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Chapter 1

Introduction

The origin of ‘Graph Theory’ dates back to more than two hundred and
seventy years when the famous Swiss Mathematician Leonhard Euler { 1707 -
1783) solved the ‘Konigsberg Bridge Problem’ in a talk entitled ‘The solution of
a problem relating to the geometry of position’ presented at the St.Petersberg
Academy on 26" August, 1735. Since then, the subject has grown both in its
theory and its varied applications, initiated by the works of such greats as W.R.
Hamilton, De Morgan, A. Cayley and P. J. Heawood. The celebrated ‘4 Color
Problem’ which was a major unsolved problem since 1852 and its unique method
of solution using computers in 1976 - the first of its kind in Mathematics, also
belongs to Graph Theory. In 1874, A. Cayley realized that the problem of finding
the number of different paraffines with the formula C, Hs, 4 is essentially the same
as the problem of counting the number of unrooted trees with n vertices, where
no vertex has valency exceeding four. But it was J. J. Sylvester who first used the

term ‘graph’ in his celebrated paper ‘Chemistry and Algebra’ in 1877.
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The first book on graph theory was written by D. Konig [61]. Later,
C. Berge (13}, O. Ore [74] and F. Harary [48] also wrote the first set of books in
this subject. N.L. Biggs, E. K. Lloyd and R. J. Wilson [15] has discussed in detail,
with the extracts of original work, the growth of graph theory. F. S. Roberts
(80] has dealt with a variety of applications of graphs in engineering, technology,
biological sciences, archeology, ecology, planning etc. This includes its applications
in transportation problems, communication, study of food webs in ecology, round
- robin tournament in tennis, the theory of structural balance in sociology etc.
In [12], connections of graph theory with other branches of mathematics such as

number theory, coding theory are discussed.

The growth of Computer Science and the resulting information revolution
has tremendous impact in the application of graphs (networks) also [2]. One such
significant theme is the study of the ‘diameter of the world wide web’(1]. This
can be termed as the twenty first century application of graph theory. The world
wide web is a network of web pages containing information linked together by
hyperlinks from one page to another [52]. The study of this, opened up a new
concept called - the small world phenomenon, which lead J. M. Kleinberg [60] to
win the prestigious Nevanlinna prize in 2006. Researchers have in recent years
developed a variety of techniques and models to help us understand or predict the
behavior of the networked systems such as internet, social networks and biological

networks [72].

Volumes have been written on the rich theory and the very many ap-
plication of graphs. This thesis entitled ‘Studies on the Spectrum and the
Energy of Graphs’ is a humble attempt at making a small addition to the vast

ocean of results in graph theory. We shall list below only some very significant
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developments in the theory of eigenvalues and energy of graphs.

A non-pictorial representation of a graph is effected by its adjacency
matrix. So during the 1950s the question arose as to how the well developed
theories of matrices and graphs could be combined to evolve a new approach in
applying matrix techniques to graphs. The first concept which came to the minds of
many researchers in graph theory was the eigenvalues of a matrix. The eigenvalues
of a graph are precisely the eigenvalues of its adjacency matrix. Most of the early
results in this were concerned with the relation between spectral and structural

properties of graphs.

The first significant result on the concept of the characteristic polynomial
was due to Sachs [82] and is usually known as ‘Sach’s theorem’. The specializa-
tion of a deep theorem on non negative matrices proved by Perron and Frobenius
resulted in the ‘Perron-Frobenius theorem’ [34] on the eigenvalues of a connected
graph. The ‘Pairing theorem’ of Coulson and Rushbrooke [20] on the eigenval-
ues of a bipartite graph has some implications in chemistry also. For a detailed
account of various other results on the eigenvalues of graphs we refer to [27] and
[88]. Recent developments in graph spectra are also available in the spectral graph

theory home page, www.sgt.pep.ufrj.br

A resurgence was seen in the study of the ‘chemical applications of graph
theory’ which was initiated by E. Hiickel in his molecular orbital theory during
1930s. In quantum chemistry the skeleton of certain non-saturated hydrocarbons
are represented by graphs. The energy levels of electrons in such a molecule are,
in fact, the eigenvalues of the corresponding graph. The stability of the molecules
as well as other chemically relevant facts are closely connected with the graph

spectrum and the corresponding eigenvectors. For more information on chemical
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application of graph theory see [5, 96].

The molecular orbital energy levels £; of the 7— electrons in conjugated
molecules are related to the eigenvalues of the corresponding molecular graph by

a linear function

Ej:a-h@/\j

within the Hiickel Molecular Orbital (HMO) theory where A}s are the eigenvalues
of the corresponding graph[19, 37] and «, § are the standard HMO parameters
[43]. Thus, the total m— electron energy, &, is uniquely determined by the topology
of the corresponding molecule via the eigenvalues of its molecular graph and it is
computed as
En=ane+ 0 Zpilgi/\i
= an, + G€.

where n, is the number of 71— electrons, g; is the occupation number of the it
molecular orbital and A;, ¢ = 1,2,...,p are the eigenvalues of the corresponding
molecular graph. The nontrivial part of the above expression is £ . For the vast

majority of conjugated molecules, £ can be transformed into

p
i=1

Motivated by this connection between total m— electron energy and eigen-
values of the corresponding graph, I.Gutman [39] in 1978 introduced the concept
of ‘graph energy’ as the sum of the absolute values of the eigenvalues of G. The
introduction of this concept resulted in the discovery of numerous novel results,

some of which have chemical relevance too.

Other aspects of the interplay between Algebra and Graph Theory in-
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volving the eigenvalues has been dealt with in detail by C.D. Godsil [35] and N.L.
Biggs [14]. O.E. Polansky [43] has also discussed in detail several other chemical
applications of graph theory such as Hosoya index, thermodynamic stability of

conjugated molecules and matching polynomials.

This thesis is mainly concerned with the eigenvalues of graphs and graph

energy.

1.1 Basic definitions and lemmas

We use the following terminology, definitions and lemmas from (3, 24, 36, 48,

83, 84, 97).

Definition 1. A graph G is a pair (V,E) where V = V(G) is a nonempty set
of objects with V(G) = {v1,vs,...,v,} called vertices and E = E(G), a set of
unordered pairs of distinct vertices of G called edges. |V| is called its order
denoted by p and |E|, the size, denoted by q. A graph G of order p and size q
is referred to as a (p,q) graph. A graph H = (V', E') is said to be a subgraph of
Gif V' CV and E' C E'. It is said to be a spanning subgraph if V' =V. A
subgraph H of G is said to be an induced subgraph of G if each edge of G having
its end vertices in V(H) is also an edge of H. The ‘n’ disjoint copies of a graph
G is denoted by nG.

Definition 2. Let G = (V,E) be a (p,q) graph. If {u,v} € E(G), then u and v
are said to be the end vertices of the edge e = {u,v}. Two vertices u,v € V(G) are
said to be adjacent if {u,v} € E(G). A vertex u is said to be incident with
an edge e if u ts an end vertex of e. Two edges e and €' are said to be adjacent if

they have a common end vertex. The number of vertices adjacent to v ts called its
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degree denoted by deg(v). A vertexv of G with deg(v) =1 is a pendant vertez.
The set of vertices adjacent to v is called the open neighborhood of v denoted
by N(v). The set N(v){J{v} is called the closed neighborhood of v denoted by
Nv].

Definition 3. A graph G is said to be r—regular if all the vertices of G have the

same degree 7. A 3— reqular graph is called a cubic graph.

Definition 4. Two graphs G = (V, E) and H = (V', E') are said to be isomor-
phic if there exists a bijection from V to V' preserving adjacency and is written

as G = H.

Definition 5. Let G be a graph. A path in G is an alternating sequence of
distinct vertices and edges, beginning and ending in vertices such that each edge
is incident with the vertices preceding and following it. A path starting at u and
ending at v is a u — v path. A graph G is connected if there exists a u — v path
for every u, v € V(G). A graph which is not connected is a disconnected graph.
A mazimal connected subgraph of G is called a component of G. A path starting
and ending in the same vertex is a cyele. P, and C, respectively denote the path

and the cycle on n vertices.

Definition 6. A graph G is complete if every pair of distinct vertices of G are
adjacent in G. A complete graph of order p is denoted by K,. A graph G is
a bipartite graph if V(G) can be partitioned into two nonempty sets U and U’
such that each edge of G has one end vertezx in U and other in U’. A bipartite graph
is complete if each vertex of U is adjacent to all the vertices of U'. A complete
bipartite graph with [U| = m and |U’| = n is denoted by K,,,. The complete

bipartite graph K, ., is called a star.
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Definition 7. Let G be a graph. The complement of G, denoted by G is defined
as a graph with vertez set V and two vertices u, v are adjacent in G if they are not
adjacent in G. T{_;, is the totally disconnected graph. nK, is called the cock-tail

party graph denoted by CP(n). A graph G is self-complementary if G =G.

Definition 8. The degree matriz of G, denoted by D is defined by D = [d;]

where
deg(v;); i =]
0; i#

dij =

Definition 9. Let G be a connected graph. The distance between the vertices u
and v, denoted by d(u,v) is the lengt}z of a shortest u — v path. The distance
matrix D of G is defined by D = [d;;] where d;; = d(v;,v;); ¢, 7=1,2,...,p.

Definition 10. An adjacency matrix of G denoted by A = A(G) = [ay] s a
square matriz of order p where
1 if v; is adjacent to v;

ai; =
0 otherwise
The characteristic polynomial |\ — A| of A is called the characteristic poly-
p )
nomial of G and is denoted by Pg(\) or P(G) = Y a;\P"*. The eigenvalues of
=1
A, which are the zeros of |\ — A| are called the eigenvalues of G and form its

spectrum denoted by spec(G). If the distinct eigenvalues of G are Ai, Ag,...,Am

with multiplicities t,, to, ..., 1, respectively, then, spec(G) is written as
M Az A
" or [x\ﬁ‘,/\t;, ....... ,/\ﬁ;ﬂ.
t ot tm

Note: Since the adjacency matrix is a real symmetric matrix, all of its eigenvalues

are real and hence the eigenvalues can be ordered as Ay = Ay 2 ............ = Ap -
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Also, rational eigenvalues are integers as the characteristic polynomial is monic.

[ ]

Figure 1.1: G = Cy

A(Cy) = , P(Cq) = X2(\? — 4) and spec(C,) = [—21,0%,2!].

10160

Note: Two isomorphic graphs have the same spectrum.

Definition 11. Two non-isomorphic graphs G and H with spec(G) = spec(H)

AN

Figure 1.2: Cospectral graphs with characteristic polynomial, A3(\? — 4).

> —P

Figure 1.3: Cospectral connected graphs with characteristic polynomial,
AT — AN TAT 44N - 1

are called cospectral.
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Definition 12. Let G be a graph with spec(G) = {A1, Az, ....... yAp}. Then, the

r
energy of G, denoted by E(G) is defined as E(G) = D_ |\l .

=1
Note: Cospectral graphs have the same energy.

Definition 13. Two non-cospectral connected graphs G and H of the same order

with £(G) = E(H) are called equienergetlic graphs.

Figure 1.4: Two equienergetic graphs with energy 2(1 + v/5).

Definition 14. Let G be a (p,q) graph . The line graph of G, denoted by L(G)
is defined as a graph whose vertices are the edges of G and two vertices of L(G) are

adjacent if the corresponding edges are adjacent in G. The iterated line graphs

of G are defined by L*(G) = L{L*"(G)).

Definition 15. Let G be a (p,q) graph. The subdivision graph S(G) of G is

obtained from G by replacing each of its edges by a path of length 2.

Figure 1.5: S(K})
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Definition 16. Let G be a graph with V(G) = {v1,v2,...,v,}. Take a set U =
{ui,ua, ..., up} of p vertices. Make u; adjacent to all the vertices in N(v;) for each

t,1=1 top. The resulting graph is called the splitting graph of G denoted by
splt(G).

Figure 1.6: splt(Cy).

Definition 17. Let G be a graph with V(G) = {v1,v2,...,v,}. Take another set
U= {uy,us,...,up}. Make u; adjacent to all the vertices in N(v;) in G for each

i and remove edges of G only. The resulting graph H is called the duplication
graph of G denoted by DG .

Figure 1.7: DCj.

Definition 18. Let G = (V, E) and H = (V', E') be two graphs. The cartesian
product of G and H, denoted by G x H is defined as a graph with V(G x H) =
V x V' and two vertices (u,v) and (v/,v') are adjacent if either u = ' and v is

adjacent to v’ in H or u is adjacent to v’ in G and v =10,
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Definition 19. The tensor product of G and H, denoted by G ® H is defined
as a graph with V(G® H) = V x V' and two vertices (u,v) and (v/,v’) are adjacent

if and only if v is adjacent to v in G and ¥’ is adjacent to v' in H.

Definition 20. Let G and H be two graphs. Then, the complete product(join)
of G and H, denoted by GV H 1s obtained by making every vertex of G adjacent

to all the vertices of H.

Definition 21. Let A = [a;;] and B = [b;] be two matrices of order m x n and
s xt respectively. Then, their tensor product, AQ B is obtained from A when every

element a;; 1s replaced by the block a;; B and is of order ms x nt.

Definition 22. Let B be a set of binary n—tuples, B C {0,1}* — {(0,0,...,0)}
such that for everyi =1,2,...,n there exists 3 € B with 3; = 1. The non-complete
eztended p—sum (NEPS) of graphs G1, Go,...,G, with basis B, denoted by

NEPS (G4, Ga,...,Gy,B), is the graph with the vertex set V(G1) x V(Gq) x ... %
V(Gn) in which two vertices (u1,us, .. ., uy) and (vq, e, ..., v,) are adjacent if and
only if there exists 3 = (81, 02,...,0.) € B such that u; 1s adjacent to v; in G;

whenever 8; = 1 and u; = v; whenever 3; = 0.
Note: When n = 2, the NEPS is the cartesian product of G; and G, for B =
{(1,0),(0,1)} and the tensor product of Gy and G, for B = {(1,1)}.

Definition 23. Let G be a (p,q) graph. The incidence matric R = [ry| is
defined by

ri; = 1 if v; is incident with e;

= (, otherwise.
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Definition 24. A graph G is reciprocal if the reciprocal of each of its eigenvalue

is also an eigenvalue of G.

Definition 25. Let G be a connected graph with distance matriz D. Then, the

Wiener index of G, denoted by W(G) is defined as W(G) =1 3 d.
deD

Definition 26. A graph G is integral if all of its eigenvalues are integers.

Definition 27. A graph GG in which one vertex v is distinguished from the rest is

a graph rooted at v.

Definition 28. A graph G is said to be a split graph if its vertex set can be
partitioned into V1 and Vy such that Vi induces a complete graph and V; induces a

totally disconnected graph.

Figure 1.8: A split graph with vertex partition V; and V5.
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Definition 29. Let G be a (p,q) graph with energy £. Then, the Tirker angles

a, 0 and 0 are given by

Y Y
5 and tanf = = where Y = /2pq — &£2.

Y
tana = ——;tan g =
p 2q +

+&

We shall now list some results used in this thesis.

Lemma 1.1. [24] Let M, N, P and Q) be matrices with M invertible. Let

M N
S = . Then, |S| = |M||Q — PM~!N| and if M and P commutes, then,
P Q
|S| = |MQ@Q — PN| where the symbol |.| denotes the determinant.
As A4
Lemma 1.2. [81] Let A = be a 2 x 2 block symmetric matriz. Then,
Ay A

the eigenvalues of A are those of Ay + A; together with those of Ag — Az.

Lemma 1.3. [2}] Let G be an r— regular graph on p vertices with an adjacency
matriz A. Then, an adjacency matrizc A of G is A= J — I — A where J and I

are the all one square matriz and the identity matriz of order p respectively .

Lemma 1.4. [2}] Let G be an r— regular graph with an adjacency matriz A and

incidence matriz R. Then, RRT = A+rl.

Lemma 1.5. [24] Let G be a (p,q) graph with spec(G) = {A1, Aay ..., Ap}. Then,

p 14
=1

=1
p

2. 57 A} = 6t where t is the number of triangles in G.
i=1

3. If G is connected and r— regular, then, r is the simple and the greatest

etgenvealue of G.
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Lemma 1.6. [24] Let G be a graph with an adjacency matriz A and spec(G) =
P

{A1, A2, .. Ay}, Then, det A = [] A\ Also for any polynomial P(z), P(X) is an
i=1

P
eigenvalue of P(A) and hence det P(A) = [] P(X.).

Lemma 1.7. [24] Let G be a connected r-regular graph on p vertices with an

adjacency matriz A having m distinct eigenvalues A\y =1, Ay, ..., Am. Then, there

exists a polynomial Q(z) = p x E=slE=gslt=an) - sych that Q(A) = J so that

Qr)=p and Q(N) =0 YA £ 7.
Lemma 1.8. [24] Let G be a (p,q) graph with an adjacency matric A and degree
matriz D. Then, the characteristic polynomial of L(G) is given by

Puc) (A —2) = X1*

M—A—DL
Lemma 1.9. [24] Let G be ri— regular on p, vertices and H, ro— regular on p,

vertices. Then, P(GVH) = z—/\—g—lf—-/\r)z—) N2 —(r1+ 1) A+ 7rime — Do)

Lemma 1.10. /86] Let G and H be two graphs rooted at u and v respectively.

1. Let F be the graph obtained by joining u and v by an edge. Then,
P(F)= P(G)P(H —v)+ P(G—u)P(H) — AP(G — u)P(H —v).

2. Let F' be the graph obtained by identifying u and v. Then,
P(F')= P(G)P(H) — P(G—u)P(H —v).

Lemma 1.11. [24]

p—1 -1
o spec(K,) =
1 p-—-1
vmn —y/mn 0
o spec(Kimpn) =
1 1 m+n-—2
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2Zn—2 0 -2
o spec(CP(n)) =
1 n n-—1
2 cos 2t
o spec(Cp) = , 1=1ton.
1
2 cos 21t
o spec(P,) = , i=1ton.
1

Lemma 1.12. /2] Let G be an r— regular graph with spec(G) = {r, A2,..., Ap}.
Then, spec(G) = {p—r—1,—1—Xg,..., =1 = A }.

Lemma 1.13. [24/Let A and B be two matrices and F = A® B be their tensor
product. Then, spec(F) = {Ap;/Mi € spec(A),p; € spec(B)}. In particular let
G and H be two graphs of order p and p’ respectively with spec(G) = {\;},i=1
top and spec(H) = {p;},j=1top . Let F = G ® H, the tensor product of G
and H . Then, spec(F) = {\p;},i=1topandj=1top .

Lemma 1.14. [2/] Let G and H be two graphs of order p and p’ respectively with
spec(G) ={N},i=1top and spec(H) = {p;}, j=1top . Let F =G x H, the

cartesian product of G and H . Then, the spec(F) = {\;+p;}, t=1top, j=

ltop.
Lemma 1.15. [77] Let G be an r— regular graph with spec(G) = {r, A, ....... At
4r—-6 N+3r—6 2r—6 -2
Then, spec(L*(G)) = ,i=2top
1 1 p(r=2) pr(r—2)
) 2

E(LA(G)) = 2pr(r — 2) and E(TXG)) = (pr — 4)(2r — 3) — 2.
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New definitions

Definition 30. Let G be a graph with V{(G) = {v1,vs,...,v,}. Take another copy
of G with the vertices labelled as {uy, us, ..., u,} where u; corresponds to v; for each
t. Make u; adjacent to all the vertices in N(v;) in G, for each i . The resulting graph
1s called the double graph of G, denoted by DoG .

Figure 1.9 D204.

Definition 31. Let G be a graph with V(G) = {v1, va, ..., vp}. Introduce a set of
p isolated vertices {uy, ug, ..., upy} and make each u; adjacent to all the vertices in
N(v;) in G for each i. Introduce a set of k, (k > 0) isolated vertices and make all

of them adjacent to all the vertices of G only. The resulting graph is denoted by
G .

Figure 1.10: The graph G when G = Cl.

Note: When k£ =0, Gy = splt(G) (Definition 16).
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Definition 32. Let G be a (p,q) graph. The complement of the incidence
matriz R, denoted by R = [7;] is defined by

7i; = 1 if v; is not incident with e;

= 0, otherwise.

Definition 33. Let G be a (p,q) graph. Corresponding to every edge e of G intro-
duce a vertex and make it adjacent with all the vertices not incident with e in G.
Delete the edges of G only. The resulting graph is called the partial complement
of subdivision graph of G denoted by S(G).

Figure 1.11: S(C5)

Definition 34. A graph G is partially reciprocal if 5+ € spec(G) for every
A € spec(G).

Definition 35. Let G be a (p, ¢) graph with E(G) = {e1, e, ....., eq}. Corresponding
to every edge e; introduce a set U} of t isolated vertices and make every vertezr in
Ul adjacent to the vertices incident with e; for each i = 1,2, ...q. Now, delete edges

of G only. The resulting graph s called the t— subdivision graph of G denoted
by S(G);.

Note: S(G), = S(G) (Definition 15).
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Figure 1.12: 5(05)2

Definition 36. Let G be a graph on {v1, v, ...... , Up}. Corresponding to each v;,
introduce a set U} of t isolated vertices. Make every vertez in U} adjacent to all the
vertices in N(v;) for each i. The resulting graph is called the t— splitting graph
of G denoted by splt(G);.

Figure 1.13: splt(Cs)..

Note: splt(G)1 = splt(G).

Definition 37. Let G be a (p, q) graph with E(G) = {e), e, ...., €;}. Correspond-
ing to each e;, introduce a set W} of t isolated vertices. Make every vertez in W}

adjacent to the vertices incident with e; for each i, t =1 to q. The resulting graph

is called the t— edge splitting graph of G denoted by edsplt(G),
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Figure 1.14: edsplt(K4 — €)s.

Definition 38. Two non-isomorphic graphs G and H are Tiirker equivalent if they

have the same set of values for the Tirker angles o and (3.

1.2 List of symbols

A(G)or A the adjacency matrix of G.

Ch the cycle on n vertices.

CP(n) the cock-tail party graph on 2n vertices.
D distance matrix of G.

D the degree matrix of (.

DG the duplication graph of G.

DG the double graph of G.

E(G)or E the edge set of G.

edsplt(G), the t— edge splitting graph of G.

£ the energy of G.

Gx H the cartesian product of G and H.
{G}* the cartesian product of G, k times.
GRH the tensor product of G and H.

GVH the complete product(join) of G and H.
G the complement of G.
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k
H,

the graph obtained by identifying roots v

in each of the & copies of H.

the identity matrix.

the square matrix with all entries equal to 1.
the complete graph on p vertices.

the complete bipartite graph.

the graph obtained by joining each of the roots in
k copies of H to all the vertices of G.

the line graph of G.

the open neighborhood of v.

the closed neighborhood of v.

V(G) = N(v).

V(G) — N{u].

the order of G.

the characteristic polynomial of G.

the path on n vertices.

the size of G.

the incidence matrix.

the complement of the incidence matrix.

the spectrum of G.

the subdivision graph of G.

the partial complement of the subdivision graph.
the ¢t— subdivision graph of G.

the splitting graph of G.

the t— splitting graph of G.

the vertex set of G.
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W(G) - the Wiener index of G.

1.3 The spectrum and energy of graphs - A sur-

vey of results

As remarked earlier, the foundations of spectral graph theory were laid
during the early 1950s by studying the relation between spectral and structural
properties of graphs. The following are the fundamental results pertaining to

spectra of graphs.

e Sach’s Theorem: The coefficients of P(G) are given by a; = 3 (—1)*(H) ¢t
H

where the summation extends over all subgraphs H of G on 7 vertices whose
components are either single edges or cycles, and where k(H) and ¢(H) de-

note, respectively, the number of components and cycles in H.

e Perron-Frobenius Theorem: If GG is a connected graph with at least two
vertices, then,
(a) its largest eigenvalue ), is a simple root of P(G);

(b) corresponding to the eigenvalue A;, there is an eigenvector z; all of

whose coordinates are positive;
(c) if X is any other eigenvalue of G, then, —A; < A < Ay;

(d) the deletion of any edge of G decreases the largest eigenvalue.
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e Coulson - Rushbrooke Theorem: The following statements are equiva-

lent for a connected graph G:

(a) G is a bipartite graph;

(b) Ap ==X

(€) Ai = Apg1—i, for 1 <4 < L;_l;
(d) agi-1=0,for1<i< Lsz_l

P .
(e) > /\?"l =0, for all 7 > 1;

Jj=1

¢ The Interlacing Theorem: Let GG be a graph with spectrum A > A, 2

The approximative treatment of non-saturated hydrocarbons introduced
by E. Hiickel [53] yields a graph theoretical model of the corresponding molecules
in which eigenvalues of graphs represent the energy levels of certain electrons.
The connection between Hiickel’s model of 1931 and the mathematical theory of
graph spectra was recognized many years later in [25] and [38]|. The calculation of
the characteristic polynomial of a molecular graph plays an important role in the

theory of graph spectra (6, 7, 78].

Formulae for the characteristic polynomials of various local modifications
of a graph are discussed in [89] . One of the first results of this nature deals with
the spectrum of the graph G — u . Also, the characteristic polynomial of the line
graph, the subdivision graph, the total graph and others of a given graph are stud-
ied in detail in [24]. Let G and H be two graphs rooted at u and v respectively.

In [86] the characteristic polynomials of graphs formed by identifying » and v and
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by joining v and v by an edge, are described.

In the fundamental paper on the energy of unsaturated hydrocarbons
0

by Coulson [18], it was proved that the energy £ = 1 [ [p — A& log P(G : i))]dA
where p is the number of vertices of the molecular gra_pcz. In 1971 B.J. McClelland
[71] used the eigenvalues of the molecular graph to express its energy. In 1978
[.Gutman [39] generalized the concept of energy to all graphs and defined energy
of a graph G, £(G) as the sum of the absolute values of its eigenvalues. The
concept of graph energy is elaborated in detail in [43] and in [41, 67, 69, 100, 101,

102, 109, 110}]. For a detailed survey on energy of graphs see [42].

In [39] I.Gutman conjectured that among all graphs of order p, the com-
plete graph K, has maximum energy. In [100] H.B. Walikar disproved Gutman’s
conjecture and produced graphs whose energy exceed that of K, and called such
graphs as hyperenergetic. Also, the energy of some graphs obtained by deleting a
set of edges from K, and K, is discussed in [101] and non-hyperenergetic graphs
are studied in {102]. In [95] the energy of the NEPS of graphs is studied and proved
that the energy of NEPS of graphs can be ekpressed as a function of the energies of

basic graphs if and only if the NEPS corresponds to the tensor product of graphs.

J.H.Koolen and V.Moulton [62] obtained a sharp upperbound for the

energy of graphs and in [63] they extended it to bipartite graphs. They proved that

£(G) < 2+ \/(p ~1) (zq _ 4g§) in [62] and £(G) < ¥ + \/(p ~9) (2q _ 8,9,%),
for bipartite graphs G in [63]. An upperbound for energy in terms of p, ¢ and the

r P
3 @ > a2

degrees of vertices is obtained in [113] as £(G) < =+ (p—-1)1{2q— =

where d;, 1 = 1 to p are the degrees of vertices of G. For a bipartite graph the
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fj d? r 2 zpj d?
above bound is improved to £(G) < 2/ =—+ |(p—2) { 2¢—~—=—|. In [109]

an upperbound for £ in terms of p, ¢ and sum of the degrees of vertices adjacent

to v € V(G) is obtained.

In [50] Y.Hou proved that S2, n > 6, the graph obtained from the star
graph K ,_; by adding an edge, is the unique minimal energy graph among all
unicyclic graphs with n vertices. It is proved that PS5, the graph obtained by
making a vertex of Uy adjacent with a terminal vertex of P,_g, has the maximal
energy among all connected unicyclic bipartite graphs on n vertices in [51]. A.Chen
in [17) obtained the second and third minimum values of energies of unicyclic graphs

and determined the corresponding graphs.

Let 7,4 denote the set of trees on n vertices and diameter d. In [111]
W. Yan and L. Ye, determined the unique tree in 7, ; with minimal energy and
in [115) the trees in 7, 4 with second-minimal energy have been characterized. In
[114] it has been proved that £(G) > -2(%7—— fo)a_l\/qu for a quadrangle-free graph G

on p vertices and ¢ edges with minimum degree 6 and maximum degree A.

R. Balakrishnan [4] conjectured that the complement of a cycle on n
vertices is non-hyperenergetic for n > 4 and produced equienergetic graphs on p
vertices p = 0(mod 4). In [94] D. Stevanovié¢ disproved the conjecture and con-
structed equienergetic graphs on p vertices, p = 0(mod 5) in [93]. H.S.Ramane
et.al [77] obtained equienergetic pair of graphs within the family of iterated line
graphs of regular graphs and proved that if G and H are two non-cospectral r—
regular graphs, r > 3 on p vertices then, L?(G) and L%(H) are equienergetic with

energy 2pr(r — 2) . R.Bapat in [9] proved that the rational energy of a graph
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is always an even integer. Shparlinski [90] derived the energy of some circulant

graphs.

Another field of interest in graph spectra is the search for graphs with
specific pattern in their spectra. It is well known [24] in the theory of graph spectra
that all connected graphs, except complete multipartite and complete graphs, have
their second largest eigenvalue greater than 0. In [91] Smith found all connected
graphs with A\; < 2 and proved that a connected graph has exactly one positive
eigenvalue if and only if it is a complete multipartite graph. I.Gutman and D.M
Cvetkovic studied the spectral structure of graphs having a maximal eigenvalue
not greater than 2 in [26]. In [22, 23, 30] graphs with least eigenvalue -2 and
those with least eigenvalue at least —v/3 are studied in detail. M.Petrové in [75]
obtained graphs with exactly one eigenvalue less than 1 and in [76] he obtained
graphs whose second largest eigenvalue does not exceed v2—1. In [16]graphs whose
second largest eigenvalue does not exceed -;; and in [28] graphs whose second largest

eigenvalue does not exceed f_52-_1 are obtained.

In [49] F. Harary and A.J. Schwenk posed the question ‘Which graphs
have integral spectra?’. In [21] the problem of cubic integral graphs is discussed
and in [87] all the thirteen connected cubic integral graphs are listed. In [29)
the construction of 4— regular integral graphs is described. M.Roitman in [81]
obtained an interesting construction of an infinite family of integral graphs in
the class of complete tripartite graphs Ky, n,n,. In [105] some constructions on

integral graphs were studied and integral graphs K7, K

a

y K&, . were obtained

a,a,...,

by L.G.Wang. P.Hansen in [47] characterized integral split graphs obtained from
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the complete product of graphs. Some new integral graphs based on the study

of bipartite semiregular graphs were obtained in [112] by Zhang. M.Lepovic in

[64, 65, 66] obtained integral graphs which belong to the class aK,,, aK, U K,
or aK, UBKpp.

It is well known from the elementary spectral theory that the complement
and the line graph of an integral graph are integral and several graph operations
like the cartesian product, the tensor product etc when applied to integral graphs

result in integral graphs [8].

The search for integral graphs pertaining to the class of trees began with
X.L. Li in [68] and the first basic result regarding integral trees that ‘no integral tree
except K has a perfect matching’ was obtained in [108]. Recently in [103, 104, 106]
L.G. Wang and X.L. Li have constructed integral trees with diameter 4,6 or 8. In
[107] some more integral graphs pertaining to the class of complete r—partite and

regular graphs are obtained.

Another class of graphs which recently received attention is that of re-
ciprocal graphs. In [85] the three classes of reciprocal graphs obtained by attaching
pendant vertices to all the vertices of a path, cycle and star are described. In[32]
some more classes of reciprocal graphs which forms the skeleton graphs of the
chemical molecules are described. In [10] reciprocal graphs are also referred to as

graphs with property R and in [11] reciprocal trees are characterized.
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The Wiener index W is the oldest molecular-graph-based structure de-
scriptor. It is defined [43] as the sum of the distances of all the pairs of the vertices
of the molecular graph G and in (73, 79] the chemical properties of this index is

well described. In [70] the Wiener indices of some reciprocal graphs are obtained.

In the theory of conjugated molecules it has been established that the
gross part of the total m-electron energy £, - as computed within the HMO approx-
imation - is determined only by the parameters p and ¢ [43]. In order to express
the fine molecular-structure-dependent differences in the behavior of the total 7—
electron energy of isomeric alternate hydrocarbons L. Tirker in [97] introduced

the concept of ‘angle of total m— electron energy 8’ defined as

En
2/Pq

cosf =

and two other related angles o and 3 connected by a + 5 = 6.

In [45] I. Gutman extended the definition of these angles to all graphs as

cos o = pt& cosf = £ 12 (L.1)
VOV +26+2¢ Vo +2€ +29+/2q ‘
Setting Y = 1/2pq — £2? we get
Y Y
tana = +8;tan[3= 547 and tanf = 7 (1.2)

These angles a, 3 and f are referred to as the Tiirker angles.
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The Tiirker angle 6 has proven to be a useful novel concept in the theory of
total m— electron energy and it has found numerous applications. The fundamen-
tal properties of §, o and (3 are discussed in [40, 44, 45, 46, 98, 99|. Numerical
calculation performed on a representative set of benzenoid hydrocarbons reveals
that the dependence of the angles a and 3 on molecular structure is very similar,

and that their ratio is almost constant (a/8 = 1.564 + .015).

1.4 Summary of the thesis

This thesis entitled ‘Studies on the Spectrum and the Energy of

Graphs’ is divided into 6 chapters including this introductory one.

The following are some of the results proved in the second chapter.

% Let G be a graph with spec(G) = {M}, 7 = 1 to p. Then, spec(DG) =

i =N 2) 0
, spec(DyG) = ,t = 1to p and DG and D,G are

1 1 1 »p
equienergetic.
% Let GG be a connected r-regular graph on p vertices and G be the graph as

given in Definition 31. Then,

6160 = VE [B(G) + 7t + k1]

% There exists a pair of equienergetic graphs for p = 6, 14, 18 and p > 20.

Let G be a graph. We apply the following constructions [33] on G which yield

non-regular self-complementary graphs H;, ¢ =1 to 4.
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Construction 1. H, : Replace each of the end vertices of Py by a copy of G and
each of the internal vertices by a copy of G. Join the vertices of these graphs by all

possible edges whenever the corresponding vertices of Py are adjacent.

Construction 2. H, : Replace each of the end vertices of Py by a copy of G and
each of the internal vertices by a copy of G. Join the vertices of these graphs by all

possible edges whenever the corresponding vertices of Py are adjacent.

Construction 3. H; : Replace each of the end vertices of the non-regular self-
complementary graph F on 5 vertices by a copy of G, each of the vertices of degree
3 by a copy of G and the vertex of degree 2 by K. Join the vertices of these graphs

by all possible edges whenever the corresponding vertices of F' are adjacent.

Construction 4. Hy : Consider the reqular self-complementary graph Cs =
11U9U3V, 051 . Replace the vertices v1 and vs by a copy of G, vy and vy by a copy
of G and v3 by K;. Join the vertices of these graphs by all possible edges whenever

the corresponding vertices of Cs are adjacent.

% Let G be an r— regular connected graph on p vertices with spec(G) =
{r,A2,.c....; Ay} and H; be the self-complementary graph obtained by Con-

struction 1. Then,

EH) =2[E(G)+EG) - (p-1]+

\/(2p—1)2+4{(p—r)2+r}+\/1+4(p2+r+r2),

% Let G be an r— regular connected graph on p vertices with spec(G) =

{r, Agy vene ,Ap} and H; be the self-complementary graph obtained by Con-
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struction 2. Then,

E(Hy) =2[E(G)+&(G)— (p—1)] +

\/(2p—1)2+4{(p—r)2+r}+\ﬁ+4(p2+r+r2)

* Forevery p = 4k, k > 2, there exists a pair of equienergetic self-complementary

graphs.

% Let Hj be the self-complementary graph obtained from K, by Construction

3. Then, £(Hz) =2(p— 1)+ /4P + 1 + /82 +4p+ 1.

% Let H, be the self-complementary graph obtained from K, by Construction
4. Then, E(Hy) =22p—-1)+/ip+1+ /8> —dp+1.

% Let G be an r— regular connected graph on p vertices with spec(G) =

{r, Agy e , Ap} and Hj be the self-complementary graph obtained as in Con-

struction 4. Then, E(Hy) =2 [E(G)+ E(G) — (p— )|+ 1+4 (P + 7+ 72)+
T where T is the sum of absolute values of roots of the cubic

- C2p-1)2 - -2p(r=1)+r(r+1)]z+2p(2p—-r—-1)=0.

% For every p = 24t + 1, t > 3, there exists a pair of equienergetic self-

complementary graphs.

% Let G be an 7— regular connected graph on p vertices, p > 3 and H,, the
graph obtained from G by Construction 1. Then, £(L(H,)) = 4p(4p — 5).

% Let G be an r— regular graph on p vertices with r > 2(k + 1). Then,

for any graph F on n vertices whose spectrum is contained in [—2k, 2kl,

£ [{Iﬂ(G)}k x F] = S [pr(r — 2)J°.
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% Let m and k be positive integers with m > 2k. Then, for any graph G on p
vertices whose spectrum is contained in [—k, k],

£ [{Km}" x G] = 2pk(m — 1)*.

% Let G be an r—regular graph on p vertices, p > 4 with spec(G) = {r, s, ....., Ap}.
Then, E(L[GVG]) = 2p(3p — 5).

In the third chapter we obtain the eigenvalues of some non-regular graphs
and their complements, the energy of some non-regular graphs and energy of two
classes of regular graphs.

Some results in this chapter are:

e Let G be a connected r— regular (p,q) graph with an adjacency matrix A
and spec(G) = {1, A2, Ay cvenene y Apt.
+/pl@=2r)+2r £/ N+r O
1 1 q—p

il
!
I

Then, spec( ,i=2top.

( 2(p—4+2cot§”;),p50(mod 2)

2 (p -4+ 2cosec%) ,p = 1(mod 2)




CHAPTER 1. INTRODUCTION 32

2(2%9+\/§cot%) ;p = 0(mod 3)

2sin §(1-1)

2(2”3‘8+ e );pEl(mod 3)
an r

sin T 1
2 (21’;10 + - 3(”")) ;p = 2(mod 3)

sin L
P

\

In the fourth chapter we consider some operations on graphs, which are

described as follows.

Operation 1. Attach a pendant verter to each vertex of G. The resulting graph is

called the pendant join graph of G.
Operation 2. The splitting graph of G (Definition 16).

Operation 3. In addition to G introduce two sets of p isolated vertices U = {u;}
and W = {w;} corresponding to V = {v;}, i = 1 to p. Make u; and w; adjacent
to all the vertices in N(v;) and then, w; to the vertices in U corresponding to the
neighbors of v; in G for each ¢ =1 to p. The resulting graph is called the double

splitting graph of G.

Operation 4. In addition to G introduce two more copies of G on U = {u;} and
W = {w;} corresponding to V = {u;}, i = 1 to p. Make u; adjacent to all the
vertices in N{v;) and then, w; to u; for each i = 1 to p. The resulting graph is

called the composition graph of G.

Operation 5. In addition to G introduce two more copies of G on U = {u;} and
W = {w;} corresponding to V = {v;}, i = 1 to p. Make w; adjacent to all the
vertices in N(v;) and vertices in U corresponding to the neighbors of v; in G for

each i =1 to p.
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Using these operations we construct some new classes of reciprocal graphs. We

derive the following results in this chapter.

" The pendant join graph of a graph G is reciprocal if and only if G is bipartite.
*J The splitting graph of G is reciprocal if and only if G is partially reciprocal.

I Let G be a reciprocal graph. Then, the double splitting graph and the com-

position graph of G are reciprocal if and only if G is bipartite.

¢ Let G be a (p, q) reciprocal graph. Then, £(G) < ”(2"—;”) and the bound is

best possible for G = tK, and tP;.

I There exists a pair of equienergetic reciprocal graphs on every p = 0(mod 12),

p > 36 and p = 0(mod 16), p > 48.

M Let G be a graph with Wiener index W(G). Let H be the pendant join graph
of G. Then, W(H) = 4W(G) + p(2p - 1).

¢ Let G be a triangle free (p,q) graph and H, be its splitting graph. Then,
W(H)=4W(G) + 2(p + q).

¢ Let G be a triangle free (p, g) graph and H, be its composition graph. Then,
W(H) = 9W (G) + 2p* + 4p.

M Let G be a triangle free (p,q) graph and H be its double splitting graph.
Then, W(H) = 9W(G) + 4q + 6p.

In the fifth chapter using the first two of the results listed below, some
new integral graphs have been constructed. Some new integral graphs belonging

to the family of split graphs have also been obtained.
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e The characteristic polynomial of H* is given by

P(HF) = [P(H —v)]* ' [kP(H) — (k = 1) AP (H —v)].
e Let G be an r— regular graph on p vertices and H be rooted at v. Then,

P (F) = b 0 P ()

X [P(H){MA—=71)—plk—1t)} —tpAP (H —v)].

e For every p = 0(mod 4), there exists a pair of equienergetic integral graphs.

The sixth chapter deals with some classes of Tiirker equivalent graphs.

The results obtained are:

* Let G = {G/G is an r > 3 regular graph}. Let F = {L*[G]/G € G}. Then,

for each k > 2, the family F; is Tiirker equivalent.

% Let G be any graph. Let Dg = |JD*G. Then, the family Dg is Tiirker
P

equivalent.

* Let G = {G/G is an r > 3 regular graph}, H, = {L*(G), k¥ > 2/G € G} and
Fr ={F = H ® Hy /Hy) and Hy € H;}. Then, for each k,the family Fj is

Tiirker equivalent.

% Let G be an r— regular graph on p vertices. Let F = {L¥(G) ® K,,}. Then,

for each n and k the family F is Tiirker equivalent.

% Let G be an 7— regular graph with 7 > 4 on p vertices. Then, the family

L*(G) x C, is Tiirker equivalent for each k.

* Let Hy = {L¥(G)/G is an r regular graph} and F;, = {splt(Hy)/ Hy € Hy}.

Then, for each k, the family F; is Tiirker equivalent.
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* Let H, = {D- [L*(G)] /G is 7 > 3 regular graph}. Then, for each k the fam-

ily Hy. is Tlrker equivalent.
In this chapter some operations on graphs and resulting Tiirker equivalent graphs
are also discussed.

Some of the results of this thesis are included in [54] to [59]. We conclude

the thesis with some suggestions for further study and a bibliography.
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e Presented a paper entitled ‘Some integral graphs’ in the poster session of the
International Conference in Discrete Mathematics held at IISc Bangalore

during 15 - 18 December 2006.
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Commun. Math. Comput. Chem., 55(2006), 83 - 90.[54]

e G. Indulal, A. Vijayakumar, Energies of some non-regular graphs, J. Math.
Chem., ( to appear). Available online at

www.springerlink.com/content [y52x2751582386qn3 [55]

e G.Indulal, A. Vijayakumar, Fquienergetic self-complementary graphs, Czechoslo-
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e G. Indulal, A. Vijayakumar, Tirker equivalent graphs, (Communicated).[58]

e G. Indulal, A. Vijayakumar, Reciprocal graphs, (Communicated).[59]



Chapter 2

Equienergetic graphs

In this chapter we construct

e Pair of equienergetic graphs for p = 6, 14, 18 and p > 20 .

e Pair of equienergetic self-complementary graphs for every p = 4k, k& > 2 and

p=24t+1, t>3.

e Pairs of equienergetic graphs using some other operations on graphs.

Some results of this chapter are included in the following papers.

e On a pair of equienergetic graphs, MATCH Commun. Math. Comput. Chem., 55(2006),
83 - 90.

e Energies of some non-regular graphs, J. Math. Chem., { to appear).

e Equienergetic self-complementary graphs, Czechoslovak Math. J.(to appear)

37
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2.1 New equienergetic graphs

38

Lemma 2.1. Let G be a graph with spec(G) = {A1, A2, ..., A,} and an adjacency

)\i - )\i 2/\1 0

matriz A. Then, spec(DG) = , spec(DoG) = yi=1top

1 1 1 p
and DG and D,G are equienergetic.

Proof. By Definition 17, the adjacency matrix of DG can be written as

0 A 01
A(DG) = = ®A.
A O 10
i =N
Then, by Lemma 1.13, spec(DG) = ,i= 1ltop.

1 1
Also by Definition 30, the adjacency matrix of D,G can be written as

A A 11
A A 11
2\ 0
Then, by Lemma 1.13, spec(D,G) = ,i= ltop
1 p
11 2 0
as spec =
11 11

Thus, by the definition of energy, DG and D,G are equienergetic.
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Theorem 2.1. Let G be a connected r— reqular graph on p vertices with

spec(G) = {r, Ag,..., A,}. Let Gi be the graph as in Definition S1.

mmswgzvﬁkmmwﬁu¢m~4.

Proof. Let A be an adjacency matrix of G and J be the all one matrix. Then, the

adjacency matrix of G; can be written as

A A Tk
A 0 0
Joxp 00

The characteristic equation of Gy is

M—A —A —Jp
—A M 0 |=0 (2.1)

Now, L.H.S of Equation (2.1) is

I
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| M —AX
—AXN NI — AN —kJ

= NN — AN = kJ — A%

Therefore the Equation (2.1) implies [A2 — A — kQ(\;) — A?] = 0, by Lemmas 1.6
and 1.7 .

r+4/5r2+4pk (1:t\/5

A O
2 2 ) i =2top.
1 1 k

and £(Gx) = V5 [5(0) +y/r2 + dpk — 7‘] . 0

We shall now discuss the problem of constructing pairs of equienergetic graphs

Thus, spec(Gy) =

on p vertices, by analyzing the various cases.

Theorem 2.2. There exists a pair of equienergetic graphs for p = 6,14,18 and

p > 20.

Proof.
Case 1. p= 6, 14, 18.
Consider G = C3,C7 and Cy respectively. Let G; = DG and Gy = DyG for

each G. Then, both G; and G, are connected graphs on 6, 14, and 18 vertices,
respectively and by Lemma 2.1, £{(G;) = £(G2) = 2E(G).

Case 2. p> 20

The following cubic graphs G; and G, on 10 vertices are equienergetic with

energy 11 + /17 [24].



CHAPTER 2. EQUIENERGETIC GRAPHS 41

Then, by Theorem 2.1, the graphs G, and G, obtained from these graphs are
equienergetic on 20 + k, k > 0 vertices with energy v/5 [8 + V17 + V9 + 8k] .

Hence the theorem. g

2.2 Equienergetic self-complementary graphs

In this section, we construct a pair of equienergetic self-complementary
graphs, for p = 4k, £k > 2 and p = 24t + 1, £t > 3. Let G be a graph. Then,

the following constructions [33] yield self-complementary graphs H;, i =1 to 4.

Construction 1. H) : Replace each of the end vertices of P, by a copy of G and
each of the internal vertices by a copy of G. Join the vertices of these graphs by all

possible edges whenever the corresponding vertices of Py are adjacent.

Construction 2. H, : Replace each of the end vertices of Py by a copy of G and
each of the internal vertices by a copy of G. Join the vertices of these graphs by all

possible edges whenever the corresponding vertices of P, are adjacent.

Construction 3. Hj3 : Replace each of the end vertices of the non-regular self-
complementary graph F on 5 vertices by a copy of G, each of the vertices of degree
3 by a copy of G and the vertez of degree 2 by K. Join the vertices of these graphs

by all possible edges whenever the corresponding vertices of F' are adjacent.
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Construction 4. H, : Consider the regular self-complementary graph Cs =
V1 0a03v4Usv;, the cycle on b vertices. Replace the vertices v1 and vs by a copy
of G, vy and vs by a copy of G and vs by K. Join the vertices of these graphs by

all possible edges whenever the corresponding vertices of Cs are adjacent.
Note: For all non-self-complementary graphs G, Constructions 1 and 2 yield non-
isomorphic graphs and for any graph G, H,(G) = Hy(G).

Theorem 2.3. Let G be an r— regular connected graph with spec(G) = {r, Az, ..., A}

and H, be the self-complementary graph obtained by Construction I. Then,

E(H) =2 [E(G)+£@) ~ (p—- 1] + /(2 - 1 +4{(p—r)* + )

+V1+4(p2+r1+712)

o =
= S
S N =)
BN O ©

Proof. The adjacency matrix of H; can be written as , so that

the characteristic equation of H is

M—-A —J 0 0
-J M-A -J 0
_ = 0.
0 -J M-4 -J
0 0 -J M-A
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That is
—-J M-A 0 —J
M—-A4 —J —J 0 )
~J 0 AM-A4 o |
0 —J 0 M-A

by a sequence of elementary transformations.

But, the last expression by virtue of Lemma 1.1 is

|72 — 4)? = [(AT = 4) (A = &) = 7’| =0 and 50

H {@OD (=202 = [A =2 (A= Q)+ 1+ 2) — QU } =0

by Lemmas 1.6 and 1.7. Now, corresponding to the eigenvalue r of GG, the eigen-

values of H, are given by

O [(A=m)(A—p+1+T) —p2]2 =0 by Lemmas 1.6 and 1.7.

That is [N+ A= (r2+r+p)] [N —(2p-1A-{(p—7)°+r}] =0.

—1i\/1+4(p2+r+r2)_2p—1i\/(2p—1)2+4{(p—r)2+7"}

A=
S0 2 ’ 2

P
The remaining eigenvalues of H; satisfy [][(A —A) (A+1+ M\)]> = 0. Hence,

=2
VA M e e C Vs Cantinas SV
spec{H,) = ? : 1 E
1 1 2 2

Now, the expression for £(H;) follows. O
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Theorem 2.4. Let G be an r— regular connected graph with spec(G) = {r, Ao, ..., A}

and H, be the self-complementary graph obtained by Construction 2. Then,

E(Hy) =2 [£(G) + E@) — (p— 1)) +/(2p — 1P +4{(p — > + 7}

+/1+4(p?+r+712)

A J 0O
J A J O
Proof. The adjacency matrix of H, can be written as . By a
o J A J
0 J A4

similar computation as in Theorem 2.3 in which A is replaced by A, we get the

characteristic polynomial of H; as

[1{(@0))7 (= Q0 + A+ 17 = [V =2 (A= Q0 + 14+ 2) — (@)},

i=1

by Lemmas 1.6, 1.1 and 1.7. Hence

/174 1y 212 +4{(p-1)?
2p— 1%/ 1+4(p2+7+72) V(@ ):{(P Y No—1— N

spec(H,) = 2 ,

1 1 2 2

t=2to p.

Thus, the theorem follows. O

Corollary 2.1.

1. IfG=K,, then, E(H))=E(H2) =2(p— 1) + /1 +4p2 + /8p> —4dp+1 .

2. If G = Kpp, then, p=2n and E(H,) = E(H,) = 2(2p—3)++/5p? — 2p+ 1+

Vope+2p+1.
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Theorem 2.5. For every p = 4k, k > 2, there ezists a pair of equienergetic

self-complementary graphs.

Proof. Let H; and H, be the self-complementary graphs obtained from K by
Constructions 1 and 2 respectively. Then, by Theorems 2.3 and 2.4, they are

equienergetic on p = 4k vertices. O

INlustration:

AR

Figure 2.1: _, Equienergetic self-complementary graphs on 8 vertices with energy

7+ V17.

Theorem 2.6. Let Hy be the self-complementary graph obtained from K, by Con-

struction 3. Then, E(H3) =2(p—1)++/4p? + 1+ /8p2 +4p+ 1 .

Proof. Let A be an adjacency matrix of K. T_hen, the adjacency matrix of Hj
A J 01 0 O
J A Jpya J 0
can be written as O1xp Jixp O  Jixp O
0 J s A J

0o 0 o0 J A
Now, after a sequence of elementary transformations applied to the rows and

columns and by Lemma 1.1, the characteristic equation of Hj is

1
A2p—1

l[{/\(/\l A =Ty M= A) = A = A+ DM - Z)Jﬂ - 0.
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Since G = K, is connected and regular, by Lemmas 1.6 and 1.7, the characteristic

equation of Hj is

AP+ P 2N +A-p) [P = (2p - 1A —p(p+2)] =0.

—1+4/4p%2+1  2p—1x+/8p?+4p+1 1 0
2 2 -

So, spec(Hz) = . Hence the
1 1 2p—2 2p—1

theorem.

Theorem 2.7. Let Hy be the self-complementary graph obtained from K, by Con-
struction 4. Then, E(Hy) =22p—-1)+V/Ap+1+ /82 —4p+1.

Proof. Let A be an adjacency matrix of K,. Then, the adjacency matrix of H,

can be written as

A J 0,1 O
J A Jpa O

J
0
O1xp Jixp O1x1 Jixp O
0 0 Jx1 A J

A

J 0 0 J

Now, after a sequence of elementary transformations applied to the rows and

columns and by Lemma 1.1, the characteristic equation of H, is

1 [ A=) I+ =102 [0 - ) 2+ (M - A)]

\2p-1 =90

AN - A) = T+ A - A

Since G = K, is connected and regular, by Lemmas 1.6 and 1.7 the characteristic

equation of Hy is

ACP=D (A1) 2 (A —2p) (A2 + A —p) (A2 + A — 2p° +p) =0.
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—1+ApF1  2p—134/8p2-dp+1 1 0
2

2p 5

Hence, spec(Hy) =
1 1 1 -2 2p—2

Now, the expression for £(Hy) follows.

Corollary 2.2. Let G be a connected r— reqular graph and H, be the

self-complementary graph obtained by Construction 4. Then,

EH)=2[E(G)+EGC)—(p—-1D]+V1+4(P +r+7r2)+T

where T is the sum of absolute values of roots of the cubic
B —-2p-D22 - [pPP-2p(r -~ 1) +r{(r+1D]z+2p(2p-r—-1)=0.
Lemma 2.2. There ezists a pair of non-cospectral cubic graphs on 2t vertices, for

every t > 3.

Proof. Let GG; and G5 be the non-cospectral cubic graphs on six vertices labelled

as {v;} and {u;}, j =1 to 6 respectively.

vy
V¢ \ 23
Gy
V3
Vs
V4

Figure 2.2: The graphs G; and Gs.

Now, replacing v; and u; in G; and G5 by a triangle each we get two cubic
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graphs ‘H; and H, on eight vertices containing one and two triangles respectively
as shown in Figure 2.3. Since the number of triangles in a graph is the negative
of half the coefficient of A»~3 in its characteristic polynomial [24], H; and H, are

non-cospectral.

A

Figure 2.3: The graphs ‘H; and H,

Replacing any vertex in the newly formed triangle in H; and H; by a triangle
we-get two cubic graphs on ten vertices which are non-cospectral. Repeating this
process (t — 3) times, we get two cubic graphs on 2¢ vertices containing one and

two triangles respectively. Hence they are non-cospectral. O

Theorem 2.8. For every p = 24t + 1, t > 3, there exists a pair of equienergetic

self-complementary graphs.

Proof. Let G, and G, be the two non-cospectral cubic graphs on 2t vertices given
by Lemma 2.2. Let F} and F; respectively denote their second iterated line graphs.
Then, F, and F, have 6t vertices each and 6—regular with £(F}) = E(F3) = 12t
and £(F}) = £(Fy) = 3(6t — 4) — 2 by Lemma 1.15. Let JF; and F; be the
self-complementary graphs obtained from F; and F; by Construction 4. Then,

F, and F, are on p = 24¢ + 1 vertices and by Corollary 2.2, £(F;) = E(F2) =
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2(24t ~ 13) + /169 + 144t2 + T where T is the sum of the absolute values of the
roots of the cubic 2% — (12¢t — 1)z — 6(6¢% — 10t + 7)x + 12¢(12t — 7) = 0. O

Equienergetic line graphs of self-complementary

graphs

We shall now construct a pair of non-regular equienergetic graphs on p(4p—1)

vertices, p > 4 which are line graphs of self-complementary graphs.

Theorem 2.9. Let G be an r—regular connected graph with spec(G) = {r, Ag, ..., Ap},
p > 3 and Hy be the self-complementary graph obtained from G by Construction
1. Then, E(L(Hy)) = 4p(4p — 5).

Proof. Let A be an adjacency matrix of G. Then, adjacency matrix A of G is given
by A = J — I — A where J is the all one matrix. By definition of H,, its adjacency

matrix and degree matrix can be written as

~
o

=R T N
SN
.
-

o

and
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(p+r)I 0 0 0
) 0 (Bp-r-1)I 0 0
D(H,) =
0 0 Bp—r—-1)1 ¢
0 0 0 (p+r)1 |

Now, H; has 4p vertices and p(4p — 1) edges. By Lemma 1.8 the characteristic
polynomial of L(H) is given by Ppg,) (A —2) = AP AT — A(Hy) — D(H,)|.

Now,

=H<

p
=1

M — A(H,) — D(Hy)

(

JPA—(p+7) =\

P =M (A= Bp—r—2) = T+ A’

\

by Lemmas 1.1 and 1.6 . So using Lemmas 1.7 and 1.8,

( 3p-1)ta 2p-3+p 3p—4—()\i+r)\
1 1 1
spec(L(H,)) = ,i=2top.
\ 1 p(4p — 5) )

where a = \/(210—27“—1)2-+-p2 and = /(p—2r — 1)* + p2.

Now, the two roots 3(p— 1) £ @ and 2p — 3+ 3 are positive for p > 3. Forr < p—1

the eigenvalues 3p —4 — (A\; + 1) and p — 2 + (\; + r) are positive as A\; +r > 0,

i=2,...

p(4p — 5). Thus, E[L(F)] = 4p(4p -

,p. Thus, the only negative eigenvalue of L(F) is —2 with multiplicity

O
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Corollary 2.3. Let G and G, be any two reqular connected graphs on p vertices,
p > 4 and Fy, F; be the non-regular self-complementary graphs obtained from them

by Construction 1. Then, E[L{F})] = E[L(F,)] = 4p(4p — 5).

2.3 Equienergetic graphs from some graph oper-

ations

In this section we first consider some graphs whose spectrum is contained in

[—2k, 2k] for some k and then, use it to construct non-regular equienergetic graphs.

Examples:

1. G and H are two graphs on 5 vertices whose spectrum is contained in [-4,4].

spec(G) = {~2, —1.1701,0, 0.6889, 2.4812} spec(H) = {-2,-1,0,0,3}

2. Let G be any 2k regular graph. Then, the spectrum of its vertex deleted
subgraphs lies in [—2k,2k]. This follows as a consequence of the interlacing

theorem {34].
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Theorem 2.10. Let G be an r— regular graph on p vertices with r 2 2(k + 1).

Then, for any graph F on n vertices whose spectrum is contained in [—2k,2k],

£ (LGN} x F| = s for(r - 2)1"

Proof. By Lemma 1.14 and 1.15 the only negative eigenvalue of {Lz(G)}‘c is —2k
with multiplicity [p rr 2)] forr > k+ 2.

Let F' be a graph whose spectrum is contained in [—2k, 2k]. Then, by Lemma 1.14,
for r 2 2(k + 1), the negative eigenvalues of [{L2(G)}’c X F] are —2k + p;, each
with multiplicity [p ula 2)] where p;,i =1 to n are the eigenvalues of F. Thus,

we get

a

Corollary 2.4. For any r— regular graph G on p vertices, r > 4, L*(G) x C,

and L%(G) x P, are equienergetic with energy 2pnr{r — 2).

Proof. Proof follows from the fact that the spectra of C,, and P, lies in [-2,2]. O
Corollary 2.5. For any r— regular graph G on p vertices, r > 4, L}(G) x C,, and
LY(G) x P, are equienergetic for t > 3.

Proof. Since LY(G) = L*(L*~%(G)), the claim follows from Corollary 2.4. a

Corollary 2.6. Let Fy and F; be non-isomorphic, non-regular graphs on n vertices
whose spectrum is contained in [—2k, 2k]. Then, {LQ(G)}’V x Fy and {L*(G)}* x F

are non-regular and equienergetic with energy sr=s [pr r— ] .
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Theorem 2.11. Let m and k be positive integers with m > 2k. Then, for any

graph G on p vertices whose spectrum is contained in [—k, k],

£ [{Km}’“ x G] — 2pk(m — 1)*.

Proof. From Lemma 1.14 and 1.11 it follows that the spec({K}*) is
km—k (k=1m—k (k—2)ym—-k m—k —k
1 kCi(m—1) kCy(m—1)? ... kCi(m -1 (m-1)*

Since the spectrum of G is contained in [—k, k], u; + k > 0 for every
i € spec(G). If m > 2k, then, by Lemma 1.14 the negative eigenvalues

of {Km}’C X G are —k + yu;, i =1 to p each with multiplicity (m — 1)*. Thus,

8[{Km}’°xG] =2x<m—1)kx;|—k+m[

= 2pk(m — 1)*

Corollary 2.7. E{K,}’ x Cp) = E{Kn}’ x P,) = dn(m — 1)2.

Corollary 2.8. Let Fy and F, be non-isomorphic, non-regular graphs on p vertices

whose spectrum is contained in [—k, k]. Then, for every m > 2k, {Km}k x F} and

{Km}’C x F, are non-regular equienergetic with energy 2pk(m — 1)%.

Equienergetic non-regular line graphs

In [77] the construction of equienergetic regular line graphs is described. In this

section we prove the existence of equienergetic non-regular line graphs.
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Theorem 2.12. Let G be an r—regular graph with spec(G) = {r, g, ..., Ap},
p>4 . Then, E(L[GVG]) = 2p(3p - 5).

Proof. Let A be an adjacency matrix of G. Then, by Lemma 1.3 A =J -1 - A
where J is the all one matrix.
Let F = GVG. Then, the adjacency matrix A(F) and degree matrix D(F) of F

can be written as

J ,
A(F) = 7| and D(F) =
J A 0, Cp—r—-1)1

Now, F' has 2p vertices and ﬁa%——l—) edges. By Lemma 1.8 the characteristic poly-

nomial of L(F) is given by Pyp) (A —2) = A% |\ — A(F) — D(F)|.
Now,

M — A(F) — D(F)

M—-(p+r)I+A) -Jp
—Jp M—-(2p—r—-2)I+J - A)

1

p

= [/\—(p+7‘+/\i)][/\-(2p—T—2+J—/\,;)]—pJ
=1

So using Lemmas 1.6 and 1.7,

2p—3+a p-2+M+7 2p—4—(N+r) =2
spec(L(F)) = s
1 1 1 p3p-5)

i=2to p, where a = \/p2+(p—2r—1)2.
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Since G is r—regular, A; +r < 2r < 2(p — 2) if G is not complete and
Mi+r = p—2if G is complete. Also, the eigenvalues 2p — 3 + « are always positive
. . . . e e . (3p—>5)
for p > 4. Thus, the only negative eigenvalue of L(F'} is —2 with multiplicity 22—,

Hence £(L[GVG]) =2 x 2 x M = 2p(3p — 5). a

Corollary 2.9. Let G, = C, and Gy = K,,. Then, E[L(C,VC,)| = E[L(K,VK,)].



Chapter 3

Spectrum and energies of some

graphs

In this chapter we obtain the following.

¢ The spectrum of some non-regular graphs and their complements.
v The energy of some non-regular graphs.

"¢ The energy of S(C,) and C,.

Some results of this chapter are included in
Energies of some non-regular graphs, J. Math. Chem., ( to appear).

56
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3.1 Spectrum of some non-regular graphs and

their complements.

Let G be a graph. Consider the following seven operations on G and denote

the resulting graphs by F;i =1,.....,7.

Operation 1. Introduce a copy of G on U = {u;} corresponding to the vertices
of G. Make u; adjacent to v; for eachi=1,2,...,p.

Operation 2. Introduce a set U = {u;} corresponding to the vertices of G. Make

u; adjacent to all the vertices in N[v;) for eachi=1,2,...,p.

Operation 3. Introduce a set U = {u;} corresponding to the vertices of G. Make

u; adjacent to all the vertices in N(v;) for each i =1,2,...,p.

Operation 4. Attach a pendant vertex to each vertex of G. The resulting graph is
called the pendant join graph of G. [Also referred to as G corona K, in [10].]

Operation 5. Take one copy of G on U = {u;} and a set W = {w;} of p isolated
vertices corresponding to the vertices of G. Make u; adjacent to v; for each i =

L,2,...,p. Make w; adjacent to both u; and v; for each i = 1,2,...,p.

Operation 6. Introduce a set U = {u;} corresponding to the vertices of G. Make

u; adjacent to all the vertices of G except v; for each 1.

Operation 7. Take a copy of G on U = {w;} corresponding to the vertices of G.

make u; adjacent to all the vertices in N[v;] for eachi=1,2,... p.
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Theorem 3.1. Let G be a connected r— regular with an adjacency matriz A and

spectrum {r, Ao, Az, -oevenn. ,Ap}. Let Fis be the graphs as described above. Then, the
spectrum of F; and its complement , 1 =1,2,...,7 are as follows.
i spec(F) spec(F;)
(p—l):l:\/(p—Qr—l)2+4. p—1)+a
1 2 ’ 2
_ TN 1+ /1+42— ) +1
1:|:\/1+4;(/\1+ ’+1);A,-7&r Vv 2[1 ];Aﬁér
rE\/r2+4{p—r—1)? 20p—1) —r £ /T2 +4(r +1)?
9 2 2
/\,-:t\/5/\?+8/\¢+4_/\ 4y —(2+ M) £ /5N + 8\ +4
s /N2 9
r+/r?+4(p —r)? 2(p—1) — r(1 £ V5)
3 2 2
+ 1E£vV3) N\ =2
! 2\/5/\1‘;/\1‘747" ( \/;) : SAFET

2(p—1)—r++/r2+4(p—1)2
A Xity/A3+4 2
2 —(/\@+2):t!{,\?+4
) . ) /\i 7é r

3(p=1)—r+/[3(p=1)—r[>+4r(p~1)

2
A—1
) =X
A1t/ (A+1)248 *
2 —(34 )£/ (3+ )% -4
2 A FET
r:t:fr2+4(p—1)2 2(p-1 —r+/7r2+4
6 2 2
Aity/A2+4 —(2420)2/A3+4
i A FET 5 A FET
p—1%4/(p—1)?+4(p—r—1)(p—2r—1) p—2r—1%4/(p=2r—1)2—dr(p—r—1)+4(r+1)?
2
7

2
—1/144(14+A;) (142X:) 14 /THA(L4H A (142))
3 SN FET

2

where o = \/(p— 1> +4[(p— 12— (p—r - U)r.

Proof. The Table 2 gives the adjacency matrices of the graphs F; and its comple-

ment under each of the Operation i fori =1,....7.



CHAPTER 3.

SPECTRUM AND ENERGIES OF SOME GRAPHS

Table 2
A(F) A(F;)
A A J—=1
A J—-1 A
A A A A+1
A 0, A+T J-1
A+ A A
A+I 0, J—1
AT A J-1I
I 0 J-=1 J-1
- - - -
A I T A J—-T J-1
I A I J =1 A J—=1
I I 0 J—1 J—-1 J-1
A J—-1 A I
J—I 0 I J-=1
A A A A+1T
A A A+I A

59

Now, the theorem follows from Table 3 which gives the characteristic polyno-

mials of F; and F, fori = 1,2,....7.
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Table 3

i P(F) P(F)

1 f[{[/\+1+/\i—J][/\—/\i]—1} ﬁ{[k—(J—l—/\i)][/\—/\,-]—(J—I)z}

A= =T=M)[A=(J-T1)]

2l fI-aa-(-1-A7 | 11
i=1 =1 | (N + 1)2
3| M-x == | - =1-MI A== D] -2
. BL02 a1 p | A2 {2(J—1) = A}A
i=1 i=1 X (J =1
p | A= (- > 2 _{3(J~1) -\
5| [ (A= (A —1)] B A A —{3(J=1)= A}
S x -+ 1A -2 = A (J 1)
6| HRO-M-G=01 | [ -U-T-2HA=J+1-1
A=2A) A= T +T+X) p | A= X)A=J+T+N)
7 ]'[ H
e O = -1+ )
where J = Q();) as given by Lemma 1.7. O

3.2 Energies of some non-regular graphs

Let G be a graph. We shall now consider the following six operations on G,
denote the resulting non-regular graphs by H,,: = §8,9,...,13 and obtain expres-

sions for the energies of these graphs in terms of the energy of G.

Operation 8. Let Gy be the duplication graph of G (Definition 17). Introduce k

isolated vertices and make each of them adjacent to all the vertices of G only.

Operation 9. Introduce two sets U = {u;} and W = {w;} corresponding to the
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vertices of G. Make u; adjacent to all the vertices in N{(v;) and w; adjacent to all

the vertices in N(v;) for eachi=1,2,...,p.

Operation 10. Introduce two sets U = {u;}, i = 1,2,...,p and W = {w,},j =

1,2,...,k. Make u; adjacent to all the vertices in N(v;) for each i and make every

verter of W adjacent to all the vertices of G.

Operation 11. Introduce two sets U = {u;} and W = {w;} corresponding to

the vertices of G. Make u; and w; adjacent to all the vertices in N(v;) for each

i=1,2....p.

Operation 12. Introduce two sets U = {u;} and W = {w;} corresponding to the
vertices of G. Make u; adjacent to all the vertices in N(v;) and w; adjacent to all

the vertices in N(v;) for each i = 1,2,...,p. Then, delete the edges of G only.

Operation 13. Introduce two sets U = {u;}, 1 = 1,2,...,p and W = {w;},j =

1,2,...,k. Make u; adjacent to all the vertices in N(v;) for each i and make every

vertez of W adjacent to all the vertices of G. Then, delete the edges of G only.

Theorem 3.2. Let G be a connected r— regular graph with an adjacency matriz
A and spectrum {r, Az, Az, cove.n. s Ap}. Let Hy, i = 8,9,...,13 be the non-regular

graphs described as above. Then,

E(Hs) =2 |E(G) =1 + /1 +pk]

E(Ho) =3(E(G) = 1)+ y/r2+4{(p —)* + 72}

E(Ha) = VBIE(G) — 1]+ \/r2 +4 (pk + {p — 7}?)

E(Hy) = 3[E(G) — 1] +/r2 +8(p— )’

S(H12)=2{ﬁ(s<c)— )+ r2+(p—r)2}
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Proof. For each of the operations, using Lemmas 1.1, 1.6 and 1.7, the character-

istic polynomial and the eigenvalues are given in Table 1.

Table 1
: A(H;) P(H;) spec(H;)
- 0p A Jpxk - A =0 k times
D
8 A 0 Opx AT = kJ = A7) =+
=1
| Jow Qe O — M5 A AT
[ A Z+]- A=0;p times
p [ AA=N)
9 , X bY: H _T T a
— =1 _(J_/\i)2—/\? 2
AT 0 0 =2\, N M #ET
A A+T Jou A =0; k times
pX
— P [>‘(>‘_’\i)_kJ] r+a
100 | A+I 0, Opi | | A]] = 2
= - /\i]2 . iZ\/g
kap kap Ok — 5 /\i; /\i 74 r
A+T A+1T A = 0; p times
p | AA—=N)
11 A 0, » NI _T T oy
_ =2 - n)? 2
+ Op Op =2\, AN #ET
[ 0 A Z—I-I- A = 0; p times
p | A= (J-N)
12 AP H = :i:a5
i=1 __/\2
_A+I 0 o0 | — VAN AT
0 A+1 Jpxk A =0; k times
- p | N —kJ
1B | A+41 0 0 AT — +ag
R OEDY
kap 0 0 = :t/\l ;/\i 74 r
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By Lemma 1.7, J = Q();). Also, in column 4, oy = /12 + pk,

=/2+4((p—1)2+72, a3 = /12 +4[pk+ (p—7)?], as = /T2 +8(p —1)2,
a5 = /r? + (p—1)? and o = /pk + {p — r)2. Hence, the theorem. O

3.3 Partial complement of the subdivision graph

In this section we obtain the spectrum of the partial complement of the

subdivision graph S(G) of a regular graph G and energy of S(C,).
Lemma 3.1. Let G be an 7— regular graph with an adjacency matriz A and inci-

dence matric R. Then, R = Jpy,— R, R = Jpp— BT and RR' = (q—2r)J +
(A+T).

Proof. By Definition 32, R = J,x, — R. Therefore

— =T
RR = (Jqu_R) (']qXP_RT)
=qJ—1rJ-1rJ+A+7r]

=(¢q—2r)J+(A+r)I, by Lemma 1.4

Hence the lemma. a

Lemma 3.2. Let G be a connected r—regular (p,q) graph. Then, S(G) is regular

if and only if G is a cycle.

Prbof. From Definition 33, we have the degree of vertices in S(G) corresponding
to the edges of G is p — 2 each and of those corresponding to the vertices of G is
q — 7 each. Since G is r— regular, ¢ = & and hence ¢ — r = p — 2 if and only if

r = 2. Thus, S(G) is regular if and only if G is a cycle. O
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Theorem 3.3. Let G be a connected r— regular (p,q) graph. Then,

typlg—2r)+2r =X +r 0

spec(S(G)) = ,i=2 top.
1 1 q—7p
— 0 R
Proof. The adjacency matrix of S(G) can be written as —r . Then, the
R 0
theorem follows from Lemmas 1.1 and 3.1. O
Theorem 3.4.

4
2(p—4+2c0t-2’1z;) ,p even

2 (p— 4 + 2cosec %) ,p odd

Proof. By Lemma 1.11 and Theorem 3.3 we have

— p—2 —(p—2) +2cosZ
spec (S (Cp)) = ' ) P l,j=1top-1.
1 1 1

We shall consider the following two cases.

Case 1. p= 0(mod 2) .

The cosine numbers 2cos’—;i are positive only for % J < %. Then, the positive
cosine numbers are 2 cos %, 2cos (% X 2) y eeeennnins , 2cos % X 123) .
LetC=2cos§+2(:os(’;fx2)+ .......... +2c03(%x§) and

—9qin - i in (T P
S-281np+251n(px2)+ .......... +251n(p><2)



CHAPTER 3. SPECTRUM AND ENERGIES OF SOME GRAPHS 65

so that

CH+iS=2y+2vy>+...... + 248

(1-7%)

=2
B 1— o

where v = cos% + isin% and i = /—1.
Now, equating real parts, we get C' = cot 7~ — 1. Since the spectrum of (5(Cyp)) is
symmetric with respect to zero, the energy contribution from the cosine numbers

is 2C. Thus,

£(5(Cy) =2x (p—2+2C)

:2(p—4+2cotlr—)
2p
Case 2. p = 1(mod 2).

When p is odd, the cosine numbers 2c03%j are positive for 7 < %1 Then, by

a similar argument as in Case 1, we get £(S(C,)) = 2 (p — 4+ 2cos eczlp). a
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3.4 Energy of @;

In this section we derive an analytic expression for the energy of C,.

Theorem 3.5.
(9 (20 V3cot T ) :p=0(mod 3
(3 + v/ 3co ;),p: (mod 3)
sin Z(1-1
. 2(2";8+2 an(% p)>;p5 1{mod 3)
E(Cy) =4

in X(1+1
2 (2”_10 + 2sin ‘(Hp)) ;p = 2(mod 3)

3 sin T
P

p—3 —(1+2cos2—:i)

Proof. We have spec(C,) = ,J=1top—1hby

1 1
Lemmas 1.11 and 1.12.

We shall consider the following cases.

Case 1. p = 0(mod 3).

o : : .2
Then, — (1 + 2cos —l) > 0if and only if £ < j < -:f

3 2 3 3 21j _ p+3
Let (1+2<:os%1) =B+ 3 2cos L =P +C and
i=% i=§
2p 2
3 . 3 .
S=3 ,‘Zsinz—’;l, so that C +iS = ) where'y=cos%Tr +isingb’-’.
=z i=5

Equating real parts, we get C' = —(1++/3 cotZ).
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The total sum of positive eigenvalues

=p—3+\/500t%+1— (’%3)

_2p-9
T3

+ \/ﬁcot :
p

Thus, £(C,) = 2 x [2%9 + v/3cot 2.

The other two cases p = 1(mod 3) and p = 2(mod 3) can be proved similarly . O



Chapter 4

Reciprocal graphs

In this chapter we obtain

e Some new classes of reciprocal graphs.

An upperbound for the energy of reciprocal graphs.

Pair of equienergetic reciprocal graphs for every p = 0(mod 12), p > 36 and

p = 0(mod 16), p > 48.

e The Wiener indices of some reciprocal graphs.

4.1 New reciprocal graphs

We consider the following operations on G.
Operation 1. Operation 4 as in Chapter 3.
Operation 2. The splitting graph of G( Definition 16).

68
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Operation 3. In addition to G introduce two sets of p isolated vertices U = {u;}
and W = {w,;} corresponding to V = {v;}, i = 1 to p. Make u; and w; adjacent
to all the vertices in N(v;) and then, make w; adjacent to all the vertices in U
corresponding to the vertices of N(v;) in G for each i = 1 to p. The resulting graph

is called the double splitting graph of G.

Operation 4. In addition to G introduce two more copies of G on U = {u;}
and W = {w,;} corresponding to V = {v;}, i = 1 to p. Make u; adjacent to all
the vertices in N(v;) and then, make w; adjacent to u; for each i =1 to p. The

resulting graph is called the composition graph of G.

Operation 5. In addition to G introduce two more copies of G on U = {u;} and
W = {w;} corresponding to V = {v;}, t = 1 to p. Make w; adjacent to all the
vertices in N{(v;) and the vertices in U corresponding to the vertices of N(v;) in G

for eachi =1 to p.

Lemma 4.1. Let G be a graph on p vertices with spec(G) = {A1,..., A} and H;

be the graph obtained from Operation i, i =1 to 5. Then,
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spec(Hs) = { ( + \/§> )\z}p

spec(Hy) = {/\,,/\ + /A2 +1

spec(Hs) = {/\z, (1 + \@) Ai}”

i=1

Proof. The proof follows from the Table 1 which gives the adjacency matrix of
H;s for i = 2 to 5 and its spectrum, obtained using Lemmas 1.1 and 1.13. The

spec(Hy) has been already mentioned in the proof of Theorem 3.1.

Table 1
Graph A(H;) spec(H;)
A A 11 P
#, M ea | (=)
A0 10 =
A A A 111

&
RS
Il
—
<
—

o4 | {—h (VDAY

A A 0 110
A A0
H, A A T {A,, /\':t\//\?+1}zf_
0 I A
A A 1 01
Hjy 0 AA|=|011]|04] {M(QEV2IN}
A A A 111

Note: H3; = Hj, when G is bipartite.
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Theorem 4.1. The pendant join graph of a graph G is reciprocal if and only if G

is bipartite.

Proof. Let G be a bipartite graph and H, its pendant join graph. Then, corre-
sponding to a non-zero eigenvalue A of G, — )\ is also an eigenvalue of G [24].

By Lemma 4.1, spec(H) = {32\ € spec(G)}. Let a = 22244 be an

eigenvalue of H. Then,

2
RV
2 -vPrd)
T OFVA ) (A= V24
2 (M- VAT+4)

—4

(=A) + /(=N +4

2

R I+

LEALEL "2’\*4 also.

is an eigenvalue of H as —A\ is an eigenvalue of G. Similarly for a =
The eigenvalues of H corresponding to the zero eigenvalues of G if any, are 1 and
—1 which are self reciprocal. Therefore H is a reciprocal graph.

The converse can be proved by retracing the argument. a

Note: This theorem enlarges the classes of reciprocal graphs mentioned in (85].
The claim in [85] that the pendant join graph of C,, is reciprocal for every n is not

correct as C, is not bipartite for odd n.
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Theorem 4.2. The splitting graph of G is reciprocal if and only if G is partially

rectprocal.

Proof. Let G be partially reciprocal and H be its splitting graph. Let a € spec(H).
Then, by Lemma 4.1, a = (%) A, A € spec(G). Without loss of generality,
take o = (%) A. Then, 1 = (1"/5) 5L, Thus, 1 € spec(H) as G is partially

' a 2 A

reciprocal and hence H is reciprocal.
Conversely assume that H is reciprocal. Then, by the structure of spec(H) as given

by Lemma 4.1, G is partially reciprocal. O

Theorem 4.3. Let G be a reciprocal graph. Then, the double splitting graph and

the composition graph of G are reciprocal if and only if G is bipartite.

Proof. Let G be a bipartite reciprocal graph. Then, A € spec(G) = —A, %, _71 €
spec(G). Let H and H’ respectively denote the double splitting graph and compo-
sition graph of G. Then, from Lemma 4.1 and Table 2 it follows that H and H’

are reciprocal.

Table 2
spec(H) Eﬁeclﬁj
{-x 1=V} | {-30=v2) 3}
spec(H') Specl( e
{/\,/\i VA2 ¥ 1} {%,—/\:i: (=A)? + 1}

The converse also follows. O
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INlustration: The following graphs are reciprocal when G = F.

Figure 4.1:

4.2 An upperbound for the energy of reciprocal

graphs

The following bounds on the energy of a graph are known.

L [71)y/2 + plp - 1) det AJ? < E(G) < v20q

, if G is bipartite.

w
=N
&
=
8
N\
< &
+
%
3
|
2
[\~
e
|
[0 o]
W%

In this section we derive a better upperbound for the energy of a reciprocal

graph and prove that the bound is best possible.
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Theorem 4.4. Let G be a (p,q) reciprocal graph. Then, £(G) < V;;(qum and

the bound s best possible for G = tKy and tP;.

Proof. Let G be a (p, q) reciprocal graph with spec(G) = {1, ..., A}
p p P P

Therefore > |\| = > ﬁ =fand ) M=) 3 =2
i=1 i=1'"" i=1 i=1

1

Now, we have [92]the following inequality for real sequences a;, b; and ¢;, 1 <i < n

1

W " o \NR s A\ R) A
Zaiciz:bici S % Zaibi + (Z af) (Z b?) ZC?
i=1 =1 i=1

Taking a; = |A:], b = |/\11| andg=1Ve=1,2,...,p,
we have [£(G)]* < 2 ([p+2¢]p and hence £(G) < Ve
When G =tK;, p=2t,q=1t, £(G) = 2t and when G =tP;, p =4t, ¢ = 3¢,

E(G) = 2tV/5. O

4.3 Equienergetic reciprocal graphs

In this section we prove the existence of a pair of equienergetic reciprocal graphs

on every p = 12n and p = 16n, n > 3.

Theorem 4.5. Let G be K,, n > 3 and F| be the graph obtained by applying
Operations 3, 1 and 2 on G and Iy, the graph obtained by applying Operations 5, 1
and 2 on G successively. Then, Fy and Fy are reciprocal and equienergetic on 12n
vertices.

n—1 -1

Proof. Let G = K,,. We have spec(K,) =
1 n-1

Let G5 be the graph obtained by applying Operation 3 on G.
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Then, by Lemma 4.1,
—(n=1) 1 (1£v2)(n-1) —(1£V2)

1 n—1 1 n—1
Now, let Gs; be the graph obtained by applying Operation 1 on (3. Then, by

spec(Gs) =

Lemma 4.1 spec(Gs) is

( n—1%4/(n-1)>14 145 adtvVarTi \
2 2 2
1 n—1 1

2 R G o (e S e ) ()

2

\ 1 n—1 n—1 )

where o = (1—}-\/5) (n—1)and § = (1—\/5)(71—1).
Then,

E(G31):\/(n—1)2+4+\/5(n—1)+\/{(l+\/§) (n—l)}2+4
+\/{(1—\/§) (n—l)}2+4+(n—1) \/(1+\/§)2+4+\/(1—\/§)2+4

=/ (n=12+4+V5(n—1)+(n—1)y/ 14 + 241

+\/6(n—1)2+8+2 (n—1"*+24(n-1)>+16

Now, let F} be the graph obtained by applying Operation 2 on Gj3,. Then, by
Lemma 4.1, £(F}) = V5£(Ga).

Let G5; be the graph obtained by applying Operations 5 and 1 on G successively
and F3 be that obtained by applying Operation 2 on G5;. Then, we have
E(F) = V5E(Gs1) = V5E(G3) = E(FL). Also, by Theorem 4.2, F; and F, are
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reciprocal. Thus, the theorem follows. O

Lemma 4.2. Let G be a non-bipartite graph on n vertices with spec(G) = {A1, ..., An}

and an adjacency matriz A. Then, the spectra of graphs whose adjacency matrices

are ) i )
A A A A 0 A A A
A A 0 A A0 A A

F'= and H = are
A 0 A A A A A A
A A A O A A A O

{/\i, -, (3i5/ﬁ) /\l}i=l and {—/\i, =i (%ﬁ) /\i}n respectively .

i=1
Theorem 4.6. Let G be K,, n > 3. Let T} and T, be the graphs obtained by
applying Operations 1 and 2 successively on graphs associated with F' and H’

respectively. Then, T) and T, are reciprocal and equienergetic on 16n vertices.

Proof. Let the graph associated with F” be also denoted by F” and Fj, the graph
obtained by applying Operation 1 on F'. Then, by a similar computation as in

Theorem 4.5,

S(Fl')=2\/(n—1)2+4+2\/5(n—1)+ (ﬁé@) (n—1)"+4

+ (Elﬁﬁg)m—1f+4

2

+(n—1) J(Ei§£§>+4+ (E:§Z§)+4

and £(T1) = V5E(F!) = V5E(H}) = £(T,), by Lemma 4.1. Also, by Theorem 4.2,

T, and T, are reciprocal. Hence the theorem. O
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4.4 Wiener index of some reciprocal graphs

In this section we derive the Wiener indices of some classes of reciprocal
graphs described in the earlier section. We shall denote by D(G) = D, the distance
matrix of G and t;, the sum of entries in the i** row of D. The following theorem

generalizes the results in [70].

Theorem 4.7. Let G be a graph with Wiener index W(G). Let H be the pendant
join graph of G. Then, W(H) =4W(G) +p(2p — 1).

P
Proof. We have, W(G) =1 t;.

i=1
Let V(G) = {v1, v2, ..., v} and U = {uy, uz,..., u,} be the corresponding

vertices used in the pendant join of G. Let d;; = d(v;, v;).

Then, the distance matrix of H is as follows.

-
0 di2 dip 1 1+ di2 1+dy
dy . .0 1+dy . .1
1 14+ dys 1+d1p 0 24+dp .. 2+d1p
1+ dy 2+ d, 0

since d(v;,u;) =1; ift =
:1+d13,27é] and

d(ui, ’U,j) = d(ui, ’Ui) + d,‘j + d('UJ', Uj) =2 + d,;j
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2t1 +p

) ) 2t, +p
The row sum matrix of H is

2t1+3p—2

2t,+3p—2

Then, W(H) = 5 Y @ti+p)+ > (2t +3p—2)
i=1 i=1

4W(G) + p(2p — 1). Hence the theorem.

The proof techniques of the following theorems are on similar lines.

Theorem 4.8. Let G be a triangle free (p,q) graph and H, its splitting graph.
Then, W(H) = 4W(G) + 2(p + ¢).

Corollary 4.1. Let G be a triangle free (p,q) graph and F', the splitting graph of
the pendant join graph of G. Then, W(F) = 2[8W(G) + 4p* + (p + q)].

Theorem 4.9. Let G be a triangle free (p,q) graph and H, its composition graph.
Then, W (H) = 9W(G) + 2p? + 4p.

Theorem 4.10. Let G be a triangle free (p,q) graph and H, its double splitting
graph. Then, W(H) = 9W(G) + 6p + 4q.



Chapter 5

Integral graphs

In this chapter we obtain

e New integral graphs.
‘o Pair of equienergetic integral graphs on every p = 0(mod 4) vertices.

e New integral split graphs.

5.1 New integral graphs

Let G be a graph on p vertices and H be a graph rooted at v.

Operation 1. Consider the graph obtained by identifying the roots in each of the

k copies of H. The resulting graph is denoted by HE.

‘Some results of this chapter are included in
Some new integral graphs, Applicable Analysis and Discrete Mathematics,(to appear)

79
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Operation 2. Consider the graph obtained by joining each of the roots in k copies
of H to all the vertices of G. This graph can be obtained by first forming the
complete product GV Ky and then, successively identifying the vertices in Ky one
by one with v in the k copies of H. This is denoted by k g H. If only, t of
the k wvertices are identified, then, the resulting graph is denoted by Ff. Then,
F =GVKy and Ff = kg H.

Figure 5.1: F2; G =K 5, H= K3 H} when H = K3

Theorem 5.1. P(H*) = [P (H —v)]* ' [kP(H) — (k — 1) AP (H —v)].

Proof. We shall prove the theorem by mathematical induction on k. The theorem

is trivially true when k¥ = 1. Assume that the result is true for ¢ < k.

Ry
. e
(t+ 1) copy oﬂﬁ

Figure 5.2:
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Now,

P(H)=P(H)[P(H—-v)]'+P(H—v)P(H;)— AP(H —v) [P(H—v)
= P(H)[P(H - v)|
+P(H-v)x (P(H-v))! " {tP(H) — (t - 1) AP (H - v)}]

= (P(H —v))'[(t+1) P(H) —tAP (H — v)]

by the induction hypothesis and Lemma 1.10.
Hence the theorem is true for £ + 1 and by mathematical induction the theorem

follows. 0

Theorem 5.2. Let G be an r— regular graph on p vertices and H be rooted at v.

Then, with the notations as described above

P(G)

Gt P EITHP (H) (A - 1) = plk = )} ~ tpAP (H - v)].

P(F) =

Proof. We shall prove the theorem by mathematical induction on t.

When ¢t = 0, F{ = GVK} and in this case P (F?) = (I;(_(';))/\k’l [AA —7) — pkl,
which is true from Lemma 1.9.
Now, assume that the theorem is true when ¢ = s < k. Now, by Lemma 1.10 and

by the induction hypothesis

P(Fy™) = P(F)P(H — v) + P(F{_)P(H) — AP(F{_,)P(H — v)

e e E U PIC
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PHY(ANA-r)—pk—1-—
+J:(G) NE=6) [ ()L (H){AA-1)—p(k—-1-9)} P (H)
(A=r) ~spAP (H — v)
AP (s - ) P e gy | PO mp k=191
(A=7) —spAP (H —v)
P(G) PH)Y{AMA-71)—p(k—(s+1))}

= GNP P
) —(s+ 1)pAP(H —v)
Thus, the theorem is true for ¢ = s + 1. Hence by mathematical induction the

theorem follows. O

Corollary 5.1.

P(k+ H) = P (E}) = J“—_G’) [P (H) [P (H) (A —r) — pkP (H — u)].

We shall now use these theorems to construct infinite families of new integral

graphs.

Construction 1. Let G = K4 — e rooted at v, where v is any of the two non-
adjacent vertices of G. Then, by Theorem 5.1, G¥ is integral if and only if 8k +9

is a perfect square.
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Tllustration:

Figure 5.3: G = K, — e, k = 5 with spectrum[—3, —1°,0, 24, 4]

Construction 2. Let G = K, , with any verter v in the n vertez set as a root.
Then, G* is integral if and only if both m(n — 1) and m(n — 1) + mk are perfect

squares.

Example: For m =t; n =t + 1 and k = 3¢, G* is integral.

Tllustration:

Figure 5.4: G = K, 3, k = 6 with spectrum [—4, —25,0'3,25 4],
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Construction 3. Let G be any r— regular integral graph of order p and H be
K, y2. Then, kxg H is integral if and only if the roots of (A—r—1)(A+1)—pk =0

are integers. That is if and only if (r + 2)2 + 4pk is a perfect square.

Illustration:

Figure 5.5: G=K;3, r=2, H=K,, k=4 G=Cy, 7r=2 H=K4, k=3

Some more integral graphs

We define the following operations on a graph G.

Operation 1. Corresponding to each edge of G introduce a vertex and make it
adjacent to the vertices incident with it. Now, introduce k isolated vertices and

make all of them adjacent to all the vertices of G.

Operation 2. Form the subdivision graph of G (Definition 15). Introduce k ver-

tices and make all of them adjacent to all the vertices of G.

Operation 3. Form the subdivision graph of G and add a pendant edge at each
vertex of G. Introduce k vertices and make all of them adjacent to all the vertices

of G.
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Operation 4. Take two copies of the t— subdivision graph S(G), of G (Definition
35) and join every vertex of G in one of the copies to all the vertices of G in the

other copy.

Theorem 5.3. Let G be a connected r— reqular (p,q) graph with an adjacency
matriz A, incidence matrizx R and spectrum {r, Aa, Az, .eo..... ,Ap}. Let F; be the

graph obtained from G by Operation i, t = 1 to 4. Then,

/ 0 rEA/T2+4(pk+2r) At/ AZH4(A+T)

spec(Fy) = 2 2
\ k+q—p 1 1
( 0 +/(pk +2r) £/ (Mi+7)
spec(Fy) =
\ k+q—p 1 1
0 £/(k+2r+1) £/(u+r+1)
spec(F3) =
k+q 1 1
0 pEy/p*+8rt  —pt+/p3+8ri + t()\ T T‘)
spec (Fy) = 2 2 ' ,i=2top
2(gt — p) 1 1 2

Proof. The proof follows from the Table 1 which gives the adjacency matrix and

characteristic polynomial of F;, i =1 to 4 using Lemmas 1.2, 1.4 and 1.7.
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Table 1
Graph A(F)) P(F,)
A R Jp
P
F RT 0 0 AFEPTT A2 — A — (kJ + A\ +7)]
i=1
kap 0 O J
0 R Jpxk
P
F, RT 0 o0 NPT (A2 — (KT + N\ + 7))
i=1

Jexp 00

0 R I Jy

RT 0 0 0 p
F3 MNFTETT (A2 — (BJ + A + 7+ 1)]

I 0 0 0 =1

| Jip 00 0|
AA—=J) —t(\ +
g XY e [A(A=J) = t(Ni +7)]
Yy X XV T) =t + 7))
0 Jixt @ R J, 0px
where X = P bt and Y = P pat O
Jix1 ® RT Ogt Ogtxp  Ogt

Examples:

1. G=K,,. Fiisintegralifandonly if n = ¢?, and k = 212 +{t—-1,l > t, t > 1.
2. G=K,,. Fyisintegral ifandonly if n = >, and k =2r%2 -1, t > 1, h> 1.

3. G=K,. F; is integral when p=t>+ 1, and k = (* + 1)R?2 £ 2th— 1, t >
1 h>1.
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4. G=K,,. Fyisintegral whenn=1>—1,and k = 2(£> - 1)h2 £ 2h -1, t >
1, h > 1.

5. G = K, ,. F3 is integral when t = 4n.
6. G = K,. F, is integral whent =p — 2.
Theorem 5.4. Let G be an integral graph with spectrum {Ay, Ag, ....... , Ap}. Then,

splt(G), is integral if and only if At + 1 is a perfect square.

Proof. By Definition 36, the adjacency matrix of splt(G); can be written as
A Jixt @A

thl & A Opt

so that its characteristic polynomial is

p VI ) 0
(t—1) 2 _ 2 !

AP IT A (A= X)) — tA?] and spec (splt(G),) = :

i=1

1 p(t—1)
i=1top by Lemmas 1.6 and 1.1. Therefore splt(G); is integral if and only if
4t + 1 is a perfect square. (|
INlustration:

Figure 5.6: splt(Cy4)2 with spectrum [—4, —2,0%,2, 4]
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5.2 Equienergetic integral graphs

In this section we prove the existence of a pair of equienergetic integral
graphs of same regularity on every p vertices, p = O(mod 4). Let G be a graph of

order p.

Operation 5. Take two copies of G on'V = {v1,va,...,v,} andU = {uy,ug, ..., u,}
corresponding to the vertices of G. Make u; adjacent to all the vertices in N|v;]

for eachi=1,2,...,p.

Operation 6. Take two copies of G onV = {vy,vq,..., v} and U = {uy, uy, ..., u,}
corresponding to the vertices of G. Make u; adjacent to all the vertices in N(v;)

inG foreachi=12,...,p.

Theorem 5.5. Let G, and G be the graphs obtained using Operations 5 and 6.

Then, Gy and G, are equiregular and equienergetic.

Proof. The graphs G; and G5 are p — 1 regular and of order 2p. The adjacency

| A A a4 |
matrices of G and Gy can be written as | and | respectively.
A A A A
Then, by Lemmas 1.1 and 1.6, we have
(p—l —(p—2r—-1) -1 2\+1
spec(Gy) = ( ) ’
\ 1 1 p—1 1
/ -1 (p—2r—-1) -1 —=(02\+1
spec(Ga) = P ( ) ( ) ,t=2top.
\ 1 1 p—1 1
Thus, Gy and (G, are equienergetic. O

Note: If G is self-complementary G; = G5,.
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Theorem 5.6. For every p = 0 (mod 4), there exists a pair of equienergetic

integral graphs.

Proof. Let G = CP(n). Then, by Lemma 1.11 and Theorem 5.5

2n—1 2n -3 -1 1 =3
spec(Gy) =
1 1 2n—1 n n-1

Mm—-1 —(2m-3) -1 3
spec{Gs) =
1 1 3n—1 n-1

Thus, G; and G, are integral graphs on 4n vertices with

E(G1) = E(G,) = 2(5n — 4). Hence the theorem. O

Ilustration:

Figure 5.7: Equienergetic integral graphs on 12 vertices with energy 22.

5.3 New integral split graphs

In this section some new integral split graphs are constructed.

We first observe that splt(Kj,); is an integral split graph if and only if 4t + 1 is a
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perfect square by Theorem 5.4.

Operation 7. Let G be a graph on {v1, vq, ..., v,}. Construct splt(G), (Definition
36). Then, introduce a set of k isolated vertices and make all of them adjacent to

the vertices of G only. The resulting graph is denoted by [splt(G), : k).

Illustration:

Figure 5.8: [splt(Cs)2 : 2]

Theorem 5.7. Let G be an r—regular integral graph. Then, fort =h?+th, h >0

and k = m[pm £ lr], | =4t + 1, m > 1, [splt(G), : k] is integral.

Proof. The adjacency matrix of [splt(G). : k] can be written as
{ A Jixt @A Jpxk

Jix1 ® A 0, 0 . Then,
I Jexp 0 O ]
ri/(at+1)r2+-dpk <1¢\/4Tﬁ> A\ 0
spec([splt(G); : k]) = 2 2 2 i =2top,
1 1 pt—1)+k
by Lemmas 1.6 ,1.7 and 1.1. Hence the theorem. O

Note: [splt(K)), : k] in an integral split graph.
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Ilustration:

Figure 5.9: [splt(K,)2 : 9] with spectrum [-6, —23,0%3, 13, 9]

Theorem 5.8. Let G be an r— regular graph. Then,

rVITErE MEV AT 4 (Ai+r) 0
2 2

spec (edsplt(G),) = ,i1=2top.

1 1 gt —p

Proof. By Definition 37, the adjacency matrix of edsplt(G); can be written as

A Jlxt & R
. Then, by Lemmas 1.6 and 1.1,the theorem follows. O

'thl ® RT Oqt

Note: The split graph edsplt(K,)p.1 is integral for each p.
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Illustration:

Figure 5.10: edsplt(K4)s with spectrum [—3%,014,23 6].

The following operation extends the operation of attaching t— pendant vertices

to each vertex of a regular graph G, defined in [107].

Operation 8. Let G be a graph on p vertices. Attach t pendant vertices at each
vertex of G. Then, introduce k isolated vertices and join each of them to all the

vertices of G only. The resulting graph is denoted by [G* : k).

Ilustration:

N
i

Figure 5.11: [C3 : 2]

Theorem 5.9. Let G be an r—regular graph with spec(G) = {r, Ao,
rE/r2+dt+dpk A/ AE+4t 0
Then, spec[G' : k] = 2 2 ,i=2top.
1 1 pt—1)+k
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Proof. The adjacency matrix of [G* : k] can be written as

A Jlxt & I Jnxk
Jix1 @1 Ot 0 |. Then, by Lemmas 1.1, 1.6 and 1.7 the theorem

L kan 0 Ok
follows. i a

Note: The split graph [K] : k] is integral split if and only if both 4¢ + 1 and
(p — 1)? + 4t + 4pk are perfect squares.
The following are some values of ¢t and k which gives infinite families of integral

split graphs.

ot =2 k= PU-DH243) , g
b 4 ) M

ot=p+p k=p+1, p>2

Ilustration:

Figure 5.12: [K? : 2| with spectrum [—2%,0%, 13 5]



Chapter 6

Turker equivalent graphs

In this chapter some families of Tlirker equivalent graphs are constructed.

6.1 Some classes of Tiirker equivalent graphs

It is known [45] that isomorphic graphs are Tiirker equivalent.

Theorem 6.1. Let G = {G/G is an r— regular graph, r > 3} and
Fi = {LF(G), k > 2/G € G}. Then, for each k the family Fy, is Tiirker equivalent.

Proof. Let G be an r— regular graph on p vertices, r > 3. Then, by Lemmas 1.15

94
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and Equation (1.2), for the family L*(G) we have the following.

2r —3 r—2\"
Y = pr(r — -
pr{r 1)\/ 5 4<r—1)
_2r—1) [2r—3 r—2\"
tana = 5r—9\/ ) _4(7‘—1>
_2r=1) [2r-3 r—2\?
tanﬂ_zﬂ—r—s\/ 2 4<r—1)'

Here tana and tang@ are independent of p , the number of vertices of G and

depends only on r, its regularity and hence o and 3 are the same for the family
L*(G). Since L*(G) = L*(H) for some regular graph H, this can be extended to
the family L*(G), for k > 3. O

Theorem 6.2. Let G be any graph. Let Dg = |JD*G where D*G is defined
k
iteratively by D°G = G and D*G = D(D*'G),k > 2. Then, Dg is a Tirker

equivalent family of graphs.

Proof. Let G be a (p, q) graph with energy £ and Tiirker angles «, 3 and 8. Then,
by [54], DG, the duplicate graph of G is a (2p, 2¢) graph with energy 2£.
Let o', 3’ and & be the Tiirker angles of DG. Then, from Equation (1.2) we have

the following,

\/2 x 2g x 2p — (2€)*

tana’ =
ano % + 26

V2pg — E2

= ——— 7 =tancuo
p+€&

\/2 x 2 x 2p — (2E)?

tan 3 =
2x2¢g+2€
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Thus, the theorem follows. O

Theorem 6.3. Let ;. = {Lk(G)/G s anr — regular graph, r > 3, k > 2} and
Hy = {splt(Fy) where Fy, € F;.}. Then, the family Hy is Tiirker equivalent for each
k.

Proof. Let G be a (p,g) graph and k& = 2. Then, by (84], splt(G) is a (2g, 3p) graph.
Then,

N = |V [splt {LZ(G)}” =2x |V [Lz(G)]l

=pr{r —1)

M =|E [splt {L}(G)}]| = 3 x |E{L*(®)}]
prir = 1)(2r - 3)

2
£ =E [splt {L}G)}] = VB x € {L*(G)},

=3 x

= 2v/5pr(r — 2) by Lemmas 1.15 and 4.1

Also, Y = v2MN — €2 = /3p?r3(r — 1)2(2r — 3) — 20p?r2(r — 2)2. Thus, the

Tirker angles are given as follows.

/3 —1)2(2r — 3) — 20(r — 2)?
TN+ ET (r—1)+2v5(r - 2) '
Y /3(r—1)2(2r —3) — 20(r — 2)?
C2M4E T 3r—-1)(2r—3)+2VB(r—2)

Since L*¥(G) = L?(H) for some regular graph H, the theorem follows. O
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Theorem 6.4. Let Ty, = { D2 (L¥(G)) /G is ant — regular graph, 7 > 3, k > 2}.

Then, the family Ty is Turker equivalent for each k.

Proof. Let G be a (p, q) graph and & = 2. Then, by [54], D2(G) is a (2p, 4q) graph.

Assume that G is 7 > 3 regular. Then,

N = |V [DA{L*(G)}]| =2x |V [LXHG)]| = pr(r — 1)
M = |E[D:{L(G)}]| = 4 x |E{L*(C)}]
= 2pr(r — 1)(2r — 3)
E=E D {L*G)}] =2x E{L*G)} by Lemmas 1.15 and 2.1

= 4pr(r - 2)

Also, Y = V2MN — &2 = 2pry/(r — 1)2(2r — 3) — 4(r — 2)2. Thus, the Tiirker

angles are as follows.

Y 2¢/(r —1)2(2r — 3) — 4(r — 2)2

e =N E = 5r—9
Y Vi(r—1)2(2r —3) — 4(r — 2)?
tan 8 = = .
2M + & 2[(r — 1)(2r = 3) + (r — 2)]
Since L¥(G) = L?(H) for some regular graph H, the theorem follows. O

The following theorems provide some more Tirker equivalent graphs, the proof

of which are on similar lines.

Theorem 6.5. Let G = {G/G is anr — regular graph} and
H ={H/H is anr' — regular graph } where r,v’ 2 4. Then, the family

L' (G) x L* (H) is Tirker equivalent for each t > 2 and s > 2.
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Theorem 6.6. Let G = {G/G is an r— regular graph, r > 4},
Fr ={L*G),k>2/Ge€Gtand Ry ={R=F,®F, /F) and F;, € F..}. Then,

Ry is Tiirker equivalent for each k.

Theorem 6.7. Let G be an r— regular graph , v > 3. The the family L*(G) ® K,

1s Tiirker equivalent for each n and each k > 2.

Theorem 6.8. Let G be an r— reqular graph, r > 4. Then, the family L*(G) x C,

1s Turker equivalent for eachn >3 and k > 2.

6.2 Tiurker equivalent graphs from some graph

operations

In this section we define some operations on a graph G with V(G) = {v1, va, ..., vp}.

Operation 1. Introduce two copies of G onU = {w;} and W = {w;} corresponding
to V = {v;}. Make u; and w; adjacent to all the vertices in N(v;) for eachi, i =1

to p . Then, remove the edges of G only.

Operation 2. Introduce two copies of G onU = {u;} and W = {w;} corresponding
to V = {v;}. Make u; adjacent to all the vertices in N(v;) and N(w;). Then, make
w; adjacent to all the vertices in N(v;) and N(u;) for each i, i = 1 to p. Then,

remove the edges of G only.
Operation 3. Operation 3 as in Chapter /.

Operation 4. Operation 5 as in Chapter 4.

The graph obtained from G using Operation ¢ is denoted by H;, i = 1,2,3 and
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Theorem 6.9. Let G be a graph on p vertices with spectrum {1, 5(23 ;.'.':.;...;? At and

H;,, 1=1,2,3 and 4 be the graphs obtained as above. Then,

1. £(Hy) = 4£(G) T
2. E(H,) = 2V3E(G) 51|7\I|D7

3. E(H3) = E(H,) = [2v2+ 1)E(G)

Proof. The table 1 gives the adjacency matrix,its tensor partition and the eigen-

values of H;, 1 =1, 2.

Table 1
Operation Adjacency Matrix Eigenvalues
0 A A 011
1 AAO|=]110|®A] {2\X-A}
I A.I I 101 |
0 A A 011
2 A A Al=]111]|®4]{(1+£V3)x,0}
LA A A ] ;1 1 1_J

Now, the theorem follows from column 3 of Table 1 and Lemma 4.1.

Note: Hz = H, when G is bipartite.
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Theorem 6.10. Let G be the collection of all r— reqular graphs, r > 3 and Fy =
{LYG),k > 2/G € G}. Let Frs = {Fu/Fr € Fr},i=1,2,3 and 4 as defined by
the above operations. Then, each family Fi;, 1 = 1,2,3,4 and k > 2 is Turker

equivalent.

Proof. Let G be an r— regular graph on p vertices, r > 3 and k = 2. Then, by
Lemma 1.15 and from the above operations we have the order,size and energy of

Fy; for i =1,2,3 and 4 as given in table 2.

Table 2
1 | Order of Fy; | Size of Fy; Energy of £
| Srle=ber=d) | gpn ) 8pr(r — 2)
9| Brr=Der=d) | gy 1) 4/3pr(r — 2)
g | r=Y0r=9) | TGl 9 (2v2 4+ 1) pr(r — 2)
|| me [apvaen)me-2)

Now, for each ¢, the Table 3 gives the three Tiirker angles.

Table 3
i tan o tan 0
2v/18r3-127r2+328r—-283 18r3—127r243287r—283
1
6r24r—23 2(7r—11)
2 21873 —127r2+328r—283 V18r3—127r24328r—283
6r2+7(8v3—15)—(16v/3—9) 4 (2+\/§)r—2(1+\/§)]
4613 —33r24+72r—57 261333724 72r—57
3
6r2+r(8v2-11)-(16v2~1)] r{4v2+9) - (8v2+11
4 4673 —33r2+72r—57 2v6r3—3372+72r =57
[6r2+r(8v2-11)-(16v2-1)] | [r(avZ+9)-(8v2+11)]

Now, from table 3 and since L*(G) = L?(H) for some regular graph H, the theorem
follows. a
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6.3 Conclusion and suggestions for further study

In this thesis we have attempted problems regarding construction of equiener-
getic pairs of graphs in different families of graphs, construction of graphs having
a specific pattern in their spectrum and identification of some Tiirker equivalent

graphs.

We propose the following problems for further study.

e Construction of equiregular equienergetic graphs and equienergetic

self-complementary graphs on p vertices for all values of p.

e Construction of equienergetic graphs and deriving energy bounds in some
other graph classes such as planar graphs, eulerian graphs, chordal graphs

etc.
o New constructions for equienergetic reciprocal and integral graphs.

e Study of the properties of the spectrum and the energy of graphs in rela-
tion to other graph parameters such as connectivity, independence number,

domination number etc.
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