamic limit, where both the
number of particles, N and the dimension of the box L tend to
infinity such that their ratio, N/V, which is the density, remains
a finite constant. When the statistics of a system of particles is
taken into account, it is convenient to opt for a grand canonical
partition function formulation and in the case of bosons it can be

given as [13]
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©- H I —exp = (e — ) (12

where [ = %, g; is the energy of the ith single particle state and
1 is the chemical potential of the system . It is determined using
the constraint that the total number of particles of the system is

conserved which is given by

N=>"m (1.3)

where

1
exp [B(ei —p)] — 1
The chemical potential, © must be less than or equal to gy,

n; =

(1.4)

otherwise, as it is obvious from the Eq.(1.2), the system will have
negative occupation numbers. In the thermodynamic limit, the
ground state energy of a non-interacting system is taken to be
zero i.e. ¢g = 0. The average particle number of the system can

be given as

1
N =2 e w1 =

Identifying z = exp(u/kT') as the fugacity of the system, it can be
seen that fugacity, z < 1 above the critical temperature and equal
to unity in the condensed state. As the temperature increases from
the critical temperature, chemical potential falls below the energy
of the lowest single particle state (¢), whereas, with decrease in the

temperature, chemical potential as well as the occupation number



of the states rises. But as can be seen from Eq.(1.4), the highest
value possible for chemical potential is 9. This puts an upper limit
to the population of the excited states. If the population of all the
excited states summed is less than the total number of particles in
the system, the remaining particles will obviously be populating
the ground state which, in this case, will be having an arbitrarily
large occupation number. This is the mechanism of Bose-Einstein
condensation. Thus a BEC can be considered as a state of matter
which consists of a dilute gas of weakly interacting bosons which
has existence only in the regime of extremely low temperature. At
such low temperatures, the interaction between bosons is mainly
due to s-wave scattering. In this case, the knowledge of a single
parameter, the scattering length (a), alone is sufficient to describe
the inter-particle interaction.

If the variation of Bose-Einstein distribution function in Eq.
(1.4) with g; is small compared to the level spacing of the system,

the summation in Eq.(1.3) can be replaced by integration. Thus
N =S s~ [ dealorre (16)

where g(e) gives the density of states. In the case of a three di-

mensional, homogeneous system,
(1.7)

From the expression in Eq.(1.4) for the distribution function, it is

clear that, in the limit of ;1 — 0, the ground state of the system

gets macroscopically populated, which can be given as Ny = 1=.

It is also obvious from Eq.(1.7) that ¢g(0) = 0. Hence, if Eq.(1.7)



is used in Eq.(1.6), the ground state population of the system will
not be properly accounted. Consequently, the expression for the

total number of particles in the system should be written as
N =Ny +/dsg(€)f(£) (1.8)

where the integral,

RSN TE:
Voo = [teaerf(e) =V () 019)

denotes the number of particles in the excited state and the Bose

function gz/5(2) can be given as

n

g52(2) = > nz/Q (1.10)

n=1

The value of N, attains its maximum when g = 0. Hence, if the
system is cooled, N, will decrease as the chemical potential will
increase from zero. Also, the Bose function has a maximum value
for the fugacity, z = 1 and it is g3/5 ~ ((3/2) = 2.612. This puts
a cap on the maximum number of particles in the excited states

Nege, which can be given as

3/2
KT
NMaT — 9 612V (%) (1.11)

When the temperature is high, N2%% > Ny, the number of parti-
cles in the ground state. But when the temperature is decreased,
a critical temperature is reached, at which NJ¢* ~ N. If the
temperature is decreased any further, the excited states can ac-

commodate only a fraction of the total particles in the system,



resulting in an increased population of the ground state. The crit-

ical temperature below which this happens can be given as

) 2/3
TC—QM( N ) (1.12)

mk \ 2.612V

The variation of condensate population with temperature can be

given as

3/2
No T
(1) e

1.2.2 Bose-Einstein condensation in a harmonic
trap

Realization of BEC in the laboratory necessitates the use of some
kind of a ‘container’ inside which the bose gas can be kept out of
the influence of surroundings. A material container cannot be used
for the purpose as the collision of the atoms with the walls will heat
up the system, making the attainment of BEC impossible. Hence
potential traps are employed for the same purpose. To a first
approximation, traps generally employed in BEC experiments can
be considered to be harmonic in nature. Here we are considering

a non-interacting Bose gas in an anisotropic harmonic potential

1
V= 5™ [wiwz + waQ + wzzz} (1.14)

where w;,wy and w, are the frequencies of trapping potential in
x,y and z directions respectively. In this case, the density of states

is found to be
82

9(€) (1.15)

C 2Bwwyw,



The highest temperature at which the BEC phenomena occur in
a system is referred to as the Bose-Einstein condensation temper-
ature represented as T.. For a non-interacting gas, the number of

particles in the excited state is given by

Nege = /000 dag(e)fo(e) (1.16)

where
1

exp (lcE_lT) —1
since Nege attains its maximum value at g = 0. Assuming that

flei) = (1.17)

at T, all the particles populate the excited states, an expression
for T, for particles trapped in different potentials can be obtained

from the above equation. For the case of harmonic oscillator,

1/3
N

where @ = (wywyw,)'/3, N is the total number of particles in the

system and ((3) = Y_~° ;n~? is the Reimann zeta function of order

3.

For a three dimensional harmonic trap, the expression for num-

ber of particles in the excited states can be obtained as [66]

o0 1
Noupo = Cs / dee?——— (1.19)
0 exp (g7) — 1

The integral gives rise to [66]

3
T
Neze = N lfj (1.20)

Hence the number of particles in the condensate, Ng = N — Nege

oo i ()

becomes

(1.21)
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1.3 Path to Bose-Einstein condensation

The essential step involved in the attainment of the state of BEC
is to reduce the energy of the bosonic system under consideration.
This involves the cooling of the system to ultra low temperatures.
Cooling the atomic bose gas to attain the BEC phase involves

essentially three steps.

1.3.1 Trapping of atoms

Confinement of the atoms to a finite region of space is a pre-
requisite for the cooling of atoms in the laboratory. But because of
the reasons discussed in Sec.(1.2.2), the trapping of neutral atoms
is achieved by using magnetic traps. If an atom having magnetic
moment p is placed in a magnetic field B, then the magnetic contri-
bution to the energy of the atom is —uB. For atoms with positive
magnetic moment, they are acted upon by a force which tends
to drive them to the regions of high field. While for atoms with
negative magnetic moment, the drive will be towards the low field
region. These atoms are known as high field seekers and low field
seekers respectively. A general theorem asserts that a local maxi-
mum of magnetic field cannot be created in a current free region.
But there is no such restriction for local minimum of |B|. Thus, by
using the magnetic traps, ‘low field seeker’ atoms can be trapped.
Magnetic traps are very shallow. Their depth is much less than
one kelvin. Hence, in order to trap the atoms in a magnetic field,

they must be cooled to a very, very low temperature.
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1.3.2 Laser cooling

The term laser cooling represents a number of methods that exploit
laser to reduce the temperature of an atomic system. These com-
prise Doppler cooling, Sisyphus cooling etc. The simplest among
these methods is the ‘Doppler cooling method’. Consider an atom
subjected to two counter propagating laser beams. The frequency
of the beams will be carefully adjusted so that, when the atom
is moving towards any one beam, due to Doppler effect, the fre-
quency of the beam matches with that of an atomic transition.
This results in the atoms absorbing more photons coming in one
direction than in the other. Since the momentum imparted by
the net photons will be in the direction opposite to the motion of
the atom, it experiences a frictional force. As the re-emission of
the photon will be in random direction, the kinetic energy, and
consequently the temperature of the atomic system, reduces as
this process continues [16]. This reduces the temperature of the
atoms to approximately 10uK. This temperature actually repre-
sents the ‘Doppler cooling limit’, the lowest temperature that can
be attained by this method. But this temperature is far too high
for the appearance of BEC phase. Hence this stage is followed by

another one.

1.3.3 Evaporative cooling

The basic principle behind this technique is that, if the energy of
particles escaping from a system is greater than the average en-
ergy of particles in the system, then the remaining system suffers
a decrease of temperature. The use of this technique in the case

of rarefied gases was first proposed by Hess [17]. Here, atoms pre-
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cooled by laser cooling are trapped by a magnetic field. If it is
possible to make an ‘escape window’ at some higher potential re-
gion in the trap, then the atoms having energy equal to or greater
than the potential energy of this position will be able to escape
from the trap. In BEC experiments, such a hole is made in the
trap by the application of radio frequency radiation. By tuning
the frequency of the radiation, the position of the ‘escape window’
can be adjusted. When high energy atoms are lost from the trap,
cooling of the remaining system will happen and more and more
atoms come to occupy the ground state, giving rise to BEC. Evap-
orative cooling can result in the reduction of temperature to 50
nK-100 nK range [18].

1.4 Effect of interaction

The equations (1.18) and (1.21) for transition temperature and
condensate fraction respectively get modified due to the effect of
interaction among the atoms. At temperatures of the order of
1076 — 1079 K, atoms occupy their electronic ground state. At
these temperatures, the only relevant transitions are those between
the different hyperfine states of the electronic ground state. In the
dilute atomic vapors in BEC experiments, typical atomic separa-
tions are of the order of 10> nm. At such large separations, two
body interactions dominate over the three or higher body interac-
tions. Although the interactions are weak due to the dilute nature
of the system, the ultra low temperatures at which the condensed
state can be achieved, make the effect of these weak interactions
critical. Also, since the velocities of the atoms in the cloud are

small, only s-wave scattering need to be considered. The effective
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two-body interaction coupling between the atoms of equal mass

can be given as

Amtah?
g =

- (1.22)

where ‘a’ is the s-wave scattering length and ‘m’ is the mass of the

atom.

1.5 Condensate dynamics - mean field
theory

In order to describe the dynamics of condensate, usually the mean
field theory is assumed. In this, each of the particle in the sys-
tem is considered to be moving in an average field created by all
the other atoms. For temperatures away from the transition tem-
perature, the mean field theory gives an excellent description of
condensate dynamics. Based on the mean field theory, a non-
linear Schrodinger equation, which describes the dynamics of the
condensate near absolute zero temperature, can be derived. This
equation, known as the Gross-Pitaevskii(GP) equation, and its ex-
tensions serve as the backbone in the study of the condensed phase

and is given as

oY B 92 4 Vs t) + gl ) (1.23)
ih— = —— .

ot om, ext\1, g )

where V. (r,t) is the external trapping potential, g = 4mah?/m
governs the interatomic interaction and v (r,t) is the condensate
wavefunction. The nonlinearity of the equation arises from inter-

particle interaction governed by the parameter ‘g’ which is the
same as that in Eq.(1.22).
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1.5.1 Derivation of GP equation

In the second quantized notations, the Hamiltonian of the bosonic

system of atoms can be given as
/w (—v2 + Vet (r, )) W(r, t)dr

3 [V Viete’ -
w(r’t)gb(r/,t)d?)?"/dgr (1.24)

Here 1 (r, t) and 1T (r, ) are the creation and annihilation oper-
ators, Vegt(r, t) is the external trapping potential and Vi (r' — r)
is the inter-particle interaction potential. The dilute nature of
the system allows its collision dynamics to be governed by s-wave
scattering length alone. Another consequence of the dilute nature
of the system is that the s-wave scattering length will be much
smaller than the interparticle spacing. This allows us to replace

the interatomic potential by a mean field contact potential,
Vit (t' — 1) = g6*(r' — 1), (1.25)

where ¢ is the interparticle interaction parameter defined above
[19]. Here positive values of scattering length correspond to repul-
sive interaction among the condensate atoms, whereas a negative
a’ value represents attractive interaction. The Heisenberg equa-
tion of motion corresponding to the above Hamiltonian can be
obtained as

N

ihe = [(r,0), H] (1.26)

Since 9(r,t) and ¥ (r,t) satisfy the following commutation rela-

tions,

[U(r,t), 0! (), )] = &*(r — 1)
[(r,t), (" )] =0, [ (r, 1), 0T(x', )] =0 (1.27)
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Eq.(1.26) can be written as

Lop [

ihs = | =5 =V + Ve (r,6) + g0 (r, )0 (r, )| (x, ). (1.28)

When the temperature of the system is close to absolute zero,
that is, when the condensate fraction is large, the condensate part
in the field operator can be replaced by a classical field. Hence
the quantum field operator can be represented as the sum of the
classical field term for the condensate and another term which will

take into account the quantum fluctuation in the system [20, 21].
Thus

D(r,t) = U(r, t) + (r. ). (1.29)

where U(r,t) is the classical order parameter of the condensed
phase and ¢(r,t) is the quantum fluctuation. It must be kept in
mind that < ¢ (r,t) >= U(r,1).

Using Eq.(1.29) in Eq.(1.28) and taking in to account the above
condition, the equation governing the dynamics of the condensate

is obtained as

ov h?
Zha = l—%VQ + ‘/e:m‘(r7 t)] v + QWTWM
h2
= l_%VQ + Vet (r, 1) + g(no + Q”T)l v
+ gmT* + g6l o) (1.30)

where ng = |¥|? is the condensate density, ny = (¢7¢) is the non
-condensate density, m = (¢¢) is the off-diagonal non condensate
density and (¢Tp¢) is the three field correlation function.
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The last two terms together are called anomalous terms. The
dynamics of the thermal cloud is governed by the equation ob-
tained by subtracting Eq.(1.30) from Eq.(1.28) and is given by

L, 00 h?
ih—r = | =5 =V 4 Veur(r,0)| 6(r,1) + g [T — (pTyw)].
ot 2m
(1.31)
A steady state equation governing the dynamics of the system
can be obtained in a way equivalent to the derivation of time in-
dependent Schrodinger equation from time dependent equation.
Assuming the external potential to be independent of time, the

quantum field operator can be expressed as

b(r, 1) = (r) exp (—ipt/h) (1.32)

where p is the chemical potential of the system.
Using Eq.(1.32) in Eq.(1.28), we get the time independent non-
linear Schrodinger equation for the quantum field operator.
R _, '
pb(r) = | = 5=V + Vear(r) + g ()3 (r) | ¥(x). (1.33)

2m

Separating the condensate and thermal cloud parts in ¢ (r) as we

have done in the time dependent case,
P(r) = ®(r) + O(r) (1.34)

we get the steady state dynamical equation for the condensate part
as
2

h
ud(r) = —%V2 + Vgt (r) + g(ng + 2n7) | ®(r)

+ gmd* 4 g(dTDD) (1.35)



17

Depending on the temperature of the system, the significance of
different terms in the above dynamical equations varies. Different
mean field approximations, which are valid for different ranges of

temperatures, can be introduced.

1.5.2 Hartree-Fock-Bogoliubov (HFB) model

In the HFB model, the three field correlation function is ignored
[35]. This modifies the Egs.(1.30), (1.35) and (1.31) to get

L O0¥(r,t) n? _,
ih P = l—%v + Vegt(r, 1)

+ g(no+2np) | V(r,t) + gm¥*(r,t) (1.36)

iﬁ%g; o l—%v2 + Vet + 29(no + nT)] ¢(r,t)
+ g (V2 +m)¢l(r,¢) (1.37)
and
72
p(r) = [—%w Vo) + gl + 2nT>] B(r) + gm* ().
(1.38)
where we use the approximations
o'o ~ (9'9)
99 ~ (¢¢)
6100 ~ 2(0'0)¢ + o' (¢9) (1.39)

Using a transformation involving quasiparticle creation and an-

nihilation operators, Eq.(1.37) can be diagonalized. For this, we
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consider
o(r,t) = Z [ui(r, t)a; — v;‘(r,t)ai (1.40)

T

1

annihilation operators and u; and v; are amplitudes. The quasi-

where a; and a; are respectively the quasiparticle creation and
particle operators also satisfy the bosonic commutation relations.

Applying the Bogoliubov transformation in Eq.(1.40) to Eq.(1.37)
generates the following system of HFB equations for the ampli-
tudes [35]:

Zﬁ%il = l—%vz + Veat + 2g(no + nT)} u;
+ g (V*+m) v, (1.41)
—ih% = l—%w + Vear + 2g9(no + nT)l v;
+ 9 (‘11*2 + m) u; (1.42)
where
no = |02,

nr =Y [[wilNi + JuiP(N; + 1)]

7
M= upi(l+2N,). (1.43)
7

Here, N; = (aiaﬁ is the occupation number of the ¢th quasi particle
state. Stationary state equations for u; and v; can be obtained in
a way very similar to that in the previous section by assuming the
trapping potential to be independent of time. In that case we get

hZ
“2m

+ g (% +m) v(r). (1.44)

eui(r) = V2 + Vert(r) — o+ 2g(ng + np) | ui(r)
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h2
—cvi(r) = l_%v2+%xt(r) + 2g(no + nr) | vi(r)
+ g (9% +m*) us(r). (1.45)

where the quasi particle amplitudes u;(r) and v;(r) satisfy the

normalization condition
/ (wfuj — vivi) dr = 6 (1.46)

1.5.3 Hartree-Fock-Bogoliubov-Popov (HFBP)
model

Despite its success in the prediction of excitation frequencies of
BEC, HFB model has its shortcomings. For example, it predicts
an energy gap in the excitation spectrum which is quite unphysical
[35]. In order to overcome the problems of HFB model, Popov
used an approximation so that a gapless spectrum is obtained [36].
The Popov approximation involves neglecting the off-diagonal non-
condensate density, m [37, 38]. This results in the set of equations

known as HFBP equations given by

Lou(rt) [ R,

ih 9% l—%v + Vewt(z,t) + g(no + 2n7) | U, (1.47)
. 8ul h2

it = [_%w + Vet + 29(no + nT)] ui + g®%v;,  (1.48)
. an h2 *

The steady state equations can be obtained as

2
pd(r) = l_Qh_mVZ + Veat(r, t) + g(no + QnT)] O(r), (1.50)
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h2
€iui(r) = l—%VQ + Vear — p+ 29(no + nT)] u; (1)
+  g®%u;(r). (1.51)
hQ
—eivi(r) = l—%VZ + Vgt + 2g(no + nT)] UZ-(I')
+ g(®*)?ui(r) (1.52)

The HFBP theory is the most accurate of the mean field theo-
ries in the sense that its results agree well with the experimental
observations [39, 40]. It is observed that HFBP theory explains
dilute gas BEC systems for temperatures of the order of 0.67..
With further decrease in temperature, results of the theory de-
viate from experimental observations. This is because of the fact
that at temperatures close to T, beyond mean field effects become

more significant.

1.5.4 Hartree-Fock (HF) model

The excitation generated in BEC systems ranges from low to high
energies. When the high energy excitations are more significant,
the quasi particle amplitude v; will be negligible. Under this con-
dition, the Eqs.(1.48) and (1.51) get modified as

L O0u;
1h oy

h2
— l—%VQ + Vear + 2g9(no + nT)] u; (1.53)

and for the time independent situation, we have:

h2
€ui(r) = l—%vz + Veat + 2g(no + nT)l u;(r), (1.54)

where
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nr = Z |u1]2NZ

1.5.5 Gross-Pitaevskii (GP) equation

When the temperature of the bose system reaches absolute zero,
theory predicts that the anomalous terms vanish. At this temper-
ature, all the particles in the system will attain the ground state,
exhausting the thermal cloud. That is, at this temperature, the
thermal fluctuation term in the quantum field operator vanishes.
Hence, the quantum field operator can be replaced by the classical
order parameter. This gives rise to the ‘Gross-Pitaevskii’ equa-
tion introduced earlier in Eq.(1.23). Here the order parameter is

normalized to the total number of particles of the system.

/ W (x, t)]*d®r = N. (1.55)

A time independent form of GP equation can also be obtained as

b (r) = (—h—2v2 Vi +g|<1><r>|2) o). (156)

2m

1.6 Collective excitations

Collective excitations and quasiparticles are closely analogous ter-
minologies, which represent the phenomena occurring in a macro-
scopic system consisting of a large number of interacting particles.
For example, in the case of an electron in a semiconductor, its mo-
tion will be hindered in a complicated way by all the particles in its
vicinity. Such an electron can be picturised in an alternative way

as an ‘almost’ free electron with a different effective mass moving in
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a force-free space. In short, the effect of interactions can be taken
into account by a change in the effective mass of the particle. The
‘almost electron’ is called an ‘electron quasiparticle’. Usually the
term quasiparticle is given to those excitations, which are built
around a core particle, whereas collective excitations are aggre-
gate behavior of the individual particles constituting the system.
Another loose way of distinguishing between collective excitations
and quasiparticles is based on the particles involved. If they are
related with fermions, they are called quasiparticles, whereas those
related with bosons are called collective excitations. But, none of
these classifications are unique or universally agreed upon.

Many experiments on BEC have studied intensely the collective
excitations of the condensates trapped in harmonic potentials. The
reason for this choice is the fact that they can be measured very ac-
curately and hence is a reliable method for computing the system
parameters of such ultracold bosonic systems [41]. Earlier exper-
iments on the collective excitations of BEC used condensates at
very low temperature ranges where the system consists entirely of
the condensate, and the collective oscillation modes were induced
by a modulation of the external trapping potential [42, 43]. The
collective modes were excited by applying a small time-dependent
perturbation of a given frequency to the trap potential and the
resulting dynamics in terms of shape oscillations of the condensate
were observed [41]. These measurements led to the identification of
two low-lying eigen modes of different symmetry. At temperatures
above T,., when the condensate is not present, the same calculation
on the thermal cloud gave the excitations of a normal Bose gas.
When excitations of the condensate was done using time dependent

modulation of the trapping potential, which included a spatial dis-
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placement of the potential minimum [44], coupling between oscil-
lations of shape and center of mass was observed. Experimentally
observed frequencies [43, 44, 45] of the collective excitations show
good agreement with the theoretical predictions [46, 47, 48, 49, 50].
It is observed that the mean field theory is remarkably successful in
such predictions [51, 52, 53, 66]. Thus time dependent GP equation
and its modifications to finite temperature will be sufficient for the
theoretical analysis of condensate excitations. Analytical and nu-
merical procedures had been followed by several people to solve the
Gross-Pitaevskii equations. Numerical procedures used include the
Crank-Nicolson finite difference method [54, 55, 56, 57| for comput-
ing ground state solution, time splitting method [58, 59, 60, 61]etc.
Runge Kutta method also has been used [62, 63, 64] to find nu-
merical solution of 1-dimensional and 3-dimensional GP equations.
Analytical treatment of GP equation involves the minimization of
energy functional followed by the computation of ground state so-
lution and the collective excitation frequencies of the condensate
by assuming a Gaussian ansatz for the choice of the variational

wavefunction [65].

1.7 Finite temperature condensates-
effect of interaction

Effect of interaction and finite temperatures is a topic of signifi-
cance in the case of BEC as these conditions make the theoretical
models close to the experimentally realized ones. For temperatures

close to T, the interaction energy per particle of the condensate
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corresponds to the temperature [66],

(1.57)

152/5 £ Na\ >® huw
00— 7 < ) _277

a

where 6:\/W and @ = (wywyw,)"?. But when the temper-
ature is much greater than Tp, properties of the excitations are
rather independent of the interaction of the condensate with the
excitations. The expression in Eq.(1.57) when expressed in terms

of the transition temperature for non-interacting system, 7, can
be given by [66]

(1.58)

a

N6, 2
T0z0.45< a) T,

The dimensionless quantity in the parenthesis in Eq.(1.58) de-
termines the effect of interactions on the properties of the thermal
excitations in a harmonic trap. The quantity is usually less than
one and its dependence on the number of particles of the conden-
sate is small. This minimizes its effect on the thermodynamical
properties of the condensate. At temperature T > Tj, the number

of particles in the thermal cloud can be approximately given as
[66]

Nege = N [ﬁ + %t k’;j (1.59)

which, on substituting for ;1 becomes

1/6 2/5
Nege = N t3+2.15(N “) t2(1t3)2/5], (1.60)

a

where t = T/T,.
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Similarly, the expression for energy

¢(4)

5+ 163 u(T)
E = NKT, |32t 1.61
¢ [ ¢(3) T kT, (1.61)
can be approximately given as
A1/6,\ 2/
E = NET. |2.70t* + 1.12 ( = a) (1+3.208%) (1— )77
(1.62)

where ((«) is the Riemann zeta function [66]. In the Eq.(1.59), the
first term, N3, gives the number of particles in the excited states
in the case of a non-interacting gas. The second term governs the
effect of interaction. In condensate experiments, this term is small
which implies the weak influence of interactions on the thermal

cloud.

1.7.1 Finite temperature models for conden-
sates

Although, the mean field models discussed above, namely, the HFB
and HFBP models, can be applied to the study of condensates at
nonzero temperatures, they cannot give an accurate description of
the condensate at temperatures 7' > 0.67.. The shortcoming of
HFB and HFBP models is that they are applicable only in the
collisionless regime, where the collisional mean free path of the
excited particles is much greater than the wavelength of the exci-
tations. This assumption necessitates the presence of a low density
thermal cloud surrounding the condensate. But for temperatures,
T > 0.67, we have a collision dominated regime, which can be

dealt with using the hydrodynamic formalism [66]. There are a
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number of mean field and beyond mean field theories which are
applicable in the high temperature region. Of these, the models

which deserve special attention are the following [67].

1. Zaremba-Griffin-Nikuni (ZGN) theory: This theory essen-
tially follows a meanfield approach as in Eq.(1.30) under
Popov’s approximation. It differs from the HFBP formalism
in the retention of the three-field correlation term < 1ty >.
This term takes into account the interaction between the
condensate atoms and the thermal cloud. In the ZGN for-
malism, a semiclassical approximation is applied to the non-
condensate, which can be represented by a phase space dis-
tribution function. This function is described by a quantum
kinetic equation which is coupled to the condensate through
meanfield and interparticle collisions. Proceeding this way,
ZGN theory leads to a system of two-fluid hydrodynamic
equations for the trapped Bose gases. In the limiting case,
the ZGN formalism can be shown to be consistent with Lan-
dau’s two-fluid model for liquid helium [74, 75, 76].

2. Number conserving approaches: In number conserving ap-
proaches the total number of atoms in the system is con-
served, but the number of excited particles is not. In these
methodologies, number of condensed atoms is not a sepa-
rate variable. it is determined from Ny = N — N, where
Nege = ) 1, Ni[81, 82].

3. Projected Gross-Pitaevskii equation formalism: This model
was proposed by Davis et. al. [77, 78, 79, 80]. The idea
behind this formalism is the assumption that the low lying

energy modes of the Bose system are largely populated. This



27

makes a classical field interpretation of the system possible,
where the field is evolving according to the modification of
Gross-Pitaevskii equation with a projection operator in the
region of low temperature. The results using PGPE formal-

ism are close to that of Bogoliubov formalism.

1.8 Objective of this work

There have been numerous papers in both experimental and the-
oretical regime in the field of Bose-Einstein condensation. These
studies have generated a large amount of results regarding the
properties and dynamics of BEC. But there still remains open
questions in the field of finite temperature BEC, dimensional re-
duction of BEC etc. In this work we try to make the theoretical
analysis of collective excitations more relevant by introducing usu-
ally neglected corrections into the potential acting on BEC. We
also analyze the effect of finite temperature on the collective exci-
tations. In chapter 2, we study the effect of anharmonicity in the
trapping potential and gravity on the collective excitations of a
‘quasi-two-dimensional(2D)’ BEC. In Chapter 3, as a step towards
the finite temperature regime, the influence of beyond mean field
effects on the collective excitations of BEC is analyzed. In this
case also, the test bed is a quasi-2D BEC. In chapter 4, a quasi-2D
condensate at a finite temperature is analyzed. The effect of finite
temperature is taken in to account by including a static thermal
cloud term in the potential of the condensate. In addition, the
effect of gravity and a quartic anharmonicity along with beyond
mean field effects are also included in the potential. The influence
of the thermal cloud and the other additional effects on the behav-
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ior of collective excitation frequencies are analyzed. In chapter 5,
the overall conclusion of the work is discussed. This chapter also

envisages the prospects for future works.



Effect of Gravity and Anharmonicity on the
Collective Excitations of a Quasi-Two-
Dimensional Bose-Einstein Condensate

2.1 Introduction

Bose-Einstein condensation and condensates (BEC) have been a
field of rigorous research for both experimentalists and theoreti-
cians for the past few decades. Being a macroscopic quantum
system, investigations on its peculiar properties have resulted in
interesting conclusions. The inherent dynamics of BEC can be
studied to the level of reasonable accuracy using time dependent
GP equation. Experimental and theoretical research investigations
in the field of Bose-Einstein condensation and condensate (BEC)
had a boost since 1995, when the first condensate was realized by
Anderson et.al. [8] and soon by others in the trapped vapors of
alkali metals [9, 10]. Since then a large amount of research work
has been done on different aspects of BEC. Of these, collective
excitations of BEC in different trap potentials and influence of di-
mensionality on BEC are two of the important topics of research
in this area [25, 26, 27].

A large number of papers have extensively investigated the col-
lective excitations in a BEC using various theoretical methods
28, 46]. But only a few have taken into account the influence

of earth’s attractive force on the condensate [29]. Here, we are

29
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analyzing the effect of gravity on the collective excitations gener-
ated in a quasi-two-dimensional (2D) BEC ‘caged’ in an anhar-
monic potential trap. A quasi-2D BEC is the one for which the
trapping frequency in one of the three dimensions, w,(say) is so
large that hw, is much greater than the mean field interparticle
interaction (ngg), where ng and ¢ are number density and the
coupling strength respectively [22]. A ‘quasi- reduced dimensional
condensate’ is chosen as the test bed for this analysis thanks to
the richness of the dynamics it exhibits. It is anticipated that the
‘quasi reduction’ of dimension, along with the effect of gravity and
the anharmonicity of the trap potential, will result in interesting
new behavior of the collective excitations. The analysis involves a
variational procedure to compute the collective excitation frequen-
cies of the system [28, 33]. Consequently a Gaussian wavefunction
containing a few variational parameters seems to be a simple and

ideal choice.

2.2 Equations governing the condensate

The necessary dynamics of BEC at near absolute zero tempera-
ture is well described by the non-linear Schrodinger equation, also
known as Gross-Pitaevskii (GP) equation [30], which is given in
the equation (1.28) as

v h?
he = —=—V*+ V, 2w 2.1
5y = (=g 7 Vi) + 19 2.1)

The 3-dimensional GP equation can be obtained from the energy

functional,

h? g
_ 3. 2 2 94
E[V] = /d r (2m\V\IJ] + Veut|V|* + 2|\IJ] ) (2.2)
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by a variational procedure

SE 0V
e = ih (2.3)

For simplicity, we are considering an axially symmetric har-

monic trap such that w, = w, = wy. Also, we are choosing
w, > wp so that in the z-direction, the particles are prevented
from having any dynamics other than the zero point oscillations.
Thus, the condensate is essentially a ‘quasi-two-dimensional’ one.

Then ¥(r) can be approximately written as

U(r) = &(p)po(2) (2.4)

where p = (z,y) and

wo(z) = (%) ! exp (_Z2/2£2)

is the normalized ground state wavefunction of the trap in the z-
direction with ¢ = /h/(mw,) as the width of the Gaussian. The

normalization condition is

/ 2pld(p)|? = N (25
[ sl =1 (2.6)

Now, for a quasi-two-dimensional condensate, the GP equa-
tion can be obtained from Eq.(2.2) by using the separated form of
wavefunction given in Eq.(2.4). The energy functional for quasi-

two-dimensional BEC can be obtained as

2
£l = [ (G v@EaeP

+ Vel ®(p)go() + 2@(p)p0o(2)') (27
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As we are considering a quasi-2D trap,

h2
£l = | [ Clv @) [aa)
m
+ [ [ del L)
0z
+ Ve [ 2o [ dloula)?
w4 [ [ dzwo(z)r‘] 28)
Since pg(z) is normalized, after the integration, we get

2
Bl = [ (j—m\vmp)r?
2d

£ Valo(p)+ %\@@)#) -

N

Tl (2.9)

From the above expression for energy functional, using the varia-
tional principle as in Eq.(2.3), we can get the quasi-two-dimensional

GP equation as

_0%(p,t h?
m—gg ) (—%V%%(p)w@d)@?) 2(p,1).  (210)

The trapping can be oriented in such a way that the gravity is
acting along the z-direction. With the effect of gravity and anhar-
monicity, the external potential acting on the condensate has the

form,

1
Vo = §m [w%(:c — :L’a)2 + wgyﬂ + A (:1:4 + y4) (2.11)

where 2, = —gq/w? with g, as the acceleration due to gravity
and g% = \/8rah?/(ml) is the interaction term for the quasi-2D

boson condensate. It is obtained from the interaction term in three
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dimension (g3?), by performing the z integration in the following

way:

g2 _ g/ o(2)[Hdz

o Arah? 1
g\/ ol m 21l
V8mah?

ml

(2.12)

Thus the dimensional reduction of the condensate has resulted
in the inter-particle interaction term, which depend on the trap
frequency in the z-direction [31]. From the expression for g(Zd), it
is clear that the inter particle interaction can be controlled to some
extent by the change in the trap frequency along the z-direction.
The X dependent term in Eq.(2.11) is the quartic anharmonicity of
the trap and ) is a controllable parameter (0 < A < 1). To perform
the variational calculation, we choose the condensate wave function
to be of the form [28, 32]

<I>(:1:,y,t) = A(t) H exp (-M

—y 2w,7
+i [y (t) + 17 By(t)] > : (2.13)

where A(t) is the amplitude, wy(t) is the width, a;(t) is the slope
and (,(t) is the curvature of the Gaussian distribution at time
t. The quasi-two-dimensional GP equation can also be obtained
by the minimization of the action associated with the following
Lagrangian density.

_in

£=3

OD* oD\ K2 g(2d)
o — P |+ — | VoD P4V | PP+ — Bt (2.14
(05 — 058 )+ o waolsalol+ Lol (219
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This actually provides us an alternate way of finding the solution
of the Eq.(2.10). Now, substituting Eq.(2.13) in Eq.(2.14) and in-
tegrating the Lagrangian density over the 2D space, we can obtain

the Lagrangian [33]:

o0
L= / d*pL = Ly + Ly + L3 + Ly, (2.15)

—00

and the different terms constituting the Lagrangian can be ob-

[ [p0 400

2
= th lnodn + [77% + %%H : (2.16)
n

tained as

(0.¢] hQ
Ly = / & p—|V20[?
B 2m

oo
2

~ om l(an _'_2770577) + B (w—% +4 77“%)1 , (2.17)

o0
L3 :/ d?pVa|®|?

— 00

[e.9]
1
= / dp lgm [wg(x —za)? + w§y2 + wgcl]

—0o0
+ A (x4+y4+cQ)] |

2 2

1 55 w mg 1

= Smwp <n0+7n>+mgaxo+ﬂ§+1hwz
A 3 4. 3 )Ji?]

4 2.2
+ 5 |j7 +3n0w77+4_1w’7+1_6m2w§

(2.18)

0 (2d) | |4 (2d) n72
L4:/ 2pd 1O SN (2.19)

e 2 AW wy
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Thus

2
m 1
> + mgazo + _gg + ~hw,
2wi 4
3

Al 4 a2 2 1, 3 AR g N2
2 3 2 =
T3 lno Wy gty 16 m2w? AW wy

(2.20)

The differential equations governing the variational parameters can
then be obtained from the above Lagrangian, using Euler-Lagrange

equations.

2.2.1 Euler-Lagranges equations for xy and

From the Lagrangian in Eq.(2.20), we get

oL
— = 2.21
0xo 0 ( )

and

OL 2h2

—— = N |h[ds+2208:] + = [0 + 2208] Ba
oxo m

+ m(w%xo + g) + A [23:8 + 3x0wgﬂ (2.22)

Hence the Euler-Lagrange’s (E-L) equation for 2y can be obtained

as

_ : 2h?
hlds +2w08:]) + = lax + 2208 Ba
m

+ m (whzo + g) + A [22§ + 3wow}] = 0(2.23)
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and a similar equation for yg can also be obtained as:

2

. h
h [dy + Qyoﬁy] + % [ay + 2y06y] 5y

+ mw%yo +A [2y8 + Syowz} =0

For ay, we get

and

a—L:NZhno

da,

oL _p

aan = NE [Oén + 277()/87]]

Using E-L equation, we can write

h
[y + 2m08,) =0

to = —
m

From the equation (2.27),

m .
Qn = Eno - 277057]

Similarly, taking the derivative of Eq.(2.27)

no = E [O‘n + 2770@7 + 2770@7}

Multiplying Eq.(2.27) by 2ng, we get

For 3,

oL
0By

. 2h
2NoTjo = Eno [0417 + 2770517}

oL w?
8@7 Zﬂ: {770 9

h2
= N7 o [ (g + 208y) + 46,07
n

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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Hence the E-L equations for /3, can be obtained as:
o om )
20070 + wtig] — oy [(O‘n + 2n08y) 10 + 577“)77} =0
Using Eq.(2.30) in Eq.(2.33), we get

. 2h
Wyy — Eﬁnw% =0

From the Eqgs.(2.34) and (2.29), we can write

_ my
B = 27iw77

: . om|. 2R,
oy + 27]0677 = % lUO - Enoﬁn]
Similarly Eq.(2.33) gives us,

m . . 577w127
ap + 2770577 = Wno [2770770 + wnwn] - n .
o

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

Using the z-component of Eq.(2.36), Eq.(2.37) and Eq.(2.35)
in Eq.(2.23), we get the dynamical equation governing the -

component of the condensate center (zq) as
To + w(z):cg = — [C (2x3 + onw%) + ga} )

Similarly for yg,

o + wiyo = —C 2y + 3yow?]

where ( = A/m.

(2.38)

(2.39)
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2.2.2 Euler-Lagranges equations for w, and w,

From the Lagrangian,

oL

=0 2.40
i (2.40)
and
oL : h? 1 1
B = N [hﬁwwm + o [46210@; — w—%l + §mw(2)wa;
by 5 ) g(Qd)N2

The E-L equation for w, can be written as:

: o, 1 1,
hBzws + o 4ﬁmwm—w—% +§mw0wx

A3 2 gPIN
Similarly, using
oL
— =0 2.43
oL , | 1 1,
0_wy = N lhﬁywy + o [Zwywy — UT;] + §mw0wy
A 5 ) (2d) 2
the E-L equations for w, is obtained as
. h? 1 1
hByw, + G- l452wy — w—gl + §mw(2]wy
A gRd N

Y
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Using Eqs.(2.34 - 2.37), (2.42) and (2.45), the dynamical equations

for the width of the condensate can be written as

K2 g(Qd)N

. 2 3 2

= —C 1|3 6 2.46

Wy + Wyl 2 + Srmulu, ¢ [ wy, + xowx} ( )
) h2 g(2d)N

Wiy + wiwy, = 5 — ¢ [sz + 6y(2]wy} (2.47)

+
meS 2mmw,w?

From Eqgs.(2.38) and (2.39), it can be seen that in the absence of
gravity and anharmonicity, the center of the condensate oscillates
with the frequency of the harmonic trap potential. This implies the
absence of any kind of coupling between the motion of the center
of the condensate and its internal degrees of freedom. But grav-
ity, in the presence of anharmonicity, introduces such a coupling
which results in the dependence of the oscillation of the center on
the width of the condensate [34]. For A\ > 0 the equilibrium points
for Eqs.(2.38) and (2.39), for yp and xp, can be obtained per-
turbatively. The equilibrium solutions for Eqs.(2.38) and (2.39)
correspond to the stationary states of the condensate. Hence they

will satisfy the equations,
Wiy = — [C [2958 + Bwag} + ga} (2.48)
and
wiyo = —C 248 + Byowy] - (2.49)

For 1, it is seen that for A > 0, the stable equilibrium point is
(0)

Yy~ = 0. For finding the equilibrium solution for xy, we perform
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a power series expansion of the Eq.(2.48) in ( as
3
o |2+ caf 4] ¢ [2 (b + o+ )
2
+ 8 (a4 a4 ) (w0 4 cul? 4 ) ] +90=0 (2.50)

Comparing the zeroth order terms in ¢, we get

w2l + g, =0 (2.51)
or
(0) Ga
= Ja 2.52
x 2 (2.52)

Hence, the equilibrium solutions of the z and y components of
the center of the condensate are 0 and —g, /w% respectively. Thus
it can be seen that gravity has caused a shift in the center of the
condensate in the direction in which it is acting. It is also observed
that the shift is inversely proportional to the square of the trapping
frequency in that direction. From Eq.(2.46), it can also be seen
that the effect of gravity intrudes into the equation only through
the anharmonic term. Thus, if the trap is purely harmonic, gravity
cannot affect the width of the condensate.

Now, for the coupled equations (2.46) and (2.47), we consider
perturbative solutions, which give the width of the condensate.
Introducing scaled variables, &g = zg/a,, ¢ = Cai /w%, 34 =

g(2d)m/27rh2, T = wot and W, = wy/ay, where a; = \/h/mwo.

Then the equations for w, and w, become

S S i \ A 9a \? .
s 1 §%IN .
Wy + Wy = ’uN)_g + m - C3wy (254)
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Since the contribution of the effect of anharmonicity causing the
asymmetry between equations (2.53) and (2.54) is considered to
be small, we assume the equilibrium solution of the above equa-
tions to be wy. Expanding equations (2.53) and (2.54) around this
equilibrium value, we get
d? (8, + o) (B + i) = 1
dr? (61, + 1p)’
G2 N
(8 + o) (810y + 1Tg)
— (|632 (810, + o) + 3 (60, + W) | (2.55)

and

a2 (61, + 1
w b (§y i) =
dr (5wy + wo)
G2 N
(81D, + @o)* (81, + o)

— (|68 (6w, + o) + 3 (3, +@o)° | (2.56)

Considering only terms up to the first order in dw, = w, — wo,

we arrive at the linearized equations

ddi, Sy = —iaw ——2§(2d)N5w ——g(zd)N&b
dr? AR g oy Y

— ( [63F (0, + 10) + 3 (3Wfdin + @g)] (2.57)

o, 3 25N GlIN
dT2 +5wy = _w_é wy_ﬁ)—géwy_ wé (5'U)m

— C [635 (010y + o) + 3 (3wgowy + wj)] (2.58)
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In order to find the frequencies of the collective excitations, we use

the procedure for finding normal modes, by taking,

0wy = Ay exp(iW't) (2.59)
and
dy = Az exp(ilWt) (2.60)

where W is the frequency of the collective excitations.
Using the expressions in Eqgs.(2.59), (2.60), (2.57) and (2.58), we
get

Wt 2§ N g2 N
YN JULL KH %) A+ 1 AQ] exp(ilVt)
“o Wo Wo
—  [63F (A1 exp(iW't) + wp)
+ 3 (3dgAy exp(iWt) + dj) ] (2.61)
Rearranging the terms, we can get
342N 5 W2 ,
ll + B a— +¢ [695% + 9w%} — 7 Aq exp(iVt)
0 0
gPIN , I [pa2 -3
+ o Ag exp(iWt) + ¢ [63:0100 + 3w0} = 0. (2.62)
0
In a similar way, we have
342N 5 W2 ,
ll ! ¢ [Gyo + 9w(2)} -7 Ao exp(iWW't)
0 0
§(2d) .
+ Ay exp(iWt) + ( [6§5100 + 3ug] =0 (2.63)
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Equations (2.62) and (2.63) can be expressed in matrix form

as
Ty T A
11 1412 1 (2.64)
To1 Too Ay
where
3425DN N W2
T = ?4 + (¢ [61‘% + 9w%} - (265)
Wo Wo
34 2~(2d)N 5 B B 2
Ty =1+ ¢ [638 +9@3] — — (2.66)
Wy Wo
and ()
g\“4 N
Tiy = Toy =2 7 (2.67)
w

For a non trivial solution, the determinant of the coefficient matrix

should vanish and we get

T T
I ) (2.68)
Tor T2
Eq.(2.68) gives us
W4 W2 3+ 29(2d)N B I B
r—— lQ [1 - Cowd| +6¢ [#% + ]
“o “o Wy
342N L 8
+ ll 7l +¢ [6x% + 9w(ﬂ
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Solving the above equation gives,

[ 34+260N S -
2W? = 2[1+++C9w8 +6C[:v(2)+yg] wi
L 0
2
342N L s
[2 l1+T Cowg | +6¢ [#5 + 3] | wo
0

Wo
_ 2 1/2
— o) wo
0
(2.70)
and after simplification, Eq.(4.33) becomes:
342N . Fra2 -
w2 = H[1+$ +¢9up | + 3¢ [#5 + 5]
0
1/2
B 5(2d) pr\ 2
9 912
+ |9 & - @)+ (9 - ) ] W (27
Wo
Since the equilibrium values of zg and gy have already been ob-
tained as
Fo =0 (2.72)
a| Wy
and
Yo =0, (2.73)

we can write the frequencies of the collective excitations generated

as

Wi = wok+ (2.74)
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where
34+ 252N . : ’
K = l1+++g9w§ +3¢ |
Wy agwj

2 - 2
- (2d)
iM | (100 -

Of these two collective excitation frequencies, W turns out to be
a modification in the breathing mode oscillation frequency which
exists in the case of a quasi-2D condensate trapped inside a purely
harmonic trap [33]. It is very clear that the collective frequencies
have been modified by the influence of anharmonicity and gravity.
But, if §*% is equal to zero, from the equations (2.74) and (2.75),
it is interesting to note that the other excitation frequency W_ is
independent of the effect of gravity. Thus the inter particle inter-
action has also got some role in determining the effect of gravity

on the collective excitation frequencies.

2.3 Numerical analysis

In the present case, the trap frequencies are chosen to be w, /21 =
790 Hz, in the dynamics frozen direction and w,/2m = 10 Hz,
where w, = w,; = wy [22]. Plots showing the variation of the exci-
tation frequencies with the number of particles in the condensate
corresponding to different values of the anharmonicity parameter
are prepared for both attractively and repulsively interacting con-
densates. For attractively interacting condensate [lithium atoms,
("Li), scattering length, a = -1.5nm], Fig.(2.1) shows the plots
of W_/wp as a function of N for the anharmonicity parameter
¢ = 0.1. It is observed that the excitation frequency shows a

sharp increase followed by a reappearance, if the trap is purely
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harmonic and the effect of gravity is neglected. This sharp in-
crease towards infinity represents the collapse of the condensate.
But when these additional effects are included, it is obvious from
Fig.(2.1) that the excitation frequency has a constant value of 2wy
up to a certain value of condensate particle number, beyond which
it ceases to exist. Thus the higher values of N does not support
W_. When the value of ( is decreased, the excitation frequency
exhibits a reappearance. Thus there exists a ‘forbidden window’
in the N values which does not support the W_ excitation. It is
observed that the reappeared frequencies converge to its values in
the case of a pure harmonic trap. It is to be noted that the width
of the ‘forbidden window’ decreases with decrease in the value of
¢ [Figs.(2.2) and (2.3)]. The plots of W4 /wg as a function of N
is shown in Figs.(2.4), (2.5), (2.6) and (2.7) for the ¢ values of
0.1,0.01,0.0001 and 0.00001 respectively. It is clear from these
figures that the breathing mode, W, is destabilized due to the
modifications introduced in the potential. Figure(2.4) represents
a collapse of the condensate, for N = N, ~ 1.2 x 103. When ¢
is decreased to 0.01, the collapse is followed by a reappearance of
the excitation frequency at a value marginally greater than N,
where it exhibits again a sharp rise in its frequency. Beyond this
point, excitation frequency is nonexistent. When the value of ( is
decreased to 0.0001, as N increases beyond N, the reappeared
excitation frequency is seen to converge to the frequency of the
breathing mode i.e. 2wp. But the breathing mode is supported
by the system only up to a certain value of N ~ 2 x 103. When
the value of the anharmonicity parameter is further decreased to
¢ = 0.00001 [Fig.(2.7)], it is found that the breathing mode is sup-

ported to higher values of condensate particle number. If the effect
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of anharmonicity is neglected, it is found that the W excitation
frequency still exhibits the sharp rise, which is followed by its con-
vergence to the frequency of 2wp, and it maintains this frequency
to arbitrarily large values of V.

For repulsively interacting condensate [sodium atoms, ?*Na],
the behavior of W_/wp as a function of N is shown in Fig.(2.8)
corresponding to ¢ = 0.1. It is clear from this figure that the
effect of the modifications in the potential on the collective excita-
tion frequency W_ is small for particle numbers usual to a BEC.
Figure(2.9) is the equivalent plot for ¢ = 0.01. Figures (2.10) and
(2.11) correspond to the variation of W, /wy against N in the case
of 23Na for ¢ = 0.1 and 0.01 respectively. In a purely harmonic
potential, W corresponds to a breathing mode oscillation as men-
tioned earlier in the case of attractively interacting condensate. It
is observed that anharmonicity introduced in the potential along
with the effect of gravity, does not significantly affect this excita-

tion frequency.

2.4 Conclusions

Through our investigations on a quasi-2D BEC in an anharmonic
trap in the presence of gravity, we could deduce that the anhar-
monicity and gravity result in a coupling between the oscillation
of the center of the condensate and its internal degrees of freedom,
which is absent if the trap is purely harmonic and if the effect of
gravity is neglected. We could conclude that gravity has got an
effect on the oscillation frequency of the width of the condensate
only if anharmonicity is present. It is also noted that inter-particle

interaction does have an effect on the influence of gravity on the
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collective excitation frequencies. It is observed that the anhar-
monicity in the potential and gravity result in a modified behavior
of both the collective excitation frequencies. The notable differ-
ence is that in the case of attractively interacting condensates, the
effect of anharmonicity and gravity is prominent on both the ex-
citation frequencies. But when it comes to repulsively interacting
condensates, the effect of the modifications in the potential on the

excitation frequencies is rather negligible at low values of V.
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2.5 Collective excitation frequencies
(W.) against condensate particle

number (V)

=
o

wo
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Figure 2.1: Collective excitation frequency W_ as a function
of the number of condensed particles N for “Li in the case
of a pure harmonic trap (dashed line) and in an anharmonic
trap (anharmonicity parameter ( = 0.1) where the effect of
gravity is included (solid line).
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Figure 2.2: Variation of collective excitation frequency W_
with the number of condensed particles N for 7Li in a pure
harmonic trap (dashed line) and in an anharmonic trap (an-
harmonicity parameter ¢ = 0.00001) where the effect of
gravity is included (solid line).
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Figure 2.3: Collective excitation frequency W_ against the
number of condensed particles N for “Li in the case of a
pure harmonic trap (dashed line) and in a harmonic trap
where the effect of gravity is included (solid line).
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Figure 2.4: Collective excitation frequency W, as a func-
tion of the number of condensed particles N for “Li: In pure
harmonic trap (dashed line) and in an anharmonic trap (an-
harmonicity parameter ¢ = 0.1) where the effect of gravity
is included (solid line).
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Figure 2.5: Variation of collective excitation frequency W,
with the number of condensed particles N for "Li in the
case of a pure harmonic trap (dashed line) and in an anhar-
monic trap (anharmonicity parameter ¢ = 0.01) under the
influence of gravity (solid line).
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Figure 2.6: Collective excitation frequency W, plotted
against number of condensed particles N for “Li in the case
of a pure harmonic trap (dashed line) and in an anharmonic
trap (¢ = 0.0001) where the effect of gravity is included
(solid line).
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Figure 2.7: Collective excitation frequency W, as a func-
tion of the number of condensed particles N for Li in a
pure harmonic trap (dashed line) and in an anharmonic trap
(anharmonicity parameter ¢ = 0.00001) where the effect of
gravity is included (solid line).
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Figure 2.8: Variation of collective excitation frequency W_
with condensed particle number N for 23Na in a pure har-
monic trap (dashed line) and in an anharmonic trap (an-
harmonicity parameter ¢ = 0.1) where the effect of gravity
is included (solid line).
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Figure 2.9: Collective excitation frequency W_ versus num-
ber of condensed particles N for 2*Na in the case of a pure
harmonic trap (dashed line) and in an anharmonic trap (an-
harmonicity parameter ¢ = 0.01): effect of gravity is in-
cluded (solid line).
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Figure 2.10: Collective excitation frequency W, versus
number of condensed particles N for 2*Na in the case of
a pure harmonic trap (dashed line) and in an anharmonic
trap (anharmonicity parameter ¢ = 0.1): effect of gravity is
included (solid line).
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Figure 2.11: Collective excitation frequency W, versus number of
condensed particles N for #*Na in the case of a pure harmonic trap
(dashed line) and in an anharmonic trap (anharmonicity parameter
¢ = 0.01) under the effect of gravity (solid line).



Collective Excitations of a Quasi-Two-
Dimensional BEC: Beyond Mean Field Theory

3.1 Introduction

The Gross-Pitaevskii (GP) equation, which is essentially a mean
field equation, has been remarkably successful in predicting the
properties of condensates near absolute zero temperature. The
essential reason behind this success is traced to the low value of
number density and scattering length of the experimentally real-
ized condensates [68]. But, the development of ingenious methods,
which exploit phenomena like Feshbach resonance, have resulted
in condensate experiments requiring analysis which goes beyond
the mean field realm [69]. It is also observed that the pseudopo-
tential approximation fails in the tight confinement regime [71].
Hence a generalization of GP equation to include beyond mean
field effects is relevant and essential. The collective excitations in
BEC in the mean field regime have been analyzed rigorously in the
literature and a large amount of valuable information has already
been derived [25, 26, 28, 33, 46, 73]. Hence, the aim of the present
analysis is to study the way these excitation frequencies get mod-
ified by the beyond mean field effects. As in the earlier work, here
also we choose a quasi-2D condensate for our analysis. An obvious
choice for the condensate wavefunction is a Gaussian [33]. In order

to step out of the pseudopotential regime, a potential that takes

95
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into account the energy dependence of the scattering amplitude is
obtained using an effective range expansion [13]. In the case of
repulsively interacting system, the effect of quantum fluctuation is

also taken in to account [72].

3.1.1 Effective range expansion

When scattering in the low energy realm is analyzed, a single pa-
rameter, namely the scattering length, is enough and sufficient to
characterize the scattering phenomenon. The reason behind such
a simplification is the fact that, at such low energies, only s-wave
(I = 0 and hence independent of the shape of the potential) scat-
tering is of significance.

But when the energy of interacting particles increases, more
and more partial waves will contribute to the scattering process
and this makes the scattering phenomena dependent on both the
energy and the scattering angle. But when the energy is only
slightly higher than the zero-energy, the scattering would still be
dominated by the s-waves, but the scattering cross-section now will
be energy dependent. This energy dependence is characterized by
the parameter ‘effective range’. In the case of a BEC, only s-wave
scattering between the particles is of importance, thanks to its
dilute nature. Hence the scattering amplitude can be expressed in

terms of the s-wave phase shift dy(k) as [68]

1

T 0) = [00 (k)] — 1 (31)

The ‘effective range expansion’ of k cot [0 (k)] gives

1 1
k cot [0g (k)] = - + §r€]g2 4o (3.2)
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where 7. is the effective range. Up to the second order of k, the

expression for the real part of the scattering amplitude is given by,

Re [f(k,0)] = —a + o <a — %r) k2 (3.3)

The effective range contribution to the potential in a BEC can be

given as [68]

Ara® (a — gre) B2
géBd) _ ma (CL 27‘ ) (34)
Ir 3m,

(3d)

The interesting point is that gei’c f does not vanish even when

re = 0. This is because of the fact that the real part of the scatter-
ing amplitude has a k? dependence even when r, is equal to zero.
Effective range, r. and s-wave scattering length, ‘a’ are related in
general. For hard sphere potential,

2

Te = 50 (3.5)

Using this expression for effective range in Eq.(3.4), we get

(3d) 8ralh?

Joff = g (3.6)
3.1.2 Quantum fluctuations
According to Heisenberg’s uncertainty principle,
h
AFEAt ~ 7 (3.7)

This implies that the law of conservation of energy can be violated
for extremely short span of time. The consequence of this is the
creation of particle-antiparticle pairs of virtual particles which have
transient existence. The effect of this on the energy of the system

is large enough to be measurable. In short, quantum fluctuation
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can be defined as the transient appearance of energetic particles
out of empty space, which results in a temporary change in the
energy of a space point. It must be kept in mind that the quantum
fluctuation is entirely different from the thermal fluctuation, which
are arbitrary deviation of a system from its average equilibrium

state.

3.2 Modified GP equation

The three dimensional Gross-Pitaevskii (GP) equation for a BEC
in a potential trap can be given as [30]:
v h?
= (

5 V2 4 Vo (v) + g(3d)\\If|2> v, (3.8)

2m

where m is the mass of the condensate particle and V. ¢(r) is the
external trapping potential. In the present case Vez(r) is chosen to
be harmonic and g(?’d) = 4mah?/m is the coupling parameter which
takes in to account the inter-particle interaction of the condensate
atoms, where a is the s-wave scattering length. The 3-dimensional
GP equation which takes into account the modifications in the
potential corresponding to quantum fluctuation and effective range
expansion can be obtained from the following energy functional
[68],

3 h? 2 2 9(3d) 4
E[\If]:/dr —|VU|* + Vet |[V]° + =—|V|
2m 2

2 (3d)|015 gégd) 252 2
TEh 0| +T|‘I’| Ve (1vP) ], (3.9)
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using the variational procedure. The resulting modified GP equa-

tion is
ey h? o (3d) |, 2
Zha— —%V +Vext(r>+g |\Ij’
3d Q(Sd)
+ o+ 2 () | v (3.10)
where

g(gd) _ 32@3/29(3d) g(gd) _ Sradh?
L 3T 172 3m
(3d) (3d)

and g;” "’ governs the effect of quantum fluctuation and g5~ takes

(3.11)

into account the contribution from effective range expansion to the
potential. It must be kept in mind that in the case of attractively
interacting condensates the expression for gggd) is meaningless [72].
Hence, in such a case, only the effective range modification to
the potential is considered. As in chapter 2, the trap frequencies
are chosen such that w, = wy = wp and w, > wp making the
condensate a quasi-2D one. Under this condition, as it has been
done earlier, the variational wave function of the condensate can

be written as ¥U(r) = ®(p)po(z) where p = (z,y) and

1\ 1
wo(2) = (W) exp (—z2/2€2) (3.12)
with ¢ = \/h/(mw,) as the width of the Gaussian and

(z,y,t) = A(t) H exp (—M

Qw2
n=w,y K

+i [non(t) + n2ﬁn(t)]> (3.13)

is the Gaussian trial wavefunction.
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Making the trap quasi-2D results in the modification of the

(3d) g§3d) and gég’d) and consequently of the GP equa-

(2d)

parameters g
tion. The expression for ¢'“% | interparticle interaction in the quasi-

2D case has already been obtained to be

g(2d) i \/%(IHQ

ml

(2d)

Similarly the expression for g,”"’, the term governing the effect

(3.14)

of quantum fluctuation in the case of a quasi-2D BEC, can be

obtained as follows.
3.2.1 Quasi-2D reduction of quantum fluctua-
tion term

The contribution of quantum fluctuation for quasi-2D case can be
obtained by performing integration over the z component in the

following way:

oo o0
2d 3d
S TR T

sd) [ 1 i
= g% )/ 1D[°d?p (W) / exp (—52%/20%)dz
1\ 2V e
02 JI0 1
(3.15)

Using the expression for g§3d) from Eq.(3.11), we get

5/4
S0~ (L " o a1/44(3)
1 T2 3v10
256  h2q®/?

= AR (3.16)
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3.2.2 Quasi-2D reduction of effective range
interaction term

Following the same procedure as in the case of Eq.(3.15), we can
get the quasi-2D form for effective range interaction term,

42 / 1B(p) 2V2]B(p) [2d%p = g / WPV 0P

—00

- [ T ()0 [loo(2) PY3IE(0)
2
bR gl

= g3 l/ |@(p)|2V3|<1>(p)!2d29/ lpo(2)%dz

—00

00 00 2
[l [ iR P 3.17)

—00 — 00

Using the expression for g§3d) and integrating over the z-dimension,

we obtain

- e | () PV (0) P2

— 00

42ra3h? [
- e | wes (3.18)

—00

Thus the dimensional reduction of gégd) terms results in two terms

£ [ wpeiep) = o [ e Peieprd,

—00

L gD / B (3.19)

—00
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where
g(gd) _ 4V 2maPh? g/(2d) _ 4 2ra’h? (3.20)
2 3ml Ime3 '
Here, ¢’ (2d) ig the additional parameter that arises along with géQd)

during the dimensional reduction and it has the same dimension
as that of g(Zd). The quasi-2D GP equation is found to have the

form

L 0P h?
WO — (- + 0+ /()

(2)
b e + EV (%) Jo(e) (320

where
m
Va(p) = 5 (wiz” +wyy?)

and
V8rah?
ml

is the term governing inter-particle interaction. Now

(2d)

(20)  256a%/2h?
N 3 Toma /A6
is the term corresponding to quantum fluctuation and

4\ 2mad h?
3me3

g/(2d)

(20) 4 2ma’ h?
2T T
are the terms governing the contribution of effective range inter-

action.
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It is important to note the relative values of these parameters
as that will help in understanding the significance of different con-
tributions due to beyond mean field corrections. In the case of
sodium (#3Na), g(24) . ¢/(2d) . g%Qd) : géQd) ~1:1076:107%: 107",

In order to obtain the Eq.(3.21), we start from the following

Lagrangian density.

ih( 09 09\ R _
L = E(Cb BT - E>+%‘V2©‘
(2d) 1(2d)
2 g 9 4
s lo+ |25+ L0 o
2 (2d g5
+ zo el + (e v3eP (3.22)

Using the Gaussian trial function in Eq.(3.13) in the Eq.(3.22)
and integrating and using the variational procedure, we can get
the Euler-Lagrange’s equations of motion for the dynamics of the
collective excitations of the system [33]. The terms in the La-
grangian, apart from the contributions due to thermal fluctuation
and effective range interaction, have been worked out in Eqs.(2.16),
(2.17), (2.18) and (2.19) in chapter 2.

The quantum fluctuation term in the Lagrangian density is

2
Ly = gggzd)’q’P (3.23)

and the corresponding Lagrangian can be obtained as

L :/ L1d%p
2

00 _— e
= o /_ AP Y exp [_5“%1 25

g =,y K
AT (24
= 2—95 AW Py, (3.24)
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Since
T|A®t)|Pwyw, = N

we can write (2a)
4 N5/2
Ly = gl— (3.25)
25 (mwgwy,)3/2
Similarly the term in the Lagrangian corresponding to the ef-

fective range interaction is obtained as

00
LQ = / £2d2,0|

—0
= La@) / LR
n=x,y
2d
_ A Yo Dy (3.26)
Srwiwd (wy  wg | '

Hence the total Lagrangian of the system can be written as

L::NZ%hh%+@ﬁ—>M

h? s, 11 9 9
t o5 (o +2m03) +3 w_%+4ﬁnwn

1, w gD N2 g(2d) N2
+ 2mw0 <770 + 2 + Amwgwy + 8T W Wy
2d 2d
N2 g N Ty (3.27)
25732 (wpwy )3/ Srwiwl |wy  wy | '

3.2.3 Equations governing the condensate dy-
namics

The E-L equations corresponding to different variational parame-

ters are obtained as

1o + wino = 0, (3.28)
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, 9 h? g2 N gD N
o ¥ LW = m?w3 - 2rmwiw,  drmwzw,
.\ 129179 N3/2
25m7r3/2w2/2w2/2
PONT 3 1
+ & l — +— 3] (3.29)
dmm [wiwy  wiwy
K2 g(2d)N g/(2d)N
. 2 _
Wy Wty m2w; + 2rmwywl - Armww?
N 12 N3/
25m7r3/2w§/2w2/2
CINT 3 1
+ & l e 21. (3.30)
dmm | wgw,  wywy

Introducing the scaled variables,

_ a2 )2 ; o0 _ 920
To = xo/ar, ¢ = (a7 /wy, T =wol, Wy =wp/ar, g~ = 2rh?

2d 2d
-@d) _ g®Im 52D — 129" "m 20 = g5 m
4dmh? ' 25m3/2h2a Arh?a®

where a; = \/h/mwy. The scaled form of the equations is
o + wirio = 0, (3.31)

1 gean g%y

W + = = 5= 5=

o T T T e, T ats,
~(2d)N3/2 3 1
A + N [ )
wy “, Wy, — WyWy
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Wy + Wy=—x+ =5+ "—=5=
Y Y wg wgwgc wgwx
~ (Qd)NS/Q 3 1
glm—m+9~2(2d)Nl~ ot ~3~2] (3.33)
/s WywE W2

where 1y = (2, yo) corresponds to the center of the condensate. It
can be seen from Eq.(3.31) that the oscillations of the center of the
condensate are unaffected by the beyond mean field modifications
introduced in the potential.

The symmetry of the equations (3.32) and (3.33) enables us to
assume a common equilibrium solution wq for them. Since Q(Qd) >

~(2d
g ( ), j1(2d) and §2(2d), we can approximately write

wo ~ (1 + gPIN)V4, (3.34)

Using W, = Wy + dwy, in Eqgs. (3.32) and (3.33), we get

Oy
Sy + g+ Oy = i) 0 } + PN . T
Wy Wy
5,12 5w, ]
14 2] [1 + _y}
~(2d) [ Wo wWo
0
o (5] 14 0] o
n (zd)N3/2 wo _ w
Wy
)
5~a: 3 6wy
n (éd)N [1 + ﬂ)io} [1 + u?_o]
D) -
w5
—4
S ]~ 51,
[1+ %] [1 + w_o]
W



(3.36)

Linearizing the equations (3.35) and (3.36), we get

. b (520 4 PN
Sibg 4 0, = 00 G0 S N Gsa s,
Wo Wo

7 CON3/2 5 3
g1 ~ ~
g~2(2d)

—— 601, + 14010, ] (3.37)
W

Sy + 0wy = — — - N 26w, + dwb,]

G

—— 6610y, + 14610,] (3.38)
Wy

From the equations (3.37) and (3.38) we can obtain the col-

lective excitation frequencies by the same procedure as used in
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Sec.(1.3). Thus, by using
g = Ay exp(iW't) (3.39)

dw, = Agexp(iWt) (3.40)

in the equations (3.37) and (3.38), we arrive at the equations,

319 [p2d) 4 7)) N 5(2d) \r3/2 o(2d) 9
14 3%20 - BT ~5 92 N WE 4
i “o 2w Wo “o
[ [5(2d) | /(2d) ~(2d) A73/2 ~(2d)
g9 +g "IN 3g'N 145, N
+ | “ |V, 8 ~ B_Tla=0 (341
W 2wy Wy

349 [52d) 4 52D N ;2D Ar3/2 6524 N 2
- E gD 54, L0y N W

- A
W 2w N
(1520 4 JCOV N 32D N3/2 14520y
+ 3 Z ) Sh L Tl a—0 (342
W 2wy wy

In the matrix form, the Eqgs.((3.41) and (3.42)) can be written as

T T A
11 T2 A (3.43)
To1 Tna A

where
3+2[gC%) 4+ gD N
Tih=Ty = 1+ [g T J }
Wo
5500 N32 6N w2
+ 5 — + = - — (3.44)
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Tig =19 =

[g(?d) + g/(2d)] N 14§§2d)N 3 §§2d)N3/2
+ +3

] ~6 -5
Wo Wy Wy

(3.45)
For a non-trivial solution, the determinant of the coefficient matrix
should vanish. Thus

T Tho

=0 (3.46)
To1 Too

Using Eqs.(3.44) and (3.45) in Eq.(3.46), we can obtain

= +

2
Wy 2 wy w

Wo

4 2 3492 (2d) 4 52d)) N 5(2d) Ar3/2 ~(2d)
w K{2ll+ (30 + )N 5N el N

- _(2d) . ~1(2d _(2d _(2d) 1,72
3+2(g(2)+g/(2))]\[+§g§ )N3/2 69; )N]

+ |1+
wh 2w " wg
- 2
5(2d) + 5/(2d) N 3 ~(2d)N3/2 14~(2d)N
_|& I ) 2 =0 (3.47)
Wy 2 wy w

Therefore

we = 342(50 +g@) £ N 5NV 6N
: @ 2 g I
5(2d) 1 7(2d)) N S2d) 32 4224) 5
s |1 ; )X, 30 2 T2 348)
“o 2 Wq wy
(2d)

Using u?é ~ 1+ g“¥ N, the collective excitation frequencies can be

obtained as

~(2d) -~ (2d - (2d
3¢ N 4G 2IN3/2 206,2D N
Wy = [4+ IS T Ty (349)

W Wy Wy
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and
142500 + %N gRINS2 8gRIN
W = 7 - =5 =6 |“0
Wo Wo Wo
(3.50)

Here, W is a modification of breathing oscillatory mode, which
corresponds to m; = 0, where m; is the angular momentum quan-
tum number in the direction of z-axis, whereas W_ is a modifica-
tion of the superposition of modes with m; = +2 and m; = —2 [33].
It is to be noted that the excitation frequency, W is independent

of the effect of interparticle interaction.

3.3 Numerical results and discussion

We have investigated the behavior of the collective excitation fre-
quencies of quasi 2-D BEC in beyond meanfield regime as a func-
tion of the number of condensed particles (V). The corresponding
graphs are plotted for both attractively and repulsively interacting

condensate atoms.

3.3.1 Behavior of collective excitation frequen-
cies for lithium("Li)

Figure (3.1) shows the plot of W_/wp as a function of N for an
attractively interacting condensate [lithium atoms(7Li) with scat-
tering length, @ = -1.5nm| within and beyond mean field regime.
Numerical values of the interaction parameters can be obtained

from their expressions in Sec.(3.2.3). For 7Li

(2d) /(2d)
~(2d) _ g m _ 4 ~/(2d) _ g m
8.1x 1074 ¢ P

G =2.7339 x 10710
g 2mh? % ’
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(2d)

12 m
- 2d) _ 2291 T 4098 w1077
g1 257m3/2h2a | 7
(2d) gézd)m 11
(20 — 92T 5640 x 10711,
92 47rﬁ2(12L

It is very clear from Fig.(3.1) that the collective excitation fre-
quency shows a sharp increase towards infinity for N = Ny ~ 1240.
This is a signature of the collapse of the condensate [33]. The ex-
citation frequency again reappears at N = 2Ny. But the inclusion
of the beyond mean field effects in the potential modifies the be-
havior of the excitation frequencies. Although the collapse occurs
at the same particle number, reappearance is not observed in this
case. The reason is obvious from the Eq.(3.50). Even though the
parameters ¢’ (Zd), g§2d) and gém) are much less than g(2d), the de-
nominators of these terms restrict the excitation frequency W_
from attaining real value for all N > Nj.

It has been reported earlier that, in the mean field regime,
W, corresponds to a breathing oscillation of frequency 2wy [33].
But the introduction of the modifications in the potential results in
drastic change in the behavior of this excitation frequency [Fig.(3.3)],
which indicates a collapse of the condensate similar to that in

Fig.(3.1) for N > Ny ~ 1240. The explanation for this behavior is
same as that for the case of Fig.(3.1).

3.3.2 Behavior of collective excitation frequen-
cies for sodium(**Na)

For repulsively interacting condensate of sodium, (23Na), s-wave

scattering length has a positive value, a = 2.8nm and

(2d),, coa) gDy

=2994x1073, ¢ = = —1.4053x 1078,

~(2d) _ 9 g "
g Amh?

 2rh?
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(2d)

12 m
Fd) 291 T 58118 % 1076
g 2573/212a, ’
(2d) gém)m 9
2d) — 92 52905 « 1079,
92 47rh2azL %

In this case, the modifications in the potential do not show large
influence on the variation of W_ with N for small values of N
[Fig.(3.5)]. But for large N, while the mean field excitation fre-
quency converges to approximately 1.416wp, in the beyond mean
field regime, it reaches a minimum and then shows a gradual but
slow increase. The other collective excitation frequency W shows
an increase with N in the modified potential [Fig.(3.7)]. This is
in contrast with its behavior in the mean field regime, where it is
independent of N. To confirm the generality of the above results,
similar plots have been constructed in the case of other conden-
sates also - [rubidium (3"Rb) with scattering length, a = 5.4nm
and potassium (%K) with scattering length, a = -1.75nm] - and
the qualitative behavior is found to be the same [Figs.(3.2), (3.4),
(3.6) and (3.8)].

3.4 Conclusions

In this chapter, we have analyzed the modifications in the collec-
tive excitation frequencies of a quasi-2D BEC due to beyond mean
field effects. Unlike the previous work, where the effect of gravity
and anharmonicity on collective excitations were studied, in this
case it is found that the oscillation frequency of the center of the
condensate is unaffected by these modifications. But the collective
excitations corresponding to the width of the condensate are thor-

oughly modified. For an attractively interacting condensate, reap-
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pearance of the collective excitation frequency W_ is prevented by
the beyond mean field effects, whereas, for a repulsively interacting
condensate, W_ shows an increase with N after reaching a mini-
mum. This is in contrast its behaviour in the mean field regime,
where it approach a constant value for large N values. It is also
found that, in the presence of beyond mean field modifications of
the potential, breathing mode of frequency 2wq is not supported
by both attractively and repulsively interacting systems. Instead,
W, shows an increase with N. While the attractively interact-
ing condensate exhibits a sharp increase, indicating a collapse of
the condensate, such a drastic behaviour is absent in a repulsively

interacting system.
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3.5 Plots of collective excitation frequen-
cies against condensate particle num-

ber

0 1000 2000 3000 4000 5000
N

Figure 3.1: Variation of collective excitation frequency W_ as a
function of the condensed particle number N for “Li: In the mean
field regime(dashed line) and beyond mean field regime(solid line).

=

wo
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Figure 3.2: Collective excitation frequency W_ versus the number
of condensed particles N for 3*K: In the mean field regime(dashed
line) and beyond mean field regime(solid line).
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N
Figure 3.3: Collective excitation frequency W, plotted against

number of condensed particles N for "Li: Dashed line refers to
mean field regime and solid line refers to beyond mean field regime.
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Figure 3.4: Collective excitation frequency W, as a function of

number of particles in the condensate N for 3°K: In the mean field
regime(dashed line) and beyond mean field regime(solid line).
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N
Figure 3.5: Variation of collective excitation frequency W_ with

number of condensed particles N for ?Na: Dashed line refers to
mean field regime and solid line refers to beyond mean field regime.
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Figure 3.6: Plot showing variation of collective excitation fre-
quency W_ with condensed particle number N for 8"Rb: In the
mean field regime(dashed line) and beyond mean field regime(solid
line).
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Figure 3.7: Collective excitation frequency W, plotted against
number of condensed particles N for ?Na: In the mean field
regime(dashed line) and beyond mean field regime(solid line).

24————

23" :

0 1000 2000 3000 4000 5000
N

1.97\ L L L L L L L L

Figure 3.8: Collective excitation frequency W, versus number of
condensed particles N for Rb: In the mean field regime(dashed
line) and beyond mean field regime(solid line).






Collective Excitations of a Quasi-Two-
Dimensional BEC: Effect of Thermal Cloud

4.1 Introduction

The Gross-Pitaevskii (GP) equation, which is often used in the
analysis of BEC, is actually a zero temperature equation. This
equation is exactly valid only for a condensate at absolute zero tem-
perature. But, it is a well established fact that absolute zero tem-
perature is unattainable by any experimental means. All the Bose-
Einstein condensates realized in laboratory have been attained at
ultra low, yet finite, temperatures [8, 9]. And the experiments are
focussed in the direction of attaining this phase at a higher tem-
perature than at a lower one. The essential difference between a
BEC at absolute zero (or very low) and at a finite temperature
is that, in the case of the latter condensate, a finite number of
atoms at higher energy levels will be co-existing along with the
condensate particles. This constitutes the Thermal Cloud. When
the temperature of the system is very low, the number of atoms
in the thermal cloud is very small. Under this condition, the GP
equation in its usual form gives a good mean field description of
the condensate dynamics. But, if the temperature is high enough
to ‘feed’ the thermal cloud appreciably, a modification of the GP

equation becomes necessary for a faithful description of the system.

79
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Experimentally, it is already observed that mode coupling be-
tween the condensate and the thermal cloud is negligible [70]. This
motivates the usage of a static distribution for the thermal cloud
density [23, 24].

pu(r) = R(T) expl—V(x) /K] (4.1)
where
V(r)= % (wixz + waQ + WEZQ)

and R(T) is the normalization constant which is a function of
temperature.
The Lagrangian density corresponding to the GP equation mod-

ified to include the effect of thermal cloud can be written as [23]

ih (_0U*  _ OU h? 9 5
(2d) drah?
+ Sl ()P (42)

The wavefunction ¥ and the thermal cloud density p,, satisfy the

normalization conditions

/d3r|\11(r)|2 = No (4.3)
and

/ Brpa(r) = Ny, (4.4)

where Ny is the condensate particle number and NV, is the number
of particles in the thermal cloud.

In this chapter, we analyze the effect of thermal cloud on the
collective excitation of quasi-2D BEC. This analysis has already
been done elsewhere for one, two and three dimensional traps [23].

But an extension of the work to quasi-2D traps is new. It is a
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fact that an exact two dimensional BEC is impossible to realize
in the laboratory. Here comes the significance of investigations of
the quasi-2D condensates as this is one of the physically realizable
versions of low dimensional BEC. The difference in the analysis
of an exact two dimensional and quasi-2D BEC is that, in the
latter case, the interaction terms in the potential undergo changes.
As it was done earlier, the condensate wavefunction is written as
U(r) = ®(o)po(z) where o = (x,y) and

i = (1) e

is the normalized ground state wavefunction of the trap in the

z-direction. The interparticle interaction term in three dimension,

Amah?
g3 — — = (4.5)

becomes )
g0 _ VBmah? (4.6)

me

in a quasi two dimensional system, where a is the s-wave scattering
length and ¢ = \/h/mw,. In a similar fashion, the term in the

Lagrangian density corresponding to the effect of the thermal cloud

ma 2
Lr = )P (@.7)

has to be reduced to the case of a quasi-2D trap by integrating out
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the z-coordinate from it.

drah® |1 9
£r = TN R@) expl-Via) T 0(0)
/ dz exp[—mw?2? /2kT] exp|—22 /2]
4rah?
- L (@)P(o)f
mly\/ g7 +
= 07" pn(@)|2(0)” (48)

Thus the quasi-two-dimensional reduction has resulted in the ther-
mal cloud term showing dependence on the trapping frequency in
the dynamically frozen direction, i.e. w,. In order to enable a
variational analysis, we assume a Gaussian wavefunction as be-
fore. Thus

— 2
O(z,y,t) = VAR ] e G%
n

n=x,y
+ i [nay(t) + 772577@)}) (4.9)

Then the Lagrangian corresponding to the thermal cloud term can

be obtained by

LT:/ dZUET:ggd) X

—00

2

/OO d*oR(T)A(t) H exp l— (% + w%%) 772] (4.10)

- n=x,y

Using the normalization conditions in Eqgs.(4.3) and (4.4), we can

obtain the expressions for A(t) and R(7') using

/ h 2o A(t) T] exp l—w} — A()aW,W,,  (4.11)

W2
> =,y K
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oo
2 moo2 2
/ d“oR(T) exp {—2]{7, (w x +wyy )] Ny

—00
and we get
N,
Alt) = —2
TW Wy
and N
MWW
L Wy
R(T) 2rkT

Using Eqs.(4.13) and (4.14) in Eq.(4.10), we get

H [ mw? NON
n=w,y wkT / mwan )

(4.12)

(4.13)

(4.14)

(4.15)

As all the other terms in the Lagrangian have already been eval-

uated earlier, the total Lagrangian of the system can be written

as

n
2\ 1
2 (.2
+ 2mw0 <770 + %) + A_Lhwz
. g2 N2 . g2 N2 4g§2d) N5/2
Amwzwy  8Twgwy  25m3/2(wyw, )3/

N? Tw
8rwiw? | w

x i ﬂ]
y Wz
2
(Qd)N N, mw??
* Ir 0 "V rkT
n

(4.16)
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Then the Euler-Lagrange’s equations corresponding to the vari-
ational parameters can be obtained by the usual procedure. The

E-L equations for the center of the condensate is found to be

o 4 wirg = — {C [2x3 + 3xowg] + ga} (4.17)

ijo + wiyo = —C [208 + 3yow;] (4.18)

These E-L equations for x¢ and yg can be seen to be independent of
the effect of the thermal cloud density. Thus, it can be concluded
that the effect of quantum fluctuation, thermal cloud and effective
range interaction does not result in introducing a coupling between
the center of the condensate and its internal degrees of freedom.

Now, for obtaining the E-L equations for w,, we start with

oL

Oy,

=0 (4.19)

oL
In order to find out Do it is reasonably assumed that in the
w

finite temperature BEC, the condensate widths are smaller than

that of the thermal cloud, that is mw%w% << kT. With this

approximation, L7 can be written as

2
mw,
Ly = gg/?d)NoNn H \/ ﬂ_an

1
n==.y [”;‘;’27 w?] + 2}

1/2

24) m mw? 1TV el T
= g7 NoNy (27T/€T) Wy [1 + xwx‘| [1 + —ywy]

2kT 2kT

(2d) m mwy mw; 2
~ €T
~ or Mol (QWkT) ety ll TG T kT wy}
Assuming an isotropic trap, w, = wy = wp and using
oL (2d) m2wg
= —g7 NoN,————=w;, 4.21
Owy r n47r(k:T)2 : ( )

(4.20)
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the E-L equation for w, can be obtained as

h? g2 N
.. 2 . 3 2
Wy + Whwy = m2us + 2rmulu, —C [3wx + Gxowx]

g/(Zd)N 12¢g (Qd)N3/2
Armwiwy  95m7r3/24,0/ 3/2

géQd)N[ 3 1 ]

+
4 203
drm [wawy  wiwy

2, 4
(2d) _mtwy
+ g N, "SRR (4.22)

Similarly, for wy

h? g@IN
. 2 . 3 2
Wy + wiwy = meS + 27rmwxw§ —C [3wy + 6y0wy}
gD N 12929 N3/2

2 3/2 5/2
ATmwewy 25 r3/245/ wy/

dCINT 3 1
Ty 1t s
M | WaWy, — WRWy
mzwé

"or(kT)2"Y

(2d)

+ 97 (4.23)

Defining a new parameter g gd) = ( )NHQWE,:%)Q, the equations

(4.22) and (4.23) can be rewritten as

92 h? g(2d)N
Wy + wo [1 — g<T )] Wy = 303 + Sy T ¢ [311):?; + 61:(2)11)3:}
xr

:cwy
gD N 12952@]\]3/2
Ammwzw, 25m7r3/2w2/2w2/2
(2d)

N| 3 1
+ 22 l A 3] (4.24)
drm | wiw,  w? ZWy
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2 (2d)
. 2 (2d) h g-vN 3 2
Wy + Wy [1 — ng ] wy = mzwg + 27mexw§ —C [Bwy + 6y0wy]
gl(2d)N 129§2d) N3/2
47me$wl2/ 25m7r3/2w§)3/2w2/2
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v B l i+ 2] (4.25)
drm |wawy,  wiwy

Using the following scaled variables,

12
caf , T=uwo\/1 —glgd)
1 — g/(2d):| 2

~ /
t, Wy =wy/d,

To=ux0/d|, (=
[ T | %o

d
_(2d) _ g2 ~(2d) AR (2d) _ 12952 dm

 owh?’ g  A4nh? 91 N 25#3/2712&3_’
(2d)
G220 — Gp M
47r712ai2

where ¢/, = |——Ll—— equations (4.22) and (4.25) are mod-
=== (4.22) and (4.25)

ified as

B N 1 g@IN VN G R N3/2
Wy + Wy = =3 5+ o 5/2 _3/2
1

] — ¢ [3W3 + 6351, (4.26)

. N g~1(2d)]\f3/2
Wy + Wy = — + 5= 5=

v W3 W2y W2, wg/ng/Q
1

] — ([30) + 673D, ] (4.27)
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As it was done previously, by introducing w, = wy + 0w, in
the equations (4.26) and (4.27), we get

|
i 1+ 9] [ +m]
517}3: + QDO + 5'[[]36 = % + g(Zd)N = ~3 =
Wy Wy
7,7 2 5w,
L4 58] 14 3]
~(2d) [ Wo wWo
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+ 1178
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S, 13 Sy | i, ] L Iy -
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0 0
— |3 [W + 3wgoi, | + 63 [ty + 0iby] (4.28)
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Then, the linearized equations can be written as

~ (2d)

) b (62D 4 g
Sty + 6, = _3{‘? @ 9 )N 26w, + 01D,
Wy W
~ (Zd)N?)/? 5 3
gi - i
7 [zéwm + 25wy]
- (2d)
— B (65w, + 146w,
— ([635 + 93] 6, (4.30)
. si, (G20 4 ¢*Y
Sy 16, = ool (9 +9 N o5, + o1,
Wo Wo
~ (2d)N3/2 5 3
gi - i
T [2(5wy + 2(5wx]
- (2d)
— B (65w, + 1450,
w,
. 0
— ¢ [675 + 9] by (4.31)

Going through the usual procedure of finding the normal modes

leads to the following collective excitation frequencies:

N ~(2d)
3+2 (g(Zd) +4q ) N 5g~1(2d)N3/2 6g~2(2d)N

W2 = ||[1+ +o +
* W 2w} WS
- ~(2d
2 2 72 [~2 212 (g(Zd)+gl( ))N
+ 3¢ [#5+ 5] £ |9¢% [3 — 7] + -
0

+ 76

2
3GRIN32Z 146,2D N 2 [ 2d)
5 wP + w “0 9T
0 0

Using the equilibrium values of 7 and 7, the collective excitation

+ C9u?

(4.32)
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frequencies become

~(2d) V(Qd)) N N
B 3+2 (g +g N 591(2d)N3/2 6g2(2d)N )
w, 2 wy wy
. 5 . 4 (g(gd) +g~,(2d)) N
o a =9 a
R R R
1% 1% 0
97 1/2
3HCIN32 146,2D N (2d)
— 1—¢ 4.33

The above expression implies that the effect of thermal cloud re-

sults in a decrease in the collective excitation frequencies.

4.2 Numerical results and discussion

Since the effect of thermal cloud on the excitation frequencies is
on the focus, two sets of plots are prepared - one showing the
variation of the excitation frequencies with the temperature, while
the number of particles in the system, N kept constant, and the
other showing the variation of the excitation frequencies with N

at constant temperature.
4.3 Effect of temperature on the col-
lective excitation frequencies

The plots are prepared under the assumption that the temperature
of the BEC is greater than T, where

2/5 2/5 g -
T0:157 (@) % (4.34)

a
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and it gives a measure of the effective potential acting on a ther-
mal excitation. Under this condition, collective excitations in the
system can safely be approximated as free particles and the ex-
pression for the number of particles in the thermal cloud can be

obtained as [66]

1/6,,\ 2/°
Nege = N [t3 +2.15 (N “) 2 [1— ] 2/5] (4.35)

a

where t = T'/T, and the plots are prepared for temperatures, T >
Ty. Dashed lines in the plots represent the condensate behaviour in
the absence of thermal cloud and bold lines represent the behaviour

when the effect of thermal cloud is also taken into account.

4.3.1 Effect of temperature on the Collective
excitation frequencies of lithium("Li)

Figures (4.1) - (4.4) show the plot of W_/wy as a function of
temperature, 7" for an attractively interacting condensate [lithium
atoms(Li) with scattering length, @ = -1.5nm]. As it has already
been stated in chapter 3, in the case of attractively interacting con-
densates, the effect of quantum fluctuation can be omitted. These
plots show the variation of W_ /wy with temperature within and
beyond meanfield regime. It is observed from the plots that tem-
perature has a significant influence on the excitation frequencies of
the system. As can be observed from Figs.(4.1) - (4.4), the num-
ber of particles in the system drastically affects the behavior of W_
with temperature. Figs.(4.5) - (4.8) represent the variation of W,
with temperature. From the figures, it can be concluded that the
influence of beyond mean field effects is to reduce the temperature

range over which the excitation frequency has physical existence.
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It can also be seen from Fig.(4.8) that a decrease in the anhar-
monicity of the system increases the range of this existence of the
excitation frequencies.

In the absence of beyond mean field effects, for the anharmonic-
ity parameter, ¢ = 0.1 and N > 10°, the excitation frequency W,
is not supported by the condensate. But when the mean field ef-
fects are also taken in to account, it can be observed that only
for particle number N < 10%, the excitation frequency W is sup-
ported by the condensate, whereas the other excitation frequency,
W_ is not supported for N > 103. Thus the beyond mean field ef-
fects reduce the range of particle number over which the excitation

frequency will be sustained in the condensate.

4.3.2 Variation of collective excitation frequen-
cies with temperature for sodium(**Na)

For repulsively interacting condensate [sodium(?*Na)], s-wave scat-
tering length has a positive value, (e = 2.8nm). Figs.(4.9) - (4.14)
represent the variation of W_ excitation frequency with temper-
ature and Figs.(4.15) - (4.20) are similar plots for the excitation
frequency W,.. In this case also, the general observation is that in-
clusion of beyond mean field effects decreases the range of physical
existence of the excitation frequencies. In the absence of beyond
mean field effects, the excitation frequency W_ is supported by the
condensate even at large values of N > 107. But, when the be-
yond mean field effects are also taken in to account, it is observed
that for N > 10°, the excitation frequency W_ is not supported
by the condensate. In the case of W also, the limit of particle
numbers over which the excitation frequency is supported by the

condensate is the same as that for W_.
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4.4 Variation of excitation frequencies
with number of particles

Plots which show the variation of the excitation frequencies with
number of particles at a constant temperature are also prepared.
Two sets of plots are prepared for both attractively and repul-
sively interacting condensates. The first set extends the effect of
gravity and anharmonicity on the collective excitations to the case
of a condensate at finite temperature, while the second set repre-
sents the influence of beyond mean field effects on the collective

excitations of a finite temperature BEC.

4.4.1 Behaviour of collective excitation frequen-
cies as a function of the number of parti-
cles: Effect of gravity and anharmonicity

Figures (4.21) - (4.24) represent the variation of collective excita-
tion frequencies against the number of particles in a BEC at finite
temperature. Each plot contains the behavior of the system in
the presence of gravity and anharmonicity and in the absence of
these effects. From Fig.(4.21), it is clear that for an attractively
interacting condensate, thermal cloud severely affects the behav-
ior of W_. In a pure harmonic trap at zero temperature, W_
exhibits an increase towards infinity, which represents a collapse
of the condensate. This is followed by a reappearance of the exci-
tation frequency at higher values of N [Fig.(2.1)]. But for a finite
temperature condensate in pure harmonic trap as well as in an
anharmonic trap (anharmonicity parameter, ¢ = 0.001) under the
influence of gravity, although the reappearance is observed, the

collapse is absent. When the value of anharmonicity parameter, ¢
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is increased to 0.1, even the reappearance is not observed. The be-
havior of the other excitation frequency, W is similar to the case
of a zero temperature BEC as shown in Figs.(2.5)-(2.7) in chapter
2. In the case of repulsively interacting condensates, the behavior
of both the excitation frequencies are relatively unaffected by the
thermal cloud as well as by anharmonicity and gravity [Figs.(4.23)
and (4.24)], although, at very low value of particle numbers, we
observe a deviation in the plot due to the influence of the thermal

cloud.

4.4.2 Behaviour of collective excitation frequen-
cies as a function of number of particles:
Beyond mean field effects

It is observed that, for attractively interacting condensates at finite
temperature, the introduction of beyond mean field effects does
not significantly affect the behavior of the excitation frequency
W_ [Fig.(4.25)]. But it is particularly interesting to note that the
thermal cloud has severely affected the excitation frequency. For
a condensate in the mean field regime, at zero temperature, col-
lapse and reappearance of the excitation frequency are observed,
whereas when the beyond mean field effects are included, reap-
pearance is absent [Fig(3.1)]. But, for a condensate at a finite
temperature, the collapse of W_ excitation frequency is absent in
the mean field regime. The behavior of W, is not found to be
affected significantly by the thermal cloud [Fig.(4.26)].

In the case of repulsively interacting condensates also, the be-
havior of the excitation frequency W_ is not affected significantly
by the thermal cloud [Fig.(4.27)]. But it is observed that, the be-

yond mean field effects result reducing the ‘lower cut-off value’ of
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N below which the excitation frequency do not exist. The behav-
ior of the excitation frequency W is observed to be qualitatively
the same as that in the case of a condensate at zero temperature
[Fig.(3.7)].

4.5 Conclusions

It can be concluded from the figures [Figs.(4.1) - (4.20)] that the
number of particles in the condensate decides the dependence of
the collective excitation frequency on the temperature. It can also
be seen that, for both W, and W_ excitation frequencies, inclusion
of beyond mean field effects decreases the temperature range over
which they exist, whereas a decrease of the anharmonicity param-
eter, ( increases the range of existence of these excitation frequen-
cies. It is particularly interesting to note that beyond mean field
effects reduce the range of particle number over which the excita-
tion frequency will be sustained in the condensate. In the presence
of thermal cloud, the collapse of the attractively interacting con-
densate, as it was observed for condensate in a pure harmonic trap
at zero temperature, is absent, whereas the excitation frequencies
in a repulsively interacting BEC at finite temperature remains un-

affected by the modifications in the potential.
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4.6 Plots of collective excitation
frequencies(W.) vs temperature(7)
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Figure 4.1: Collective excitation frequency W_ as a function of the
temperature, T for "Li in the mean field regime: N=10% ¢ = 0.1.
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Figure 4.2: Collective excitation frequency W_ against temper-
ature, 7' for "Li in the beyond mean field regime: N=10? and
¢ =0.1.
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Figure 4.3: Collective excitation frequency W_ as a function of the
temperature, 7' for "Li in the mean field regime: N=103, ¢ = 0.1.
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Figure 4.4: Collective excitation frequency W_ as a function of

the temperature, T for “Li(beyond mean field regime): N=103
and ¢ =0.1.
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Figure 4.5: Collective excitation frequency W, as a function of

the temperature, T for "Li within the mean field regime: N=102,
C=0.1.
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Figure 4.6: Variation of collective excitation frequency W, as a

function of the temperature, 7' for “Li when beyond mean field
effects are taken into account: N=102 and ¢ = 0.1.
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Figure 4.7: Collective excitation frequency W, as a function of the
temperature, 7' for "Li (mean field regime): N=10*, ¢ = 0.1.
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Figure 4.8: Variation of collective excitation frequency W, with
temperature, T for "Li (beyond mean field regime): N=10%, ¢ =
0.01.
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Figure 4.9: Plot of collective excitation frequency W_ as a function
of the temperature, T for 2*Na in the mean field regime: N=102,
¢ =0.1.

3.0

20¢ ]

— 15} 1
1.0f ]

05F ]

0.0 L. | . . . | . . . | . . . . . .
4.x10°  6.x100 8x1071° 1.x107°  1.2x
T

107°

Figure 4.10: Collective excitation frequency W_ as a function of
the temperature, T' for #Na in the beyond mean field regime:
N=10%? and ¢ = 0.1.
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Figure 4.11: Collective excitation frequency W_ versus tempera-
ture, T for **Na (mean field regime): N=10%, { = 0.1.
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Figure 4.12: variation of collective excitation frequency W_ with
temperature, T for Na (beyond mean field regime): N=10% and
C=0.1.
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Figure 4.13: Collective excitation frequency W_ as a function of
the temperature, T’ for 2*Na (mean field regime): N=10%, ¢ = 0.1.
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Figure 4.14: Collective excitation frequency W_ plotted as a func-
tion of the temperature, T for »Na with N=10* and ¢ = 0.1
(beyond mean field regime).
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Figure 4.15: Collective excitation frequency W, as a function of
the temperature, T for 2Na for N=10%, ¢ = 0.1 within the mean
field regime.
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Figure 4.16: Collective excitation frequency W, versus temper-
ature, T for *Na in the beyond mean field regime: N=10% and
¢(=0.1.
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Figure 4.17: Plot showing variation of collective excitation fre-
quency W, as a function of the temperature, T for »*Na: N=10?,
¢ = 0.1 (mean field regime).
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Figure 4.18: Collective excitation frequency W, as a function of
the temperature, T for ?*Na in the beyond mean field regime with
N=10? and ¢ = 0.1.
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Figure 4.19: Variation of collective excitation frequency W, with
temperature, T for 2*Na (mean field regime): N=10%, ¢ = 0.1 and

g, 91,92 = 0.
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Figure 4.20: Collective excitation frequency W, as a function of
the temperature, T for (**Na) with N=10* and ¢ = 0.1 (beyond
mean field regime).
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4.7 Plots of collective excitation frequen-
cies against number of particles(/N)
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Figure 4.21: Plot of collective excitation frequency W_ as a func-
tion of the number of particles N for "Li in the case of a pure
harmonic trap (dashed line) and in an anharmonic trap where the
effect of gravity is included (solid line)with anharmonicity param-
eter ¢ = 0.001.
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Figure 4.22: Collective excitation frequency W, as a function of
the number of particles N for "Li in the case of a pure harmonic
trap (dashed line) and in an anharmonic trap (anharmonicity pa-
rameter ¢ = 0.1)under the effect of gravity (solid line).
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Figure 4.23: Plot showing variation of collective excitation fre-
quency W_ with the number of particles N for 2*Na in the case
of a pure harmonic trap (dashed line) and in an anharmonic trap
(anharmonicity parameter ( = 0.1)where the effect of gravity is
included (solid line).
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Figure 4.24: Collective excitation frequency W, as a function of
the number of particles N for 23Na in the case of a pure harmonic
trap (dashed line) and in an anharmonic trap where the effect of
gravity is included (solid line)with anharmonicity parameter ¢ =
0.1.
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Figure 4.25: Variation of collective excitation frequency W_ with
the number of particles in the condensate N for “Li: In the mean
field regime (dashed line) and beyond mean field regime (solid
line).
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Figure 4.26: Collective excitation frequency W, versus number of
condensed particles N (“Li): In the mean field regime (dashed line)
and beyond mean field regime (solid line).
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Figure 4.27: Collective excitation frequency W_ variation
with number of condensed particles N for 2*Na: In the mean
field regime (dashed line) and beyond mean field regime
(solid line).
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Figure 4.28: Plot of collective excitation frequency W, versus num-
ber of condensed particles N for #*Na: In the mean field regime
(dashed line) and beyond mean field regime (solid line).






Conclusions and envisaged
works for future

5.1 Observations and conclusions

In this work, attention is given to the study of the behavior of
collective excitations in a quasi-two-dimensional BEC. The idea
behind the study is to asses the effect of smaller modifications in
the potentials that will be present in an actual experimental BEC
set up. By modifying the potentials in this way, the theoretical
calculations are expected to deliver results that are closer to those
from the experiments. In chapter 2, the effect of gravity and anhar-
monicity on the collective excitations of a quasi-two-dimensional
BEC is analyzed. In the absence of these modifications, conden-
sate width exhibits breathing mode oscillations, m = 0 and |m| = 2
oscillations, which show dependence on the inter particle interac-

(2d) " The center of the condensate is found to

tion parameter, g
oscillate with the frequency of the trap. When the modifications
are introduced, it is observed that the oscillations of the center of
the condensate have a frequency other than the frequency of the
trap. Hence it is concluded that the oscillations of the center get
coupled with their internal degrees of freedom. In the case of the

oscillations of the width of the condensate, it is observed that the

111
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breathing mode is destabilized by the modifications in the poten-
tial. The other excitation frequency is seen to be independent of
the effect of gravity, if the inter-particle interaction is negligibly
small. This shows that the inter-particle interaction plays a role
in governing the effect of gravity on the condensate dynamics.

In the following chapter, the variations of the collective exci-
tations of a quasi-2D BEC due to beyond mean field effects are
analyzed. It is observed that the beyond mean field effects do not
result in a coupling between the center of the condensate and its
internal degrees of freedom. For an attractively interacting con-
densate, reappearance of the collective excitation frequency W_ is
observed to be hindered by the beyond mean field effects, whereas
for a repulsively interacting condensate, W_ shows an increase with
N after reaching a minimum. It is also found that, in the pres-
ence of beyond mean field modifications in the potential, breathing
mode W of frequency 2wq is not supported by both attractively
and repulsively interacting systems. Instead, it exhibits an increase
with V.

In Chapter 4, the collective excitations in a quasi-2D BEC at
finite temperature are investigated. In addition to the thermal
cloud, the effects of gravity, anharmonicity and beyond mean field
effects are also included in the potential. Variation of excitation
frequencies with respect to the condensate particle number(N) and
with respect to temperature has been studied. It is observed that
the dynamics of the center of the condensate is not influenced by
the thermal cloud. But the oscillations of the width of the con-
densate are found to depend on the thermal cloud. From this
observation, it is concluded that the number of particles in the

condensate decides the dependence of the collective excitation fre-
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quency on the temperature. It is further noticed that, the inclusion
of beyond mean field effects decreases the temperature range, over
which the excitation frequencies are supported by the condensate,
whereas a decrease of the anharmonicity in the potential increases
the range of existence of excitation frequencies. Another observa-
tion is the reduction in the range of particle number, over which
the excitation frequency will be sustained, in the condensate due
to the beyond mean field effects. Also, in the presence of ther-
mal cloud, the collapse and revival of the attractively interacting
condensate, as it was observed for condensate in a pure harmonic
trap, is found to be absent. From the plots, it could also be de-
duced that there is a certain limit in the particle number, beyond
which the excitation frequencies are not supported in the conden-
sate. This limit is reduced due to the presence of modifications in

the potential.

5.2 Future Prospects

An extension of the present work to the case of a quasi-one-dimensional
BEC is a trivial step to be taken further, as another reduction
in the dimension will result in a greater control over the scatter-
ing length through the manipulation of trapping potentials. In
the present work, we used mean field formalism for the analysis.
Though the mean field theory is observed to give appreciably ac-
curate results, beyond mean field theories like ZGN- theory can
be expected to increase the accuracy of the results. The validity
of the already arrived at conclusions can be established using such
beyond mean field theories. To conclude, we have in this thesis

concentrated our studies on the collective excitations of quasi-2D
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BEC. Analytical as well as numerical studies in this area can be
seen extensively in the literature and further studies are going on.
Studies already conducted in this thesis are to be extended to the

above mentioned points in future.
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