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PREFACE

The work presented in this thesis has been carried out by the author at the

Department of Physics, Cochin University of Science and Technology during the

period 1998-2003.

The discovery of the soliton is considered to be one of the most significant

events of the twentieth century. The term soliton refers to special kinds of waves

that can propagate undistorted over long distances and remain unaffected even

after collision with each other. Solitons have been studied extensively in many

fields of physics. In the context of optical fibers, solitons are not only of funda­

mental interest but also have potential applications in the field of optical fiber

communications. This thesis is devoted to the theoretical study of soliton pulse

propagation through single mode optical fibers.

Chapter one provides a general introduction to various linear and nonlinear

propagation effects in single mode optical fibers. Derivation of the nonlinear

Schrodinger (NLS) equation describing the wave propagation of the envelope of

the optical field in nonlinear dispersive media and various methods for the analysis

integrable nonlinear equations are also presented in this chapter.

Chapter two focuses on the higher-order dispersive and nonlinear effects that

occur when ultra-short pulse propagates through birefringent single mode fibers.

Condition for the propagation of stable soliton pulse in presence of higher-order

effects are discussed. The fundamental and higher-order solitons are then intro­

duced by solving coupled higher—order nonlinear Schrodinger equation (CHNLS)

with Hirota’s method. The interaction of solitons are also studied.

Chapter three is devoted to the study of propagation of initially unchirped



pulse through lossy fiber. In soliton communication system, input pulse launched

into the fiber should be unchirped. Integrability condition required for the for­

mation of soliton in the presence of frequency chirping and damping is derived.

Fundamental soliton solution is then constructed by using linea.r eigen value prob­

lem and Backlund transformation technique. Effect of initial frequency chirp on

soliton propagation is also presented.

Chapter four considers the effect of electro—optic phase modulation, fiber loss,

and gain on the formation of solitons, both in the anomalous and normal disper­

sive regimes. Integrability of such system is verified in both regimes by construct­

ing linear eigen value problem. Bright and dark soliton solutions are generated

using Hirota’s method. Influence of electro-optic phase modulation, fiber loss,

and gain on soliton pulse compression is also analyzed.

Chapter five is devoted to study the effect of dispersion-decreasing fibers

(DDF s) on soliton propagation. Requirement for the existence of soliton in DDF

is discussed at first. Various dispersion-decreasing profiles have been considered.

Effect of various profiles on soliton pulse compression has been analyzed. Pulse

propagation through birefringent single mode fiber with variable dispersion has

also been discussed.

Chapter six considers the influence of both DDFS and fiber loss on pulse propa­

gation. Integrability analysis of the system is presented. Variable transformations

are introduced to transform the nonuniform N LS equation to the well-known uni­

form N LS equation. Effect of fiber loss in different dispersion-decreasing profiles

are studied. Compression achieved by the soliton pulse during its propagation

through various profiles have also been discussed. Study is also eytended to the

birefringent DDFS.

Chapter seven deals with the major results and overall conclusions of the
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thesis work.
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Chapter 1

Introduction

Optical solitons in fibers attract interest. from wide area of science and tech­

nology. Among solitons which exist in various areas of physics, chemistry and

biology, the optical solitons behave most ideally in that the behavior can be

described by mathematical models which take into account for proper physical

properties of fibers and applied perturbations. This property is very effective

i11 exploiting the soliton for engineering purposes in particular for applying it to

ultra high speed optical communication [1-7]. The advent of high intense laser

sources and optical fibers having very low fiber loss have further paved the way

for efficient and fast transmission of ultrashot soliton pulses through high mode

fibers that form the basis of high speed communication systems [6,7]. In addi­

tion, the ideal phase property of solitons makes them ideal bits for application

to ultrashot switching and processing based on interferometric techniques [8-10].

The advantage of using solitons is that they do not change their shapes even

on interaction with other pulses. Another very important application of optical

solitons is pulse compression [11-13]. The production of ultrashot soliton pulses

are needed in different branches of science and technology which have been using



nanosecond a.nd picosecond pulses. The. another interesting and useful applica­

tion of the soliton—formation capability of optical fibers is in the development

of soliton lasers [14—17]. Recently solitons in dispersion—managed fibers have in­

creased the transmission capacity of the fiber against the fiber dispersion and

fiber nonlinearity with minimum loss [18]. These potential applications of optical

solitons have promoted extensive research studies to explore the important prop­

erties of optical solitons taking into account for the proper physical properties of

the high mode optical fibers.

In this chapter, the various physical properties of optical fibers, their behavior

during the propagation of high—intensity optical pulses, and different methods for

the analysis of propagation equations are presented.

1.1 Optical fiber
The simplest optical fiber is a cylindrical structure consisting of central core of

doped silica (SiO2) surrounded by a concentric cladding of pure silica. Such a fiber

is referred to as a step index fiber to distinguish them from graded-index fibers in

which the refractive index of the core decreases gradually from center to the core

boundary. Figure 1.1 shows schematically the cross—section and refractive index

profile of a step—index—fiber. The refractive index of the core (n1) is slightly greater

than that of the cladding (n2). To understand light guidance in an optical fiber,

consider a ray entering the fiber as shown in Fig. 1.2. If the angle of incidence

6, is greater than the critical angle:

(pa  sin"1('rLg/n1), (1.1.1)
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Fig. 1.1: Schematic illustration of (a) the CIOSS-SeCt.iOI'l and (b) the refractive index profile of
a step-index fiber

the ray will undergo total internal reflection at the interface and will be guided

by the core.

There are mainly two types of fibers: Inultimode fibers and single mode fibers



Cladding (nz)
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Fig. 1.2: A glass fiber that consist of a cylindrical central core, clad. Light rays impinging on
the core-cladding interface at an angle greater than critical angle are trapped inside the core
of the waveguide.

[19]. Multimode fibers are characterized by core diameters of 50 ,um and cladding

diameter of 125 pm while single mode fibers have typically core diameters of 9

to 10 inn and cladding diameter of 125 pm. There are two main varieties of mul­

timode fibers namely step index and graded index fibers. Step index fibers are

characterized by a homogeneous core of constant refractive index while graded

index fibers have an inhomogeneous core in which refractive index decreases in an

almost parabolic fashion from the center of the core to the core cladding interface

as shown in Fig. 1.3.

Among all the types of communication systems, optical fiber communication

(OFC) systems have many advantages like low loss, no electromagnetic inter­

ference, signal security, wide band width and so on. Though the OF C systems

have several advantages, in order to utilize fiber in an effective manner, one has

to overcome the effects of optical loss, dispersion, amplifier induced noise and
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Fig. 1.3: Variation of refractive index in a graded index fiber.

nonlinearity. In short distance communication, these effects can be ignored. Var­

ious effects which influence the propagation of pulse through optical fibers are

discussed in the following sections.

1.2 Idnear efiects

The linear effects of an optical system arises from the linear susceptibility X”).

The refractive index n of the system can be expressed as

n=M1+M” new

and is a, function of optical frequency (w) and is a complex quantity in general.

The real and imaginary parts of n represent dispersion effects and optical losses

respectively



1.2.1 Optical loss

Measurement of power loss during transmission of optical signals through the

fiber is an important fiber parameter. If P0 is the power launched at the input

of a fiber of length L, the transmitted power PT is given by [2]

PT = Poexp(—aL) (1.2.2)

where O? is the attenuation constant, referred to as the fiber loss.

Among the several factors contributing to the losses, material absorption and

Rayleigh scattering are the major ones. Material absorption arises due to the

presence of several impurities inside the core medium. The major impurity con­

stituent is the presence of hydroxyl ions. These hydroxyl ions are absorbed by

the silica material during the manufacturing process. Depending upon the vibra­

tional absorption characteristics of hydroxyl ion impurities, the loss profile due to

material dispersion is formed. By taking precautions during the fiber-fabrication

process [20], impurity level can be reduced.

Rayleigh scattering arises due to random density fluctuations of frozen silica ma­

terials formed at the time of manufacturing. Loss due to Rayleigh scattering

varies inversely as the fourth power of optical wavelength. Other losses are those

which occur due to bending and coupling which can be minimized by taking

suitable care during installation [19].

1.2.2 Dispersion

When an electromagnetic wave interacts with bound electrons of a dielectric,

the medium response depends on the optical frequency ta. As a result, index of



refraction becomes frequency dependent and this phenomenon is referred to as

dispersion [1,2]. This fiber dispersion plays a crucial role in the propagation of

optical pulses since different spectral components associated with the pulse travel

at different speeds given by c/ Mathematically, the effect of fiber dispersion

is accounted for by expanding the mode propagation constant B in a Taylor series

about the center frequency woz

mm) = 30 + (£4) — w0)fi1+%(uJ —. (4,)? 52 + % (w — w.,)3 53 + - -. (12.3)

where

a,, =  (m = 0, 1, 2, . . ..) (12.4)
The parameter fig is responsible for pulse broadening and is generally referred to

as group-velocity dispersion (GVD) parameter. The most notable feature is that

[$2 vanishes at a particular wavelength. The wavelength at which fig = 0 is often

referred to as zero-dispersion wavelength Ad. Variation of fig with wavelength for

silica is shown in Fig. 1.4.

For wavelength such that A < Ad, /32 > 0 and fiber is said to exhibit normal

dispersion. In the normal dispersion regime, the higher frequency components of

an optical pulse travel slower than lower frequency components. By contrast, the

opposite occurs in the so-called anomalous dispersion regime in which 52 < 0.

Because of this, the spectrum of the pulse gets broadened in the time domain

during its propagation through fibers
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Fig. 1.4: Variation of fig with wavelength.

1.3 Nonlinear effects

Linear effects of dielectric materials depend only on the frequency of optical

pulse. But, for very intense electromagiietic fields, all dielectrics behave nonlin­

early. Origin of the nonlinear response is related to anharmonic motion of bound

electrons under the influence of an applied field. As a result, the induced polar­

ization P from the electric dipoles is 11ot linear in the electric field E, but satisfies

the more general relation [21—22]:

P = 50 [X(1)E + X(2)E2 + X(3)E3 + . .  (1_3_1)

where so is the vacuum permittivity and X”) (j = 1, 2, - - - ) is the j"‘ order suscep­

tibility. In a centrosymmetric molecule, all the even order susceptibility vanish

iii the dipole approximation [22]. Since silica fiber made up of SiO2 is a symmet­

ric molecule, the lowest dominant nonlinearity is due to XV’). The lowest order

nonlinear effects are nonlinear refraction, four-wave mixing, and third harmonic



generation [22]. The other nonlinear effects such as self-steepening and stimulated

inelastic scattering belong to the class of higher-order nonlinear effects [22-24].

1.3. 1 Nonlinear refraction

The phenomenon of nonlinear refraction is due to the intensity dependence of

refractive index and is also called Kerr nonlinearity or simply Kerr effect [21].

Intensity dependent refractive index of the fiber is given by

n (0.), |E|2) = no ((4)) + 722 |E|2 (1.32)

where no (w) is the linear index of refraction, IEI2 is the optical intensity inside

the fiber, and n2 is the nonlinear-index coefficient also called Kerr coefficient.

The intensity dependent refractive index introduces a phase shift given by

¢ = nkoL = (no + n2 |E|2)koL (1.33)

where /to = 27r//\ and L is the length of the fiber. The intensity dependent nonlin­

ear phase shift q5NL = n2r'coL IE [2 is due to Kerr effect [21, 22]. Since the optical

field experiences a self-induced phase due to Kerr nonlinearity during its propa­

gation, it is called self phase modulation SPM). SPM leads to the generation of

new frequency components and as a result. spectrum of the pulse gets broadened

in frequency domain during its propagation [21-25].

In the case of an ideal fiber made up of isotropic material and of perfect geometry,

degenerative modes would not couple during propagation. But, in actual case,

when two optical waves having frequencies wl and (J2 polarized along a given axis

copropagate inside a fiber, they can interact with each other through the fiber
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nonlinearity. The fiber nonlinearity thus provides a coupling between degenera­

tive modes and this phenomenon is referred to as cross-phase modulation (XPM)

[26]. As a result, nonlinear phase shift. of an optical field will be induced by a

copropagating field at a different wavelength. The nonlinear phase shift for the

field at 921 is given by

(DNL = 'Il2k0L (|E1l2 + 2 lE2l2)

The two terms on the right-hand side of Eq. (1.3.4)are due SPM and XPM

respectively.

1.3.2 Four—Wave mixing

Let ml, (412, a11d w3 be the frequencies of three waves incident in an optical fiber.

Third order nonlinearity of the fiber, which is more predominant, would lead to

the generation of a nonlinear polarization, say w4 given by m4 = LU3 +w2 -wl. The

nonlinear polarization, can under some circumstances, leads to the generation of

electromagnetic waves at the new frequency «.04. This phenomenon is referred to

as four wave mixing [27].

1.3.3 Self-steepening

The channel handling capacity of a fiber system can be increased by propagating

Ultra Short Pulses (USP). When the width of the pulse is too narrow, effects

of higher order nonlinear effects are to be considered. Two different phenomena

come under this higher-order nonlinear effects are Kerr dispersion or otherwise

called self-steepening (SS) and stimulated inelastic scattering. These are consid­

ered as important perturbations of pulses.
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Self-steepening is due to the intensity dependent group velocity [28]. This causes

the peak of the pulse to travel slower than the wings. So during propagation, the

pulse will become steeper and steeper because of its own intensity and hence the

name self—steepening. There is also a possibility of breaking up of the pulse due

to instability. As this phenomenon is basically due to the variation in the group

velocity (with respect to the intensity), this is also referred as Kerr dispersion.

Due to Kerr-dispersion, pulse gets broadened in the frequency domain and is

asymmetrical in nature [29].

1.3.4 Stimulated inelastic scattering

The nonlinear efiects governed by the third-order susceptibility x(3) are elastic in

nature. Second class of nonlinear effect results from stimulated inelastic scatter­

ing in which the optical field transfers part of its energy to the nonlinear medium

[30]. Two important nonlinear effects in optical fibers in this category are stim­

ulated Raman scattering (SRS) and stimulated Brillouin scattering (SBS). The

main difference between the two is that optical phonons participate in SRS while

acoustic: phonons participate in SBS. In both cases, a photon of incident field (of­

ten called the pump) is annihilated to create a photon at the downshifted stokes

frequency and a phonon with appropriate energy and momentum to conserve the

energy and momentum. A higher energy photon can also be created provided a.

phonon of appropriate energy and momentum is available for absorption. Even­

though SRS and SBS are very similar in their origin, different dispersion relations

for acoustic and optical phonons lead to some basic difference between the two.

A fundamental difference is that SBS in optical fibers can occur only in the back­

ward direction whereas SRS dominates in the forward direction. The effect of
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SRS produces a self-frequency shift, which can cause a decay in the pulse. This

will cause splitting up of the pulse. The phenomenon of SRS is used for the

amplification of pulses. Higher frequency light pulses are periodically pumped

into the fiber. The SRS of the pump wave gives the necessary amplification for

the propagating pulses. SRS also gives asymmetrical broadening of the pulse in

the frequency domain [22].

1.4 Wave propagation in single—mode optical fibers

When short pulses with width ranging from ~ 10 ms to ~ 10 fs propagate

through a fiber, in addition to dispersive effect, nonlinear effects will also come

i11to pla.y. Like all other electromagnetic phenomena, the propagation of such

optical pulses is also governed by Maxwell’s equation [31, 32]. In this section,

nonlinear envelope equation taking into account for the linear, nonlinear, and

dissipation effects has been derived.

Maxwell’s equations in a conducting medium are [33]

V x E = —%3, (1.4.1)
3D

V><H=Jf-I.-79-t‘, (1.42)V D = pf,
V B = 0, (14.4)

where E and H are electric and magnetic vectors respectively, and D and B

are the corresponding electric and magnetic flux densities. The current density

vector J f and charge density p f represent the source for the electromagnetic field.
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In the absence of free charges in a medium such as optical fibers, J J‘ = O and

pf = O. The flux densities D and B arise in response to the electric and magnetic

fields E and H propagating inside a medium and are related to them through the

constitutive relations given by [32]

E = MQH + M
where 5.) is the vacuum permittivity, [L0 is the vacuum permeability, and P and M

are the induced electric and magnetic polarizations. For a nonmagnetic medium

such as optical fibers, M = 0. Maxwell’s equations can be used to obtain the

wave equation that describes light propagation in optical fibers. By taking the

curl of Eq. (l.4.1) and using Eqs. (1.42), (1.4.3), and (1.4.4), one can eliminate

B and D in favor of E and P and obtain

1 82E 3213
V X V X E =  — #05? (14.7)

or

1 82E ('92P.._ 2 :_:j_ TV E c2 6:2 “°at2 (1.4.8)

where V D = 5V E = 0 in a dielectric medium such as an optical fiber,

p.050 = 1/c2 and c is the velocity of light in vacuum. When nonlinear effects

governed by X“) are considered, the induced polarization consists of two parts

such that

P(r, t) = PL(r, t) + PNL(r, 2:) (14.9)
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where the linear part P L and nonlinear part P NL are related to the electric field

by the relations [21, 34]

PL(r, t) .= so / )5“ (7: — t’) E (1-, t’) dt’ (1.4.1o)

PNL(I', 1,‘) : E0  fix“) (t — tbt — t2,t — t3) E (T, t1) E (1',t2) E (l',t3)dt1dt2dt3
(1.4.11)

These relations are valid in the electric-dipole approximation such that the medium

response is local. Equations (:1.4.8-1.4.11) provide a general formalism for treat­

ing the lowest-order nonlinear effects in optical fibers. By using Eq. ( 1.4.9), Eq.

(1.4.8) can be written as

1 82E 82F; BQPNLv?E———=- —— —c2 at? “° an “° 31:2 (14.12)

The following assumptions are made to solve the above equation. First, PNL

is treated as a small perturbation to P L. Second, the optical field is assumed

to maintain its polarization along the fiber length so that a scalar approach is

valid. Third, the optical field is assumed to be quasi-monochromatic, i.e., its

spectrum, centered at wo, has a spectral width Aw such that Aw /wo << 1.

Since (no ~ 10155”, the last assumption is valid for pulses whose width is 2 0.1

ps (Au 3 10133“). In the slowly varying envelope approximation, it is useful to

separate the rapidly varying part of the electric field by writing it in the form

E(r,t) = %.‘r‘[E(r,t) exp (—z'wot) + c.c] (1.4.13)

where c.c stands for complex conjugate. TE is the polarization unit vector of the
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light assumed to be linearly polarized along the x axis, E (r, t) is a slowly varying

function of time. The polarization components P L and P N L can also be expressed

in a similar way by writing 1A .
PL(r, t) ==  [PL(r,t) exp(—zw0t) + c.c] (1.4.14)IA .

PNL(r, t) = 5x [PNL(r, t) exp (—zu.2ot) + c.c] (1.4.15)

The linear component PL can be obtained by substituting Eq. (l.4.14) in Eq.

(1.4.10) and is given by

PL(r, t) = 50 ff;  (t — t’) E (r, t’) exp [iwo (t — t’)] dt’

(1.4.16)

= 50 :0  (cu) E (r, w - Lao) exp [—z' (w — mo) t] do.)

where T§(r,w) is the Fourier transform of E(r,t). The nonlinear component

PNL(r,t) is obtained by substituting Eq. (1.4.15) in Eq. (1.4.11). Equation

(l.4.11) then reduces to

PNL(r,t) = s0X(3)E (r,t)E(r,t)E(r,t) (1.4.17)

The assumption of instantaneous nonlinear response amounts to neglecting the

contribution of molecular vibrations to X“). In general, both electrons and nu­

clei respond to the optical field in a nonlinear manner. The nuclei response is

inherently slower compared with the electronic response. For silica fibers, the vi­

brational or Raman response occurs over a time scale 60-70 fs. Thus, Eq. (14.1?)

is approximately valid for pulse width >1 ps. When Eq. (1.4.13) is substituted

in Eq. (1.4.17), P NL(r,t) is found to have a term oscillating at we and another
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term oscillating at the third-harmonic frequency 3%. The latter term is generally

negligible in optical fibers. By making use of Eq. (1.4.15), PNL(r, t) is given by

PNL(l‘,t) = €04-INLE (I‘,t)

where ENL is the nonlinear contribution to the dielectric constant and is defined

by
3 .

em, = EX;-ggxx IE (r,t)|2 (14.19)

To obtain the wave equation for the slowly varying amplitude E (r, t) , it is more

convenient to work in Fourier domain. This is generally not possible as Eq.

(1.4.12) is nonlinear because of the intensity dependence of ENL. In one approach,

EN; is treated as a constant during the derivation of the propagation equation for

E (r, t) [35, 36]. The approach is justified in view of the slowly varying envelope

approximation and perturbative nature of PNL. By substituting Eqs. (1.4.13)­

(1.4.15) in Eq. (1.4.12), the Fourier transform fl (r,w — wo), defined by

E (I‘,w - 0.10) = /-00 E (r, t) exp  (cu — wo) t] dt (1.4.20)co

is found to satisfy

VZE + 5 (OJ) k§E = 0 (1.421)

where kg = w/c and

e(w) = 1+ 3&3. (LU) + 5“ (1.4.22)

is the dielectric constant whose nonlinear part 5N; is given by Eq. (14.19). The



dielectric constant can be used to define refractive index 5. and the absorption

coefficient 5 become intensity dependent because of ENL. Therefore

5 = a + a2 |E|2 (14.23)

Using 5 = (fi+2‘c~r/21:0)? and Eqs. (1.4.l9) and (1.4.22), the nonlinear-index

coefficient 72; and the two-photon absorption coefficient 02 are given by3 . 3
n2 = 8—nRe (Xggfl) (:2 : film (XSZXX) (1.424)

The linear index no and the absorption coefficient a are related to the real and

imaginary parts of  Since 02 is relatively small for silica fibers, 5 2 a.

Equation (l.4.21) can be solved using the method of separation of variables. The

solution is assumed to be:

E (r, Lu — Lug) = F(17,  (2, cu —— wo) exp(z"3o{) (1.425)

E (§,w) is a slowly varying function of 5 and fig is the wavenumber to be deter­

mined. Equation (1.4.21) leads to the following two equations for F (:::,y) and

Z (5, w) 82F 02F \ ~
g +  + [5 (Lu) kg — [32] F = 0 (1.426). 63 ~ ~

2z;30a_E + (re? — 53) A = o (1.427)

Equation (1.4.27) is obtained by neglecting the second derivative % since xi (5, cu)

is assumed to be a slowly varying function of E. The wavenumber B is deter­

mined by solving the eigenvalue Eq. (1.426). The dielectric constant 5 (cu) in
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Eq. (1.4.26) can be approximated by

5 = (no + An)2 2 123+ 2n0An (l.4.28)

where An is a small perturbation given by

ia
An = n; IEIQ + 2k0

(14.29)

Equation (1.426) can be solved by using first—order perturbation theory [37].

At first, E is replaced by n2 and obtain the modal distribution F ($,y) and the

corresponding wavenumber fl (Lu) For a single-mode fiber, F (a:, y) corresponds

to the modal distribution of the fundamental fiber mode HE11. Then the effect of

An is included in Eq. (14.26). In the first-order perturbation theory, An doesn’t

affect the modal distribution F(17, y). The eigenvalue 5 is given by

Z§(1.;)  ,B(L1.') + A5 (14.30)

where

kt ff; I1, An lF(r. y)l2 drdy
ff; f_°;, |F(=r, y)|2 d-‘Edy

Afi = (14.31)
This step completes the formal solution of Eq. (14.1?) to the lowest order in

perturbation PNL. Using Eqs. (1.4.13) and (1.423), the electric field E (r,t) is

given by

E (r, 1) = :?%{F(:r:, y)A(g, 1) exp['i()60£ — 1.101)] + c.c.} (14.32)
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The Fourier transform X (£,w — can) of the slowly varying amplitude A(§, t) sat­

isfies Eq. (1.427) which can be written asail’ ~
8—€ = 2' [B(w) +- Afl — fig] A (l.4.33)

where Eq. (l.4.30) is used and approximated E2 — fig by 2,30 (,§— B0) The

inverse Fourier transform of Eq. (l.4.33) provides the propagation equation for

A(f, t). For this purpose, it is useful to expand fi(w) in a Taylor series about the

carrier frequency wo, i.e.,

fi(w) = [30 +l(w — (do) £31 + % (OJ — wo)2 [32 + % (w — wo)3 fig + -- (1.4.34)

where

fin =  (1.4.35)
The cubic and higher-order terms in this expansion are generally negligible if

the spectral width Aw << mo which is consistent with quasi-monochromatic

assumption used in the derivation of Eq. (1.4.33) and limits its validity to pulse

width 2 0.1 ps. If [32 '2 0 for some specific values of Lao, it may be necessary to

include the cubic term. Substituting Eq. (1.4.34) in Eq. (1.4.33) and taking the

inverse Fourier transform:

A(§, t) = i /00 11 (§,w — wo) exp[—z' (L4) — UJO) t]dw (1.4.36)27r _w

During the Fourier-transform operation, w — too is replaced by the differential
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operator at) and the result is

3/1 (3.4 i 32/1 .
56- = -mg —  + ZABA (14.37)

The term with Afi includes the effect of fiber loss and nonlinearity. By using

Eqs. (1.4.29) and (1.4.31), AI} can be evaluated and substituted in Eq. (1.4.37).

The result is
6A 0A 2' 02A

3 —+§fi2TEa—€ +_ 1 at = 2'~y|A]2A (14.33)

where the nonlinearity or Kerr coefficient 7, responsible for SPM, is defined by

TIQUJO= . 1.4.39'7 CAP” ( )
The parameter Aeff is known as the effective core area and is given by

(f"° f°° |F(z y)|2d:rdz/)2A9,, = '°° ‘°° (14.40)
I.°.";, 3;, lF(r.y)|“drdy

The effective core area depends on the fiber parameters such as the core radius

and core—cladding index difference. By making the transformation:

T=t—§/'09 =t—fi1§ (1.4.41)

and using Eq. (1.438):

.514 '. 1 32.4
z—aE+%aA — §;3._,5T2—+7|A|2A=0 (1.4.42)

where /l(§,T) is the slowly varying amplitude of the pulse envelope, fig is the
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GVD parameter. The last three terms in the above equation govern respectively

the effect of fiber loss, dispersion, and nonlinearity on the pulse propagation

inside optical fibers. If the fiber loss is ignored, i.e. a = 0, the above equation

takes the form:
.814 1' 02A

and is referred to as the nonlinear Schrodinger equation (NLSE) which describes

the propagation of optical pulses having widths 31 ps. The above equation can

be normalized by introducing:

U : 2-1/3 7 Z = 2-]/3LiD: t:-‘ 21/3%TO0

and obtain
.6U 82U
25 — sgnwzigg +2N"’|U|2U= 0 (14.45)

where P0 is the peak power, To is the width of the incident pulse, and sgn(fi2) =

:l:1 depending on the sign of the GVD parameter B2. The parameter N is defined

by
- L '*/P T2

N2 = -LTI; == —|6c;T0 (1.446)

and T2 1
LD = L73, LNL = %

where the dispersion length LD and nonlinear length LNL provide the length

scales over which the dispersive or nonlinear effects become important for pulse

evolution along a fiber of length L. Depending on the relative magnitude of L, L D,
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and LNL, the propagation behavior can be classified in the following categories.

When the fiber length L is such that L << LNL and L << LD neither dispersive

nor nonlinear effects play a significant role during pulse propagation. As a result,

the pulse maintains its shape during propagation. The fiber plays a passive role

in this regime and act as a mere transporter of optical pulses. This regime is

useful for optical communication systems. When the fiber length is such that

L << LN; but L > LD, the last term in Eq. (1.4.45) is negligible compared to

the other two. The pulse evolution is then governed by GVD and the nonlinear

effects play a minor role. The effect of GVD leads to the broadening of pulse in

the time domain. When the fiber length L is such that L << LD but L >> LNL,

the dispersion term in Eq. (1.4.45) is negligible compared to the nonlinear term.

In that case, pulse evolution in the fiber is governed by SPM that leads to the

broadening of the pulse in the frequency domain. But when the fiber length L

is comparable to both LN; and LD, dispersion and nonlinearity act together as

pulse propagates along the fiber. The interplay of the GVD and SPM effects

can lead to a qualitatively different behavior compared with that expected from

GVD or SPM alone. As a result of the combined action, pulse becomes highly

stable and undergoes elastic collisions. Such a pulse is known as optical soliton.

In the anomalous-dispersive regime sgn.(/32) '< 0), optical soliton in the fiber is

known as bright soliton [38, 39]. In the normal—dispersive regime (sgn(fi2) > O),

the corresponding soliton is known as dark soliton [40].
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1.5 Soliton solution for the nonlinear Schrodinger

equation.

In the case of anomalous GV D, sgn ([33) = -1. The parameter N can be eliminated

from Eq. (1.4.45) by defining

q = NU =  A (1.51)
Equation (1.4.45) then takes the following standard form of the nonlinear Schrodinger

equation (NLSE):
5 5213+ q82 W + 2 |q|2 q = 0 (1.52)

Solution for the above equation can be obtained by using linear eigen value prob­

lem [41] auto-Backlund transformation technique [42].

\II

Let KI! '=' 1 be a two component wave function of the Zakharov—Shabat­
x112

Ablowitz-Kaup-Newell—Segur (ZS /AKNS) scattering problem for the N LSE. The

space and time evolution of the wavefunction ‘II are defined by the linear eigen

value problem given by [41]

xx», = Q1111 \II, = V2/2 xv = (\II1\I12)T (1.53)

where

-2"/\ q

—q‘ 2')‘-1 0 0 2 ,Q2 = 27:,\2 + 2,\ q +2‘ M q (15.5)0 1 —q* 0 <1: -lql
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such that the relation Q1, - Q2; + [Q1 Q2] = 0 gives rise to Eq. ( 1.5.2). Thus in

effect, NLSE is presented as a linear eigen value problem with eigen value /\ [42].

The above mentioned wave function refers to the (n — l)"‘— soliton problem [42],

i.e.,

\IJ1 =_= \II1(n — 1)

\IJ2 E lII2(n _
’Ll.EU.(’I'7,-1)

In a similar way, the (n)"‘— soliton problem can be represented in the form:

‘Di 5 ‘1"1(n)

we 5 q;{_,(n) (1.5.7)

u’ E

and have the sa.me form as Eqs. (1.5.3-1.5.5) and where all the terms are primed.

To generate soliton solution of Eq. (1.52), a pseudopotential 1" is introduced

such that

“n72 (1.53)

Differentiating Eq. (1.58) and on simplifying using Eqs. (1.5.3) and (1.5.4) gives

1“, = —2z'AI‘ + q + F2q"\I’z (1.5.9)



to Q!

The transformations A —> X‘ and q ——> (f in Eq. (1.5.9) leads

1“, = —2z'A*r + q’ + F2q"' (15.10)

Simplification of Eqs. (1.5.9) and (1.5.10) gives

, —4F)\2— == :— 1.5.11

where /\ = /\1+i)12. A1 and /\2 are real, denoting the soliton velocity and amplitude

parameters respectively. The above equation is a recurrence relation in which

)thprimed and unprimed quantities represent n"‘ and (n — 1 — soliton solutions

respectively. For the trivial case, i.e. q = 0, the above equation becomes

, 4r,\2= -—:— 1.5.121+ m2 ( )9

From the expression KI’, = Q1\I1 in Eq. (l.5.3), the following results are obtained:

\II] = cl (2) exp (—z'At)

(15.13)

‘I12 = C2 (2) exp (Mt)

where C] (2) and C2 (2) are integration constants depend on 2. The expression

Q’, = Qg\I/ in Eq. (1.5.3) gives

‘F12 =
(15.14)

Q12, = 27'./\2\I!2
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Substituting Eq. (1.5.l3) in Eq. (1.5.14) gives

‘I/1 = C1 (0) exp(-21'/\2z — 2'/\t)

Q’; = C2 (0) exp (21/\2z + Mt)

Then Eq. (1.5.8) becomes0 . . '2 _
T =  E0; exp (-22/\1t — 41 (A; — Ag) 2) exp (2A2t + 8)\1A2z) (1.:>.l6)

On substituting Eq. (1.5.16) in (1.5.l2), the solution of Eq. (1.52) is obtained

as

q = 2A2X exp (-2211: - 41' (A? — A3) 2) sec h (2)\2t + 8A1A2z + 6) (15.17)

where 0 = film  and X =  The single soliton solution is plotted
in Fig. 1.5 depicts the undistorted soljton propagation along the fiber length.

This is due to the exact balance between the group velocity dispersion and self­

phase modulation.

|q(2»t)l 0-5
0.25

Fig. 1.5: Evolution of bright soliton described in Eq. (1.5.1T)
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1.6 Dispersion decreasing fibers

In dispersion-decreasing fibers, magnitude of the GVD parameter [;62| decreases

along the direction of propagation of optical pulses [43, 44]. Such fibers can

be made by tapering the core diameter at the manufacturing stage since the

waveguide contribution to the GVD parameter fig depends on the core size. Pulse

propagation through DDF can be explained mathematically by using the NLS

equation of the form:
2a a

z—‘f+p(z)at‘j +2|q|2q = 0 (15.1)

where the parameter p(z) = |,52(z)/[i2(())| governs dispersion variation along the

fiber length.

DDFS can be effectively used for pulse compression. The pulse-compression mech­

anism of dispersion—decreasing fibers has been used to generate train of ultrashort

pulses [45-47]. The basic idea consists of injecting a continuous wave (CW) beam,

with weak sinusoidal modulation imposed on it, into an optical fiber. As the si­

nusoidal signal propagates, individual pulse are also compressed. The combined

effect of GVD, SPM, and decreasing GVD is to convert a nearly CW signal into

high-quality train of ultrashort solitons [44].

1.7 Analysis of nonlinear partial differential equa­

tions

There are different methods for the analysis of nonlinear partial differential equa­

tions (NPDES). NPDES in general are not integrable and hence they do not

possess soliton solutions. For the system to be completely integrable, it must
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possess (i) Painleve’ property, (ii) infinite conservation laws (iii) N soliton solu­

tions (iv) Lax pairs etc. In this section, some of the mathematical tools useful

for studying NPDES are discussed.

1.7. 1 Pajnleve’ analysis

Painleve’ analysis is one of the most powerful and frequently applied method

in nonlinear dynamics to see whether a given nonlinear evolution equation is

integrable in general and if not for what parametric restrictions, the system

is integrable. The Painleve’ analysis of nonlinear partial differential equations

(N LPDES) is proposed by Weiss, Tabor, and Carnevale with a suitable simplifi­

cation by Kruskal and this method is also known as WTC method [48,49]. This

analysis ensures that general solutions of NLPDEs are single valued in the neigh­

borhood of non-characteristics, movable singularity manifold when expressed lo­

cally as a Laurent series.

Let q(z, t) satisfy the nonlinear evolution equation.

qt = k[q,q:, ....  (1.7.1)

and let

-1 no
L2¢>(_z,t) == 0 (1. .

be the manifold (the singular or pole manifold) on which q(z,t) is singular. The

basic ideas of WTC method is that the Laurent expansion:

q(z,t) = O z:qJ-(z,t)<p"' (1.13)
_j::0



be single valued. This requires that  a is an integer, (ii) q’) is analytic in

z and t, and (iii) the equation for the coefficients qj have self-consistent solu­

tions. If all these conditions are satisfied, Eqn. ( 1.7.3) can be considered to be a

Laurent expansion of the solution in the neighborhood of singular manifold and

nonlinear evolution equation satisfying q(z, t) is said to possess Painleve prop­

erty. Apart from providing the integrability property of a given nonlinear par­

tial differential equations, P analysis also provides information about Backlund

transformation(BT), Lax pair, Hirota.’s bilinear representation, special and ratio­

nal solutions, etc. Many of these results are obtained by truncating the Laurent

series at a constant level term [50].

1.7.2 Inverse Scattering Transform (IST)

It is one of the powerful methods to prove the integrability of a given nonlin­

ear partial differential equations (NPDES). This method was first introduced by

Gardnear, Green, Kruskal and Miura (GGKM) [51] based on the context of quan­

tum mechanical scattering theory. The goal of the inverse method is to solve the

NPDES. It essentially consists of three steps. First step is known as direct scat­

tering method. In this method, from the initial condition q = q(z, 0) solve direct

scattering problem, i.e., treat q(z, 0) as a potential in the Schrodinger equation

and find all the associated eigen values and eigen functions. Next, in step 2, as q

evolves as a function of t, associated scattering data will also evolve. In step 3,

one can uniquely constructs q(z, t) from the scattering data.

The inverse method is easily described by a flowchart given in Fig. 1.6.
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5139.2

Evolution or scattering data _Scattering _ Scatteringdataatl=0 dam 3“
5129.11§_[gp_1 Inverse scaneringDirect problem

scattering problem

Initial value problem
lnitial potential q(z.0) ———j——:— q(z.t)

The Inverse method

Fig. 1.62 Flow chart of IST

1.7.3 AKNS Method

In this section, the method to generate soliton possessing equations is explained.

The main idea of this method was due to Lax [52] and hence the resulting opera­

tors in this formalism are called Lax operators or Lax pair. Actually, the method

given by Lax, may not be applicable to many soliton possessing nonlinear evo­

lution equations (NEES) because of the differential form and the assumption on

one of the operators. To overcome these problems, AKNS proposed a method

which can be used to describe many soliton possessing N EES [53].

Consider the 3 x 3 eigen value problem

c1»; = Uq>

(12.4)

q»; = V<1>



where <1’ = (<1>1<I>2<I>3)T

%Aqq‘

—q 0 M
N

V,.,. = Z v,;,\" (1.7.6)
n.==0

The integrability condition for Eq. (1.7.4) is

U2 — V, + [U, V] = 0 (11.7)

The integrability condition leads to soliton possessing equations.

1.7.4 Hirota’s method

Since the discovery of IST and its subsequent developments, it has been possible

to obtain large number of completely integrable NPDES by reconstructing the

potential whose spectrum consists of N discrete eigen values. However, if one

is interested only in obtaining these solutions, then a more straightforward and

widely applicable Hirota’s direct method is suitable. This method has been used

to obtain exact N-soliton solutions to a large number of N PDES [54].

This method involves few steps. In the first step, one or two functions, say f (2, t)

and g(z,t), are introduced in place of q(z,t) through some nonlinear transfor­

mations. The objective of this transformation is to convert the given nonlinear

equation into a homogeneous equation involving only the quadratic terms. In the

next step, the homogeneous equation is decoupled into bilinear form. Finally a
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power series expansion is given to the functions f (z, t) and g(z, t) such that exact

solutions are obtained.

1.7.5 Béicklund transformation

Backlund transformation originated in the study of surfaces of constant nega­

tive curvature. Application of Backlund transformation to NEES is extended by

Lamb. It relates the solution of original equation to that of another which is easier

to solve. It also relates solution of given equation to another which may already

be known through a simple algebraic relation. It helps to construct multisoliton

solutions staring from a single soliton solution [55].



Chapter 2

Soliton propagation in a fiber
with higher-order dispersive and
nonlinear effects

2.1 Introduction

Dispersion-induced pulse broadening is due to the lowest order GVD term pro­

portional to B2. Contribution of this term dominates in most practical cases

and hence the propagation Eq. ( 1.5.2) has been successful in explaining many

phenomena. But, it is sometimes necessary to include higher—order dispersion

term proportional to B3 in the expansion (14.34). If the pulse wavelength nearly

coincides with the zero-dispersion wavelength AD, 52 2 0, or for the propaga­

tion of ultrashort pulses (USP) with width To _<_ 100 fs, it is often necessary to

include fig term even when 52 # 0 [56]. In addition to the higher-order disper­

sion effects, also called third—order dispersion, higher—order nonlinear effects will

also come into play during the propagation of USPS [29, 57-60]. The important

higher-order nonlinear effects are self-steepening and delayed nonlinear response.
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2.2 NLSE in the presence of third order dis­

persion

Normally the effect of the third order dispersion (TOD) is negligible when com­

pared to the GVD. Only in the zero dispersion wavelength, fig 2 0; the effect of

TOD will give considerable broadening to the optical pulses. Even in the anoma­

lous dispersion regime, the effect of TOD is faced as a perturbation by ultra-short

pulses (USP). Pulse broadening due to TOD is asymmetrical in nature. NLSE

which governs the wave propagation with the effect of TOD takes the form [1]

£9.
87:3

.34 329 2 .
1&4-?+2lq|q+z561 = 0 (‘2.2.1)

The parameter 61 governs TOD which is proportional to fig in the expansion

(1.4.34) and is given by

61:
5 U32| To

2.3 NLSE with Self-Steepening and Delayed

Nonlinear Response

Self-steepening is the most important. nonlinear effect due to the intensity depen­

dent group velocity [28]. It creates an optical shock on the trailing edge of the

pulse in the absence GVD effects [61, 62]. This causes the peak of the pulse to

travel slower than the wings. So during propagation, pulse will become steeper

and steeper. Self-steepening gives asymmetrical broadening to the optical pulse

[63, 64]. In the presence of self-steepening, wave propagation in a fiber is governed



35

by the equation of the form [62]:

.(9q 82q
15; + atz\

3
+ 2 |q|2 q + iecha ([q|2 q) = 0 (2.3.1)

The parameter 6;; describes the effect of self-steepening. It is given by

(52 = 1[TOLd0

Equation (2.3.1) is called mixed derivative NLS (MDNLS) equation [65]. In the

presence of delayed nonlinear response, N LS equation takes the form

-2
fl+€’—‘-7

82 . _ 2: __32 at? +?|q| q+2e<5sq3t lql 0 (233)
The effect of a delayed nonlinear response is governed by the last term propor­

tional to (53 in Eq. (23.3) [66, 67] and is given by

(53 = — (2.3.4)

The qualitative behavior of delayed nonlinear response is similar to the case of

self-steepening. An important difference is that relatively smaller values of 63

compared with 62 can induce soliton decay over a given distance [66,67].

2.4 NLSE in the presence of all higher-order

effects

From Eqs. (2.32), (2.3.4), and (2.3.6), it is obvious that all the higher-order

parameters vary inversely with the pulse width To. So, for USPS, it is necessary
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to include all the higher-order terms in Eq. (1.52) and the equation takes the

form [29],8 82 . - 3’ 8 8
za—: + 87: + 2 |q|2 q + 15 {O1-8-1; + r52—,d—t (lqlz q) + 53q5t— |q|2} = 0 (2.4.1)

When an ultrashort optical field propagates through birefringent fiber media,

its state of polarization changes during propagation. As a result, they interact

through fiber nonlinearity known as cross-phase modulation. The propagation of

ultrashort optical field through birefringent single mode fiber in the anomalous

dispersive regime can be described by coupled higher-order nonlinear Schrodinger

(CHNLS) equation of the form:

iqiz + (hr: + 2(|q1|2 + |q2l2) 91

‘H5 l51‘11ttt + 52({|q1l2 + lqzizl‘ (11), + 53 (|<11|2 '1' W212), 41] = 0

iq2z + 42:: + 2 (l(I1|2 + W212) (12

+115 [51q2m + 52 ({lq1i2 + iqzlz} Q2), '1' 53 (i91l2 + lq2i2), <12] = 0

In general, the above equations do not give soliton solutions. However, if some

restrictions are imposed on the parametric values, one can obtain several in­

tegrable, soliton- possessing NLS-type equations: (i)5 = O, NLS; (ii) 61 62

53 = 0 1 1, derivative NLS [65]; (iii) 6t 62 63 = 0 1 0, derivative mixed

NLS [65]; (iv) 61 62 63 = 1 6 0, the Hirota equation [68] and (v) 61 2

(62 + 53) = 1 6 3, Sasa-Satsuina equation [69]. For the parametric values
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51: 1, 62 = 6, (62 + 63) = 3. [(59-71], Eq. (2.42) becomes

iqlz 4' (11u+ 2 (l‘I1l2 + lq2l2)q1

+26 [91m+ 6 (|q1|2 + lq2l2) qu + 3 (lq1l2 + lq2|2)t <11] = 0

(2.4.3)

iqzz + 612:: + 2 (|Q1l2 '1" lqzlz) (12

+213 [qzm + 6 (|qi|2 + |q2l2) 612:. + 3091]? + lq2|2)t <12] = 0

2.5 Integrability analysis of CHNLS equations

In this section, Painlevé (P) analysis of Eq. (2.43) is studied. The motivation

behind this exercise is that P condition is a necessary one for studying the integra­

bility of nonlinear partial differential equations and helps to construct solutions.

The integrability analysis of Eq. (2.4.3) is carried out by following WTC method

with a suitable simplification proposed by Kruskal [48, 49]. This analysis ensures

that the general solution of Eq. (2.4.3) is single valued around any movable non­

characteristic singular manifold when expressed locally as a Laurent series. For

this purpose, assume a solution of Eq. (2.4.3) in the form:

f11(Z»t) = <15‘: 2:0 q1j(Z)¢>7(Z= t)>q10 ¢ 0

(2.5.1)

<]2(Z, 75) = C150  Q2j(Z)¢5j(Zat)a Q20 75 0

with

q5(z, t) = t + 1,/1(2) = 0 (2.52)

where  is an arbitrary analytic function oft, qlj-(2) and qgj-(z) (j = 0,1,2,....,),

in the neighborhood of a noncharacteristic: movable singularity manifold defined
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by g‘) = O.

In order to investigate the integrability properties of Eq. (2.4.3), it is rewritten in

terms of four complex functions a, b, c and d by defining q1 = a, qf = b, (12 = C,

q; = d. Then Eq. (2.4.3) becomes:

ia, + an + 2(ab + cd)a + 'i5[am + 6(ab + cd)a¢ + 3(ab + cd)¢a] = 0

—’ibz + bf-t +  +  — 'iE[bg¢t + 6((1()+ Cd)bt +  +  = 0

(2.5.3)

icz + C“ + 2(ab + cd)c +1'5[cm+ 6(ab + cd)c; + 3(ab + cd),c] = 0

Looking at the leading order behavior, substitute a 2 a0¢"‘, b 2 bggb°", c 2 c04S°‘3,

d 2 d0q5°‘4 in Eqs. (2.5.3) and balancing the dominant terms, gives:

CY1=CI-2=(13=a4=“1,

(2.54)

aobo + CQd[) =

For finding the powers at which the arbitrary functions can enter into the series,

substitute the expressions:

a = ao¢“1 + a,-q57"‘, b = b0gD"l + b]-¢'>7‘1

(29.5.5)

0 = Co¢5_1+ 01¢"-1.d = d0¢_1+ dj¢j_1

into Eq. (2.53), and comparing the 1owest—0rder terms. a system of four linear
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algebraic equations in (aj b cj dj ) are obtained. In matrix form, it may bea J

conveniently written as

[/10)] [X] = 0 (3-5-5)

where  = (Clj , bj , Cj ,dj)T

and
B D E F

_ G B H I
[Am] = I F C J

H E K C
where

B=(J-1)(J-2)(j-3)-3(J—1)-6aobo+3(j-2)+3,
C:(J'-1)(j’2)(j—3)‘3(j—1)—5Codo+3(j-2)+3

D=—6 ag+3a3(J—2), E=—6 aodo-1—3aod0(j—2)

F=—6aoco+3a.oco(j—2),G=—Gb§+3bgU~2)

H: -6 b0d0+3b0d0(j—2), I=—6 b(,c0+3 b0co(j—2)

J=—6cg+3c8(J‘~2),K=—6d5+3d3(j~2)

Condition for non-trivial solution for aj bj , cj and dj is that

detA(j) = 0 (25.7)

On solving Eq. (25.7), the resona.nce values are obtained asj = -1, O, 0, 0, 2, 2, 2,

3,4,4,4,4. The resonance at j = -1 corresponds to the arbitrariness of 1D (2, t)

On equating the coefficients of 1V‘, a unique equation defining ag, bo,co and do is

obtained:
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1

aobo + Cndn = —-2-.

This shows that any three of the four functions ao, b0,c0 and do are arbitrary

which correspond to j = 0, 0, 0. Proceeding further and equating the coefficients

of (ZV3='l/J_3,1P'3.1/1-3) gives:

do 50 Co do=———. =—, =—-—,d =—_—. 2..al 3iz b1 31': C1 32'z 1 312: ( 5 9)

The coefficients of (1,114, 1,Z1‘2,1_./f2, 7,b’2) gives rise to a single equation:

boa; + aobg + (1062 + Codg = —-gfi
From the above equation, it is clear that any three of the four functions a2, b2, C2

and d2 are arbitrary which correspond to j = 2, 2,2. Similarly from the powers of

('gb‘1,1,b"1,1,D‘1,¢‘1) and (1,/F°,1¢'F°,7,/:“’ 1/F0), it is clear that Eq. (2.5.3) admit

the sufficient number of arbitrary functions and hence Eq. (2.4.3) possesses the

Painlevé property.

2.6 Hirota bilinearization and soliton solutions

Hirota’s bilinear method [54] is one of the most direct and elegant methods avail­

able to generate multi—soliton solutions of nonlinear partial differential equations.

In the present form, it is difficult to construct multi-soliton solutions of Eq.

(2.4.3). So, to avoid mathematical complexities, a suitable transformation is
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introduced as:

q1(z,t) = Q1(Z.T)e$z> [i (% + 2-55)] .42 (N) = Q2 (Z. T) 6172 [i (é + %)]

z=T,Z=t-é
(2.6.1)

Using the above transformations in Eq.(2.4.3), the resulting equation is obtained

in the form:

Q12 + 5[Q1T1‘T + 5 (lQ1|2 + |Q2|2) Q17" + 3Q1(|Q1|2 + |Q2|2)T] = 0

(2.6.2)

Q22 +5 [em +6 (IQII2 + IQ-2|?) Q2T + 3Q2 (lQ1|2 + |Q2l”)._, = o

The above equation is called complex modified K-dV (cmK-dV) equation. In

order to construct Hirota’s bilinear form, following bilinear transformations are

introduced.

mm

GQ1 = F Q2 =
where G (Z, T) and H (Z, T) are complex functions and F (Z, T) is a real function.

Now using the transformations given in Eq. (2.6.3), Eq. (2.6.2) can be rewritten

3.8
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F2 [(02 + 519;) (G.F)] + e[{—3Dl} (F.F) Dr +12(1G|2 + |H|2) DT} (G.F)

+3GFDT (G.G'*) + 3H*FD»_,- (H.G) — BHFDT (G.H‘)] = 0

F2 [(Dz + 513;) (H.F)] + =~.({—3D,} (F.F) D1 + 12 (|G|2 + |H|’) DT} (H.F)

+3HFD—_,~ (H.H*) — 3G*FD-1- (H.G) + 3GFDT (H.G*) = 0
(2.6.4)

where the Hirota bilinear operators D, and D, are defined as

777. TL / I 8 6 Tn 8 8 n I /
DzDTG(z.T>F(z..T> =( ) ( ) G(z,T>F(z,T) |Z=Z’,T=T’53 _  5T’ — W

(2.6.5)

Equation (2.64) can be decoupled into a set of bilinear equations as

(D2 + 519%) (GF) = 0, (D2 + z-:D§°’~) (H.F) = 0

D3. (F.F) = 4 (|G|2 + |H|2)

(2.6.6)

DT(G'.G"‘) = 0, DT (H.H") = O,DT(G.H') =0,

DT (:H.G‘) = 0,DT (G.H) = 0

To obtain soliton solutions, a power series expansion is given to the variables F,
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G, and H. i.e.

F = 1+n2f2+n“f4+ ----  G = 7)91+Tl393+7)595+ ----  H = nh1+n3ha+n5hs+ ---- -­

(2.6.7)

2.6.1 One-soliton solutions

For one—so1iton solution (1SS:):

F = 1 + T]2f2 G = ngl H = nhl (2.6.8)

since higher-order terms get truncated. On substituting Eq.(2.6.8) in Eq.(2.6.6)

and then collecting the coefficients of terms with same powers in n:

7;

(Dz + eD:}) (g1.1) = 0 (Dz + eD;:) (h1.1) = 0 (2.6.9)

772

Di‘ (1-f2 + f2-1) = 4(91-9i + hi-hi)

DT(g1.g{) = 0, DT(h1.h;) = 0, DT(g1.h;) = 0, (26.10)

= 0.  = 0
773

(Dz + 51);) (g1.f2) = 0 (D2 + eD2j;) (h1.f2) = 0 (2.6.11)
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0% (rm) = 0 (26.12)

Solutions which are consistent with Eqs. (2.6.9)-(2.6.12) are

g1 = exp (A1 + 710) h1 = sin gbexp (/\1 + 50)

(2.6.13)

f'_) =  ) exp (2)1)1

where

1

A1 = kl (T — 5kfZ) and A] = 5 [exp (775 + 770) + exp (55 + 50)] (2.6.14)

no and 50 are complex constants and k1 is a. real constant. Using Eqs. (2.6.13) and

(2.6.14) in (2.6.8) and then in (26.3), after absorbing 1} the one—so1iton solution

obtained as

Q1 = Blkl sech (IE1  — E  + 60)

(2.6.15)

Q2 = B2191 sech(l;:1  -— E  + 90)

where

_ 1 A1 _ exp (2770) _ exp (250)
9°—21n(k_f) B"\/ 4A1 ' B2’ 4A1

Using Eq.(2.6.1), one-soliton solution of Eq.(2.4.3) is found to be:

q1 = Blkl exp [i  +  sech (k1T — ek§Z + 60)

(2.6.16)

q2 = Bgkl exp [Z  +  sech  —  + 90)IE
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2.6.2 Two-soliton solutions

The two-soliton solutions can be obtained by terminating the series expansion

for F, 6', Has

F = 1+ 772f2 + 7;“f4, G’ = ng1+ 77392, H = nhl + n3h3 (2.6.17)

and proceeding as before gives:

g1 = exp (A1 + 770) + exp (/\-2 + no) 111 = exp (A1 + 50) + exp (/\2 + 50)

__ (k1—k2)2 ex'p(2z\1+/\2+17o) exp(/\1+2)\2+ng)g3 — A1(k1+k2)2  +

_ (kl —kfl2 exp( 2z\1+/\'_g +80) exp(A1+2Ag+so)h3 ‘ A1(k1+k2)2 1:? + In;

x2=A1[ug22+ssg1<:+;;;2+w]1 2
f = A1(k1-A22)‘ expg2»\1+2z\-124 L-fkg(I.:1+/:2)

(2.6.18)

where

,\,. = k,-T — akgz j= 1, 2 (2.6.19)

Here kj is a real constant. Using Eqs. (2.6.'l7)-(2.6.19) in Eqs. (12.6.3) and (2.6.1),

the two-soliton solutions of Eq. (24.3) are found to be
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Both ISS and 2SS are in exact agreement with Eq.(2.4.3). Three dimensional

and two dimensional plots of 2SS are given in Figs. 2.1(a) and (b) respectively.

0.015

lq1(Z:i)| 0'“
0.005

(a)

lq1l:t)l

-13

(b)

Fig. 2.1: (a) Three dimensional evolution of the two-soliton solution (2.6.20) (b) two dimen­
sional egulution.
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2.7 Asymptotic analysis

If the two solitary waves solutions shown in Fig. 2.1 retain their shape and

velocity after interaction, i.e. undergo elastic collisions, solitary waves are said

to be solitons. Theoretically this can be verified by applying asymptotic analysis

to the Eqs. (2.6.18) and (2.6.19). In order to prove that the above solution is

indeed the two-soliton solution, Eqs. (2.6.l8) and (2.6.19) are rewritten in terms

of the new variable p1 = T — 5/<;fZ and allow the variable Z —> :l:oo

Q1 = B]_k1S€C-ll  —  + /V)

(2.7.1)

Q2 = B2k1S6Ch (k1T — 5kfZ + X)

where the phase factor
2

A’ = ln —(kii)—2 (2.72)
k]_ (I31 ‘i’ kg)

It is obvious from the one—soliton solution (2.7.1) that except for the phase shift

of magnitude X, the form of the solutions in the limits +oo and -00 are the same.

The presence of another set of one—soliton solutions in (‘2.6.18) and (2.619) with

a similar behavior can also be shown by allowing the variable Z —> :l:oo after

introducing the new variable p2 = T — 5 lc§Z. VVhen Z —> :t-oo,

Q1 = B1kI2SeCh (kT — 51:32 + A’)

Q2 = B2k2SeCllUC11 — 51:32 + z\’)

Thus it is clear that two solitary waves interact in a completely elastic fashion.

The only vestige of their interaction is the change in their phase-shift. Each
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solitary like wave, (2.7.1) and (2.723), which occurs as Z —> :too, and which

interact in the special way, is called soliton; and therefore the solutions described

by Eq. (2.6.18) and (2.6.l9) are exact. two-soliton solutions.

2.8 Lax pair for CHNLS equations

The linear eigen value problem associated with Eq.(2.6.2) is

mm» = U21» wz = vw w = (wi w2)T (28.1)

where

-ix Q1 Q1‘ Q2 Q5

—Q‘1‘ ix 0 0 0
U= -621 0 ix 0 0 (28.2)

—Q§ 0 0 ix 0
—Q2 0 0 0 ix



-4 0 0 0 0
O 1 0 0 0

V=§"‘—;5 0 010 0 +4528
0 0 0 1 0
O 0 0 0 1

-2A —Q1T —c2;T

‘QIT IQII2 (c2;>2

-max -Q=;T Q? lQ1l2
—Q2T Q1Q§ QIQ-3

—Q§T Q1Q2 QIQ2

0 G12 G13 G14

G21 G22 0 1124

+X 0.31 0 (133 (134

G41 G42 043 G44

G51 G52 1153 0

where

0

-QI

-Q1

-Q3

-Q2
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Q1 QI Q2 QE

0 0
0

0

CG 0

-Q51

QIQE

Q1Q§

(Q§)2

|Q2|2

O

0

0

0

0

0

0

(23.3)

012 = 4 -4 Q1 + Q1TT:a13 = 4 A QI + Qirr, 014 = 4 A Q2 + Q2TT:

015 = 4 A Q72 + Q§q~1~,021= -4 A Q} — QITT, 022 = Q1Q§T — QIQ11",

1124 = Q2QIr — QIQ27", 025 = QEQIT - QTQET 031 = -'4 A Q1 — Q1TT.

033 = QIQ11“ - QIQTT. 034 = Q2Q1T — Q1Q2T, (135 = QEQ11‘ — Q1Q§T

041 = -4 -"1 Q3 — QETT, 042 = Q1Q% — Q§Q1T, 043 = QIQET — QEQIT,

044 = Q2Q-Er ’ Q§Q2T 051 = -4 A Q2 - Q2TTy (152 = Q1Q2T * Q2Q1T.
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053 = QIQ2T — Q2Q§T» 055 = Q§Q2T - Q2Q§7~

with A = lQ1l2 + lQ2|2

The compatibility condition U Z — VT + [U, V] = 0 gives rise to Eq. (2.62). The

construction of Lax pair confirms that Eq. (2.6.2) and thereby the CHNLS Eq.

(2.4.3) is indeed completely integrable.

2.9 Conclusion

In this chapter, coupled NLS equation with higher—order dispersive and nonlinear

effects are considered. By choosing the parameters, Painlevé singularity structure

analysis is done and established the integrability. By introducing the suitable

transformation, CHNLS equations have been transformed into complex modified

K-dV equations. Using Hirota bilinearisation technique, both one-soliton and

two—soliton solutions are found out. By using asymptotic analysis, it is found

that two—soliton solutions undergo elastic collisions and thus verified that they are

indeed two-soliton solutions. Also constructed Lax pairs using AKNS formalism

which confirms the integrability of CHNLS equations proved by Painlevé analysis.

Thus, with these results, it is shown that the CHN LS equations which describe

the wave propagation of two fields in fibre systems with all higher—order effects

such as TOD, Kerr dispersion, and delayed nonlinear response, will allow soliton­

type propagation.



Chapter 3

Effect of frequency chirping on
soliton formation

3.1 Introduction

Generation of stable ultrashort optical pulses find important applications in

ultrahigh-bit—rate optical communication systems, measurement of ultrafast phys­

ical process [72], optoelectronic terahertz time domain spectroscopy [73], opto­

electronic sampling [74,75] etc. It is possible to generate ultrashort pulses directly

from semiconductor lasers [76, 77]. But for these applications of ultrashort pulses,

optical pulses with high energies are required and that are not readily available

from laser producing ultrashort pulses. It is then necessary to compress the pulse

internally. The important pulse compression techniques are soliton-effect com­

pressors [39, 78, 79], compression by adiabatic amplification [11, 12], higher-order

soliton compression [45], compression using dispersion-decreasing fiber [11, 12, 80]

etc. In this chapter, a new approach is presented, the effect of initial frequency

chirp, to compress the pulse.

51
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3.2 Formulation of the problem

In an ideal soliton-based communication systems, input pulse launched into the

fiber should be chirped, have a hyperbolic-secant shape. In practice, pulse deviate

from the ideal requirements necessary to launch the fundamental soliton. The

effect of initial frequency chirp during the formation of soliton can be studied

using the equation [81]

iqz + qu + 2 |q|2 q = a1(z)t?q + ia2(z)q (3.2.1)

where q(z, t) is the slowly varying pulse of the axial field. Equation (3.2.1) con­

tains arbitrary functions a1(z)and 02(2). Above equation in the present form

does not give soliton solution. Using singularity structure analysis, the integra­

bility condition(s) of the above equation required for the formation of soliton

solution is discussed in the next section.

3.3 Singularity structure analysis

This analysis ensures that solution of Eq. (3.2.1) is single valued around any

movable noncharacteristics manifold when expressed locally as a. Laurent series.

For this purpose, solution Eq. (32.1) is assumed to be of the form:

me) = ¢>6 _:q,-(t><:>J‘<z.t>, Q0 75 o (33.1)

with

¢(z, t) = t + 1,D(z) = 0 (3.3.2)
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where 1/2(t) is an arbitrary analytic function of t, q,-(t) ( j = 0,1,2, ....,), in

the neighborhood of a noncharacteristic movable singularity manifold defined by

qb = 0. To investigate the integrability properties of Eq. (32.1), it is written in

terms of two complex functions a and b by defining q = a, q‘ = b. Consequently,

the following equations are obtained:

ia, + at; + a2b = a1(z)t2a + 2'a2(z)a

(3.3.3)

—ibz + bu + bza = a1(z)t2b — z'a2(z)b

where ao, bo sé 0, 5 is a negative integer and aj and bi are a set of expansion coef­

ficients analytic in the neighborhood of the non-characteristic singular manifold

¢(z, t) = 0.

Looking at the leading order behavior, substituting a 2 aoqfiél and b 2 boo“ in

Eq. (3.3.3) and equating the most dominant terms, gives

6=6=—11 2 can
Gobo = -1

For finding the powers at which the arbitrary functions can enter into the series,

substituting the expressions:

0' : 00¢-1+ aj¢i_1v

mam

b=m¢*+@w*
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in Eq. (3.3.3) and comparing the lowest-order terms, a system of two linear alge­

braic equations in (aj , bj ) are obtained. In matrix form it may be conveniently

Written as:

[A (J')l [X] = 0 (3-3-6)

where

[X] = (a;vba')T. I (3.3.7)
[Am]: (J-1)(J-2)-4 2%

25% (.7’1)(j—2)‘4
Condition for non-trivial solution for aj and bj is that:

|A(j)| = 0. (3.3.8)

On solving Eq. (33.8), the resonance values are obtained as j = -1, 0,3,4. The

resonance at j = -1 corresponds to the arbitrariness of the singular manifold

¢(z,t). The resonance at j = 0 corresponds to the fact that any one of the

two functions ao or bo are arbitrary as seen in Eq. (3.3.4). The existence of

arbitrary functions at other resonance values can be proved by substituting the
«-2full Laurent expansion into Eq. (3.3.3). 011 equating the coefficzients of (1114, 1,1;

), the following equations are obtained:



a = —i(l;‘l1J

(3.3.9)

b1= 3°22‘

Now, collecting the coefficients of (2/1", L/F1 ) and on solving:

02 = (do/6)l‘if1ozbo * $3/2 ‘ 0t1(-’—')t2 ~ 3i0t2(Z)l

(33.10)

(72 = (be/6)[’l:b0z0,o —  — (11t2 + 3iO2]

Further, from the coeflicients of (1,120, Ibo ) and ($1,101 ), it is clear that Eq. (3.3.3)

admits sufficient number of arbitrary functions when the condition:

a2, = 2 (a3 + 0:1) (3.3.11)

is satisfied and which corresponds to j = 3 and j = 4 respectively. Thus the

general solution (a, b) of Eq. (3.3.3) admits the required number of arbitrary

functions, without the introduction of any movable critical manifold, thereby

satisfying the P property and hence Eq. (3.2.1) is integrable under the condition

(3.3.11). In the present calculation, 02-2 is considered as a constant parameter.

Then the condition (3.3.11) becomes:

0:1 = —a§. (3.3.12)

From Eq. (3.3.12), it is obvious that when C12 is considered as a constant param­

eter, al also behaves as a constant parameter. For this case, a1 describes the

effect of frequency chirping [81] whereas CY2 describes fiber loss.
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3.4 Linear eigen value problem

The Lax pair assures the complete integrability of a nonlinear system. Before

constructing Lax Pair of Eq. (3.2.1) for the case (3.3.12), a variable transforma­

tion:

q (z.t) = Q (.:.t) exp (2-031:2) (3.-1.1)

is introduced. Then Eq. (32.1) becomes:

iQz + Q“ + 2 K2]? Q — 2ia2tQ, — 2z'a2Q = 0. (34.2)

Now it is convenient to construct Lax pair for Eq. (3.42). The linear eigen value

problem associated with Eq. (3.42) is:

101: = U11’: ‘£92 : V715‘: 11b = ($1 ,7aD2)T

where

_ ',\U = 2 Q (34.4)
—Q‘ M

V = 2z',\2 -1 0 +2A _m2t Q +1" W12 Q‘ — 2m2tQ
0 1 —Q* iagt Q; + 2z'a2tQ“ — |QP

(34.5)

A is the non-isospectrai parameter given by

A = /\1 + M2 = A0 exp(2oz2z) (3.4.6)
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Now the relation U, — V, + [U V] = 0, gives rise to the Eq. (3.42). Thus the

complete integrability of Eq. (3.4.2) is confirmed by Lax pair and thereby Eq.

(3.2.1) for the case (33.12).

3.5 Soliton solution

Soliton solution of the Eq. (3.4.2) can be constructed with the help of linear

eigen value problem and Backlund transformation. To construct the Backlund

transformation of Eq. (3.4.2), a new variable known as pseudopotential, I‘, is

introduced:

T/’1F = “ 3.5.1
Differentiating Eq. (3.5.1) and using Eq. (3.4.3):

Pt = —2z'A1“ + Q + l‘2Q* (3.5.2)

1“, = —4z',\2r + 42'/\tI‘ + 2z|Q1"’ r + 2,\(Q + QT2) + i(Q,, — Qg) (35.3)

To construct Backlund transformation (BT), new transformations in the form

F —> F’, A —+ X‘, Q —> Q’ is introduced and which keep the form of Eqs. (3.5.2)

and (3.5.3) invariant. The simplest transformation can be tried by setting F’ = F

and after some simplification, the BT of Eq. (3.42) is obtained in the form:

4,\2r

1+ |r|2
Q’ = Q + (35.4)
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In Eq. (3.5.4), the primed quantity refers to .\'-soliton solution and unprimed

quantities refer to (N-1) so1it.on solutions. Using Eq. (3.5.4), one can in principle

generate N-soliton solutions.

To find P , consider the trivial case Q = 0, then the equation 1,0,; = U1/1 becomes

1012 = -ML91

(3.5.5)

1.922 = 1'/V/)2

and equation 1,12; = U 1D becomes

‘U12 = (-229? -+ 2i)\t)1/21

(3.5.6)

L92, = (2z'/\2 — 2i)\t) 192

On solving Eqs. (3.5.5) and (3.5.6)

1,[21(z, t) = c1(0) exp [—2z' f X~’dz — Mt]

(3.5.7)

w2(z,t) = C2(0) exp [Zi f /\2dz +1’/\t]

Substituting Eq. (36.7) in Eq. (3.5.1), pseudopotential is obtained as:

exp -21’/\1t+2)\2t —4i [ ()\f—/\§)dz+8l /\1A2dz] (3.5.8)

where A1 = )\1(0) exp[2 0'2 2] and A2 = A2(0) exp[2 A .2]. Substituting Eq. (3.5.8)

in Eq. (3.5.4), the one-soliton solution of Eq. (3.4.2) is found to be:
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-Q = 2/\2x exp [—2i/\1t— 41'/(/\§— Ag) dz] sech [N215 + 8 / /\1A2dz + 6]
(3.5.9)

c ( )1’ la (0)|2
Where X : laid»? and 9 = ll“ lnclmnil

One soliton solution of Eq. (3.2.1) is obtained by substituting the above solution

in Eq. (3.4.1).

., ' t?
q(Z,t) =  exp  —   -'  dz "i" la; J sech  + 8 /\1/\2dZ +

(3.5.10)

From Eq. (3.5.10), input pulse (at the input, 2 = 0 and al(z) = O) can be

described as:

. ' :2
q(0,t)=2)\2(O)xexp —2zA1(o)t+“’; sech[‘2/\2(0)t+0] (35.11)

The term 0'2 is known as the chirp parameter. From Eq. (3.5.11), it is obvious

that input pulse is initially unchirped. By properly choosing the value of chirp

parameter, the effect of initial frequency chirping can be effectively used for pulse

compression technique eventhough fiber loss is present. For C12 = -1, three

dimensional and two dimensional evolution of the input pulse described by Eq.

(3.5.11) are shown in Figs. 3.1(a) and 3.1(b). From the figure, it is clear that

at each stage of propagation, the product of pulse width and pulse amplitude is

found to be conserved due to which area occupied by the pulse envelope remains

preserved which is an important property of soliton [82].
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Fig. 3.1: (a)Three dimensional evolution of soliton pulse described by Eq. (3.5.10) (b) Two
dimensional nature of the soliton pulse at each stage of propagation

3.6 Compression factor

The compression achieved by the input pulse can be described in terms of com­

pression factor. It is defined as the ratio of the FWHM of the soliton pulse at

the beginning of the fiber, T0. to that at the end of the fiber, TL. The higher the
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value of compression factor, the more the pulse compressed. Using Eq. (3.5.10),

the pulsewidth 7' can be defined as

1

sech [E + 2/\2T] = 5 (3.6.1)

where é = 8 f /\1)\2dz + 67. Pulsewidth depends on the value of 5 which merely

translates the pulse and doesn’t change its width. Now tpeak can be defined as

sec h [tpeak + 5] = 1 (3.6.2)

Equation (3.6.2) gives tpeak = -5. Then T can be defined as

sec h [tpeak + 5 + 2/\2T] = % (3.6.3)

or

sech‘1= T 3.6.4T 2A2 ( )
The compression factor is then given by

C, = ' (3.6.5)
Thus the compression achieved initially unchirped pulse can be evaluated using

the Eq. (3.6.5) for a given length of fiber.
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3.7 Conclusion

In this chapter, propagation of initially unchirped pulse with the inclusion of

fiber loss have been considered to study the effect of frequency chirping on the

soliton formation in the presence of fiber loss. At first, an equation is formulated

to describe the propagation of initially unchirped pulses through lossy fiber by

Painlevé analysis. Using linear eigen value problem and Backlund transformation,

soliton solution is generated. By the proper choice of chirp parameter, the effect

of frequency chirping has been successfully used to compress the soliton pulse by

dominating the effect of fiber loss. Here the important soliton property of area

conservation is maintained during each stage of propagation. Compression factor

achieved by the pulse has been derived and can be calculated for a given fiber

length.



Chapter 4

Soliton propagation in a real
fiber With amplification and
effective phase modulation

4.1 Introduction

Soliton formation and the compression achieved by the pulse during propagation

in presence of initial frequency chirping have some limitations. The effect of initial

frequency chirping appears as a perturbation. Soliton formation is possible for

small values of chirp parameter Q2, and gets disturbed for larger values of (12.

Only for negative values of chirp parameter, frequency chirping can be effectively

used for pulse compression. For positive values, instead of compression, pulse gets

broadened. In addition, this method is convenient with sources that inherently

produce unchirped pulses. In this chapter, a general method is suggested as a

compression technique for completely integrable systems.
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4.2 Formulation of the problem

The use of inline electro-optic phase modulators is known as a rather simple way

to control soliton transmission [82, 83]. Insertion of modulators with properly

designed filters result in subst.antial suppression of the Gordon—Haus timing jitter

[82,83]. This is desirable for increasing the transmission capacity of communica­

tion systems. Mezentsev and Turtisyn have modelled a system which describes

pulse propagation with inline phase-modulators. Pulse propagation through such

system is described by modified N LS equation of the form

iqz + qu + 2 |q|2 q — a1(z)t2q = 0 (4.2.1)

where the term a1(z)t2q electro-optic phase modulation [82].

Solitons do not face distortion from the Kerr nonlinearity or group dispersion.

However the fiber loss contributes to their distortion. A simple solution to this

problem is to provide proper measures to compensate for the loss, such as optical

amplification. In the presence of phase modulation, fiber loss and amplification,

the nonlinear Schrodinger equation that describes pulse propagation is modified

to [83]:

iqz + qt: + 2 [q]? q = a1(z)t2q + ia2(z)q (4.22)

where a2(z) = G(z) + I‘ Here F is the normalized fiber loss. G(z) represents

gain of the amplifier, which, in general is a function of the distance z and is also

normalized. The above equation describes the propagation of soliton pulse for

the condition (3.3.11) discussed in the previous chapter. It is difiicult to study

Eq. (4.22) in the present form. Introducing a variable transformation:

q (z,t) = Q (2, t) exp (— mgtz) (4.2.3)
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and using the condition (3.3.11), Eq. (4.2.2) can be expressed as:

to. + Q“ + 2 |Q|2 Q — 2z'a2tQ, — 2z'agQ = 0 (42.4)

4.3 Linear eigen value problem

The linear eigen value problem associated with Eq. (42.4) is:

1D¢=U¢ ¢z=V7/I ¢=(¢1¢2)T (4-3-1)

where:

U: "27 Q (4.32)
-Q‘ 1'7

MW -1 0 +27 -iazt Q +2. IQI2 Qt—2z'a2tQ
0 1 —Q‘ iozgt Q:+2z‘a2tQ* —lQ|2

(43.3)

where '7 is the non-isospectral parameter given by

'7 = ‘/1 +212 = 7oexp(2 / agdz) (43.4)

Now the compatibility relation U, — V, + [U V] = 0 gives rise to Eq. (42.4).

This assures the complete integrability of the Eq. (42.4). Now the exact soliton

solution can be constructed analytically which is discussed in the next section.
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4.4 Hirota bilinearization and soliton solution

Hirota’s bilinear method [53] is followed to construct soliton solution. For NLS

type equations, the transforrnations used to construct Hirota’s bilinear equations

have the form: Q = (4.4.1)
where G (z,t) is a complex function and F (z,t) is a real function. Using the

transformation (4.4.1), Eq. (42.4) can be decoupled in the form:

[z'D, + D? — 2ia2tD,g — 2mg] (G'.F) = 0

(4.4.2)

D3 (F.F) = 2 [G]?

where the Hirota bilinear operators D, and D, are defined in Eq. (2.6.5). To

construct one—soliton solution (ISS), F and G takes the form:

F = 1+ rffg, G = ngl (4.4.3)

Substituting Eq.(4.4.3) in Eq.(4.4.2) and then collecting coefficients of 17 and 172,

gives

7)

[z'Dz + Df — 27:a2tD, — 22212] (g1.l) = 0 (4.44)

772

DE (1.f2 + f2.1) = 2|g1|2 (4.4.5)
173

[z'D, + D? — 2'ia-2tDt — 2ia2] (g1.f2) = 0 (4.4.6)
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D? (f2-f2.) = 0 (4-4-7)
Equations (4.4.4)-(4.4.7) can be solved by assuming

91 = 4132 exp(u)

(4.43)

f2 = exp(# + M‘)

where

u = -2w1t- 4i / (af - a3) dz + 2522: + 8 / {M2 dz + #0 (4.49)

with fi1(z) = fi1(0) exp(2fo'2dz) and ,/32(2) = 32(0) exp(2fa2dz). Using Eqs.

(4.4.9), (4.4.8), (4.4.3) and (4.4.l), after absorbing 17, the ISS of Eq. (42.4) can

easily be worked out as:

Q = 23; exp [—2z'B1t— 4z'/ (Bf —  dz] sech [Q5215 + 8/fi1fl2dz + no]
(4.4.10)

Using the transformation (4.2.3), the ISS of Eq. (4.22) is obtained as:

ifigtz’

2x32  /(Hi-’—fi§)d2 +
(44.11)

Using the above equation, pulse propagation through lossy with amplification

and effective phase modulation can be studied. Figure 4.1 shows the evolution of

2 J sech (2B2t + 8/Blfig dz + no)
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|q(Z=t)l '

-10

Fig. 4.1: (a) Three dimensional evolution of the soliton pulse described in Eq. (4.4.12) for
fi1(0) = 1, [32(0) = 0.5, and oz2(z) = z + 0.01 (b) Two dimensional evolution of soliton pulse.

soliton pulse in such a system. Figure shows that due to the interplay between

fiber loss, gain, and phase modulation, pulse gets compressed during the propa­

gation. Here compression is in such a way that area of the pulse is maintained

at each stage of propagation [82]. The compression factor achieved by the pulse

is given by

: 52 (L)
fiz (0)

C, (44.12)
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4.5 Pulse propagation in normal dispersive regime

In the wavelength range shorter than zero-dispersion wavelength 7,1, called nor­

mal dispersive regime, the soliton solution given by Eq. (l.5.17) doesn’t exist.

However, even in this range of wavelength, the portion without light which is

produced by chopping a continuous light wave, is known to form a soliton. Such

a soliton solution is called dark soliton solution [40, 85]. Recently there is an

increased interest in dark solitons because of the possible applications in optical

logic devices [86] and waveguide optics as dynamic switches and junctions [87].

They are also considered for signal processing and communication applications

because of their inherent stability [88]. In fact, the influence of noise and fibre

loss on dark soliton is much lesser than that on bright solitons [89].

The nonlinear Schrodinger equation describing dark solitons is obtained from Eq.

(1.445) by changing the sign of ([32) and is given by

M2 — 921 + 2 ]q]2q = 0 (4.5.1)

Now proceeding to the case of the normal GVD regime, Eq. (4.2.2) can be written

as

iqz - qt: + 2 lqlz <1 = cr(z)t2q + 2'a2(z)q (4-52)

4.6 Integrability analysis

System described by the Eq. (4.52) support dark solitons only if it is inte­

grable in nature. In the present form, Eq. (41.5.2) will not describe dark soliton

propagation. Before proceeding to arrive the integrability condition, a variable



transformation is introduced:

q (z, 2:) = Q (3,4) exp (mgtz) (45.1)

Then Eq. (4.52) becomes

_ C!2Zt2Q
2 — Q.) + 2 IQI2 Q — 22‘a2tQ: - 2i0~2Q — (a — :23) F0 = 0 (4.62)102

The linear eigen value problem associated with Eq. (4.6.2) is:

-2 _’QU: 9 _Z (4.6.3)
2'.Q" ‘-21i . . . 2 _ .

1/:72 5 0 +7 —zoz2t 1Q + z|Q| —Q, 2zagtQ
0 -3‘ —z'Q" mt —Q,‘+2z'a2tQ* —i|Q|2

(4.6.4)

where 7 has the same meaning. Now the relation U, — V; + [U V] = 0 leads to:

iQz — Qt; + 2 |Q|2 Q + 2z‘a2t0,, + 2ia2Q = 0 (4.6.5)

From Eqs. (4.6.5) and (4.62), it is clear that Eq. (4.5.2) admits complete inte­

grability when the condition:

a2, = -2 (oz — ag) (4.6.6)

is satisfied.
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4.7 Dark solitons

Similar to the case of nonlinear Schrodinger equations in the anomalous dispersive

regime, Hirota’s technique can also be applied to obtain dark soliton solutions.

By applying Hirota’s bilinear method, Eq. (4.6.5) can be decoupled as:

[z'D, — Df — 2ia2tDt — 210:2 + 1/] (GP) = 0

(4.7.1)

(D? - u) (RF) = -2 I01’

1/ is a function to be determined.

To construct dark soliton solution, assume:

G=9o(1+7791) F=1+77f1 (4-7-2)

Substituting Eq. (4.72) in (4.7.1) and collecting the coefficients of no

—  — 2’iQ2tDg — 27:02 + 1/]  = 0

(4.73)

V = 2 l$Jo|2

Equation (4.73) can be solved by assuming:

go = 2ao exp  (2a2 +1"!/) dz] (4.7.4)

where 0:0 is a constant. Then

1/ = 2 |g0|2 = ea’-’ = sagexp[4 / agz] (42.5)



Substituting Eq. (4.7.2) in (4.7.1) and on collecting coefficients of 7) and n2 , gives

7; :

+  — 2’iO2tD¢]  +  = 0
(4.7.6)

(D3 - u)(1.f1+ f1-]-) = ‘491|90|2

U2 +  —   = 0
(4.7.7)

(D? ‘ #)(1-f1+ f1-1) = ‘r-’91|9o|2

Equations (4.7.6) and (4.7.7) are solved by assuming

91 = ‘ exp (40'2t + 2770) f1 = -91 (4-7-8)

where no is a constant. From Eqs. (4.7.8), (4.7.4), (4.7.2), (4.6.1), and (44.1),

after absorbing 7), dark soliton solution of Eq. (4.52) is obtained as:

, 2

q = 2a exp   8a2dz — % i 77)] tanh (Zat + '00) (4.7.9)

Thus exact dark soliton solution by following the Hirota technique is obtained.

Here also, it is observed that the product of the pulse width and pulse amplitude

is found to be conserved due to which the area occupied by the pulse envelope

remains preserved with the inclusion of loss, gain and phase modulation. This is

clearly depicted in Figs. 4.2(a) and 4.2(b). Thus dark soliton pulse also experi­

€I1C€S compression.
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Fig. 4.2: (a)Three dimensional plot of the dark soliton solution (4.3.18)(b) shows the two
dimensional plot |q(t)| for z = 0.4,0.6,0.8, 1.0

4.8 Conclusion

Modified NLS equations in anomalous and normal dispersive regimes with phase

modulation, loss, and amplification are considered. Integrability conditions from

AKNS method are arrived in both cases and constructed bright and dark soliton

solutions. Solutions of equations (4.252) and (41.5.2) explain how the pulse com­

pression can be achieved by keeping soliton property of area conservation when

it is transmitted through the fibre with loss, gain and phase modulation.



Chapter 5

Propagation of soliton pulse
through dispersion—decreasing
fiber

5.1 Introduction

A novel technique of pulse compression makes use of optical fibers whose disper­

sion decreases along the direction of propagation [43, 44]. The pulse compression

mechanism of dispersion—decreasing fibers (DDFS) has been used to generate train

of ultrashort pulses [46, 47, 90-92]. The basic idea consists of injecting a con­

tinuous wave (cw) beam with weak sinusoidal modulation imposed on it into an

optical fiber exhibiting gain [90]. Since decreasing dispersion is equivalent to an

effective gain, such fibers can be used in place of a fiber amplifier [46]. As sinu­

soidal signal is amplified, individual pulses within each modulation cycle are also

compressed. The combined effect of GVD, SPM, and effective gain is to convert

a nearly cw signal into a train-of high-quality pulse train of ultrashort solitons

[45l.

In comparison with other compression techniques, the required DDF length are
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significantly shorter and much larger compression factors can be achieved. Very­

high-quality pulse compression is possible and input power requirements are sig­

nificantly lower. Furthermore, the proportion of pedestal energy is significantly

less and the compressed output pulse propagates like a fundamental soliton.

5.2 Mathematical formulation of the problem

The concept of dispersion-decreasing fiber can be established mathematically by

using the N LS Eq. (1.5.3). Pulse propagation through dispersion-decreasing fiber

can be studied by using the equation [45, 93]:

zqz + fi1(z)qtt+ 2:32 (z) I412 q = 0 (52.1)

where q represents the normalized envelope amplitude, 51 (2) governs dispersion

variation along the fibre, B2 (:5) is the nonlinear parameter which also varies with

distance along the direction of propagation. The above equation is also known

as nonuniform NLS equation.

By making the following transformations:

fl (3: 75) = Q (7% t) V51/52

(52.2)

77=f0z51lZ’)dZ/

Equation (5.2.1) is reduced to:

z'Q,, + Qtt + 2Q |Q|2 — ia (n) Q = 0 (5.2.3)



where:

a(n) =  <  (52.4)
is the effective gain coefficient. Equation (5.2.3) shows that the effect of nonuni­

form parameters is mathematically equivalent to adding a gain term to the N LS

equation. Thus the problem of nonlinear light propagation through the fiber

with nonuniform parameters is reduced to the case of uniform fiber with an am­

plification. Equation (5.2.3) shows that the effect of nonuniform parameters is

mathematically equivalent to adding a gain term to the NLS equation and which

can be used to discuss pulse compression [44].

5.3 Singularity analysis and soliton solution

Equation (5.2.3) in the present form will not give describe soliton propagation. To

find the condition under which Eq. (5.2.3) produces soliton solution, singularity

analysis is carried out along the lines of Weiss et al with simplification due to

Kruskal and involves seeking a solution of given partial differential equation in

the form

Q07: t) : (1)6 X Qj(t)¢7-(nit): Q0 7e 0
j=0

with

¢(n, 73) = t + 10(0) (5-32)

where 1,/1(7)) is an arbitrary analytic function of 1;, Q,-(t) (j = 0, 1,2,  in the
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neighborhood of a non-characteristic movable singularity manifold defined by

45 = 0.

To investigate the integrability properties of Eq. (5.2.3), it is rewritten in terms

of two complex functions a and b by defining Q = a, Q‘ = b.

2'a,, + an + 2a2b — iaa = 0

(5.3.3)

—z‘b,, + bu + 2ab2 + iab = 0

where ao,bo # 0, 6 is a negative integer and aj and bj are a set of expansion

coefficients analytic in the neighborhood of the non-characteristic singular man­

ifold defined by ¢>(77, t) = 0. Looking at the leading order behavior, substitute

a 2 a0¢51, b 2 bo¢>52 in Eq. (5.3.3) and balancing the dominant terms, gives:

61 :62 = ‘-11

wan
Clobo =

For finding the powers at which the arbitrary functions can enter into the series,

substitute the expressions:

a 2 a0¢>‘1 + aj¢>7‘1

(53.5)

b 2 bo¢-1 + b,-¢>v'-1

in Eq. (5.3.3) and comparing the lowest-order terms, a system of two linear

algebraic equations in (a,-, bj) is obtained. In matrix form, it may be conveniently

written as

[A(J')l [X] = 0 (5-3-5)
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where

[X] = (a,-,b,-)T, (5.32)

and

[Am] = (J - 1)(J' - 2) - 4 20% (5_3_8)
2123 <j—1><j—2)—4

To have a nontrivial solution for aj and b_,-, Eq. (5.3.8) must satisfy the condition:

]A(j)| = 0 (53.9)
On solving Eq. (53.9), the resonance values obtained are j = —1,0, 3,4. The

resonance at j = ——1 corresponds to the arbitrariness of the singular manifold

¢(n, t). The resonance at j = 0 corresponds to the fact that any one of the two

functions ao or be is arbitrary as seen in Eq. (5.3.4). From the coefiicients of

(960,450) and (451,491), it is clear that Eq. (5.33) admits sufficient number of

arbitrary functions which correspond to j = 3 and j = 4 respectively provided

01(7)) must satisfy the condition:

01(7)) = ———j (5.3.10)

where no is an arbitrary integration constant. Using Eqs. (52.4) and (53.10),

the integrability condition can be redefined as

%=c2(n+no) (5.3.11)
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where c is the constant of integration. Again introduce a new variable transfor­

mation: _ 1'2
Q (mt) = mU(Z,T) exp (W)

(5.3.12)

Z = (nfio), T = (#35

which transform Eq. (5.2.3) to NLSE for the condition (5.3.l0)

iUz + Up + 2U [U|2 = 0 (53.13)

Using the exact soliton solution of the Eq. (5.3.13) [71]:

U = 2/cm exp (—4i (kf — kg) Z — 2ik1T) sec h [9 + 8k1k2Z + 2k:2T], (5.3.14)

where 6 is the phase factor, kl, kg, and xlare arbitrary constants, the fundamental

soliton solution of the Eq. (52.1) can be calculated as:

q (z, t) = 2/\2x1 %exp (-2'0) sech [9 + 8 / A1A2d17 + 2/fit] (5.3.15)V 2

where 0 = "gtz +4f (A? — Ag) dn+2/\1t, /\1 = k1exp[2 f adn], and /\2 = /C2 exp[2 f adn].

Equation (5.3.15) is the exact soliton solution of the Eq. (5.2.1) which can be

used to analyze the pulse propagation through the fiber with variable dispersion.
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5.4 Analysis of pulse propagation through dif­

ferent profiles

Here we study the propagation of soliton pulse described by Eq. (5.3.15) through

different dispersion decreasing fibers. The profiles considered are linear, hyper­

bolic, exponential, logarithmic, and Gaussian. These profiles can be expressed in

Linear

Hyperbolic
—-»— Exponential

Logarithmic
—I— Gaussian

Fig. 5.1: Schematics of dispersion profiles
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terms of the parameters 1/fl ( value of 51 at z = L) and length of the fibre L are

Linear fil (z) =  z + 1

Hyperbolic ;61 (z) = (Lg

Exponential [31 (2) = exp (—¥z) (5-4-1)

Logarithmic [31 (z) = ln (e + -f(e1/5 -— e))

Gaussian [31 (2) = exp (—3L§3z2)

By using Eq. (53.11), the nature of nonlinear coefficient, B2 (2) , corresponding

to each profile given in Eq. (5.4.1) can be determined. In these normalized

profiles, dispersion coefficient fil (z) monotonically decreases from an initial value,

[31 (0) = 1, to a final value of 1/£3 after a length L of DDF. The ratio of dispersion

fil (0) /fil (L) is defined as fl. These dispersion profiles are illustrated in Fig.

(5.1).

By keeping the value of ,8 = 3 and fiber length L = 25 unit, we study the

soliton pulse propagation through fiber with various dispersion decreasing profiles

described in equation (5.41). Figures (5.2-5.6) show the pulse amplitude of

soliton pulse through different profiles at various distances 2 = 18, 21 and 25.

Pulse propagation through various profiles show that as the fiber length in­

creases, pulse gets compressed adiabatically by conserving the soliton area i.e.

the product of pulse amplitude and pulse width is maintained at each stage of

propagation along the fiber, which is an important property of soliton [81]. Anal­

ysis also shows that compressed pulses are completely free from the pedestals
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Fig. 5.2: Shows the nature of the pulse through linear profile at various distances

which makes the compressed pulse in the fiber highly stable. Since we are dis­

cussing the pulse propagation in an ideal lossless fibre, soliton energy also gets

conserved. Pulse amplitude through different profiles at z = 25 is compared and

is shown in Fig. 5.7. From the figure, it is clear that pulse gets compressed

to its maximum value and obtained maximum amplitude when it is propagated

through fiber whose dispersion decreases in the Gaussian form.



0DWH­

03¢­

lull)!

QM?‘

mumm­

83

Z=21
2.-18

§+ °1

Fig. 5.3: Shows the nature of the pulse through hyperbolic profile at various distances

enun­

onwa­

aut­

unm­
Ifillll

onwa­

ammu­

°'°°°°l

z-25

Z-21

z-I8

Fig. 5.4: Shows the nature of the pulse through exponential profile at various distances



84

o.uoo7­

OllI$­

0005­

0.11104.

Ia(t)l

noon: ­

o.noo1 ­

Fig. 5.5: Shows the nature of the pulse through logarithmic profile at various distances

onene­

anem­

nouns­

nouns­

enou­
|¢l(l)|

o.ooaa ­

n.aom ­

015 ­

-o.uoo1 , _, #7
0
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Fig. 5.7: Shows the comparison of the nature of the pulse through five different profiles at z =
25
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5.5 Compression factor

Soliton compression factor, C f, achieved by the DDF can be defined as the ratio

of the FVVHM of the soliton pulse at the beginning of the DDF, 7'0, to that at

the end of the DDF, TL. It is given by

C, = 3- =  (5.5.1)
Since the value of pulse width is constant at the beginning of each dispersion

decreasing fiber, the value of the compression factor at the fiber length L in each

profile can be compared. Table 5.1 shows the comparison of compression factor

after the fiber length L = 25.

Nature of profiles C f

Linear 4.8
Hyperbolic 2.847

Exponential 3.616

Logarithmic 5.87
Gaussian 7.9 13

Table 5.1

Analytical calculations also show that pulse gets compressed to its maximum

value when it is propagated through fiber with dispersion varies in the Gaussian

form. Using Eq. (5.5.1), the variation of compression factor with fiber length

through each profile can be studied. The variations are illustrated in Fig. (5.8)

for a fiber length L = 25.
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Fig. 5.8: Comparison in the variation of compression factor

5.6 Pulse propagation through birefringent DDF

In the previous sections, the propagation of single mode through DDF has been

considered. But when the degenerate modes exist, interaction of degenerate

modes can be described by a system of nonuniform coupled nonlinear Schrodinger

equations (CNLS) of the form [94]:

iqiz + 51(Z)qm+ 252 (2) (Mil? + |q2l2) (11 = 0

(5.6.1)

V122 + 51(Z)q2u+ 2fi2(z)(lq1|2 + |q2l2) <12 = 0

where ql and qg are the normalized modes, fi1(z) and fl2(z) are the normalized

second-order dispersion coeflicient and nonlinear coefficient and z and t are the

normalized distance and time respectively.



By the following transformations:

Q1 (2175) = Q1(7Iat) 51/52 612 (Zat) = Q2 (77, t) V fi1/fi2

7} = fez/31(2’)dZ'

Equation (5.6.1) is reduced to

z‘c21,, + Qm + 2621 (IQ1l2 + IQ2|2) — an (77) Q1 = 0

2021, + Qzu + 2522 (|Q1|3 + |Q2|2) - 1'0 (77) Q2 = 0

_ .621 ,_3_1
a(n)__ ,3—1d77 52

Integrability condition of Eq. (5.6.3) is:

where
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(5.6.2)

(5.6.3)

(5.6.4)

(5.6.5)

where no is an arbitrary integration constant. From Eqs. (5.6.4) and (5.6.5), the

integrability condition can be redefined as:

\/E1  = 1fiidfl 52 2(77+T}o) (5.6.6)
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Using the variable transformation

Q1(n,t)  <z,:r> exp

Q2(7I,t) 3,1 U2(Z,T) 993?  (5'6'7)(n no) (77 )
_ -1 _ —t

Z — (n+no) T — (n+no)

Equation (5.6.3) can be transformed to the well-known CNLSE.

iU1z + U117‘ + 2U1(lU1|2 + !U2l2) = 0

(5.6.8)

iU2z + U277 + 2U2(IU1!2 + |U2I2) = 0

Exact soliton solution of Eq. (5.6.8) is

U1 = 2k2X1 exp   —  Z -  SCC h  +  +
(5.s.9)

U2 = 2k22X2 exp (—4i (kf — kg) Z — 2z'k1T) sec h [8k:1k2Z + 2k2t + 0]

where kl, kg, X1 and X2 are arbitrary real constants 6 is the phase factor. By

using Eqs. (5.6.7) and (5.62), the fundamental soliton solution of Eq. (5.6.1) is

obtained as

ql (z, 2:) = mm  exp (-10) sec h [8 f A1/\2dn + 2)): + 9]
(55.10)

q; (z, t) = 2/\2X2\[§§-exp (-217) sec h [8 f A1)\2d77 + 2A2t + 9]

where /\1, Ag, and 0 are defined in Sec. 5.4 and 9 is the phase factor. Above
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soliton solutions help to study the pulse propagation through birefringent single

mode fiber with various dispersion profiles.

From Eq. (5.6.10), input pulse launched at the fiber (at the input, 2 = O and

,B1(z) = 1) is given by

q(O, t) = 3/—'%X1 exp <—% —  sech [9 + 55.33]

(5.6.11)

q (0, t) = 3/in_%x2 exp (—% —  sech [6 + %g-ll

5.7 Adiabatic soliton pulse compression in DDF

With various dispersion profiles

For a given value of fiber length, pulse compression achieved by input soliton

pulse through various dispersion-decreasing profiles, described in Eq. (5.4.1), can

be studied by substituting Eq. (5.6.10) in Eq. (5.4.l). Keeping the ratio of

dispersion fl = 3 and fiber length L = 25, pulse propagation through different

profiles at various distances (2 = 18 and 25) are shown in Figs. 5.9-5.13.

In all cases, it is obvious that as the pulse propagates, pulse amplitude in­

creases whereas pulse gets compressed. It is also clear from the solution that

pulse amplitude increases in the exponential form while pulse width decreases

exponentially. Thus the important solit.on property of conservation of pulse area

is maintained during propagation in the fiber.

Figure 5.14 shows the comparison of the pulse after a given distance, say 2 = 25,

through five different dispersion-decreasing profiles. Comparison shows that pulse

gets compressed to its maximum value when it is propagated through the fiber

whose dispersion varies in the Gaussian form. Therefore, in an ideal birefringent
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Fig. 5.9: Shows the nature of the pulse through linear profile at various distances

DDF, Gaussian profile is found to be the optimum dispersion profile for achiev­

ing maximum pulse compression in the integrable limit. The coupled solution

q2(z, t), also gives the same result.

Here also, an interesting phenomena can be observed that compressed pulses are

completely free from pedestals. This makes the pulse in the fiber highly stable

as the presence of pedestals not only leads to a deterioration in the quality of

pulse and energy characteristics of the compression, but it also makes the com­

pressed pulse unstable due to the nonlinear interaction of the pedestal with the

compressed pulse.

Compression factor, Cf, achieved by the birefringent DDF is given by

(5.7.1)

Table 5.2 shows the comparison of compression factor over a fiber length L = 25.



ZI25

2-18

0.6 ­|G.ll)| I
Q4­

4
.....l

01 l I I I I Iam ‘W -ED 0 Z” “N C

Fig. 5.10: Shows the nature of the pulse through hyperbolic profile at various distances

Nature of profiles Cf

Linear 3.0
Hyperbolic 2.219

Exponential 2.543

Logarithmic 3.372

Gaussian 3.685

Table 5.2

Thus, analytical calculations also show that maximum value of compression is

obtained when pulse is propagated through the fiber with dispersion varies in the

Gaussian form. In the uncoupled situation also, it was found that Gaussian profile

is the optimum profile for achieving maximum pulse compression. Variations in

the compression factor for a given value of fiber length (L = 25) are illustrated

in Fig. 5.15.
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Fig. 5.11: Shows the nature of the pulse thxough exponential profile at various distances

Fig. 5.12: Shows the nature of the pulse through logarithmic profile at various distances
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Fig. 5.13: Shows the nature of the pulse through Gaussian profile at various distances
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Input pulse
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Fig. 5.14: Shows the comparison of the nature of the pulse through five different profiles at
z = 25
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Fig. 5.15: Comparison in the variation of compression factor
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5.8 Conclusion

In this chapter, propagation of both single mode and degenerative modes through

fiber with variable dispersion has been studied. Pulse propagation through the

fiber with variable dispersion is described by nonuniform NLS equation. Inte­

grability condition of the nonuniform N LS equation is obtained using singularity

structure analysis. By making the suitable transformations, nonuniform NLS

equation can be transformed to the well-known .\'LS equation in the integrable

limit. From the known soliton solution of uniform NLS equation, the fundamen­

tal soliton solution of nonuniform NLS equation has been obtained.

Effect of various dispersion-decreasing profiles, namely linear, hyperbolic, expo—

nential, logarithmic, and Gaussian on soliton pulse propagation has been ana­

lyzed both graphically and analytically. Graphical analysis show that as pulse

propagates through various dispersion decreasing profiles, pulse amplitude gets

increased and pulse gets compressed adiabatically in each case by conserving the

soliton property of area conservation. Out of the five different profiles considered,

Gaussian profile is found to be the optimum dispersion profile for achieving max­

imum soliton pulse compression in the integrable limit in both cases. Theoretical

evaluation of compression factor also show that maximum value of compression

is obtained when pulse is propagated through the fiber with dispersion varies in

the Gaussian form. Furthermore, it is also noted an important feature that com­

pressed pulses are completely free from pedestals in each case. This improves the

quality of compressed pulse and also makes the pulse highly stable which helps the

compressed pulse in the application of ultra-high—bit rate optical communication

systems.



Chapter 6

Soliton propagation through
dispersion-decreasing fiber with
fiber loss

6.1 Introduction

In the previous chapter, the propagation of soliton pulses through optical fiber

with variable dispersion under ideal conditions had been discussed. However, in

a real fiber, the light wave propagates with finite loss. In this chapter, the condi­

tion needed for an optical pulse to become a soliton pulse in a lossy dispersion­

decreasing fiber is discussed.

6.2 Basic equation

Mathematically, the pulse propagation through DDF with the inclusion of fiber

loss is accounted for by adding a loss term to Eq. (5.2.1) so that it takes the form

[95]:

iqz + [31 (z) qu + 233 (2) |q|2 q + z'Fq = 0 (6.2.1)

97
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where I‘ is the normalized fiber loss. Equation (6.2.1) in the present form is

difficult for the integrability a.ualysis. Using the transformation:

q(:rt) = Q (Tilt) V
(6.2.2)

77 = foz/31 (2') dz’,

Eq. (6.2.1) can be transformed to a simple form:

20,, + Q21 + 2Q IQI2 — ia on Q = 0 (62.3)

where

__ £3’. E _.F_a(n)— \/Mm fil (6.2.4)
Now it is convenient to find the integrability condition of Eq. (6.2.3). Here,

an alternative method of linear eigen value problem is applied to determine the

condition needed for an optical pulse to become a soliton pulse.

6.3 Linear eigenvalue problem and soliton solu­

tion

The Lax pair assures the complete integrability of a nonlinear system and is

especially used to obtain integrability condition and N-soliton solution by means

of inverse scattering transform (IST) method. The linear eigen value problem

associated with Eq. (6.2.3) is
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¢t = Uza, «pa = V1». 2/» = (101 ¢2)T (63.1)

where

—z'A u
U :

—u* 2')‘

— O iat uV = 2293 + 2A0 1 —u* -iozt
(6.3.3)

_ |u|2 u; + 2z'oztu+2 2
ug‘ — 2z'at'u* —

with
- 2

u = Qezp (—%—) (6.3.4)
The form of the non-isospectral parameter A is

,\ = Aoezp (2 1/ min) (6.3.5)

The compatibility condition, viz, U,, — V; + [UV] = 0, gives rise to Eq. (6.2.3)

provided
1

where no is an arbitrary constant. The condition (6.3.6) is known as the integra­

bility condition of Eq. (62.3). From Eqs. (6.2.4) and (6.3.6), the condition can
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62a :31 r_ 1
fir;  + E ‘ 2(1) + 770) ‘6'3”"

By using another variable transformation of the form:

be redefined as

Q (77: t) = (,,;3,o)U (Za T) 5-7317 < )
(6.3.8)

Z = (7% T = (7)—+“?)

Eq. (6.2.3) can be transformed to the well-known NLSE:

iUz + UTT + 2U |U|2 = 0 (6.3.9)

Exact soliton solution of the Eq. (6.3.9) is known and is given by [71]
2

U = 2kI2X1 €Xp  '-   —  Z —  S€Ch  + 81911622 +
(6.3.10)

where 6 is the phase factor, and k1, kg, and X1 are arbitrary constants. On

substituting Eq. (6.3.10) in Eqs. (6.3.8) and (6.2.2), the fundamental soliton

solution of Eq. (6.2.1) is obtained as

q (2, t) = 2/\2x1 %exp (—i0) sech [6 + 8//\1)\2dn + 2A2t] (6.3.11)V 2

where 0 = %’2+4f ()3 — /\§) dn+2)\1t, A1 = k1exp[2fad77], and /\2 = kg exp[2fadn].

Equation (6.3.11) is an exact soliton solution describing the pulse propagation

through the variable dispersion fibre with loss. From Eq. (6.3.11), initial pulse

at the input core (at the input, 2 = (), [31(z) = O, and I‘ = O) is given by
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21:2 < z't2 Qiklt) [ 21:210,: =— ——— h 9+— 6.3.12q( ) \/7% exp 2720 ")0 sec 770 ( )

6.4 Soliton pulse propagation through various

profiles

The dispersion-decreasing profiles considered are described in Eq. (5.4.1). On

solving Eq. (6.3.7), fig is obtained as

[31

fiz (Z) = (n + no)
esrp (2I‘z) (6.4.l)

From Eq. (6.4.1), the nonlinear coefficient 62 (2) can be determined correspond­

ing to each dispersion profile, ;61(z),. Using Eqs. (5.4.1), (6.3.11) and (6.4.1),

the effect of fiber loss when input pulse, described by Eq. (6.3.l2), propagates

through various profiles can be studied.

6.4.1 Critical fiber loss

Keeping the value of [3 = 3 and fiber length L = 25, nature of the pulse through

linear profile at z = 18 and 25 for dif'ferent values of fiber loss are shown in

Fig. 6.1 (a-c) Figure 6.1 (b) shows the nature of the pulse propagation for

I‘ = 0.021879. For this value, it is clear that amplitude remains constant as it

propagates where as pulse gets compressed.

It is interesting to note that at this value, the important soliton property of

conservation of pulse area is not maintained during propagation and is considered

as the critical value of fiber loss represented by PC. It is also clear from Fig. 6.1 (b)
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that when the loss exceeds PC, pulse area is not maintained during propagation

whereas from Fig. 6.1 (c), it is obvious that area of the pulse gets maintained

when the loss is less than the critical value.

Figures 6.2(a-c), 6.3(a—c), 6.4(a—c), 6.5(a-c) show the variation in the ampli­

tude and pulse width of soliton pulse through hyperbolic, exponential, logarithmic

and Gaussian profiles respectively for different values of I‘. From these graphs, it

is clear that pulse gets compressed adiabatically by conserving the soliton prop­

erty of the wave profile only when fiber loss is less than the critical value and

gets violated when the loss is greater than or equal to critical value PC. It is also

noted that critical value of loss is different for different dispersion profiles and are

given in table 6.1.

Nature of profile 1'],

Linear 0.021879

Hyperbolic: 0.0147418

Exponential 0.0175 173

Logarithmic 0.0255561

Gaussian 0.0270237

Table 6.1

6.4.2 Compression factor

Figure 6.6 shows the nature of soliton pulse at a particular distance (say, 2 = 25)

through various profiles for a given value loss equal to 0.01 (which is less than

the critical value of loss in each case).

Comparison shows that in the integrable limit, maximum value of pulse com­

pression is obtained when pulse is propagated through the fiber whose dispersion
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varies in the Gaussian form.

Soliton compression factor, C f, achieved by the DDF given by

C, = E = ___)‘? (L) = _?"° (6.4.2)TL x\2 (0) n(L) + 770

Since the value of pulse width is constant at the beginning of each dispersion

decreasing fiber, the compression achieved by the soliton pulse at the fiber length

L in each profile can be compared. Table 6.2 shows the comparison of compression

factors over a fiber length L = 25.

Nature of profiles C J‘

Linear 3.0
Hyperbolic 2.219

Exponential 2.543

Logaritlimic 3.372

Gaussian 3.685

Table 6.2

Analytical calculations also show that maximum value of compression is obtained

when pulse is propagated through Gaussian profile. Using Eq. (6.4.2), the varia­

tion of compression factor with fiber length in profile can be studied. Its variation

for a given value of fiber length (L = 25) are illustrated in Fig. 6.7 From Eq.

(6.4.2), it is obvious that C’; depends on the value of B. So, by varying the value

H, pulse with desired value of compression factor C f for a given length of fiber can

be generated. As an example, by taking 6 = 1.391 and keeping other parameters

remain constant, compression factor equal to 10 can be achieved by propagating

the pulse through Gaussian profile over a fiber length L = 25.
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Fig. 6.1: Pulse propagation through linear profile for fiber loss F (a)> 1",, (b)= I‘; (c)<I.".._
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Fig. 6.2: Pulse propagation through hyperbolic profile for fiber loss I‘ (a)> PC (b)= PC (c)<
Fa
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Fig. 6.3: Pulse propagation through exponential profile for fiber loss I‘ (a)> Tc (b)= PC (c)<
T c
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Fig. 6.4: Pulse propagation thxough logarithmic profile for fiber loss I‘ (a)> 1"; (b)= I‘., (c)<
Fe
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Fig. 6.5: Pulse propagation through Gaussian profile for fiber loss F (a)> 1",; (b)= Fe (c)< PC
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6.5 Pulse propagation through a birefringent DDF

When a pulse is propagated through a lossy birefringent single mode fiber, it can

be described by a coupled nonlinear Schrodinger (CNLS) equation of the form

[96]

iqiz + 51 (Z) 91:: -3- 252 (Z) (lqllz + l<12l2) <11 +1Tq1 = 0

(6.5.1)

W22 + 51(Z)<12t1+ 252 (Z) (lfI1|2 + |C12l2) Q2 +1TQ2 = 0

where ql, Q2, 31(2), fi2(z), and 1" have the usual meaning.

By making the following transformations:

<11(Z=t) = Q1(7)=t) 51/52 q2(Z1t): Q2 (Tht) \/51/52

(6.52)

77= f0z61(z,)dzI

Equation (6.5.1) can be reduced to a uniform coupled NLS equation of the form:

iQ1n + Qm + 2Q1 (lQ1l2 + lQ2l2) "la(77)Q1= 0

(6.5.3)

202., + Q2tt + 2c22 (10112 + |Q2|2) - ia (n) Q2 0

01(1)) = —\/%;1%  -22 (6.5.4)

Integrability analysis of Eq. (6.5.3) gives the result:

where

1' (65.5.5)a(n)=­
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where no is an arbitrary constant. From Eqs. (6.5.4) and (66.5), the integrability

condition can be rewritten as:

£1 E + E = _:1
51 d7) 52 51 2 (77 + 720)

6.6 Lax pairs and soliton solutions

The linear eigen value problem associated with Eq. (6.5.3) is:

w: = Uw w,,= vw ¢ = (w1w2¢3)T

where

-2/\ ul U2

U= —u; z‘,\ 0
—’LL; 0 1A

-1 0 O iozt ul U2
V=2z>\’ 0 1 0 +2A -1); —iat 0

0 0 1 —u; 0 —z'at

Iu1I2+Iu2I2 u1¢+2iatu1 u2:+2z'atu2

+i u‘1‘t—2z'atu’f —|u1|2 -uguf
ugt — 2z'atu§ —u1u§ — |u2|2

and

(6.5.6)

(6.6.1)

(6.6.2)

(6.6.3)

(6.6.4)



The non—isospectra.l parameter A is given by

A = Aoezrp (2 [ adn) (6.6.5)

such that the compatibility condition U,, — W + [U V] = 0 gives rise the Eq.

(6.5.3).Using the transformation:

Q1 (TM) = U1(Z:T) 515:0 <4(,%,o))

Q2 (flat) = ($37,?) (Z, T) 5-7310  (65-6)

Z = (T137?) T = (#3)

Eq. (6.5.3) can be transformed to CNLSB:

iU1z + U17‘? + QU1 (W112 + |U2l2) = 0

(6.6.7)

iU2z + Um + ZU2 (|U1|2 + |U2|2) = 0

Exact soliton solution of Eq. (6.6.7) is:

U] = 2k2X1 EXP   —  Z -  SBCh.  +
(6.6.8)

U] = 2k2X1 exp   —  Z -  S€Ch.  +

where 0 is the phase factor, kl, kg, X1, X1 are arbitrary constants. By using Eqs.
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(6.6.2) and (6.6.6), the fundamental soliton solution of Eq. (66.1) is obtained as

ql (z, t) = 2)\2x1  exp  — 4if(Af — Ag) dn — 21’/Mt) gsech [8f)\1)\2d1) + 2/\2t]

qg (z,t) = mm  exp (—2‘%*3 — 42'. f (A? — Ag) an — 2¢,\1t) \/gsech, [8 f A1A2dn + ‘2A2t]
(6.6.9)

where 0 = :‘:j‘—’2+4 f ()3 —— Ag) d77+2A1t, A1 = k1exp[2 f adn], and A2 = kg exp[2 f adn].

Above soliton solutions help to describe the pulse propagation through a lossy

birefringent single mode fiber with variable dispersion.

From Eq. (6.6.9), input pulse (at the input, 2 = O, fi1(z) = 1, and F = 0 ) can

be described as:

q1(0,t) = 3-571;  exp (-% ——  sech
(6.6.10)

ax <0» =  (5%) exp  ~  sech [as]

6.7 Critical loss and optimum dispersion profile

Compression of the input soliton pulse described by Eq. (6.6.10) through fibers

with various dispersion-decreasing profiles, explained in Eq. (5.4.1), can be stud­

ied graphically with the help of Eqs. (6.6.9) and (5.4.1). Keeping the ratio of

dispersion fl = 3 and fiber length L = 25, pulse propagation through various

dispersion profiles for different fiber losses have been analyzed. Figures 6.8(a-c)

show the variation in the amplitude and pulsewidth of the input pulse when it

is propagated through linearly decreasing dispersion fiber with decreasing fiber

losses at z = 18 and 25. From these figures, it is obvious that when l" is greater

than or equal to I}, pulse area will not be conserved where as for F < Tc, area of

the pulse is maintained during propagation. In linear case, value of critical loss is
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found to be PC = 0.02188 and nature of the pulse when it is propagated through

the fiber having P = Tc and F > PC are shown in Fig. 6.8(b) and 6.8(a). From

these figures, it is clear that soliton pulse area is conserved only when the loss

is less than the critical value, which is shown in Fig. 6.8(c), and gets violated

when the fiber loss is greater than or equal to critical value. Figs. 6.9(a-c),

6.10(a-C), 6.11(a—c), and 6.12(a-c) shows the pulse propagation through hyper­

bolic, exponential, logarithmic, and Gaussian profiles respectively for different

losses. These analysis shows that critical value is different for different dispersion

profiles. In all cases, it is observed that pulse area is maintained only when the

fiber loss is less than the critical value. Table 6.3 gives the numerical value of PC

corresponding to each dispersion profiles.

Nature of profile Tc

Linear 0.02188

Hyperbolic 0.01474

Exponential 0.01752

Logarithmic 0.02556

Gaussian 0.02702

Table 6.3

Here an interesting phenomena is noted that in each case, compressed pulses are

completely free from pedestals. This makes the compressed pulse in the fiber

highly stable as the presence of pedestals not only leads to a deterioration in

the quality of pulse and energy characteristics of the compression, but it also

makes the compressed unstable due to the nonlinear interaction of the pedestal

with the compressed pulse. Fig. (6.13) shows the comparison of the nature of
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the pulse after a given distance, say 2 = 25, through five different dispersion­

decreasing profiles for a relatively small fiber loss, say F = 0.01, (which is less

than the critical value in each case). Comparison shows that maximum value of

pulse compression is obtained when pulse is propagated through the fiber whose

dispersion varies in the Gaussian form. Therefore, from the graphical analysis,

it is clear that Gaussian profile is found to be the optimum dispersion profile for

achieving maximum pulse compression in the birefringent fiber.

Soliton compression factor, Cf, achieved by the DDF is given by

E _ /\2(L)C’ = _I TL /\2 (6.7.1)

Table 6.4 shows the comparison of compression factor over a fiber length L = 25.

Nature of profiles C’;

Linear 4.8
Hyperbolic 2.847

Exponential 3.616

Logarithmic 5.87

Gaussian 7.913

Table 6.4

Analytical calculations also show that maximum value of compression is ob­

tained when pulse is propagated through the fiber with dispersion varies in the

Gaussian nature. Variations in the compression factor for a given value of fiber

length (L = 25) are illustrated in Fig. 6.14.
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Fig. 6.8: Pulse propagation through linear profile for fiber loss F (a)> PC (b)= Fc (c)<I"¢
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Fig. 6.9: Pulse propagation through hyperbolic profile for fiber loss I‘ (a)> I‘,_. (b)= PC (c)<1"¢



(C)

Fig. 6.10: Pulse propagation through exponential profile for fiber loss I" (a.)> 1'}
(c)<1“c

118

(b)=



119

Fig. 6.11: Pulse propagation through logarithmic profile for fiber loss 1" (a)> 1'} (b): PC
(c)<I‘c
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(C)

Fig. 6.12: Pulse propagation through Gaussian profile for fiber loss I‘ (a)> II (b): Tc (c)<I"c
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6.8 Results and Discussions

In this chapter, the pulse propagation through lossy fiber with variable dispersion

supporting both single and degenerative fields are considered. In the general case,

the propagation equations we have considered will not describe soliton transmis­

sion. The condition required for the soliton propagation has been determined

using integrability analysis. Exact soliton solution is constructed. Soliton pulse

propagation through the fiber with various profiles for different values of fiber loss

have been analyzed graphically. Graphical results show that there exists a critical

value of fiber loss for each profiles and the critical value is found to be different

for different profiles. Significance of critical value is that the soliton property of

the conservation of soliton area. is maintained when pulse is propagated below

the critical value of fiber loss. When the loss exceeds this critical value, area

conservation is not maintained at all.

Pulse propagation through different profiles for the fiber loss less than critical

value have been analyzed graphically. Graphical results show that out of the five

different profiles considered, Gaussian profile is found to be the optimum pro­

file for the soliton pulse compression technique in the integrable limit. Arrived

the compression factor achieved by the dispersion-decreasing fiber and obtained

maximum value when pulse is propagated through Gaussian profile. Thus the

theoretical values are in well agreement with the graphical result. Since soliton

solutions considered have the fundamental nature, there should not appear any

type of pedestals along with the compressed pulse. This makes the pulse in the

fiber highly stable and also improves the quality of the compressed pulse.



Chapter 7

Conclusion

The results and conclusion of the thesis are are summarized below.

1) Well-known nonlinear Schrodinger equation has been succeeded in explain­

ing the propagation of pico-second optical pulses in single-mode optical fibers.

But, when the pulses are so short, of the order of femtosecond, it is necessary

to include higher—order effects such as third-order dispersion, self-steepening, and

stimulated inelastic scattering. Propagation of femtosecond pulses with the in­

clusion of higher-order effects have been considered in chapter two. In general,

such a. system does not support soliton propagation. Using Painlevé analysis,

condition required for the existence of soliton in the system described by coupled

higher-order nonlinear Schrodinger equation have been obtained. Its integrability

nature is confirmed by constructing Lax pairs. Both one and two-soliton solutions

are generated using Hirota’s technique. Two-soliton interactions are studied and

shown that their interaction is elastic in nature.

2) Generation of stable, ultra—short optical pulses has become an important topic

in view of their application in future ultrahigh-bit rate optical communication sys­

tems. Various methods are presented for the generation of ultra-short pulses in ex­

actly integrable system. In an ideal communication systems, input pulse launched
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into the fiber should be unchirped. But, in actual practice, pulse launched into

the fiber need not be chirped and gets deviated from the ideal requirements nec­

essary for formation of fundamental soliton. Condition required for the formation

of soliton pulse when initially unchirped pulse propagate through lossy fiber is

obtained. It is found that soliton formation is due to the effect of initial fre­

quency chirp. It is also found that due to initial frequency chirp, soliton pulse

gets compressed during propagation by keeping the important soliton property

of area consenation.

3) The use of dispersion-decreasing fibers (DDFS) in particular have been recog­

nized to be very useful for high-quality and stable pulse compression and soliton

train generation. Condition for the existence of soliton in DDFs has been stud­

ied. Single mode optical fiber with various dispersion-decreasing profiles, namely

linear, hyperbolic, exponential, logarithmic, and Gaussian have been considered.

Graphical analysis shows that as pulse propagates through various dispersion

decreasing profiles, pulse amplitude gets increased and pulse gets compressed

adiabatically in each case by keeping the soliton property of area conservation.

Out of the five different profiles considered, Gaussian profile is found to be the

optimum dispersion profile for achieving maximum soliton pulse compression.

Theoretical evaluation of compression factor also shows that maximum value of

compression is obtained when pulse is propagated through the fiber with dis­

persion varies in the Gaussian form. Furthermore, an important feature is that

compressed pulses are completely free from pedestals in each case. Same results

have been also obtained from the birefringent DDF s.

4) In real DDFS, the light wave propagates with finite loss. It is found that

such system also belongs to the class of integrable systems. Pulse propagation
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through fiber with various dispersion-decreasing profiles, namely, linear, hyper­

bolic, exponential, logarithmic, and Gaussian for different values of fiber loss has

been studied. It is found that there exists a critical value of fiber loss in each

profiles and is different for different profiles. Significance of critical loss is found

that the soliton property of the conservation of pulse area is maintained only

when pulse is propagated below the critical loss. When the loss exceeds the crit­

ical value, area conservation is not maintained at all. Graphical analysis shows

that out of the five different profiles considered, Gaussian profile is found to be

the optimum profile for the soliton pulse compression technique in the integrable

limit. Theoretical evaluation of the compression factor is in well agreement with

the graphical result. Since the solitons considered have the fundamental nature,

there should not appear any type of pedestals along with the compressed pulse.

This makes the pulse in the fiber highly stable and improves the quality of the

compressed pulse.
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