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Chapter 1
INTRODUCT ION

In most cases of analysing statistical data, a funda-
mental problem that emerges at the outset is the identification
of an appropriate model that can describe the real situation
which generated the observations. Once the correct model is
recognised the original problem permits analysis with lesser
effort, as the properties of the model comes handy to the
analyst in drawing inferences and decisions. Owing to the
availability of a large number of probability distributions
at disposal, very often the selection of a particular one in
a specific situation turns out to be difficult, unless one
has a reasonable basis or criteria that justifies the choice.
A general approach to this problem is to make use of empirical
methods such as probability plots or goodness-of-fit tests,
while another is, to apply some approximation theorems from
probability theory. Although some times such considerations
may lead to reasonable models, neither they are of universal
applicability nor they guarantee the correct solution all the
time. The only tool that enables the determination of a
probability model exactly, is a characterization theorem and
therefore the study of such theorems has emerged as an
important area of mathematical statistics. It is also not

uncommon that many such theorems are found useful from

theoretical considerations as well,



Suppose that, for a random variable X, there is a
family F of distributions such that a distribution L(x)
belongs to F implies that X has the property P. The
characterization theorem concludes that if X exhibits P then
L(x) belongs to F. Obviously, the two ingradients of a
characterization problem are the family of distributions F
and the property P.

The study of characterization of probability distribu-
tions appears to have begun with the work of Gauss in 1807
when he proved under certain conditions that the maximum
likelihood estimate of the location parameter of a distribu-
tion is the sample mean if and only if, the distribution 1is
normal, Eventhough reckoned from this work a long history
can be attributed to the research activities in characterizing
probability distributions, a full fledged development of this
field as part of mathematical statistics, began taking shape
only in the late fiftees of the present century.

Consistent with the emphasis placed on normal distribu-
tion in the early stages of development of statistical theory,
initially the work on characterization theorems also were
concerned primarily with normal models. Although in 1923
Polya characterized the normal law, by the identical distribu=-
tion of two linear statistics, a real spurt in this direction
began only with the conjecture of Levy in 193%, that for

independent random variables X and Y, X+Y is normal if and



only if X and Y also follow tﬁe same law. Cramer (1946)
proved Levy's conjecture and in the following year Raikov
established a similar result for Poisson variables. Modest
activities in the forties due to the world war gave way to
rapid growth in the next decade, with the review paper by
Lukacs (1956) and the monograph by Lukacs and Laha (1964),
which established a new line of thought. The first authorita-
tive book on the tools employed in proving characterizations
along with a large collection of results covering most
probability distributions was published by Kagan, Linnik and
Rao in 1973. This along with the books by Galambos and

Kotz (1977), Mathai and Pederzoli (1977), Azlarov and
Volodin (1986) and Patil et. al. (1975) contain most of the

literature on the subject in recent times.

In the present thesis, we consider certain characteriza-
tion problems associated with non-negative random variables X

for which
r(x) = E[X-x|X > x]

is of the form a+bx for various values of a > O and all real
values of b including zero. It can be daduced from the
papers of Kotz and Shanbag (1980) and Xekalaki (1983a)
reviewed in chapter II, that the Pareto, finite range and
exponential models in the continuous case and the Waring,

negative hypergeometric and geometric models in the discrete



domain are the only probability laws admitting the above
property. Thus in this sense, these six distributions can

be thought of as a particular class sharing similar properties.
The question that arises at this juncture is, whether there
exist other characterizations which can bring together

these models? Our investigation attempts to provide some
answers in this direction. An answer to a search of this
kind can be achieved in two ways. The first is, by identify-
ing new results characterizing the above class of distribu-
tions and the second is to look at the existing characteriza-
tions that have been established for any one member of the
above group and then to examine the feasibility of establishing
a general property that holds for the entire family. In this
connection it is to be observed that in the continuous case,
there exist monotone transformations that can convert the
exponential model into the Pareto and finite range models and
accordingly it is possible in most cases to translate a
property of the exponential into corresponding results in the
other cases, Occasionally such translations become meaning-
ful also in practical situations. But in the present
investigation such results are not included and we present

only those which are not directly implied by transformations.

The present work is organised into five chapters.
After the introductory chapter currently being unfolded, we

present in chapter II a review of some basic properties and



characterizations of the afore-mentioned models. Since most
characterizations of the exponential distributions based on
order statistics, lack of memory property and its variants,
provide only spin off results arising out of the monotonic
transformations mentioned earlier for the other models, they
are kept out of discussion. For the same reason, we have
chosen the Pareto models as the pivot from which the other

models are to be viewed.

In the subsequent three chapters some new results are
presented. Chapter III1 deals with some characterizations of
continuous models by properties of equilibrium distribution
in section 3.1 and via certain conditional distributions in
section 3.2. The next two sections, 3.3 and 3.4 discuss
properties of partial and truncated reciprocal moments that
are unique to some of the distributions. The chapter concludes
with the conditions under which the continuous models admit
characterizations in the category of additive damage models.
In chapter IV, several theorems characterizing the Geometric,
Waring and negative hyper-geometric distributions that are
extensions of the results of the previous chapter to the
discrete domain are presented. Also established are certain
properties of residual life that are unique to these models.
Most results proved in these two chapters have relevance to

reliability and life testing. In the voluminuous literature



in this area, continuous distributions are generally proposed
as models of life lengths, in most studies. Accordingly,
results and concepts have been developed in most works in
this topic by treating time as continuous. We look at the
role of discrete distributions in life-length studies and the
possibility of developing several concepts parallel to those
in the continuous case, that can describe the pattern of ageing.
The study is concluded by presenting some new definitions and
results in this direction in chapter V. These discussions
permit to impart physical meaning to the various notions and
characteristic properties of the models, already established
in chapter IV, and thereby point out the applications of the
results in the context of reliability analysis.



Chapter II
SURVEY OF LITERATURE

In the present chapter we consider some of the
properties of the Pareto type I and type II, finite range
and Waring distributions, that are of relevance to the
investigations carried out in the succeeding chapters,
along with an outline of the important developments in

characterizing these models.

2.1 Pareto Type I Distribution

The Pareto type I distribution of a random variable X,
denoted in the present investigation by PI(a,k) is specified
by the probability density function,

f(x;a,k) = ak™2 x(3*1) a5 0, x5 k> 0. (2.1)

The distribution is J-shaped with mode located at k.

The mean and variance are

E(X) = a(a-1)"1k, a > 1 (2.2)
and

V(X) = a(a-1)"2(a-2)"1k%, a > 2. (2.3)
The rth moment about the origin takes the form,

by = a(a-r)-l kI, a>r, r=0,1,2,... . (2.4)



The truncated moment of order r defined as,

m (x) = E[(X-x)¥[X > x], r =0,1,2,... , (2.5)
for the distribution (2.1) is,

mr(x) = r!l xr/(a-l)(r); x ) k, (2.6)
where a(r) is the descending factorial expressed as

a(r) = a(a=1) ... (a=-r+l).

Specialising for r=1, we get the truncated mean, known more
popularly as the mean residual life function (MRLF) in
reliability theory. Thus,

ml(x) = x(a-l)-% (2.7)

We notice that the MRLF is a linear function in x, for all

x > k. On the other hand, the partial moment of order r,

p.(x) = E[(x-x)¥]%, r =0,1,2,..., (2.8)
where,

(x=x)* = max(0, X=x),
is given by the expression

p.(x) = r! kaxr/(a-l)(r) x*, x> k. (2.9)



Another type of moments, that is meaningful in connection

with the Pareto distribution, is the reciprocal moments,

br = E(x-r), r = 0,1,2'000’

a(a+r)~! kT (2.10)

The truncated version of (2.10) known as the truncated

reciprocal moments defined by

Co(x) = (-DTE[(%-2)7| x> x (2.11)

has the value,
Cr(x)‘a (=1)T ar! / (a+1)lrj xT, x ) k, (2.12)
where, (a+l)[r] is the ascending factorial, given by

a[r] = a(a+l) ... (a+r=-1).

The distribution of a sum of Pareto variables that
are independent and identically distributed 1is difficult to
obtain. However, for the special case of PI(1l,k), there

is a simple closed form for the distribution of Xl+X2. This
is

P(X1+X2)x) = 2[x-l + x2 log(x=1)], x > 2. (2.13)

The problem of obtaining the distribution of the product of

several Pareto variables can be made relatively simple, if
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one uses the transformation,
n
U=kky ... k exp [ iil(yi/a)]' (2.14)

where, Yi's are independent standard exponential variables

and U = X; X, ... X with the X;'s following P I(a,ki). The
density function of U (Malik, 1970) is,

f(u) = ( rh)-l [k log(u/k)]""l (u/k)"2au;)
u> 0, kekjky oot k. (2.15)

Notice that here we have taken the parameter a to be the same
for all the variables. When the shape parameter a is taken
differently for the variables Xi, the form of the distribution
becomes complicated. This aspect is discussed in detail by
Pederzoli and Rathie (1980).

For deriving the distribution of the quotient
Z= Xl/X2 of independent Pareto variables with parameters
(al,kl) and (a,,k,) respectively, the method is to take the

inverse Mellin transform of

K s=1

E(Zs-l) = ak; a2k2l's/ (al-s+1)(a2-1+s).
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In this way, Pederzoli and Rathie (1980) obtained
the density of Z as

ala2 a2-l

-1 -1
p(z) = — ( z/k,k, ) for z £ k,k
(2.16)
a,=-1
aa 1
2 - -
= 1 ( z/klk2 l) sfor z > kk, 1

klkz'l(al+a2)

In view of the recent interest generated in the Pareto
models as distributions of life lengths, it is desirable to
look at some properties of P I(a,k) in this connection. Using
the well known definition of failure rate

h(x) = f(x) / (1-F(x)), x> 0, (2.17)

where f(.) is the density function and F(.) is the distribution
function of a non-negative random variable X satisfying the

condition F(o) = O, we find that for (2.1)

h(x) = ax'l,

which is a reciprocal linear function of x.

The life time remaining to an equipment at age x called

the residual life time, is also a random variable say, Yx’

whose distribution is expressible in terms of the distribution
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function of the life length X. One can write the relation-

ship as
Gx(y) = P[x< X x+ty | X> x], vy > O,
= 1-[R(x+y) / R(x)],
where,
R(x) = 1-F(x) = P[{x > x],

is the survival function of X. Accordingly the survival

function of Yx is,

G (y) = R(x+y)/R(x), y > 0. (2.18)
By direct calculation, for the P I(a,k) model,

-a
EX(Y) = ( %! ) y YO o, (2.19)

which is again of the P I form. Notice that

E(Yx) = ElX=x|X > x] = r(x), (2.20)

is the MRLF defined earlier and shown to be linear in x

in equation (2.7). An interesting property of the distribu-
tion is that,

r(x) h(x) = a(a-l)_l, (2.21)
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a constant greater than unity. A physical interpretation of
the property and an associated characterization will be taken
up in section 2,5. Further it is easy to see that h(x) is a
decreasing function and r(x) is an increasing function of x
so that P I belongs to the DFR (decreasing failure rate) and
IMRL (increasing mean residual life) class of probability
distributions. Further classes of life distributions based
on different criteria of ageing, to which the Pareto models
belong to will be taken up subsequently in chapter III.

2,2 Pareto Type II Distribution

The Pareto II distribution, occasionally referred to

as the Lomax distribution also, is represented by the density

function,
£(x) = ac® (x+a)~(3*1) 4 5 0, a0, a > 0. (2.22)

The survival function corresponding to (2.22) becomes
R(x) = o (x+¢)~2; x>0, a>0, a>0. (2.23)

We shall use the notation P lI(a,a) to represent the Pareto
type II distribution in (2.22). Dubey (1966) derives the
same model as a special case of a compound gamma distribution

and calls it exponential gamma distribution. If the conditional
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distribution of X has the exponential distribution with density

function,

£f(x|b) = be™®*, x > 0, b> O,

and if the parameter b has a gamma distribution,

g(b) = ok pk-l e, «>0,k>0, b> O,

then, the density of X is P II(k,a). There exists a monotone
transformation X = a(e"u/a -1) that takes the standard exponen-

tial variable u to P II(a,a).

The r'" moment about the origin of the distribution is,

L = o [(a-r) f(1+r) 7/ [(a) . (2.24)

In particular,

E(X) = a(a-l)'l, a>l, (2.25)
and

V(X) = o2 al(a-l)"2 (a-2)-l, a > 2.
The standard Pareto type 11 distribution with

R(x) = (l+x)7%,

has the special property that X and X-l are identically
distributed. Utilizing the result that X= -a + az‘l/‘.

where Z is a rectangular variate in (0,l), Arnold (1983)
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has obtained the distribution of the sum of two independent

random variables following P II(a,a).

The residual life distribution for P II(a,a) has

survival function,

G, (v) = [(y+x+a) / (x+a)]7%, (2.26)

where'ﬁx(y) is defined in equation (2.18). It is interesting
to note that the residual life distribution is of the same
form as the parent distribution with only a shift in the para-

meter from a to (x+a). Therefore, the MRLF is deduced from

(2.26) as,

r(x) = (x+a) (a=1)"1 (2.27)

The failure rate function is a reciprocal linear function,
h(x) = a(x+a)”l, (2.28)

As in the case of P I(a,k), here also r(x) h(x) is a constant
greater than unity. 1ln spite of the simple torm of the failure
rate and MRLF, the potential of the Pareto distributions as
useful models of failure times is yet to be fully exploited

in life length studies, Since P II(a,ax) arises by compounding
exponential and gamma distributions as shown earlier, there 1is
scope for the model to be used whenever the exponential

distribution provides a satisfactory model in which the
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uncertainty in the parameter can be described in terms of a
gamma distribution. Several examples of problems of this
nature are discussed in literature such as Harris (1968) and

Lindley and Singpurwalla (1986).

In view of the transformation y=x+a, that changes the
Pareto type I distribution to the type II distribution, it
is easy to translate the properties of the former from that
of the latter. Consequently, in the present investigation,
the results are mainly obtained for the type I1I distribution

with only occasional references to the type I.

2,3 Finite Range Distribution

The finite range distribution in the interval (O,R) is
defined by the density function,

£(x) = (¢/R) (1-x/R)~L, O0<x<R, c>0, (2.29)

and is denoted by FR(c,R). When c=1, the distribution reduces
to the uniform distribution in (O,R). The distribution is
L-shaped for ¢ > 1, a straight line for ¢ = 2 and J-shaped for

¢ < 1l., It is a particular case of the Pearson type I distribu-
tion with density function,

(y-a)P~! (p-y)a-1
£f(x) = (1/B(p,q)) (b-a)p"'q'l

, a<y<b, p>0, >0,

(2.30)

as seen from the tfact that when a=U and p=l (2,30) reduces to
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FR(q,b). When R=1l, in (2.29) we obtain the standard form
of the model.

The rth moment about the origin is,
bl = cR*B(r+l,¢c), r=0,1,2,3,... . (2.31)
In particular, the mean and variance are

E(X) = R(c+l)'1,
and

V(X) = cR2(c+1)™2 (c+2)~L. (2.32)

The moment generating function is,
M(t) = ¢ e® 1(c,tr), (2.33)

where

R
I(p,q) = J e X P b oax.
o

The distribution has been found useful in several areas
of theoretical and applied statistics. From the reliability
context, it is a model of life-lengths that have increasing
failure rate. This is evidenced from the failure rate

function

h(x) = c(R=x)"1 (2.34)

The MRLF is

r(x) = (R-x)(c+1)”L, (2.35)
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which is linearly decreasing in x. Thus the FR(c,R)
belongs to the IFR and DMRL class of life distributions.

In contrast to the Pareto variable, here r(x) h(x)
is a constant that is less than unity, for all values of x
in-(O,R). As already mentioned, the distribution belongs

to Pearson family., It is also a member of the exponential

family.

If X(l), X(2), veny X(N) are order statistics of a
random sample from a continuous distribution with density

f(x), then

X
C; = }i)x dx (2.36)
X(1-1)

are called the elementary coverages of the random interval
(X(i-l)’ X(i)). The distribution of the gth coverage C,,
i=1,2,...,N, is FR(N,1). This fact is utilized in non-
parametric statistical inference (David, 1970). Apart from
these, FR(c,l) inherits various properties and applications
by virtue of its status as a translated beta distribution.
It forms a special class of distributions along with the
exponential and Pareto II models with reference to certain

special characterizing and closure properties. These aspects

will be investigated in chapter III.
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2,4 Waring Distribution

One way of obtaining a discrete probability
distribution is to consider a mathematical function
admitting expansion as a convergent series of inverse
factorials of positive terms and then by multiplying these
terms by a suitable constant to render its sum unity. The
Waring distribution belongs to the class of discrete
models obtained in this manner, and make use of the Waring's

expansion.

1 =31 a a(a+1)
x-a) T ox + x(x+1 + X(X‘C‘l) X+2 + eee (2.37)

The probability function of the Waring distribution discussed

here is,

f(x) = P|X=x],

= (a-b)(b)x/(a)x+l, x=0,1,2,..., (2.38)

where, (b)x is the Pochammer's symbol, defined as
(b), = [(b+x)/To . (2.39)

The model (2.38) forms a particular case of the generalized
Waring distribution introduced in Irwin (1975, a,b,c). It
was originally found by Irwin (1963), in an attempt to
encounter trequency distributions with very long tails suit-
able to describe the distribution of the number of philarial

worms, It is J-shaped and forms the continuous analogue of
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Pearson type VI distribution. Irwin (1968) has also
shown that his generalized model has a theoretical basis,

as a probability model for the number of accidents.

Looking at the properties of the simple model (2.38),

th

we note that the r factorial moment is

bpy = (b) /(a=b-1){F), (2.40)
In particular,

E(X) = b(a-b-1)"%

and

V(X) = b(a=1)(a=b)(a=b=1)"2(a=b=2)"1, a>b+2 . (2.41)
The Yule distribution arises as a particular case of

(2.38) when a=l.

Since the Pareto II distribution in the continuous
case and the Waring distribution in the discrete case are
heavy tailed distributions, it is natural to expect that
they have similar properties. The limiting form of
model (2.38) derived in section 4.2 of Chapter IV confirms
this fact. From the point of view of reliability

characteristics the resemblence is almost perfect.

The survival function of the distribution is
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R(x) = ; P[X=X],
X
= I (a-b)(b) /(a),,,
X
= (b),/(a),. (2.42)
The MRLF 1is
r(x) = E[X-x|xX>x],

which is equal to (see equation 4.6)

r(x)

1

R(x+1J"1 I Rm(%),
x+1

(a+x) (a+b-1)"1, (2.43)
which is linear and the failure rate function,

h(x) P[x=x]/P[x3x],

(a+b)(a+x)'l, (2.44)

]

is reciprocal linear. Xekalaki (1983a) has proposed the
Waring distribution (2.38) which will be denoted in the
rest of the discussions as W(a,b), as a life-length
distribution in the discrete time domain. A generalized

version of the same distribution has been used by him in
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relation to accident theory (Xekalaki, 1983b). There is
yet another generalization of W(a,b) by Panaretos and
Xekalaki (1986) to what they call as Waring distribution
of order k, arising out of certain generalized sampling
schemes. Since W(a,b) is only investigated in the present
discussion the details of the other models and their

properties are not presented here.

We shall also need a special case of the usual

negative hypergeometric distribution,

Plx=x] = (7 (320 / (3™°), x=0,1,....0n, (2.49)

denoted as NH(a,b,n). The form of the model and its
properties will be explained in connection with the characteriza-

tion theorems in chapter IV.

2.5 Characterizations

In order to motivate certain characterization problems
associated with the various models mentioned in the previous
sections of this chapter and also to ascertain the present
state of art, in this section we take up an overview of the
important results in this connection. In view of the monotone
transformations existing between the Pareto and exponential
populations it is always possible to translate a characteristic

property of the latter to suit the former. Since the literature



23

on characterization of exponential distribution is so rich,
several results for the Pareto distributions can be deduced
in this manner. The following survey does not include any

characterizations of this type.

The first characterization of the Pareto distribution
appears to be that of Hangstroem (1925) which states that X
is P I if and only if

E(X|X>t) = ct, (2.46)

for some ¢ > 1. It is easy to see that, in general, this
property need not be true in the case of Pareto type I model
only in view of the characterization of P II(a,a) by

Laurent (1974). His result is that a mean residual life

function of the form

r(x) = a+bx, x> O, (2.47)

with b > 0, leads to P II(ab™!,(b+1)b~!). Sullo and
Rutherford (1977) observed that the relationship h{(x)r(x)>1
is characteristic of the Pareto type II distribution. They
further proved that a constant coefficient of variation of
residual life with the constant greater than unity is a
characteristic property of the same distribution. To be
able to identify life-time models by the numerical value

of h(x) r(x) or the coefficient of variation of residual
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life one has to specify the classes of distributions
corresponding to all numerical values these quantities

can take, rather than to specialised values. In this sense,
the characterization of Sullo and Rutherford (1977) provides
only a partial answer by restricting the numerical value to
be greater than unity. A complete answer to the probliem is

given in Mukherjee and Roy (1986) who proved the following

result.

(1) If X is a non-negative random variable with finite
expectation and h(x) r(x) = k, a constant, then k=1 if and
only if X is exponential, k>1 if and only if X follows
Pearson type XI distribution and k<1 if and only if X is
FR(c,R).

(2) The coefficient of variation of residual life of X
with a finite variance is less than, equal to or greater
than one if and only if X is distributed respectively as

FR(c,R), exponential and Pearson type XI distributions.

In the above paper a physical interpretation of the
quantity h(x) r(x) in the context of reliability is given
as follows. The distribution of X belongs to a member of
the increasing mean residual life or decreasing mean
residual life class of distributions according as

h(x) r(x) > or ¢ 1. We observe that another interpretation
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of the same is also possible. Kupka and Loo (1989) define
vilx) = E(X|X>x) (2.48)

as the vitality function that represents the average age

at failure of a component of life length X. The derivative
of V(x) is the rate of vitality or gain in the conditional
mean life of the component given that it has survived age x.

Since

Vl(x) = r(x) + x,
and (2.49)
h(x) = [1+dr/dx] f_:‘r(xa-l,

' (x)+1

vix)
and (2.50)
Vi(x) = r(x) h(x),

where the ''' denotes differentiation.

In this case, h{x) r(x) = 1 can be interpreted as a constant
rate of vitality or no ageing. Similar interpretation would
mean the negative ageing of the component for h{(x) r(x) > 1

and positive ageing corresponding to the reverse inequality.

The proposition of linearly increasing mean residual
life times can be achieved from other considerations as well.
Assuming the distribution of life lengths to be exponential,

Morrison (1l9y/8) considered the question of the possible mixing
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distributions for the exponential parameter that can
guarantee a linearly increasing mean residual life function.
He proved that the gamma distribution is the only absolutely
continuous model that meets the above requirement. It may
be noticed that the compound distribution arising from the
exponential and gamma is Pareto type II and therefore,
Morrison's (1978) result only confirms the functional form
of the mean residual life proposed in the earlier results,
Gupta (1980) generalized Morrison's (1978) results by
describing a method based on Laplace transform technique

to determine the mixing distributions when the life distribu-
tion is exponential. The most general result concerning the
form of MRLF appears to be that of Kotz and Shanbag (1980)

which can be stated as follows.

Let F be the distribution function of a random variable
X such that its restriction to a non-degenerate interval (a,f)
is absolutely continuous with respect to Lebesgue measure
with E(X) € e, then the failure rate will be a polynomial or
a reciprocal polynomial and the MRL function is a polynomial

or a reciprocal polynomial 1if and only if

(1) F(g-)-F(a) = O,
or for a > == and F(B=)~-F(a) > O either
(11) G(x) = exp-a(x-a),

for some a > O together with

{ G(y)dy = a~l exp-a(g-a),
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or

(111) G(x) = [l+c(x-a)]l™, ¢ > 0, n ¢ -2,

or

(iv) G(x) = [l+c(x-a)]F, ¢ (a-B)'l, r> o0,

or negative non-integer satisfying,

T Gly)dy = -[e(x+1)]1™} 1im  [Lec(x-a)]7*L,
B x—8

where

G(x) = [1-F(x}/[1-F(a)] .

In spite of the fact that the MRL is widely discussed in
theory and practice it has several limitations. The
impracticability of waiting until all items have failed,
information on failure times is avallable only on a

censored basis and the high sensitivity to this function

to very large values can be cited as some of the reasons

for this. Accordingly one can use the median of the residual

life times as an alternate to the MRL. This is defined as

M(S[t) = R™H( § R(t))-t.

Schmittlein and Morrison (1981) have shown that

M(S|t) = a+bt, a > b > O

if and only if X is P II.
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A considerable volume of literature is available on
characterizations based on truncation invariance of the
Pareto variables. In such investigations we look at the
properties of the random variable X that remain unaltered
when the variable is subjected to the right truncation,

X > x. Bhatacharya (1963) was the first to find a char-
acterization in this direction. His result is that the
Lorenz curve and the Gini index will be independent of the
point of truncation if and only if X is distributed as P I.
Ord et. al. (1983) provided a rigorous proof to Bhatacharya's
(1963) result on the Gini index and also established that

the property of measures of inequality derived from the

Mellin-transform

Ho(e) = [E{(/u) T 1oe)-1] [x(ee1)]7}, <t (2.51)

where

Be = E(X|X > ¢),

being invariant under truncation. Their results can be

stated as follows.

(1) When the density function f(x) of the income distribution
is positive almost everywhere on its range [CL,u), the Gini
index is truncation invariant if and only if

k+1
YhLocc ¢ x, k> 1,

f(x)=

k Ct / x
{ (2.52)

, otherwise.
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(2) When f(x) is positive everywhere on its range, the
index H_ in (2.51), =~» < r < =, is truncation invariant

if and only if X has a probability density function (2.52).

th

Assuming the existence of the r moment, Dallas(1976)

characterized the Pareto distribution by the condition that

th

the r~ truncated moment (see equation (2.5)) is the same

as the rth moment of the original distribution suitably
scaled. According to him, if Y is a random variable having
absolutely continuous distribution function with E(Yr) C oo,

then
E(YF|Y<c) = E(eY/k)T, OCk§y, cyk , (2.53)
holds for some r » O if and only if Y has density (2.1).
Krishnaji (1970a)proved the following two results.

(1) Let X be a random variable having absolutely continuous
distribution function and R be a random variable having

p.d.f

p-1
pr oKr€l, p>0
h(r)z{ ’ A ’ (2.54)

0 » Otherwise ,

such that P(RX > xo) > 0, for some x_ > O. Then the
distribution of RX truncated to the left at X, coincides
with that of X if and only if X has a Pareto Il distribu-

tion on (xo,w).



(2) Let Z and X be random variables such that
E(Z]|X=x) = a + nx,

and X has a continuous marginal density function. Further,
let R be a random variable independent of Z and X with a

density (2.54), then

-1
a+ Ay, YOX_., x 20, AA-n)"" > p
E(Z]Y=RX=y) { ’ o’ To”7? > (2.55)

constant, Yo £ Xy

if and only if X has a Pareto II distribution on (xo,«).

The significance of the last two theorems is that
they become quite meaningful once we interpret X as the
reported income, Y as the true income and R as the under
reporting error. With this interpretation Krishnaji's
(1970a) results say that the observed income distribution,
truncated to the left is the same as the reported income
and a variable having linear regression on true income has
a linear regression on observed incomes also, if and only
if income distribution is Pareto type II. Although
Krishnaji has assumed a power distribution for R, it has
been shown later by Lau and Rao (1982) that the result
is true for any continuous distribution of R in the range

[0,1]. (See Krishnaji (1971) also.) However, we observe
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that to be able to ascertain that income distribution is
in fact Pareto in a real situation, one must verify that
the truncated distributions of reported and true incomes
are identical. Almost always it is the case that the
model of the true incomes, truncated or not, is seldom

known exactly.

By assuming an alternative formulation Y=X-R,
0 ¢R < max (O,x-m), where m is the tax-exemption level

and

E(R|x > m) = a+bx, O<b<1 , (2.56)

Revankar et., al. (1974) shows that for the relation
E(R[X>Y) = c+dy; d > b> 0, (2.57)

to hold it is necessary and sufficient that X has Pareto II
distribution with finite mean. The theorem is also proved
for Pareto I distribution with c=a. The work of the last
two authors belongsto the general class of models referred
to in literature as damage models. A closer look at the
properties of (2.56) and (2.57) and the corresponding
characterizations will be attempted in chapter 1V.

Talwalker (1980) defines a property called "dullness"
analogous to the lack of memory of the exponential distribu-

tion by calling X to be totally dull at a point t in its
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support if
P[X > st|Xx > t] = P[X > s] (2.58)

for all s » 1. She proves that the Pareto I (a,l) is the
only distribution which is totally dull at all points in
its support and further that the dullness of the distribu-
tion of true incomes at a single reported income point is
sufficient to characterize the distribution as Pareto,
provided that the distribution function of X 1is concave.
It is easy to see that the first result is closely related
to the well known characterization of the exponential

distribution by lack of memory.

Yet another characterization of the Pareto I is based
on the maximization of entropy (Ord, Patil and Taillie,1981)
which seeks a distribution with support [c, «) that maximizes

J f(x) log f(x)dx on the condition that the geometric mean
c

of the distribution is fixed.

The most recent characterizations of the Pareto distri-
butions appears to be that of Korwar (1989). His results can

be summerized as follows.

(1) Let X be a positive random variable on [a,=) with
density f(x) and distribution function F(x). Let Z and W

be random variables with respective densities,
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k(z) = f(z) / [z E(D], (2.59)
and

L(w) = [1-F(w)]/p, » = E(X), (2.60)
then Z and W have the same distribution if and only if X
is Pareto I.

(2) If Y is distributed with density

g(y) = .’/(’xv"2 f(x)dx, y > a (2.61)
(o]

then Y and W have the same distribution if and only if X
is Pareto II.

There 42 a large number of results on characterizing
the Pareto distributions based on order statistics. Since
order statistics of the distributions so far discussed will
not be considered in the present work, a detailed exposition
of such characterizations is not attempted here. But for
the sake of completion of the survey of characterizations
we refer to the papers in this connection as Fisz (1958),
Rogers (1959, 1963), Rossberg (1972 a,b), Malik (1970),
Govindarajlu (1966 ), Ahsanullah and Kabir (1973), Ferguson
(1967), Dallas (1976), Srivastava (1965), Mosimann (1970),
James (1979),Crawford(1966), Beg and Kirmani (1974), Shah
and Kabe (1981) and Wang and Srivastava (1980).
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Analogous to the characterization of Pareto II
distribution due to Krishnaji (1970b) in the context of
under-reporting of incomes Xekalaki (1983a) obtains a
characteristic property of the Yule distribution. The
result states that for a random variable U which is
uniform over (0,1), the distribution of [UX] truncated
at zero coincides with that of X if and only if X has a
Yule distribution where [b] denotes the greatest integer
in b. Investigating the conditions under which distributions
of two random variables are identical, Korwar (1989) has
given several characterizations of the Waring (and hence
Yule) distribution and its truncated versions. Let X,

Y and Z be positive integer valued random variables with

respective probability functions,

P, = P[X=r), r=1,2,..., (2.62)
a, = PlY=v],
Y
= zlx px/Y(Y+l)’ y=1,2,..., (2.63)
X=
and
]
q,. = P[z=r],
= (r+a) pr(p+a), r=1,2,..., (2.64)

where p = E(X) ¢ » and a > =1, Further W is assumed to

be non~negative integer valued random variable with
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probability function,

T

po p-l’ r=0’l'2,ooo L4 (2.65)

= P[W=r] = ;
j=r+l J

q

The results are stated as follows:

(1) The random variable W truncated on the left at
zero has the same distribution as Z if and only if X
has Waring distribution W( A,C) given by (2.38).

(2) when E(Y2) < », Y and Z have the same distributions
if and only if the distribution of X is W(p-1, p+l).

(3) The necessary and sufficient condition that Y and W
truncated at zero to have the same distribution is that

X follows W(p=1l, p+l).

He further considers a non-negative integer valued

random variable X with probability mass function,
p.' = P[X=r], r=1,2,...,m, (2.66)

and defines a new random variable Y such that,

a, = Ply=y] ,
Y
El X p; / y(y+1l), y=1,2,...,m,
=
= (2.67)

b4
21 X p} / y(y+l), y=m+l, ... .
X=
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It is shown that the distribution of

(a) Y truncated on the right at m and Z have the same
distribution if and only if X has the Waring W(p-1l,u+l)
distribution truncated on the right at m.

(b) Y truncated on the right at m and W truncated on the
left at zero have the same distribution implies and is
implies by a Waring W(u-1l, p+l) distribution for X truncated
on the right at m.

Xekalaki (1983a) introduces a class of life distribu-
tions in the discrete time domain consisting of the geometric,
Wwaring (2.38) and the negative hyper-geometric (2,45) with
probability function,

P[Xx=x] = P, x=0,1,2,..., (2.68)

which shares the property that the hazard function is
inversely proportional to some linear function of time. He
characterizes the probability law of a random variable in
the support of {O,l,2,...,m},rne(p,l,... }kj.(+~} by
assuming that for O < P[X € O] < 1, the failure rate

function is of the form

h(x) = (a+bx)-l. x =0,1,2,...,m (2.69)

J

to be geometric for b = 0, Waring (2.38) for b > O and



37

Negative hypergeometric (2.45) for b < O.

It does not seem that much literature is available
on characterizations of discrete models by using reliability
concepts. The fact that generally continuous distributions
are considered in life length studies by treating time as
continuous, may be one of the reasons for the lack of
interest in discrete distributions in this field. We will
examine this point more closely in chapter IV and present

some results relating to reliability concepts in discrete

time.



Chapter III

CHARACTERIZATION OF CONTINUQUS MODELS

3.1 Characterization By Properties Of Equilibrium
Distribution*

Let X be a random variable admitting absolutely

continuous distribution function F(x) with respect to
Lebesgue measure in the support of the set of non-negative

real numbers. Further, assume that F(o) = O and m = [ xdF< .
o

Associated with X a random variable Y can be defined with

probability density function,
a(y) = mR(y), y > O , (3.1)

where R(x) = P[X>x] is the survival function of X. The
distribution specified by X has special significance in
renewal theory. Consider a set of components whose failure
times are of interest to us and we start experimenting with

a new component at time zero, replace it upon failure by

a second component and so on. If the failure times Xi,
i=1,2,3,... of the components are independent and
identically distributed random variables, then the sequence
(Sn) of points where S_ = X; + X, + ... + X_constitutes a
renewal process. If F(.) is the common distribution function

* Some results in this section have appeared in the
J.Ind.Statist.Assoc. (Reference 66).
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of the X's satisfying the conditions stipulated above and

Uy and VY respectively denote the age and remaining life
time (residual life) of the component which is in use at
time y, then the limiting distributions of UY or Vy is
shown in Cox (1967) to have density function (3.1). The
random variables Uy and VY are called the backward and
forward recurrence times and their common asymptotic distribu-
tion (3.1), the equilibrium distribution. In this physical
situation, Y represents the residual life of the component
whose length of life is X. An alternative derivation of

the same model based on length biased sampling is also given

in Cox (1967).

Deshpande et. al. (1986), Singh (1989) and Bluementhal
(1967) have found several applications of the equilibrium
distribution in reliability studies. The probabilistic
comparison between the distribution functions of X and Y

were utilised to explain the phenomenon of ageing.

In the present section we develop some identities
connecting the failure rates and MRLF's of the random variables
X and Y. Eventhough we use them in the sequel to characterize
only the exponential, Pareto, Power and finite range distribu-
tions, the relationships are quite general in character and can be
used to characterize the distribution of any continuous non-

negative random variable.



3.1.1 Some Identities

Let the failure rates of X and Y be

h(x) £f(x)/R(x), (3.2)

and

k(x) g(x)/s(x), (3.3)

where f(.) is the density of X and S(.) is the survival function
of Y. If the MRL functions of X and Y are r(x) and s(x)

respectively, we have from equation (2.5) specialised for r=l,

r(x) = E(X=x|X>x),
= R()1Y T R(b)at, (3.4)
X
and
s(x) = [s(x)]™ T s(t)at. (3.5)

b

Using the result (Gupta, 1979),

k(x) = [r(x)]7%, (3.6)

and the relationships,

h(x) = [l+r'(x)]/x(x) ,
and (3.7)

L
k() = dfd
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the following identities connecting the various functions

are easily proved.
h(x) = k(x) = k'(x)/k(x) (3.8)
r(x) = s(x)/[1+s'(x)] . (3.9)
The primes in the last two equations and elsewhere in the
present study denotes differentiation. 1In view of the
one-to-one relationship between failure rates, MRL function

and the corresponding survival function, the distribution

of X be inferred from that of Y as either

R(x) = exp [- f h(t)dt] ,
(o]

X

(k(x)/k(0)) exp[- [ k(t)dt], (3.10)
o

in terms of the failure rates or as

R(x) = (r(o)/x(x)) exp [= J (x(t))~L at],
(o]

2
1+s'(x) {S(dk exp[-} (s(t))~! dt ], (3.11)
1+s' (o) 's(x) 0

in terms of the MRL function, provided the quantities on the
right side exist. The equations from (3.6) through (3.11)
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are quite useful in distribution theory as we shall see

in the next few sections. Further, they can be applied

to provide alternative simple proofs to many of the theorems

in literature concerning the inter relationships between the

various criteria for ageing and different modes of stochastic
orderings. Since our main thrust is on characterizations,

these aspects are not considered in the present study.

3.1.2 Characterizations

Since our main objective is to explore characteriza-
tions of the Pareto, exponential and finite range distribu-
tions, attention is confined only to MRL functions that are
linear. However, the techniques employed can take care of
functions of a quite general nature and therefore, be used

in other cases as well,
Theorem 3.1.
The MRL function of X 1s linear if and only if the

MRL function of Y is linear.

Proof.

Suppose that Y has linear MRL function.

Then
s(x) = Qx + m.
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For s(.) to be an MRL function it is necessary and sufficient
that s(o) = E(Y), s'(x) 3 -1 and

lim s(x)/(x log x) =0,
X —3 0

(Muth, 1980). Hence the constants i.and m must satisfy the
conditions m > O and 1_) -1.

Using the above form of s(x) in equation (3.9), we

find

r(x) = Lx + M,

where

L = L/(l+£) and M = m/(l+1) (3.12)

1
For l ; - % L > -1 and M > O.

Conversely when r(x) has the above form, from (3.9),
st(x) + [s(x)=1] (I..x-o-M)-l = 0.

This is a linear differential equation with integrating

factor (Lx+M)-l/L. Accordingly the general solution is

(1-1)"Y (LxeM)+K(Lx+m) /D, L 4 1
S(X)a{—(wM) log(x+M)+Kl(x+M), L=1
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K and Kl being the constants of integration. In view of
the conditions on s(x), the second solution is inadmissible

and in the first solution K must be zero. Thus,

s(x) = Lx + m,

where

L= L/(1-L) and m = M/(1-L) (3.13)
in conformity with equation (3.12).

Theorem 3.1 will now be utilised to establish a
closure property, for the distribution of X with respect
to the formation of the distribution of Y, in the sense
that X and Y have the same form of distribution. For this
purpose, we denote by E(b), the exponential distribution
with density function,

f(x) = b exp[-bx]. (3.14)
Theorem 3.2,

The distribution of X is E(b), (P II(a,a), FR(c,R))
if and only if Y is E(b), (P II(a-1,a), FR(c+1l,R)).

Proof.
When X 1s distributed as one of the above forms, we
have from chapter II the following table of values of MRL,

failure rate and means.
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Table 1

Failure rates, MRLs and means.

Model MRL failure rate mean
E(b) 1/b b 1/b
P II(a,a) (x+a)(a-1)"1  a(x+a)”? a(a-1)"1
FR{c,R) (R=x)(c+1)~t  c(rR-x)"? R(c+1)™t
Uniform(o,R) (R-x)2"1 (R=x)"1 R/2

In the notations of Theorem 3.1, the values of L for E(b),

P II(a,ax) and FR(c,R) are respectively 0,(a--].)"l and -(c+l)"l
while corresponding values of M are b-l, cx(a-l)-l and R(c+l)-l.
Direct calculations from equation (3.13) give R,= o, M = b=t
when X is exponential, l-= (a=2), M = an(a-2)'l in the Pareto
case, and & = -(c+2)'l, M=R(c-t»2)'l for the finite range law.
By theorem 3.1 Y has linear form and since 2.: 0 (> 0, < 0)

Y is E(b),(P II(a-l,a), FR(c+l,R)). The conditions on the
parameters of three distributions in the order in which they
appear in the theorem for the result to be true are b > O,

a>0, a>1, R>0and ¢ > -l.
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This theorem enables one to assert the distribution
of Y in terms of the distribution of X and vice versa. It
may be noticed that the closure property of the exponential
distribution proved above is well known and has been properly
exploited in literature. That the property holds for a class
of distributions, points out to the possibility of a unified
treatment of the tail behaviour of the different models
involved therein. The present study being oriented more
towards applications in reliability theory, some equivalent
conditions in terms of the failure rates or MRL functions are
proved in the following two theorems. In life length studies,
models are often postulated by specifying the behaviour of
the MRL's or failure rates and in such situations these

theorems may help in identifying the appropriate models.

Theorem 3.3.

The relationship r(x) = ps(x) is satisfied for all
x > O and positive constant p if and only if X is E(b) for

p=1, P II(a,a) for O < p < 1 and FR(c¢,R) for p > 1.

Proof:

When X follows (3.14), Y has an identical distribution
with the same parameter. Hence r(x)=s(x). For the Pareto case also

Y has the same distributional form P II(a-l,a) and therefore
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from table 1, for a > 2, (condition for E(Y) to exist)

r(x)/s(x) = (a-=-2)/(a-1l) < 1.

Likewise, for the finite range distribution,
r(x)/s(x) = (c+2)/(c+l) > 1.
This proves the necessity of the condition.

To prove the only if part, we note that from
equations (3.6) and (3.7),

r(x) = s(x)/(1+s(x)). (3.15)

When p=1, it follows that s(x)=0 or s(x) is a positive
constant. Hence X follows (3.14) for some b > O. When p<l,
equation (3.15) gives,

s(x)/[1+s(x)] = ps(x),
or

s'(x) = p ~=1.
Thus,

s(x) = (pl-1)x+d,
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where, d = E(Y). Accordingly the survival function of X is
, X
R(x) = exp =[ [ (1+x'(t))dt/r(t)],
o

= exp -[ } (2-p)dt/[(1-p) t+dp] ],
o

= a?(x+a)”?,

with,

a = dp(l-p)-l > O and a = (2-P)(l-P)-l > 1.

This condition on the parameter a is necessary for the
existence of the distribution of Y. Lastly for p > 1, the
same type of calculations imply that X follows FR(c¢,R), with

R = dp(p-1)"1 and ¢ = (p-2)(p-1)~t.
This completes the proof.

Theorem 3.4.

h(x) = pk(x) for all x > O and a positive constant p
if and only if X is E(b) for p =1, P II(a,a) for p > 1 and
FR(¢,R) for 0 < p ¢ 1.
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Proof:

The proof is on similar lines as that of theorem 3.3

once we write

k(x) = 1/r(x) and h(x) = [1+r'(x)]/r(x)
Corollary 3.1.

The conditions of Theorems 3.3 and 3.4 characterize.
the distribution of Y as either exponential or Pareto type Il

or finite range for values of p mentioned herein. The proof

follows from Theorem 3.2.

Remark:

When the support of X is taken as (a,b), b>a>0, the
condition r(x) = ps(x) or k(x) = ph(x) for p > 1 characterizes
the distribution with survival function,

R(x) = [(b=x)/(b-a)]€, ¢ > O,

and the same relationships for p < 1 is a unique property of

the model specified by,
R(x) = [(a+d)/(x+d)]%, x > a,

which includes the Pareto type I as a particular case, when

d = 0.
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The characterization theorems presented so far
demands the required properties to hold for all points in
the support of the random variable X. One problem that
will be of interest is to inquire whether it is possible
to identify a weaker set of criterion that can uniquely
determine the above mentioned distributions. The following
theorem answers the question in the affirmative, with the
limitation that the models have to come from a subclass of
the exponential family. This is in contrast with the
earlier results where one had the freedom of choice from
the class of all absolutely continuous distributions of

non-negative random variables.
Theorem 3.5.
In the one parameter exponential family specified by,

f(x) = u(8) v(x) exp[® w(x)], (3.16)

where © lies in an open interval on the positive part of the

real line, the condition
E(X) = k E(Y), k > O, (3.17)

is satisfied, if and only if X is distributed as
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(i) exponential for k=1 and w(x) = x,

(ii) Pareto type I for k > 1 and w(x)= -log x (k, known)
and
(1i1) Power with density,
£(x) = (e+1)R™(S+) B 5 ¢ x ¢ g,

for O < k < 1 and w(x) = log x.

Proof:

The proof that k=1 characterizes E(b) is given in
Gupta (1979). To prove the other two cases we note that
from equation (3.17) and from the definition of the random

variable Y in (3.1),

E(Y) = ml [y R(y)dy,
(o]

(2m)~L E(x?), (3.18)

u

by the usual integration by parts. Further in the support
D of the family,

é u(e) v(x) eQw(x) dx = 1.
Changing © to ©+1 in the last expression,

J u(e+l) v(x) e(9+l)w(x) dx =1,
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and hence,

u(e+1)/u(®) J u(e) v(x) e(®Dwlx)y, -y, (3.19)
When w(x) = log x, (3.19) reduces to
E(X) = u(®)/u(e+1), (3.20)

and similar calculations after replacing © by ©+2

provides,
E(X?) = u(e)/u(e+2). (3.21)
Now, equation (3.17) along with (3.18) read,

2m E(X) k E(x2),

or

2[E(x)]% = k E(X?). (3.22)

Introducing equations (3.20) and (3.21) into (3.22),
u(e)/u(e-1) = p u(e-1)/u(e-2),

which is identical to

b(é) = p b(e-1), 6> 1, (3.23)

where |,

b(8) = wu(®)/u(e-1) and p = k/2. (3.24)
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The next stage of the proof is the solution of the
functional equation (3.23). Setting ©=1 there p=b(1l)/b(o).
Further transformation c¢(8)=b(8)/b(o) yields

c(8) = ¢(1) c(e-1) . (3.25)

By successive application of (3.25), for non-negative

integer n,

c(e+n) = c(©) g(n),

in which

g(n) = [ec(1)]™

Since c(o0)=1, c¢(n)=g(n) and hence,

c(6+n) = ¢(8) c(n),
which is the Cauchy functional equation with solution
c(e) = g%, p = c(1).

Thus,

b(8) = b(o) p°

ap®, b(o) = q > O.
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Substituting into (3.24) ,
u(®) = qp° u(e-1).

Recurrsively,

u(e+n) = qn pn9+n(n+l)/2

u(e),

and in particular,

u(n) = qn pn(n+l)/2 U(O).

This gives,

u(é+n) = pnO u(n) u(e) u(o), (3.26)
and
U(O) =1,
62/2
Taking g(8) = p /u(®), once again we have the Cauchy

functional equation mentioned earlier with solution,

g(e) [g(1)1°,

(F2/u(1)]® = (apt/?)7°,

and whence,

u(e) = p9(9+l)/2 qO.
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The density function of X now becomes,

-9

£(x) = p(l/2)9(9+l) qO vix) x°.

Assuming the support of X to be (gq,»), one must have,

p(1/2)9(9+l) q9 I v(x) x-O dx = 1,
q
or equivalently,
p(1/2)9(o+1) T v(x) «© dx = q-e.
q

Differentiating both sides with respect to q,

v(iq) = O/qp(l/2)e(g+l) (3.27)

Using the expression for v(.) in equation (3.16),
f(x) = Oqg x-(9+l), x>q>0,

so that X is P I(8,q). The proof for k < 1 is on similar

lines except for the choice of w(x) = log x and our assertion

follows.

Among the three sub-classes of the exponential family

considered in Theorem 3.5 has the following implications.
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(i) Since the coefficient of variation of X is
C = (% - 1)1/2, the values C=1, C>1 and O < C ¢ 1 characterize
respectively E(b), P I(a,k) and the power distribution.

(i1) Muth (1980) has introduced the concept of memory of a
distribution at a point x in its support as -r'(x), which we
can see to be zero for E(b), negative constant for P I(a,k)
and positive constant for power distribution at each point of
its support. Our previous discussions show that these are the

only continuous distributions possessing this property.

(1ii) For arbitrary distributions of non-negative random
variables Muth (1980) considers a weighted average of the
memories at various points to arrive at a measure for global
memory of a distribution as M = l—C2 and classify the distribu-
tions as possessing no memory, positive memory or negative

memory according as M =0, M > O or M € O. Since the weights

he has chosen in the calculations are positive, it is evident
that if a distribution has a particular type of memory at

every point in the support it also has the same type of memory
globally. But the converse need not be true as seen from the
expression for M and also from the fact that mixed types of
memory at various points can produce a negative or a positive
quantity as the average. Theorem 3.5 shows that the exponential,
Pareto and Power models are the only distributions in the families
considered above are characterized by a global lack of memory,

negative memory and positive memory.
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Another possible application of Theorem 3.5 lies in
the measurement of income inequality. A random variable Z

has the first moment distribution corresponding to X, if it

has distribution function,
-1 £
F(z) = m J xf(x)dx . (3.28)
o

When X is the income of a unit, F(z) is interpreted as the
proportional share of total income of units having income
upto z, and is extensively used to define and interpret
the Lorenz curve and Gini index. (See Kakwani, 1980). We

now prove

Theorem 3.6.

Fz(x) = EY(x) for all x > @ if and only if X is Pareto
type I.

Proof:

The necessary part is easily verified. To prove the
sufficiency part we observe as follows. Let X ranges from
© to ., In order to make the span of the distribution
function 1, we change E(X) to E(X)-®, the mean of the distribu-
tion being (m=8). Thus if f(.) is the density function of Y,

£,(x) = (m=0)~} Ry (x), x >8>0, (3.29)
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then,

-1

Fz(x) = m t f(t)dt,

O %

-1 X
J t(-dr(t)).
o

i
3

Since X ranges from 8 to «, we have,

Fy(x) = -m~l Zt dR(1),

-1 X
= -m £t(m-9) frt)dt,

using (3.29).

When Z and Y have the same density function,
(3.30) leads to,
£(x) = -m ! x(m-8) £'(x),

so that
log f(x) = log C X-(m/(m-e)),

where C is a constant, thus giving,

f(x) = Ccx79,

with a = m(m-O)-l > 0 and C = (a=1) O(a-l).

(3.30)
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When income inequality is measured in terms of the
index E(Z)/E(X) (See Arnold 1983) Theorem 3.6 offers a

characterization in that direction as well.

3.2 Characterization By Properties Of Bivariate Models .

There haw been several investigations concerning
bivariate distributions that are determined uniquely by
conditional densities of specified forms. The papers by
Abrahams and Thomas (1984), Arnold (1987), Arnold and
Strauss (1988) and Nair (1989) discuss' . this problem
extensively. It is also possible to think in terms of
characterizing univariate models by assuming particular
forms of conditional distributions derived from certain
bivariate models. Seshadri and Patil (1964) has shown
that if the conditional density of Xl given X2 = is

._x2
of the form,

f(xllxz) = [(l+9xl)(l+9x2)-9] exp[-xl-9x1x2],

then the distribution of Xy is exponential if and only

if that of x2 is also exponential. An analogous result
identifying the bivariate density in the discrete domain
that characterizes the univariate geometric law is avail-
able in Nair and Nair (1990). In the present section our

objective is to find out suitable conditional densities



that guarantee . unique Pareto and finite range densities
for the component variates. The following results along
with characterizations of a bivariate Pareto distribution

has been reported in Hitha and Nair (1990).

Theorem 3.7.

Let (xl’XQ) be a vector of non-negative random
variables with joint density function f(xl,x2) and marginal
densities fl(xl) and f2(x2). If the conditional distribution
of Xl given X2=x2 is P II with density,

£(x,1%) = (e+1)(dlx))*Y (x+a(x,)7(*2) ) (3.31)

where

d(x2) = al"l (b+azx2), X19%X5 > 0, a,,a5,b > 0, ¢ 3 -1,

then the necessary and sufficient condition for Xl to
follow P II(c, b/al) is that X, has the same type of
distribution, P II(c, b/a2).

Proof:

When X, given X,=x, is Pareto type II as in (3.31)
and X, is P I1(c,ay,/b), the relationship

£,(x)) = Z £(x %) f5(x5)dxy, (3.32)
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gives,

£.(x;) = [ (c+1)(bragxy) 1 a ~lerl) [y

0%8§

a2cbc(a2x2+b)'(°+l)dx2,

C+l(a

alaz(c+l)(c+2)b lxl+a2x2+b)"(°+3) dx,,

"
0“8

- 1
= alcbc(alxl+b) (c+ ),

which establishes the necessary part.

Conversely, assuming that X; is P II(c,b/al) so that,
fl(xl) = alcbc(alxl+b)-(c+l),
from equation (3.32)

-(c+l) _ o al(c+l)(32x2+b)c+1

c
a,cb (alxl+b) )c+2 f2(x2)dx2.

o (alxl+a2x2+b

Taking the Mellin transform of both sides with respect to X1

7 cb® xls'l dx

oo o )c+l S-=1
1 -
)041 Xm - £ £

(c+l)(a2x2+b Xy

° (alxl+b (alxl+a2x2+b

dxl dx2.

l+a1'l(b+a2x2)]

-(c+2)

)c+2 f2(x2)
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Transforming Xy to
= a,x,(a,x,+a,x <t»b)-'l
Y 1%1191%1792%2
on the right side and
z = a,x,(a,x +b)-1
1717171
on the left side leaves the equation,
S (a2x2+b)s-l f2(x2)dx2 = cbs-l(c-s+l)-l, c>s-1,
o

which is equivalent to

a,”t [ E(y) v* dy = b (c-se1)7E,
(o]
where

-b
F(y) = H(y=b) f2(§2—).

and H(.) is the Heaviside unit function. Proceeding to the

inverse Mellin transform,
f2(x2) = a2cbc(a2x2+b)-(c+l), Xy % 0.

Theorem 3.7 provides a characterization of the
distribution of the random vector X=(X1,X2) as well, in

terms of the marginal and conditional distributions of the
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same component Xl(or X2). To show this, we assume that the
distribution of X; given X,=x, is as in equation (3.31)

and further X; is P II(c,b/al). By Theorem 3.7 X, is

P II(c,b/a2) and therefore the joint distribution is computed

as,

f(x,0%5) = a132(c+l)(c+2)b°+l (alxl+a2x2+b)‘(°+3),

xl’x2 ) 0' al’a2’ b ) O, (o] )/ "l,

which is the bivariate distribution of Lindley and
Singpurwalla (1986).

Theorem 3.8.

If (xl,xz) is distributed such that X, given X,=x,

has finite range distribution

f(xl[xz) = (r-l)al(l-a2x2)-l[l-alxl/(l-a2x2)]rf? (3.33)
-1 -
0¢x;<a) (1-ayx,) 7, 0¢xy¢a,”t,

a;,35 > 0, r> 2,

then Xy has finite range distribution with density,

£,(x)) = ral(l~alxl)r'l, 0 < x; < al‘l, (3.34)

if and only if Xy is likewise distributed with density,

f2(x2) = ra2(l-a2x2)r-l, O<x2<a2-l. (3.35)
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Proof:

The if part follows from direct calculations as shown
below. If X, has finite range distribution FR(az,r) as in
(3.35) then

-2
f(xl,xz) = r(r-1) alaz(l-alxl-a2x2)r , (3.36)
ay53y > 0, a;%Xy + asXy 1, > 2,

Integrating out x,, we recover (3.34).

On the other hand, assuming that Xl has density
(3.34), equation (3.32) gives

ral(l—alxl)r"l = £ f(xl|X2=x2)f2(x2)dx2.
2
That is,
. (l-alxl)a{'l .
r(l-alxl)r' = £ (r=1)(l-ayx,)~
-2
[l-alxl/(l-azxz)]r dx,,
or
- Y, =2
rayT = [ (r=1)(y=x,) T2 g(x,)dx,, (3.37)
)
where
= a 'l(l-a X, )
Y = 4 I R
and

alxp)= f5(xy) (L=apxy)'~T,



65

Equation (3.37) can be written as

(r/2-1) agy™™l/We-1) = 117,

with I;'l standing for the Riemann-Liouville fractional

integral of order r-l1 of the function g(.) (Erdélyi et. al.
(1954) p.l181) defined as

I - -

¢ T

0 <

(y=x0)T"1 g(x,)dx,

T
9

operators as follows.

The operator I_ is connected with differential and integral

d -1 d .2 4
& Ig(x) = Ig(x) 2 &% Lo = / o(®)at.

Thus we get
d -1 -2
dx, I;(Xz) = r(r-l)a2Yr /(r=1) T(r-1),
= r(r-1) as y r-2/(1‘-1)1
and
d 2 _ r(r-1)...2 _
9% Tty = HEHe2 ey = T otner,

The unique inverse relation 1is, therefore,

g(x2) = Tas,
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and thus,

f2(x2) = ra2(l-a2x2)r-l.

This completes the proof of the theorem.

A characterization of the bivariate finite range
distribution specified by the density (3.36), with the

forms of Xl and Xl given Xo=x, following the finite range

distribution is also evident.

3.3 Characterization By Properties Of Partial Moments.

We recall from equation (2.8) that the rth partial

moment of a random variable X about a point t is defined

as
pr(t) = E[(X‘t)+]r9 r=0,1,2,... ,

where, (X-t)¥= max (0, X-t).

The properties of partial moments can be used to
characterize probability distributions in the same way as
truncated moments are employed by many authors in characteriz-
ing distributions like the exponential. Chong (1977) has

characterized the exponential distribution by the property

E[X-t-s)¥ E(X) = E(X-t)" E(X-s)*
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of the partial means. 1In a recent paper Gupta and
Gupta (1983) have made an extensive study of partial
moments and established that one partial moment is

sufficient to determine the parent distribution uniquely.

The random variable (X-t)¥ used in defining the
partial moments are meaningful in the study of personal
incomes. If X represents the income of an individual and
t the tax-exemption level, (X-t)+ represents the taxable
income. Those incomes which fall short of t is of no
consequence in the computation of taxes and therefore is
as good as treated to be zero. Thus the study of partial
moments is useful in analysing the incomes that exceeds

the exempt level without truncating the distribution at t.

In the following theorem Hitha (1990) shows that
the Pareto distribution is characterized by the property
that any partial moment at a given point is proportional
to the product of partial moments at two other points

which are factors of the original point.

Theorem 3.8.

Let X be a non-negative random variable in the
support of [k, =), k > O, having absolutely continuous

distribution with respect to Lebesqgue measure and with
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E(X"T) ¢ =, Then the partial moments satisfy the relation,

]

p(t) p(s) = A(r) p(ts), (3.38)

for all t,s » 1, r = 0,1,2,..., A(r) > O if and only if X
follows the P I(a,k),where A(r) satisfies the equation,

a = r[l+ A(r-1)/A(r)], £ > 1, a> r. (3.39)
Proof:
If X is distributed as P I(a,k),

pr(t) = r} katr/ta(a-l)(r), r=0,1,2,...,

so that

r! k3T r! k3sT

(a-1){T) 43 (a.1)(T) ga

p.(t) p(s) =

Now setting t = s

1 in (3.38),

r!ka

A(r) = p (1) z;—I;(r) ,

and hence,

p(t) pls) = p(ts) rtk?/(a-1){T),

]

A(r) pr(ts).
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Conversely, with p_(1) > O, (3.38) reduces to the
T

functional equation,

G(r,t) G(r,s) = G(r,ts), t,s ) 1,

where

G(r,t) = p (t) / p(1).

Considering the transformations u = log t and v = log s
and writing G(r,e") = g(u) and G(r,e") = g(v), we get the

Cauchy functional equation,

g(u+v) = g(u) g(v), wu,v> O,
whose solution is

g(v) = A(x) (v,

It follows that
G(r,t) = A(r) t2(9)-

From G(r,1) = 1, we have A(r) = 1 and hence,

p(t) = po(1) ¢2(F) (3.40)

By differentiating the integral form of pr(t), viz.,
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p.(t)

7 (x‘t)r dF,
t

p. (t)

- pr_l(t), ryl.

Equations (3.40) and (3.42) mean that
a(r)-1
-r p._;(t) = a(r) p_(1) t ,

and

-r p_;(1) = a(r) p (1)

Using (3.39) and A(r) = pr(l) the conclusions

(a-r) p (1) =r p__,(1),

and from (3.44),

a(r) = -(a-r)
follows.
Further,
pe(t) = p(1) t772,
and from the recurrence relation (3.45),

p (1) = ar! po(l)/a(r).

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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By definition,
pO(l) = f dF,
1

which is in fact a positive constant lying between O and 1

so that it can be written as k? for some k » O. Thus,

p(t) = (x=t)T dF = ! ¥® tr-a/(a-l)(r) : (3.46)

38

Differentiating (3.46) successively with respect to t, and

using the relation (3.41) we arrive at,

1-F(t) = (k/t)%, t %k, a>0, k>0,

which completes the proof.

Theorem 3.8 provides a series of results relating
to other univariate families like exponential, power function,
Burr, logistic, etc. in terms of the monotone transformations
connecting them. Using the logarithmic transformation to
the Pareto variable, the result corresponding to (3.38) for

the exponential distribution is

E[(x-t-8)¥]T E(X) = E[(X-t)*]T E[(x-5)T]T, (3.47)

r

I\

1, t,s > 1.
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Setting r=1 in (3.47) we get the result due to Chong (1977)
mentioned at the beginning of this section. There is a
similar result that concerns the power distribution cited

in Theorem 3.5 which is stated as follows.

Theorem 3.9.

Let X be a non-negative random variable in the support
of (O,R), R > O, having absolutely continuous distribution
with respect to Lebesgue measure such that EX"T ¢ w. Then

the partial moments
u (t) = E[(t+=x)"]T,
satisfy the relation

U_(t) U_(s) = U(ts) B(x), (3.48)

for all 0 < t, s <R, r =0,1,2,..., B(r) > O if and only
if X follows the power distribution with density,

£(x) = (e+1) x¥® / R%*L, 0 ¢ x <R | (3.49)

where B(r) satisfies the relation

(r+1) - B(r-1)/B(r) =06, r ) 1. (3.50)
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Proof:

For the distribution (3.49),
U (t) = rt £+l gS+1lig0y .. (e+r+l),

so that from this expression and B(r) = Ur(l)’ the
necessity of the condition follows. The proof of
sufficiency part is along the lines of the proof of
the previous Theorem and therefore only the important
steps are presented. As before G(r,t) = Ur(t)/Ur(l)
and subsequently G(r,e*) = g(x) produces the Cauchy

functional equation whose solution turns out to be
G(r,t) = t*T) and a(r) =@+ r+ 1.
Further,
U(1) = £t U_(1) / (842) ... (S4r+l)

One can take Uo(l) a positive constant to be Rg+l for

some R > O and this leads to
u(t) =t R%1/(e42) ... (e+r+l),

and whence the distribution (3.49).
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3.4 Characterization By Truncated Reciprocal Moments

The rth truncated reciprocal moment of a random

variable X is given by equation (2.11) provided the
expectation on the right side exists. The reciprocal
moments exist only for those distributions which have

a zero of order r at least at the origin. A characteristic
property of the Pareto distribution associated with the

reciprocal moments will now be proved.

Theorem 3.10.

The truncated reciprocal moments Cr(t) of the random

variable X given by equation (2.11) satisfy the relation

Cr(t) Cr(s) M(r1) Cr(ts), (3.51)

for all t,s > 1, r = 0,1,2,..., Cr(l) > 0, M(r) > 0, if
and only if X has P I(a,k) distribution with

a = r[M(r-1)/M(r)-1], r > 1. (3.52)

Proof:

If X is P I(a,k), direct calculation yields
equation (2.12) and the relationship (3.51) is easily
verified. Conversely, let (3.51) be true with the fact

Cr(l) = M(r). Proceeding exactly as in Theorem 3.8,
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we arrive at the equation

c.(t) = M(r) £2(r) (3.53)

which is analogous to (3.40).

Now,

C(t) = (/RGO (-DF J((1/x)-(1/)7eF,  (3.54)
where

R(t) = P[Xx > t].
Thus,

C(8) R(Y) = (-1)(-1)F J((1/)-(1/6)"

(1/x%) (1-F)dx .
Differentiating the above equation with respect to t,
C,' () R(t)+C_(t)R' (1) = ((~r)/¢%) (r-1)

Z((l/x>-<1/t))r'2<1/x2)a(x>dx

=((-0)/tDc__ (t) R(t) . (3.55)

Thus we get

[(/t%)C_y(t) + C ' (£)]/C (1) = (-R'(t)/R(Y)),
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and so the recurrence relation

[(z/t%)c__j(t)+CL(t)1/C(t)

2
= [(z=1)/¢7)C__o(t) + ci_,(t)]/ c__,(¢) -
Using the relation (3.53) we will arrive at

(x/t%) M(-1)t*(F Dy (1) M(r) £3(F)2

m(r) t(T)

L(r-l)/tz) M(I‘-2lta(r-2) + a{r-1) M(r-lLta(r'l)"l ]
M(r-1) t*(z-1)

Putting t=1,

a(r) + tM(r=1)/M(r) = a(r-1)+(r-1) M(r-2)/M(r-1).(3.56)
Further we have (3.%52) to obtain,

tM(r-1)/M(r) = a+r
so that (3.56) will become,

a(r) + a+ r = a(r-1l) + a+r-l.

That is,

a(r) = a(r-1)-1,
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or

a(r) = -r, since a(o) = 1.
Thus,

c.(t) = c (1)t7%.
Now,

c (1) = (-1)Ta. rt c (1)/ alT],
where

Colt) = (1/a(8) [ oF =1,
for all t.
Thus,

c (t) = (-1)7 art /(al™] 5,
Further,

rtR(t)a(-1)"falT1e) = (-1)r°f: ((1/x)-0/¢))T dF,

(-1)F (-1) Z« 1/x)=(1/) T=1(1/x2)dF.

Differentiating with respect to t, we get

0" angal) (L0 -

S J@/x-(1/t)2 BO qy,
t X
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_ (-:[tz) R(t) (=1)%"ta. (£-1)!
- aI_r-l] $r-1

That is,

[(R*(t) - (x/t) R(t)] / (a+r) = - R(t)/t,

or

R'(t)/R(t) = -a/t.

Hence,

F(t) = 1-(k/t)%, t >k, a>0, k>0,

and our result is completely proved.

3.5 Characterization By Additive Damage Model

The concept of damage models introduced by Rao and
Rubin (1964) involves a random variable X reduced to another
random variable U by some random mechanism represented by
the conditional distribution of U given X = x. The quantity
Y = X-U is the reduction in X and is called the damaged
component in X and the objective in the formulation of such
models, is to characterize the distribution of X in terms
of the distribution of U. Instead of the additive model
one can also have a multiplicative model of the form U=XY.
A comprehensive survey of the various results in damaqe
models is available in Patil and Retnaparki (197%) and

also in Galambos and Kotz (1977) where the connection between



79

Such models and those arrived at by geometric compounding

and rarefactions, is also explained.

In the present section, a result due to Revankar
et. al. (1974) that characterizes the P II(a,a) model will

be extended to cover the finite range and exponential variables.

Theorem 3.11.

If,
E(U|X=x) = a+bx, (3.57)

a necessary and sufficient condition that X has either an
exponential distribution with B = b>0 and a > a > O or a
Pareto type II distribution with B>b>0 and a>a or a finite
range distribution with B<b<0 and a>a is that

E(U|X>Y) = a+By. (3.58)

Proof:

The case when B>b>0 for the Pareto distribution is
proved in Revankar et.al. (1974).

Assuming X to be FR(c¢,R),

i

R
E(UIX>y) = (1/R(y)) [ (a=bx)(c/R) (1-x/R)¢~} ax,
Y

(a=bR/(c+1)) - becy/(c+l),

i

a + By,
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where B = bc/(c+l) and a > a and b<p<O0.

Conversely, with
E(U|X>Y) = a+By, b< B <O,

- ? (a=bx) dR(x),
Y

R(y) (a+By)

R
(a-by) R(y) - b [ R(x)dx.
Y

Differentiating both sides with respect to vy,

R'(y)/R(y) = -g/[(a-a) + (B+b)y] -

The solution is

R(y) = K[(a-a) + (B+b)y]'ﬁ/(a+b)

Evaluating K, using the condition R(o)=1,
K = (a_a)ﬁ/(ﬁ+b).

Thus,
R(y) = (1 - y/R)S,
where

R = (b+p)/(a=a) and ¢ = -/(p+b) > O,

and Y is FR(c,R). The proof of the exponential case is

trivial and our theorem is proved.
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3.6 Residual Life Distributions

In section 2.5 we have examined the various

characterizations of the Pareto and related distributions

by properties of residual life time. These properties
will appear in a natural way once we look at the entire
distribution of the residual life time that is being
currently discussed. The distribution function of the
residual life Yx of a non-negative random variable X

with F(o) = O, where F(x) is the distribution function

of X, is defined as (Arnold, 1983),

G(y;x) = F&f}{i;Fil) » ¥>0

The corresponding survival function is

S(ysx) = R(x+y)/R(x) -

It is easy to see that the mean of (3.60) is the MRL
function r(x) defined in equation (2.20), for,

E(Y,)

I
0“8

y( '%; S(y;x))dy,

]

(1/R(x)) | (z-x) &F(z)
X

]

E[X-x|X>x],
provided that E[X] < o,

(1/R0) Ty (™ & RGey)ay,
(o]

(3.59)

(3.60)
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The first problem we investigate is the form of

the random variable Yx when X belongs to the class of

models under consideration in this chavnter. The answer

is provided in the following

Theorem 3.12.

The random variable X follows

(a) E(b) if and only if Y, is E(b)

(b) P I(a,k) if and only if Y, 1is P I(a,k)
with the origin shifted from k to k+x.

(¢) P I1I(c,a) if and only if Y, is P I1I1(c,x+a)

(d) FR(d,R) if and only if Y, is FR(d, R-x) .

Proof:

When Y 1is Pareto II (¢, x+a) it follows from (2.26)

that

R{ x+ = ( X+ & )C
R(x X+y+Q

As x tends to zero,R(y) = (===)€ and X is P II(c,a).

y+a

The if part is verified throuah direct calculations of

S(y;x) using (3.60). Proof for the other distributions

follow suit.
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As an alternative to the mean residual life function
the median residual life has also been considered in
literature, which stands for the time expected for half of
the number of items that operate at time x fail. The new
measure enjoys relative superiority over the MRL in
situations where the latter (a) becomes unstable in the
presence of outliers (b) does not exist (but the median
is always finite) (c¢) is less desirable for fat tailed
distributions such as those considered here, and (d) the
data is in the form of censored observations with at least
half of those remaining have recorded failured times.
Moreover, it has simple closed form expressions for many
useful failure time models while the Mean Residual life
has too complicated a functional form to be of use. We
cite for example, the Weibull case where the median residual

life is

1 1/c

- c
( b log 2 + x°) -X,

c
=bx , in

corresponding to the survival function R(x) = e
contrast with the MRL which at best can be written only
in terms of incomplete gamma function and is analytically

intractable.

With respect to the residual life distribution the

median residual life function is the solution for y of the
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equation
P(YX > Y) = %9

or (3.61)
S(yix) = ROx+y)/R(x) =3 ,

which is in general a function of x to be denoted by
M(x). Thus M(x) satisfies the functional equation

R( x+M(x)) = % R(x).

When x tends to zero, the last expression gives,

R(M(0)) =

N}

so that M(o) = M becomes the median of the random

variable X. Then the median residual life is given by

R(x+M(x)) = R(x) R(M). (3.62)

Theorem 3.13.

Let R(x) be an absolutely continuous survival
function with R(o) = 1 then the residual life distribu-
tion S(y;x) satisfies the equation,

S(g(x)y;x) = R(y), (3.63)

where g(x) = M(x)/M(o),

if and only if X 1s distributed as either exponential or

Pareto II or finite range.
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Proof:
Lemma:

As a first step we show that the median residual
life function is of the form Qt+m, m>0 if and only
if X is E(b) for /=0, P I1I(c,a) for {> O and FR(d,R)
for L¢ o.

Proof:

By solving the equation (3.62) we see that

p~1 log 2, for E(b),

M(x) = (21/°-l)(x+a), for P 11(c,a),

[1-(1/2)/9](R-x), for FR(d,R),

satisfy the conditions of the Theorem. Conversely, when

|- 0, M(x) = a constant so that (3.62) becomes the Cauchy

functional equation,

R(x+M) = R{(x) R(M),

whose only continuous solution that satisfy the probability

requirements for R(x) is

R(x) = e PX,

where R(M) = oM 1/2. Then the result is true for the

exponential distribution. The Pareto II case is proved in
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Schmittlein and Morrison (198l1) and the finite range

situation follows from the same proof.

In establishing the main result we first assume
that (3.62) is true. Then with the help of (3.61) and
(3.63) the equation

R(g(x)y+x) = R(x) R(y) (3.64)

can be reached. Differentiating (3.64) with respect to x,

R'[g(x)y+x] [g'(x)y+1] = R'(x) R(y),

and the same operation on (3.64) with respect to y yields,

R'[g(x)y+x]g(x) = R(x) R*'(y).
Hence,

(g*'(x)y+1)/g(x) = R'(x)R(y)/R(x) R'(y) >
and,

1/g(x) = R'(x)}/R(x) R'(y).

Combining the last two equations,

g'(x)y+1 = R'(o) R(y)/R'(y).

The rightside being independent of x, so should be the left

side also which implies g'(x) is a constant or g(x)= U x+m.
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From the definition of g(x) this reduces to the linearity
of M(x) and therefore by lemma,X has one of the distribu-
tions stated in the Theorem. In order to establish the
converse, we observe that in the exponential case g(x)=l
so that relation (3.64) holds. For P II(c,a) we replace

y by yg(x) = y.(x/a)/a in

S(y;x) = [(x+a)/(x+y+a)]S
to get

S(yg(x);x) = (a/(a+y))® = s(y).

The result for FR(d,R) is established similarly and our

Theorem stands proved.

The concept of median of residual life extends
itself to the notion of percentile residual life if one
wishes to have a finer set of summary measures of location.
Such measures are used for inference in reliability studies
by Joe and Proschan (1983). From the point of view of
characterizations also they are quite handy and produces

conclusions similar to that of the median.

The qth

percentile residual life time is accord-
ing to Haines and Singpurwalla (1974) is

Mg(x) = s [qs(x)]=x, O ¢ q < 1.
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For the family of distributions under investigation,

(1/b) log q, for E(b) ,
Mq(x) ={(x+a) (ql/c-l), for P II(c,a) ,

[1-(1/q)*/9] [R-x], for FR(d,R).

Thus the form of the percentile residual life for the
three distributions remains identical with that of the
median residual life. Therefore the conclusions of

the last theorem can be extended to involve the per-

centile residual life.



Chapter IV

CHARACTERIZATION OF DISCRETE MODELS

4,1 Preliminaries

The aim of the present chapter is to extend to the
discrete sample space some of the results that were
established earlier to the Pareto, finite range and
exponential models. As mentioned in the introduction,
the distributions in this context centres around the three
discrete distributions, Waring, negative hypergeometric
and geometric which exhibit properties analogous to the
continuous models just mentioned. Using the notations
of section 2.4, we shall denote by W(a,b), the Waring
distribution with probability function

P[X=x] = (a-b)(b)x/(a)x“_, x = 0,1,2,..., (4.1)
a>b>0 ’

while the symbol NH(k,n) is reserved for the negative

hypergeometric law specified by,

Plx=x] = ( 1) (X )/ (1M, x=0,1,2,...,n,(4.2)
k>0,

and G(p) for the normal geometric model

P[X=X] = qxpo x = 0,1,2,..., O0<p<l, p+g=l- (4.3)



Notice that the discrete uniform distribution in the

support of (O,1,...,n) appears as a special case of (4.2)
when k=1.

4,2 Continuous Approximations

As a prelude to the explorations of characteristic
properties of models (4.1), (4.2) and (4.3) in the rest
of the chapter, a justification for alluding to them
properties similar to the exponential, Pareto and finite
range laws, as in order. One way of accomplishing this
is by calculating the continuous approximation of the
discrete distributions and thereby conclude that they lead
to the desired continuous counter parts. The slope-
ordinate ratio method propounded by Irwin (1975¢) will be
involved to realise our objective. Roughly speaking, the
method consists in equating the ratio [fr-fr_l]/%[fr+fr_l]
to the logarithmic derivative of f(x) evaluated at
X =T - % and then solve the resulting differential
equation. Notice that fr is the frequency for r=0,1,...
and f(x) is the corresponding continuous density. For the

Waring distribution ¥(a,b) of equation (4.1)

f. =N(a-b)(b)r/(a) r=0,1,2,...,

r+l’
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0 that
£.-f__; = N(a=b) [ %;%f:z - %;;i=i 1,
= N(a-b)(b-a-1) (b)__,/(a)_ ;»
and
f+f ) =N(a-b) [ ::;i+1+ %;;fZl 1,
= N(a-b) (a+b+2r-1)(b) _,/(a)_,,.
Hence |
£ - £, 2(b-a-1)

%[fr"'fr_l] (a+b+2r-l)

and this is called the slope-~ordinate ratio at x = r - %

We now write

2(b-a=1)

d -
(gx log v ) =
X=r=-

N b

(a+b+2r-1)

where y = f(x).
1 1
Setting z = x + %5, we have z=r whenever x = r- %
and we further deduce

-b=1
%; log y = (b-a-=1) (3—5—- + z), a>b.
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The solution of the last differential equation is of the

form
-c=1
y = f(x) = K(x+a) '
for some a, ¢ » O, leading to P II(c,a).

Now consider the negative hypergeometric distribu-

tion with

-1 -k -1-k
e, =N (h (KR,

N (T 2 O,

giving
_ k+n-r-2, k-1 k+n

fo-fp1 =N ( n-r-1 ) n-r / n )

and
k-1
1 _ k+n-r-2 (—7—)+n-r
E[fr+fr-l] =N ( n-r-1 y_2 / ( k+n )
n-r n

Thus

4 logy = (k-1) / ((¥51)4n-2)
or X

f(z) = const (1l- z/R)d-'l R
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where d=k and R = % + n - % are both positive. This
shows that the finite range model is the continuous

approximation of the negative hypergeometric law.

4,3 Failure Rate and MRL

The distributions that are to follow requires
elaborate use of the concepts of failure rates and MRL's
as applied to discrete random variables. These concepts
have been touched upon in many works such as Kalbfech
and Prentice (1980). Many interrelationships and
identities in this connection will be investigated now.

Let X be a discrete random variable in the

support of ¥ = (0,1,2,...) with probability mass function
f(x). We also define

R(x) = P[X ) x],
so that
f(x) = P[X=x] = R(x)-R(x+1) . (4.4)

The failure rate of X is

h(x) = f(x)/R(x), (4.9)
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and the MRL is

r(x) = E[X=-x|X>x],
= ﬁr%;fy xgl (y-x) f(y).
This gives
r(x) R(x#¢1) = £ R(y),
x+1

and the recurrence relation

r{x) R(x+l)=-r(x+1)R(x+2) = R(x+1),
or

r(x) R(x+1) = [r(x-1)-1] R(x), x)l.

From the equation (4.5) and (4.4)

h(x) = [R(x)-R(x+1)] / R(x),
= 1-R(x+1) / R(x).
Hence ,
1-h(x) = ffx+l h{ x+1
X X ’
and
f(x+1l) = f(x) h(x+1l) (1-h(x))/h(x).

(4,6)

(4.7)
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Thus we get by iteration on x

f(x) = h(x) (1=-h(x-1)) ... (1=h(0)), (4.8)
and
X=1
R(x) = T (1-n(y)). (4.9)
Y=o

Equations (4.8) and (4.9) show that h(x) determines the
distributionof X uniquely.

Combining (4.7) and (4.9) we get the relationship
between the failure rate and MRL of X as

1-h(x+1) = (r(x)-1)/r(x+1), x>0. (4.10)

It follows that MRL function also determines the distribu-~

tion uniquely through

-1
R(x) = xTrl 2u=1)=1 (1-£(o)). (4.11)

u=

These interrelationships are useful in lifelength
studies when time is treated as discrete as explained in
chapter V but their immediate application is restricted
to characterizina probability distributions.
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4,4 Characterizations By Distribution Based on
Partial Sums*

If X is a random variable defined in the previous

section with E(X) = m < =, the variate Y specified by

g(Y) = P[Y=Y] = m-l P(X>Y1’ y=0,1,..., (4.12)

is said to have the distribution based on partial sums
corresponding to X. The probabilities assumed by the
values of Y are proportional to the survival probabilities
of X. Some properties of (4.12) are discussed in Johnson
and Kotz (1969, p.261). Under certain conditions

Gupta (1979) describes Y as the residual life time of a
component, in a system where a component of life length X
is replaced upon failure by another, having the same life
distribution, so that the sequence of life lengths forms

a renewal process. He showed that the failure rate of Y
is the reciprocal of the MRL of X and that when the
renewal distribution belongs to the class of modified
power series distribution, the geometric law is the only
one satisfying the property E(X)=E(Y). In this section

we supplement Gupta's results by extending some of his
results to cover the class of discrete distributions under
consideration and also explore the possibility of arriving

at some new characterizations.

* These results have been published in Prob.Statist.Letters
(reference 6% ).
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4,4,1 Basic Results

Analogous to equation (4.5), we write the failure

rate of ¥ as

k(s) Ply=s] / p[Y>s],

R(s+1) / £ R(u),
s+l

[x(s)]7L, s>ty 0, (4.13)

where r(s) is as in equation (4.6), the MRL of X,
Result (4.13) is obtained by Gupta (1979). Further,

k(s) = t Ply=s+r] / I R(u),
r=1 s+l
= T R(s+r) n(s+r) / I R(u),
r=1 s+1
= ; h(t) w(t), (4.14)
s+l
with
wit) = R(t) / T R(s), t = s+l, s+2, ... .
s+l

Thus the failure rate of Y is a weighted average of the

failure rates of X beyond the time point s. From (4.14),
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for G(u)

PlY > u],

T G(t)/G(s+1),
s+1

a(s)

so that together with (4.12) giving

G(s) = m I R(t),
s+1

we can write,

a(s)m™ T R(t) = t G(¢t),
s+2 s+1
= ot & © R(t).
r=1 s<+r
Substituting
r(s) R(s+l) = T R(t) s
s+l
and
a(s) = & r(t) w(t+l),
s+1

the terms in (4.16) can be simplified to

1 y u=l,

w( t+u+l) r(u+t) = {

'ﬁ [1-k(t+l+3)], u=2,3,....
=1

(4.15)

(4.16)
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Thus we see that, as in the case of failure rate, the MRL

of Y is also a weighted average of the MRL's of X.

Now with the aid of (4.13), equation (4.10) becomes,

[(k(s))™1-1] k(s+1),
or (4.17)
h(s) 1+k(s) [1-(k(s-1))71], sy1,

1-h(s+1)

giving the relationship between failure rate of X and Y.

On the otherhand, the MRL's of X and Y satisfy T

519.29.4
AT

r(s+l) = a(s+l) [l+a(s+l)-a(8)]-l.

which follows from (4.17), (4.13) and (4.10). We can also

have the equation
k(s) = [1+a(s)-a(s-1)]/a(s),

connecting the failure rate of Y and the MRL of X.

4,4,2 Characterizations

An immediate consequence of the identities developed

in the previous section is in characterizing some discrete

distributions. We first prove
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Theorem 4.1.

A necessary and sufficient condition for X to be

distributed as G(p) (W(a,b); NH(k,n)) is that Y is G(p)
(W(a,b+1); NH(k+l, n=1)).

Proof:

From Xekalaki (1983a), it is seen that a failure

rate function of the form h(x) = (L+Mx)-l characterizes
-1
G(p) forM =0, L =p

W(a,b) for M = (a-b)-l, L = a(a-b)-l;

and

=1L = k" (n+k).

NH(k,n) for M = =k
Substituting this form of h(x) in (4.17), we find,

1+k(x) [1-(k(x-1))"%] = (L+Mx) "L,

Since, k(x) = (r(x))-l, this should read

LZ%szil = (I.-er)-l -1.
r{x

Applying the above result recurssively for ascending values

of x,
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-1 = T ’ .
r(x-1) Yio (a+x)(Y) / (B+x)(Y) (4.18)

with
a = (L-1)/M and 8 = L/M.
Obviously the last equation represents the hypergeometric

series 2Fl(a+x, 1, B+x, 1) in the usual notations (see

Abramowitz and Stegun, 1972). From the well known formula,

Ty _(y-p=q)
[(y-p) My-q)

2Fl(PonYQ 1) =

it is easy to see that

2F,(p,1,v,1) = (y-1)/(y-p-1). (4.19)
Thus

r(x-1) = (g+x=-1) / (p-a-1), (4.20)
or

K(x) = (a+Bx)7H,
where

A =L(1-M)"! and B = M(1m)" ! (4.21)

The form of k(x) suggests that the distribution of Y
is of the same type as that of X and further (4.20) gives

the parameters of each model after inserting the values
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of L and M for each stated at the beginning of the proof.

Note:

The fact that the above models are closed with
respect to the formation of the distribution of Y can
also be established by direct calculation using the
equation (4.12). Our motivation in using the above
method are (i) direct calculation are more extensive,(ii)
the form of the failure rate and MRL is handy when the
modelling is based on these concepts, and (iii) the
relationships used here are important in their own right
in other areas of applications as will be shown in

chapter V.

Corollary 4.1.

The MRL of X is of the form A+Bx if and only if
X is either G(p) for A=O or W(a,b) for A > O or NH(k,n)
for A € O.

Proof:

When X has a distribution that follows one of
the models stated in the theorem if and only if the
failure rate is of the form (L+Mx)-l. In this situation,

from equation (4.20) we see that

r(x) = (B+x) / (p-a-1) , (4.22)



and therefore, the MRL is of the required form.
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Conversely,

if MRL is as in (4.22), the failure rate is

h(x)

e ak

(B-a) / (B+x) = (L+Mx)~!

Accordingly, by the characterization theorem of Xekalaki

(1983a), X has the above specified distributional form.

To enable future reference, we note Table 4.1 for

the actual expressions for the failure rates and MRLs of

the various models.

Table 4.1.

Failure rates and MRL's of Discrete Models

Model Failure Rate MRL
G(p) p p~t
W(a,b) (a=b)(a+x)~t (a+x)(a=b-1)"1
NH(k,n) k(k+n-x)"t (k+nex) (k+1) "t
( g:ifgf:] ) (l+n-x)—l % (1+n-x)
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Theorem 4.2

The property h(x) = C.k(x) for all integers x > O
and a constant C, characterizes G(p) for C=1, W(a,b) for

C > 1 and NH(k,n) for 0 < C € 1.

Proof:

For the geometric law X and Y have identical distribu-
tions with the same parameters and therefore, in this case
h(x) = k(x). Wwhen X is #(a,b), Y is W(a,b+l) so that from
table 4,1,

h(x)/k(x) = (a-b)/(a-b-1) > 1.
In the negative hypergeometric case
h(x)/k(x) = k/(k+1) < 1.

Conversely, h(x) = Ck(x) is equivalent to h(x) r(x) =C
or to

r(x)-r(x-1)+1 = C.

The solution of this equation is
r(x) = (C-1)x + r(o),

which is of the form A+Bx and therefore by Corollary 4.1

our Theorem is proved.
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Corollary 4.2.
The MRL and failure rate of X is such that
r(x) h(x) = C for all integers x > O and a constant C > O

if and only if X is G(p) for C=1, W(a,b) for C » 1 and
NH(k,n) for 0 < C ¢ 1.

This follows from Theorem 4.2 and the relation-

ship k(x) = [r(x)]-l.

Corollary 4.3.

The relationship r(x) = Ka(x) is satisfied for
all integers x » O and a constant K if and only if X
is geometric (for K=1) or Waring (for K<1) or negative

hypergeometric (for K>1).

Proof:

The result follows from the relationships between

a(x) and k(x), equation (4.17) and Theorem 4.2,

The utility of these results and the physical
interpretation of the properties enjoyed by the models
in the last theorem in the context of ageing will be taken
up in chapter V. The advantages arising out of these
Theorems in the context of evaluating the memory of discrete

distributions will now be explored.
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A measure of memory at any point x in the support
(0,1,2,...) of a discrete random variable X is defined in

terms of MRL (Nair, 1983) as

m(x) = r(x-1) - r(x), x > 1.

The distribution of X is said to have no memory,
negative memory or positive memory according as m(x) is
zero, negative or positive. Since a distribution can
have different types of memory at the various points of
its support, a consolidated measure of memory for the
entire support was obtained as a weighted average of the

measures at various points. The proposed measure was

v oo 2E20X) + E(X) - E(x%)
E(x®) + E(X)

(4.23)

The distribution itself has lack of memory, negative
memory or positive memory according as M is zero,
negative or positive. The following Theorems follow

from the above definition.

Theorem 4,3.

The geometric, Waring and negative hypergeometric
laws in that order are the only discrete distributions
that possess lack of memory, constant negative memory and

constant positive memory at each point of its support.
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(This deductionis easily seen from the fact that

r(x) = A+Bx for these models).

Theorem 4.4.

If X has a particular type of memory, at a given

point, then Y also has the same type of memory.

Proof:
Suppose X has positive memory at the point x.

This implies that
r(x=1) > r(x) or k(x) > k(x=1).

The last inequality, however, is equivalent to
g(x) G(x-1)-g(x-1) G(x) > O,

or to

G(x)/G(x=1) > G(x+1)/G(x).

Hence H(x) = G(x)/G(x=-1) is decreasing in x.

Accordingly,

a(x) = H(x) + H(x) H(x+1)+H(x) H(x+1) H(x+2)+ «.. ,

and

a(x)-a(x+1l) = [H(x)-H(x+1)]J+H(x+1)[H(x)-H(x+2) ]+ ...

> 0,
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which means that Y has positive memory at x. The proof

is similar when X has lack of memory or has negative

memory.

From the expression for M it is clear that, in
general, M=0 does not imply that X is geometric (although
for this law M=0). This means that we have to restrict
the family of distributions to be considered, in order to
characterize the geometric law by the property M=0O.

Suppose that X belongs to the modified power series

family

P(x=x] = a(x) [q(8)]*/£(8), x€ B,

where B is a subset of the set of non-negative integers,
a(x) > 0, g(®) and f(®) are positive, finite and differen-
tiable. Then from Gupta (1979), we have E(Y) = E(X).

If we denote the generating function of ¢ f(x) >
and < R(x) > by

A(t) = T f(x) t*¥ and B(t) = £ R(x)t*,

X X

it is easy to see that

A' (1) = E(X) and A"(1l) = EX(X=1). (4.24)
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Further ,
(1-t) B(t) = 1-tA(t). (4.25)

Differentiating (4.25) twice, with respect to t and

setting t=1
B'(1) = I xR(x),
x=1
and
2B' (1) = A"(l) + 2E(X),

= EX(X-1) + 2E(X).

Accordingly,

E(X) = E(Y) = m?'zIyrPlxoyl,
= B'(1)=E(X).
Thus,
E(x) = 5 m M[E(X®)-E(X)],
= [E(X?)-=E(X)]/2E(X),
or

E(X2) = 252(x) + E(X),

and hence M=O. We have, therefore, established the following

result.
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Theorem 4,5.

Among the modified power series family, geometric

law is the only one for which M=0.

4,5 Residual Life Distribution

Let X be a random variable representing the life
time of a component or device in the support of the set
of non-negative integers with survival function R(x).
When the life times are expressed only in completed units
of time, the domain of X will be restricted to the support
just mentioned. 1In such a situatioﬁ, the residual life
distribution (RLD) of X at the elapse of x units of time
is specified by the distribution function

F(y;x) P[x ¢ X & x+y|X > x],

F(x+y) - F(x)
1-F(x) ’

[R{x+1)=R(x+y+1)]/R(x+1).

The corresponding survival function is
R(y;x) = R{x+y+l)/R(x+l), y > O - (4.26)

For convenience, let Yx denote the random variable with
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survival function (4.26). Then the MRL of X is from (4.6)

o0

r(x) = ﬁT%:TT xfl (z-x) f(z),
1 Z R(z),
sz+17 x+1

where, f(.) is the probability mass function of X. This

can be written as

l o0
r(x) = G yio R(x+y+l) = yio R(y;x),

= E(Yx) )

so that the definition (4.26) is consistent with the notion

of MRL and residual life given in section 4.4.

Our first concern is the form of the RLD when X
followns the class of models considered so far. This is

vindicated through the following theorem.

Theorem 4,6.

Y, is G(p) (or W(a+x+l, b+x+l) or NH(k,n-x=1)) if

and only if X is G(p) (or w(a,b) or NH(k,n)) and conversely.
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Proof:

When X follows G(p), R(x) = q* and hence R

R(y;x) = ¢V /7 L = ¥ = Rr(y) . (4.27)

Then the RLD is also geometric with the same parameter

as X. On the other hand, X is W(a,b) implies,

(a=b) £ [(b)/(a)y, ],
X

R(x)

(b) o
(a=b) TETZ—- ) [(b+x)r/(a+x+l)r],

x+1 r=o0

(B, ayx

= (a-p) (a)x+l a=b *

(from formula (4.19))

(b) /(a),. (4.28)

Accordingly,

R(y;x) = (b)x+y+l (a)x+l

14

(a)x+y+l (b)x+l

(b+x+1)
= (_—T)l b Y =0,1,2,... (4.29)
a+x+
Y

and therefore Yx is W(a+x+1l, b+x+l). Lastly when X is
NH(k,n )
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R(x) =

X8

(7)) (5 7 T,

k+n-t-1 k
(Kool g keny,

it
XxXmM3

on using ( -E )

(-1)%  ( PHh.

Thus,

R(x) = T k=t=ly 7 (&)

The last sum is, however, reduced to the following by

virtue of the combinatorial identity (Riordan, 1968)

xgo ( a+2:>;-l ) = (M) (4.30)
so that,
R(x) = (Kn=xy / (kiny,
and
R(y;x) = ( SFPTXTY70) /7 CR0XTh,
=“;€;% Chy K 7 G,

showing that Y 1is NH(k,n-x-1).



114
Let us look at the converse proposition. Here
we are given that, for example, in the Waring case,
R(y;x) = (b+x+l)y / (a+x+l)y,
and therefore from (4.26),

R{x+y+1l) _
Rttt = (b+x+l)y / (a+x+1)y .

Setting x to zero ,

R(yel) _ (2HD)y
R{1 (a+l)y

and hence ,

R(Y) = (b), / (a),-

The proof for other models are on similar lines and the

truth of the theorem is established.

4,6 Characterization By Properties Of Residual Life*

In continuation with the characterization of the

models by properties of mean residual life renewed in

* The results in this section have appeared in Cal.
Statist. Assoc. Bull. (Reference 33 )
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chapter 2, we now present certain properties based on
the form of the variance of residual life. The applica-
tions of the Theorem in reliability analysis is discussed

in chapter V.

Theorem 4,7.
If b(x) = V(Y(x))/EY(x) E[Y(x)-1] = C,

a constant, then a necessary and sufficient condition
that X follows
(i) geometric distribution is C=1

(ii) negative hypergeometric distribution,
NH(k,n), is C ¢ 1, and

(iii) wWaring distribution, w(a,b), is C > 1.

Note that the symbol V(X) stands for the variance of the

random variable X.

Proof:
First we prove that the condition is necessary.

By definition,

v(Y(x)] cr(x) (r(x)-1),

where,

viv(x)]) =g i+1) xgl (y-X)2 f(y)—r2(x).
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or,

r(x) R(x+1)[Cr(x)-C+r(x)] = ;ln2f(x+n) ,
n=

; n2[R(x+n)-R(x+n+l)},
n=1

R(x+1)+ ;l[(n+l)2-n2] R(x+n+1l).
n=

The right hand side may be simplified as,

[- -3 oo oo o
R(x+1)+2 I nR(x+n+1)+ L R(x+n+l)= L R(x+n)+2 T nR(x+n+1),
n=1 n=1 n=1 n=1

= r(x) R(x+1l) + 2 £ nR(x+n+l),
n=1

giving,

2 ;1 AR(xen41) = OOR(x#1)(C+1) (z(x)-1). (4.31)
n=

Changing x to x+1 in (4.31) and subtracting the resulting

expression from (4.31), we get
2[R(x+2)-R(x+3)+2R(x+3)-2R( x+4)+ ... ]

= (C+1)[r(x) R(x+1)(r(x)=1)-r(x+1)R(x+2)(r(x+1)-1)].
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On using the recurrence relation,
[x(x)-1)] R(x+1) = r(x+1) R(x+2),

we find,

2 ;lR(x+n+l) = (C+1) [r(x)=r(x+1)+1] r{x+1) R(x+2),
n=

which is the same as

2r(x+1)R(x+2) = (C+1)r(x+1)R(x+2)[r(x)~-r(x+1)+1].

This, however, reduces to,
r(x) = r(x+1) + (1-C)/(1+C). (4.32)

Notice that when C=l1,

r(x) = r(x+1),for all x > 0 ,

and this implies that r(x) = K, a constant. From the
definition of r(x), K is greater than unity so that there
exists a p, satisfying O<p<l such that K=p-l. Hence from
(4.11),

R(x) = (1-f(o)) q*7%, q=1-p.
Determining f(o) such that R(o)=1, we get,

f(x) = pqxv x =0,1,2, ...

s

and X has geometric distribution as claimed.
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Now taking C<1l, from equation (4.32), we find

r(x+1l) = r(x) + m,

so that r(x) is of the form {+ mx where [> 1 and m < O
and therefore X is W(a,b).

Lastly, when C>1, r(x) = Q+mx with Q) 1, butm > O
so that by applying corollary 4.1 we conclude that X is
NH(k,n).

It remains to prove the sufficiency of the condi-

tions of the Theorem. We use the formula (4.31) to get,

(-~

(c+1)r(x)[r(x)=-1] = 2[R(x+l)]"'l zlnR(x+n+l),
n=

Cr(x) (r(x)-1) = 2 s(x)-r(x) [r(x)-1],

and
V(Y(x)) = 2s(x)-r(x)(r(x)-1),
where,
s(x) = (R(x+1))"Y T nR(x+n+l),
n=1
b(x) = 2s(x) [r(x) (r(x)-1)1"1 -1. (4.33)

When X is geometric, r(x)=p-l, s(x) = qp-2, so that
b(x)=1. For the Waring distribution in (4.1),
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&8

R(x+1)s(x) = 122 i (b)x+j / (a)x+j’ (4,34)
- 3 (b) & (btx+1) T“}
=0 (a7x+l 1 (a+x+1-l) (a+x+i-1)(a+x+1) ’
o  b(b+l)
.3 il (LY s,
i=2 (a)x+i-l
(0411 (04D
b (b"'l)x-t-l{ 1 (b4 x+2) }
T a=b~l (a)x (a+x7 (é+x)(a+x+l) j?
(b+l1)
b 1 1
= a-b-1 (a), = a—b-3’ 2 > b+2.
Thus,
S(X) = b (b+l)x+l(a)x+l

(a-b-1)({a-b-2) (a), (b) ., ’

b r(b+x+2) a [b r(—a+x+g
(a-b-1){a-b-2) Mo+1) T(a+x) M{b+x+l) Ta

(ereelasn | onea .
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Also, from table 4.1,
r(x) = (a+x)/(a-b-1).

Finally, we write b(x) as

b(x) = 2(b+x+l)(a+x)(a_b_1l
= Ta-b-1) (a=b-2) (a+x) (b+x+1) "

-1 + 2(a-b-1)/(a=b=2) > 1.
To compute the expression (4.32) for the negative hyper-

geometric distribution, observe that its probability

mass function (4.2) can be converted into the form

f£(x) = (fnTx=ly g lanyy,

resulting in the survival function,

R(x) = (Fnoxy g (kany,

Accordingly from (4.34),

-1
k+n-x-1 _ nn K+m=y=x
( n-x-1 )s(x) = 122 y}:: ( M=y =X ), m=n-i ,
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n n-i

k+l+m-y-x-1

= L I ( )
1=2 y=o m=-y=-Xx s
NNl len-i 1

= L p (O TITOTYTXTL)),
i=2 y=o n=i=y=x
n .

_ kK+1l4+n-i-x

_iiz( n-i-x )’

on using the combinatorial identity (4.30).

Thus,

-2
k+n=x-=1 _ n k+l+n=y=2-xy _ k
( N=x-1 ) s(x) = Yio ( n-y-2-x ) = (

or

s(x) = (k+n=x)(n-x=-1)/(a+1)(a+2).

Again, we have

(0) = =) TR
r(x) = L R(y
R(x+1) y=x+1 ’
k+n=x-1 -1 n a+n=-y
= ( ) r )
n-x-1 y=x+1 n-y °?
_ (k+n-x-l )-l n-;-l( k+n-y=-x-1 )
- n=-x-1 n-y-x-1 ’

+n=X
n=x=2

)y



122

_ k+n-x-1 -1 k+n=x
= ( n-x-1 ) ( n-x-1 ),

(k+n=x)! (n-x-1)! k!
(n=x=1)! (k+1)! (k+n=-x-1)!’

"

=  (k+n=x)/(k+1),

and hence,

b(X) _ 2 k+n-x n=x-1 k+1l 2 -1
- k+1l)(k+2)(k+n=x){n=x-1 ’

2(k+l _ _k
ey -1 g cr

This completes the proof.

4,7, Characterization By Additive Damage Model

Let X,Y and U denote random variables in the

support of the set of non-negative integers such that

Y = X-U, O ¢ U € max (0, X=-t)

for some positive integer t. We further assume that

for x > t, t > 0,

E[U|X=x] = l+mx, > 0, m #£ 0.
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Thus, Y becomes the damaged component of X where,

the random mechanism that reduces X to Y is represented
by the regression function U on X. If we assume that

the conditional mean of U given X)>x is a different linear

function of the form
E[U|X>x] = a+Bx,

then it is possible to arrive at a characterization of

our discrete models.

Theorem 4.8,

Given that

E[U|x=x] = L+mx, (4,35)
it is necessary and sufficient that

E[U[x>y] = a+By,

for X to be distributed as geometric for g = mO
and a > l) 0; Waring for 8 > m > O and « )1 H

negative hypergeometric for § < m < O and « >ﬂ .
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Proof:
We have
E[UI0y] = gy E(hmx) £0x),

y+1

{ +m E(X|x>Y),

= 1+m[y+E(X-le>y)] ’

,(+my+mr(y). (4.37)

From table 4.1, we read the values of r(y), to find,

~(l+mp'l)+my, for G(p),

E[u|X>y] = L+am(a-b—l)-l + %&%ﬁ%%* , for W(a,b),

k+n)m mk
L+ L(—k':% + m y, for NH(k,n)

which is of the form a+By. The conditions on the para-
meters a and B can easily verified to be as stated in

the Theorem.

Conversely, if E(U|X>y) is of the form in (4.36),
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we have from (4.37),

a+By = L+my+mr(y)
so that
r(y) = Ay+B

with

The form of the distribution of X follows from

corollary 4.1 to Theorem 4.1.



Chapter V

RELIABILITY CONCEPTS IN DISCRETE TIME

5.1 Preliminaries

The focal theme of the last two chapters has been
the characterization of discrete and continuous distribu-
tions which share the common property that their mean
residual life is of linear form. Apart from this property
that has immense value to reliability modelling, most other
features relating to these models have also some significant
implications in the context of reliability analysis. In
the present chapter, we look more closely at some concepts
that are frequently used in life length studies vis a vis
their relationships, with reference to various notions

discussed earlier along with their inherent properties.

A failure time distribution represents an attempt
to describe mathematically the length of life of a component
or device. However, our inability to isolate the vast body
of causes, that individually or collectively are responsible
for the failure of the device at a particular instant, often
renders, the identification of the failure distribution very
difficult. Available at the disposal of the analyst is only
some actual observations on the time to failure and these

have to be made use of to explore a plausible model. When
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the data set indicates the desirability of a skew distribu-
tion, the problem becomes even more difficult, as assymetric
models differ markedly at the tails and the actual observa-
tions at the right tail are sparse on account of limited
sample size. This has led to several concepts that enable
differentiation between various models based upon physical
considerations that governed the failure phenomenon. Some
of these, such as failure rate, mean (median) residual life
function, equilibrium distribution along with the essential
conditions under which their properties provide specific
models have already been discussed. Yet another and perhaps
more versatile way of describing the failure mechanism is to
expose the manner in which its life length is affected by
the advancement of age. In other words, one can check
whether the life length of the device is increasing,
decreasing or remaining steady together with an assessment
of the manner in which these improvements or deterioration
in the effectiveness of the device takes place with regard
to its age. The various concepts designed for this purpose
are called criteria for ageing. The vast majority of
literature on the various criteria for ageing treats life
time as continuous with only occasional references to the
discrete. Recently there is some spurt of activity towards

reliability analysis in the discrete time domain.
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Xekalaki (1983a), points out that limitations of measuring
devices and the fact that discrete models provide good
approximations to their continuous counter parts, necessi-
tate assessment of reliability in discrete time. Further
discrete models do occur in a natural way as in fatigue
studies the time to failure is measured in terms of the
number of cycles to failure which is obviously integer
valued. Accordingly elaboration of various concepts
analogous to those in the continuous cases become necessary
to distinguish classes of life distributions based on the
notions of ageing. The definitions of the various classes,
their characterizations and some implications among them
are discussed in the following sections. It may be noticed
that Klefsjo (1982) have touched upon the definitions of

the various classes introduced below.

5.2 Increasing (Decreasing) Failure Rate

We first present the oldest and perhaps the simplest

concept of ageing based on the monotone character of the

failure rate.

Definition 5.1.

A discrete random variable X or the corresponding

survival function R(x) = P[X>x] belongs to the increasing
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failure rate or IFR (decreasing failure rate or DFR)

class if
h(x) = P[X=x] / R(x)

is an increasing (decreasing) function of x, for all x

in I, where I is the set of non-negative integers.

From the point of view of elucidating the above
definition and also in proving some other results, two
characterizations of the IFR class -will be established.
Throughout the sequel, the proof will be limited to the
IFR class, it being understood that by reversing the

monotonicity, results for the dual:DFR class follow atonce.
5.2.1 Characterizations.

Theorem 5.1.

X is IFR (DFR) if and only if R(x+y)/R(x) is a

decreasing (increasing) function of x for all y in I.

Proof:
When R(x+y)/R(x) 1is an increasing function of x

for all y we can write,

R{x+1 R{ x
ﬁ%;:v%ry - §T§:%7 > O, for all y in I.
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Hence,

R{x+1 > R{ x+y+1
R(x ” "R(x+y) °

and
R({ x+1 R{x+y+1
1- R{x) < 1- R{x+y) ’

since, for all x the ratio R(x+1l)/R(x) does not exceed
unity. It now follows that h(x) & h(x+y) and therefore
h(x) is an increasing function of x. Thus X is IFR.
The converse is obtained by retracing the above proof

from end to the beginning.

Theorem 5.2.

X is IFR (DFR) if and only if H(x,y) is an increas-
ing (decreasing) function of x for all y in I, where H(x,y)
is the cumulated failure rate in the interval [x,x+y-1]

defined by,

X+y=1
H(x,y) = ¥ h(t), x> O. (5.1)
t=x

Proof:

First we suppose that X is IFR. Then for all y in I,
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H(x+1,y)-H(x,y)

7 I h(t) - b xzy h(t), (5.2)

= (= - l)x+§-l n(t) + hlxey)

x+1 A x+1
_ 1 1 X+y=1
= T [h(x+y) - " tiy h(t) ].

Since h(x) is increasing in x,

1 X+y=-1
< T h(t) & h(x+y-1),
t=y

and therefore,

H(x+1,y)=H(x,y) % (557) [h(x+y)=h(x+y-1)],

> O.

Thus H(x,y) is increasing with x. Conversely, relation (5.2)

gives,

X+y x+y-1
x I h(t) » (x+1) L h(t),
X X

or
X+y=1
xh( x+y) >, I h(t).
X
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Hence,

x[h(x+y-1) = h(x+y)] > h(x+y),

and

h{x+y+1) > lil h(x+y), for all x > O

and y in I which implies
h(x+y+1) > h(x+y),
and the required conclusions.

In section 4.4 properties were discussed of the
distribution based on the partial sums of a discrete
model, If X denotes the life of a component with survival
function R(x), and whenever the component fails it is
replaced by another new unit which acts independently of
the first. When the renewal of the system is continued
indefinitely, Feller (1968) has shown that the asymptotic
distribution of the residual life Y of the unit under
observation at time t has the distribution (4.12).
Deshpande et. al. (1986) considers the comparison between
R(x) and G(x), the survival functions of X and Y in the
continuous case as meaningful. Their point of view is
that the life distribution of a unit which ages more
rapidly will come off worse in such a comparison. In this

sense, the following result 1is meaningful.
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Theorem 5.3.

If X is IFR then h(x) € k(x), for all x in I.
(See section 4.4.1 for the definitions of h(.) and k(.))

Proof:

When X is IFR, from Gupta (1979),Y is also IFR.
This means that

k(x+1) » k(x),

k{x+1
l-hl\<00

Therefore,

K(x+1)+1 = %—’(‘%—1 & k(x+1),

or

and

1+ k(x+l) [1- ﬁﬂ- ] & k(x+1).

The left hand side is h(x+l) from equation (4.17) and

our result is proved.

5.3 Increasing (Decreasing) Failure Rate Average

The class of distributions distinguished by
increasing failure rate average or IFRA (decreasing

failure rate average or DFRA) property was introduced
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for continuous rardom variables by Birnbaum et.al.(1966)
in an attempt to find a new class of life distributions
that reflect the phenomenon of wear-out. They have shown
that this class (1) limiting case of no wear; that is, all
exponential distributions, (2) preserves the wearing out
phenomenon for a system in which the components also have
the same behaviour, (3) is the smallest one with
properties (1) and (2). Klefsjo (1982) has considered

the discrete IFRA class, prefering to define it in terms
of the behaviour of f?(x)]l/x where F(x)=R({x+1)=P[X>x],

as in the continuous case. While in the continuous case

x

- % log F(x) = % J h(t)dt

o

provides the average failure rate in [o0,x] no such meaning
can be given to log F(x) in the discrete case. In order to
retain the notion of averaging the failure rate, we adopt

the following definition of the IFRA class.

Definition 5.2.

A discrete random variable X or its survival function

belongs to the IFRA class if

1 X =
o1 L h(t) > I h(t),
t=0 t=0

< L1
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or equivalently, H(x,0) is an increasing function of x,
for every x in I. The DFRA class is defined by reversing

the above inequality.

5.3.1 Properties

Directly from the discussions in the previous

section we conclude
Theorem 5.4.

l. The IFRA (DRFA) class contains all IFR(DFR)

distributions.

2. If R(x+y)/R(x) is a decreasing (increasing)
function of x, for all y > O, then X is IFRA (DFRA).

3. The function H(x,y) is increasing (decreasing)

in x for all y implies that X is IFRA (DFRA).

Theorem 5.5.

If X is IFRA then

R(x) R(y) > R(x+y),
for all y > O.

Proof:

By definition 5.2, X belongs to the IFRA class if
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or
X x=1
1 R{t+1 1 R{t+1
_2[1__(.(_).1]-_;[1- ] >0
x+1 t=o R{t X t=o R{(t r T
or
1 X3l R(ts 1 X R(tel
x L R 2 %1 X RCo
t=0 t=0
or
x-1 X
R{t+1 X R{t+1
T > == L —LT—TI . (5.3)
t=o R(t x+1 t=o R{t

Now, suppose that the condition R(x) R(y) > R(x+y) is
violated for the IFRA class for atleast one y, say, y=l.

Then one should have

x=-1
R{t+1
L —éTTTl > x R(1).

t=0

This implies

1% R(eeD) Rél}
X 420 R(t R '

and
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Since,

R{t+1l _
_é{-(-f)l = 1-h(t),

this should mean that

< I h(t) < n(0),
t=0

which contradicts our hypothesis and therefore the theorem

is proved.

Theorem 5,6.

If X belongs to the IFRA class, then r(x) £ r(o),
for all x ) O.

Proof:

The IFRA nature of X means that by

Theorem 5.5,

R(x) R(y) » R(x+y), for all x,y > O.

Then,
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That is,

R(x+1) (o) R(1) » I R(t),

y+1
or
l (- -]
r(o) R(1) > I R(t)
7 R(x+1) t=x+1 ’
this gives

r(o) » r(x).

The next property concerns a characterization of

the IFRA nature of the equilibrium distribution.

Theorem 5,7.
Y is IFRA if and only if <1 I —L is an
o th’

increasing function of x, for all x > O.

Proof:

The proof follows from definition 5.2 and equation
(4.13).

5.4. Decreasing (Increasing) Mean Residual Life

A chronological review of the development of

reliability concepts reveals that the notion of failure
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rate was pursued to the more fundamental than the mean
residual life. The potential of the mean residual life
in describing various laws of failure had received only
limited attentions from earlier researchers. In fact,
the independence- dependence relationship between h(x),
R(x) and r(x) can be reversed and it is possible to look
at the failure patterns based on the behaviour of MRL.
At times, the MRL appears to be a better concept than
the failure rate once we closely examine the definitions
of the two. The failure rate take into account, the
behaviour of the survival probabilities at times x and
x+1, while r(x) utilizes the entire information about
the survival probabilities from age x onwards till
failure. Thus, if an equipment does not fail in the
near future, its failure rate may be zero and at the
same time, the MRL may be decreasing as failure is bound
to occur once the period for which h(x) = O is surpassed.
This difference in the behaviour of the two functions
has resulted in ageing concepts based on MRL. We first
introduce the decreasing mean residual life or DMRL

(increasing mean residual life or IMRL) class.

Definition 5,3.

A discrete random variable X or its distribution
belongs to the DMRL class if r(x) ) r(x+l) and belongs

to the dual IMRL class if r(x) & r(x+l) for every x in I.
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35.4.1. Properties.

Theorem 5,7.

A sufficient condition for X to have DMRL{IMRL)

is that R(x+y)/R(x) is a decreasing (increasing) function

of x, for every y in I.

Proof:

By hypothesis, R(x+y+1)/R(x+1) is a decreasing

function of x. Summation over y yields,

1

o0 l [- -]
Z R(x+y+l1l) or L R(y)
R(x+1) y=0 R(x+1) il

is decreasing in x. This is the same as saying that R(x)

decreases with x for all y.

Corollary 5.1.

If X is IFR(DFR), then X is DMRL (IMRL).

Corollary 5.2.
If H(x+1l,y) > H(x,y), then X is DMRL.

Notice that these corollaries are direct consequences

of Theorems 5.1 and 5.2.

It remains to demonstrate that as in the continuous

case, DMRL does not imply IFR; otherwise we would not be
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introducing a new notion of ageing since the IFR class

implies the DMRL class.

following example.

For the purpose we present the

X o} 1 2 3 4
f(x) 0.21 0.15 0.22 0.22 0.20
R(x) 1.00 0.79 0.64 0.42 0.20
h(x) 0.21 0.19 0.34 0.52 1.00
r(x) 2,60 2,00 1,50 1.00 0

It is clear that r(x) steadly decreases with x and h(x)

is not always increasing.

We have postponed the physical interpretation

available to some of the characteristic properties of the

discrete models considered in Theorems 4.2 and 4.5 of the

previous chapter for later consideration.

established that they are in fact closely associated with

It will now be

the notion of being discussed in this section.

Theorem 5.8.

A necessary and sufficient condition for X to be

DMRL is that

VY,

r(x) [r(x)-1].
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The condition for IMRL class is obtained by reversing the

inequalities.

Proof:
We have
2 1 ot 2
EY = L (y=x)° f(x),
X R{x+1) y=x+1
D | T n2
= R{3+1) i n“f(x+n),
= L ; n2[R(x+n)-R(x+n+l)],
R(x+1) 1
_ 1 5
= 1+ ﬁr;:i) f (2n+1) R(x+n+1). (5.4)
Also,
EY = 1 ; R( x+n)
X R({x+1) _= ’

_ 1 -
= 1+ ﬁt;:i) nil R(x+n+1) (5.5)
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Subtracting (5.5) from (5.4)

2
R(x+1)

Esz-r(x) L n R(x+n+l1),

n=1
2 [ ; R(x+n)+ T R(x+n)+ oo. ]
R(x+1) ) n&s vee Jy

2 oo
= £ R(t+l) r(t)
R(x+1) el ’

= ﬁszlT ;R(t+1) r(t)-2r(x),

X

- %y ZE R(t+1) [z(t)-r(x)]+ 2r2(x)=2x(x).

Hence,

EY® + EY_ - 2[1-:\()(]2 = ﬁ'(%) ga(tu)[r(t)-r(x)].

If X has DMRL,
V(Y )-r(x) [r(x)-1] & O.

Conversely, we have shown in Theorem 4.5 that for every
x> 0,
v(Y,) = ¢r(x) [r(x)-1]
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is equivalent to the statement

1

b

r{x)-r(x+l) =

4

[
O

+

where C is some positive constant. Taking 0<C(1,

follows that

v(y,) ¢ =(x) [z(x)-1],
implies

r(x) [r(x)-1] > o.

it

Accordingly r(x) is a decreasing function of x

and the theorem is completely proved.

Theorem 5.9.

X is DMRL (IMRL) if r(x) h(x) is not less than

(not greater than) unity.
Proof:
From equation (4.10),
1-h(x+l) = [r(x)=1] / r(x+l1),
and therefore,

h(x+1l) r(x+l) = r(x+1l)=-r(x)+1l.
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Thus, h(x+l) r(x+l) £ 1 implies r(x+1l)-r(x) € O and
consequently X is DMRL.

The results of the last two theorems can be used
to characterize the Waring and negative hypergeometric
distributions among the class of distributions for which
h(x) r(x) is a constant or b(x) = V(Yx)/r(x)[r(x)-l] is a
constant. We give the proof in one case only as the other

follows by using the same argument.

Theorem 5.10.

Among the class of distributions with strictly

increasing (decreasing) MRL, Waring (negative hypergeometric)

is the only member for which b(x) is a constant.

Proof:

The constancy of b(x) gives rise to three cases,
b(x)r% 1, of which b(x)=1 does not provide a strictly
increasing or decreasing MRL as it corresponds to the
geometric law with constant MRL. Let us take b(x) to be
greater than unity. From Theorem 4.5 we find that b(x)=C
implies

r(x) = r(x+l1l) + (1-C)/(1+C).

For C>1, we thus have r(x) < r(x+l) and hence MRL is an
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increasing function of x. Similarly, when C<1l, r(x) is
decreasing in x and by Theorem 4.5 these values of C are

characteristic of the Waring and negative hypergeometric

distributions. This completes the proof.

5.9. Criteria Used in Maintenance Policies

Another category of ageing concepts considered in
literature are those that help the study of maintenance
policy which are followed to reduce the incidence of
system failure or to return a failed system to the operat-
ing state. We consider some classes of distributions that
are specially designed for application in this context. The
continuous version of these classes are discussed in Marshall

and Proschan (1972).

Definition 5.4.

A discrete random variable X, with positive integer
values as its support, or its distribution is new better

than used or NBU (new worse than used or NWU) if
R(x+y+1l) € (3) R(x+1) R(y+l1), (5.6)

for x 3 0, vy 2 O.
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Definition 5.5.

X is new better than used in expectation or NBUE

(new worse than used in expectation or NWUE) if

(a) X has finite (finite or infinite) mean m,

(b) r(x) £ (») m, for x > O.

The quantity R(x+y+1)/R(y+l) represents the survival
function of a unit of age y or the conditional probability
that a unit of age y will survive for an addition x unit of
time. At y=0, [R(x+y+1)/R(y+1)] = R(x+1l) is the survival
function of a new unit and accordingly the ageing of the
device can be studied by comparing R(x+y+l)/R(y+1l) and
R(x+1l). Thus, R(x+y+1l) & R(x+1l) R(y+1l) if and only if the
older system has aged is that it has no better chance of
surviving for a duration of x than does a new system. In
other words, the new unit is better than the used one or
NBU. A similar interpretation can be given to the NWU
which exhibits the benefit of ageing. On the other hand
the condition r(x) € r(o) = m states that the expected
remaining life of a unit surviving age x is not larger
than the expected life of a new unit so that the new unit
fairs better than the unit of age x in terms of the expected

life length. This explains the terminology NBUE. It is
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easy to see that the boundary of both the classes is the

geometric law,

P[X=x] = q Py X =1,2,.0.,

Definition 5.6.

The distribution of a positive integer valued
random variable belongs to the HNBUE (harmonic new better

than used in expectation) class if

I R(t+l) & I G(t+l) = m(1-

)X
t=x t=x ’

= [

where G(x) is the survival function of a geometric random

variable with mean m = £ R(x). The class of HNBUE distribu-
)

tions was introduced in the continuous case by Rolski (1975)
in the above definition is as in Klefsjo (1982). It is
obvious from the definition that the NBUE class is contained

in the HNBUE class. We further have the following properties.

1., If X is NBU then X is NBUE.

This is obtained by summation of (5.6) with respect

toy from O to o,

2, X is NBU if and only if k(x) > k(o). (Ne use the defini-

tion of NBUE and the relationship k(x) =£%;7 o)
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X
3. X is HNBUE if and only if + T k(t) ) k(o) for x=1,2,...
t=1

4, Y is NBUE if and only if h(o) & h(x).

5. Y is HNBUE if and only if h(o) ¢

3 [
H ™Mx

h(t).
1

We have also,

Theorem 5.11.

For a non-decreasing function g(.), the random variable

X is HNBUE if and only if

Eg(z) > EglY), (5.7)

where Z is distributed as geometric with mean m and Y is the

random variable in section 4.4.

Proof:

Since g is monotonic, the condition (5.7) is satisfied

if and only if Z 3 Y. This means that

_l oo

1,% R(x+1

[l - _] p T _L__).
X=0

or

m[1- 21471y £ R(x+1).
[o]

Accordingly X is HNBUE.
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As a consequence of Theorem 5.11 we can obtain
a characterization of the geometric distribution as in

the following theorem.

Theorem 5.12.

Let xl,xz,...,xn be independent and identically
distributed random variables having E(X) = m € » with
common survival function R(x). Then among the class of

HNBUE laws the geometric distribution,

x=-1

P[X=x] = pqa"~~, x=1,2,...

is the only law for which

E(X/,y)-1
(l) _ ( m-l )n
- H
E(X(y)) m
where X = min X
(1) 7 J¢ign &
Proof:
Assume Xi to be geometric with mean m. Then,
i} Lyx=1
R(x) = (1= m) .
Now, n
P(X(1y3x] = [(R(x)]

]
~—
o~

—

[}
3l
g

S
[ W—}

%

)

—
-
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so that, X(l) is geometric with mean

1
") = T T
m
Therefore,
E(x(l))-l - m-1 )n
Exy) "

as stated.

Conversely, assume that x.1 is HNBUE. Then we

can write,

E(X(1)) [R(x)],

|
—t18

= DRG0 R(0I"

R(x) [ Lx)- L(x-1)],

I
— ™M

where,

L(x) =

I ™M x

[R(t)]""L,
t=0



Therefore,

EX(1))

where,

f(x) =

Defining,

h(x) =
we have from the
L R(x)

x=t+1

or
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r(1) [ Au)-loyisreyh2)-fni+ ...,

(1) [R(1)-R(2)]1+1(2) [R(2)R(D) M+ ...,

t L) £(x),
x=1

P[Xi=x],

R(x)-R(x+1).

;:-( (l- %)(n—l)t,

t=0

HNBUE property of Xi’

1\t
m( 1- E) ’

£ (1- %1)"
t+1 )

1, x=-1
. (1- =) .

I &1 et

X
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Also,

*

1,2
_)x

t : 5
xil R(x)] -xﬁl(l- =

[R(x)-(1- 2)*"1IR(x) +

=

X

ULyl s

1

il &1+
=t

2 R(=(- D*A- DT o,

Proceeding similarly we have,

t

£ [R(x)]""1

(1- &y(n=1)(x-1)
x=1 X m

e+
(]

Therefore,

J(t) > h(t).

Then,
Ex()) = Tl 5 T om0t
x= =
- T OI (- d(DOGD ey,
x=1 t=1
T 1,(n=1)(x-1)7 R
= xil[m(l- a) n=1)(x )] éxl’
= E¢(Y) ’
where,
g(y) = m(l- ﬁ)(n—l)(x-l).
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By Theorem 5.11,

Eg(Y) > E@(2),

-t om(l- )(n-D(x=1) 1) r_t)x-l,
x=1

=21
1-(1- 3"

In the above inequality, the equality sign will hold good
if and only if K(x) = h(x), in which case,

R(x) = (1-2)*71,

as required in the Theorem.

5.6 Conclusion

The various results established in the last three
chapters constitute the properties of the class of discrete
and continuous distributions that are characterized by
linear mean residual life. The discrete version of the
ageing concepts that parallel with their continuous counter-
parts have also been introduced. An elaborate study of

these ageing concepts in the discrete time domain with
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respect to the preservation of these properties in
relation to convolutions, mixing and coherent structures
remains an open problem. The behaviour of the tail
distributions point out to several applications in the
analysis of income and reliability. Also, further
characterizations of these models are to be investigated.
The discussion in the present study is confined to uni-
variate models only. It will be interesting to identify
the multivariate models possessing appropriate multivariate
analogues of the univariate properties discussed here. The
answers to the various questions are being investigated

and will be presented elsewhere.
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