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CHAPTER - 1

INTRODUCTION

1.1 Introduction

A statistical data is useful only when we extract its important
features. We can use those features to understand what lies behind the real
data. The quantitative indicators such as mean, mode and standard
deviation etc. capture useful information about the data. But usually we
want more detailed information and that we must set up a statistical model
for the data. This may be something like a mathematical formula that
describes the probabilities of observing various data values or it may be a
more complicated stochastic process, which is a mathematical system that
models the actual physical process, which generates those values.

A time series is a set of observations generated sequentially in
time. The primary objective of time series modelling is to develop sample
models capable of forecasting, interpreting and testing hypothesis
regarding data. Examples of time series are annual yield of a crop for a
particular period, the population of a country during a specified time, the
number of births of babies in a hospital according to the hour at which
they were born. The time series has an important place in the field of
economics and business statistics. The time series relating to prices,
consumptions, money in circulation, bank deposits and bank clearing.

sales and profit in a departmental store, national income and foreign



exchange reserves, prices and dividend of shares in a stock exchange etc.
are examples of economic and business time series.

The original use of time series analysis is to provide an aid to
forecasting. As such methodology was developed to decompose a time
series into trend, seasonal, cyclical and irregular components. An
important feature of time series is that the successive observations are
usually dependent. When successive observations are dependent future
values may be predicted from the past observations. If the future values of
time series can be predicted exactly it is said to be a deterministic time
series. But in most of time series the future is only partially determined by
its past values. Such a time series is known as stochastic time series. In
that case exact prediction is not possible and therefore the future values
have a probability distribution, which is conditional by knowledge of past
values. In that case the model can be written as

Xn=f(n) +en ,n=1,2.3...p,
where X, n=1,2,3, ... p are observations on time series made at p equally
distant time points, f (n) is called the systematic part and {e,} is the
random or stochastic sequence , it obeys a probability law and is called the
innovation process. There are five sections in this chapter and the details
of each section are as follows. The Section 1.2 gives some basic
definitions, 1.3 is a brief description of the non-linear time series models,
1.4 describes the non-Gausssian time serics and Section 1.5 is a summary

of the thesis.



1.2 SOME BASIC DEFINITIONS

1.2.1 Stochastic Process

A stochastic phenomenon that evolves in time according to some
probabilistic law is called a stochastic process. That is , a stochastic
process is a family of random variables {X, , neT} defined on the
probability space (€2,1,P).

The time series can be regarded as a particular realization of
stochastic process. Time series analysis is primarily an aid of specifying
the most likely stochastic process that could have generated an observed
time series. A model that can be used to calculate the probability of a

future value is called the stochastic model or the probability model.

1.2.2 Stationary process

The estimation of the parameters of a stochastic process will not be
possible if they change as time progresses. The most practical models will
be those whose parameters are constant over time. This will happen when
the finite dimensional distribution of {X;} does not depend on the time. A

stochastic process {X,} is said to be strictly stationary if the joint

distribution of X;j,Xuz, . . . ,Xap made at time points ny,ny, . . . ,n, is same
as that associated with n observations at Xqi+k,Xn2+k, - - - »Xnp+k made at
time points ny+,M+k, . . . ,Npsk for every k. A stochastic process whose

mean is constant and variance is finite and covariance between X, and X,



is a function of |n-s| is said to be second order stationary or weakly

stationary.

1.2.3 Autocovariance and Autocorrelation functions

Let {X,} be a stochastic process, the covariance between X, and
Xn+k 1s known as the autocovariance at lag k and is defined by
7 =Cov(X, X, .,)
=E(X, X, )~ EX,)E(X,,).
The correlation coefficient between two random variables Xn and
Xn,; obtained from a stationary process {Xn} is called autocorrelation
function (ACF) at lag k and is given by

p — Cov(XnXlH-k) _ yk
C Jvar(X )Var(X,.,) 7

therefore p, =1, p, =p_, and -1< p, <1.

1.2.4 White Noise Process

A sequence of uncorrelated random variables with zero mean and

constant variance is called a white noise process.

1.2.5 Gaussian Process

A sequence of random variables {X,} defining a stationary
process can have any probability distribution. A stationary process {X,} is

called a Gaussian process if the joint distribution of (Xp+1,Xn+2. . Xisk) 18



a k-variate normal for every positive integer k. Now we consider some

standard time series models, which are frequently used.

1.2.6 Autoregressive Process

One of the most useful and simplest models used in time series
modelling is the autoregressive model of appropriate order. A sequence of
random variables {X, ,n>0} is said to follow an autoregressive process
of order p or AR (p) if it can be written in the form

X, =X+ Xy *+..+¢,X, ,+E,, (1.2.1)
where {¢,} is a sequence of independent and identically distributed

random variables with zero mean and variance O'L,z. The AR (1) sequence

{Xn} is stationary if it satisfies the condition that |¢,| <1 (for details refer

Box and Jenkins, 1970).

1.2.7 Yule-Walker equation

An important recurrence relation for estimating the parameters of
an AR (p) model is due to Yule-Walker (see Box and Jenkins, (1970)).
They give the autoregressive parameters in terms of autocorrelations.
Multiplying both sides of equation (1.2.1) by X,.x and taking expectations
we get a difference equation in autocovariance. Also, the autocorrelation

function satisfies the same form of difference equation.
P =Pt 000t D,0, k=123

The variance of an AR(p) process is
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g = .
1= pd — Py —.— pp¢p

2 g

1.2.8 Moving Average Process

A q™ order moving average process {Xn} is defined by

X, =¢,-6¢,,~-0,,,—.—-0¢

g7n-q°

where {g, } is a sequence of independent and identically distributed

random variables with zero mean and variance o ..

The AR model can be generalized to the integrated AR models as follows.
1.2.9 Autoregressive Integrated Moving Average (ARIMA) process

Many empirical time series do not have homogeneous stationary
behaviour. In such cases the stationary behaviour can be obtained by
taking suitable differences. The models for which d" difference is
stationary is a mixed autoregressive integrated moving average process
and is given by

#(B\V'X, =06(B)e,
where ,

6(B)=1-6,B-0,B° —..-0 B,

B"X, =X B¢, =¢, , and

n-p?

VIX” = Xn - Xn——l M

VZX” = (Xn - Xn—l ) - (Xn—l - XIMZ) = /\,u - ?‘X + X

n-1{ n-2



1.2.10 Box-Jenkins Modelling Techniques

Box and Jenkins (1970) proposed a three-stage method for
selecting an appropriate model for the purpose of estimating and

forecasting a univariate time series. We can describe the stages as follows.

Identification stage

In this stage we visually examine the plots of the series, the
autocorrelation function and the partial autocorrelation function (PACF).
If the variance of the series changes along with the time, a logarithmic
transformation will often suitable for the changes in the variance. If the
series or its appropriate transformation is not stationary then the next step
is to determine the proper degree of differencing. For that we can use the
plot of the time series, plot of sample ACF, sample variance of the
successive differences etc. The last step in the identification stage is to
determine the values of the order ‘p’ and °‘q’. It can be obtained by
comparing the sample ACF and PACF with theoretical patterns of known
models. The values of ‘p’ and ‘q’ are usually small. After identifying a
tentative model it is necessary to estimate its parameters by suitable

methods.

Estimation Stage

A detailed discussion on this is given in Box and Jenkins (1970).



Diagnostic Stage

Once we identify a model and its parameters are estimated, the
next step is the diagnostic stage. That is, to verify whether the selected
model satisfies the assumptions. If the assumptions are not satisfied,
continue the above steps till a good model is obtained. After identification

of a good model for a given set of data, it can be used for forecasting.

Forecasting

There are various forecasting methods available depending on the
structure of the time series model. A good reference is Box and Jenkins
(1970).

In practise, some of the basic assumptions, especially the linearity
and the normality of the series, of standard Box Jenkins methodology are
not satisfied. Therefore, recently there has been a growing interest in
studying non-linear and non-normal time series models. The following
sections provide an introduction to those time series models and a detailed

study on some of these models are presented in the subsequent chapters.

1.3 Non-Linear Time Series Models

A linear time series model is often adequate in one step ahcad
prediction. However, a linear differential equation is totally inadequate as

a tool to analyse more intricate phenomena such as limit cycles, time



reversibility, amplitude frequency dependency etc (Tong, 1980). The non-
linear time series modelling gives a more detailed understanding of the
data. Tong has given a detailed discussion of the merits and demerits of
the linear Gaussian models. Here we describe some of the non-linear

models and later we use these models to analyse a set of data.

1.3.1 Threshold Autoregressive (TAR) models

The concept of a threshold is the local approximation over the
state, that is the introduction of regimes namely thresholds. The thresholds
allow the analysis of complex system by decomposing it into simpler sub
systems. A time series {X,} is said to follow TAR process if,

X, =¢o‘”+z¢,mX"_,+5n(”‘, ifr <X, ,<r, ,
i=1
where j=1,2...k and d is a positive integer, k is the number of regimes and
d is the delay parameter. These models allow the autoregressive
coefficients to change over time and the changes are determined by

comparing the previous values back shifted by a time lag d.
1.3.2 Random Coefficient autoregressive (RCA) models

The idea of multiplicative noise may be further extended to the
class of RCA models. A time series {X,} is said to follow a RCA model

of order k if X, has the form

k
Xu = Z(ﬁl + B(n))Xu—l + 8“
1=1
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where {€,} is a sequence of independent and identically distributed (iid)
random variables with zero means and variance % , Bi, 1=1,2,...k are
constants, {B(t)} is a sequence of 1 x k vectors with zero mean and

E[B" (n)B(n)]=C.

the term B'(n) is the transpose of the vector B(n).
1.3.3 Bilinear Models

Bilinear models lie somewhere between fixed coefficients
autoregressive models and random coefficient models. A time series

{Xn} is said to follow a bilinear model if it satisfies the equation

p r s
X, +Za,X,,_, =a+ZijkX,,_j£,,_k +¢€,
i=1

j=1 k=1
where {€,} is a sequence of iid random variables usually but not always

with zero mean and a, b and « are real constants.

1.3.4 Autoregressive Models with Conditional Heteroscedasticity

(ARCH)

A sequence {X, } is said to follow an ARCH model if X, is of the form

X, =g, \//T,,

where {€,} are iid random variables with standard normal distribution and
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hn = y +¢I/Yn—l2 +¢2/Yn—22 +"'+¢an—p2 s

where y;>0, ¢;> 0 for all i. We can see that {Xn?} follows a bilinear model

if {Xn} follow an ARCH model. If we write the above as
q9 5 14
hn = 7 + Z¢an—l + Z l//ihn-l
i=] i=| ’

where @20 for all i, then {X,} is said to follow a generalized ARCH
model or GARCH model.
In chapter 2 we consider the applications of two non-linear models

viz. TAR and ARCH models to analyse a set of real data.
1.3.5 Heteroscedasticity

The assumption of constant variance of the disturbance term of a
regression equation is not always valid. For example, the variance of food
expenditure among families may increase as family income increases.
Similarly the variance of public spending may increase with city size.
Heteroscedasticity is the formal name for the case of non-constant
variance of the disturbance term. In applied research, heteroscedasticity is

usually associated with data. Consider a regression model

Y =a,+a, X, +¢&, n=123..N

Then the heteroscedasticity assumption is

Ee’)=k'c?

for all i
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1.3.6 Financial Time Series

The fluctuations in financial markets attract our attention
frequently . Daily reports on news papers, television and radio inform us
the variation in the stock markets, currency exchange rates and gold
prices etc. It is often desirable to monitor the price behaviour frequently
and try to understand the probable development of price fluctuations.
Suppose we planned a holiday abroad and we need to purchase some
currency, we may look at the latest exchange rates from time to time and
try to forecast them. We call the series of prices thus obtained as financial
time series.

The first objective of the price studies is to understand how prices
behave. That is such a complex subject , for that we have to look into the
distribution of the actual prices. Tomorrow’s price is uncertain and it must
therefore be described by a probability distribution. The second objective
is to use our knowledge of price behaviour to take better decisions.
Decisions based on better forecasts are profitable in trading commodities.
Forecasts of the variance of the future price changes are very helpful in
assessing prices at the relatively new option markets. This innovation
leads to the development of suitable methods for analysing financial time

series. Here in this thesis we consider the applications of ARCH models.

1.4 Non-Gaussian Time Series Models
Recently a considerable amount of work appears in non-Gaussian
time series models. The search for such time series models arises torm the

fact that many of the naturally occurring time series are clearly non-
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Gaussian: The method for analysing time series proposed by Box and
Jenkins (1976) assume Gaussianity. Similarly the basic assumption in the
non-linear models proposed by Tong(1983) also use Gaussian
assumptions. However, most of the empirical time series are far from
Gaussian. Some of the non-Gaussian time series models introduced in the
literature are by Graver and Lewis (1980), Lawrence and Lewis (1985)
and Tavares (1980). A bibliography on non- Gaussian time series is given
by Balakrishna (1999). The rest of this section gives a small review of
non-Gaussian time series.

The non-Gaussian time series provides stationary sequences
having non-normal marginal random variables. One of the basic problems
in non-Gaussian time series is to identify the innovation distribution for a
specified marginal (Balakrishana, 1999). In the case of Gaussian models
both Xn and g, have normal distributions whereas it is not the case in non-
Gaussian models. Adke and Balakrishna (1992) have studied non-
negative random variables having exponential and Gamma distributions.
They studied the properties such as mixing , time reversibility and
estimation problems for EAR(1) and NRAR(1) processes. Jayakumar and
Pillai (1993) introduced Mittag-Leffler process; Abhraham and
Balakrishna (1999) introduced inverse Gaussian AR process. Similarly
other AR(1) models are available with marginal diétributions such as
Logistic, exponential and Laplace. The AR models with infinite variance
innovation is studied by Cline and Brockwell (1985) and Brockwell and
Davis (1987).

Generating functions such as Laplace transform and characteristic

functions are the tools used for finding solutions for AR models. But if the
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generating functions do not have closed forms it is difficult to find these
solutions. Another important non-Gaussian process is the autoregressive
minification process. This process with marginal distributions such
Weebull, logistic etc. are studied by many authors. Balakrishna and
Jayakumar (1997, 1997a) have studied multivariate versions of non-
Gaussian models for certain distributions like Pareto, semi-Pareto and
exponential. An important problem involved is the estimation of the
parameters. Now we explain the definitions of some of the probabilistic
properties of a time series which are useful in studying the properties of

the estimators. This is followed by a summary of the thesis.
1.4.1 Ergodic Sequences

A sequence {X,} of r.vs is stationary and ergodic if Pr{(Xo,X,Xa,

... JeA} is either zero or one whenever A is a shift invariant event.
1.4.2 Mixing Properties

The strong mixing properties for a sequence of random variables is
useful as a tool in establishing central limit theorems. In the context of
time series, the asymptotic normality of various estimators can be
established by assuming the strong mixing properties of the series. We can
define the strong mixing property as follows.

Let {X,} be a sequence of random variables in the probability
space (QQ8B,P). Then {X,} is said to be strong mixing if
a(m)=sup| P(ANB)-P(A).P(B)|,>0n—> w0
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when the supreme is taken over all AcFy", BeFp.n~, where F¢" and Foii”
are the are the minimal sigma fields induced by (Xo, Xi, . . ., Xy and

(Xn+m,xn+m+1,. .. ) respectively.

1.4.3 Harris Recurrent Markov Cahin

A Markov chain {X,} is Harris recurrent if there exits a non-trival
o-finite measure ¢(.) on (S,8) such that ¢(E)>0 implies that P[X,€E, for
some n>1]=1 for all x in S where Py refers to the probability measure

corresponding to the initial condition Xo=x.

1.4.4 Time Reversibility

A stationary time series {X,} is said to be time reversible if for
every k and every ny,ny,...,n, {Xa. Xn2, . L Xuk} and { X, X2, Xk}
have the same joint probability distributions. Otherwise {X,} is said to be

time irreversible.

1.5 Summary of the Thesis

In this thesis we consider some of the non-linear Gaussian and
non-Gaussian time series models and mainly concentrated in studying the
properties and application of a first order autoregressive process with
Cauchy marginal distribution. The major part of the thesis is devoted to

Cauchy AR (1) process. The main objective here is to identify an
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appropriate model to a given set of data. The data considered are the daily
coconut oil prices for a period of three years. Since it is a price data the
consecutive prices may not be independent and hence a time series based
model is more appropriate. It is well known that the price data usually
follow heavy tailed distributions. One of the important distributions to
study the price behaviour is the Cauchy distribution. The chapter-wise
summary is as follows.

The second chapter discusses mainly the non-linear Gaussian time
series models. There are three main sections in this chapter. The first
section discusses the application of a threshold autoregressive (TAR)
model. Here we try to fit a TAR model to a time series data. This model
was introduced by Tong(1980). Because of the complexities of the method
proposed by Tong , it is not widely used in practice. Tsay (1989)
proposed a simultaneous method for testing the non-linearity and
identification of the delay parameter. Here we essentially follow the
method proposed by Tsay(1989). This Section explains the methodology
used for the analysis followed by a detailed analysis of the data. The fitted
model is compared with simple autoregressive model. The results are in
favour TAR process. Another important non-linear Gaussian model
discussed in this chapter is the ARCH model introduced by Engle(1982).
This Section discusses the importance of this model followed by the
definition and the modelling technique. Here also we mainly concentrate
on the applications of the ARCH model. A discussion of the an empirical
data analysis is also included here. The third important non-linear model
we discussed here is the TARCH models, that is threshold models with

ARCH effect. This threshold plus ARCH effect has many applications in
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modelling financial time series. Here we discusses the definition of the
model followed by a real data analysis.

The chapter 3 is the most important part of the thesis, where we
define a first order autoregressive process with one-dimensional Cauchy
marginal distribution. The first Section contains an introduction to the
chapter, while the second Section gives the definition, the innovation
distribution and the joint distribution of ‘n’ consecutive random variables
of the process. This Section also discusses the properties like ergodicity,
mixing property and time reversibility. The rest of this chapter discusses
various estimation procedures used to estimate the unknown parameters of
the process. The maximum likelihood estimation is discussed in section
3.3. Since the likelihood equations do not have closed form for their
solutions, we obtained mle by Newton-Raphson method. The estimators
are consistent and asymptotically normal under certain regularity
conditions. Therefore this is followed by the verifications of the regularity
conditions. Since some of the regularity conditions do not hold when both
of the model parameters are unknown, we assume that one is known and
verify the conditions. Here also we find some problems when AR
coefficient is unknown. Therefore we go for an alternative method of
estimation. The alternative method of estimation is discussed in the
Section 3.4. Here we use the method proposed by Brockwell and Davis
(1987) for estimating the AR coefticient. The scale parameter is estimated
using an empirical distnbution function method. The asymptotical
properties of the estimators are also discussed in this Section

The chapter 4 discusses the application of the Cauchy AR(})

model introduced in the previous chapter. The first section is a simulation



18

study to investigate the performance of the estimators and the second
section is a real data analysis. This section explains how we arrive at this
model. The daily coconut oil prices at Cochin market for period of three
years is used for the analysis. The importance of this commodity, its
characters, nature etc. are discussed followed by the estimation of the

parameters using different methods.



CHAPTER-2

SOME NON-LINEAR GAUSSIAN TIME SERIES
MODELS

2.1 INTRODUCTION

Linearity is one of the basic assumptions in the classical analysis
of time series by Box-Jenkins methodology. But non-linearity can often be
detected in time series. There are several types of non-linear time series
models proposed by Tong (1990), among those we studied the
applications of some of these models. In this chapter we consider some of
the non-linear Gaussian time series models. Section 2.2 discusses the
definition, properties along with an empirical analysis of a Threshold
Autoregressive (TAR) model, Section 2.3 gives the application of
Autoregressive Conditional Heteroscedastic models (ARCH) and the
Section 2.4 discusses Threshold Autoregressive  Conditional

Heteroscedastic (TARCH) models.
2.2 THRESHOLD AUTORESSIVE MODELS
The idea of threshold autoregressive models (TAR) was introduced

by Tong (1980a). The essential idea underlying the class of threshold AR

models is the piece-wise liberalization of non-lincar models over the state
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space by the introduction of the thresholds. These models are locally
linear. Similar ideas were used by Priestely(1965). Priestely and
Tong(1978) and Ozaki and Tong(1975) in the analysis of non-stationary
time series and time dependent systems, in which local stationary was the
counterpart of the local linearity. The local linearity has an important role
in practical situations. For example, Tong (1980a) has adopted piece-wise
linear models in the analysis of Canadian Iynx data and Wolf Sunspot
numbers.

Motivated by the complex behaviour of the solutions of non-linear
systems, Tong(1990) has introduced a class of time series models which
could reproduce some of the features of these solutions. In threshold
autoregressive models, different autoregressive models may operate and
the changes between the various autoregressions is governed by threshold
values and a time lag. These models have been reviewed by many
researchers and compared with classical time series models with respect to
data sets such as Wolf's Sunspot numbers and Canadian lynx data. Tsay
(1989) proposed a simultaneous method for testing the non-linearity and
the identification of the delay parameter. Here we essentially follow the
steps proposed by Tsay (1989) and compare it with a simple
autoregressive (AR) model. In the following sections the TAR modelling

technique is briefly described followed by the results and discussions.

2.2.1 Definition

A time series {X, } is TAR process if it follows a model of the

form
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19
o
=

{
(V) () ) : .
X, =49, +Z¢, X,., teE, ifr_, <X, ,<r, (
i=1

where j=1,2...k, k is the number of regimes, with the regimes being
separated by k-1 threshold values 1j(r, = —w0;r, = +0), de N is the delay

)

paramcter (d < p), {ap”, a,)

, 1=1.2....p, j=1,2...k are the model
parameters regime j and {sn(j)}, j=1,2...k are sequences of independent
normal variates with zero mean and variance ¢%;.

The procedure proposed by Tong(1980) is complex. It involves
several computing stages and there was no diagnostic statistic available to
assess the need for a threshold model to a given set of data. Tsay(1989)
proposed a procedure for testing the threshold non linearity and building,

if necessary, a TAR model. The procedure consists of the following steps.

Stepl- Select the order 'p' of the autoregression and the set of possible
threshold lags 's'.

Step2- Fit an arranged autoregressive model for a given 'p' and perform the
threshold non-linearity test. If non-linearity of the process is
detected, select the delay parameter d.

Step3- For a given 'p' and 'dy' locate the threshold values using the scatter
plots.

Step4- Refine the AR order and threshold values, if necessary, in each

regime by using linear autoregression techniques.

The AR order 'p' in ‘step 1’ may be selected by considering the

autocorrelation function (ACF) and partial autocorrelation function
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(PACF) or some information criteria like Akaike information Criteria

(AIC) as described in Enders (1995).
2.2.2 Tests for non-linearity.

Before estimating a TAR model, it is necessary to detect specific
non-linear behavior in the series by using an appropriate test. Classical
non-linearity tests based on maximum likelihood are complicated as the
likelihood function is not differentiable with respect to the unknown
threshold values r; (Tong, 1990). Several researchers have proposed
methods for testing these types of non-linearity. For example see Tong and
Lim 1980, Kennen 1985, Tsay 1986, Petrueelli and Davis, 1986. Here we
prefer the test proposed by Tsay (1989) for the reasons stated above. It is
fairly simple and widely applicable. Its asymptotic distribution under the
linear manipulation is the classical F-distribution. The procedure is as
follows:

Consider an example of TAR (2,p,d), which consists of two
regimes and one threshold value r;. Assume the order of the
autoregression is 'p' in each regime and the delay parameter is equal to 'd".

Then the model can be written as:

r
) 0 M :
Xn = ¢0 + Z¢v Xn—v + 8" lf Xn—d < rl
v=]

P
=4, +>. 00X, +£7 X, >n. (2.2.2)
v=]

n—d

where ne {p+1,..,/}, 1 being the number of observations and other

parameters are defined as before. Now arrange the observations in the
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ascending order. Let m; be the time index of i" smallest observation, then

the above model can be written equivalently as

P
()] n m Cn.
Xlr,ﬂl = ¢() + z¢| X;r,“/,.v + gn,,(/ lf 1<5s
v=|

P
=67+ 00X, L ve, P s, (223)

v=l

with ie{p+1,...m-d} and s satisfyingX, <r, <X . This is an
arranged autoregression with the first 's' cases in the first regime and the
rest in the second regime. The arranged autoregression provides a mean by
which the data points are grouped so that all the observations in a group
follow the same AR model. The separation does not require the precise
value of ry; it only requires that the number of observations, in each group
depends on ry.

Tsay described the motivation for the test as follows. If one knew
the threshold value r; then the consistent estimator of the parameters could
easily be obtained. Since the threshold values are unknown, one must

proceed sequentially. The least squares estimates of the ¢3‘,“) of ¢, is

consistent if there are large numbers of observations in the first regime (ie.
many /<s). In this case, the predictive residuals are white noise

asymptotically and orthogonal to the regressors {X, , , [v=12,.,p}.

On the other hand, when ‘1’ arrives at or exceeds ‘s’ the predictive residual

for the observation with time index 7 +d is biased because of the model
changes at time 7, +d . That is, the predictive residual is a function of the

regressors  {X_ . lv=12,.,p}. Consequently the orthogonality
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between the predictive residuals and the regressors is destroyed once the
recursive autoregression goes on to the observation whose threshold value
exceeds r;. Based on the above, one way to test the non-linearity is to

regress the predictive residuals of the arranged autoregression (2.1.3) on

the regressors {X”iﬂ,_v |lv=12,..,p}, and use the F-statistic of the
resulting regression. The F-statistic is defined in (2.2.6) below.
Consider the arranged autoregression (2.1%3), let ,[}m be the vector

of least squares estimates based on the first ‘m’ cases, Py, be the associated
X X inverse matrix and Xm+1, the vector of regressors of the next

observation to enter the autoregression, namely X, . These vectors and

matrices are given below. Then the recursive least squares estimation of
the parameters can be done using the following algorithm given by Ertel

and Fowlkes (1976).

Here
¢l l X)r,”,ul—l Apvivd p
ﬁ _ ¢2 and X _ 1 X;r,,‘lul—l X;r,,,lﬂl—p
¢[7 1 X)r,,_,,ﬁl—l X;r,_‘,ul—p

ﬂm+l = ﬂm + Km+l[X)r,,,,,+d - X"'”’lﬂm]

Dm+l =1+ X'm+lmem+I

P X
Km+l _m m+l and

n+l

X X
Pm+|=[l—l’ ST R 'jp

m n

m+l

and the predictive residual is given by
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Xd+zr,,,,, - Xlﬂm
D

eAd+'rzm+ 1=

(2.2.4)

In the above equations ‘I’ denotes an identity matrix of appropriate
order. The predictive residuals can also be used to locate the threshold
values by using various scatter plots. For fixed 'p' and 'd' the effective

number of observations in the arranged autoregression is I-p. Assume that

. o . . ) .
the recursive estimation begins with m = m + p observations so that there

are (I-p-m) predictive residuals available. The test statistic proposed Tsay
defines the classical F-.statistic as below. Corresponding to the regression
of the predictive residuals (recursively estimated) of the arranged
autoregression on the regressors (1, Xqj+g-1... Xxzi+d-p). That is, if

r
e;r,ﬂl :wo +ZwVXn’,+l/—v +£":+‘I (225)

v=l

fori=b+1,...n-p and then compute the F-statistic as

Qe =D ' (p+))
F(p,d)= (2.2.6)
> etln-2p-b-1)

The summations are over the observations in (2.2.4) and €7, is the
least squares residual of (2.2.5). The above statistic follows approximately

an F-distribution, which stated in the following Lemma proved by Tsay
(1989).

Lemma 2.2.1: Suppose that Z, is a linear stationary AR process of order

'p. That is, X, follows model (2.2.1) with k=1. Then for large n, the
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statistic F(p,d) defined in (2.2.6) follows approximately an F-distribution
with p+1 and (I-2p-b-1) degrees of freedom (d.f). Further more, (p+1)
F(p,d) is asymptotically a chi-squared random variable with (p+1) d.f

The relative power, feasibility and simplicity are the major
considerations in proposing the above statistic. Also since it requires only
a sorting routine and the linear regression method, it can be easily
implemented. The next step is the identification of TAR model in the

estimation of the delay parameter and threshold values.
2.2.3 Identification of the delay parameter.

The threshold variable plays a key role in the non-linear nature of
the model. For model (2.2.1) the specification amounts to the selection of
the delay parameter d. Tong and Lim (1980) used AIC for the selection of
d after selecting all other parameters (threshold values and AIC
coefficients). Tsay(1989) proposed a different method, that is to identify
the delay parameter 'd' and then the threshold values. For a given 'p' the

delay value d, to be chosen from {1,2...p} as follows:

d, = max{F(p,5)},

I1sésp
where ﬁ‘(p,&) is the statistic defined by (2.2.6). That is, d, is the value

that maximizes ﬁ(p, 9).
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2.2.4 Identification of the threshold values

A graphical method is used to locate the threshold values. Two

scatter plots are used for this purpose.

(1) The scatter plot of predictive residuals of (2.2.4) versus X nd - A

non-random change will be observed at the threshold values, since
the predictive residuals will be biased at the thresholds. It is closely
related to the traditional on-line residual plot for quality control. It
shows the locations of the threshold values directly.

(2) The scatter plot of the t-ratios of recursive estimate of an AR

coefficient versus X _, , where the t-ratio is given b
n d’, g y

~

ﬂm+|
JRSS*R(1,D) '

RSS denote the mean residual sum of squares and R(L,I) is the "

{ =

diagonal element of (X'X)_l. In this case. the t-ratios have two
functions: (a) they show the significance of that particular AR
coefficient, and (b) when the coefficient is significant the t-ratio
gradually and smoothly converge to a fixed value as the recursion
continues. To explain the use of the second scatter plot to identify the
threshold values, consider a simple TAR models with a single

threshold given by
Xn = ¢“)Xu—l + El:“) lf /\,n—(l < rl

2 SIN
=X,  +e¢ if X, ,>n.

n
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The t-ratios behave exactly as that of a linear time series before the
recursion reaches ry;. Once ry is reached the estimate of ¢(” starts to change
and t-ratio begins to deviate (see Tsay, 1989). The pattern of the gradual
convergence of the t-ratio starts to turn and changes direction at the
threshold value. This behaviour of the t-ratio is used to identify the value

of the threshold .
2.2.5 Empirical Example

In this section we apply the above procedure to a set of real data.
The data used in this study consists of the monthly coconut oil prices for a
period from January 1978 to December 1996, which is presented in
Appendix-I. The series consists of 228 observations. The Fig. 2.1 shows
an upward trend in the process during the period. Apart from the sharp
increase, fluctuations in prices within the year can also be seen.

Since the observed prices arise in a time sequence, it is possible
that the consecutive observations are dependent. Therefore a time series
model based approach has been tried to explain the fluctuations other than
trend and seasonal variations. A fairly good estimate of the parameters of
the series is obtained only if the series is stationary. Plotting of the original
data shows that it is not stationary. Therefore we take a first order
difference of the prices (that is, if X, is the price sequence then their first
order difference is VX, = X;-X,.1.n=1,2,...) for further analysis (Fig.2.1 ,
given below).

Firstly we try to model the prices using the Univariate Box

Jenkin’s (UBJ) method and then using the threshold AR method. In the
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UBJ technique a model can be fitted to data by studying the behaviour of
the characteristics such as ACF and PACF or by using some Information
criteria like AIC. After identifying order and nature of the relationships,
the model parameters are to be estimated. These models can be used for
short term forecasting, because most of the autoregressive models place
emphasis on recent past rather than its distant past. The ACF and PACF
converge to zero reasonably quickly (Fig.2.2). The cutoff of the PACF
after the lag two (Fig.2.2) recommends an autoregressive process of order
two for the series. Also an examination of the AIC and residual sum of
squares (RSS) for different orders of 'p' and 'q' (Table 2.1) suggests an
AR(2) is more appropriate for the series. After fitting a UBJ model a non-
linear model was also fixed to get a better representation.

Fig 2.1
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Fig 2.2
ACF and PACEF of First Order Difference

36 41

Table 2.1 : Estimates of the parameters of ARMA(p,q)

46

p=1 P=2 p=1 p=2 p=2
q=0 q=0 q=1 q=1 q=2
Constant 22.77 24.89 25.10 24.90 22.36
(16.37) (21.16) (21.31) (21.23) (16.92)
AR(1) -0.308 0.243 0.688 0.247 1.446
(0.065) (0.066) (0.136) (0.286) (0.217)
AR(2) - 0.236 - 0.235 -0.616
(0.067) (0.108) (0.163)
MA(1) - - 0.401 0.004 1.193
(0.166) (0.293) | (0.217)
MA(2) - - - - -0.575
(0.129)
AlC 2981 2306 2974 2973 2971
RSS 659277 6262937 | 6362139 | 6243104 | 6169479
ErrorVariance 4833 27844 28381 27699 27753

AIC - Akaike Information Criteria, AR(p)}-Autoregressive process of order

‘p’,RSS—Residual Sum of Squares MA(q)}-Moving Average process of order ‘q’
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The first step in the Tsay (1989) procedure is to identify the order
of the AR process. From the above details we can choose the order as two.
Therefore the possible values of the delay parameters are either d=1 or
d=2. The next step is to test the non-linearity using the statistic (2.2.6).
Recursion starts with 25 observations, so that there are 200 predictive

residuals. The values of the F-statistic are given in Table 2.2. The p-value

Table 2.2 Estimates of the autoregressive parameters for TAR (3,2,1)

and AR (2)

Results for
TAR (3,2,1) AR(2)
Constant -45.11 10.88 67.67 24.89
1 .1088 0.0297 0.3419 0.243
(0.145) (0.118) (0.092) (0.066)
2 -0.00418 (-0.123) 0.0169 0.236
(0.146) (0.121) (0.125) (0.067)
AIC 528 702 1022 2306
RSS 2168589 1044825 3191737 6262937
Residual
Variance 44257 14313 32569 27844
Values F-statistic
d F(5,d)
1 1.81
2 1.20
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is maximum for d=1. After identifying the delay parameter the next step is
to locate the threshold value using the t-ratios of the recursive estimates of
an AR coefficient versus VX,.qp . The scatter diagram reveals the threshold
value directly. The t-ratios of the estimates behaves exactly as those of a
linear time series before the recursion reaches the threshold value r;. Once
r; is reached, t-ratio begins to deviate. The pattern of the gradual
convergence of the t-ratio is destroyed. In effect, the t-ratio starts to turn
and, perhaps, changes direction at the threshold value. The scatter plot
(Fig 2.3, below) of the t-ratios indicate the possible threshold values are
around -100, 40 and 100. Since it needs a minimum of 50 observations for
accurate parameter estimation, we choose the value as  -100 and 40, that
is, threshold model with three regimes. There are 51, 74 and 100
observations in the first, second and third regimes respectively. Since AIC
is minimum for p=2 and r;=-100 and r,=40 we choose the order of AR as
two and the threshold values as -100 and 40. The parameters are estimated

for all the models (Table 2.2). The identified TAR (3,2,1) is as follows.

V X, =-45.11 +0.1088VX,.; -0.00418 VX, + £V if V X,.,< -100
=10.88 + 0.0297VX,.1+0.12370VX,o+e?, if ~100<VX,, <40
=67.69 +0.3419VX, ;- 0.3250VX,, + £®, if otherwise.
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T-ratios of the Coefficients
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In the diagnostic stage, we compute the ACF of the residuals for
each of the models. Most of ACF are out of the 20 limit shows that the
residuals are independent. The sum of squared residuals and AIC values
are less for TAR model than those for an AR model (see Table 2.2). The
forecast percent error (Fig 2.4) is also minimum for the TAR model.

These observations are in favour of modelling the series by a TAR

process.
Forecast Percent Error
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30 |-
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E 1w
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=
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Fig 2.4
Here the values of the F-statistic do not show any non-linearity in
the series. But no other factors like the RSS, AIC etc are in favour of TAR
process. The percent forecast error for TAR process is lower than that of

an AR process. Thus most of the factors are in favour of modeling the
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coconut oil prices using a TAR process. The TAR process gives a better fit
for coconut oil prices. For an observation X,, the model change is

identified by using the difference of previous two observations.

2.3 AUTOREGRESSIVE CONDITIONAL HETEROSCEDASTIC
MODELS

One of the basic assumptions in the classical Box-Jenkins
methodology is that, the variance of the error random variable is a
constant. But most of the financial and economic time series usually
exhibit the characteristic feature that the variance at time ‘n’ is some
varying function of the variances at times (n-1), (n-2), . . . Recently, most
of the economic research is concerned with extending the Box-Jenkins
methodology to analyze this type of time series behavior. One of the most
important tool in characterizing such changes in variance is the
autoregressive conditional heteroscedastic (ARCH) model introduced by
Engle(1982). A stochastic variable with constant variance is called
homoscedastic and varying variance is heteroscedastic. A brief description
of homoscedasticity and heteroscedasticity is given in Chapter 1.

The prices of commodities, stock market indices, stock returns etc.
appear to vary through time according to some probabilistic laws. If the
time series of stock returns consists of independent and identically
distributed random variables, the process is called random walk process.
In the early 1960’s, the random walk model was favorite for modelling
financial data. Since then, the independent and identically distributed

nature has been challenged by many researches, for example see the
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references in Li (1995) in the field of finance. In random walk models, it is
difficult to predict the direction of the future return by using the past
return, the future magnitude is more predictable (see Li (1995)). This
invalidates the assumptions of the random walk hypothesis and points out
the necessity of modelling time series, which have changing conditional
variances.

The ARCH model proposed by Engle (1982) becomes widely
acceptable for financial time series with conditional heteroscedasticity. If
the series exhibits periods of very large volatility followed by periods of
relative tranquility (Enders, 1995), the assumption of constant variance
becomes inappropriate. Also forecasting will be meaningful, if we can
forecast the future prices along with their variances. If ARCH effect is
present, ordinary method of fitting an ARMA model to the time series lead
to ineffective estimates and sub optimal inference (Bollerslev et al., 1992).
Here in this part , the autoregressive nature of the monthly coconut prices

i1s studied by taking into account the ARCH effect present in the series.
2.3.1 Description of ARCH model

There are several models for changing variances and covariances.
One approach to forecast the variance is to introduce an independent
(exogenous) variable that helps to predict the volatility. Consider the
simplest case in which X,=¢,Y,.;, where X, is the variable of interest ¢,
is a white noise process with E(e,)=0 and Vai(e,) = 6- and Y., is the
independent variable observed at time ‘n-1’. The conditional variance of

X, 18 02Y2n.1_ which depends on the realized values of Y, If the magnitude



37

of Y2, is large (small) the variance of X, will be large (small) as well.
Further more, if the successive values of {Y,} exhibit positive serial
correlation, the conditional variances of X, also follows positive serial
correlation. In this way the introduction of the independent variable can
explain the periods of volatility. The procedure is also simple to
implement. A major difficulty in this strategy is that it requires the
specification of the changing variance. Also we may not have theoretical
reason for selecting one candidate for the Y, sequence over the other
reasonable choices. The bilinear model given in (1.3.3) also allows
conditional variance to depend on the past realization of the series. The
model is X,= €,X..1 and the conditional variance is 6°X%,.; A similar
model, not exactly the same but very close to the bilinear model was
introduced by Engle(1982). He showed that it is possible simultaneously
to model the mean and variance of the series. Before getting into the
details of the model, we shall explain some of the importance of the
conditional forecasts. To explain this, let us consider a AR(1) model
defined by
X, =g+ X, +e, |hil<l,
and suppose that the parameters are already estimated.
A forecast of X,,1 is given by
X, 1 X)=0,.+8X,.
If we use the conditional mean to forecast Xu , the forecast error variance
IS
Var(X, | X)) = (X, ~¢, -¢X,) =L, )~ o

Instead, if unconditional forecast arc used. then
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(X, = Z

and the unconditional forecast error variance is

Var(X )= E(X, - by
1- ¢\
:[L‘(gn + ¢|aln~l + ¢l28n 2 + )

2

2
O

1-¢,°

Since

—>1, the unconditional forecast has a greater variance than
1- ¢|~

that of a conditional forecast. Thus conditional forecasts are superior to
unconditional forecasts in terms of their variances. The model proposed by
Engle (1982) is

X, =¢enh, (2.3.1)
where {g, } 1s a white noise process with E(e,,)=0 and Var(g,)=1 and

hy=a,+a X | (2.3.2)

o9 and a; are constants such that ay>0 and 0< a; . Also assumes that g,
and X,.; are independent of each other and ¢, follows a standard normal

distribution for each t. Let ¢, ={X, j <n} be the past history of {X,} up
to time n. It is referred as the information set up to n. Also assumes the
conditional distribution of X, given ¢, is normal with mean zero and

variance h,. This is an ARCH process of order one. The properties of an

ARCH process are discussed by Engle (1982). The conditional variance
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follows an autoregressive process. In order to ensure that the conditional
variance is positive it is necessary to assume that the unknown parameters
oo and o are positive. Thus {X,} is a zero mean serially uncorrelated
process with non-constant unconditional variance and constant conditional
variance. Also it generates a data with fatter tails than the normal density

as it has the coefficient of kurtosis given by

B E(Xn")

[E(X,))

= %Z:z; , if3oy<1.
Note that y>3.

The simplest and often useful ARCH model is the first order linear
model given by (2.3.1) and (2.3.2). The generalization of the first order

linear ARCH model is given by Engle(1982). The model is defines as

X, =£,,Jh—" ,

where {g is a standard normal variable and

h,=ay +a X i+, X 2+ .+ a,X ap,
assume that the conditional distribution of X, is normal with mean =zero
and variance h,. This is an ARCH process of order ‘p’ or ARCH (p)

process. The following theorem gives a set of conditions for stationarity of

an ARCH(p) process.

Lemma 23.1 : The plh order linear ARCH process with

a, >0,a,..a, 20, is covariance stationary if and only if all the roots of
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the associated characteristic equation lie outside the unit circle. The

stationary variance is given by

E(X,})= —2.

Proof : See Engle (1982).

The technique of constructing an ARCH process explained by Enders
(1995) is as follows.

Estimate the best fitting ARMA model to the sequence {Y,}and obtain the

squares of the residuals é,,z . Calculate the sample variance of the residuals

6% as

~2
g

.
A2
A
_

T

9’

where T = number of residuals. Obtain the sample autocorrelations of the

squared residuals as

p( l ) — n=i+l -

énZ _0“_2)2

n=i+l
In large samples, the standard deviation of p( i ) can be approximated

1

byﬁ. Individual values of p( 1 ) with a value that is significantly

different form zero is an indicative of ARCH effect. The Lung-Box Q

statistic, given by
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Q=T+ Y L0 (233)

can be used to test for groups of significant coefficients (Enders, 1995).
This statistic Q has an approximate chi-square distribution with n (total
number of observations) degree of freedom if £°, are uncorrelated.
Rejecting the null hypothesis that the £°,are uncorrelated is equivalent to

rejecting the null hypothesis of no ARCH effects. In practice consider the

value ofupto n= %

The Lagrange multiplier test procedure proposed by Engle (1982)
may be described as follows. Consider an AR(p) model defined by
Xn=agtra1 Xpgteenennnnn. +apXnp t&n -
Obtain the squares of the residuals of the error and denote it by &% .

Regress these squared residuals on a constant g and on the p lagged

a2 A2 . . .

values, €a-1,...£4-p . That is, obtain the estimate as
AZ Az A2
En=0a, +a|8 n—l+...+ar’€ n-p.

If there is no ARCH effect then o = ... o, = 0. Obtain the statistic TR
where R? is the usual coefficient determination. With a sample of T
residuals, under the null hypothesis of no ARCH effect, the test statistic
TR? converges to a chi-square distribution with p degrees of freedom.
Therefore, rejection of Hy is equivalent to say that there is no ARCH
effect. Or if TR? is sufficiently small, it is possible to conclude that there

is no ARCH effect.
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Empirical Analysis

The time series data of the monthly coconut oil prices at Cochin
Market, described in the previous section is used for the analysis. The data
shows that the process undergoes wide and violent fluctuations (Fig 2.1).
Also we can observe periods of high variability followed by relatively
smaller ones.

The prices have increased nearly four times during the period
(1978-96). It is below the average up to 1987 while it fluctuates around the
means form December 1987 to July 1990 and after that it never comes
down below the average. The actual data set is provided in the Appendix I.
Similarly the variance also undergoes fluctuations. These variations in the
means and variances of the process lead to test the presence of ARCH
effect in the series. Using the Box-Jenkins procedure, an autoregressive
process of order two, (that is, AR (2) is found suitable for the series
(details are given in the previous section).

The above modelling procedure is based on the assumption that the
error variance is a constant. This may not true always. Therefore, the next
step is to check whether there is any ARCH effect present in the series.
The significant autocorrelation coefficient of the squared residuals is
shown in Fig 2.5 given below. Since the calculated value of the Q-statistic
(Q=180.75 for n=50) is greater than the table value (76.15 at 1% level of
significance) we reject the hypothesis of no ARCH effect. The Table 2.3
given below gives the values of the regression coefficients and the
corresponding TR? values. We estimated the values up to lag six. The

significant value of TR? is obtained when the number of independent
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variables is six. Since the regression coefficients corresponding to
a2 -~ 2 ~2
£°n-2,€ n-4 and £°n-sare very low

Fig 2.5

ACF of the squared residuals
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(also the value is negative for & 2.;4) we omit those squared errors and
continued the procedure. The value of the TR? has not much reduced even
when there are three independent variables and the t-value of those
coefficients are significant also. These coefficients satisfy the stationarity
conditions (Lemma 2.3.1) of a p'h-order ARCH process. Thus finally the

model s

VX, = 24.89 + 0.243VX,,, + 0.236VX ot €, |
(21.16) (0.066)  (0.067)
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where ¢ is assumed to be normally distributed with means zero and

conditional variance given by

h, =16384 +0.104318%,-1 +0.18118%5-3 + 0.1529£% .

The numbers in the parentheses are the standard errors. By conditioning

on the previous rise and falls in the market can easily capture the

asymmetry in the process.

TABLE 23 Estimates of the parameters of the regression

coefficients of the squares of the residuals

No of | Constant | g2, E2na Eluon Elnca | E%nss | E7nss TR?

independent

variables

1 24971 0.1274 | - - - - - 3.60
(1.88)

2 24091 0.1230 | 0.0362 | - - - - 3.80
(1.79) 1(0.53)

3 19185 0.1156 { 0.0113 | 0.2108 | - - - 13.50
(1.72) | (0.17) | (3.19)

4 19547 0.1193 | 0.0114 |0.2129 | - - - 14.85
(1.74) | (0.17) | (3.14) | 0.0198

5 18120 0.1206 | 0.3462 | 0.2125{ (-0.28) | 0.077 | - 19.58
(1.76) | (0.05) |(@3.14) |- (1.11)

6 15572 0.1086 | 0.00016 { 0.1831 | 0.0288 | 0.059 | 0.1529 | 19.36
(1.59) | (0.002) | (2.68) | (-0.41) | (0.85) | (2.21)

3 16384 0.1043 | - 0.1811 | - - 0.1596 | 18.68
(1.58) (2.69) | 0.0286 (2.33)

(-
041D

Figures in parenthesis denote the student t-value.
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2.4 THRESHOLD AUTOREGRESSIVE CONDITIONAL s
HETEROSCADASTIC MODEL (TARCH)

This section deals with threshold models having ARCH effect.
That is, extends the usual threshold specification to take care of the ARCH
effect. This threshold specification was briefly mentioned in Tong (1990).
The threshold plus ARCH specification has many application is modelling
financial time series. The threshold ARCH models and Asymmetries in
Volatility introduced by Rabemananjara and Zakoian (1993) was used to
model the asymmetry in the conditional variance. This model allows
relaxing the possible constraints in the parameters of the conditional
variance and also this unconstrained model allows nonlinearity in the
volatility. The threshold model with conditional heteroscedasticity, for X,

is defined as

— 4 P W .
X, =¢P0+>" ¢V X, , +¢, if r <X, ,<r,

=12,...k,v=12,...p,
where ¢, is assumed to be normally distributed with mean zero and

conditional variance

h (#)] =a0(_/) +a|(_l)8

n

2 2
+.+a. €

n-l rEn-r
where a; > 0,1 =0, I, 2.... r. The above model is a TARCH (p,, p2, r). If
pi=p2=ps3.... pir and ¢2(”=¢i(2) for all 1, then we have the usual
autoregressive model with conditional heteroscedasticity that is TARCH
(p,r). Here hywis changing in each regime according to the previous €gs.
The stationarity and ergodicity of TARCH model is discussed by many
authors like Chan (1990) and Nelson and Cao (1992). Li and Lam (1995)
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used TARCH model to study the asymmetry in stock returns. They studied
the asymmetric behavior of stock prices using threshold type non-linear
time series model with conditional variance. Here we explain the method
of estimation with the help of an empirical data. The rest of the Section
explains details of the TARCH modelling technique for the monthly

coconut oil price data.
Empirical Results

The empirical example here is the same as that we considered in
the previous sections. Here we combined the TAR and ARCH models
together. The method used here is as follows. First we analyse the data
using the method given in the Section 2.2. That first we try to fit a TAR
model to the data. The TAR model to monthly coconut o1l prices is (cf
Section 2.2.5):

V X, =-45.11 +0.1088VX,.1 -0.00418 VX2 + €y if V Xp4<-100
= 10.88 + 0.0297VX,.1+ 0.12370VX,.o+e?, if -100ZV X,.1<40
=67.69 +0.3419VX,..1- 0.3250V X, + €', if otherwise.

That is, a TAR model with three regimes. The model is piece-wise linear.
That 1s an autoregressive model of order two is fitted in each regime. Now
the next step is to test the ARCH effect in each regime separately using the
method explained in Section 2.2. Estimate the squares of the residuals and

the Q statistic (2.3.3) in each regime.
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Regimes Q - statistic a
1 -18.46 (21.3,n=12)
2 8.36 (28.87,n=18)
3 114.60 (36.42,n=24)

Figures in parenthesis are the table values

By comparing the calculated values with the table values we can
see that the ARCH effect is present only in the third regime. Thus the
procedure continues only for the third one. By regressing the residual sum
of squares on the lagged values we get the conditional variance. Here also
we calculated the TR? statistic for different regression equations (see the
previous section). By comparing the values of TR? values and the
regression coefficients finally we arrived at the following equation for the

conditional variance in the third regime. That is the TARCH model is
V Xu= -45.11 +0.1088VX,.1 -0.00418 VX,z + € if VX,4<-100
= 10.88 + 0.0297V X1+ 0.12370VX,.2+e®,  if -100ZVX,,.1<40
= 67.69 +0.3419VX,..1- 0.3250V X, +&', if otherwise,
where £, follows a normal distribution with zero mean and conditional

variance

h, =21268+0.15091£%, 1 + 0.2086£,2 +0.13062%, s (TR?=12.14),

Finally we arrived at a conclusion that there is an ARCH effect in the TAR

model for the monthly coconut oil prices.

A portion of this chapter is already published in Nampoothin and Balakrishna (2000).
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CHAPTER -3

CAUCHY AUTOREGRESSIVE MODELS

3.1 INTRODUCTION

Recently there has been a growing interest in studying non-Gaussian
time series models. The need for such models arises from the fact that
many of the naturally occurring time series are non-Gaussian. In the
classical Box-Jenkins method, it is assumed that the observed time series
is realization from a Gaussian process. A variety of data, especially in the
field of economics, tended to jump around too much and involve outliers
that contained important information. That is, such data have tendency to
follow distributions with heavy tails. As a consequence a number of non-
Gaussian time series models are developed to study time series data,
which do not fit into the standard Gaussian linear models. One such class
is the class of exponential time series models characterized by a set of
observations distributed as exponential. This class was first introduced by
Gaver and Lewis (1980) and later extended by Lawrence and Lewis
(1981,1985). Other important studics in the non-Gaussian time series
models are by Sim (1990) and Adke and Balakrishna (1992). They studied
autoregressive models (AR) with gamma marginal.  Abraham and

Balakrishna (1999) introduced an inverse-Gaussian AR model. In their
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study, they introduced a first order autoregressive process with one-
dimensional inverse Gaussian marginal. They obtained innovation
distribution and estimated the unknown parameters by different methods.

One of the important non-normal distributions suitable for
studying the behavior of price data is the Cauchy distribution with
probability density function

o

f(x,p4,6)= )

,—0<x<o0<d<w—o< <o (3.1.1)

If a random variable X has the probability density function (3.1.1),
then we say that X has C(d,u) distribution, where & and g are the scale

and the location parameters respectively. The distribution is symmetric

about x=u and hence the median is 4. The distribution does not possess
finite moments of order greater than or equal to one, however 4 and &

may be regarded as being analogous to mean and standard deviation.
(Johnson and Kotz, 1994 pp. 299). A major difference between Normal
and Cauchy distributions is that the latter has a longer tail than the former.
This facilitates a better modeling of the price data using Cauchy
distribution. The observations on a characteristic collected at different
time points need not be independent. For example, the price of a
commodity on a particular day depend on the previous day price. In such
cases a Markov dependent sequence will be a better model to describe the
data. So in this chapter we study the properties of a first order
autoregressive model, which generates a sequence of Cauchy random

variables.



50

A summary of this chapter is as follows. In Section 3.2 we define
the model and study its properties. The Section 3.3 discusses the
maximum likelihood estimation of the model parameters of a first order
Cauchy autoregressive model while the Section 3.4 suggests some

alternative method of estimation.
3.2 THE MODEL AND ITS PROPERTIES

Let {e,, n>1} be a sequence of independently and identically
distributed (i.1.d) random variables and X, be a random variable with
distribution function (d.f) F independent of ;. For n>1, define

Xo= pXa1+ €n n=12,.. .. o< |pl<1 (3.2.1)

Now {X,, n>1} defines a strictly stationary sequence of random
variables . Sometimes {g,} is referred to as an innovation sequence. Let
dx (t) be the characteristic function (c.f.) of X, and ¢.(t) be that of €, . The
c.f of a C(5,u )is given by

¢x(t)=exp(iut-6|t| ,—© <t <o (3.2.2)
If X, ~ C(@d,u ) for all nthen from (3.2.1) we can write
bx (1) = ox(pt) . du(t)

¢y (1)
dh () = ——.
and hence de(t) 4. (o)

Now substituting for ¢.(t) we get
¢ (t) :el/ll(l VAR IGTS RETTE}
[N
That 1s ,g, has a Cauchy distribution with parameters p (1-p ) and

8(1-1 pl ). There fore, the probability density function of €, is given by
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_ 80-]p) I
87 (1=|ph*+X ~ p(1- p)f

0< 5 <o, -0 < pu <o0,0dpl<l (3.2.3)

-0 <X < o0

g(x)

Clearly {X,} defined in (3.2.1) is a stationary Markov sequence and the
transition probability distribution of X, at x given X,,.;=y becomes ,
Plx, <x|X,, =y]=Pl, <x-py]
x-py

= Ig(u)du .

The corresponding transition density is

5(1-lel) ‘
w8 (=|olf +[(x- o) - uli- p)F

—00 <x <o (3.2.4)

h(x|y;0,u,p) =

we will use this density function for estimating the parameters in the next

section.

Remark 3.2.1 : In AR(1) model (3.2.1) , the parameters p is usually
interpreted as correlation coefficient. But here we have a Cauchy marginal
distribution for X, and the correlation coefficient does not exist. Hence we

refer p as a parameter of the model and not as the correlation coefficient.
The transition distribution of X, at x given Xo=y is

P[X, <x|X, =y]=P[p"Xo +p" e ..+ peE, tE, <x| X, =y],
(3.2.5)
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since repeatedly using (3.2.1) we can write
Xn= pXp-1+€n
= p(pXn-2+En-1) + €n
= p*Xn2+ PEnt) + €

= p'Xn3+p€n2 + PEniHPER

=p"Xot p™'e) + pext . .. HpERItER
There fore equation (3.2.5) becomes
PlX,<x|X,=y]= P[p"“'e, +p" e, +...+ pE, , +E, < x—p”y]
= P[Z,, Sx—p"y]
where
Z,=p" g, +p" e, +..+ pE,  +E,
and {e,} isasequence ofi.i.d. C(é'(l —|p|),u(1 - p))
Therefore, the characteristic function of Z,, is
¢, () = E(e"")

-E (e,l(p”"cl+p”'zcz+...+pe,,_|+£,,)

= [1¢.(07 1)
=1

_ - m(l—p)fp"”—5(|—|P|1'p"’q
e

l,u(l—p)lz;)" ’—(5(]—]/)|)\t\2|p]" !
=¢ =1 ;21
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IRy L7 v Ll
ip(! p)r( I—p] a1 |p||r|-<[ =y

=e
- elpl(l—p")—ﬁl’\(l‘lpln) . (326)

Thus we have the following result.

Result 3.2.1 : If {X,} is a sequence of Cauchy AR(1) sequence defined in

(3.2.1), then Z,=p" ', +p" e, +...+ pe, , +¢, follows a Cauchy

distribution with parameters (1 — | pl") and u(l-p").
It is well known that if {X,} is a sequence of i.i.d C(8,u) then Sy
n

also has C(d,u) distribution for every n where S,=X+X,+ ...+ X, In the

case of Cauchy AR (1) sequence we have the following theorem.

Theorem 3.2.1: Let {X;} be a Cauchy AR (1) sequence defined by

1-|o|

(3.2.1). Then Sa converges in law to C( 5,#) distribution as
n

n—oo. In other words, the Cauchy AR (1) sequence belongs to the

domain of attraction of a Cauchy distribution.

Proof:
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We have Xn=pXn-1+€n
and

Si=X1+Xp+. ..+ X,
That is

S, =X, +(pX, +&)+(P° X, + pe, +&)+..+(p"' X, + p" g, +...+ pg, , +&,)

=(+p+p  +..+p" VX, +(+p+p’ +..+ p" e, +...+ pe,_, +E,
n-1
l p" X+1 P
1-p I-p
AN n _ it
_l=p X, + =p £
I-p = 1-p

& +..+pE, +E,

J*

The characteristic function of S, becomes

(- p
1-p

ﬁ¢ Pia j+l )

-p

dsn(t)=e W[Il___,;]

t(l n j+|

1-

ewl[l'-‘,:’ ] .’('I”” exp{Zzw((l—p"‘”';(l—p)] L&(l lP)

£

| |1(1=p"

i .exp{z":i,ut(l—p"'”' -(sa-|p)

t(l—' n- j+|

)

There fore, the c.f. of & is
n
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¢s_,, (t) =
,p(,,n{%},,

ASH—)CDweget

@/nxi-p"|
l-p

€

.e)“{ii(t /n)ﬂ(l —_ p"-j+l ) _[5(1 —Id)II (t/n)fl__ppn—l l}} |

J=2

iul-b'|l|L-|p_|)
¢sn (1) > e -7
I[f0< p<1 then
g > "M as  now.

n

This completes the proof.
Joint Distribution of X4 and X,
Lemma 3.2.1:

If {X n>0 } is a Cauchy AR (1) sequence defined as (3.2.1) ,

then the joint distribution of X, and X, is a bivariate Cauchy with
characteristic function

¢ ([ t2) = elﬂ(l,wz) e-{’l+’2/’"|"‘11|(|—lp[") Yo
Np X, VD2

Proof

Xn = anO +p"_|£| +p"—2£2 +...+p En_l +g”

¢A\'"“\,” ([l ,[2) =E (e"..\',. oy, )
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=E (el’IX()"'”Z(p"X()"'p"-IEI+"'+pen—l +€,) )

— E(e i(h“zP")Xu) ) E( ei'z(P""£|+m+P5n-|+5,))

=@y, (i +1,0"). 1—[¢5(’2pn_1)
J=1

_ ew(l,+lzpn)—5|l,+lzpnl ) el,ul,(l—-p")—b‘|r,|(l-|p|")

=e'ﬂ(‘|+’zp )‘b|’|“zP +Huty (1-p ).e,,”z .e—,plzp" .e-b'|1“(l—|p|")

=eiﬂ(l|+‘;)‘e-(|ll+lzp" *l'zl(l—lpl")}t; .

When u =0 this becomes

-(|t|+1,p" +,|(1-1p" )6
¢X0X (tlt2)=e ’

which is the required result. In the next theorem, we establish some
properties of {X,}, which are useful in studying the properties of the

estimators.

In the rest of this chapter we assume that p=0.

Lemma 3.2.2 : Let {X,,n>0} be an AR(I) process defined by (3.2.1)
with marginal p.d.f. (3.1.1). Assume that
i. E[{log|8l|}+] < oo and

11. £, has a non-trivial absolutely continuous component.
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Then for any initial distribution of X, the Markov sequence {X,} is Haris
recurrent and strong mixing.
A proof of this Lemma is given in Arthreya and Pantula (1986a) .

Next we show that the conditions of Lemma 3.2.2 hold for the

Cauchy AR(1) sequence.

Verification of the conditions of Lemma 3.2.2.

Take p=0 and &=1 |, then the {g,} follow a C(l-!pl, 0). Then the

probability distribution function is

_(-|n| ! _
fc(}’)— .(1—|p|)2+y2 CD<y<'XI
[logle," =0 if|g|<1

=le| ifle]>1

and E[[logle,

] = [ logle, |/, (»)dy

The density function becomes

[ Y
I.(y)==+—tan '| —
A= (l~|p\]

/)(l‘(;l

Sxy=/pl-x<¢g <x|
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1 _,( x ] 1 _,[ —x]
=—tan | —— |-—tan" | ——
e el =

Therefore, probability density function is

2 1 1
f.t:,(x)_; x2 l—lpl
(1~|o])’
_2|  (d=1pl 0<x<oo
zl (=l pD* +x* T
put  y=|g|. There fore
R 2(1-|p| 1
Efl = | logy. .
[ 0g|5||] '.r ogy ( _|p|)2 +y2
(Since logle,| <0 for 0<le,| < 1)-
_ 2(1 —|,0|) r logy
ot (=|ph? +y?
2(1—|P|) J" te'
= dt

m Y (=]p))? +e’



< 2(]—_|[)l)_'[:)%d[

/4 (4

il

e ;Ipl) J;h te”'dt

20l
P,

Further g, is absolutely continuous and (ii) automatically holds. There fore,

the conditions of Lemma 3.2.2 are satisfied.

The following Lemma proved by Arthreya and Pantula (1986a) helps us to

obtain the mixing coefficients of a strongly mixing sequence.

Lemma 3.2.3: For a Harris recurrent Markov sequence {X,],

sup  |P(ANB) - P(AP(B)| = a'(m) < 2sup E[K,_(X,,)]

AF 0. Bcl " mn
where "y and /"“... are the minimal sigma fields induced by

(X, X,y X)) and (X, , X ..)respectively, and

nem+l

KorlX, ) = [P(X 00 € AL X0 = 2(A)],

nimyl

P(X € A| X,, ) denotes the m-step transition function of {X,},

nimil nal

|t = v| is the total variation norm of the signed measure u—v for the

probability measures £ and v and () is the stationary measure.
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Theorem 3.2.2: The stationary Cauchy AR (1) process {X,} defined by

(3.2.1) is strong mixing with mixing coefficients :

a(m)=2p|"" , m=1,23,...
Proof

By Lemma 3.2.3, the strong mixing coefficients
a(m) = 2 Sup E(Km—l (Xn+l ))
where

Km-l (Xn+l) = "P(Xn+m+l € A I Xn+l —H(A)"

where P((X,,,., € 41 X,.))), ||| are as defined above and z() is the
stationary measure given by

n(A)= L f(x)dx , f(x) is the probability density function of X, given by
3.1.1).

Now ELK, (X, = [ K, () f(x)dx

-L

where Py (Xm.1€A) = PriXn.1€ A | Xo=x] and A is an

P(X,. € A)=a(A)|f(x)ax,

arbitrary event.

Now P(X, eA)=PX, €AdlX,=x)

m-1
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Plp™ ' X, +p " e +..+€, € Al X, =x)
=Pp" e +..4€, ,€ A= p"'x]
=P[Z,, e A-p"'x].

From the Result (3.2.6) the p.d.f of Z,.; with p=0 can be

written as

_ ‘5(1—|p|m_l) 1
T 8- 4zt

h(z)

Therefore,
P(X, ed)= L L h(2)dz < L h(z)dz .
ey

Hence for any arbitrary A,

P(X,. € A)-n(4)s

[1h(2) - f(2))dz

Note that

P(X,, €Ad)-n(A)|=|r(4- LB (X, € 4)|

Therefore consider

5 ) 5(1—|p m—l) 1 dz
m(8* +12%) T 8 (-|g" ") + 2

(U@~ h)dz = L[

5 1 1_ m-1
=—L 2 7 ( lﬁ—l 7) dZ
mHST+zT S |p] ) + 2

Now we simplify

IP(X,  €)-n(4)= Hj o h(2)dz = [ f(2)dz)

H-p




62

If p"'x>0 then
L—p""x h(z)dz £ Lh(z)dz

Hence

P(X € A=A <| [ h) - £

I s(1-|o"™) I 5|,
° m-1_9 - 2 2 z
g 4 §(1-|p|" ) +2? #(6°+z7)

1_ m-1
=éj 21 —— ( /:-1 ) dz
mA ST+ S (1-]p|" ) + 2

s 1 1-|p™”
== - d.
ﬂ'[‘ 6 +z2 6+ 77 ‘

s

PRI

(since22+52(l—p
6 1 m-1
= = —— dz
w8t +27? P

=l [ /(2)az

m-1

<|lp

If p™"'x <0 then we can use the inequality

_[‘ S(2)dz < I - f(2)dz

A -

Then
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e d=x)=|[ . n@xdz- [ s

=\[ /(2)dz - L_p__lxh(z)dz

< L—p""x f(2)dz - L—p""x h(z)dz

R 1 A R, o R
o (842w -1 +2)

—5 1 (1 _ Iplm—l)
< — - dz
< Ln n((52+22) 5+ z? H
m-1
= —L P )|p| z
_ L | |ml
o™ 52+z
=|P|m—| Lp._.xf(z)dz
< pm—l

Therefore, in any case (if p=0)

wr € A)—m(A) <™

Therefore,

a(m) = 2sup E[Km—IXn+I )]

= 2sup J:”P,\- €A- /r(A)n/'(x)dx

< 2sup [;lpr"_'f(z)dz

m-1
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Therefore a(m) = 2| pl'"~l can be taken as a sequence of mixing

parameters.

Hence the theorem.

Theorem 3.2.3 : Let { X,} be a sequence of Cauchy AR(1) sequence
defined as before, then {X,} is ergodic.

Proof: Note that X;, can be written as a sum of independent random
variables as

X,=p"X,+p" g +..4+ pe,, +¢,
Let Fp=0(X .. Xp) and Gp=0(Xo, €15. - . , €n) D=1,2,. .. be the o -
fields generated by (X, .. X,) and (X, €4,. . . , €n) respectively.

Then F,cG, , that the sigma field of X, is contained in the sigma
field of independently and identically random variables {g,}. By
Kolmogrov 0-1 law each event of the sigma field of independently and
identically distributed random variables has probability zero or one. Hence
each tail event of sigma field of {X,} has probability zero or one. This is
a sufficient condition for {X,} to be ergodic. (Nicholls and Quinn (1981),
pp37).

Note 3.2.1 : By Lemma 3.2.1 the joint characteristic function of Xo and

X, 1s

1t +1,y )e _{I’I ”1/’”|_i’2|(l_|/’l" no '

Py, .x, (11)=e

Similarly
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¢_\’ X, (’1 ,’z) — e ”z).ev{lll"""Il_l"l(l"lpln)}‘i

That is,
¢x0..\'" (’l ’ 12 ) * ¢_\-"‘_\-" (’l , ll ) .

There fore, Cauchy AR(1) sequence is not time irreversible, unlike a

Gaussian AR(1) sequence.
3.3 MAXIMUM LIKELIHOOD ESTIMATION

In this section we obtain the maximum likelihood estimator of the
parameters  and p . Let X ={X, X,,..X,} be a sample from a Cauchy
AR (1) sequence. The likelihood function of 8 = (4,p) based on X is given
by

L={(.p)| X,. X,..... X, }

n

= SO [T, 1x,),

J=t

where A(X, | X )is the one-step transition density of {X,} given by

(3.2.4). The parameter space here is given by
G):{((S,p)|<5>0,0<|,z)|< 1}.

Now consider

log L = log({(Xv)) + Zlogh(/\'l X0
71
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o(1-|e|
=] . (3.3.1
°8 ”(52 + X, +2.log 7[5 =|p)?* + (X, - pX ., )] G

Differentiating with respect to 8 and p and ignoring the terms

corresponding to X, we get,

TS

alogL _n Z": 25(1“|PD2
621 =|p)? +(X, - pX,)’]

and

dlogL_ n(-a) , - 8’ (1-|pPa +(X,pX, )X,
o  (1-|p) S (1-|p)’ +(X, - pX )}

9
0

where g =+1= , the sign of p. Here @ = +1 if p>0 and a =-1 if

p<0, p=#0.

These likelihood equations do not have closed form expressions
for their solutions and hence an iterative procedure of Newton — Raphson
type is used to estimate the parameters. The procedure is as follows. The

estimator after k iterations is given by
d’logL d*loglL | OloglL

Sea | [0k | 1| 085° d80p a8
= - , k=1,2,3,... 3.3.2
[p,”,] [pk}+n d’logL d*loglL | OloglL (3.3.2)

080p op’ op

The second term on the right hand side is evaluated at (0,., p,) and

(8,4, p,) isan initial value. In this casc
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plogl -n e -pX, ) =[50 |
Y I T 2 ,z.:[ [62(1-|p)? + (X, - pX)?

d*logl  -na’
2 = 2 +
o' (1-1A)

6014+, -6, FHow +x 2] +dgdi4d)+ b, - o )x ]
(24 +(x, -, J]

[62-|F +x, ¢, P28 A+ - AP e e, o
[5(1-J) +{x, -t P

According to Billingsley (1961), under certain regularity

conditions (which are stated below) the maximum likelihood estimate
(mle) of (8, p) is consistent and asymptotically normal. But some of the
regularity conditions of Billingsley, in particular the moment conditions
do not hold if both & and p are unknown. However, if we assume that p is
known then the maximum likelihood estimator of § has optimal properties.

OlogL

The mle of & can be obtained by solving the equations 0 by

Newton-Raphson method. In this case it is readily verified that all the

regularity conditions of Billinsley (1961) hold and the maximum

likelihood estimates & of O is consistent and asymptotically normal
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(CAN) estimate with mean & and asymptotic variance 28*n. The
performance of the mle based on simulation experiment is discussed in
Chapter 4. We will state the regularity conditions given by
Billingsley(1961) before their verification.

Let {X,} be a Markov process, f(&;8) be the density of the initial
distribution and f(&,7;68) be the densities of all transition measures. Let
0 =(6,,...,0,) be the unknown parameter vector and ® be the parameter

space.

Condition 3.3.1 : For any &, the set of 1 for which f(g,7;0) > 0does
not depend on 6. For any ¢ and 7, f, (&,1m:0), f,(e,1;0), f,.(&,1m;6)

and f,.(e,7:0) exist and are continuous through out ® (where

8 . f = f s S = and f,, =-——F—r are the

00, 00,00

Ju= 00, 06,06,00,

partial derivatives). For any 8 € ® there exists a neighbourhood N of

@ such that for any u,v,w,¢,

Isupf"(e n;0 Wn <o

X 0'eN

Isuplfm (e,m;0 'Adr] <o and
X 0'eN

E(}{Suplgu\'w(xl’xl;g‘) |} <.

0'eN

Finally, foru=1,2,....r

Efi {igu('\‘l’xza;g. -} < 0
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and if o, (0)is defined by

O (0) = E{gu (x| ,xz;e)gv(x| s X3 ,0)}

then the rxr matrix o (@) = (QSQ)) is nonsingular.

Condition 3.2.2 : (i) For each 8 € ®, the stationary distribution, for
(which by assumption exists and is unique) has the property that for each
¢ in the state space, is absolutely ontinuous with respect to p,(.). That
is,

Pe(&5)) << py().
(i1) There is some & > 0 such that for u=1,2,...r,

Eq{g,(x,,x;;0)

The ¢ in the above equation may depend on 8.

2+6}<CK)_

Lemma 3.3.1: If part (i) of the second condition holds, then, for any
0 € O, the process {Xn} is metrically transitive if the initial distribution is

the stationary one. No matter what the initial distribution is, if ¢ is

measurable f, X f, andif E{jp(x,,x,)|} <, then

(i) limn™ qu(xk X)) = Eg{o(x,,x,)} ,with probability one.
n-»o P

(11) The second condition implies that for every 6€© and for any
. . . 172 n
initial distribution , the random“ector n E 8 (XX, 6)

converges in law to N(0,6(0)).

Proof - See Billingsley (1961).
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Verification of Regularity conditions when & and p are unknown

Consider the conditional covariance matrix

_{alog h(x, /x_,_,)}2 O logh(x, /x,,) |
06 060
D.\' = E 2 p 2
" 0" logh(x,/x, ) dlogh(x,/x, )
i 060p op ]
g's g
=K ';” say,
8y &0
where
oh(x . /x,.,)
8s = :95 !
1 26(1-|p))?
§ &'(-p)’ +(x, - px )’
g = "% 49 M (1= |pha+(x, =, )%,
7 (-lp) S (1-|p)? +(x, - px )
where a = t1.
and
*h(x, |x,)
Epo =

0p35
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B ~__"4a<()‘(1 %) _ 45(1 _J’p’)ZV{(SZa(Vli—V ’{)')+ (xj;— ecf",)x!",},
81 (=|p* +(x, = px,.))’ (52 =|p)? +(x, ;)T

Elg% (X, 1 X, )= [ &% (x, | %, )h(x, | x,,)dx,

- 25(1-|p)’ Tsa-0 !
o [52(1—|A)2 +(xj_/:xj-|)2] 4 52(1—'A)2 +(xj "/:xj-l)z ’

_ { I 467 (1~|p))* 4(1-|p))?
—f P T S R 212 o2/ 1N2 L. T e
©|é [5 (1_‘,0‘) +(xj_mj_|) ] [5 (l_ip\) +(xj_pxj—l) ]
s-jph 1 g

r 8A=|p)’ +(x, —px, )|

=f 1, 45*(1-|p))’ ~ 41- )’
=87 [87(-1p)’ +u’S7(A-1p)') (87~ +u’S7 (1= |p])’

{5(1—\p|)x s(-phdu
o7 T 18a-1p)? + 87 A= o)’ u’]

1 4 4 1
= f » ¥ oo 1.2 o2 ) ) du
”[5' S (1+u) 5‘(1+u')}7z(l+u‘)

= 12[’ b s 4,]_"‘ b ‘du—4fl b
" o r(l+u”) O a(l+u) O rx(l+u)
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1 8 01 1 8 1
= + du — du
5 6° fﬂ(l+u2)3 ‘T s fﬂ(1+ul)2

1.4 [ a___ 4 [ !
8§ w6t i+ w8t S Jrd+0)?
Next we will use a beta integral defined by

Bay)= [ -0y dr=2 [ -1y s

2x-1

! (
dt=2| ————d
f(1+t)“’ f(l+12)“’

’x—l

B f(1+l)“’ d

Now the above equation becomes ,
EREV RS
6° & 22) 6 2°2

1 [l+4r(1/2).r(5/2) 4 r(1/2)r(3/2)}

52

s I3 87 2

after simplification we get

1 3 I
E(g’s(X, |)(j_,))=?[1+5-2}=F

Consider the conditional expectation of S—g given  Xj,.

og(X,1X,) —a 28°(-|pPa+2(x, - px,)x,
E| ————|= _r + 2 2 B
dp = (A=lp A=A’ +(x, - px, )

5(1 _lpl) dx/

o S|P’ +(x, - v,
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—a 2 @ (as?a-lp)+x, . (x, _px/—l)}
B T 2 s(1-|p)dx,
a-lo) " = fw{(a (A=|o)? +(x, - px, )%’ |p]x

—a 2 ad’(-|ph+x,_usl-|p) _, 2
) E o°(1- d
TR L 1B A-\p) + 8O-\ u' Y -|p)’ du

__—a +3f 5'(1-|p)’[ad +ux,_ 1du
1—|p| T 54(1—|p|)4[l+u2]2

_—a 2 1 f(a5+uxj_,)
- T 2,2
1-lo| 7801-|p) "= (1+u?)

J-l
(+u®)’

_ -« 2 ad udu
) 1-|p|+ﬂ5(l-|pl)[2f(1+u2)du+x"'f(1+u2)}

udu L .
f ——( " 2) > = 0, since it is an odd function.
“(1tu

-a 2 ad + ux
= + J:"’
I-|p| ~ 78(1-|p])

Therefore, the expectation is equal to

= % 206 f du
i-lo|  w8(1-|p]) * (1+u?)?
- 2a
1=|p|  7(1-|p)

B(1/2.3/2)

o Nridx
=@ @ 2
I-|p| =(l-|p) T2
=0
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Now consider
2
E|:ag(Xj | X, ]2= —a 267 (1-|pha + 2(x, — px, )%,
opr =l 82-[p) +(x, - px, )

o 267 (1-|pDa+2x, - px, )x,, |
=E - |+ E > > / / - J _
(1-|p) S:(1-|p)? +(x, - px,.)

—2a [26 (1=|p)ar +2(x, - px, x4 } (3.3.4)

(1~|p §*(1=|o)’ +(x, - px,,)’

Now the second term in (3.3.4) is

2

E454(1_|,0|)2a2 +857(1 _|p|)a(xj —px )%, +4(x, _pxj—l)zxj—l
(82 (1=|pD* +(x, ~ )Y

=F 454(1—|,D|)2612 +E 852(1—-|p|)a(x_, ~px1—l)x_/—l
[6°0-|p)® +(x, — px, )1 (62 -|p)? +(x, — px, )]

P Ry 7% i
[62~|p)’ +(x, - px, )T

Now

E[ 46°(1-|p)’a’ 1

[67(0=|p)? +(x, - px, )’ ]

8(1-|p) 1

> 7}—1"/
G- |p) +x, —px, )T 7

=48"(1-|p])’a’ [;
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_45'(-|p)tat @ 8(1-|p)du
SC(-p)* = mA+u?)

4a® 1 1
= —2| ———d
EERC KT
4

1
= —BQ1/25/2
PR R

4 W2)123/4

851 (1-|p)(x, - o, )x,,
[6°(=|p)* +(x, - px, )Y

_ 26 (1-|pha(x, px,)x
—4'EX, 21 A2 _ 272
(62 ~|p)* +(x, ~ px,.)°]

_ (04

=4. by (3.3.3
a=17 y (3.3.3)

and

4(x, —pxj_,)zx ?
E 2 2 - 212
B2 (1=|p)” +(x, - px, )]

_4[n (x, —px )3,\‘/42 o(l —|p|) i
- Rl ) Y ~) ] 2 C ‘/
2[57A=p)* +(x, =, )T ST A =[P +(x, = px, )]
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_ 4x )} f u’s*(1-|p)* 671 -|p))’
m e §(-|p)°+u’)
8x,_,’ I uldu

8 (1-|p)? ? A +u?)’

2

—_ B3/23/2
5(1 ||2 ( )

4;;/__12 ] 1/2.1/2.51/2
s'a-lp)z )3
262(1_|pl)2 1=

The third term in equation (3.3.4)

_ —2a 267(1- |p|)a +2(x, —px,_)x,
A-lo) | [82A-|p)’ +(x, - px,)

-2a f 26 (1-|p)a 5(1-1p)
(I"IPD © [52(1—lpl)2 +(x; —prxH)z] 8% (1 —|p|)2 +(x, —pxl_l)z] !
+
f 2x,,(x, —px,,) s(1-|p))

(820 -]p)* +(x,x, )1 28 (A= |p)* +(x, - px,)*]

_ -2a J. 2adu +J. 2x/_,53(1—|p|)3ua’u
(A=leh |* a=leh e+’ " ms (i =|oh a+u’y?

3

S — B(1/2,3/2)

- x-|o]’




71

After simplification we get
_-2
(1-|pp?

Now the conditional expectation becomes

The Third Term =

F{ag(X, /XH)T

op

1 3001 4a X, 2a’
- Tt Tt T o 2
(-le)*  2a-[o)* " a-[p)  26%a-[p)* (1-]p)
S SRR . U - S S
2(1-|p)* 26701 -|p))? a-lp) a-|o)°

Thus we have the elements of the conditional information
matrix Dy;.i. Under stationarity, X; has C(4,0) distribution for every
j. Hence the information matrix can be obtained by considering the

unconditional expectation of /), = with respect to Xj.; But unconditional

expectation does not exist (not finite). That is, the regularity conditions are
not satisfied for Cauchy AR (1) process. Thus some of the regularity
conditions of Billingsley (1961) are violated. Hence we cannot use the
theory by Billingsley to study the asymptotic properties of the Maximum
Likelithood Estimators for stationary Markov sequence. But MLE of 6 and
p can be obtained by solving the likelihood equations.

It 1s also readily verified that some of the regularity conditions are

violated when 6 i1s known and p is unknown.
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Verification of the regularity conditions with respect to 5 when p is

known.

(1) R={x,: f(x,|x,,)> 0} isreal line does not dependent on & .
(2) Conditions on partial derivatives of f(x,|x, )=h(x,|x, ) with

respect to d.

h(x; |x, )= {5(1 _Ipl)} 1

‘52(1 ‘|PI)2 +(x,/ _pxl—l)2

dah _ (A=) [82=|p)? +(x, - px, ) =287 (1-|p))’
do w ) [52(1_|pl)2 +(xj _pxj_l)z]z

_(-]aD] G, - =)' =6 (1-|p)’
[67(~|p)® +(x, - px, )’ )"

/4

d’h _25(-1p)* | -[8°(A-|p)* +(x, - px, )" - 2x, - px, 1) -8 (- |p)]
ds? P [620-|p)? +(x, = px, )T

These derivatives exists and are continuous. Thus the conditions on
derivatives of h with respect to 6 hold.

Now let
g(x, |x, )=logh(x,|x, )
That is

g(x, | x,_,)=logd +logl-|p|) - logw - log[[8* (1= |p)* +(x, - px,)’]
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dg 1 25(1-|p))?
ds & [8°(-|p)’ +(x, - px,)’]

d’g -1 [[8°0-]p)* +(x, = o) 120 =|p)* 250?251 -|p])?

ds? & [620-|o)* +(x, - px, )T

-1 [20-eh* e, -, ) 2870
s* | [6'A=|ph* +(x, - px, )T

d’g 2 200-[p)* (8 A =|p)* +(x, — px, )’ PP[-26(1- ) 1] -
’ [52(1_|PI)2+(x,-_px,'-|)2]4
((x; -, ) =87 (1=| p[)287 (1-|p)’[6° (1= |o])” +(x,0x ) ? 2501 -|P|)2}

Here also it follows that expectation of modulus of all derivatives are
finite.

Now Fisher information is given by

'g(X,|X,.)
K@Fﬁ[ga;' }
1 2(1-|p])’ (x, px,.)" =257 (1 -| p])*
=— o /x,.,)dx
7 L. [67(-|p)’ +(x, - px, )’ T S DX,k
_L+fwiWuﬁmf—w%vmw s(1-|p)) )
s e [820-|p) +(x, - )T m(SU-|p) +(x,ox,))

|
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Y [(-]p)*&%u* - 87 (-|p])*16” (A -|p]"

5 Sl o | W TS Al + 8- [o) u]

1 +£f §'(1-|p)"Yu’® - )du
L.

52 81 -|p)* (1 +u?)’
1 2701 1

= —+=|=-B(3/23/2)-—B1/2,5/2
5? 52[71 ( ) V4 ( )]
5t 6*|8 8

-

25?

The unconditional Fisher Information function is also 57

Result : The mle of & denoted by 5 is consitant and asymptotically
normal for 9.
That is, §—Ls5asn—oo and

Jn(é, - 5)—— N(0,26%)

2
or 6,~ AN (5,£) , by (ii) of Lemma (3.3.1).
n

I I
Where means converges in law and means converges in
—>

probability.
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3.4 ALTERNATIVE ESTIMATORS FOR 6 AND p

The discussion on the previous section shows that mles of & and p
do not have closed form expressions. Further numerical solutions also
have some problems as we can see in the next chapter. So in this section
we propose some alternative estimators for § and p. For the estimation of
p we used the method proposed by Brockwell and Davis (1987, p.480).
They discussed the problem of estimation in the context of time series

with infinite variance. The estimator of p is given by

ZXIXHI
>
1=\

This p resembles the sample autocorrelation function. But in our case the

5= (3.4.1)

moments of X; do not exist and hence it is not proper to call /o as an
autocorrelation function. Brockwell and Davis (1987) propose this
estimator for o when the innovation has an infinite variance. The
asymptotic properties of p are stated in the following theorem whose

proof is given in Brockwell and Davis (1987, p.482).

Lemma 3.4.1 : Let {€,} be a sequence of independently and identically
distributed Cauchy random variables and let {X,} be a stationary process

defined by (3.2.1) then
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[L)( p-p)=Y (3.4.2)

logn

where ¥, =(1-2p? )—g'— , Si and Sy are independent random variables
0

having characteristic functions
E(e™) = exp{——zﬁ J1/2cos(z /| (1-isig(t)tan(z /4)} (3. 4.3)
z
and

E(e™)=exp{-262|t|} (3.4.4)

then it follows that p—— p .

This rate of convergence to zero compare favorably with the

slower rate in the finite variance case. The asymptotic distribution of p
. e e . U
is same as that of Y; and this is distributed like (1-2p )7 where V and

U are independent random variables having characteristic functions given
by (3.43) and (3.4.4) respectively with C=1. Percentiles of the
distribution of U/V can be found either by simulation of independent
copies of U/V or by numerical integration of the joint density (U,V) over

an appropriate region . U is a Cauchy random variable with density

and V is non-negative random variable with density

. | e
‘/;-(\!)Z—?—v ety >0,
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The distribution function of U/V is given by

U
PKV < x} = [ PW <) £,y
_ l l af Xy l -3/2 _-x4y)
"f(fntan (n/zjjzy en Ty
= r(l+ltan-l(xz))l(zj— e—(Z)dZ
2 x 2 2

= fz“” (72)'3’2(% +tan™ (xz))e_(z)dz s

where U/V has the distribution same as that of the product of a standard

Cauchy random variable and independent chi-square with one degree of

freedom.

\

Lemma 3.4.2 : Let the stationary sequence {X,} be strongly mixing, with

> a(m) < and let X; be bounded ; P(|Xj|<c0)=1. then

m=|

ol =E(X,")+2) E(X,X,) <
j=1

and if c#0

n—om

limPlo™'n™?) X, <z]=¢(2),
1=1

where ¢(z) is the d.f.of a normal r.v. with mean E(X;) and variance 1.

For a proof see Ibragimov and Linnik (1971, pp.347).
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For estimating 6 we use the method of empirical distribution
function (edf). Let {X,} be a Cauchy AR (1) sequence defined by (3.2.1)
and define

U, =1if|x,|<t
= (0 otherwise,

where {U;} is a sequence of Bernoulli r.vs. and

EU,)=Pl|Xx,|<1]

=P[-1<X, <1

=F(t)-F(-t)
1 _,( ! ) 1 1 _,(—1)

=—+—ta —|-———tan | —
T ) 2 &«

That is
EU,))= 2 tan™ (L) since tan(-x)=-tan(x)
/4 o

Var(U)=E(U?) —[E(U)?]

=—tan | — |- —{tan""| — |}°.
n §) o’ )

Since {X,} is strictly stationary and strong mixing sequence with mixing
parameter a(m) (see theorem 3.2.2) , it follows that {U,} is also strictly

stationary and strong mixing sequence with mixing parameter

m-1

a(m) = 2|p ,m=1,23_ .. also {U,} is a sequence of random variables

which 1s almost surely uniformly bounded by unity and Za(m) <.

m=1

Then by Lemma 3.4.2
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we have

z":[u, -EU)—>2Z

1
n‘o

where Z follows Normal distribution with mean zero and o2, where

o’ = Var(UO)+2ZC0v(U0,U,,) >0

hel
and —— denotes converges in distribution. That is,
U, ~AN(EWU,),0* /'n)
means U, is asymptotically normal with mean E(Uy) and variance o /n.
The covariance is given by,
Cov(Uo Un) = E(UoUn)-E(Uo)E(Uy),
where
EUU,)=PU,=LU, =1]
= P[|X,|<t)X, I<1]

=Pl <X, <1,-1<X, <1]
= f Pl~t<Xy<t,~t<p" X+ p" e, +..+ pg, , +¢, <tf, (x)dx

= [ Plt < X,,St-1< p" Xy + Z, <1] X, = x]f (x)dxf, (x)dx

= Pl-t=p"x<Z <t-p"x]——c
[ Pl-t-p'x<z, <t-p ]”((52”2)

5
= [[Fu-p")-F.(~1-p"x)]———
JIF.(-p" )= F.(~ px)]”(52+x2)a'x
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=[ 1L —I—px" LI I _t—pf 25 —dx
2 7« si-lpy) 2 = sU-|p|") )| (S8 +x7)
212[ tan"!| 2L X )f, +tan™ t+p)i 21 — dx
s s(-1p|") s(1-|p|"y )07 +x

o ]
s(1-|p|") L

2 2
1[__p_ 5" +x

2 n.?

§'(1-|p|)* )

5 ]
= f tan” (3.4.5)

Since tan™'(x)+tan™' (y) = tan™ _x_+_1)
1—xy

That is,

dx

251 -0/
B 22 1[ 50l ] |

S -jp )y -1 4 a5 R

" 215(1 = n 2n
=2 o) L b (as
(-] =24y | pTE + Y p

From (3.4.6) we see that E(UyUy) can be approximated by

- 20 4 28 1
E(Ug,Up) = — J:tan (62 — ji)‘z e dx




87

That is

OJZ_,t 4 _,t24n aft S 26 4 _lt2
~—tan | — [-—|tan’| - [| +—tan | — (tan | ——— |=24 — | tan | —
P4 o) = o P4 o o -t T o

(3.4.6a)

The scale parameter 6 can be estimated using the method of

moments as follows.

We have

implies that

or L=tan(£(7n)
) 2
that is §=— 1 =Gy, say. (3.4.7)
T —
tan| —U,
3%
— T—
Note that 0<U, <1:>OSEU" <5:>t >0

We have
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2

T, — AN(EU,),Z-)
n

Let gx)= ——— 0<x<l
7[ N
tan(— U, )
2
, -7 X
The x)= ——cosec’| =
n g (x) 5 ( 5 )
Therefore

2 2,2
g(l7,,)~AN(5,°—”4’ Ly ,u=3tan"(§] (3.4.8)
n .

where

o’ —ztan”'(i)—i tan"(in2 +ﬁtan"(i)tan"( 20
o \6) A 5)) 2 \s 5 -1

Hence we have proved the following theorem.

(3]

Theorem 3.4.4 : The estimator G,(t) defined by (3.4.7) is consistent and
asymptotically normal for 8 and the asymptotic variance is specified in
(3.4.8).

Thus Ga(t) is CAN for any t>0. However, for a given situation we
have to specify t for estimation. A method for choosing t is described in

the next chapter.
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CHAPTER -4

APPLICATION OF CAUCHY AR (1) MODELS

4.1. Introduction

This chapter discusses the applications of Cauchy AR(1) models.
The Section 2 is a simulation study to investigate the performance of the
estimators discussed in Chapter 3 while the Section 3 suggests an
alternative method for choosing t and Section 4 deals with real data

analysis.

4.2 Simulation Study

In stochastic simulations, random numbers are used to generate
random variables from a specified distribution in order to characterize the
system behavior. Computer simulation methods are widely used to
generate random variables. Most of the computers have built-in pseudo
random number generator which produce a sequence of random numbers
using a recursive formula. The user is required only to input an initial
value X, and then it produces a realization of independent uniform (0,1)
variates. The inverse-transform method for generating random variables is

as follows.
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Let X be a random variate with cumulative distribution function
(cdf) F(x). Since F (x) is a non-decreasing function, the inverse function is
defined as follows
F~'(y) =inf{x; F(x) > y} , 0<y<l.
Suppose that U has a Uniform distribution over (0,1,) and let U=F(x) then
X=F"' (U). In view of the fact that F is invertible,
P(X <x)=P(F'(U)<x)
= P(U £ F(x))=F(x).
Then to generate a value, say x, of a random variate X with cdf F
(x), first generate the uniform variate U, compute F'(u) and set equal to x.
Therefore in order to generate Cauchy random variates, first generate a set
of uniform random variable U and then the standard Cauchy variates with
C=tan(n(U -1/2)) .
After generating the standard Cauchy variables C(0,1), the Cauchy

random variable X with parameters 1 and 6 is obtained by the formula
X=pu+6.C(0.1)
We then simulate realization from an AR(1) sequence for specified values
of the parameters. Let {X;} be a Cauchy AR (1) sequence defined as
X, =pX

+¢,,n=1,23,..0<|p| <1, 4.2.1)

n-1 nt o

where {¢,} 1s an independent and identically distributed sequence of

Cs1-|p

),0) rvs. and Xy i1s a ((5,0) random variable with

distribution function

F(x) = —;—+71[—tan"[§j (4.2.2)
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We simulate a sample of size n from iid C(5(1-|p|),0)

distribution for specified values of p and &, then generate a realization

from {X,} iteratively using (4.2.1) for a given X,. We use this realization

for estimating p and & by discarding the first 50 observations.

When both p and & are unknown the iterative procedure for

maximum likelihood estimation discussed in Section 3.3 of the previous

chapter does not converge. If we assume that p is known we get good

estimators of 6. The computation is summarized in Table 4.1. The table

gives the maximum likelihood estimates of the scale parameter & for

different sample sizes n=20, 50, 100 and 500 when p is known. From the

table it can be seen that the estimate & of & performs well even for a

small sample of size n=20.

Table 4.1: Estimates of the scale parameter (mle method)

p {8 |N=20 N=50 N=100 N=500

Est. 3 | A.V. Est.d | AV. Est.d | A.V. Est. 5 | A.V.
0.1 0.1[.0912 |[0.0008 |0.0963 | 0.00037 | 0.0979 | 0.0002 | 0.1041 | 0.00004
0.2]0.50.4560 ([ 0.0208 | 0.4815( 0.0093 | 0.4896 | 0.0048 | 0.5204 | 0.00011
0.5(1.0[09119|0.08316|0.9791 |{ 0.0383 [0.9791 | 0.0192 | 1.0407 | 0.0043
0.8(5.0([4.559 (20784 4895 [0.9584 |4.895 |0.4792 5236 | 0.1097

A.V.—-Asymptotic variance of the estimator
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Fig 4.1

G(t) verses t for various values of p
(Scale = 0.5)

1-values

G(t) verses t for various values p
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t - values
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To study the behavior of the estimates discussed in Section 3.4, we
simulate a sample of {X,} as discussed above and estimate p and ¢
using the formulae (3.4.1) and (3.4.7) respectively. Note that the estimator
Gu(t) of § in(3.4.7) is a function of t (t>0). The estimator Gy(t) of & is
consistent and asymptotically normally distributed (CAN) estimate for
every t. However to estimate the values of § for a given sample, we need
to know the values of t. We followed a graphical method (proposed by
Abraham and Balakrishna (1999)) by plotting G,(t) versus t for choosing
the optimum values of t. The graphs for various values of pand § are
given in Fig 4. 1 After analyzing these graphs for various values of pand
6, we arrived at the following formulae to estimate ¢ , that is , the

estimate of & is given by

5 =Sup(G, (1)) if 0 <|p|<1.
>0

The Table 4.2 shows the estimates of pand & .

Table 4.2 Estimates of the scale parameter using the empirical d.f.

(sample size n=950)

p 6=0.1 8=0.5 8=1

t Est. 6 t Est. & t Est. &
-0.8 2.00 0.124 12.00 0.625 19.5 1.273
-0.1 19.00 0.141 20.00 0.545 3.50 1.057
0.01 20.00 0.148 20.00 0.512 1.50 1.095
0.1 19.00 0.141 19.25 0.564 2.00 1.074
0.4 12,5 0.155 5.00 0.526 1.00 1.200
0.8 4.00 0.129 20.00 0.644 20.00 1.217
0.95 1.50 0.120 7.50 0.602 14.50 1.215
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4.3 Alternate method for choosing t

This Section gives an alternate method for choosing the value of t.
Since most of the estimates of the scale parameter given in Table 4.2 are
over estimates we need an alternate method for choosing the value of t.
The rest of this section explains the theoretical importance of the method

followed by the estimation of the parameter using simulated samples.

The asymptotic variance of U, is approximated by (see 3.4.6a)

., 2 [,) 4[ (,D an (,) [ 28 ) [4)[ (,J]
o°=—tan | —|-—gjtan | — | +—tan | —ftan | ——r —2n —5 [ tan | <} -
T o) & ) T 0 o —t /4 0
SN —itan"'(Lj tan™' ,2’5 . j - 8, tan"(’—) =AV(t), say.

n o 1) 6" —1° T )

Note that as t—»o0

AV(t) - 42 tan'(1)tan™ (oo)—[—g—zj[tan" (l)]2
n n
LA
7~ 42 71716

Hence AV (t)—0 as t—oo. That is the asymptotic variance of (/,is
minimum when t=5.We use this information to choose “t” iteratively .
G,(t) is a function of {/,and hence the minimum of AV(G.(t) and
AV((],) are attained at the same point. Therefore, we compute the

estimate of the scale parameter § by choosing the value of t for which [t-]
is very small.. We perform the estimation using the simulated sample

described above and the values are given in the following Table 4.3.
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Table 4.3 Estimates of the scale parameter using the empirical d.f.

(sample size n=950)

p 5=0.1 8=0.5 8=1

t Est. & t Est. & t Est. §
-0.8 0.082 0.082 0.409 0.409 0.818 0.819
-0.1 0.095 0.095 0472 0472 0.943 0.944
0.01 0.104 0.103 0.519 0.519 1.038 1.039
0.1 0.104 0.104 0.522 0.522 1.042 1.043
04 0.117 0.115 0.588 0.588 1.175 1.176
08 0.091 0.091 0456 0.456 0912 0913
0.95 0.080 0.090 0416 0416 0.899 0.900

These estimates are better than those given in table 4.2

4.4 PRACTICAL EXAMPLE

This section deals with application of the Cauchy AR (1) model to
the daily coconut oil prices at Cochin market. In Chapter 2 we discussed
the application of the Gaussian non-linear models to the monthly average
coconut oil prices. Here we try to fit a non-Gaussian model to the actual
daily prices of coconut oil. This Section gives a brief description of
coconut, coconut oil its market situation, seasonal fluctuations etc.
followed by the application of the Cauchy AR (1) process.

Coconut palm is one of the most useful trees in the world. The
major producing regions of the coconuts are concentrated mainly in Asia
and India ranks first (APCC Coconut Statistical Year Book, 1997) in the
production of coconuts. In India, Kerala accounts for about 53 per cent of

the area and 44 per cent (Dircctorate of Economics and Statistics, Kerala
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State) of the coconut production. Also coconut makes a significant
contribution to the national economy. Coconut provides a variety of
products. The nuts are consumed either as such or dried to produce copra
which after crushing yields coconut oil and oil cake. Coconut oil is a
major vegetable oil used in every household in Kerala for culinary and
toiletry purposes. A major portion of the nuts produced are disposed in
the form of nuts itself by cultivator. The growers generally sell these
products to village merchants or to the agents of the wholesale
merchants. Sales generally take place in the garden itself. The agents
engaged in the distribution of coconut oil are oil millers, wholesale
merchants, commission agents and brokers. Alleppey, Cochin and Calicut
are the major important markets in Kerala, while Bombay and Calcutta are
outside markets. The prices at Alleppey and Cochin markets are almost
same while the prices at Calicut market is slightly higher (Jacob Mathew,
1978).

Since the production of coconuts involves large investment and
long germination period, stability in coconut prices is necessary for the
development of the crop. The markets of coconut, coconut oil and copra
are well integrated and prices also found to move together very closely.
Similarly, between markets also there is a strong association. In view of
the close relationship betwecen the prices of different coconut products and
prices at different markets further analysis is restricted to the prices of
coconut oil, which is the ¢nd product, at Cochin market alone.

Apart from the general variations scasonal fluctuations within the
year can also seen in coconut oil prices. About sixty per cent of the nuts

harvested during the first six months of the year, similarly a major portion
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of the oil is also produced during this season. Because of the abundant
availability of the oil in the market, prices are generally low during the
summer months and during the early periods of monsoon. During the later
half, the production of coconuts and the availability of copra are low and
this causes the market prices of coconut oil to rise. During June to October
the prices are low because of the lack of facilities for conversion of nuts to
copra during this period. The prices rise from October onwards because of
the heavy demand of oil and low supply position. Though there is
abundant supply of nuts during first half of the year, the prices have fallen
below normal becausc of the heavy demand from the oil millers.
Therefore, it is clear that the seasonal variation of the prices of coconut oil
is more due to the demand factor than due to supply factors (Jacob
Mathew, 1978). Detailed studies in connection with the behavior of
coconut oil prices were done by Jacob Mathew (1978,1980 and 1984) and
Das (1986,1990,1991). In this study a time series model based approach
has been tried to explain the variations other than the trend and the
seasonal fluctuations.

The data consist of the daily coconut oil prices at Cochin market
from January 1994 to December 1996. The data is given in Appendix I.
That is, altogether there are 707 observations. The analysis is concerned in
the daily prices recorded on each trading day. Since consecutive prices are
highly correlated a direct analysis is difficult. Also the series is not
stationary. Consequently it is more convenient to analyze change in prices.
Results for such changes can casily be used to give appropriate results for
prices. From 1994 data. it appears that the prices increase almost in a

constant rate. The following transformation (4.3.1) is used to make the
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series stationary. The Fig 4.3 shows the plots of the original and the

transformed prices.

Fig 4.3
Coconut Oil Prices
(1993-96)
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Let Z, be the price on trading day n, then the price change may be
defined by

k7 S 43.1)
sd(Z, -Z,.)

where sd (Zy-Z,.) is the standard deviation which is equal to 90.4 in the
case of coconut oil prices. The Fig. 4.4 is the is the frequency distribution
of the transformed values. These transformed values are used for further
analysis.

Fig 4.3
Frequency of the transformed coconut oil prices
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The goal of litting an cmpirical distribution to a data is to extract
the natural process underlying the generation of the numerical data. Most

of the classical techniques of statistical work are best, when the
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assumptions about the nature of the data are met. For example, it is often
assumed that the observed series is a realization from a Gaussian
sequence. The classical procedure gives quite misleading results if the
assumptions are not satisfied by the data in hand. Therefore, in recent
times researchers are uscd to check that the given set of data satisfies the
assumptions of the classical procedure before go for further analysis.. The
histogram is a display device to get an idea about the distribution of a set
of data. Here, the frequency of transformed coconut oil prices (fig 4.3)
shows the similarity of a symmetric distribution. The figure suggests that
the distributions like normal, Cauchy or Laplace will be more suitable to
the data. In order to fit a standard distribution to the given data, the steps
involved are, test the normality of the data, if it is not normal estimate the

parameters of the probable distributions and test the goodness of fit.

4.3.1 Test for Normality

Statistical modcls will never fit to the data perfectly and that there
will be some discrepancics between the data and the model. Here we have
to test whether the differences of the prices follow a normal distribution or
not. The normality can be tested using different test procedures. One such
procedure is known as Geary’s test, which depends on the ratio of the
mean deviation to the standard deviation. This ratio gives the test statistic

as
(« z:,:llx’ —fl/"l
P
\/Z;,(*‘, -X)/n

k]
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where X denotes the sample mean. The distribution of G is tabulated
(Table A5 of Appendix A, Cooper and Weeks, 1988) under the
assumption that the data follows a normal distribution. The value of G is
always positive, but the nature of the critical region is like that, for both
extreme small values and extreme large values of G point to the
hypothesis of normality being invalid. Extreme small values and extreme
large values of G suggest that the data could be modelled by some other
distributions. The distribution of G is tabulated under the assumption that
the null hypothesis of normality is valid. If the null hypothesis is valid G is
around 0.8. The normality can also be tested using the measure of

skewness (Cooper and Weeks, 1988, pp.168)
_ ‘/;Z:'|(x, - E)
Qo =Xy
i=l

8i

g1 is zero for normal distribution and both large negative and large
positive values constitute the critical region for rejecting the hypothesis of
normality (Cooper and Weeks, 1988).

The next step is to test the goodness of fit. Two important test
procedures are chi-squares test and Kolmogrov-Smirnov test. Here we use
the Kolmogrov-Smirnov test. The chi-squares goodness of fit requires that
the data values should be first be arranged in the form of a frequency
distribution, but otherwise, its use is straight forward. The Kolmogrov-
Smirnov test depends on the cumulative relative frequencies (crt) of the
data set to the crf’s of the theoretical distribution model. This test is based

upon comparing empirical crf’s and theoretical crf’s having common
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variable values. It requires that the model distribution should be
completely specified with numerical values given to all parameters.

The problem of fit is to test the hypothesis that the sample
observations x|, X3. . . X, is from a specified distribution against the
alternative that it is from some other distributions. Then Hy: X;~F, against
H): X\~F, where Fy(x)# I'(x). Let the sample be from the distribution
function F and let F’,, be the corresponding empirical distribution function.

The statistic

"

D, = Sup|F." (x) - F(x)

is called Kolmogrov-Smirnov statistic. The Kolmogrov-Smirnov test treats
the individual observations directly, where as the chi-square discretizes the
data and sometimes losscs information through grouping. This test is
applicable even in the case of small samples but chi-square test is
essentially for large samples. It assumes the continuity of the distribution

function means that the test provides a more refined analysis of the data.
4.3.2 Test of randomuness

The simplest possible hypothesis that we can set up of a series
which shows any chance of fluctuation is that it is random. In a random
series, the obscrvations are independent and could have occurred in any
order. In practice, a mere inspection of the data is enough to discuss such a
possibility, but there are cases where we need more accurate test. There

are a number of such tests, here we explain only the difference-sign test.
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This test may be conducted by counting the number of points
where it increases. When there are n number of observations there are n-1
differences. Define
X; = 1 if Uy U;
= 01f Ui <U;
For a random series the expected number of points of increases, say c, is

n-| l

E(c) = E[ZX,] = E(n—l).

4.3.3 Results and Discussions

The first step in our analysis is to test the normality using the
methods described in the previous section. There are 707 transformed
values of the coconut oil prices. The G-statistic for the transformed values
of the coconut oil prices is G=0.4956. Since the value of G for a sample
size of 707 (n=707) lie outside the acceptance (0.75 to 0.84 for n=101)
region the normality assumption is invalid- The Fig 4.3 suggests that the
other possible distributions may be Cauchy or Laplace. Since it is a price
data first we go for a Cauchy distribution. To confirm possibility of the
distribution we have to test the goodness of fit. The following paragraph
gives a small description ol the estimation of the parameters of the Cauchy
distribution for the given scet of transformed coconut oil prices.

For a Cauchy distribution, the median is an estimate of the location

parameter, for the price differences the estimated value  of location

parameter is zero. The scale parameter i1s estimated using the maximum
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likelihood method (as given in Johnson and Kotz, 1994). The maximum

likelihood equation to estimate the scale parameter is

ologL n & 26

36 & Fot+ex’

and
Ologl _—n_,5 6 =07) 43.2)
06~ o i X, +0°
Here xi, X2, . . . ,x, are the observations from the Cauchy density in

(3.1.1). Since above equations (4.3.2) do not have a closed form
expression for its solution, an iterative procedure is used to estimate the

scale parameter. The procedure is as follows. The estimator after k

dlogL/
N ~ ] 00,
O =0, ——

n (9 logL,/
( “/a‘skzj

Table 4.5 gives the values of the empirical distribution function and the

iterations is given by

theoretical distribution functions.  Since the calculated value of the
Kolmogrov statistic (0.0488) is less than the corresponding tabulated value
(0.0613) value, we can accept the hypothesis that the price differences
follow a Cauchy distribution with scale parameter 0.243 and location
parameter zero, that is C(0.243,0).

The next step 1s to test the randomness of the series. We proceed as
above (see Section 4.3.2) and estimated the number of point where it
increases. The estimated value is 325 If it 1s a random series the expected

number is 353. Therefore, we can conclude that the observations are not
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independent. The scatter diagram (Fig. 4.4) of X, and X, also reject any
chance of independence of successive observations. From above steps it is
clear that the distribution of the transformed values of the coconut oil
prices follows a Cauchy distribution and the consecutive prices are
correlated. Thus a time series based modelling technique with Cauchy
marginal distribution is an appropriate choice for the prices. The
parameters are estimated using the methods described in the previous

chapter. The Table 4.4 gives the estimated values of the parameters (see
Fig.4.5).

Table 4.4 : Estimates of the different parameters of transformed

Coconut oil prices

Estimates of the AR coefficient 0.033277
Estimate of the scale parameter mle method 0.2513
,, edf method of Section 4.2 0.3235 (t=0.155)
,» edf method of Section 4.3 0.2528 (t=0.208)

Finally the model identified is
X, =0033277X, , +¢,,

where {¢,} is a sequence of independently and identically distributed
random variables and follow ('(5.(1-0.033277),0), where & is either of
the estimators obtained above. However, if we are following edf method

then we recommend & = 0.2528 as the estimate for &
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Table 4.5: values of the empirical and theoretical distribution functions

. T .
Class Freq(ttl)ency o e(El L::ncy Ercrilpf)} I;c‘:al Theolr:etlcal IF-F'
<-3.5 1 1 0.00141 0.0223 0.0208
-3.2 0 1 0.00141 0.0243 0.0229
-2.9 2 3 0.00424 0.0268 0.0226
-2.6 0 3 0.00424 0.0299 0.0256
-2.3 1 4 0.00566 0.0337 0.0280
-2.0 1 5 0.00707 0.0387 0.0316
-1.7 4 9 0.0127 0.0454 0.0326
-1.4 1 10 0.0141 0.0549 0.0407
-1.1 10 20 0.0283 0.0694 0.0411
-0.8 12 32 0.0453 0.0940 0.0488""
-0.5 59 91 0.1287 0.1441 0.0154
-0.2 115 206 0.2914 0.2809 0.0105
0.1 210 416 0.5884 0.6242 0.0358
0.4 163 579 0.8189 0.8261 0.0071
0.7 64 643 0.9095 0.8935 0.0159
1.0 21 664 0.9392 0.9240 0.0152
1.3 25 689 0.9745 0.9410 0.0335
1.6 3 692 0.9859 0.9518 0.0269
1.9 5 697 0.9873 0.9593 0.0265
2.2 1 698 0.9915 0.9648 0.0225
2.5 3 701 0.9929 0.9690 0.0225
2.8 1 702 0.9929 0.9723 0.0206
3.1 0 702 0.9986 0.9749 0.0180
34 4 706 1.0000 0.9771 0.0215
3.7 1 707 1.0000 0.9789 0.0216
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Fig 4.4

Scatter diagram of the transformed values
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