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PREFACE 

This t.hesis is a l'epol't. of t.he invest.i~at.ions on 

4 
t.he dynamics of He films cal'l'ied out. by t.he aut.hol' undel' 

t.he ~uidance of Dl'. V.M. Nandakumal'an in t.he Depal't.ment. of 

Physics, Cochin Univel'sit.y of Science and Technolo~y, 

dU1'in~ t.he yeai' 1984-89. The wave pl'opa~at.ion on t.hin and 

sat.U1'at.ed films of supel'fluid 
4 
He undel' val'yin~ de~l'ees of 

nonlinE,'aI'it.y is st.udied. 

The l'apid development.s t.hat. have t.aken place in 

t.he field of nonlineal' dynamics pl'ovide deep insi~ht. int.o 

t.he pl'opel't.ies of many physical syst.ems. They have 

si~nificant.ly incl'eased t.he numbel' of exact.ly solvable 

physical pl'oblems and have made possible a clear 

undel'st.andi~ of cel't.ain ot.hel' nonlinear syst.ems, which do 

not. have an exact. solut.ion. Of all t.he ideas t.hat. 

l'evolut.ionised <nonlineal' dynamics', t.he concept. of 

solit.ons and t.heil' int.el'act.ions . have been playin~ 

incl'easi~ly impol't.ant. l'oles. 
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In superfluid ·He :films, small :finit-e amplit-ude 

localised densit-y :fluct-uat-ions can lead t-o t-he exist-ence 

o:f solit-ons made up o:f superfluid condensat-e. This arises 

essent-ially due t-o t-he balance bet-ween dispersion and t-he 

nonlineCU'it-y arisint; :from t-he Van del' Waals pot-enUal o:f 

t-he subst-rat-e. These nonlineCU' local densit-y :fluct-uat-ions 

may t-ravel unat-t-enuat-ed :for lart;e t-imes, and t-hey are 

t;overned by t-he Kort-ewet; de Vries (KdV) equat-ion when t-he 

propat;at-ion was con:fined t-o a sint;le direct-ion. 

In t-his t-hesis we st-udy t-he propat;at-ion and 

int-eract-ion o:f solit-ons on t-hin superfluid ·He :films. 

First- t-he st-udy is done on monolayer :films of ·He. Lat-er 

of t-hicker ( 10-6 

'" 
we t-ake up t-he case cm ) films, which is 

known t-o support- sout-CU'y waves o:f fluct-uat-ions in 

t.hickness. 

The t-hesis cont-ains six chapt-ers. An 

int-roduct-ion t-o t-he recent- development-s in t-he :fields o:f 

superfluid :films and soUt-on dynamics are t;iven briefly in 

t.he :first- chapt-er.· The :first- half of t-he chapt-er is 

devot-ed t-o a discussion of t-he propert.ies of helium :films 

and t.he propat;at.ion o:f linear waves on such films. The 

nonlineCU' Schrodint;er equat-ion represent.int; t-he dynamics 

o:f monolayer :films is also int-roduced. The lat-t-er half o:f 

t.he chapt-er discusses t-he propat;at.ion and int-eract-ion of 
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solit.ons on super:fluid :films, a:ft.er int.roducinr; t.he basic 

concept.s o:f solit.on dynamics. The st.abilit.y of" solit.ons 

in t.wo space dimension and t.he chaos caused by t.he 

collision of" soli t.ons are also examined. 

In 

propa~at.ion 

chapt.er 11 

o:f weakly 

we 

t.wo 

present. st.udies on t.he 

dimensional solit.ons on 

monolayer super:fluid :films under t.he lowest. order of" 

nonlinearit.y. The propert.ies of" t.he Kadomt.sev-Pet.vishvili 

(J(-P) solit.ons and also t.he phenomena of" soltt.on 

resonances are discussed Followin~ t.hese result.s we 

st.udy in t.his chapt.er t.he phenomenon of" "t.wo soli t.on 

resonance" of" t.he K-P equat.ion f"or t.he superf"luid densit.y 

:fluct.uat.ions and obt.ain t.he velocit.y of" t.he l'esonant. 

solit.on. 

The 

fluct.uat.ions 

dynami<;:s of" lar~e ampli t.ude local 

on a t.wo dimensional superf"luid 

densit.y 

film is 

considered in chapt.er Ill. The nonlinear Schrodin~er 

equat.ion represent.in~ t.he superf"luid densit.y f"luct.uat.ions 

is reduced t.o a dimensionless f"orm and solved numerically 

for various arbit.rary init.ial pro:files. It. is shown t.hat. 

t.he init.ial profile would split. int.o t.wo "quasi-solit.ons" 

t.ravellin~ in opposi t.e direct.ions, which have part.icle 

like st.abilit.y and keep t.heir shape unchan~ed durin~ 

int.eract.ions wit.h each ot.her. The "quasi-solit.ons" are 
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asymmet.ric in shape, unlike t.he KdV or K-P solit.ons. 

In chapt.er IV, t.he chaos induced by t.he collision 

of" larl1:e ampli t.ude one dimensional quasi soli t.ons on a 

very t.hin superf"luid HIm is st.udied numerically. Af"t.er 

def"ininl1: a suit.able phase space f"or t.he syst.em we have 

shown t.hat. t.wo init.ially close t.raject.ories in t.his phase 

space of" t.he syst.em separat.es exponent.ially in t.ime wit.h 

t.he collision of" t.he quasi-sol1t.ons. The inst.abilit.y at. 

t.he collision spot. propal1:at.es spat.ially. 

When t.he t.hickness of t.he superf"luid HIm is 

increased, t.he dynamics of" t.he syst.em is alt.ered. This is 

dealt. wit.h in chapt.er V. In t.his chapt.er we st.udy t.he 

dynamics of t.he t.hickness fluct.uat.ions on a sat.urat.ed t.wo 

• dimensional superf"luid He HIm and show t.hat. t.he equat.ion 

l1:overnin~ t.he syst.em is t.he K-P equat.ion wit.h ne~at.ive 

dispersion. It. is est.abl1shed t.hat. t.he phenomenon of" 

solit.on resonance could be observed in such f"ilms. Under 

t.he lowest. order of" nonlinearit.y, such resonances t.ake 

place only if" t.wo dimensional ef"fect.s are t.aken int.o 

account.. The amplit.ude and velocit.y of" t.he resonant. 

solit.ons are obt.ained explicit.ly. 

In t.he last. chapt.er we present. a summary of" t.he 
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invest.i~at.ions present.ed in t.he precedin~ chapt.ers. 

Import.ant. conclusions are hi~hli~ht.ed and scope Cor fut.ure 

invest.i~at.ions are indicat.ed. 

Chapt.er VI is Collowed by an appendix where all 

t.he numerical codes used in evaluat.in~ diCCerent. 

problems in t.he t.hesis are ~i yen. The pro~ramme Cor t.he 

t.hree dimensional plot. oC t.emporal development. oC 

soli t.ons is also discussed. 

Part. oC t.he invest.i~at.ions present.ed in t.he 

t.hesis has provided mat.erials Cor t.he Collowin~ 

publicat.ions. 

1. Solit.on Resonances in Helium CHms, Phys. Let.t.. 112A, 
No.3,4 (1985) 168. 

2. 

3. 

4. 
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(1989) 697. 
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(1990) 47. 
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.. 
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CHAPTER 1 

SUPERFLUIDITY AND NONLINEAR WAVES: 

AN INTRODUCTION 



SUPERFLUIDITY AND NONLINEAR WAVES AN INTRODUCTION 

" '-. 

Recent.ly, t.here has been an upsur~e of" renewed 

int.erest. in t.he st.udy of" super:fluid helium, especially in 

t.he dynamics o:f t.hin and t.hick super:fluid :films. This has 

been boost.ed up by t.he excit.in~ development.s in t.he :field 

o:f nonlinear dynamics. In t.his chapt.er we ~ive a brie:f 

int.roduct.ion t.o t.he basic concept.s o:f super:fluid :films and 

also t.o t.he dynamics o:f nonlinear waves. The phenomenon 

o:f t.hird sound, observed in super:fluid :films, is discussed 

t.horoUf;hly. The possible nonlinear waves t.hat. can exist. 

on such :films are examined in succeedint; sect.ions o:f t.his 

chapt.er. The propa~at.ion and int.eract.ion o:f solit.ary 

waves are st.udied in det.ail. Behaviour o:f t.hese solit.ons 

in t.wo space dimensions and also under varyin~ de~rees o:f 

nonlinearit.y are also discussed. 

The scheme o:f present.at.ion is as :follows. This 

brie:f chapt.er is di vided int.o eleven sect.ions. A 

discussion o:f t.he propert.ies o:f liquid helium in bulk is 

~i ven in t.he :first. sect.ion. The linear modes o:f wave 

prop~at.ion t.hat. can 

examined in sect.ion 2. 

t.hin super:fluid :films 

exist. on super:fluid :films are 

In sect.ion 3 t.he dynamics o:f very 

is considered. The pseudospin 

1 



model, which ~ave a t.heoI"et.ical basis t.o t.he 

phenomenolo~ical equat.ion of mot.ion of t.hin supeI"fluid 

films, is discussed in sect.ion 4. We discuss t.he basic 

concept.s of solit.ons in sect.ions 6 and 7, so as t.o be~in a 

st.udy of t.he nonlinear waves on supeI"fluid films. Sect.ion 

8 int.I"oduces t.he Reduct.i ve PeI"t.UI"bat.ion met.hod, which 

pI"ovides a syst.emat.ic pI"ocedUI"e foI" I"educi~ a civen 

nonlinear evolut.ion equat.ion int.o one which has soli t.on 

solut.ions. The pI"op~at.ion of solit.ons on supeI"fluid 

films is discussed in sect.ion 9. The 

Kadomt.sev-Pet.viashvili equat.ion and t.he behavioUI" of 

solit.ons in t.wo space dimensions are discussed in sect.ion 

10. Chaos induced by solit.on-solit.on int.eI"act.ion is 

st.udied in t.he last. sect.ion of t.his chapt.eI". 

1.1 SVlPlElRfFll..VOID 4IHe 

Most. of t.he di veI"se applicat.ion of supeI"fluid 

helium have been due it.s peculiar nat.UI"e, it. displays 

quant.wn effect.s on t.he macI"oscopic level and obeys 

hydI"odynamics on t.he miCI"oscopic level[~]. 

feat.UI"e in t.he hydrodynamics of supeI"fluid 4 He is it.s 

abilit.y t.o exhibit. new t.ypes of wave pI"op~at.ions, not. 

found in ot.heI" syst.ems. We shall exploI"e t.his and ot.heI" 

4 
feat.UI"es of supeI"fluid He in t.he pI"esent. and subsequent. 

sect.ions. BefoI"e coin~ int.o t.he det.ails of t.hese, we 
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shall f'irst. examine some f'undament.al propert.ies of' liquid 

4 He. 

Immediat.ely below t.he boilinc; point., 4He behaves 

like ordinary liquids wit.h small viscosit.y. However at. 

2.17 K, called t.he 'A-poinV, liquid 4He d un erc:oes a 

phase t.ransi t.ion. The A-point., charact.erized by an 

anomaly in t.he specif'ic heat., marks t.he t.ransi t.ion bet.ween 

t.wo dif'f'erent. f'orms oC 
4 He, known convent.ionally as He I 

above t.he A-point. and He 11 below it.. Under normal 

pressure, He 11 remains a liquid even iC t.he t.emperat.ure 

is lowered t.o absolut.e zero. The reluct.ance oC helium 

at.oms t.o condense st.ems Crom it.s low at.omic mass and t.he 

[2 ] 
ext.remely weak Corces bet.ween t.hem . 

He 11 has many remarkable propert.ies. The most. 

prominent. one beinc: i t.s Clow past. obst.acles wi t.h zero 

resist.ance. The persist.ent. current. experiment.s oC Reppy 

and 
[9 ] 

Depat.ie suc:c:est.s t.hat. t.he viscosit.y 

virt.ually zero f'or Clow t.hroUC;h a capillary. 

hand, experiment.s usinc: oscillat.inc: 

oC He 11 is 

On t.he ot.her 

vibrat.inc: 

wires[!5) and rot.at.ion viscomet.er[CS] shows t.he exist.ence oC 

a viscous dr~. These result.s show t.hat. HE 11 can be 

viscous and nonviscous at. t.he same t.ime. An expJ,anat.ion 

Cor t.hese apparent.ly cont.radict.inc: result.s was c:iven by 

Tisza[CS] and Landau(7) t.hrouc:h t.he phenomenological t.heory 

oC He 11 known as t.he 't.wo-Clufd modeP, in t.erms oC 
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which many hydrodynamical propert.ies of" He 11 can be 

explained. 

According t.o t.he t.wo-f"luid model, He 11 is t.o be 

considered as an int.imat.e mixt.ure of" t.wo liquids t.he 

normal f"luid and t.he superf"luid. The normal f"luid is 

like an ordinary liquid having viscosit.y. But. on t.he 

cont.rary, t.he superf"luid part. is capable of" moving wi t.hout. 

f"rict.ion. It. has zero-point. ener~y, moment.urn and ent.ropy. 

However, it. is t.o be not.ed t.hat. t.he t.wo fluids cannot. be 

separat.ed physically. That. is, one can say t.hat. He 11 is 

capable of" t.wo mot.ions at. t.he same t.ime, each of" which has 

it.s own local velocit.y and mass densit.y. If" and 

represent. t.he mass densit.ies of" t.he normal and superf"luid 

part.s respect.ively, t.hen t.he t.ot.al densit.y p of" He 11 is 

<1.1.1> 

and t.he t.ot.al current. densi t.y is 

J - <1.1.2> 

where v and v represent. t.he local veloci t.y correspondill(; 
n s 

t.o t.he normal and superf"luid part.s respect.ively. 

Because of" zero viscosit.y, t.he superf"luid part. 
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can flow t.hrough very narrow channels, called 

'superleaks', wit.hout. any resist.ance. If we choose t.he 

st.at.e at. absolut.e zero as a st.andard one for t.he purpose 

of underst.andi~ t.he dynamics of He 11 and if we assi~n 

zero ent.ropy t.o t.his st.at.e, t.hen we can say t.hat. t.he flow 

of t.he superfluid part. does not. carry any ent.ropy alo~ 

wit.h it.. The flow of a zero ent.ropy, zero viscosit.y 

fluid explains t.he very hi~h heat. conduct.ivit.y of He 11. 

Andronikashvili [8l demonst.rat.ed experiment.ally 

t.he validit.y of t.wo fluid model by measurin~ t.he period of 

oscillat.ions, and t.hereby t.he drag, of a pile of equally 

spaced plat.es suspended by a t.orsion fiber int.o He 11, 

maint.ained at. a desired t.emperat.ure. As t.he period of 

oscillat.ion would depend on t.he amount. of He 11 t.hat. would 

also oscillat.e wit.h t.he disks, his experiment.s ~ave a 

direct. met.hod of measuri~ variat.ion of P n Jp wit.h 

t.emperat.ure. It. was shown t.hat. He 11 is almost. ent.irely 

superfluid below 1K. 

This approach, where t.he t.wo fluids are t.reat.ed 

independent.ly, is very useful in developi~ t.he complet.e 

set. of hydrodynamic equat.ions of He 11 when t.he veloci t.ies 

are small. At. hi~her velocit.ies, t.he superfluid flow 

becomes dissipat.ive, t.he normal fluid exhibit.s t.urbulence, 

and t.here is t.he possibilit.y of int.eract.ion bet.ween t.he 
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t.wo. \!/hen such int.eract.ions are t.o be t.aken care of, t.he 

t.wo - fluid equat.ions become rat.her complicat.ed. 

The phase t.ransit.ion at. t.he ~-point. and t.he 

f ormat.ion of t.he superfluid phase can be clearly 

underst.ood from t.he point. of view of t.he Bose-Einst.ein 

condensat.ion. An ideal Bose gas at. t.he densit.y of liquid 

helium will undergo a sharp t.ransit.ion at. 3.2JC9 ], which 

is close t.o t.he ~ -point.. This suggest.s t.hat. 1,he ~ -point. 

marks t.he onset. of Bose-Einst.ein condensat.ion in liquid 

·He However, t.he specific heat. anomalies are quit.e 

different. for liquid helium and t.he ideal Bose gas. 

Liquid helium is obviously a syst.em in which t.he 

at.t.ract.ive forces bet.ween t.he at.oms play an essent.ial 

part.. Hence, it. is not. surprising t.hat. t.he ideal Bose cas 

model does not. give 1,he correct. value of 1,he ~-1,ransit.ion. 

The effect. of t.he int.era1,omic int.erac1,ions is t.o reduce 

t.he number of part.icles condensed int.o 1,he 10wes1, energy 

level and 1,0 alt.er 1,he na1,ure of 1,he exci1,ed levels of 1,he 

[2] 
syst.em . Thus, a1, absolut.e zero, alt.hough a fini1,e 

fract.ion of t.he part.icles st.ill occupy t.he lowest. level, 

some occupy slight.ly higher levels caused by t.he 

int.eract.ion. The experimen1,al evidence is t.hat. He 11 is a 

pure superfluid at. absolut.e zero. Hence, it. appears t.hat. 

t.he superfluid fract.ion comprises of bot.h 1,he condensat.e 

and t.he part.icles occupying 1,he levels caused by 
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int.eract.ion. 

At. all t.emperat.ures above absolut.e zero t.he 

t.hermally excit.ed levels of" t.he syst.em are occupied t.o 

some ext.ent.. These st.at.es do not. correspond t.o 

si~le-part.icle st.at.es. They are element.ary excit.at.ions 

of" t.he whole syst.em, which in t.he lowest. order could be 

t.reat.ed as non-int.eract.ing quasi-part.icles. We can 

ident.if"y t.he normal f"luid part. wit.h t.hese t.hermal 

exci t.at.ions. 

He 11 can be described by a condensat.e wave 

f"unct.ion. This is a complex quant.it.y, which gives t.he 

superf"luid densit.y when t.he absolut.e value of" it.s square 

is t.aken. Under st.eady st.at.e condi t.ions, if" we can wri t.e 

t.he condensat.e wave f"unct.ion VI in t.he f"orm 

m ( r~ ) [r~ ) ] T - VI 0 exp i S ( (1.1.3) 

Then t.he condensat.e moment.urn P can be obt.ained by 

operat.i~ t.he moment.urn operat.or on VI. Thus 

Also, if" t.he superf"luid velocit.y is" , we can writ.e 
s 

7 
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... 
p 

... 
- m v • s 

Equat.ions <1.1.5) and <1.1.4) c;ives 

... 
v -s 

fl 
m • 

~ S 

On t.akinc; t.he curl, we c;et. t.he r-elat.ion, 

curl; - 0 
la 

<1.1.5) 

<1.1.6) 

<1.1.7) 

which has immense use in developinc; t.he hyd:r-odyn8.mic 

r-elat.ions. 

He 11, like ot.her- fluids, admit.s t.he pr-opac;at.ion 

of" sound waves. Her-e, t.he nor-mal and super-f"luid pa:r-t.s 

vibr-at.e t.oc;et.her- t.o pr-oduce t.he or-dina:r-y lonc;it.udinal 

pr-essure waves involvinc; f"luct.uat.ions in t.he t.ot.al densit.y 

at. const.ant. t.emper-at.ure. This is called ~f"ir-st. sound'. 

If" t.he nor-mal and super-fluid pa:r-t.s vibr-at.e out. of" phase 

t.hen we c;et. what. is called t.he second sound. In t.his 

mode, t.he t.ot.al densit.y r-emains unif"or-m t.h:r-o~hout. t.he 

liquid. However-, t.he local value of" t.he r-at.io p /p., and 
s 

consequent.ly t.he t.emper-at.ur-e, under-c;o oscillat.ions. 

Fir-st. sound can be c;ener-at.ed by any oscillat.inc: 

mat.er-ial body immer-sed in t.he He 11 bat.h. On t.he ot.her-
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hand, a heat. SOU1'ce wit.h it.s t.emperat.U1'e undercoinc; 

oscillat.ions can ~enerat.e second sound. Waves of second 

sound are propa~at.ed wit.h almost. zero at. t.enuat.ion, 

provided t.hat. t.he rat.e of heat. supply is not. t.oo lar~e and 

t.he frequency is not. t.oo hi~h. 

1.2 lHHOIRID S4)V[NID 

In t.he early days of superfluid research it. was 

found t.hat. when t.wo vessels were arran~ed one inside t.he 

ot.her and were filled wit.h He 11 at. t.wo different. levels, 

some myst.erious process led t.o a quick equalizat.ion of 

levels[101. It. was Daunt. and 
[lU 

Mendelssohn , who showed 

t.hat. t.he equalizat.ion t.ook place by a flow of t.he 

superfluid t.hro~h an adsorbed film of He 11 bri~i~ t.he 

t.wo vessels. 

The format.ion of t.he film could be discussed in 

t.erms of t.he forces of at.t.ract.ion bet.ween t.he helium at.oms 

and t.he wall. Any solid body in cont.act. wi t.h t.he vapour 

of a subst.ance has an adsorbed film on it. due t.o t.he short. 

ran~ed Van del' Waals force of at.t.ract.ion t.hat. exist.s 

bet.ween t.he molecules of t.he solid body and t.he subst.ance. 

The Van del' Waals pot.ent.ial t.hat. exist.s bet.ween a .helium 

at.om and an at.om of t.he wall can be expressed as 

- me. 
9 
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where m is mass of" helium at.om and et is a const.ant. 

depending on t.he st.rengt.h of" int.erat.omic f"orces. It. is 

t.he cont.ribut.ion due t.o t.his t.erm in t.he equat.ion of" 

mot.ion, t.hat. provides many int.erest.ing nonl1near ef"f"ect.s 

t.o t.he dynamics of" t.he superf"luid f"ilms. 

The t.hick f"ilm st.udied in t.his t.ype of" experiment. 

has been called t.he ~sat.urat.ed f"iIm', because it. exist.s in 

equilibrium wit.h it.s sat.urat.ed 
[12] 

vapour Adsorpt.ion on 

a surf"ace in cont.act. wit.h any liquid or it.s sat.urat.ed 

vapour is very common, but. He 11 f"1lms are unusually 

t.hick. Opt.ical measurement.s have 
[19] 

revealed t.hat. t.he 

sat.urat.ed f"1lms of" He 11 would have a t.hickness of" t.he 

order of" a f"ew hundred X. It. is also possible t.o st.udy a 

dif"f"erent. case, where t.he f"1Im is in equilibrium wit.h gas 

at. a pressure less t.han t.he vapour pressure. In bot.h t.he 

cases, t.he f"1Im t.hickness is small enough t.o prevent. t.he 

f"low of" t.he normal f"luid, wit.h t.he result. t.hat. t.he f"1Im 

act.s as a kind of" superleak. 

For sat.urat.ed f"1lms, wit.h which we are primarily 

concerned in t.his sect.ion~ t.he t.wo f"luid hydrodynamics of" 

Landau could be employed t.o st.udy t.he dynamics .in t.he 

linear regime. A considerable amount. of" simplif"icat.ion 

occurs t.o t.hese equat.ions due t.o t.he f"act. t.hat. t.he normal 

component. of" He 11 is pract.ically immobile in such a f"iIm. 
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The pI"oblem is essent.ially similaI" t.o t.hat. of" capillary 

waves OCCUI"I"ing on a f"luid sUI"f"ace, but. wit.h t.he except.ion 

t.hat. t.he f"luid t.hickness is small. Since only t.he 

supeI"f"luid PaI"t. can f"low, t.he I"esult.ing wave is dif"f"eI"ent. 

f"I"om t.he usual capil.laI"y waves. The wave would be a 

composit.e one of" t.he supeI"f"luid t.hickness and an 

associat.ed t.empeI"at.UI"e v aI"iat.ion. The t.empeI"at.UI"e 

vaI"iat.ion OCCUI"S due t.o t.he f"act. t.hat. t.he supeI"f"luid PaI"t. 

does not. CaI"I"y any ent.I"opy along wit.h it.. Such a wave, 

known as t.he ~t.hiI"d sound', was f"iI"st. ceneI"at.ed and 

det.ect.ed using a chopped inf"I"aI"ed beam and a polaI"imet.eI" 

al[14] 
by EveI"it.t. et. The most. accUI"at.e measUI"ement.s of" 

t.hese waves, which aI"e similaI" t.o shallow wat.eI" waves in 

nat.UI"e, aI"e made t.hI"oUCh t.he use of" t.hin aluminium f"Ums 

evapoI"at.ed ont.o t.he subst.I"at.e. By imposing an ext.eI"naI 

macnet.ic f"ield and biasing cUI"I"ent.s t.hese st.I"ips could be 

opeI"at.ed neaI" t.heiI" superconduct.ing t.I"ansit.ion. Thus a 

small change in t.empeI"at.UI"e leads t.o a huCe change in 

I"esist.ance. In t.his way t.hiI"d sound is det.ect.ed t.hI"oUCh 

it.s associat.ed t.empeI"at.UI"e vaI"iat.ions. 

The lineaI"ised veI"sion of" t.he 

hydI"odynanrlcs gives t.he velocit.y of" t.hiI"d sound u 
3 

z 
U 

3 
• 

8 Cl (d) 
v 

8 d 

11 

t.wo-f"luid 

[15] 
as 

(1.2.2) 



whel'e T is t.he t.empel'at.UI'e, d is t.he equilibl'ium t.hickness 

of" helium f"ilm, L is t.he lat.ent. heat. pel' gl'am, 0 is t.he 
v .. 

pot.ent.ial due t.o Van del' Waals at.t.ract.ion and Pe is t.he 

equilibl'ium supel'f'"luid densit.y. 

The expel'iment.ally det.el'mined values of" t.he t.hil'd 

sound f"or very t.hin f"ilms dif"f"ers much f"l'om t.hat. given 

above. This disagreement. is primarily due t.o t.he f"act. 

t.hat. in t.he derivat.ion of" equat.ion <1.2.2>, Van del' Waals 

f"orce of" at.t.ract.ion was not. given due 
[~CSl 

considel'at.ion . 

In such f"ilms Van del' Waals f"orce causes pressUl'e which is 

more t.han suf"f"icient. f"or t.he solidif"icat.ion of" t.he helium 

at.oms close t.o t.he 
[~!5] 

subst.rat.e . Thus t.he f"ilm is 

separat.ed f"rom t.he subst.rat.e by a solid layer, one or t.wo 

at.omic layers t.hick. 

The second reason f"01' t.he dif"f"el'ence in t.he 

t.heol'et.ical and experiment.al values of" t.he t.hil'd sound 

could be quali t.at.i vely underst.ood as f"ollows. The 

superf'"luid wave f"unct.ion must. vanish at. a boundary. Hence 

P" 0 smoot.hly as t.he boundary wall is approached. A 
e 

sudden change in at. t.he wall is f"ol'bidden, since it. 

would violat.e t.he requil'ement. t.hat. lp should be single 

valued everywhere. At. a f"ree sUl'f"ace t.he amplit.ude, of" t.he 

wave f"unct.ion should also t.end t.o zero. The dist.ance over 

which P f"alls t.o zel'o f"l'om it.s bulk value is called t.he 
e 

~ealing lengt.h' Though t.he value of" t.he healing lengt.h 
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is ver-y small, of" t.he or-der- of" at.omic spacing, it. plays a 

cr-ucial r-ole in t.he dynamics of" ver-y t.hin f"Ums. 

A r-ecalculat.ion of" t.he t.hir-d sound velocit.y, 

af"t.er- incor-por-at.ing t.he above modif"icat.ions , would 

[ FCD) D + ] t.anh(kD) 
kD 

(1.2.3) 

wher-e k is t.he wave vect.or-, D is t.he f"Um t.hickness, F(D) 

is t.he Van der- Waals f"or-ce and (3 is t.he sur-f"ace t.ension. 

In equat.ion <1.2.3), t.he f"ir-st. t.er-m dominat.es f"or- kd « 1 

The second t.er-m, which is pr-opor-t.ional t.o (3, dominat.es 

f"or- kd » 1. In t.he second case, t.he sur-f"ace wave goes 

over- t.o t.he bulk sur-f"ace wave, and t.he element.ar-y 

[18l 
excit.at.ions ar-e called r-ipplons . 

The t.hir-d-sound is pr-esent. only in t.he linear-

appr-oximat.ion - t.hat. is when only small amplit.ude waves 

ar-e pl'opagat.ing on t.he helium f"Um. When compar-at.ively 

amplit.ude dist.ur-bances occur- on t.he f"Um, t.he 

nonline ar-i t.ies come int.o play. Many int.er-est.ing 

pr-oper-t.ies ar-e seen when t.hese nonlinear-i t.ies ar-e t.aken 

int.o consider-at.ion. For- example, in t.he lowest. or-der- of" 

nonlinear-it.y, t.he f"ilm suppor-t.s localized t.r-avelling waves 

which have par-t.icle like st.abilit.y[19l and keeps t.heil' 

13 



shape even aft.er collision wi t.h ot.her such waves. In t.his 

t.hesis we are primarily int.erest.ed in such nonlinear waves 

on helium films. 

We have seen t.hat. t.he t.hickness of t.he films 

considered in t.his sect.ion is t.ypically of t.he order of a 

few hundred X. There would be a radical change in t.he 

dynamics of t.he film if t.he t.hickness is reduced t.o t.he 

order of a few at.omic layers. Such films have recent.ly 

been st.udied 
[17] 

experiment.ally and will be dealt. wit.h in 

det.ail in t.he next. sect.ion. 

1.3 \Y1E1R'{l lHHDIN IFDD....D1S 

Experiment.s on t.hird-sound cave valuable 

imormat.ion on t.he propert.ies of helium 

Scholt.z et. made measurement.s of t.hird-sound 

velocit.ies Cor film coveraces down t.o 2.1 at.omic layer 

t.hickness and at. t.emperat.ures as low as O.1K. Their 

measurement.s were int.erpret.ed wit.hin t.he frame work oC t.he 

GinzburC Pi t.aevskii (G.P) .h [21] ... eory These 

measurement.s were made for t.hick superfluid films. For 

very t.hin films t.he G.P. t.heory~ which predict.s a 

t.emperat.ure dependant. healinc lenct.h~ would fail. This is 

because for a monolayer film t.he concept. of healinc lenct.h 

is not. applicable. For such very t.hin films~ even t.he 
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concept. oC CUm t.hickness is not. an exact. one. As t.he 

superf"luid surCace densit.y Calls below a monolayer t.he 

t.hickness clearly Cails t.o describe t.he coverat;e. 

Third-sound excit.at.ions have been invest.igat.ed 

wit.h great. accuracy in monolayer nlms by Rut.ledge et. 

They Cound posit.ive dispersion Cor t.he surCace 

modes. The dispersion relat.ion and t.he t.emperat.ure 

dependence oC t.hese modes were t.hen derived in t.he linear 

regime using a t.wo dimensional quant.wn hydrodynamics Cor 

t.he superf"luid condensat.e. This is essent.ially 

ext.ension oC t.he Landau's superf"luid 
[7) 

hydrodynamics , 

proper approach when dealing wit.h such t.hin 

an 

t.he 

and 

inhomogeneous nlms. The essence oC t.his phenomenological 

t.heory, which aims in arriving at. an equat.ion oC mot.ion 

Cor t.he macroscopic f"luid Clow, would be elaborat.ed in 

t.his sect.ion. 

The macroscopic variables used in t.he discussion 

oC t.he usual t.hick superf"luid nlms are superf"luid densit.y 

and velocit.y as well as t.he t.hickness. Dut., Cor very t.hin 

nlms, we have seen t.hat. t.he t.hickness Cails t.o. describe 

t.he surCace coverage oC superCluid at.oms. Hence, Cor such 

nlms, t.he only macroscopic variables deCinable are t.he 

.. 
superCluid surCace densit.y p(x), deCined in at.oms per unit. 

area, and 
.. 

t.he t.angenUal superf"luid velocit.y v (x) 
s 

Not.e 

t.hat. x is a t.wo dimensional vect.or describing t.he posit.ion 
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on t.he surface. Hel'e we assume t.hat. a condensat.e wave 

funct.ion exist.s. and wl'it.e down a phenomenological 

equat.ion of mot.ion 1'01' t.he macl'oscopic supel'fluid flow 

using surface quant.it.ies . 

.. 
Let. VI(X) be a complex ol'del' paJ'amet.el', which is 

Pl'opol't.ional t.o t.he condensat.e wave funct.ion. So at. 

absolut.e zel'O of t.empel'at.ure we can wl'i t.e 

P~x) - 1 VI ( x ) 12 (1.3.1) 

The enel'gy of t.his quant.um st.at.e consist.s of" f"our 

cont.l'ibut.ions . One kinet.ic t.el'm and t.hree pot.ent.ial 

H 
vw 

(1.3.3)-(1.3.5). 

film is 

H 
CP 

The 

and H 
SE 

kinet.ic 

, defined by equat.ions 

of t.he supel'fluid 

(1.3.2) 

whel'e m is t.he baJ'e 4 He mass. The int.egl'al is t.aken ovel' 

t.he physical surf"ace aJ'eas. The Van del' \r/aals binding of 

t.he film t.o t.he subst.l'at.e would be of t.he fOl'm 

H -vw 
A 

2 
2 (a+p) 

s 

<1.3.3) 

whel'e a and A aJ'e const.ant.s. The chemical pot.ent.ial t.el'm. 
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2 
which cont:rols the equUib:rium value of" I V' I ' is 

(1.3.4) 

The thi:rd te:rm cont:ributing to the potential ene:rgy is one 

simila:r to the su:rf"ace ene:rgy, which is w:ritten in the 

f"o:rm 

H 
SE 

I 

2 
, (1.3.5) 

whe:re B if" some f"unction of" the su:rf"ace density. In the 

limit of" bulk helium, ~­
o 

2 B(oo)p 
o 

would :rep:resent 

su:rf"ace tension, whe:re p is the bulk supe:rf"luid density. 
o 

the 

The total ene:rgy is the sum of" the above fou:r 

te:rms. As V' is a wave f"unction, the natu:ral equation of" 

motion f"o:r the condensate wave function would be the 

nonlinea:r Sch:rodinge:r equation, 

ih 
.. 

lIyI (x,t) 
bt. 

6H (1.3.6) -
whe:re the va:riational de:rivative is taken t:reating V' and 

• V' as independent quantities. Thus 

-
....... (1.3.7) 
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where B is t.reat.ed as a const.ant.. 

If we search for a solut.ion of t.he form 

, 

we would get. t.he t.wo dimensional cont.inui t.y equat.ion 

iJp 
B 

at. + 9 . J - 0 
B 

<1.3.8) 

current. densit.y. This expression is a consequence of t.he 

fact. t.hat. we have not. included any dissipat.ive processes. 

During t.he act.ual experiment.al sit.uat.ion, one has t.o give 

an init.ial localized excit.at.ion t.o t.he t.wo dimensional 

syst.em t.o observe t.he dynamics. Aft.er t.his is done, 

equat.ion <1.3.8) would be valid. 

Rut.ledge et. al[t.7] evaluat.ed t.he solut.ions of t.he 

linearised version of <1.3.7) and obt.ained t.he dispersion 

relat.ion. They were also able t.o calculat.e t.he 

t.hird-sound velocit.y as 
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1 .202 TB 
2 .. 

2nmh C p 
o 1 

....... <1.3.9) 

where C is t.he velocit.y at. absolut.e zero t.emperat.ure. 

Equat.ion <1.3.7) would display many int.erest.ing 

phenomena when t.erms of different. degrees of nonlinearit.y 

are ret.ained. These would be dealt. wit.h in det.ail in 

lat.er chapt.ers. 

Though Rut.ledge et. derived equat.ion 

(1.3.7) in a phenomenological manner, t.hey were able t.o 

describe sat.isfact.orUy t.he result.s of t.heir experiment.s 

on very t.hin films on t.he basis of t.his equat.ion. One 

int.erest.ing experiment.al result. which t.hey obt.ained was 

t.hat. t.he value of B was zero for monolayer films. 

Recent.ly, Radha Balakrishnan et. al(23) ·obt.ained 

t.he same equat.ion for t.wo dimensional superfluids, by 

ret.aining t.he nonlinear t.erms in t.he pseudospin model of 

Mat.subara and Mat.suda[2.). The det.ails of t.his work, 

which provided an insight. int.o t.he microscopic origin of 

t.he t.erms appearing in equat.ion (1.3.7), is t.he t.heme for 

t.he next. sect.ion. 
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t.4 lTo;[E (f'S[EVIDCOSIPDIN U1COID(E1L 

The phenomenolo~ical t.heory of Rut.led~e et. was 

quit.e successful in describi~ t.he dynamics oC t.wo 

dimensional superfluid films. The experiment.ally observed 

t.hird - sound velocit.y and dispersion relat.ion were quit.e 

sat.isfact.orUy explained by t.he nonlinear Schrodi~er 

equat.ion (equat.ion 1.3.7) represent.i~ t.he t.ime evolut.ion 

of t.he condensat.e wave funct.ion. Recent.ly~ Radha 

Balakrishnan et. al[22] have deri ved t.his equat.ion from a 

microscopic t.heory of nonlinear dynamics in superfluid 

-&He. This t.heory~ which has provided a firm foot.i~ for 

t.he phenomenolo~ical equat.ion of mot.ion proposed by 

Rut.ledge et. al, would be discussed in t.his sect.ion. 

Mat.subara and Mat.suda[291 described t.he dynamics 

of superfluid -&He usi~ a pseudospin (quant.um-lat.t.ice 

~as) model. This in essence is a t.reat.ment. of a syst.em of 

bosons wit.h hard cores plus nearest.-neighbour int.eract.ions 

bei~ described by a pseudospin Hamilt.onian on a lat.t.ice. 

The hard core in t.he pot.ent.ial is incorporat.ed by usinc 

Fermi-like ant.icommut.at.ion relat.ions for t.he field 

operat.ors at. t.he same sit.e and Bose-like commut.at.ion 

relat.ions for operat.ors belon~i~ t.o different.· sit.es. 

Only t.he linear t.erms in t.he formulat.ion were t.aken int.o 

considerat.ion. A t. d [2-&] 
s u y of t.he ~round st.at.e 

t.hermodynamic propert.ies and t.he nat.ure of t.he element.ary 
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excit.at.ions using t.his l1nearised equat.ion in t.he random 

phase approximat.ion was able t.o reproduce t.he well known 

low-densi t.y-l1m1 t. result.s ( 25] . The value of" T A and t.he 

quasi part.icle spect.rum at. T-O, evaluat.ed using t.his model 

have also been shown(26l t.o be in agreement. wit.h 

experiment.al result.s. 

Radha BalakI"ishnan et. al(22] st.udied t.he problem 

by ret.aining t.he nonlinear t.erms in t.he above f"ormalism. 

They were able t.o derive, using t.he spin coherent. 

represent.at.ion, an evolut.ion equat.ion f"or t.he superf"luid 

order paramet.er f"or all T:S TA wit.hout. using a Hart.ee 

approximat.ion. The phenomenological GP equat.ion ( 27] f"or 

bulk helium and t.he equat.ion of" Rut.ledge et. 
U.7] 

al emerge 

as special cases of" t.his f"ormalism when cert.ain t.errns are 

neglect.ed. They were able t.o show t.hat. t.he f"ormalism 

support.s a t.ravelling wave solut.ion, as should be 

expect.ed. For a specif"ic choice of" paramet.ers, a st.at.ic 

Idnk solut.ion was also obt.ained. 

t.5 SVlPlElRlFo..VOIDS - ~ lPo..~ '17 <GIR~VIN[) IF~IR 1N~lNo..OINIE~1R 1P[H[E1N~D1 

Several experiment.s on t.hird-sound propagat.ion 

have revealed f"init.e amplit.ude ef"f"ect.s t.hat. could' not. be 

explained by a l1nearised 
(28] 

t.heory . This suggest.s t.he 

need f"or ext.ending t.he t.heories so as t.o include f"init.e 

ampl1t.ude ef"f"ect.s and t.hereby st.udy dif"f"erent. nonlinear 
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phenomena t.a1dnt; place in superfluid fUrns. 

There is experiment.a! evidence [29] for t.he 

exist.ence 01' an ordered pair 01' localized nonlinear waves. 

These nonlinear waves, known as ~solit.ary waves', show 

many unique and int.erest.int; propert.ies. An int.roduct.ion 

t.o t.he propert.ies 01' t.hese waves is c;iven in t.he followinc; 

sect.ion. 

1.6 S<l'>n..O 'If A\1R'if IWA\ \yIES 

It. is cust.omary 

discussion on soli t.ons wit.h 

John Scot.t. Russel 
[90] 

01' a 

t.o 

t.he 

new 

st.art. 

classic 

t.ype 

any element.ary 

descript.ion by 

01' wat.er wave, 

t.ravellinc; alone; a narrow channel, which cont.inued it.s 

course many miles down t.he channel wit.hout. any apparent. 

chanc;e 01' form or speed. Aft.er t.his discovery in 1834, 

Russell did many experiment.s on such ~solit.ary waves' ~ 

which led him t.o conclude[90] t.hat. t.he moment.urn t.ransfer 

durinc; t.he mot.ion 01' a solit.ary wave remains local and t.he 

velocit.y 01' propac;at.ion depends on amplit.ude. 

I 1895 K t. d d V i (KdV)[91] derived n or ewec; an e I" es 

an equat.ion for t.he propac;at.ion 01' waves in one direct.ion 

on t.he surface 01' a shallow canal. The equat.ion 01' mot.ion 

in dimensionless form is 
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U 
T 

, {1.6.1> 

where u denot.es deviat.ion from equilibrium surface and 

subscript.s denot.e part.ial derivat.ives. 

This equat.ion has a solut.ion 

u • ~ a 2 Sech 2 ; [ a{ - (a+a 9)T + 6 ] • 

...... <1.6.2) 

where a and 6 are arbit.rary const.ant.s. This equat.ion 

represent.s a hump, exact.ly as described by Scot.t. Russel, 

which moves wit.hout. change of shape and has an 

amplit.ude-dependent. velocit.y. 

Now we shall slight.ly drift. away form t.he t..opic 

of soUt.ons for a while and consider a problem 

invest.igat..ed by Fermi, Past..a and Ulam (FPU) in 1955. They 

st.udied[32] t.he behaviour of cert.ain equat.ions which were 

primarily linear but. in which nonlinearit..y was added as a 

pert.u:rbat.ion. In part.icular, t.he equat.ion which t.hey t..ook 

as a model was 

Q -= f (Q - Q_ ) 
n+1 •• 

-f(Q -Q ) 
n n-1 

, (1.6.3) 
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where f"(Q) is a nonlinear f"unct.ion. 

considered where 

f"(Q) -

and 

2 
'Y Q + OIQ 

Two cases which FPU 

(1.6.4) 

, (1.6.5) 

where 01 and ~ were chosen such t.hat. t.he ef"f"ect. of" t.he 

nonlineari t.y is small. In t.he absence of 

nonlinearit.y(i.e. 01-0 and ~o), t.he energy in each of" t.he 

normal modes of" t.he syst.em would be const.ant.. It. was 

expect.ed t.hat. t.he int.roduct.ion of t.he nonlinearit.y would 

lead t.o t.he energy of" t.he syst.em being evenly dist.ribut.ed 

t.hJ:-oughout. all possible modes, in accordance wit.h t.he 

equipart.it.ion t.heorem. But. a numerical evaluat.ion of" t.he 

equat.ion showed a quit.e dif"f"erent. result.. FPU int.egrat.ed 

equat.ion(1.6.3) numerically wit.h a sine-wave as init.ial 

dat.a and f"ound t.hat. t.he energy does not. spread t.brough all 

t.he normal modes but. remains in t.he init.ial mode and a few 

nearby modes. Over a large number of" oscillat.ions, t.he 

energy in each normal mode was shown t.o be almost. periodic 

in t.ime wi t.h no loss of" energy t.o higher modes as t.ime 

increases. 

For a decade t.he FPU problem remained as one 

unrelat.ed t.o solit.ary waves. In 1965, using high speed 
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comput.ers Zabusky and Kruskal(99) st.udied t.he KdV equat.ion 

as a model for t.he FPU problem and recoruirmed t.he 

recU1'rence phenomena. They chose a periodic wave as t.he 

init.ial condit.ion and a periodic boundary condit.ion t.o 

solve t.he problem and not.ed t.hat. t.he init.ial wave evolved 

int.o solit.ary waves which t.ravelled in opposit.e direct.ions 

and, due t.o t.he periodic boundary condit.ions, collided 

wit.h each ot.her, while keeping t.heir ident.it.y dU1'ill€ 

t.ravel and aft.er collisions. They coined t.he name 

~solit.on' for t.hese waves wit.h part.icle like propert.ies. 

The fact. t.hat. t.he numerical solut.ions of t.he KdV 

equat.ion were composed of solit.ons was so excit.ill€ t.hat. 

t.he analyt.ic met.hod of int.egrat.ion was invest.igat.ed. Thus 

Hi (9") 
in 1967 Gardner, Green, Kruskal and U1'a were able t.o 

solve t.he KdV equat.ion on t.he real line for solit.ons t.hat. 

t.ended sufficient.ly fast. t.o a const.ant. value as I x I .. 00 • 

The met.hod of solut.ion has now come t.o be known as t.he 

met.hod of Inverse Scat.t.ering Transform (1ST). 

Aft.er t.he discovery by Zabusky and Kruskal, a 

number of equat.ions were searched for solit.on solut.ion. 

This showed t.hat. t.here are equat.ions ot.her t.han t.he KdV 

which posses solit.on solut.ions, some of which have a 

funct.ional form different. from t.hat. obt.ained for t.he KdV 

case. It. is of int.erest. t.o not.e t.hat. t.he met.hod of 1ST 

al(95) 
was ext.ended by Ablowit.z et. so as t.o include some 
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of" t.hese nonlineal' evolut.lon equat.lons. These equat.lons 

charact.el'ized dif"f"el'ent. physical syst.ems. 

The one soli t.on solut.ion is easy t.o f'ind by 

simple int.e€;l'at.ion. But., t.his won't. wOl'k if' we wish t.o 

have an analyt.ical f'ol'mula t.o descl'ibe t.he int.el'act.ion of' 

t.wo 01' mOl'e solit.ons. One way t.o do t.his would be t.he 1ST 

met.hod, which wOl'ks in pl'ecisely t.he same way as Four-iel' 

Tl'ansf"ol'm does in lineal' pl'oblerns. 

dependent. variable which sat.isnes t.he civen part.ial 

dif"f"el'ent.ial equat.ion t.o a set. of" new independent. 

val'iables whose evolut.ion in t.ime is descl'ibed by an 

iminit.e sequence of" ol'dinary dif"f"el'ent.ial equat.ions. The 

success of" 1ST met.hod l'est.s in t.hose class of' pat't.ial 

dif"f"el'ent.ial equat.ions, f"01' which t.hese iminit.e sequence 

of" ol'dinary dif'f"el'ent.ial equat.ions are sepal'able and hence 

Hil'ot.a [96,97) developed a dil'ect. and 

syst.emat.ic way of' nndiO€; exact. solut.ions of' a cel't.ain 

class of' nonlinear evolut.ion equat.ions. In t.his met.hod 

t.he nonlinear evolut.ion equat.ion in quest.ion is 

t.l'ansf"ol'med, by chan€;iO€; t.he dependent. variable{s), int.o 

bilinear dif'f"el'ent.ial equat.ions of" t.he f'ol'm 

F (~ 
itt. 

o 0 
itt." Ox 

~., ) f'{x, t.) f" (x', t.-) I - 0 
VA t.=t.' 

x=x' 

....... (1.6.7) 
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These bilinear different.ial equat.ions were solved usin~ a 

pert.urbat.ional approach, wit.h t.he use of t.he D operat.ors 

def"ined by[97] 

....... (1.6.8) 

The bilinear different.ial equat.ion (1.6.7) can eit.her be 

obt.ained from t.he ori~inal nonlinear different.ial equat.ion 

by a Cole-Hopf t.ransformat.ion[98,99] or by t.he use of 

[97] 
approximant.s . solved t.he KdV 

equat.ion usi~ t.his met.hod and obt.ained t.he N-solit.on 

solut.ions. 

For a ~iven set. of nonlinear evolut.ion equat.ion 

represent.i~ a part.icular physical problem, it. may not. 

always be possible t.o use t.he above met.hods t.o search for 

N soli t.on solut.ions. H S d G dn [4.tl 
owever, u an ar er have 

shown t.hat. for a wide class of nonlinear 

Galilean-invariant. syst.ems, if t.he nonlineari t.y is weak 

and if one makes t.he lo~-wavelengt.h approximat.ion, t.he 

governi~ equat.ion can be reduced t.o ei t.her of t.he 

followi~ equat.ions. 
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n 
T 

n 
T 

-
-

o <1.6.9} 

o (1.6.10) 

More about. t.his met.hod shall be discussed in sect.ion 1.8. 

The different. nonlinear evolut.ion equat.ions 

present.ed in t.his sect.ion were rest.rict.ed t.o one dimension 

( 1 space dimension + 1 t.ime dimension). The nat.ure and 

form of such nonlinear equat.ions in t.wo dimensions (2 

space + 1 t.ime) would be dealt. wit.h in sect.ion 1.10. 

1.7 S()D...OlT()INS - ~ IB~D...~INCIE IBlElTlWlElElN IDOSIPIEIRSO()1N 

~INID 1N()INIl..OINIE~IROlT'e 

'We have seen in t.he last. sect.ion t.hat. t.he 

propert.ies of t.he soHt.ary waves having t.he form 

Sech 2 (k.x-wt.) are different. compared t.o t.hose of Hnear 

harmonic waves. Ot.her t.han being a non oscillat.ory 

mot.ion, t.he soHt.ary waves show t.he int.erest.int; charact.er 

of ampHt.ude-dependent. velocit.y. To underst.and why t.he 

soHt.ons behave Hke t.his, let. us t.ake a closer look at. 

t.he nonHnear and dispersion effect.s t.akint; place, wit.h 

[981 
KdV equat.ion as a specific example . 
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v+vv+v - 0 (1.7.t> 
l x xxx 

Here t.he second t.erm is t.he nonlinear t.erm and t.he t.hird 

one is t.he dispersion t.erm. Now t.akin" v -u+1 and 

ne"lect.in,; t.he dispersion t.erm, we "et. 

u + (u+t> u - 0 l x 

The linearised version of' (1.7.2), viz., 

solut.ion of' t.he f'orm u(x,t)-f'(x-u t.). 
o 

we t.ry a solut.ion of' t.he f'orm 

u - f' ( x - (u+t>t. ) 

u+u U =0 
t 0 x 

(1.7.2) 

has t.he 

(1.7.3) 

To show t.hat. t.his solut.ion is possible, we can check by 

direct. calculat.ion of' u and u 

u 
x -

t x 

( 1 - u 
x 

t. ) f' 

(u + (u+1)u ) ( 1 + t.f') - 0 
t x 
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Equat.ion (1.7.5) is sat.isfied by solut.ions of (1.7.3). 

It. is easy t.o solve - (1.7.2) wit.h t.he help of 

<1.7.3) for- a piece-wise linear- init.ial dat.a~ in t.he for-m 

of a t.r-iangle~ 

f{x) [ 
u x 

o 

o 

o < x < 1 

1 < x < 2 

ot.her-wise 

So (1.7.3) cives~ aft.er- put.t.ing ')')=x-t.~ 

[ 
u (,),)-ut.) 0 ~ ')') - ut. ~ 

0 

u(7)~t.) • u (2 - ')') + ut.) 1 ~ ')') - ut. ~ 
0 

0 ot.her-wise 

1 

2 

Now solving t.he linear- equat.ions in <1.7.7> eives 
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U TI 0 
0 ~ TI-ut.~ 1 1 + u t. 

0 

u <~-Tl) 
0 

1 ~ TI-ut.~ 2 <1.7.8) u • 
1-u t. 

0 

0 ot.heI'wise 

u 
0 

0 ~ TI-ut. ~ 1 
1+u t. 

0 

-u 
0 

1 ~ TI-ut. ~ 2 <1.7.9) u -TI 1-u t. 
0 

0 ot.heI'wise 

FI'om <1.7.9) it. can be seen t.hat. t.he gI'adient. oC t.he I'ight. 

hand pat't. oC t.he t.I'ian,;le is slowly incI'easinc wit.h t.ime 

while t.hat. of t.he left. hand side is decI'easinc. This is 

shown schemat.ically in Fig.1. t. It. can be seen t.hat. 

CI'adient. of t.he I'iCht. hand side oC t.he t.I'ianc1e chances 

fI'om negat.ive t.o posit.ive as t.ime incI'eases. 

t.his side is veI't.ical, aft.eI' which t.he t.I'ian,;le t.urns 

oveI'. 

It. is cleat' fI'om t.he above discussion t.hat. t.he 

act.ion of t.he nonlineat' t.eI'm in t.he equat.ion is t.o st.eepen 

any init.ial waveform. Now t.o st.udy t.he effect. of 

dispeI'sion, we can neglect. t.he nonlineat' t.eI'm in <1.7.1). 

This would give 
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u + U + U - 0 <1.7.10) 
l x xxx 

which can be solved st.l"aight. away. The I"esult. would be 

t.he haz-monic waves. 

The solit.on solut.ion of equat.ion <1.7.1) shows a 

dif'f'el"ent. charact.el" fl"om t.he t.wo cases considel"ed above. 

As we have seen~ in t.he numel"ical expel"iment.s of Zabusky 

and Kl"uskal[99] smoot.h init.ial dat.a in t.he f'ol"m of a sine 

wave evolved int.o a set. of solit.ons. This can be 

explained as f'ollows. Fol" vel"y shol"t. t.imes t.he f'il"st. t.wo 

t.el"ms of equat.ion <1.7.1> dominat.e and a st.eepening of' 

pl"ofile OCCUl"S at. t.hose point.s wit.h negat.ive gradient.. 

But. t.his st.eepeniog won~t. lead t.o a discont.inuit.y~ because 

as t.he st.eepeniog pl"ogresses t.he t.hird t.erm becomes 

import.ant. and st.abilizes t.he sharp edge. 

It. is cleaz- from t.he f'oregoiog discussions t.hat. 

t.he solit.ary wave is a manifest.at.ion of bot.h dispersive 

ef'f'ect.s and nonlineaz- ef'fect.s. For t.he KdV equat.ion one 

can a connect.iog link bet.ween soli t.az-y waves and 

t.he lineaz- harmonic waves. By set.t.ing v-12f in <1.7.1> 

and wl"it.ing t.he st.eady st.at.e solut.ion in t.he fOl"m C{x-ct.)~ 

t.wo int.egrat.ions are possible. The result.iog expression 

is 
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(1.7.11) 

which can be writ..t..en in t..he l'act..ored 1'0rm 

(1' )2 III - 4 (1' - ex }(1' - ex ) (1' - ex) 
x t 2 9 

(1.7.12) 

[42] 
This equat..ion has a solut..ion in t..erms 01' t..he Jacobian 

ellipt..ic l'unct..ion Sn(z,k} as 

[42] 
The l'unct..ion has t..wo limit..in,; 1'0rms 

and 

Thus when ex .. ex 
2 t 

and when ex .. ex 
9 2 

Sn (z,o) • Sin z 

Sn (z,1) • t..anh z 
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(1.7.15) 



· ...... {1. 7 .16} 

The nonlinear oscillat.ory solut.ions represent.ed by 

equat.ion (1.7.13) forms a bridge bet.ween purely linear 

oscillat.ions and solit.ary wave mot.ions. 

t.8 IRIEIDQJ<ClfO~1E lPlElRlfQJ[RIBRllfO()1N D1lElflH~1D 

All nonlinear evolut.ion equat.ions represent.ing 

different. physical problems may not. always be analysed 

using t.he met.hods discussed in sect.ion 1.7. At. t.imes it. 

may be possible t.o reduce t.he equat.ion, usint; suit.able 

met.hods, for t.he leadint; order of nonlinearit.y t.o some 

known equat.ion having solit.on solut.ions. One such met.hod 

known as ~educt.ive Pert.urbat.ion Met.hod' was devised and 

applied t.o a wide class of nonlinear syst.ems by Taniut.i 

and Wei[49,44 1 • A similar met.hod was developed by Su and 

Gardner[4U t.o derive t.he KdV or Burcers equat.ion for a 

wide class of-norilinear Gal1lean-ihvariant. syst.ems under 

t.he weak nonlinearit.y and lone wavelent;t.h approximat.ions. 

In t.his sect.ion we discuss t.he met.hod developed by' Su and 

Gardner. 

We consider t.he covernint; equat.ion for a set. of st.at.e 

variables n,u and f in t.he form 
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n + (nu) - 0 
l x 

, <1.8.1> 

2 
(nu) + (nu + P) - 0 

l x 
<1.8.2) 

p - P ( f, n ,u , f , n , u , f , n , u , ..... ) , 
x x x xl xl xl 

....... <1.8.3) 

F (f, n, u, f ,n , u , f , n , u , ..... ) - 0 , 
x x x xl xl xl 

...... (1.8.4) 

where we assume t.hat. bot.h P and F can be expanded as 

Taylor series around a uniform st.at.e. By a proper 

choice [4.] of P and F different. physical syst.ems can be 

considered. Equat.ions (1.8.1) and (1.8.2) can be combined 

t.o t;ive 

nu + nuu + (P) - 0 (1.8.5) 
l x x 

At. equilibrium, all t.he derivat.ives in P and F will drop 

out. and we leave out. t.he dependence of P and F on u t.o 

preserve Galilean invariance. 
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p - P <C,n} <t.8.6} 

Hence equat.ion <t.8.2} ,;i yes 

u + uu + I a 2 n - 0 <1.8.7} 
l x n x 

whel'e 

P 
n 

In t.he limit. oC inCinit.esimal pel't.UI'bat.ions al'ound a 

uniCol'm st.at.e, equat.ions <t.8.t> and <t.8.7} can be 

I'educed t.o 

2 
U - a u - 0 
II 0 xx 

, <t.8.8} 

which is t.he lineal' wave equat.ion wit.h t.he const.ant. speed 

oC pl'opa,;at.ion 8. 
o 

which consist.s 

Equat.ion 

oC t.wo 

<t.8.8} ,;ives solut.ions 

opposit.ely t.l'avellint; 

COl'm-pl'esel'vint; waves. We chan,;e t.o a Cl'ame oC l'eCel'ence 

which moves wit.h one oC t.hese waves. To account. COl' t.his 

and t.he slow val'iat.ion oC t.he waveCol'm, we int.l'oduce a 

scale t.l'ansCol'mat.ion oC t.he independent. vaI'iables; 
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, <1.8.9) 

T 
_ E(3t., 

<1.8.10} 

where we assume 0 < & < t and ex > 0 . The value of ex is 

t.o be chosen lat.er in such a way t.hat. t.he t.ime variat.ion 

of a st.at.e variable is balanced by bot.h nonlinear and 

dispersive or dissipat.ive effect.s. 

The derivat.ives are t.hen relat.ed by 

<1.8.11) 

In view of t.his, we can rewrit.e equat.ions <1.8.1) and 

(1.8.7) as 

and 

U 
T -

(1.8.12) 

o <1.8.13) 

If we set. ~o. - 1 t.hen t.he pert.urbat.ion series can be made 

t.o proceed in int.e@;ral powers of E. We will choose t.he 

value of 0. in such a way t.hat. t.he evolut.ion equat.ion, 

37 



under t.he lowest. order of' nonlinearit.y, is independent. of' 

E. 

If' we can expand n, f' and u asympt.ot.ically as a 

series in powers of' E about. an equilibrium st.at.e 

represent.ed by n-n, t"-t" and u-O ; i.e., 

n ..... <1.8.14) 

..... (1.8.15) 

u ..... <1.8.16) 

We expand P and F about. t.he equilibrium st.at.e wit.h 

equat.ion (1.8.9) and <1.8.10) in mind; i.e., 

z 
P - P + P t" (t" - t" 0) + P n (n - no) + P u (u - u 0) + O( e ) 

o 0 0 

....... <1.8.17) 

z -
F -= F + F (t" - t" ) + F (n - n ) + F (u - u ) + O(e ) 

o t" 0 n 0 U 0 
o 0 0 

....... (1.8.18) 

As st.at.ed earlier, t.o ensure Galilean invariance we must. 

have P -0 
u 

o 

and F -0. 
U 

o 

Hence e quat.i on (1.8.17) and 
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<1.8.18) ~ives 

2 an(U 

- a o ae 

Hence t.he leadin~ approximat.ion t.o <1.8.12) and <1.8.13) 

can be writ.t.en in view oC t.he above expansions as 

a 
o 

a 
o 

<1.8.19) 

<1.8.20) 

These t.wo equat.ions can be int.e~rat.ed wit.h t.he boundary 

condit.ions not.ed at. e ... ±oo t.o obt.ain 

a 
(U 0 (t.) 

U - n <1.8.21> 
n 

o 

This reduces t.he leadi~-order problem t.o t.hat. oC one 

variable. 

writ.e 

2 
~a 

o 

Wit.hin t.he order oC our approximat.ion we can 

....... (1. 8.22) 

where A#B and C are const.ant.s dependi~ on t.he part.ial 

derivat.ives P and F evaluat.ed at. t.he equilibrium. In t.he 
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next. order of approximation, <t.8.12} and <t.8.13} ,;ives 

a 
( 1) 0 (t> ( 1) ( 2) ( 2) 

n T + 2 no n ne - a 0 ne + no u e - 0 <1.8.23} 

and 

a 
A B C 0 ( 1) 

+ 
<t ) (1)+ 01-1 ( 1) 

+ 
201-1 ( 1 ) 

~ n ne E nee E n neee n T n n 
0 0 0 0 

2 
a ( 2) 0 ( 2 ) 

- 0 <1. 8. 24} - a u e + ne 0 n 
0 

An evolution equation for 
(1) 

n can be obtained 

eliminating n~ 2) and u~ 2)in the above two equations; i.e, 

(t> 
n 

T 
+ [~+~] 2a n 

o 0 

( 1) 
n 

( 1 ) 
C 

--n 
2a eee o 

B 
2a 

o 

-0 <1.8.25} 

by 

If B ~ 0 then the last term is ne,;lected because it is of 

hi~her order. Then equation <1.8.25} reduces to the 

Bur~ers equation <t.6.9} with a choice of 01=1. Altho~h 

this equation does not possess soli ton solutions, it is a 

nonlinear equation of ,;reat importance. 

If B = 0; i.e, if the system is not dissipative, 

we can set 01 = 1/2 so that <1.8.25} reduces to the KdV 
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equa1..ion. 

This procedure has been applied'··'··] 1..0 Cas 

dynamics, waves in shallow wa1..er, hydrom~ne1..ic waves, ion 

acous1..ic waves in cold plasma, e1..c. R .1 [.5,.6,.7] 
ecen" y , 

t..his met..hod has been successfully applied 1..0 nonlinear 

wave prop~a1..ion on superfluid films. We shall discuss 

t..his in t..he next. sec1..ion. 

Finally, we not..e t..ha1.. a more ceneral ma1..rix 

version of t..he above procedure has been developed by 

Taniu1..i and Yajima developed[·8,.91 

a reduct..ive per1..urbat..ion met..hod sui t. ab le :Cor nonlinear 

wave modulat.ion. 

t.9 S<DIl...D 11' c[)IN S <DIN SQJI?[EIRIFIl... VD ID IF1IIl...[H S 

Durint; several experiment..s on 1..hird-sound 

prop~at.ion in superfluid • He, finit..e ampHt..ude effect.s 

t.hat. cannot. be explained wit.hin t.he frame work of a 

linearised 1..heory have been observed[281. In part.icular, 

some evidence for t..he exis1..ence of an ordered pair of 

soli1..ons has been observed by Kono et.. al[291. These 

effect.s point.. t..o t.he need for a st.udy of t..he superfluid 

condensat.e in it.s nonlinear form. 
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Huberman(~t] was t.he first. t.o st.udy t.he problem 

of" nonlinear wave propa,;at.ion - on a monolayer f"Um of" 

superf"luid ·He It. was shown t.hat. in addit.ion t.o 

t.hird-sound modes~ small amplit.ude ef"f"ect.s can lead t.o t.he 

exist.ence of" ,;apless soli t.ons made up of" superf"luid 

condensat.e. St.art.in,; f"rom t.he phenomenolo,;ical equat.ion 

of" mot.ion f"or superf"luid condensat.e developed by Rut.led~e 

et. al(t7]~ he was able t.o derive t.he KdV equat.ion wit.h 

posit.ive dispersion in a heurist.ic manner. He showed t.hat. 

it. should be possible t.o creat.e superf"luid soli t.ons by 

applyin~ heat.in~ or coolin,; pulses t.o a localized re,;ion 

of" t.he film, t.hereby alt.eri~ t.he superf"luid densit.y 

locally. In t.he f"ormalism he ar~ued t.hat. in t.he t.hick 

film limi t. ~ t.he KdV equat.ion may st.ill hold but. wi t.h a 

ne~at.ive dispersion relat.ion. 

A syst.emat.ic derivat.ion of" t.he nonlinear 

evolut.ion equat.ion f"or t.he superf"luid densit.y f"luct.uat.ions 

on monolayer He 11 fUrns was ~iven by Biswas and 

They applied t.he reduct.i ve pert.urbat.ion met.hod 

t.o t.he phenomenolo~ical equat.ion of Rut.led,;e et. al(t7) and 

obt.ained t.he f"ollowin~ KdV equat.ion 

iJp 
t 

bt. + 
C 3 (po - 3 a ) 

2Po(a + po) 

h 2 + 4mBp 
o 
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where is t.he equilibrium superfluid densit.y, C 
3 

is t.he 

t.hird sound velocit.y, m is t.he mass of ·He at.om, a-1.2 

at.omic layers and p represent.s t.he leadi~ t.erm in t.he 
i 

expansion of t.he densit.y p as a series in E Not.e t.hat. 

is measured in unit.s of at.omic layers. Thout;h t.his 

equat.ion was similar t.o t.he one invest.igat.ed by Huberman, 

t.he coefficient. of t.he nonlinear t.erm was different.. From 

t.he condit.ion t.hat. t.he widt.h of a solit.on should be real, 

t.hey derived t.he inequalit.y, 

A (p - 3a) > 0 
o 0 

where A is t.he ampli t.ude of t.he soli t.on. 
o 

equat.ion <1.9.2) would imply A 
o > o. This 

<1.9.2) 

Thus if P >3a, 
o 

describes t.he 

propagat.ion of a local compression of t.he superfluid 

densit.y relat.ive t.o it.s average densit.y p. 
o 

While if 

p <3a <i.e. A <0) t.he corresponding solut.ions of <1.9.1) 
o 0 

describe t.he propagat.ion of a local rarefact.ion of t.he 

superfluid densit.y relat.ive t.o p . 
o 

Biswas and Warke predict.ed t.hat. when p >3a , it. 
o 

is possible t.o creat.e solit.ary waves by applyi~ a cooling 

pulse t.o a localized region of t.he film and if Po <3a 

at.omic layers, t.he applicat.ion of a localized he at.ing 

pulse will generat.e solit.ary waves. It. is clear from 

<1.9.1> t.hat. when ~ 3.6 at.omic layers t.he nonlinear 
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t.erm in t.he KdV equat.ion vanishes and hence it. is not. 

possible t.o Cl'eat.e solit.ary waves eit.her t.hl'o~h a heat.inr; 

or a coolinr; pulse, and only t.hird sound waves can be 

generat.ed. 

[0&<Sl 
Nakajima et. al also obt.ained t.he KdV equat.ion 

for nonlinear wave propagat.ion on very t.hin supel'flu1d 

films. The del'ivat.ion was based on t.he Landau t.wo-f"lu1d 

hydl'odynamics. They have discussed t.he condit.ions fol' t.he 

generat.ion and det.ect.ion of such solit.ons. 

Since t.he usual genel'at.ol's and det.ect.ol's of 

t.hird-sound have much great.er spat.ial and t.emporal scales 

t.han t.he sinr;le solit.on solut.ions obt.ained accol'dinr; t.o 

t.he above 
[51] 

t.heories , only a t.rain of soli t.ons can be 

st.udied in an act.ual experiment.al sit.uat.ion. This led 

[51] 
Nakajima et. al t.o st.udy t.he nonlineal' wave pl'opagat.ion 

on sat.urat.ed films 

of t.he order of 

t.ension, which can 

plays a 

paramet.ers h [51] 
sows 

st.udied sepal'at.ely. 

of superf"lu1d 

cms. In 

0& 
He, 

such 

whose t.hickness is 

films t.he surface 

be neglect.ed for t.he monolayel' 

decisive 1'01e. An est.imat.ion of 

t.hat. each solit.al'y wave could be 

In all t.he works cit.ed above, only t.he lowest. 

order nonlinearit.y was t.aken int.o account.. Kurihal'a[52] 

considered t.he effect. of full nonlineal'i t. Y on t.he 

propagat.ion of solit.ons on t.hin supel'f"lu1d films. He 
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st.udied t.he phenomenological equat.ion oC et. 

al£t 71 in i"s ~ II li '" .I. u y non near 1'0rm. The analysis was done 

numerically. He observed t.hat. an arbit.rary init.ial wave 

proCile split.s int.o opposit.ely t.ravelling waves, which 

keeps it.s shape even aCt.er collision wit.h each ot.her. 

These st.able waves, 01' ~quasi soli t.ons ,(!52] were t.he 

bound st.at.es 01' localized exci t.at.ions in ampli t.ude and 

phase 01' t.he condensat.e wave l'unct.ion. 

A close examinat.ion 01' t.hese quasi solit.ons 

(!521 
revealed t.hat. t.hey are asymmet.ric in shape, as at:a1nst. 

t.he solit.ons observed in t.he weak nonlinearit.y limit.. 

Also at. very lart:e t.imes t.he waves were not. quit.e st.able. 

The l'ini t.e lil'e t.ime and asymmet.ry in shape 01' t.hese 

quasi-solit.ons were essent.ially due t.o t.he el'l'ect.s 01' 

hit:her order nonlinearit.y. Lat.er, Kurihara obt.a1ned 

analyt.ically a t.ravellint: wave solut.ion(!531 1'01' t.hese 

lart:e amplit.ude nuct.uat.ions. 

The st.udies 01' nonlinear wave propagat.ion on 

superl'luid l'ilrns discussed in t.his sect.ion are confined t.o 

one dimension. That. is, t.he wave was assumed t.o t.ravel on 

t.he superl'luid Hlrns wit.h a decay 01' wave prol'ile alont: 

t.he direct.ion 01' propagat.ion, but. wit.h no chant:e along t.he 

direct.ion perpendicular t.o it.. The quest.ion, whet.her such 

waves can be det.ect.ed experiment.ally or whet.her t.hey are 

st.able or not. needs a det.a1led discussion. The next. 

sect.ion t.brows light. int.o t.he more t:eneral problem 01' t.he 
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st.abilit.y of" t.he solit.ary wave solut.ions of" KdV and ot.her 

such equat.ions wit.h respect. t.o a t.ransverse pert.urbat.ion. 

1.10 S~n..D1r~INS DIN If[W~ IDD(H!EINSD~INS 

A soli t.on in one dimension (one space + one t.ime 

dimension) is f"ully st.able by virt.ue of" it.s one 

['54] 
dimensionalit.y . It. was observed in t.he st.udy of" 

solit.ary waves in one dimension t.hat. a smoot.h init.ial wave 

f"orm would evolve int.o a sharp solit.on prof"ile due t.o t.he 

nonlineari t.ies present. in t.he syst.em. In t.he real wor ld~ 

such solit.ons represent. dif"f"erent. physical phenomena .like, 

f"or example, t.he surf"ace wave propacat.ion in shallow 

wat.er. In such a wave propagat.ion it. is assumed t.hat. 

t.here is no chanf:e in t.he wave prof"ile along t.he direct.ion 

<V) perpendicular t.o it.s direct.ion of" mot.ion <X). A 

nat.ural quest.ion t.hat. arises at. t.his level is t.hat. whet.her 

t.he one dimensional soli t.ons would be st.able if" t.he pulse 

sharpeninc ef"f"ect.s due t.o nonlineari t.ies t.ake place along 

t.he Y-direct.ion also. In t.his sect.ion we st.udy t.he 

st.abilit.y of" solit.ons in t.wo space dimensions. The 

propagat.ion of" t.wo dimensional soli t.ons on t.hin superf"luid 

films is also considered. 

The st.abilit.y of" solit.ons in t.wo dimensions (2 

space+! t.ime dimension) was first. st.udied by Kadomt.sev and 

Pet.viashvili [54]. They considered t.he case of" weak t.wo 
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dimensionalit.y t.hat. is t.he dependence on y-coordinat.e 

was assumed t.o be weak. For t.his purpose t.hey st.udied t.he 

KdV equat.ion wit.h an addit.ional t.erm 

- (i.10.1) 

The t.erm on t.he right. hand side is t.he ext.ra t.erm which 

represent.s t.he weak y-dependence~ where ~ can be shown t.o 

sat.is1'y t.he 1'ollowing relat.ion 1'01' posit.ive and negat.ive 

dispersion. 

- :+ c 
2 

(1.10.2) 

where C is t.he velocit.y 01' mot.ion 01' t.he coordinat.e 1'rame 

along t.he x-direct.ion and t.he signs - and + correspond t.o 

negat.ive and posit.ive dispersions respect.ively. 

combining (1.10.1) and (1.10.2) we get. 

which is known as 

equat.ion. 

t.he 

) - :+ C 
2 

Kadomt.sev-Pet.viashvili 

Thus 

(1.10.3) 

(K-P) 

Equat.ions (1.10.1) and (1.10.2) were solved by 

t.he Krylov-Bogolyubov met.hod~ i.e~ by int.roducing· slowly 

varying paramet.ers. Kadomt.sev and Pet.viashvili came t.o 

t.he conclusion t.hat. t.he solit.ons represent.ed by equat.ion 

(1.10.1) were st.able wit.h respect. t.o long wave 
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pert.urbat.ions in t.he direct.ion t.ransversal t.o t.heir mot.ion 

f"or ne~at.ive dispersion and unst.able f"or posiUve 

dispersion. 

We can writ.e equat.ion <t.10.3) in t.he st.andard 

f"orm as 

(u + 6 u u + u ) + ot U - 0 
l x xxx x yy 

(1.10.4) 

where we have chosen u-+6u and c-2. ot t.ake t.he values +1 

and -1 and det.ermines t.he dispersive propert.y of" t.he 

syst.em. 
(!5!5] 

Usi~ Hirot.a's met.hod, Sat.suma obt.ained t.he N 

solit.on solut.ion of" t.he K-P equat.ion (1.10.4). 

solit.on solut.ion is(!5!5] 

u -
I 

2 
k Z Sech2 (k x + k y - w t. ) 

x x y 

where k , k , and w are real const.ant.s sat.isfyi~ 
x y 

-k w + k • + ot k 2 - 0 
x x y 

The one 

(1.10.5) 

(1.10.5a) 

Equat.ion <t.10.5) describes a wave prop~at.in~ wit.h t.he 

velocit.y W//k2 +k2 
x y 

in t.he direct.ion maki~ an an:;le of" 

t.an-t.(k A) wit.h t.he x-axis. 
y I-x The N-solit.on solut.ion has 

also been obt.ained by Ohkuma and Wadat.i (!5cSl , usi~ t.he 

t.race met.hod. The t.wo solit.on solut.ion has t.he f"orm 
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u - 2 (lo~ f' ) 
2 xx 

<1.10.6) 

where 

f' - 1 + exp 2n + exp 2n + A exp [2(n~+n2)] 
2 1 2 12 ;0. 

A. 
12 -

and k.p. 
1. 1. 

3(k + k )2 
1 2 

a:re component.s 

....... <1.10.7) 

<1.10.8) 

(1.10.9) 

of' t.he linea:r moment.urn 

along x and y direct.ions respect.1vely. The value of' A 
1Z 

gives t.he nat.u:re of" int.eract.10n. For A -0 or 00 we have 
12 

t.he phenomenon of' ~Solit.on Resonance'. When t.his happens, 

t.wo 1nt.eract.ing solit.ons creat.e a t.hird solit.on. These 

t.hree soli t.ons resonant.ly couple each ot.her such t.hat. a 

V-shaped st.ruct.u:re 1s f'ormed by t.he t.hree wave crest.s. 

Det.a11s of' solit.on resonance of" K-P equat.ion would be 

dealt. wit.h in Chapt.er 11, when we st.udy t.he solit.on 

resonance in t.hin superHuid f'ilms. 

Soli t.on resonance is not. a phenomenon rest.rict.ed 

t.o just. t.he K-P equat.ion. This can be observed in t.he t.wo 

dimensional nonlinea:r Schrodinger 
[~7] 

equaUon , t.he t.hree 
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[58] 
dimensional ion acoust.ic syst.em , et.c. 

The discovery of solit.()n resonance in t.wo and 

higher dimensional space led many in search of t.he 

phenomena in one dimensional syst.ems. Tajiri and 

Nishi t.ani [59] showed t.hat. resonance is displayed by a 

Boussinesq t.ype equat.ion, 

u - u + (u2 ) + U - 0 
II xx xx xxxx 

(1.10.10) 

Lat.er, Hirot.a and It.o [<SO] were able t.o demonst.rat.e t.hat. 

t.he Sawada Kot.era equat.ion and t.he model equat.ion for 

shallow wat.er waves also exhibit.ed solit.on resonance. 

There is a not.iceable difference in t.he 

propert.ies of soli t.on resonance occurrint; in one dimension. 

As is obvious, aY-shaped st.ruct.ure cannot. form in one 

dimensional space. Inst.ead, t.wo solit.ons int.eract. each 

ot.her t.o form a sint;le solit.on or a solit.on split.s int.o 

t.wo [est.]. 

The concept. of solit.on resonance was successfully 

used t.o explain ~mach reflect.ion' of lit. [62,69] 
so on . 

Soli t.on resonance has been observed experiment.ally in t.he 

int.eract.ion of waves on shallow beaches[cU] and in' t.he 

int.eract.ion of ion acoust.ic waves in unmagnet.ized 

!as [CS5,CSCS,CS7] 
P ma . 
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The result. t.hat. t.he solit.ons of t.he K-P equat.ion 

wit.h posit.ive dispersion { sign in equat.ion (1.10.4}) 

are unst.able is due t.o t.he fact. t.hat. in t.he derivat.ion, 

Kadomt.sev and Pet.viashvili [!5.1 rest.rict.ed t.he t.ransverse 

pert.urbat.ions t.o t.he small k limit. (i.e. long wavelengt.h). 

Kat.yshev and Makhankov[CS8] approached t.he problem from a 

different. point. of view. They considered t.he K-P equat.ion 

in t.he form 

(1.10.11) 

Using t.he variat.ion of Act.ion Met.hod, t.hey were able t.o 

est.ablish t.hat. t.here is a t.hreshold behaviour in t.he 

inst.abilit.y. It. was shown t.hat. t.he solit.ons are unst.able 

for t.ransverse pert.urbat.ions wit.h wave number k, 

sat.isfying t.he inequali t.y 

k < k (1.10.12) 
c 

2 
where k -6"l1 and t.he paramet.er "l1 follows from t.he solit.on 

c 

solut.ion for (1.10.11) in t.he form 

2 2 2 
- 12 "l1 Sech TJ (x - x - 4"l1 t.) • 

o 

Zakharov[691 has present.ed a sufficient. condit.ion 

for inst.abilit.y in t.he region 
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<1.10.13) 

It. was lat.er shown by Laedke 
[70] 

and Spa1.schek t.ha1. t.he 

K-P solit.ons are indeed st.able bet.ween t.he limit.s ~overned 

by (1.10.12) and <1.10.13). Thus t.he K-P solit.on wit.h 

posit.ive dispersion is st.able out.side 1.he region ~overned 

by (1.10.13). Hence, as described by Ablowi1.z and 

S [7t] 
egur , in t.he cont.ext. of nonli ne ar wa1.er waves in 

t.anks , experiment.al observat.ion of such solit.ons is 

possible if 1.he wid1.h of t.he syst.em is small eno~h 1.0 

avoid t.he per1.urbat.ions having wavelengt.hs larger t.han t.he 

crit.ical value. 

There are equat.ions o1.her t.han 1.he K-P equat.ion 

which have t.wo dimensional solit.ons. The t.wo dimensional 

cubic nonlinear Schrodinger equat.ion is one example 

i At. + A + A + 0' 1 A 12 A - 0 
xx yy 

The weakly t.wo dimensional form of t.his equat.ion was 

[721 
obt.ained by Benney and Roskes for surface wat.er waves, 

where t.he effect.s of gravit.y, surface t.ension and 

arbi t.rary dep1.h are included. 
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iA + 0' A + A - 0' I A I 2 A + ~ A 
l t xx yy 2 )( 

<1.10.15) 

a ~ + ~ 
xx yy 

where a, b , 0', andO' depends on t.he dept.h and surf'ace 
t 2 

t.ension. Oblique int.eract.ion of' solit.ons on a t.wo 

dimensional surf'ace has been observed experiment.ally, a 

t.ypical example beinc t.he one phot.ographed by Toedt.emeier 

of'C t.he Oregon t.[731 
coas . Recent.ly, t.here are 

indicat.ionst741 t.hat. t.wo dimensional solit.ons could be 

observed in t.hin superCluid CUrns. 

Biswas and k [741 
war e ext.ended t.heir earlier 

result.s oC one dimensional solit.on propagat.ion t.o include 

weak t.wo dimensionalit.y and obt.ained t.he K-P equat.ion. We 

shall discuss t.heir work in det.ail in Chapt.er II, where we 

have ext.ended t.heir result.s t.o show t.hat. K-P equat.ion can 

exhibit. solit.on resonance in t.hin superCluid fUrns. 

1.11 ~lH~<I)S ~INID S<I)[LOu"<l){NS 

We have seen in t.he earlier sect.ions of' t.his 

chapt.er t.hat. t.here are syst.ems wit.h inf"init.e degrees of' 

f'reedom which are complet.ely int.egrable and whose t.ime 

evolut.ion is complet.ely described by nonlinear modes 
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includint; soli t.ons. On t.he ot.he:r hand, t.he:re a:re many 

simple syst.ems, wit.h ha:rdly a few de~:rees of f:reedom, 

showint; chaot.ic behaviou:r. When one knows t.hat. even ve:ry 

simple syst.ems show chaot.ic behavioUl', it. seems not. so 

sUl'p:risint; if most. of nonlinea:r syst.ems wit.h inf'init.e 

de~:rees of f:reedom show chaot.ic behavioUl'. Appa:rent. 

except.ions a:re t.he complet.ely int.e~:rable syst.ems. 

By t.he t.e:rm Chaos we mean ~sensit.ive dependence 

on init.ial condit.ions'. That. is, t.he dynamics of t.he 

nonlinea:r syst.em can be complet.ely alt.e:red by an 

inf'init.esimal chant:e in t.he init.ial condit.ions. This can 

also be viewed as a la:r~e (o:r exponent.ial) inc:rease in t.he 

dist.ance bet.ween nea:rby t.:raject.o:ries in t.he phase space of 

t.he syst.em. Such an exponent.ial di ve:r~ence of nea:rby 

t.:raject.o:ries would mean a ~non-p:redict.able' behavioUl' of 

t.he syst.em. 

In t.he :recent. development.s of nonlinea:r physics, 

t.he ~ene:rat.ion and charact.e:rizat.ion of chaos has been 

:recei vint: conside:rable at. t.ent.ion. Seve:ral :rout.es t.o chaos 

have been found in some simple dynamical syst.ems wit.h only 

(?~l 
a few de~:rees of f:reedom . One of t.he most. impo:rt.ant., 

and t.he most. widely used quant.it.at.ive measUl'e of chaos is 

t.he Lyapunov cha:ract.e:rist.ic 
(?cSl 

exponent. . It. ~ives t.he 

mean exponent.ial :rat.e of di ve:r~ence of nea:rby t.:raject.o:ries 

of a chaot.ic dynamical syst.em in phase space. The chaos 

is defined(??l as a st.at.e of exponent.ially ~:rowin~ 
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separat.ion dist.ance, t.hat. is t.he st.at.e where t.he maximum 

Lyapunov exponent. is posit.ive. 

In ener~y conserved syst.ems erc;odicit.y is closely 

relat.ed t.o t.he problem of chaos. Kobno~orov-Arnold-Moser 

(78) 
(KAM) t.heorem c;ives a very import.ant. underst.andi~ in 

t.he erc;odicit.y t.heory. Roughly speakinc;, KAM t.heorem 

discusses t.he fat.e of t.raject.ories of syst.ems wit.h an 

int.ec;rable Hamilt.onian, but. wit.h a small pert.urbat.ion 

added. To be precise, let. t.he syst.em be described by t.he 

Hamilt.onian ge and let. a small pert.urbat.ion be added t.o 
o 

ge , so t.hat. t.he new Hamilt.onian is 
o 

pe - ge + Age 
o t 

, (1.11.1> 

where A det.ermines t.he st.re~t.h of pert.urbat.ion. Then KAM 

t.heorem st.at.es t.hat.[79] "provided A is sufficient.ly small 

and ge is analyt.ic in a ~iven domain, t.he phase space can 
t 

be separat.ed int.o t.wo rec;ions of nonvanishi~ volume, one 

of which is small compared t.o t.he ot.her and shrinks t.o 

zero as A -+0" . The lar~er rec;ion has a st.ruct.ure similar 

t.o t.hose of an int.ec;rable syst.em. 

The effect. of pert.urbat.ion on many complet.ely 

i t. bl t. has al d[BO,Bi,B2) 
n ec;ra e sys ems reve e many int.erest.i~ 

propert.ies of solit.on propac;at.ion in such syst.ems. 

Imada[B2) st.udied t.he dynamics of solit.ons under an enerc;y 
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pl'esel'ving pel't.UI'bat.ion t.o t.he usual Sine OOl'don 

equat.ion. The Hamilt.onian chosen was 

lie - lie + lie o t 
(1.11.2) 

whel'e 

lie .. I ( tP 2 + C 2 tP 2 ) + 1 - CostP (1.11.3) 
o 2 l 0 x 

and 

1 - CostP - (1 - CostP) (1.11.4) 
1 + R2 + 2 RCostP 

C2 is a const.ant. and R is a paramet.el' which det.el'mdnes t.he 
o 

deviat.ion fl'om complet.e int.egrabilit.y. When R-O t.he 

Hamilt.onian S1e I'educes t.o Sine-Gol'don Hamilt.onian. Imada 

invest.igat.ed numerically t.he separat.ion dist.ance bet.ween 

t.wo t.raject.ories in which t.he init.ial condit.ions are 

slight.ly different.. The local separat.ion dist.ance bet.ween 

(82] 
t.wo t.l'aject.ories in t.he phase space was defined as 

6s(x,t.)~ I [ 6 9I(x,t.) r + [ 6 91, (x,t.) r <t.11.5) 

where 6~ and 6~ are t.he difference of ~ and ~ bet.ween 
l l 

t.he t.wo t.l'aject.ories. The init.ial condit.ions wel'e chosen 

in such a way t.hat. t.he init.ial values of 6~ and 6~, i.e., 
l 
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6~(x,o) and 6~ (x,o) 
l 

were very 

.i di· h.h 6' (82) separa ... on s ... ance as ... e .aorm 

small. 

6 so.) - If l [ 6s(x,t.) ]" dx 

o 

The t.ot.al 

(1.11.6) 

where L is t.he syst.em size. Imada imposed a periodic 

boundary condit.ion f"or t.he syst.em and chose t.he 

soHt.on-ant.isoHt.on pail' solut.ion as t.he init.ial 

condi t.ion. Duri~ t.he numerical evaluat.ion of" t.he syst.em, 

it. was observed t.hat. during each collision of" t.he 

soHt.on-ant.isolit.on pail', t.he value of" lo~(6S(t.» 

increased si~nincant.ly. Also, t.he ef"f"ect. of" t.he 

collision was observed t.o propagat.e spat.ially so as t.o 

increase 10~(6S(t.» almost. linearly wit.h t.ime. 

[82,771 
calculat.ed t.he maximum Lyapunov exponent. 

- lim 
l-+OO 

I 

t 
6 S(t.) ] 
6 S(O} 

and found t.hat. it. is posit.ive f"or posit.ive R. 

lmada 

<1.11.7) 

The value 

of" X. was zero, as expect.ed, when t.he pert.urbat.ion was made 

zero (Le., R-O). 

A st.udy of" t.he quasi soH t.on propagat.ion in a 

nonlinear wave equat.ion wit.h f"if"t.h order dispersion has 

also shown chaot.ic behaviour[B3). The equat.ion had t.he 

f"orm 
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U 
l 

+ U U 
x 

2 
- y u 

xxxxx - 0 <1.11.8) 

Similar st.udies have also been done f'or enercy 

[82,84 85] 
nonconserving pert.urbat.ions '. 

In chapt.er II we present. t.he st.udies of' t.he 

4 phenomenon of' t.wo-solit.on resonance on t.hin He f'ilms. 
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CHAPTER 2 

SOLITON RESONANCES IN THIN SUPERFLUID 
FILMS 



SOLI TON RESONANCES IN THIN SUPERFLUID FILMS 

Of' t.he rich variet.y of' nonlinear phenomena 

exhibit.ed by very t.hin superf'luid '-He nlms~ one of' t.he 

most. int.erest.inf; one is t.he phenomenon of' ·Solit.on 

resonance~. In t.his chapt.er we extend t.he result.s of' 

Biswas 
[7'-] 

and Warke and st.udy t.he t.wo solit.on resonances 

of' t.he Kadomt.sev-Pet.viashvili equation f'or t.he superf'luid 

surf'ace densit.y f'luct.uat.ions in t.hin superfluid '-He f'ilms. 

The f'inal f'orm of' t.he resonant. solit.on is obt.ained and t.he 

expressions f'or t.heir amplit.ude and velocit.y are derived. 

This chapt.er is divided int.o t.hree sect.ions. The 

nonlinear evolut.ion equat.ion describinf; superf'luid 

densit.y f'luct.uat.ions in t.he lowest. order of' nonlinearit.y~ 

as obt.ained by Biswas and Warke, is discussed in sect.ion 

2.1. We examine t.he phenomenon of' soUt.on resonance in 

sect.ion 2.2. In t.he last. sect.ion we st.udy t.he soUt.on 

resonance in monolayer- superf'luid films. 

2.1 (}(-[P IE<DQ)~ ]"O~IN ~IN{D ]"001(1) IDOIMIEINSO(1)INA\n.. SQ}!PIEIRIFn..Q}OID IFOn..IMS 

The phenomenolof;ical equat.ion of' mot.ion for t.he 
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monolayer superfluid densit.y fluct.uat.ions , proposed by 

[171 
Rut.led~e et. al , is ~i yen by 

-
....... (2.1.1) 

where lp(x,t.) is t.he condensat.e wave f'unct.ion, m is t.he 

mass of' t.he helium at.om, A and a (A-14k and a-1.2 at.omic 

layers) are const.ant.s of' Van der Waals int.eract.ion, J..l is 

t.he chemical pot.ent.ial and B is t.he surf'ace t.ension. The 

f'orm of' lp was chosen as 

(2.1.2) 

so t.hat. t.he superfluid densit.y is 

.. I" 12 p(x,t.) - lp(x,t.) (2.1.3) 

where p and 4> are real f'unct.ions. The reduct.ive 

pert.urbat.ion met.hod is applied t.o t.he result.in~ set. of' 

equat.ions. Then t.he solut.ion t.hat. is bein~ looked f'or 

corresponds t.o a charact.erist.ic collect.i ve densit.y 

oscillat.ion mode propa~at.in~ alon~ t.he x direct.ion in t.he 

t.wo dimensional superf'luid. The variat.ion in densit.y 

alo~ t.he y direct.ion is made very small by choosin~ t.he 
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expansion paramet.ers in such a way t.hat. t.he power of' t.he 

paramet.er is ~reat.er f'or t.he y-coordinat.e t.ransf'ormat.ioTl 

compared t.o t.hat. f'or t.he x-coord1nat.e. But. t.his choice of 

paramet.ers is made consist.ent. wit.h t.he equaUt.y 

-
The analysis €;ives t.he velocit.y of' t.hird sound as 

3A P 
o 

• m{a+p) 
o 

where p is t.he equilibrium densit.y. 

The f'1nal equat.ion which t.hey arrived at. was 

'" '" "-

C 
3 

2 "'2 ay 
- 0 

where x,y and t. are t.he scaled coordinat.es. 

{2.1.4} 

(2.1.5) 

Equat.ion 

<2.1.5) is t.he K-P equaUon. It. was ar€;ued t.hat. in t.he 

@;eneral case t.he soli t.ons represent.ed by t.he syst.em would 
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be unst.able because t.he equat.ion <2.1.5) is t.he K-P 

equat.ion wi t.h posi t.i ve dispel'sion. But. as has been 

discussed in sect.ion 1.10, t.his K-P equat.ion would have 

st.able soli t.on solut.ions if' t.he widt.h of' t.he syst.em is 

chosen t.o be less t.han t.he cl'it.ical wavelen~t.h. Howevel', 

t.he syst.em admit.s st.able 'lump solit.ons' in t.he ~enel'al 

case. These lumps have pl'opel't.ies similal' t.o solit.ons, 

but. f'01' t.he a~ebl'aic decay of' it.s t.ails in x and y 

dil'ect.ions. 

2.2 £R[£S~INA\INA\<C[£ 4)[f S~n..01T4)INS 

We have seen in t.he Chapt.el' I t.hat. most. of' t.he 

st.able solit.ons al'e one-dimensional ent.it.ies. Such one 

dimensional solit.ons can int.el'act. t.wo-dimensionally wit.h 

each ot.hel'. This is because in any isot.l'opic media, 

solit.ons can pl'op~at.e in all dil'ect.ions and int.el'act. 

obliquely wit.h each ot.hel'. Such int.el'act.ions could be 

descl'ibed[8CSl by t.he K-P equat.ion, f'01' weakly nonlinear, 

weakly dispel'si ve and almost. unidil'ect.ional wave 

pl'opa~at.ions. 

We considel' t.he int.el'act.ions of' t.he K-P solit.ons, 

which have t.he f'Ol'm 

u. &:: I k ~ Se ch 2 k 
~ 2 ~ i w. (k. , p.)t. ] 

~ ~ ~ 
<2.2.1> 
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when t.wo such solit.ons int.eract. a phase shif't. 6 u' which 

I (!5!5) 
depends on t.he int.eract.lon ang' e is caused due t.o 

t.he mut.ual collision. Hence t.he st.ruct.ure of' t.he solut.ion 

of' t.he K-P equat.ion during' int.eract.ion of' t.he solit.ons 

would involve t.wo wedg'es f'ormed by t.he pair of' 

li ( !57l 
nes 'If' =c 

t t 
, 'If' =C +6 and 'If' =C +6 'If' =C , 

Z 2 
where 

2 2 t2 t 1 12 

C and Care const.ant.s. 
t 2 

This is illust.rat.ed in Fig'.2.1. 

If' t.he phase shif't. is zero t.hen t.he vert.ices of' t.he t.wo 

wedg'es are coincident. and t.he arms of' each wedg'es are 

simply cont.inuat.ion of' t.he opposit.e arms of' t.he ot.her 

(Fig'.2.2). For a f'init.e phase shif't., t.he linear crest. 

(!57l 
joining' t.he t.wo vert.ices is given by t.he equat.ion. 

(k + k ) x + (k p + k P ) Y + (w + w)t. - C + C + <5 
t 2 1 t 2 2 1 2 1 2 12 

....... (2.2.2) 

Miles(62 I <sa l not.ed t.hat. t.he t.wo solit.on of' t.he K-P 

equat.ion breaks down at. a cert.ain crit.ical anc;le. Based 

on t.he f'rame work of' t.he Zakharov-Shabat. 
(871 

t.heory of' 

int.eg'rable syst.ems wi t.h more t.han one spat.ial dimension, 

Newell and 
l!57l 

Redekopp st.udied a g'eneral crit.erion f'or 

st.rong-Iy int.eract.ing' solit.ons and f'ound t.hat. t.he t.wo 

solit.on solut.ion breaks down at. t.he crit.ical ang-Ie which 

corresponds t.o t.he condit.ion 

w (k + k) - W (k ) + W (k ) 
1 2 1 Z 

(2.2.3) 
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Fie 2.1 

Fie 2.2 

Fie 2.3 



Durinr; such an 

inf'inif.,yl~71 and 

inf.,eracf.,ion, f.,he phase shlf'f., f.,ends t.o 

f.,he cresf., described by <2.2.2), which 

joins f.,he verf.,ices of' f.,he inf.,er-acf.,inr; waves, becomes 

inf'inlf.,eIy IOn(; and If., saf.,isf'ies f.,he soli f.,on dispersion 

relaf.,ion. Hence in f.,his process, called f.,he ·Solif.,on 

resonance', a f.,hird solif.,on is creaf.,ed by f.,he collision of' 

f.,wo obliquely inf.,eracf.,in(; solif.,ons; f.,he f.,hree soli f.,ons 

resonanf.,Iy couple each of.,her, such f.,haf., a V-shaped 

sf.,rucf.,ure is f'ormed by f.,he f.,hree wave cresf.,s. 

(56) 
Ohkuma and Wadaf.,i showed f.,haf., f.,he phase shif't. 

6 would become inf'ini f.,e when A <t;i ven by equat.ion 
12 t2 

(1.10.9» f.,akes f.,he values zero or inf'inif.,y. When t.h1s 

condi f.,ion is saf.,isf'ied, resonance is possible among t.hree 

solif.,ons; a coupled sysf.,em of' f.,hese solit.ons t.hus make a 

phase locked sysf.,em. When t.he amplit.ude of' t.he t.h1rd wave 

is a f'unct.ion of' t.he sum of' t.he ampli f.,udes of' t.he 

collidint; waves, it. is called plus 
(581 

resonance On t.he 

ot.her hand, when it. is a dif'f'erence it. is called minus 

resonance. 

2.3 SOILOlT<D[N [R!ES<D[NA\[NCC!ES <D[N SQ)IP!EIRIFILVOID IFOIl.JMS 

We make t.he f'ollowing subst.it.uf.,ions in equat.ion 

<2.1.5) f.,o obf.,ain it. in t.he more f'amiliar f'orm as given by 

equaUon (2.3.2) 
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r - 2p (a+p )/(3a-p ) 
000 

"" - "" x y , t.-C k t. , 
a 0 

.. 8 m 2 C: / (h 2 + 4 m B PO) x (2.3.1> 

Thus, 

[ u- + 6 u u- + u--- ] - u--
t x xxx; yy 

.. 0 (2.3.2) 

The K-P equaUon in t.he form ~iven above has been 

discussed in ~reat. det.ail in sect.ions 1.10. 

solit.on solut.ion has t.he form() 

where 

T1 .. + py - (k -p )t. 2
r k [-x - 2 2 ] 

The one 

<2.3.3) 

<2.3.4) 

and k and kp are component.s of linear moment.urn alon~ t.he x 

and y direct.ion respect.ively. 

The t.wo solit.on soluUon of equat.ion (2.3.2) is t;iven by 

u == 2(lo~ l' )--
2 xx 

<2.3.5) 
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where 

f' .. 1 + exp 27) + exp 27) + A exp [2(7)~ + 7)2)] 2 i 2 i2 ;0. 

<2.3.6a) 

A -i2 

3(ki - k2)2 + (Pi - P2)2 

3(ki + k2)2 + (Pi - P2)2 

<2.3.6b) 

<2.3.6c) 

As we have already explained in sect.ion 2.2, 

t.here is an int.ermediat.e re~ion duri~ t.he int.eract.ion of' 

t.he solit.ons. It. was shown t.hat. solit.on resonance is t.he 

special case under which t.he int.ermediat.e re~ime t.ends t.o 

iruinit.y. This would happen when A =0 or A =00. 
i2 i2 

i.e. f'or 

3(k ± k ) 
i Z 

2 + (p - P ) 
i Z - 0 

The plus si~n ref'ers t.o t.he 

<2.3.7) 

case A =00 and 
i2 

corresponds t.o plus resonance and t.he ot.her case <A =0) 
12 

is t.he minus resonace. The resonance phenomena can be 

best. underst.ood by t.he asympt.ot.ic behaviour of t.he t.wo 

solit.ons under t.he above condit.ions. 

66 



u _ u(t.) + U(2) _ I k 2 Sech Z TJ + I k 2 Sech2 TJ , 
2 t. 1 2 2 2 

_ U(t.+2) 

U .. U(t.+2) 

y ... -(X) 

I 2 2 
- (k + k) Sech (l] + TJ ) 

2 t. 2 t. 2 
, 

y ... +00 

_ I (k 
2 t. 

2 2 + k) Sec h ('Y1 + TJ ) 
2 t. 2 

, 

y ... -(X) 

_ U(t.) + U( 2) _ I k2 Sech 2 'Y1 + I k 2 Sech2 'Y1 
2 t. t. 2 2 2 ' 

y -+ +00 

<2.3.8a) 

<2.3.8b) 

The above t.wo equat.ions represent.s plus resonance and is 

illust.rat.ed in Fi~.2.3. 

The mdnus resonances are ~iven by 

u = U(~ ) I k 2 2 = - Se ch 'Y1 , 
2 t. ~ 

Y ... - (X) , 

U(2) I k2 2 
== = - Se ch TJ 

2 2 2 

Y ... +00 , 

U(t.-2) I 
(k k )2 

2 
TJ 2 ) .. - - Se ch (TJ -

2 ~ 2 ~ 

X ... +00 <2.3.9a) 
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U a: 
U(2) r 

k 2 2 
-= Sech T] 

2 Z Z Y -+ -(X) , 

-= U(t) r 
k 2 2 -- Sech T] 

2 t t 
Y -+ +00 , 

U(t-2) r 
(k k )2 Z 

T]z) - 11: - Sech (T] -
2 t Z t 

x -+ -(X) <2.3.9b) 

In €;eneral, t.he resonant. solit.on can be writ.t.en in t.he 

:form, 

U <2.3.10) 

From t.he :form o:f t.he above solut.ion we can calculat.e t.he 

amplit.ude and velocit.y o:f t.he resonant. solit.on in t.he 

laborat.ory :frame as €;iven below. 

6p 
o 

(a + P ) I(p - 3a) ] (k 
0 1 0 t 

<2.3.11) 

[ k (k2 - 2) ± k (kZ - p2)] - (k ± k ) 
t t Pt 2 2 2 t 2 

v ... C <2.3.12) 
r 9 
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The int.eract.i~ solit.ons and t.he resonant. solit.on form a 

coupled syst.em wit.h aY-shaped st.ruct.ure and t.ravels wit.h 

t.he above velocit.y. 

solit.on resonances 

4 
superfluid He films. 

We can 

We have shown t.hat. t.he phenomenon of 

could be observed in very t.Wn 

visualize equat.ion <2.3.9a) as t.he 

format.ion of a sin~le solit.on as t.he result. of a collision 

of t.wo soli t.ons. Equat.ion <2.9b) could be considered as 

t.he split.t.i~ of a solit.on int.o t.wo solit.ons. The process 

of format.ion of a sin~le solit.on from t.wo solit.ons, as 

depict.ed by equat.ion <2.9a) is shown pict.orially in 

Fi~.2.3. 

Minus resonance could also be viewed in a manner 

similar t.o t.he plus resonance i.e. equat.ion <2.3.9a) 

could be viewed as t.he format.ion of a sin~le solit.on from 

t.wo solit.ons and <2.3.9b) as t.he reverse process. 

It. should be possible t.o observe t.hese resonant. 

solit.ons by measurin~ t.he velocit.ies in t.he asympt.ot.ic 

limit.s usin~ suit.able det.ect.in~ devices. But., it. should 

be borne in mind t.hat. as explained in sect.ion 1.10, t.he 

K-P equat.ion wit.h posit.ive dispersion relat.ion is unst.able 

wit.h respect. t.o t.ransverse pert.urbat.ions havi~ 

wavelen~t.hs ~reat.er t.han a crit.ical value <obt.ainable from 

equat.ion <1.10.13). Hence t.he widt.h of t.he film should 

be limit.ed t.o a value less t.han t.he crit.ical wavele~t.h as 
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discussed by Ablowit.z and Sef;ur{711 in t.he cont.ext. of 

wat.er wave experiment.s in t.anks. 

As has been su~~est.ed by 
(50] 

Huberman , t.he 

dispersion relat.ion could chan~e when t.he t.hickness of t.he 

film is increased. Then i t. mi~ht. be possible t.o observe 

t.he solit.ons wit.hout. any rest.ricUon t.o t.he film widt.h. 

This problem is t.aken up in chapt.er.5. 

Since t.he whole formalism present.ed in t.his 

chapt.er is based on t.he K-P equat.ion, which holds for t.he 

superfluid only when t.he lowest. order nonlinearit.y is 

t.aken int.o account., t.he amplit.ude of t.he solit.ons durin~ 

an experiment.al run should be carefully chosen. The 

dynamics of t.he waves are different. when 

nonlineari t.ies are t.aken int.o considerat.ion. 
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CHAPTER 3 

LARGE AMPLITUDE QUASI SOLITONS IN THIN 

SUPERFLUID FILMS 



LARGE AMPLITUDE QUASI 

THIN SUPERFLUID FILMS 

SOLI TONS IN 

4 
The soli t.on dynamics on super fluid He :films are 

not. just. confined t.o t.he small ampli t.ude regime. It. is 

possible t.o obt.ain localized waves even under :full 

nonlinearit.y, t.hough t.he KdV and K-P equat.ions are able t.o 

describe t.he dynamics of superfluid densit.y fluct.uat.ions 

only in t.he weak nonlinearit.y limit.. In t.his chapt.er we 

st.udy t.he propagat.ion of large ampUt.ude quasi solit.ons in 

t.hin t.wo dimensional superfluid films. We have seen in 

sect.ion (1.9) t.hat. such localized waves have asympt.ot.ic 

t.emporal when one dimensional wave 

propagat.ion is considered. The fat.e o:f t.hese large 

amplit.ude waves when a weakly t.wo dimensional wave 

propagat.ion is considered is st.udied in t.hls chapt.er. 

This work is done numerically for a monolayer superfluid 

film. 

The chapt.er is divided int.o t.wo sect.ions. The 

equat.ion governing t.he large amplit.ude densit.y 

fluct.uat.ions on t.hin superfluid films is reduced t.o a 

dimensionless form in sect.ion 3.1. In t.he second sect.ion 

we numerically st.udy t.he large amplit.ude solit.on 

propagat.ion on such films. 
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3.1 1LA\\Rq;1E A\[MIPILDlfllJlDlE S<DILDlf<DINS 

We be~in t.he analysis by st.art.in~ f"rom t.he 

equat.ion of mot.ion for t.he superfluid densit.y fluct.uat.ions 

(equat.ion (1.3.7»), reproduced below for convenience. 

·h iJvI 
1. at. -= (3.1.1> 

where m,A,a,/J and B have t.heir usual meanin~s. For t.he 

monolayer f"Hms we are ~oin~ t.o consider, we can t.ake 

B=OU.7]. If we search for a solut.ion of t.he f"orm 

V'(x,y,t.) -
i/2( t.) icp(x,y,t.) 

p oS x,y, e , where t.he 

superfluid densit.y, one would get. t.he t.wo dimensional 
• (t. 7] 

cont.inuit.y equat.10n 

{Jp 
oS + v. 1 - 0 oS 

where 

at. 

1 (x,y,t.) 
oS - Re£(Wim) 

quant.um-mechanical current. densit.y. 

* V' 

(3.1.2) 

is t.he 

For t.he purpose of numerical analysis we 

t.ransform equat.ion (3.1.1) t.o a dimensionless form. We 

assume t.hat. V' depends only on t.he t.ime coordinat.e t. and 

space coordinat.es x and y. The scale for V' is chosen as 

it.s equilibrium value V' , obt.ained from t.he relat.ion 
o 
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A • 0 (3.1.3) 

We can f"ix t.he equilibrium value of t.he 

superfluid t.hlckness as 

d 
o 

2 
• Vlo /a (3.1.4) 

Scales for t.he space coordinat.es and t.ime coordinat.e are 

fixed by t.he charact.erist.ic wave vect.or k and frequency w 

k [ w - W/h (3.1.!5) 

A 
where W. is t.he Van der Waals enerc:y. 

Now we can rewrit.e equat.ion (3.1.1) in t.he normalized 

form 

where 

• 

x ,.. VI / VI , { = kx, T/ - ky, and T - wt.. o 

(3.1.6) 

Since for 

such a monolayer superfluid film we cannot. have surface 

deformat.ions, we will be st.udyinc: t.he superfluid densit.y 

fluct.uat.ions occurrioe: in t.he t.wo dimensional f"ilm. We 

assume t.hat. init.ially t.he superfluid densit.y is locally 

alt.ered. For example, t.his could be done by heat.ioe: t.he 

f"ilm locally. Aft.er t.hls is done equat.ion {3.1.2} would 
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hold. 

3.2 1NQ)!MIEIRDC~n... S1TVIDDIES 

In this section we undertake the numerical 

study of equation (3.1.6). For the sake of simplicity we 

look for solutions propa:;atinl; alo~ {-axis. The size of 

the superIluid film ( - 100 alonl; the {-direction ) is 

chosen arbitrarily in such a way as to be larger than the 

characteristic size of the localized excitations. 

(3.1.6) is treat.ed as an initial value problem. 

Equation 

It is 

assumed t.hat. at t=o the whole superfluid is at rest - that 

is we choose the initial value of the phase of the wave to 

be constant through out. the film. The dynamics of the 

system is independent. of the actual value of this constant. 

We st.udy the time evolution of the superIluid 

density Iluctuation p({ ,TJ,T) - 1 V'({ ,TJ,T) 12 1 This 

study is done for two different cases of the initial 

profile,p({ ,TJ.o) First we st.udy the dynanrlcs when a 

squared secant. hyperbolic profile is used as the initial 

condit.ion. This has special importance we are 

essentially st.udying the fat.e of t.he K-P solitons under the 

full nonlinearit.y. As a second case we take an initial 

profile which is very much different from t.he squared 

secant hyperbolic profile. The rounded rect.angular form is 

chosen as a suitable wave form. For both t.he above cases 
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we impose t.he pel'iodic boundal'Y condi t.ion, 

<3.2.1> 

Since t.hel'e is no sUl'face defol'mat.ion t.o t.he monolayel' 

film, we do not. have t.o t.ake t.he kinemat.ic boundal'y 

condi t.ions. 

The numel'ical l'esult.s for t.he fil'st. case al'e 

shown in n~Ul'es in Fi~.3.1 and Fi~.3.2. Fi~. 3.1 shows 

t.he t.ime evolut.ion of t.he supel'fluid densit.y fluct.uat.ions 

1'01' t.he init.ial pl'ofile 

p<1; ,n,o) = Po sech2 [ [<1; - 25)/3] + [ <n - 50)/55 ] ] . 

... . (3.2.2) 

The pal'amet.el's chosen al'e d =1 
° 

supel'fluid velocit.y cOl'l'espondin~ 

fluct.uat.ioos al'e plot.t.ed in Fi~. 

and p =0.2 
° 

The 

t.o t.he densit.y 

3.2. The numel' ical 

expel'iment.s cal'l'ied out. for several ot.her values of t.he 

pal'amet.ers showed similal' result.s. 

Two solit.oos emel'~e fl'om t.he sin~le peak of t.he 

init.ial pl'ofile and t.l'avel in opposit.e direct.ioos. These 

solit.ons presel've t.heil' ident.it.y aft.el' int.eract.ion wit.h 

each ot.her and al'e quit.e st.able. Under close examinat.ion 

t.hese peaks al'e found t.o be asymmet.ric. These solit.oos, 

"quasi -soli t.OOS,,£521 al'e not. complet.ely st.able as t.he 

lal'~e t.ime behavioUl' mi~ht. su~~est.. The finit.e life t.ime 

of t.he solit.oos as well as t.he asymmet.ry al'ise essent.ially 
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Fie; 3.1. Ttme evolut.ton of' t.he 
denstt.y f'luct.uat.1ons 
~-direct.ton, f'or t.he 
tn1t.tal prof'lle. 

amplit.ude of' t.he superf'lutd 
occurrtne; alone; t.he 

squared secant. hyperbolic 
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Fi,. 3.2. The supel'f"luid veloclt.y, COl'l'espondin,. 1.0 t.he 
denslt.y nuct.uat.lons plot.ed in Fi,..3.1, in 
arblt.l'ary unit.s. 



f'rom t.he hi~her order nonlinearit.y. 

Now we t.urn our at.t.ent.ion t.o t.he second 

case. Here we use as t.he init.ial prof'ile t.he rounded 

rect.an~ular f'orm, 

.. 1 
2" 25)/1.5]! [<1')-50)/55 ] ~4 n 

... (3.2 .3) 

A~ain, we choose t.he paramet.ers as d -1 and p -0.2. The 
o 0 

result.ing t.emporal development.s in amplit.ude and velocit.y 

are plot.t.ed if' Fi~.3.3 and Fi~.3.4. 

As in t.he previous case, t.he init.ial prof'ile 

split.s int.o t.wo. But. as t.he result.ing pair of waves t.ravel 

in opposit.e direct.ions, t.hey cont.inuously emit. secondary 

waves. Even aft.er a f'ew int.eract.ion wit.h each ot.her, t.he 

result.ant. waves keep t.heir ori~inal ident.it.y of a basic 

wave prof'ile cont.inuously emit.t.in~ secondary waves. 

The emission of' secondary waves could be viewed 

as f'ollows. As t.he ori~inal wave shape is quit.e dif'f'erent. 

f'rom t.he act.ual t.rave llin~ wave solut.ion, which t.he 

complet.ely nonlinear syst.em would admit., it. emit.s it.s 

excess ener~y in t.he f'orm of' secondary waves. This can 

also be seen in t.he f'irst. case t.he pair of' opposit.ely 

t.ravellin~ waves emit. secondary waves at. lar~e t.imes. The 
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Fit; 3.3. Time evolut.ion of" t.he 
densit.y t"luct.uat.ions 
~-direct.ion, f"or t.he 
prof"Ue. 

amplit.ude of" t.he supert"luid 
occurrint; alone t.he 

rounded :rect.ancular in! t.ial 
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Fit; 3.4. The superf"luid velocit.y. correspondin,; t.o t.he 
densit.y nuct.uat.ions plot.t.ed in Fit;.3.3. in 
arblt.rary wrlt.s. 



reason for such a slow emission of secondary waves in t.he 

first. case is t.he fact. t.hat. t.he init.ial wave it.self is only 

slig-ht.ly different. from an exact. t.ravelling- wave solut.ion. 

These result.s have been g-eneralized by t.a1dng- as init.ial 

profile ot.her wave shapes like, for example, a narrow 

g-aussian profile. 

We have shown numerically t.hat. even under st.rong' 

nonlineari t.y t.he t.wo-dimensional 4He films admi t. st.able 

composit.e quasi -soli t.ons of t.he superfluid densit.y 

fluct.uat.ions and t.he superfluid velocit.y. These soli t.ons 

are quit.e different. from t.hose obt.ained in t.he case of K-P 

equat.ion 

equat.ion. 

or t.he t.wo-dimensional nonlinear schroding-er 

We have also shown t.hat. any arbit.rary init.ial 

profile would decay int.o a st.able soli t.on solut.ion by t.he 

emission of t.he excess energ-y as secondary waves. Hence 

t.he t.wo emerg-ing- solit.ons could be viewed in t.heir early 

st.ag-es of development. as t.wo dissipat.ive waves. An 

int.erest.ing- propert.y t.o discuss at. t.his point. would be t.he 

dynamics of such a syst.em in t.he phase space, as t.o t.he 

predlct.abilit.y of t.he solit.on solut.ions wit.h respect. t.o t.he 

amplit.ude of t.he init.ial profile and t.he effect. of 

collision of t.he t.wo waves on t.he phase space t.raject.ory. 
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CHAOS CAUSED BY SOLITON-SOLITON INTERACTION 

The propa~at.ion of lar~e amplit.ude quasi solit.ons 

in t.Wn t.wo dimensional superfluid films was invest.igat.ed 

in t.he last. chapt.er. The dynamics of t.hese quasi solit.ons 

would change not.iceably wit.h variat.ions in t.he init.ial 

pI'ofile. 

In t.Ws Chapt.eI' we invest.i~at.e in det.ail t.he 

effect. of changing t.he init.ial shape of t.he wave profile. 

For t.Ws purpose we st.udy t.he effect. of very small chan~es 

in t.he init.ial condit.ions of t.he wave profile on t.he 

dynamics of t.he quasi soUt.ons. In part.icular, we 

consider t.he sensit.ivit.y t.o init.ial condit.ions on t.he 

propa~at.ion of t.hese large amplit.ude waves. For t.his 

purpose we t.ry t.he squared secant. hyperbolic, t.he gaussian 

and t.he rounded I'ect.an~ular waveforms as different. init.ial 

pI'ofiles. 

This chapt.er is divided int.o t.wo sect.ions. In 

sect.ion 4.1 t.he nonlinear evolut.ion equat.ion repI'esent.in~ 

t.he large amplit.ude local densit.y fluct.uat.ions in a one 

dimensional monolayer superfluid 4 He film is discussed. 
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Aft.er definin~ a sui t.able phase space, we st.udy in sect.ion 

4.2 t.he dynamics of t.he syst.em in t.he phase space. 

4.1 INVIl1IEIRDCCA\fi.. S"ITVlDDIES 

The equat.ion of moUon is described by t.he 

phenomenolo~ical equat.ion of Rut.}ed~e et. a1.[2.7l 

-- <4.1.1> 

Here also we can t.ake B-O, since only monolayer films are 

considered. 

For t.he purpose of numerical analysis we 

t.ransform t.he equat.ion <4.1.1) t.o a dimensionless form as 

was done in Chapt.er 3, and consider only one space 

direct.ion for simplicit.y. 

That. is, 

= 

where X = 

1 + 

1 + 

= kx 

<4.1.2) 

T =wt. and we assume t.hat. 
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iniUally t.he superf'luid densit.y is locally alt.ered. 

Equat.ion (4.1.2) is int.et;rat.ed numerically, 

t.reat.int; it. as an init.ial value problem. The size of t.he 

superf'luid film (a: 100) is chosen arbit.rarily in such a 

way as t.o be lart;er t.han t.he charact.erist.ic size of t.he 

localized excit.at.ions. We assume t.hat. at. t.=o t.he whole 

superfluid is at. rest. t.hat. is we choose t.he in! t.ial 

value of t.he phase of t.he wave t.o be const.ant. t.hrout;hout. 

t.he film. 

The t.ime evolut.ion of t.he 

f'luct.uaUon p(~ ,T) 11: I x(~ ,T) I Z 1 

phase 4>(~ ,T)=art;(X(~ ,T» are st.udied 

rect.ant;ular form as t.he init.ial profile. 

wit.h 4>(~ ,0) ... const.ant.. 

The act.ual value of t.his 

superf'luid densit.y 

and t.he . superf'luid 

for t.he rounded 

(4.1.3) 

const.ant. is not. 

import.ant. in t.he dynamics of t.he syst.em. 

periodic boundary condit.ion a(100,T)=a(0,T). 

We impose t.he 

The numerical experiment. is performed for t.wo 

80 



init.1al pI'oHles dlffeI'inr; only in t.he value of and 

obt.ain a pail' of dat.a conceI'ninr; t.he t.empoI'al development. 

of t.he amplit.ude and also t.he phase at. each point. on t.he 

supeI'f'luld HIm. 

Fi~.4.1 and Fi~.4.2 show t.he t.emporal development. 

of t.he amplit.ude and velocit.y of t.he supeI'f'luid densit.y 

f'luct.uat.ions for t.he values of t.he paramet.eI's P =0.2 
o 

and 

d =1 . 
o 

The second set. of numeI'ical expeI'iment. is done foI' 

P =0.20001 and wit.h t.he same value for d. The ini t.ial 
o 0 

pI'ofile can be seen t.o spli t. int.o t.wo and t.ravel in 

opposit.e diI'ect.ions. Fi~.4.1 shows t.hat. t.hese waves 

cont.lnuously emit. waves of velocit.y as t.hey 

pI'op~at.e alon~ t.he medium. 

4.2 lD'l7INA\01D{:S DIN IPIHA\SIE SIPA\{:IE 

In t.his sect.ion we st.udy t.emporal development. of 

t.he init.ial separat.ion dist.ance in t.he phase space. For 

t.his we define a phase space wit.h variables p,4>,p and 4>. 
l l 

In t.his phase space t.he local separat.ion bet.ween t.wo 

point.s 

by[821 

<p,~,p ,4> ) 
l l 

and <p+op,tjr+o4>,p +op ,4> +04> ) 
l l l l 

is 

I 2 2 2 2 o s<{ ,T) .. ~ (op<{ ,T») +(6p <{ ,T») +(64)<{ ,T») +(64) <{ ,T») 
T T 

...... <4.2.1) 
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Fit; 4.1. Time evolut.ion oC t.he 
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~-direct.ion, f"or t.he 
iniUal proCile. 
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squared secant. hyperbolic 
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Fi~ 4.2. The superCluid velocl1,y. correspond1~ 1,0 1,he 
densi1,y Cluc1,ua1,ions plo1,1,ed in Fil>.4.1. In 
arbi1,rary uni1,s. 



<P,4>.P .4> ) 
t t 

Dil'l'erent. 

As t.he 

in t.he 

init.ial 

syst.em evolves in t.ime. t.he point. 

phase space t.races a t.raject.ory. 

proHles would dil'l'erent. 

t.raject.ories. We st.udy t.he t.ime evolut.ion 01' t.he 

separat.ion dist.ance bet.ween t.wo such t.raject.ories 

correspondin~ t.o sli~ht.ly dil'l'erent. init.ial prol'iles. 

The t.ot.al separat.ion dist.ance 01' t.he t.raject.ories 

[82] 
in t.he phase space has t.he 1'0rm 

-= j ~ L 2 

J (6 s<e .T») de 
o 

<4.2.2) 

where L is t.he le~t.h 01' t.he HIm. We choose t.he ini t.ial 

values 01' t.he paramet.ers 1'01' t.he t.wo set.s 01' numerical 

experiment.s as 1'01l0ws: P -0.2 and cp<e .0)-0 1'01' t.he Hrst. 
o 

set. and p -0.20001 and cp(e .0)-0 1'01' t.he second. 
o 

The t.emporal development. 01' 6S(T) is plot.t.ed in 

It. can be seen t.hat. t.he t.ot.al separat.ion 

dist.ance is wit.h t.ime. and event.ually 

sat.urat.i~ t.o a maximum value rut.er a collision. But. t.he 

next. collision 01' t.he soli t.ons would ~ain increase t.he 

separat.ion dist.ance exponent.ially (t.he point.s 01' collision 

are shown by arrows in Fi~.4.3). The collision point.s 

would be less evident. l'rom t.he l'i~ure al't.er t.he second 
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collision, because of t..he emission of waves fr-om t.he 

solit..on. 

To under-st..and t..he incr-ease in separ-at..ion dist..ance 

caused by solit..on-solit..on collision we plot. in FiC1:.4.4 t..he 

t..empor-al development.. of (6S) which is t..he maximum 
max 

value of t..he local separ-at..ion dist..ance at. a cr;i ven t.ime. 

It.. is seen t..hat.. (6S) would increase slicr;ht.ly 
max 

due t..o t..he inl t..ial split.. t..incr; of soli t..ons. Then it.. r-emains 

almost.. const..ant.. t..ill t.he collision of solit..ons, at.. which 

inst..ant.. t.her-e is a shar-p incr-ease in (6S) 
max 

plot..t..ed for- t..hree successive collisions. 

(6S) is 
max 

For- each 

collision t..her-e is a mar-ked incr-ease in (6S) 
max 

This 

incr-ease becomes smaller- and smaller- aft.er- each collision, 

because of t..he emission of waves by t..he "quasi-solit..ons". 

It.. should also be not..ed t..hat. emit..t..ed waves collide wit..h 

each ot..her- much befor-e t..he solit..ons, but.. t..his does not.. 

pr-oduce any chancr;e in t..he phase separ-at..ion, as can be seen 

clear-Iy fr-om Ficr;.4.4. Thus it. is clear- t..hat. t..he collision 

of t..he quasi-solit..ons ar-e r-esponsible for- t..he incr-ease in 

t..he separ-at..ion dist..ance and t..his increase in local 

separat..ion dist.ance propaC1:at.es spat.ially wit.h t.he 

solit..ons, which explains t..he nat..ure of t.he t..ot..al 

separ-at..ion dist.ance. 

Next. we undert..ake a similar- st.udy wi t.h t.he 
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squared secant. hyperbolic profUe for t.he init.ial wave 

form. 

= 2 
sech [<e-25)/3 ] ...... <4.2.3) 

The result.s are plot.t.ed in Fi~ures 4.5, 4.6, 4.7 and 4.8. 

It. is evident. from Fi~.4.7 and 4.8 t.hat. t.he collision of 

t.he quasi soli t.ons do not. produce any . not.iceable and 

permanent. increase in t.he phase space separat.ion of 

t.raject.ories. This is because t.he init.ial wave profile 

has a form almost. similar t.o an exact. solit.on solut.ion 

under full nonlinearit.y. 

A similar st.udy was also t.aken up wit.h a very 

narrow Gaussian profile. It. showed result.s similar t.o 

t.hat. of t.he rounded rect.an~ular form. However, when t.he 

widt.h of t.he Gaussian profile was increased, t.he dynamics 

of t.he phase space t.raject.ories showed charact.erist.ics 

similar t.o t.hat. of t.he squared secant. hyperbolic profile, 

but. t.here were small jumps in t.he <6S) curve at. t.he 
max 

inst.ant.s of collision. This is because t.here is only a 

","eak emission of" waves. 

To conclude we have shown t.hat. t.wo ini t.ially 

close t.raject.ories in t.he phase space increases 

exponent.ially wit.h t.ime. This separat.ion is enhanced due 
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Fi~ 4.6. The supe:rf"luid veloc1t-y, co:r:respondinr; t-o t.he 
densit.y f"luct.uat.ions plot-t-ed in Fi~.4.5, in 
a:rbit-:ra:ry unit-so 
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t.o t.he collision of" soli t.ons t.aking place on t.he HIm. 

Finally, we not.e t.hat. one should t.ake int.o considel'at.ion 

t.hese chaot.ic phenomena bef"ol'e 

expel'iment.s connect.ed wit.h 

4 
propagat.ions in vel'y t.hin He f"Hms. 
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SOLITONS AND SOU TON RESONANCES ON SATURATED 

SUPERFLUID HELIUM FILMS 

In ~he earlier chap~ers we had £ocused our 

a~~en~ion mainly on ~he prop~a~ion and in~erac~ion o£ 

localized densi~y nuc~ua~ions on very ~hin supernuid 

£Ums. In ~his we consider ~he localized 

~hickness £luc~ua~ions on ~he so called sa~ura~ed £ilms. 

As we have discussed in sec~ion 1.9 , Nakajima e~ 

1 (51] 
a. were able ~o extend ~he analysis o£ one 

dimensional sur£ace wave propag'a~ion on very ~hin £Ums 

( 10-7 Cm) ~o £ilms whose ~hickness is o£ ~he order o£ .... 

cm. In such £ilms, ~he sur£ace ~ension plays a 

decisive role in ~he dynamics o£ ~he sys~em, which was 

~o~ally ig'nored £or very ~hin £ilms. The e££ec~ o£ 

sur£ace ~ension(51J is increase ~he charact.eris~ic 

leng'~h o£ ~he soli~on, and ~o reduce ~he soli~on veloci~y. 

This makes ~he de~ec~ion and g'enera~ion o£ soli ~ons using' 

conven~ional ~hird sound appara~us easier. The analysis 

done by Nakajima e~ al was res~ric~ed ~o one dimension. 

I~ seems na~ural. ~here£ore. ~o search £or quasi ~wo 

dimensional soli~ons in such sys~ems. 

In ~his chap~er we inves~ig'a~e ~he nonlinear 
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waves propagat.i~ on a t.wo dimensional sat.urat.ed film of 

• superfluid He. Here we are concerned wit.h t.he t.emporal 

evolut.ion of t.he fluct.uat.ions in t.hickness of t.he 

superfluid. This is in cont.rast. t.o t.he invest.igat.ions 

cit.ed in t.he earlier chapt.ers, where t.he surface 

deformat.ion was negligible and only t.he densit.y 

fluct.uat.ions were present., due t.o t.he very small t.hickness 

of t.he superfluid film. In t.he small ampli t.ude regime we 

have been able t.o derive t.he K-P equat.ion wit.h negat.ive 

dispersion. It. is shown t.hat. resonance of solit.ons can be 

observed in such films as against. t.he one dimensional case 

[51] 
st.udied by Nakajima et. a!. 

In t.he next. sect.ion we deri ve t.he equat.ions 

governing t.he surface displacement.. In sect.ion 5.2, we 

consider t.he small amplit.ude regime, and obt.ain t.he K-P 

equat.ion. It. is shown in sect.ion 5.3 t.hat. in t.he lowest. 

order nonlinearit.y, solit.on resonances could be obt.ained 

only if t.wo dimensional effect.s are t.aken int.o account.. 

Last. sect.ion is devot.ed t.o a discussion of t.he result.s. 

5.1.!fOINDUIE ~01[PILOUV[)1E SV!R!f~<C1E {}4~\yIES 

When sat.urat.ed films of superfluids are considered 

one has t.o include t.he effect.s of surface t.ension, which 

is generally ignored for very t.hin films. The Van der 
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Waals f"orce is t.he nonlinear f"orce act.in" on t.he 

superf"luid f"Um. The accelerat.ion of" t.he superf"luid due 

t.o a t.emperat.ure gradient., which act.s as a very small 

correct.ion f"act.ora71 in our low t.emperat.ure HIm is 

neglect.ed in t.his work. We consider t.he x and y axes t.o 

be lying on t.he subst.rat.e on which t.he superf"luid of" 

equilibrium dept.h d exist.s. Geomet.rical conf"igurat.ion of" 

t.he syst.em is shown in Fig.5.1. 

Since t.he superf"low is irrot.at.ional, we can 

describe it. by t.he velocit.y pot.ent.ial ~(X,y,z,l). If" we 

t.reat. t.he syst.em t.o be incompressible we can wri t.e t.he 

equat.ion of" conUnuit.y in bulk as 

(5.1.1) 

There is t.he addit.ional condit.ion t.hat. t.he superfluid 

would not. f"low int.o t.he subst.rat.e. 

M I - 0 iJz 
z=o 

(5.1.2) 

The cont.inuit.y equat.ion at. t.he f"ilm-vapour int.erf"ace t.akes 

t.he f"orm 

iJz 
) 

t 

ax 
t 

( :) =0 
t 

...... (5.1.3) 
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superf"luid HIm syst.em. The x and y axes lie on 
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The index 1 ref'ers t.o t.he Hlm vapour int.erf'ace 

z =d+a(x,y,t.), where a(x,y,t.) is t.he depaI't.ure of' t.he f'ilm 
1 

sUI'f'ace f'rom it.s equilibrium posit.ion. The equat.ion of' 

mot.ion at. t.he surf'ace Is[!S1] 

(:! 

+ g a 
1 

1 
2" 

J: ] -: (
8 2a + 8 2 a) 
(tx2 ay2 

(5.1.4) 

The last. t.wo t.erms appeaI'ing in equat.ion (5.1.4) represent. 

t.he leading t.erms in t.he expansion of' t.he Van del' Waals 

f'orce t.erm. 
4. 

g l1li 30l/d and 
1 

4. 
g =120l/d 

2 
01 is t.he Van del' 

Waals const.ant., p is t.he densit.y of' t.he superf'luid and CY 

it.s surf'ace t.ension. EquaUons (5.1.3) and (5.1.4) 

represent. f'init.e amplit.ude sUI'f'ace waves propagat.ing on 

• [4.2] 
t.he superf'lU1d f'ilm. We expand ~(x,y,z,t.) as 

~(x,y,z,t.) -
n 

Z </J (x,y .. t.) 
n 

(5.1.5) 

Now by using equaUons (5.1.1> and (5.1.2), we get. 

comparin~ like powers of' z, 

~(x,y,z,t.) =- Cos(z ~ ) </J (x,y,t.) 
o 

(5.1.6) 

where 9 is t.he t.wo dimensional gradient. having component.s 
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{I {I 
bx and by aloO(; )( and y axes respect.lvely. 

5.2.S~D...DU A\!R'ti Q.lA\\yIES 

Usl~ equat.ions (5.1.3) and (5.1.4) we have 

st.udied t.he dynamics of" localized dist.urbances, of" lo~ 

wavele~t.h and small ampl1t.ude, in t.he superf"luid f"1lm 

t.h1ckness. \.le orient. t.he horizont.al coordinat.e syst.em 

such t.hat. t.he principal dlrect.lon of" propa~at.lon Is chosen 

as t.he x-axis. We make t.he f"ollowi~ coordinat.e 

t.ransf"ormat.ion. 

X -+x+ct. 
S 

, (5.2.1> 

where C is velocit.y of" t.he movi~ f"rame. 
S 

To t.ransf"orm t.he equat.ions (5.1.3) and (5.1.4) int.o a wave 

equat.ion wit.h respect. t.o t.he superf"luid surf"ace 

displacement., t.he reduct.ive pert.urbat.ion met.hod by Taniut.i 

and Wei[4S1 can be applied usi~ t.he scalinc 

t.ransf"ormat.ion 

(5.2.2) 

We re~ard £: as an inf"init.esimal, however it. disappears in 

t.he f"1nal equat.ion. We are essent.ially looki~ f"or 

f"luct.uat.ions in t.he t.hickness of" t.he f"1lm which t.ravel 

wit.h lon~ wavelen~t.h alo~ t.he x-direct.ion and we assume 
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t.hat. t.he y-coordinat.e dependence of t.he wave is weak. 'We 

expand a and 4> in powers of £:. 
o 

2 
a - a + £: a (x,y,t.) + £: a (x,y,t.) + ... 

o t 2 
(5.2.3a) 

(5.2.3b) 

Usin~ equat.ions (5.1.3), (5.1.6)and (5.2.1> (5.2.3) and 

comparin~ coefficient.s 

followi~ equat.ions. 

C 
9 

C 
9 

{Ja 
t 

of 

+ d 

9/2 
£ 

-2 
iJx 

{Ja 
t 

~ --. 0 tax 

and 

(J24> (2) 

1 
d 2 

{J24> ( t) 
{J [ ::<>] C 

0 
C o + 

:3 -2 2" :3 R at {Jx 

a3a {Ja ~2 {Ja 
0 t + 2 t 

~t d a 
{Jx:3 ax t 

{J X P 
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If: 

(J4> (t) 

+ 0 

iJX 

= 0 

we ~et. t.he 

(5.2.4) 

(5.2.5) 

(J2 4> (t) 
0 

iJX2 

(5.2.6) 



"a 
1 + C 

9 

"a "4> (1) 

2 + 0 

iJX liX 

Usinc; "the boundary condi "tions "that. 

+ d 
-2 

iJy 

- 0 

a 
1 

and </>(1) 
( 

(5.2.7) 

c;oes t.o 

zero as x-+oo, equat.ions (5.2.4) and (5.2.5) can be solved 

"to c;et. 

"4> < 1) -C -c;1 
0 a -(l a ---a 

iJX 1 C t a 

CZ 
- c; d (5.2.8) 

a t 

Now eliminat.inc; 
"4> (2) 

o bet.ween (5.2.6) and (5.2.7) we c;et. 

[2C "at + [c; -
3 at:" 2 

] "a [ C
2

d
2]"aa] 1 od 3 t 

a--+ -- - --
1 - - 3 -3 

Ox P Ox 

(5.2.9) 
-2 

iJy 
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EquaUon (5.2.9) is t.he K-P equat.ion, which can be 

expressed in t.he more familiar form by t.he followi~ 

t.ransformat.ions. 

a .. -6yp , .!. -= [ g _ 30:]-...!. 
t y 2 d 2C 

[ 
C2 d 2

] od 3 - ----- 3 
P 

1 
2C 

9 

3 

So equat.ion (5.2.9) would become 

q ap ap a 9 p 

iJT + 6p at; + at; 9 

, t; .. -k x 
o 

y , T 

.. o 

(5.2.10) 

.. k t:" 
o 

(5.2.11> 

The K-P equaUon represent.ed by (5.2.11) is t.he 

one wit.h a negat.ive dispersion and it. is known t.o possess 

N-soUt.on solut.ions~!5!5, !5CSl .. The one so Ut-on solut-ion can 

be writ.t.en as£88,891 

(5.2.12) 

where 
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and k and kp aI'e t.he component.s of' t.he linear moment.um 

along- t.he { and T'J dir'ecUons I'espect.ively. Equat.ton 

(5.2.12) descl'tbes a soUt.on pl'opag-at.lng-

(k2+p2)/Y1+p2 i ~h di ~i aki n ... e I'ec ... on m nt; an 

wlt.h 

an~le 

veloc1t,.y 

-t t,.an (p) 

wit.h t.he x-axis. This ang-Ie should be small because t,.he 

K-P equat.ion holds undeI' t.he assumpt.ton t,.hat. t,.he t,.wo 

dimensional ef'f'ect. is small. 

5.3 S~D-D]"~IN IR!ES~IN~INC!ES 

The t.wo solit,.on solut.ion f'01' equat,.ion (5.2.11) is 

obt,.ained f'l'om 

whel'e 
2( 2( 

=1+e t+e 2+A 
t2 
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(5.3.1> 

2«( +( ) 
t 2 

e 



and 

i.e. for 

A .. 
t2 3(k +k )2 

t Z 

Solit.on resonance 

3{k +k )z - (p -p ) 
t - 2 1 2 

(5.3.1a) 

[<SO] 
when A occurs - 0 or 00 , 

tz 
z 

0 The plus sign refers -
t.o plus resonance and t.he ot.her case is t.he minus 

resonance. 

As we have seen in Chapt.er2, t.he resonant. solit.on in 

general can be writ.t.en in t.he form 

(l±Z) 
P (5.3.2) 

The amplit.ude and velocit.y of t.he resonant. solit.on, in t.he 

original coordinat.e syst.em, can be writ.t.en as 

A -r 

v = 
r 

[60'd + C:dZP] 
t/Z 
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(k ± k )2 
1 2 

(5.3.2a) 

....... (5.3. 2b) 



If t.he resonance is t.o be ob~rved in act.ual 

experiment.al set. up, t.he resonance condit.ions t;iven by 

equat.ions(5.3.1a) should be consist.ent. wit.h t.he 

co05ervat.ion laws. Tajiri and Nishitani(!:S91 showed t.hat. 

t.his condit.ion is sat.isHed for t.he K-P equat.ion (5.2.11) 

in t.he followint; sense. First. a similarit.y t.ransformat.ion 

is applied t.o t.he K-P equat.ion. Then t.he resonance 

condi t.io05 of t.he result.int; equat.ion are shown t.o sat.isfy 

t.he correspondint; conservat.ion laws. The simUarit.y 

t.ra05format.ion has t.he form(901 

(5.3.3a) 

....... (5.3.3b) 

P + 1 {} ( n2 
- ~~ } e2 + 

1 r' -2 p 'Q] p =- If 6" 6" - -- e 
6p P 3Pz 

R QZ 1 1 (5.3.3c) + 
6p 

+ + -- u(x' t.') 
18P2 2pi/3 2/3 ' 

P 

where P,Q and Rare funct.ion of T P' = dp/dT , P" • 
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Usinf; equaUon (5.3.3) in (5.2.11> 

we f;et. t.he Boussinesq t.ype equaUon. 

U 
l'l' 

- u + U - 0 
(5.3.4) 

x'x' x'x'x'x' 

Tajiri and Nishit.ani [59] showed t.hat. t.his equat.ion 

exhibi t.s soli t.on resonance and t.he resonance condi t.ions do 

sat.isfy it.s conservat.ion laws. This suggest.s t.hat. solit.on 

resonance may be observed in t.wo dimensional sat.urat.ed 

:films of super:fluid 4 He. 

Now we t.urn our at.t.ent.ion t.o one dimensional wave 

propaf;at.ion in sat.urat.ed super:fluid :films .. The governinf: 

[5.1 
equat.ions in t.his case~ under weak nonlinearit.y~ is 

t.he KdV equaUon. 

u + 6uu + U - 0 (5.3.5) 
l x xxx 

The one solit.on solut.ion :for K-dV equat.ion is 

u = and it.s resonance condi t.ions are 

given by 

o + (k - k )'3 ] - 0 
2 • 2 

(5.3.6) 

The :first. t.wo conserved quant.it.ies of t.he KdV equat.ion are 
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JUdx and Ju2 dx. For "two soli"ton resonan"t in"terac"tion, 

"these conserva"tion laws ~ive 

k + k - K (5.3.7a) 
1 2 

(5.3.7b) 

where k and k corresponds "to "the ini"tial soli"tons and K 
1 2 

"to "the final resonan"t soli "ton. The plus and minus si~ns 

corresponds "to "the "two difTeren"t "types of resonance. 

Equa"tions (5.3.7 a&b) are no"t sa"tisfied for any k and k 
1 2 

excep"t for "the "trivial cases k -o,k =0 or k --k Hence 
1 2 1 2 

we can say "tha"t it. is not. possible "to have soli "ton 

resonance in one dimensional sa"tura"ted superfluid films, 

under weak nonlinearit.y. 

5.4 IDOS<CVSSO()!NS 

We have reduced t.he hydrodynamics equat.ions for 

sa"tura"ted superfluid films t.o t.he K-P equat.ion wit.h 

negat.ive dispersion in t.he small amplit.ude regime. This 

is t.o be con"tras"ted wi t.h t.he result. of Biswas and 

who ob"tained K-P equa"tion ",i"th a posit.ive 

dispersion for wave propagat.ion on a monolayer superfluid 
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HIm. The t.wo problems are, however, ent.irely different.. 

In ref [74], t.he superfluid densit.y fluct.uat.ions in t.hin 

films is considered, where as here we are discussi~ t.he 

fluct.uaUons in t.hickness of t.he superfluid films. 

In t.he sat.urat.ed films one is able t.o observe t.he 

phenomenon of solit.on resonances when t.wo dimensional wave 

propa~at.ion is considered. The amplit.ude and velocit.y of 

t.he resonant. solit.on are ~iven by equat.ion (5.3.2). We 

have shown explicit.ly t.hat. under t.he lowest. order of 

nonlinearit.y so1ft.on resonance is observable only when t.wo 

dimensional wave propa~at.ion is t.aken int.o considerat.ion. 
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CONCLUDING REMARKS 

Be:fore concludi~ t.he t.hesis, we would like t.o 

highlight. some o:f t.he result.s obt.ained in t.he previous 

chapt.ers. In addi t.ion, we would also like t.o indicat.e t.he 

scope :for :fut.ure work in t.he :field. 

In t.he st.udy o:f t.wo soli t.on int.eract.ions on 

monolayer super:fluid :films, we have obt.ained in chapt.er 11 

t.he resonance o:f solit.ons on monolayer super:fluid :films. 

These solit.ons are t.he 

occurring on such :films. 

localized densit.y :fluct.uat.ions 

The amplit.ude and velocit.y of 

t.he resonant. solit.on are also obt.ained explicit.ly. The 

whole analysis was done in t.he small amplit.ude regime. 

The e:f:fect. o:f higher order nonlinearit.y on t.he 

propagat.ion o:f large amplit.ude waves in t.wo dimensional 

monolayer super:fluid :films is st.udied in chapt.er Ill. The 

nonlinear Schrodinger equat.ion represent.ing t.he super:fluid 

densit.y :fluct.uat.ions is reduced t.o a dimensionless :form 

and solved numerically :for arbit.rary init.ial pro:files. It. 

is shown t.hat. t.he init.ial pro:file would split. int.o t.wo 

"quasi-solit.ons" t.ravelling in opposit.e direct.ions, which 

have part.icle like st.abilit.y and keep t.heir shape 
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unchan~ed duri~ int-er·act-ions wi t-h each ot-her. The 

"quasi-solitons" are asymmetric in shape, unlike the KdV 

or K-P soli tons. 

It was observed in chapter III t-hat the 

prop~at-ion of lar~e amplit-ude waves on super·fluid fUms 

depended critically on t-he initial wave profile. This led 

us to st-udy the chaos caused by the propa~ation and 

interaction of such waves. In chapter IV, the chaos 

induced by the collision of lar~e amplit-ude one 

dimensional quasi sol1tons on very thin superfluid Hlm is 

studied numerically. It is shown that two initially close 

trajectories in the phase space of the system separates 

exponentially with the collision of the quasi-solitons. 

The instability at the collision spot prop~ates 

spatially. 

[50] 
Followin~ the ar~uments of Huberman that the 

dispersion relation of the superfluid dynamics would 

change from positive to ne~ative as the thickness of the 

film is increased, we have studied the dynamics of 

sat.urated superfluid films under the lowest order of 

nonlinearit.y in chapter V. Our calculations show t.hat t.he 

equation ~overni~ the syst.em is t.he K-P equat.ion with 

ne~ative dispersion. It is established that the 

phenomenon of soli ton resonance could be observed in such 

Hlms. Under the lowest order of nonlineari ty, such 
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I'esonances t.ake place only if" t.wo dimensional ef"f"ect.s are 

t.aken int.o account.. The amplit.ude and velocit.y of" t.he 

resonant. solit.on al'e obt.ained explicit.ly. 

The invest.i~ations pl'esent.ed in t.his t.hesis has 

opened up a whole lot. of" new problems f"01' f"ut.UI'e research. 

Some of" t.he impol't.ant. ones are discussed below. 

Layered helium :films i.e~ spin polarised 

hydl'o~en~ 9 He 01' a layer of" elect.l'ons on supel':fluid "He 

f"ilms 

st.udyi~ 

would provide int.el'est.ing nonlineal' syst.ems :for 

solit.on behavioUl'. The sUl':face chal'~ed 

supel':f1uid :films may provide a new mechanism :for chal'~e 

t.l'ansf"el' across such :films~ which could be used f"01' 

pl'act.ical applications in delay lines. 

A second problem which could be st.udied 

analytically is t.he int.el'act.ion o:f soli t.ons on monolayer 

supel':f1uid f"ilms when t.he second order of" nonlineal'it.y is 

t.aken int.o considel'at.ion. 

A t.hil'd, and perhaps a more int.el'est.in~ problem 

would be t.o st.udy t.he dynamics of" t.he elect.l'ons 

dist.l'ibut.ed on a supel':f1uid :film. This :forms a very ~ood 

t.wo dimensional elect.l'on syst.em and t.he phase t.l'ansit.ions 

occu:rl'i~ on such t.wo dimensional f"Ums could be st.udied 

usin~ t.he met.hods of" nonequilib:rium st.at.ist.ical mechanics 
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as employed by Prat,ap and Sreekumar [93] in t,he st,udy of' 

Hall conducUvit,y. 
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APPENDIX 

All t.he pro~rammes used in t.his t.hesis are 

discussed briefly in t.his appendix . 

.6.\.1. [NQ)D1IEIRO([:.6.\n... o [NTI"IEq:;IR.6.\ TI"O<l)[N 

For t.he numerical evaluat.ion of equat.ion (3.1.6) 

and (4.1.2) we used t.he followin~ met.hod. 

First. t.he init.ial profile for t.he required size of 

t.he superfluid film was €;enerat.ed usin€; a st.rai~ht. forward 

pro~ramrne implement.ed in FORTRAN. The dat.a t.hus obt.ained 

was int.e~rat.ed accordin~ t.o equat.ion (3.1.6) or (4.12) as 

follows. 

a) D All t.he space derivat.ives were evaluat.ed usin~ 

cent.ral difference scheme. 

iD Forward difference scheme was used t.o evaluat.e 

t.he t.ime derivat.ive. 

liD The space st.ep was €;iven t.he value 0.1 and t.he 

t.ime st.ep was fixed as 0.00002. 

Iv) Hundred i t.erat.ions were done on t.he init.ial 

profile. The dat.a so obt.ained was st.ored alon€; 

wit.h t.he ori~inal dat.a set. for t.he next. 

procedure. 

b) D Usin~ t.he t.wo dat.a set.s, we int.e€;rat.e as in (a) 
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but. wit.h a cent.l'al dif'f'el'ence scheme f'01' t.ime 

The value of' t.he t.ime 

st.ep is chosen as 0.002. 

iD The dat.a set. is st.ol'ed at. l'e@:ulal' t.ime int.el'vals 

(t.=0,0.5,1.0,1.5, ... ). 

All t.he calculat.ions done in double 

pl'ecision. To t.est. t.he accUl'acy of" t.he l'esult.s, we 

checked t.wo consel'ved quant.it.ies at. :re@:ular int.el'vals of" 

t.ime. The t.wo consel'ved quant.it.ies chosen we:re t.he t.ot.al 

mass and t.he lineal' moment.urn. These quant.i t.ies unde:rwent. 

numel'ical expe:riment.. This shows t.he accuracy of" t.he 

l'esult.s. 

A\.2. U[HIE UIH(RIEIE IDD01[[[NSO<D[NA\n... 1Pn...<DU. 

In t.he t.hesis we have used t.h:ree dimensional 

@:l'aphics t.o show t.he t.ime evolut.ion of" lar@:e amplit.ude 

solit.ons. The pl'o@:l'amme f"o:r t.his, which is w:rit.t.en in 

BASIC, uses t.he f"ollowin@: al@:o:rit.hm. 

D The f"i:rst. dat.a set. is plot.t.ed alon@: t.he x-axis, 

wit.h t.he y-axis showin@: t.he ampUt.ude of" t.he 

quant.it.y of' int.e:rest.. The spacin@: alon@: t.he x 

and y axes are chosen as 5 uni t.s. All t.he 

successive point.s 81'e connect.ed by st.:rai~ht. 
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lines. 

iD The next.. dat..a set.. is drawn above t..he pJ'evious 

one, but.. wit..h a displacement.. of 5 unit..s alon~ 

t..he x and y axes. DJ'awin~ t..he cUJ've is done as 

in (D. But.. cUJ'ves aJ'e not.. dJ'awn at.. t..hose point..s 

wheJ'e a cUJ've already exist..s. 

UD This pJ'ocedUl'e is J'epeat..ed Ull all t..he dat..a 

set..s aJ'e plot.. t..ed. 

Iv) The cUJ'ves so obt..ained aJ'e used 1,0 ~eneJ'at.e a 

'PJ'int..eJ' dat..a set.', 1,0 dJ'i ve t.he pJ'int.eJ'. A 

sepaJ'at.e pJ'o~J'amme is used 1,0 t.ake "haJ'd copies' 

of t.he t.hJ'ee dimensional n~uJ'es usin~ t.his 

print.er dat.a 
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