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Abstract

There are several centrality measures that have been introduced and studied for real world
networks. They account for the different vertex characteristics that permit them to be ranked
in order of importance in the network. Betweenness centrality is a measure of the influence
of a vertex over the flow of information between every pair of vertices under the assumption
that information primarily flows over the shortest path between them. In this paper we present
betweenness centrality of some important classes of graphs.
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1 Introduction

Betweenness centrality plays an important role in analysis of social networks [21] 22], computer
networks [16] and many other types of network data models [7, 11} [15] [17), 19, 23].

In the case of communication networks the distance from other units is not the only important
property of a unit. More important is which units lie on the shortest paths (geodesics) among
pairs of other units. Such units have control over the flow of information in the network. Between-
ness centrality is useful as a measure of the potential of a vertex for control of communication.
Betweennes centrality [3, [4, B, 8 [12] indicates the betweenness of a vertex in a network and it
measures the extent to which a vertex lies on the shortest paths between pairs of other vertices. In
many real-world situations it has quite a significant role.

Determining betweenness is simple and straightforward when only one geodesic connects each
pair of vertices, where the intermediate vertices can completely control communication between
pairs of others. But when there are several geodesics connecting a pair of vertices, the situation
becomes more complicated and the control of the intermediate vertices get fractionated.
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2 Background

The concept of betweenness centrality was first introduced by Bavelas in 1948 [I]. The importance
of the concept of vertex centrality is in the potential of a vertex for control of information flow in
the network. Positions are viewed as structurally central to the degree that they stand between
others and can therefore facilitate, impede or bias the transmission of messages. Linton C. Freeman
in his papers [10, [11] classified betweenness centrality into three. The three measures includes two
indexes of vertex centrality - one based on counts and one on proportions - and one index of overall
network or graph centralization.

2.1 Betweenness Centrality of a Vertex

Betweenness centrality Cp(v) for a vertex v is defined as

Cplv) = Zail0)

g
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where o4 is the number of shortest paths with vertices s and ¢ as their end vertices, while o (v)
is the number of those shortest paths that include vertex v [10].High centrality scores indicate that
a vertex lies on a considerable fraction of shortest paths connecting pairs of vertices.

e Every pair of vertices in a connected graph provides a value lying in [0,1] to the betweenness
centrality of all other vertices.

e If there is only one geodesic joining a particular pair of vertices, then that pair provides a
betweenness centrality 1 to each of its intermediate vertices and zero to all other vertices. For
example in a path graph, a pair of vertices provides a betweenness centrality 1 to each of its
interior vertices and zero to the exterior vertices. A pair of adjacent vertices always provides
zero to all others.

e If there are k geodesics of length 2 joining a pair of vertices, then that pair of vertices provides
a betweenness centrality % to each of the intermediate vertices.

Freeman [I0] proved that the maximum value taken by Cp(v) is achieved only by the central vertex
in a star as the central vertex lies on the geodesic (which is unique) joining every pair of other ver-
tices. In a star S, with n vertices, the betweenness centrality of the central vertex is therefore the
number of such geodesics which is (”51) The betweenness centrality of each pendant vertex is zero
since no pendant vertex lies in between any geodesic. Again it can be seen that the betweenness
centrality of any vertex in a complete graph K, is zero since no vertex lies in between any geodesic
as every geodesic is of length 1.

2.2 Relative Betweenness Centrality

The betweenness centrality increases with the number of vertices in the network, so a normalized
version is often considered with the centrality values scaled to between 0 and 1. Betweenness
centrality can be normalized by dividing Cp(v) by its maximum value. Among all graphs of n



vertices the central vertex of a star graph .S, has the maximum value which is (";1) The relative
betweenness centrality is therefore defined as

oy Cplv)  — 2Cp(v)
O (v) = Maz Cg(v)  (n—1)(n—2)

0<Cp () <1

2.3 Betweenness Centrality of a Graph

The betweenness centrality of a graph measures the tendency of a single vertex to be more central
than all other vertices in the graph. It is based on differences between the centrality of the most
central vertex and that of all others. Freeman [10] defined the betweenness centrality of a graph
as the average difference between the measures of centrality of the most central vertex and that of
all other vertices.

The betweenness centrality of a graph G is defined as

 2im[Cr(v) = Cp(vi)]
o) = Yoz >, [Co(e7) — Coll]

where Cp(v*) is the largest value of Cg(v;) for any vertex v; in the given graph G and

Max Y ;" | [Cp(v*) — Cp(v;)] is the maximum possible sum of differences in centrality for any graph
of n vertices which occur in star with the value n — 1 times Cpg(v) of the central vertex. That is,
(n=1)("3y")-

Therefore the betweenness centrality of G is defined as

23ia,[CB(v") — Cp(vi)]
(n—1)%(n-2)

The index, Cp(G), determines the degree to which Cp(v*) exceeds the centrality of all other vertices
in G. Since Cp(G) is the ratio of an observed sum of differences to its maximum value, it will vary
between 0 and 1. Cp(G) = 0 if and only if all Cp(v;) are equal, and Cp(G) = 1 if and only if one
vertex vx, completely dominates the network with respect to centrality. Freeman showed that all
of these measures agree in assigning the highest centrality index to the star graph and the lowest
to the complete graph.

i=1[CB'(v*) = CB'(vi)]

Cs(G) = Cp(G) = 2=t oy

G CB(’U) CB/(U) CB(G)
n—1
S ( 5 ) for central vertex {1 for central vertex .
0 for other vertices 0 for other vertices
K, 0 5 -

Table 1: Graphs showing extreme betweenness

In this paper we present the betweenness centrality measures in some important classes of
graphs.



3 Betweenness centrality of some classes of graphs

3.1 Betweenness centrality of vertices in wheels
Theorem 3.1. The betweenness centrality of a vertex v in a wheel graph W, n > 5 is given by
(n—1)(n—>5)
Cp(v) = 2

- otherwise

if v is the central vertex

Proof. In the wheel graph W, the central vertex is adjacent to each vertex of the cycle Cj,—_;. When
n > 5 consider the central vertex. On C),_; each pair of adjacent vertices contributes 0, each pair
of alternate vertices contributes % and all other pairs contribute centrality 1 to the central vertex.
Since there are n — 1 vertices on C,,_1, there exists n — 1 adjacent pairs, n — 1 alternate pairs and

(";1) —2(n-1)= W other pairs. Therefore the central vertex has betweenness centrality

sn—1)+ 1("_1)2("_6) = ("_1)2("_5). Now for any vertex on C,_1, there are two geodesics joining
its adjacent vertices on C),_1, one of which passing through it. Therefore its betweenness centrality
i O

D=

1S

Note
It can be seen easily that C(v) = 0 for every vertex v in Wy and

if v is the central vertex
Cp(v) =
otherwise

W] =Wl N

in Ws.

The relative centrality and graph centrality are as follows

M if v is the central vertex
C /(,U) — L(U) = n= 2
B (n—1)(n—2) . otherwise
(n—1)(n—2)

Z?:l[CB,(U*) — CB'(vs)] _ n? —6n+4

Cp(Wh) = (n—1) S (n—-1)(n-2)

3.2 Betweenness centrality of vertices in the graph K, — e

Theorem 3.2. Let K,, be a complete graph on n vertices and e = (v;,vj) be an edge of it. Then
the betweenness centrality of vertices in K, — e is given by

1 .
Cp(v) = d = if v # v, v

0 otherwise




Proof. Suppose the edge (v;,v;) is removed from K,,. Now v; and v; can be joined by means of any
of the remaining n — 2 vertices. Thus there are n — 2 geodesics joining v; and v; each containing
exactly one vertex as intermediary. This provides a betweenness centrality ﬁ to each of the
n — 2 vertices. Again v; and v; do not lie in between any geodesics and therefore their betweenness
centralities zero. O

The relative centrality and graph centrality are as follows

2

oy = 2CB() ) G D 22 v # Vj, Uj

o (n=1)(n—2) (g ! | otherwise
_ 2 [CB'(v) = CB'(w)] _ 4

Cn(G) = == (n—1) T (n—1)%(n—2)?

3.3 Betweenness centrality of vertices in complete bipartite graphs

Theorem 3.3. The betweenness centrality of a vertex in a complete bipartite graph K, , is given
by

%(Z) if deg(v)=n
1

= ;@) if deg(v)=m

Proof. Consider a complete bipartite graph K,, , with a bipartition {U, W} where U = {u1,u2, ..., um }
and W = {wy,ws,...,w,}. The distance between any two vertices in U (or in W) is 2. Consider
a vertex u € U. Now any pair of vertices in W contributes a betweenness centrality % to u. Since
there are (Z) pairs of vertices in W. Cp(u) = %(Z) In a similar way it can be shown that for any

vertex w in W, Cp(w) = (7). O

n

The relative centrality and graph centrality are as follows

2 1 /n .
CB/(U) _ 2Cp(v) _ (m+n—1)(m+n-—2) X E(Z) if deg(v)=n
(m+n—1)(m+n-2) 9 L im\ )
(m+n—1)(m+n—2)xﬁ<2> if deg(v)=m
m3 —n® — (m? —n?)
Cp(Kmy) = 2im[CB' (") = CB'(w)] _ ) n(m+n—1)*(m+n—-2) itm >mn
E N R T T O (e e T PSS

m(m+n—1)2(m+n—2)



3.4 Betweenness centrality of vertices in cocktail party graphs

U1

V9 Ve

v3 Vs

V4

Figure 3.1: Cocktail party graph CP(3)

The cocktail party graph C'P(n) [0] is a unique regular graph of degree 2n — 2 on 2n vertices. It
is obtained from K5, by deleting a perfect matching. The cocktail party graph of order n, is a
complete n-partite graph with 2 vertices in each partition set. It is the graph complement of the
ladder rung graph L,/ which is the graph union of n copies of the path graph P, and the dual graph
of the hypercube @,, [2].

Theorem 3.4. The betweenness centrality of each vertex of a cocktail party graph of order 2n is
1

3¢

Proof. Let the cocktail party graph C'P(n) be obtained from the complete graph Ky, with vertices
{v1,...,Un,Vpn41,...,V2,} by deleting a perfect matching {(v1, vn+1), (V2, Vnt2)s vy (Vn, V2 }. Now
for each pair (v;, v,44) there is a geodesic path of length 2 passing through each of the other 2n — 2
vertices. Thus for any particular vertex, there are n — 1 pairs of vertices of the above matching
not containing that vertex giving a betweenness centrality - 5 to that vertex. Therefore the

2n—
. . . _1 _ 1
betweenness centrality of any vertex is given by 57— = 3. O
The relative centrality and graph centrality are as follows
2C B (’U) 1

Cp'(v) = (2n —1)(2n — 2) - (2n —1)(2n — 2)

C5(G) =0

3.5 Betweenness centrality of vertices in crown graphs

The crown graph [2] is the unique n — 1 regular graph with 2n vertices obtained from a complete
bipartite graph K, , by deleting a perfect matching. A crown graph on 2n vertices can be viewed
as an undirected graph with two sets of vertices w; and v; and with an edge from u; to v; whenever
i # j. It is the graph complement of the ladder graph Lo,. The crown graph is a distance-transitive
graph.

Theorem 3.5. The betweenness centrality of each vertex of a crown graph of order 2n is ”TH



u1 U2 ug Ug

U1 V2 U3 Vg

Figure 3.2: Crown graph with 8-vertices

Proof. Let the crown graph be the complete bipartite graph K, , with vertices {u1,...,upn,v1,...,v,}
minus a perfect matching {(uy,v1), (u2,v2), ..., (un, vy)}. Consider any vertex say u;. Now for each
(uj,v5),7 # 1 each pair other than (ui,v;) there are n — 2 paths of length 3 passing through u
out of (n — 1)(n — 2) paths joining w; and v;. Since there are n — 1 such pairs, it gives v; a be-
tweenness centrality (n — 1) X % = 1. Again for each pair from {ve,vs,vy,...,v,} there
exists exactly one path passing through vy out of n — 2 paths. It gives the betweenness centrality

2 pndy 4+ =-Ll(n—2)+(n—3)+..+1] = ;1. Therefore the betweenness centrality

n—2
n+1
2

of vy is given by 1+ "T_l = . Since the graph is vertex transitive, the betweenness centrality of

any vertex is given by "TH

O
The relative centrality and graph centrality are as follows

oy 2CB(v) _ ntl
Cp'(v) = (2n—1)2n—2)  (2n—1)(2n —2)

Cp(G) =0

3.6 Betweenness centrality of vertices in paths

Theorem 3.6. The betweenness centrality of any vertexr in a path graph is the product of the
number of vertices on either side of that vertex in the path.

U1 V2 U3 V4 Vk—1 Vg Vk4+1 Un-—1 Un,

Figure 3.3: Path graph P,

Proof. Consider a path graph P, of n vertices {v1,va,...,v,}. Take a vertex vy in P,,. Then there
are k — 1 vertices on one side and n — k vertices on the other side of v;. Consequently there are
(k —1) x (n — k) number of geodesic paths containing v;. Hence Cp(v) = (k — 1)(n — k). O

Note that by symmetry, vertices at equal distance away from both the ends have the same
centrality and it is maximum at the central vertex and minimum at the end vertex.
n(n — 2
g when n is even
Max Cp(vg) =
5 (vr) (n—1)2

1 when n is odd



Relative centrality of any vertex vy is given by

2Cp(vk) _ 2(k —1)n — k)

CB/(vk) = (n—1)(n—2) o (n—1)(n—2)

Corollary 3.1. Graph centrality of P, is given by

n(n+1) L
60n —1)(n —2) if nis odd
6(n —1)2 if nis even

Proof. When n is even, by definition

Co(P) = gy 2(Co(0") = Cilw)

i=1

(n — 1)4(n —2) { [n(n4— 2 0} * [n(n 2

et T ) e s (- )]
S n_z{" —nik—i—Qk(k‘—Fl)}
k=1 k=
4 {nn—2 nn—2)(n—4) (n—2)(n—4) (n—2)(n—3)(n—4)}
n—lz(n 8 8 24
n(n +2)
6(n —1)2

When n is odd, by definition

Co(P) = gy 2(Co(0") = Cilw)

=1
1)2—0]+[(n;1)2 —1.(n—2)} +...+[(”—1)2_(71;3)(”_71—1)”

(n— 1)4(n - 2){[(71:1

X ;] {(171—2 +2(n—3 +---+(n;3)(n—ngl)]}

3 n—3

2 2

EnrEn

—1)2
1 k=

n 1
n_Q{”_l —nd k+t k:k:+1)}
=
— n_z{n—l n(n — )( )+(n—1)(n2—21)(n—3)}

B (n+1)
~6(n—1)(n—2)




3.7 Betweenness centrality of vertices in ladder graphs

The ladder graph L,, [14], 20] is a planar undirected graph with 2n vertices and n 4 2(n — 1) edges.
It can be defined as the cartesian product P x P,.

U1 V2 U3 V4 Us

V6 v U8 Vg V10

Figure 3.4: Ladder graph L5

Theorem 3.7. The betweenness centrality of a vertex in a Ladder graph L., is given by

k—1n—k . k—2n—k

1+ 1
Cg =(k—-1)(n— E E E E 1<k<
(o) = (n—k)+ k; j+Z k—j+i  — ="
7=0 i=1 7=0 =0
U1 V2 V3 Vk-1 U Vg4l Up—2 Up—1 Upn

Un+1 Un42 Un43 Untk—1 Untk Undk4+1U2n—2 U2n—1 U2n

Figure 3.5: Ladder graph L,

Proof. By symmetry, let vy be any vertex such that 1 < k < "TH Consider the paths (in fig

3.5) from upper left vertices {vy,...,vx_1} to upper right vertices {viky1,...,v,} which gives the
betweenness centrality

(k—1)(n—k) (1)
Now consider the paths from lower left vertices {v,41, ..., Un1k} to the upper right vertices {vgy1, . ..

of vi. It gives the betweenness centrality

1% UL PG L N ) (PP
n k k+1 n—1

k—1n—k

k—
=X i 2

7=0 =1

,Un}

23 m}



Consider the paths from upper left vertices {v1,...,vx_1} to the lower right vertices {v,k,...,von}
of vi. It gives the betweenness centrality

ko k+1 n k-1 k n—1 2 3 n—(k—2)

i+ 1
Ll ¥
§=0 i=0 J
The above three equations when combined get the result. O

3.8 Betweenness centrality of vertices in trees

In a tree, there is exactly one path between any two vertices. Therefore the betweenness cen-
trality of a vertex is the number of paths passing through that vertex. A branch at a vertex v of
a tree 1" is a maximal subtree containing v as an end vertex. The number of branches at v is deg(v).

Theorem 3.8. The betweenness centrality Cp(v) of a vertex v in a tree T is given by

C(ny,ngy...,ng) = anj
1<j
where the arguments n; denotes the number of vertices of the branches at v excluding v, taken in
any order.

Proof. Consider a vertex v in a tree T'. Let there are k branches with number of vertices ni, no, ..., ng
excluding v. The betweenness centrality of v in 7" is the total number of paths passing through v.
Since all the branches have only one vertex v in common, excluding v, every path joining a pair
of vertices of different branches passes through v. Thus the total number of such pairs gives the

betweenness centrality of v. Hence C =3, . nin; O
Example 1. Consider the tree given below
V6 v7
U5
o V2 v3 V4

Figure 3.6: A tree with 7 vertices

Here

Cp(v1) = Cp(vg) = Cp(vg) = Cp(vy) =C(6) =0
CB(UQ) = C(1,3, 2) =11

Cp(v3) =C(5,1) =5

03(7}5) = C(l, 1,4 =9

10



Example 2. The following table gives the possible values for the betweenness centrality of a vertex
in a tree of 9 vertices.

We consider the different possible combinations of the arguments in C so that the sum of argu-
ments is 8.

No.of args. | Possible combinations | Values
8 C(1,1,1,1,1,1,1,1) 28
7 C(2,1,1,1,1,1,1) 27
6 C(2,2,1,1,1,1) 26

C(3,1,1,1,1,1) 25
5 C(2,2,2,1,1) 25
C(3,2,1,1,1) 24
C(4,1,1,1,1) 22
1 C(2,2,2,2) 24
C(3,2,2,1) 23
C(3,3,1,1) 22
C(5,1,1,1) 18
C(4,2,1,1) 21
3 C(3,3,2) 21
C(4,2,2) 20
C(4,3,1) 19
C(5,2,1) 17
C(6,1,1) 13
2 C(4,4) 16
C(5,3) 15
C(6,2) 12
C(7,1) 7
1 C(8) 0

Table 2: Possible values for betweenness centrality in a tree of 9 vertices

3.9 Betweenness centrality of vertices in cycles

Theorem 3.9. The betweenness centrality of a vertex in a cycle Cy, is given by

@ if n is even
CB(’U) =

(n-1)(n-3) .

— e if n is odd

Proof. Casel: When n is even

11



V2 U3 V4 Us Vg—3 Vg—2 Vg—1 (8

U1 Vk+1

U2k  V2k—1 V2k—2 V2k—3 Vk+5 Vk+4 Uk4+3  Vk42

Figure 3.7: Even Cycle with 2k vertices

Let n = 2k,k € Z* and C,, = (v1,va, ..., v9;) be the given cycle. Consider a vertex v;. Then
vk+1 s its antipodal vertex and there is no geodesic path from vgy; to any other vertex passing
through v;. Hence we omit the pair (vq,vg41). Consider other pairs of antipodal vertices (v;, vg4;)
for ¢ = 2,3,...,k. For each pair of these antipodal vertices there exists two paths of the same
length k£ and one of them contains vy. Thus each pair contributes % to the centrality of vy and
which gives a total of %(k‘ —1). Now consider all paths of length less than k containing v;. There
are k — 4 paths joining v; to vertices from wox to vgy;11 passing through vy for i =2,3,..., k-1
and each contributes centrality 1 to v; giving a total Zf:}l(k —1) = W Therefore the
betweenness centrality of v is £(k — 1) + W = 2(k—1)? = £(n — 2)2. Since C,, is vertex
transitive, the betweenness centrality of any vertex is given by %(n —2)2

Case2: When n is odd

V9 V3 V4 U5 Vg—2 Vg—1 Vk Vk+1

U1

---------- — o o

Vok+1  V2k  V2k—1 V2k—2 Vk+5 Vk+4 Vk43  Vk42

Figure 3.8: Odd Cycle with 2k+1 vertices

Let n =2k + 1,k € ZT and C,, = (v1,v2, ..., v2x11) be the given cycle. Consider a vertex v;.
Then vi41 and v o are its antipodal vertices at a distance k from v; and there is no geodesic path
from the vertex vi11 and v 9 to any other vertex passing through v;. Hence we omit v; and the pair
(Vk+1, Vk+2). Now consider paths of length < k passing through v;. There are k+1—i paths joining
v; to vertices from wvopy1 to vgy144i8 a geodesic path through vy giving a betweenness centrality
1 to v1. Consider paths from v; to the vertices vori1,vak, - - ., Uk1ia11 passing through vy for each
1=2,3,...,k. Therefore the betweenness centrality of v is Zf:2(k +1—14) = k(kQ_l) ("_1)8("_3).
(n—1)(n—3)
—

Since C), is vertex transitive, the betweenness centrality of any vertex is given by
O

The relative centrality and graph centrality are as follows

12



n—2 e
if n is even

Colo) — —CBW) __ 20s() _ An—1)
B MazCp(v)  (n—1)(n—2) n=3 g
4(n — 2)

Figure 3.9: Circular Ladder

The circular ladder graph C'L, consists of two concentric n-cycles in which each of the n corre-
sponding vertices is joined by an edge. It is a 3-regular simple graph isomorphic to the cartesian
product Ko x C,,.

Theorem 3.10. The betweenness centrality of a vertex in a circular ladder CL,, is given by

(n—1)2+1 ,
~———~——  when n is even
CB(U) = 2
(n—1) )
R T when n s odd
4
Proof. Casel: When n is even
ug us Ug us  Ug—3 Ug—2 Uk—1 U
(%) V3 V4 Vs Vg—3 Vk—2 Ug—1 Uk
Ui U1 Vk+1 Uk 41

Var  V2k—1 V2k—2 V2k—3 Uk+5 Uk+4 Uk4+3 Ukg

U2k  U2k—1 U2k—2 Uk—3 Uk4+5 Uk44 Uk43 Uk42
Figure 3.10: Circular Ladder C Loy

Let n = 2k, k € Z*. Coy, = (u1,us,...,ug) be the outer cycle and C%, = (v1,v,...,v9;) be

the inner cycle. Consider any vertex say u; in Co,. Then its betweenness centrality as a vertex
(k—1)*

in Cy, is 7. Now the geodesics from outer vertices w; to the inner vertices vy, vog, ..., Vgis

13



for i = 2,...,k (Fig 3.10) and from wuggyo—; to vy, ve,..., 05419 for i = 2,... k by symmetry,
contribute to u; the betweenness centrality

22( +k+1—i+k+2—z‘)_2<1+1+2+ +1+2+---+k—1+2+3+---+k>
z+1 k 2k+2 / “\2 3 k 2k + 2
2zk: (1+2+- —I—p—l) k(k:+1 )-2 _ Zp—1 l<:+1)—2 B
= 2(k+1) 2k+1) 2 k+1

Again the pair (ug11,v1) contributes to u; the betweenness centrality ﬁ Therefore the between-
ness centrality of u; is given as
(k—1)2 k2 1 1 (k—1)%* kK (2k—12+1 (n—-12+1
C = _— = R lip— =
B(w) 5 T2 k1 kil 2 3 1 1
Case2: When n is odd

ug us U4 us  Uk-2 Uk-1  Ug Uk+1

V2 U3 V4 Vs Vk—2 Vg—1 Uk Vi1
u1l U1

k+1 U2k  V2k—1 V2k—2 Uk+5 Uk+4 Uk4+3  Ur2

U2k+1 U2k Uk—1 Uk—2 Uk45 Uk4+d Uk43 U2

Figure 3.11: Circular Ladder CLog1.

Let n = 2k+1,k € ZT. Co,y1 = (u1,us, ..., ug 1) be the outer cycle and Cék+1 = (V1,02 ..., Vok41)
be the inner cycle. Consider any vertex say u; in Coy1. Then its betweenness centrality as a

vertex in Copyq is k(k; D Now consider the geodesics from outer vertices u; to the inner ver-
tices V1, Vopt1, ..., Vptrirr for i = 2,... k+ 1 (Fig 3.11) and from wuggy3—; to v, v2,...,Vp1o_; for
1=2,3,...,k+ 1 which gives a betweenness centrality
2<1+ 2 . +k+2—i>_2(1+1+2+ +1+2—|—---+/<:)
i i1 E+1 /7  “\2 3 k+1
+1(1_|_2_|_..._|_p il 1 k—i—l)
Loy
p=2 p

Therefore the betweenness centrality of uq is given as

k(k—1)  k(k+1) kQZ(n—1)2

Colm) =——F—+—F—= 1

14



Relative centrality

(n— 1)2 +1 when n is even
Ci'(v) = 2CB(v) _ 22n —1)(2n —2)
(2n —1)(2n — 2) (n—1) .
m when n is odd
Graph centrality
Cp(G) =0

3.11 Betweenness centrality of vertices in hypercubes
0]
o N w0 107 ) 010 ‘
1 ‘
| "I i \ LT I uil
(3-13 hypercube 1-I2 hypercube 2-D hypereuhe ) 3-D hypercube .

LI ol I!.“" .”“I

Y Ny

010, it e 1ol 2 S

4-D hypercube

Figure 3.12: Hypercubes.

The n-cube or n-dimensional hypercube @, is defined recursively by @1 = K and @, =
Ky X Qpn—1. That is, Q, = (K2)" Harary [13]. @, is an n-regular graph containing 2" vertices
and n2" ! edges. Each vertex can be labeled as a string of n bits 0 and 1. Two vertices of Q,, are
adjacent if their binary representations differ at exactly one place (Fig:3.12). The 2" vertices are
labeled by the 2™ binary numbers from 0 to 2" — 1. By definition, the length of a path between
two vertices u and v is the number of edges of the path. To reach v from w it suffices to cross
successively the vertices whose labels are those obtained by modifying the bits of u one by one in
order to transform v into v. If uw and v differ only in ¢ bits, the distance between v and v denoted
by d(u,v), the hamming distance is i [9, 24]. For example, if u = (101010) and v = (110011) then
d(u,v) = 3.

There exists a path of length at most n between any two vertices of J,,. In other words an n-cube is
a connected graph of diameter n. The number of geodesics between u and v is given by the number
of permutations d(u,v)!. A hypercube is bipartite and interval-regular. For any two vertices u and
v, the interval I(u,v) induces a hypercube of dimension d(u,v)[18]. Another important property
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of n-cube is that it can be constructed recursively from lower dimensional cubes. Consider two
identical (n — 1)-cubes. Each (n — 1)-cube has 2"~! vertices and each vertex has a labeling of
(n—1)- bits. Join all identical pairs of the two cubes. Now increase the number of bits in the labels
of all vertices by placing 0 in the i** place of the first cube and 1 in the i** place of second cube.
Thus we get an n-cube with 2™ vertices, each vertex having a label of n-bits and the corresponding
vertices of the two (n — 1)-cubes differ only in the i** bit. This n-cube so constructed can be seen
as the union of n pairs of (n — 1)-cubes differing in exactly one position of bits. Thus the number of
(n—1)-cubes in an n-cube is 2n. The operation of splitting an n-cube into two disjoint (n—1)-cubes
so that the vertices of the two (n — 1)-cubes are in a one-to-one correspondence will be referred
to as tearing [24]. Since there are n bits, there are n directions for tearing . In general there are
"C%2" % number of k-subcubes associated with an n-cube.

Theorem 3.11. The betweenness centrality of a vertex in a hypercube Q,, is given by 2"~ 2(n — 2) +

Proof. The hypercube @, of dimension n is a vertex transitive n-regular graph containing 2" ver-
tices. Each vertex can be written as an n tuple of binary digits 0 and 1 with adjacent vertices
differing in exactly one coordinate. The distance between two vertices x and y denoted by d(z,y) is
the number of corresponding coordinates they differ and the number of distinct geodesics between
xz and y is d(z,y)! [9]. Let 0 = (0,0,...,0) be the vertex whose betweenness centrality has to be
determined. Consider all k-subcubes containing the vertex 0 for 2 < k < n. Each k-subcube has
vertices with n — k zeros in the n coordinates. Since each k-subcube can be distinguished by k
coordinates, we consider these k coordinates only. The number of k-subcubes containing the vertex
0 is (2‘) The vertex 0 lies on a geodesic path joining a pair of vertices if and only if the pair
of vertices forms a pair of antipodal vertices of some subcube containing 0 [I§]. So we consider
all pairs of antipodal vertices excluding the vertex 0 and its antipodal vertex in each k-subcube
containing 0. If a vertex of a k-subcube has r ones, then its antipodal vertex has k — r ones. For
any pair of such antipodal vertices there are k! geodesic paths joining them and of that r!(k — r)!

paths are passing through 0. Thus each pair contributes T!('ET)! that is, ﬁ to the betweenness

centrality of 0. '

By symmetry when k is even, the number of distinct pairs of required antipodal vertices are given
by (f) for1 <r< % and %(f) for r = % When £k is odd, the number of distinct pairs of required
antipodal vertices are given by (lﬁ) for 1 <r< % Taking all such pairs of antipodal vertices in

k_
a k-subcube we get the contribution of betweenness centrality as Zlel (f)ﬁ + %(g)ﬁ = %,
” 2’ (&
2
k=1
when £ is even and ), 2, (f)ﬁ = % when k is odd. Therefore considering all k-subcubes for

2 <k <n, we get the betweenress centrality of 0 as

Cp(0) = kzi:g(%) (1) - %[kf::zk(Z) : (1)) =202+,

Therefore for any vertex v,

Cp(v) = 2 %(n —2) + %
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The relative centrality and graph centrality are as follows

oy = 20B(0) _2n-2)+1
Cp'(v) = (2" —1)(2" — 2) B (2r —1)(2" —2)
Cp(G) =0

Conclusion

Betweenness centrality is known to be a useful metric for graph analysis. When compared to
other centrality measures, computation of betweenness centrality is rather difficult as it involves
calculation of the shortest paths between all pairs of vertices in a graph. This study of betweenness
centrality can be extended to larger classes of graphs and for edges also.
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