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Notations

e ¢, denotes column vector of 1’s with order a;
e 0 is a vector consisting of 0’s with appropriate dimension;

e e,.(j) denotes column vector of dimension r with 1 in the j%* position

and 0 elsewhere;

e e (j) denotes the transpose of the column vector of dimension 7 with

1 in the 5" position and 0 elsewhere;
e [, denotes identity matrix of order k.
e A~! denotes the inverse of matrix A.
e A® B denotes the Kronecker product of A and B.
e diag(a) denotes diagonal matrix with «a as diagonal entry.

e 71 denotes the set of all positive integers.
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Abbreviation used

PH
MAP
CTMC
QBD
LST
LIQBD
LDQBD

Phase type;

Markovian Arrival Process;
Continuous-time Markov Chain;
Quasi-birth-death;

Laplace-Stieltjes Transform;

Level Independent Quasi-Birth-Death;

Level Dependent Quasi-Birth-Death;






Chapter 1

Preliminaries

1.1 Introduction

The history of queues starts from the pre-historic time. Recall the queue
for the Noha’s Ark. Even in nature the seasons are in queue for its turn.
In all the cases where the demand for service is more than the facility
available the result is a queue. A well organized queueing system is the
requirement of any society to deliver the service in an efficient and effective
manner. Both the service providing facility(server) and the people coming
for service(customer) don’t like queues. To provide delightful service to
the customer using the limited resources at an optimal cost a scientific
study became inevitable. This leads to the emergence and development

of queueing theory.

The mathematical study of the queueing system is generally called as

Queueing Theory. The history of queuing theory goes back to more than a
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century. The mathematical analysis of the queuing systems starts with the
works by A.K. Erlang and T.O.Engest in the beginning of 1900s. Though
lot of works were going on after Erlang published his first paper in 19009,
with the introduction of Metric Analytic Method by Neuts, the study of

queueing system gained a new momentum.

With the staggering growth in the fields of networking and communi-
cation technology, study of queueing system become very important. The
queueing theoretic analysis is very important for the effective and eco-
nomic use of the resources for rendering service. The scientific analysis
of queueing system helps us to study the characteristics of the queuing
system such as waiting time, service cost, optimum service rate, etc.
Some important elementary aspects of queueing theory which are required

for the understanding of the thesis are discussed here.

1.2 Foundation

Stochastic processes

In many situations probability models are more realistic than deterministic
models. Several phenomena occurring in physics are studied as random
phenomena changing with time and space. Stochastic processes originated
from the needs of physicists.

Let X (t) be a random variable where ¢ is a parameter assuming values
from the set T. Then the collection of random variables {X (¢),t € T'} is
called a stochastic process. We denote the state of the process at time ¢

by X () and the collection of all possible values X (¢) can assume, is called
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state space.

Example: Consider the case of throwing a unbiased die. Let X (n) be the
outcome of n'* throw, n > 1. Then {X(n),n > 1} is a stochastic process
with state space{1,2,...,6}.

Markov chain

Consider a Stochastic process {X,,,n € T'}, then X,, = i implies that the
process is in state ¢ at time ¢. A Stochastic process {X,,,n € T'} is called

a Markov chain if
Pr {Xn = Z.n‘anl = ’infl, ce 7X0 = Zo} = Pr {Xn = in|Xn,1 == ’infl}.

Transition probability matrix

pij = Pr{X, = j|X,,—1 =i} is called the transition probability from state
i to state j. The matrix P = (p;;), where 4, j are elements of the state
space, is called the one-step transition probability matrix of the Markov

chain.

Transient and recurrent states

A subset of the state space of a Markov chain is said to be closed if no
state outside that subset can be reached from any state within it. If the
chain has no proper closed subset other than the state space itself, it is
called an irreducible chain. A state ¢ is recurrent if and only if, starting

from state i, the probability of returning to state ¢ after some finite time
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is certain. A non-recurrent state is said to be transient. For a recurrent
state if the mean recurrence time is finite, it is called positive recurrent.
The greatest common divisor of the recurrence times of a state is called
its period. If the period is one, the state is said to be aperiodic. A posi-
tive recurrent aperiodic state of a Markov chain is said to be Ergodic. A
Markov chain is ergodic if all its states are ergodic.

Theorem:If a Markov chain is irreducible and positive recurrent, there
exists a unique solution to the linear system wP = 7w, me = 1 where 7 is
the stationary probability vector. If the chain is aperiodic, the probabili-

ties Pr(x, = i) will converge to m; as n — oc.

Counting process

A Stochastic process {N(t),t > 0} is said to be a counting process if N(t)

represents the total number of events that have occurred upto time ¢.

Poisson process

A counting process {N(t),t > 0} is said to be a Poisson process having
rate A\, A > 0, if

1. N(0) = 0.

2. The process has independent increments.

3. For s,t >0, P{N(t+s)— N(s) =n} = 0 A S T

n!

A is called the rate of the process and E[N(t)] = At.
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Phase Type distribution

Consider a Markov chain on the states {1,2,3...,m,m + 1} with the in-
T 71°
0 0

where the m x m matrix T satisfies T;; < 0 for 1 < ¢ < m, and Tj; > 0;

for i # j. Also Te +T" = 0. Let initial probability vector of this process

finitesimal generator Q) =

be (a, py1) with ae + 11 = 1. Also assume that the states 1,2,...,m
are transient so that absorption into the state m + 1 is certain. A prob-
ability distribution F'(.) on [0;00) is said be a phase type distribution
(PH-distribution) of order m with representation («,T") if and only if it

is the distribution of the time until absorption of a finite Markov process.

If F(.) is a phase type distribution, then F(z) = 1—eT®e, for z > 0.

e For a PH distribution F(.) with representation (e, T"), The distri-

bution F'(.) has a jump at x = 0 of magnitude 1.

e The corresponding probability density function f(.) is given by f(x) =
aeT)TO0 2 > 0.

~

e The Laplace-Stieltjes transform f(s) of F(.) is given by
F(5) = i1 + a(sI — T)LT°, for Re(s) > 0.

e The i raw moment ) > 0 is given by ) = (=1)%laT e, i =
1,2,3, ...
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Erlang distribution

In PH Distribution if the transition starts only from first phase, absorp-

tion is possible only from the m'* phase, one step forward transition is the

only possible transition, the transition rate is p and e = (1,0, ...,0),
—p
—H M
T = then the corresponding distribution is called
_/,l/ i

an Eriang distribution.

Exponential distribution

In PH Distribution if
m=1, T=[-p], T'=[y], and a =1
then the distribution is called exponential distribution. The density func-

tion of Exponential distribution is given by f(x) = pe #* x > 0.
Little’s Formula
One of the most powerful formulae in queueing theory is developed by

John D.C.Little. If L is the expected number of customers in the system,

W is the mean waiting time in the system and A is the arrival rate then

L =AW, L, = A\W,,
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where W, is the mean waiting time in the queue and L, is the expected

number of customers in the queue.

Quasi birth-death process

Consider a Markov Chain with state space S = U ={(n,i): 1 <i<m}.
n>0
Here the first component n is called level of the Chain and the second com-

ponent i is called a phase of the n'" level. The Markov Chain is called a
Quasi-birth-death (QBD) process if the one step transitions from a state
is restricted within the same level or to the two adjacent levels. If the
transition rates are level independent, the resulting QBD process is called
level independent quasi-birth-death process (LIQBD), else it is called level
dependent quasi-birth-death process (LDQBD). Arranging the elements of
S in lexicographic order, the infinitesimal generator of a LIQBD process
has the block tridiagonal matrix form in which three diagonal blocks re-
peat after some initial levels. We write such a matrix, with modification
By Ay
) By A; Ay

depending on boundary states, as ) = A, A A,
where the sub matrices Ay, Ay, As are square and have the same dimen-
sion; matrix B is also square and need not have the same size as Aj.
Also, Bie + Ape = Bse + Aje + Age = (Ag+ A1 + Ay)e = 0.
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Matrix Analytic method

The introduction of Matrix analytic method is a land mark in the history
of queueing theory. Matrix analytic method was introduced by M.F. Neuts
in late 1970’s. It is a tool to construct and analyze a wide class of stochas-
tic models using a matrix formalism to develop algorithmically tractable
solution. When queueing theory found its applications in several new
areas, the usual methods like method of generating functions, methods
using transforms etc. failed to provide much tractability in the analysis of
many models especially when the distribution of inter-arrival time or ser-
vice time is not exponential. The introduction of Matrix analytic methods
provided a smooth way to analyze much complicated Stochastic models in
an algorithmic way and to numerically explore the problems more deeply.
For further details regarding matrix analytic method one may refer books
by Marcel. F Neuts[39], Latouche and Ramaswami [29] and Breuer and
Baum [4].

Theorem:The matrix () defined above is positive recurrent if and only if

the minimal non-negative solution R to the matrix-quadratic equation
R*Ay+ RA; + Ay =0 (1.1)

has all its eigenvalues inside the unit disk and the finite system of equations
xo(B1+ RBy) =0

(I —R)le=1

has a unique positive solution xy. If the matrix A = Ay + Ay + Ay is
irreducible, then sp(R) < 1 if and only if [IAse > I1AOe

where II is the stationary probability vector of A.
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Computation of R matrix

The stationary probability vector @ = (x¢, 1, ...) of Q is given by x; =
2R i > 1.

Once R, the rate matrix, is obtained, the vector & can be computed. Using
logarithmic reduction algorithm we can compute R. In some cases we can

have analytic form for the elements of R

Part of this thesis is developed based on the above discussions. For
basic reference the following books are used. Karlin and Taylor [17, 18],
Medhi [37, 38], Gross and Harris [13], Neuts [?], Ross [43], Breuer and
Baum [4], Bellman [2], Latouche and Ramaswami [29], Pakes [40] and
Takagi [46].

1.3 Motivation

All of us are familiar with queues. A queue is formed when there are
more people in demand of service than the number of servers. At times
interruption occurs to service process. Interruption means a break in the
service process. Interruption can be due to server breakdown, compli-
cations created by the customer to own service, arrival of high priority
customers, server taking prescheduled vacation, etc. In all walks of life we
face interruption. In a journey through road we may come across interrup-
tion due to traffic block, break down of vehicle etc. At a billing counter
we may find interruption due to some problems of the billing machine.
In some cases interruption due to more than one factor may occur to the

same service process. We label these factors as environmental factors. Dif-
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ferent environmental factors may be the cause of interruption at various
occasions. As an example, consider the case of Radio-communication. In
this, signals are sent in the form of electromagnetic waves produced in the
space. As the electromagnetic waves travel through space the following
factors affects the radio communication.

Atmospheric condition, the nature of the objects on earth surface between
the transmitting and receiving centers, distance of transmission, density of
signals from other stations, power of transmitter and capacity of receiver,
method of transmission, nature of antenna, frequency of carrier wave and
methods of detection. In this case there are mainly nine environmental
factors causing interruption. Interruption due to some factors are tempo-
rary. So we ignore such interruptions. Interruption due to some factors are
identified only at a later stage. The method of rectification of interruption
depends on the nature of environmental factor causing interruption.

As another example, consider the case of a patient admitted to hospi-
tal for emergency operation. Interruption can occur due to unavailability
of operation theatre, lack of fitness of the patient, rare blood group of
the patient, in the case of organ transplantation unavailability of match-
ing organ, frequently changing physical condition of the patient, patient’s
response to medicines, etc. In the case of organ transplantation, the re-
sponse of the body to the organ cannot be predetermined. Sometimes
the body will accept the organ or reject it. We will get the response only
at a later stage. Then only the surgeon can take necessary steps to save
the life of the patient. In the case of intake of medicine the response of
the body can be judged only at a later stage. If the particular medicine
is not receptive for the particular patient, correction has to be done in
the treatment. There are different factors interrupting the treatment and

correction of interruption caused by each factor is different. The time du-



1.3. Motivation 11

ration for correction may vary from case to case.

As another example we consider the case of usage of internet. While
browsing the net the possible interruptions are power failure, congestion
in network, connectivity problem, software or hardware issues of the PC,
etc. The interruption due to some of these factors are detectible only at
a later stage. In some cases correction can be done. But interruption due
to the same factors may occur again. Sometimes the impatient customer
give up the effort due to the repeated interruption.

The above mentioned examples are related to interruption in service pro-
cess. Another important aspect is the interruption in vacation. When
ever the queue becomes empty the server goes for vacation. During vaca-
tion the server can go for maintenance, can provide services in some other
queueing system. This is for the effective utilization of free time of server
and to reduce the waiting time of the customers in other queues. Depend-
ing on the environment the server can opt for either normal vacation or
working vacation. During normal vacation, based on the environment the
server can pick up different options.

Consider a super market. If there is no customer in the billing counter,
the sales girl can utilize the time for tallying the account, can record the
price list of new arrivals in the computer, can arrange the new stock in the
shelf, can clean the shop, can go to take food, can take the list of items
finished, etc. Depending on the requirement she selects the vacation job.
When customers arrive to the queue she returns from vacation interrupt-
ing it.

In a net cafe if there is no customer waiting the operator can use the system
for data entry, software updation, rearrangement, etc. If more customers
arrive the operator stops his job and provides the PC for browsing de-

pending on the cost effectiveness. These are some of the real life situations
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which motivated us to focus on queues with interruption in random envi-
ronment.

The works reported in the literature discuss about interruptions, either
server induced or customer induced, rather than the cause of interruption.
In this thesis we introduce the concept of environment dependent service
interruption and vacation interruption.

The models in this thesis are the results of inspiration drawn from the

following works.

o Queues with environment dependent interruption: White and Christie.
48], Awi Federgruen and Linda Green. [1], Bhaskar Sengupta. [3],
Dudin. A.N., Varghese Jacob, and Krishnamoorthy.[7], A Krish-
namoorthy. A., Pramod. P.K, and Deepak. T.G.[22], Krishnamoor-
thy. A., Pramod. P.K, and Chakravarthy.[24], Krishnamoorthy. A,
Pramod.P.K, Chakravarthy.S.R. [27]

e Queues with environment dependent vacation: O.C. Ibe, Olubukola
A. TIsijola.[14], O C. Ibe, Olubukola A. Isijola. [15], Y. Levy, U.
Yechiali. [30], Fuhrmann.S, R.Cooper [10], Doshi.B.T. [5], [6], Shan-
thikumar.J.G. [42], Takagi.H. [46], Servi.L.D, S.G. Finn. [41], D.A.
Wu, H. Takagi. [50], N. Tian, G. Zhang. [46], D.A. Wu, H. Tak-
agi. [50], Li.J, N.Tian. [36], LiW, X.Xu, N.Tian. [32], Kim.J.D,
D.W.Choi, K.C. Chae[20], Li.J, N.Tian, Z.Ma[33], Li.J, N.Tian[34],
Li.J, N. Tian, Z. Zhang, H. Luh. [35], Ke.Jau-Chuan, Chia-Huang
Wu, Z.G.Zhang. [19], Zhang, Z. Hou. [51], Sreenivasan.C, A. Kr-
ishnamoorthy. [44], Sreenivasan.C, S. R. Chakravarthy, A. Krish-
namoorthy. [45], Li.J, N.Tian. [31].
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1.4 Summary of the thesis

This thesis entitled “Queues with interruption in random/Markovian envi-
ronment” contains eight chapters including the present introductory chap-
ter. The main tools used for the development of the thesis are Matrix
analytic method, method of induction, method of generating function and
supplementary variable technique. Distributions like Exponential distri-
bution, Erlang distribution, PH distribution are considered. A brief dis-
cussion about these preliminaries are included in the first chapter. Chap-
ters 2-5 deal with queues with environment dependent interruption and
chapters 6-8 deal with queues with environment dependent vacation.

Chapter 2 is devoted to a queueing system with service interruption
in which service gets interrupted due to different environmental factors.
Even though any number of interruptions can occur during the service of
a customer, the maximum number of interruptions is restricted to a finite
number K and if the number of interruptions exceeds the maximum, the
customer leaves the system without completing service. The difference
between the model under discussion and those considered earlier in liter-
ature is that the customer / server is unaware of the interruption until
a random amount of time elapses from the moment interruption strikes.
At the moment the interruption occurs, a random clock and a superclock
start ticking. The interruption is identified only when the random clock
is realized. The superclock measures the total interruption time during
the service of a customer. On realization of superclock the customer goes
out of the system without completing service. The kind of service to be
started after the interruption depends on the environmental factor that
caused the interruption. Here we first analyze the service process to find

the response time and to compute the stability condition. The optimal
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values of K for a suitable cost function is investigated. Numerical in-

vestigation indicates the cost function as convex/increasing/decreasing in
K

In chapter 3 a queueing system similar to one discussed in chap-
ter 2 is analyzed. The main difference is that in this model the inter-
ruption causing environmental factors forms a Markov chain with ini-
tial probability vector p;,i = 1,2,...,n and transition probability matrix
P = (pij),i,j = 1,2,...,n. The condition for stability of the system
is obtained. Steady state probability vector and important performance
measures are calculated with the help of Matrix analytic method. A com-
parison between the two models, Queue with interruption in random envi-
ronment and Queue with interruption in Markovian environment, is car-

ried out.

In chapter 4 we consider a single server queueing system in which
arrival occurs according to a Poisson Process. On arrival if the customer
finds the server busy, he joins the tail of the queue otherwise he gets ser-
vice immediately. The service is Erlang distributed. During service there
is a possibility for interruption in service due to different factors. Here
we assume that there are n+ 1 environmental factors causing interruption
to the service. These factors are numbered 1 to n + 1 depending on the
ascending order of severity of interruption caused by them. The interrup-
tion occurs according to a Poisson Process. When the interruption due to
i'" factor occurs the rate of service changes. On the onset of interruption
an exponentially distributed random clock and a PH distributed inter-
ruption clock are started. Only forward phase change is allowed for the
interruption clock. When the interruption occurs due to any one of the

first n factors it is ignored in the beginning and service is continued with
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interruption. When the interruption clock realizes the service is stopped
and the server is repaired immediately. After repair the service to the
customer in service is resumed if the interruption clock is realized before
the random clock otherwise the service has to be restarted. There is a
possibility for customer completing service with interruption. In that case
the server goes for repair after the service completion. If the interruption
is due to (n + 1) factor the customer goes out of the system and the
server is replaced immediately. Once the interruption starts getting at-

tended both the clocks are reset to zero position.

As the duration of ignored interruption increases the severity of inter-
ruption also increases. After some duration, the cause of interruption
changes from " factor to j'* factor, where j > i and i"* factor is the one
causing initial interruption. Then the service rate also changes. Again
if the interruption remains unattended for sometime, the cause of inter-
ruption changes from ;' factor to k" factor, where & > j. The server
is replaced on being interrupted by the (n + 1) factor. The customer
in service is also lost when the interruption is due to (n + 1) factor.
The n + 1 environmental factors are the states of a Markov chain with
initial probability vector p;,i =1,2,...,n+ 1 and transition probability
matrix P = (p;;),4,j = 1,2,...,n+ 1. Stability of the system is verified.
Using Matrix analytic method Steady state probability vector and im-
portant performance measures are obtained. The important performance

measures are numerically explored.

In chapter 5 we analyze two queueing models. In the first model
we consider a single server queueing system with arrival following Poisson

process. The service time is Erlang distributed. At times there is a possi-
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bility for interruption in service process. It occurs according to a Poisson
process. The duration of interruption is exponentially distributed. The
service continues ignoring the interruption. During interrupted service
there is a scope for self correction of interruption. Self correction occurs
according to a Poisson process. On the onset of interruption an interrup-
tion clock is started which is Erlang distributed. If the interruption clock
is realized before service completion the server goes for repair and after
repair the service is resumed. Repair time is exponentially distributed. If
service is completed before the realization of interruption clock the next

customer in the head of the queue enters for service.

In the second model the arrival process and the service process are
same as in the first model. During service interruption occurs according
to a Poisson process. There are n environmental factors causing interrup-
tion. Interruption due to i" environmental factor occurs with probability
p;. If the interruption is due to first m factors it is ignored and service
continues. But the service will be at lower rate. The duration up to which
the server works without breakdown is assessed with the help of an in-
terruption clock. This clock starts ticking with the initiation of the first
interruption to the service of a customer. The duration of the clock is
exponentially distributed. During that period there is a possibility for self
correction of interruption. This self correction duration is exponentially
distributed. If self correction occurs the service rate changes. On realiza-
tion of the interruption clock the server goes for repair. The repair time is
exponentially distributed. After repair the interrupted service is resumed.
If the service of a customer is completed while server in interruption the
next customer in the head of the queue enters for service at the interrupted

server. If the interruption is due to the remaining n —m factors the server
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directly goes for repair. Taking into account the severity of interruption
caused by these n —m factors, protection for remaining service is provided
at the epoch of resumption of service after repair. The stability of both
systems are analyzed. Steady state probability vector is calculated using
matrix analytic method. Important performance measures are numerically

substantiated.

Chapter 6 analyzes a single server multiple vacation queueing sys-
tem. There are mainly two types of vacation: the server goes for type I
vacation after a non-empty busy period of serving at least one customer.
On returning from type I vacation if the server finds the system empty, it
goes for a type II vacation. In type I vacation, depending on the environ-
ment, there are n distinct kinds of vacations. Interruption can occur to
all types of vacations. The interruption to vacation is controlled by the
length of the queue. We calculate the long run system probabilities, mean
and variance of the number of customers in the system. Using Little’s
formula waiting time is also calculated and numerically illustrated. An

optimization problem is discussed with numerical illustration.

Chapter 7 is devoted to a single server queueing system with work-
ing vacation in which arrival occurs according to a Poisson process. The
service time is exponentially distributed. On completion of a service if
the server finds the system empty he goes for a working vacation. There
are n types of working vacations. Depending on the environment, after
a busy period, the server goes for i'" type of vacation with probability
pi,1 < i < n. The duration of vacations are exponentially distributed
with different parameters. During vacation if customers arrive, the server
provides service at a lower rate . On completion of service during vacation,

if there is no customer left in the system the server continues its vacation.
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Otherwise the vacation is interrupted, i.e. the server returns to normal
service without completing the vacation and starts service in the normal
rate. On completion of vacation if the server finds the system empty, he
remains in the corresponding vacations. We demonstrate stochastic de-
composition of the queue length and waiting time processes using method

of induction and Little’s formula.

In chapter 8 we carry out the study an M/G/1 queue with multiple
vacation and vacation interruption. Both normal vacation (type I) and
working vacation (type II) are considered. The exhaustive service disci-
pline is assumed in this. At the end of a busy period, depending on the
environment, the server either opts for normal vacation or working va-
cation. On completion of type I vacation if the server finds the system
empty he goes for type II vacation. On completion of type II vacation
if the server finds the system empty he goes for another type II vacation
and so on. On completion of service in type II vacation, if the server finds
one or more customers in queue he returns to normal service, interrupt-
ing the vacation. An arriving customer, during type I vacation, joins the
queue with probability ¢ or leaves the system with probability 1 — ¢ and
during type II vacation all the arriving customers join the queue. Us-
ing supplementary variable technique we derive the distributions for the
queue length and service status under steady state condition. Laplace-
Stieltjes transform of the stationary waiting time is also developed. Some

numerical illustrations are also given.



Chapter 2

Queues with interruption in

Random Environment

Introduction

Queues with interruption was first studied by White and Christie [48] in
the context of a two priority system with preemption. In some queueing
systems, the service process is subject to interruptions due to (i) (unsched-
uled) breakdowns of the server(s), (ii) scheduled off-periods, or (iii) arrival
of customers of a higher priority class. In such systems, the distribution
of service time in interruption free system is replaced by distribution of
completion time which is the time a customer spends in the system after

leaving the queue.

Some results of this chapter are included in the following paper.
A.Krishnamoorthy, Jaya.S, B.Lakshmy. : Queue with interruption in random environ-
ment, Annals of Operations Research, Springer (Accepted for publication).

19



20 Chapter 2.  Queues with interruption in Random Environment

Several researchers have discussed queues with service interruption due
to server taking vacation and (or) due to arrival of priority customers. A
recent survey paper by Krishnamoorthy et al [24] gives a detailed descrip-
tion of research on queueing models with service interruptions induced by
server breakdown and also those with customer induced service break; in
the latter case the server starts service for the next customer if any avail-
able. In server induced interruption such as break down, no service takes

place when such failures occur.

In another paper Krishnamoorthy et.al [27] discuss phase type dis-
tributed interruption, Markovian arrival process and phase type service
time distribution. Here the maximum number of interruptions for a cus-
tomer is fixed. An interrupted service is either resumed from where it got
interrupted or repeated from the beginning, based on the realization of a
threshold clock that starts ticking at the epoch of onset of an interrup-
tion. A super clock is started at the epoch of the first interruption to a
customer’s service. If the super clock expires before fixing an interruption
no further interruption is allowed to occur. The interruption occurs ac-
cording to a Poisson process and the interruption duration, threshold and

super clocks follow mutually independent phase type distributions.

The important features of the model discussed in this chapter, which
are not discussed in all the above cited papers, are (i) there are a finite
number of n factors causing interruption and the service after interruption
is not necessarily the continuation of the previous service, but a new ser-
vice depending on the environmental factor causing interruption, (ii)the
customer /server is not aware of the interruption for some time, and during
that period, service provided is not effective, (iii) interruption can occur

due to any of the n environmental factors, but when the service is inter-
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rupted no further interruption is allowed until the rectification of current
interruption, (iv) only a finite number of interruptions are allowed, and
(v) a customer in service is going out of the system without completing
service, based on the realization of the super clock or the number of in-
terruptions that strikes the customer in service exceeding the permitted

maximum number.

As a real life example for customer induced interruption we consider
the case of a patient undergoing medical treatment. During the course of
treatment the patient will have certain restrictions on the diet. The food
items that are taboos can be considered as the environmental factors.
Consumption of any of such food item causes interruption to the medica-
tion. If the patient consumes any of the restricted food item the result of
the treatment may not be as desired. The realization of the violation of
restriction is identified only at a later stage (in earlier reported research
works (see paper [22]) it is instantaneous identification). Then corrective
actions are taken and the treatment can be continued or sometimes may be
modified. If the total time from the moment of consumption of restricted
food item till the starting of a new treatment after the interruption, ex-
ceeds a certain amount of time the treatment may become ineffective and
the patient has to stop taking the treatment. At the same time, repeated
use of restricted food item also affects the result of the treatment. So the
number of possible interruptions is restricted to a fixed quantity. If the
number of interruptions exceeds that upper bound then also the treatment
is ineffective. In the model under discussion the server is assumed to be

affected by interruption of the kind described in the example.

As another example we consider the online blend headers used in re-

fineries for making different grades of petrol and diesel. Various streams



22 Chapter 2. Queues with interruption in Random Environment

arrive at the blend header from different processing units. The streams
are expected to have a set of properties. Based on the expected properties
of different streams and the flow rates we expect a set of properties for
the blend header output. There is an online analyser in the blend header
which will continuously monitor the properties of the blend header out-
put. Sometimes the quality of the streams may vary due to variation in the
conditions of the processing units. Here the factors causing variation to
the conditions of the processing units are considered as environmental fac-
tors. Due to different reasons the analyser may not identify the variations.
Then the values shown by the analyser may not be correct, but depending
on that values the blend header go on working. Only while validating
the blend header readings by cross checking in the laboratory at preset
intervals, the interruption is identified. If there is a mismatch in the value
shown by the analyzer and lab result, the next step is the identification of
the factor which caused the error and depending on that corrective actions
are taken to get the output with desired properties. This can happen any
number of times. If the total time for blending and correction exceeds a
particular time limit the properties of the blended batch will be totally
different from the target and the final product will be offspec. There are
other real life examples occurring in medical, engineering, communication,

and educational fields.

2.1 Model description

The queueing system that we consider is such that arrivals occur according
to a Poisson process with parameter A\. The service time is exponentially

distributed with parameter y. During service, interruption occurs accord-
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ing to a Poisson process with parameter . There are n environmental
factors causing interruption. The interruption due to the i** factor occurs
with probability d;. For a certain duration of time the server is unaware of
the interruption. At the start of the interruption, a random clock which is
exponentially distributed with parameter 7;, starts ticking when the inter-
ruption is caused by the i** environmental factor. The random clock mea-
sures the time elapsed from the epoch of occurrence of interruption until
the identification of interruption. The realization of the random clock in-
dicates the identification of interruption. The fixing time is exponentially
distributed with parameter oy, if the i** factor is the cause of interrup-
tion. On fixing, a new service starts which is exponentially distributed

with parameter p;, provided the ¥ factor caused the interruption.

The super clock, which is exponentially distributed with parameter ~;,
started at the beginning of the first interruption that strikes the customer
in service, will freeze when the new service starts after interruption and
it will again start functioning from the position where it stopped, when
another interruption occurs to the same customer. Sometimes the super
clock may be realized before the random clock. The number of interrup-
tions during the service of a customer is limited to K. On realization of
the super clock or when the number of interruptions exceeds K, whichever
occurs first to the customer in service, he goes out of the system without
completing the service. Finally when the customer leaves the system the
superclock is reset to the zero position. A diagrammatic representation of

the model is given in Figure 2.1.
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Figure 2.1: Model description

2.2 Analysis of service process with inter-

ruptions (Response time)

The service process { X (t),t > 0} where X(t)= (S(¢), I1(t), I2(t), I3(t), 14(t)
is a Markov Chain with 3n /K +1 transient states given by {0}U{(1,m,,7,1)
1L,2,...,K;i=0,1;7=0,1;1=1,...,n}U{(2,m,l)/m=1,2,... , K;l =
1,2....n} and one absorbing state denoted by {*}. The absorbing state

)
m =

represents the customer moving out of the system either after service com-
pletion or without completing service. Here S(¢) denotes the status of the

server at time t:
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0, if the service going on and has not
undergone any interruption so far

1, if the service is interrupted

2, if service is continuing after interruption ;
I,(t) denotes the number of interruptions occurred until time ¢ to the cur-

rent customer in service. I;(t) varies from 0 to K;

I5(t) represents the status of the random clock:
0, if the random clock is realized
Iy(t) = .
1, otherwise;
I5(t) corresponds to the status of the super clock:
0, if the superclock is freezed
I3(t) = :
1, otherwise;

If the server is interrupted at time ¢, I,(t) corresponds to the environmental
factors that caused the current interruption to the service. In this model
we consider n environmental factors. Thus I,(¢) has values varying from
1 to n. The state space of the process is X (t)= {0} U {(1,m,4,j,1)/m =
L2,...,K;i=0,1;=0,1;1=1,...,n}U{(2,m,l)/m=1,2,...  K;l =
1,2....n} U {+}, where {*} is the absorbing state. The infinitesimal gen-

erator of the process is given by

[T
0 0
B, Bl 0
where T'= | 0 B}, Bj
0 B, B,

(3nK+1)x(3nK+1)
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Then B) = [—(u+ 8)] where By is a matrix of order one.
B = |: ) :| ) B =171 U,.
! po 0 (1xomk) 2 Kk ® Yo
—(m +v) fori=75=1,2,...n
—(Qin +Yip) fori=j = 1,...2 o
Up(ig) = { (W i) fori=g=mlondn G
7 forj=i+n,i=1,2,..n
0 otherwise.

Bl = Ix ® U,, where Uy =

0
] , and Uy =diag(aq, ag, ..., qp);
1 (2nxn)

0 Ix_1®U: .
B - K1 @0 with Uy = | (e® 86) 0 .
0 0 (nx2n)
(nKx2nK)
L for i — i
BL=Ix® U and Uy(i, ) = (i + ) ford Jii=12..n
0 otherwise.
Bos
TO = B13 Wlth
Bas (3nK+1)x1
i
Y .
Bo3=[u]7313= : , Boz = -
5 2
(2nK x1) h+e® 5 (K1)

The initial probability vector is ¢ = (1,0,...) which means that at first
the interruption starts. Here the service process with interruption follows
PH Distribution. So using the property that residual service time in a

phase type distributed service process is also phase type we see that
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e The expected time for service completion/customer leaving the sys-
tem without completing service due to realization of super clock or
attaining maximum K is E(ST) = {(—T) 'e, and hence the ex-
pected service rate is pus = 1/E(ST).

e Probability for service completion without any interruption is
¢(—Bg) "' Bos.

2.2.1 Expected number of interruptions

To calculate the expected number of interruptions during the service of a
customer, we consider the Markov Chain {Y'(¢),t > 0} where Y (t) =
(I1(t), S(t), I2(t), I5(t), I4(t)) with state space {0} U {(m,1,7,7,1)/m =
0,1,2,...,K;i=0,1;=0,1;1=1,...,n}J{(m,2,1)/m=0,1,2,..., K;
I =1,2...n} U{V} where {V} is the absorbing state which represents the
customer moving out from the system either after service completion or
without completing service. Here S(t) and I;(t),j = 1,2,3,4 are as de-
fined in section 2.2. The infinitesimal generator of {Y'(¢),¢ > 0} is given
by ) )
By Bn
A An

AlO All

A A
where A = ) . )

0

>

_ Ao
Bo=[~(u+®). Bu=|p85 0] .

(1x3n)
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Ly L 0 0
AlO = ' ? 5 All - )
0 L3 L4 0
3nx3n 3nx3n
with
(
—(ni + i), fori=j=1,2..n
i) forj=i+n,i=1,2,..n
L={" / ij=12..
(i) + Vimy), fori=j=n+1,.2n
| 0, otherwise;
 fori— i )
L, — aj, fori 'j+n, i i=1.2....n
0, otherwise;
L3: (5 M) or 7 j 27‘7:1’27""”
0, otherwise;
0;, fori,j=12,..mn .
L4: ﬁ] OI'Z]. n 27‘]:1,27”"2771
0, otherwise;
and
Co
Aj
Al L L
A = > | where C) = [u] A} = ° , BY = g :
' Le 3nx1 7 13nx1
| B ]
where Ly=| | | Li=|m| . Li=|m+8]| .
v 2nx1 nxl nx1

The initial probability vector ( = ( 100

From the above matrices we get the following system characteristics:

e Probability for absorption after r(r < K') interruption is given by

. 2n
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(Boo) ™' Cy, for r =0,
ar = ¢ (Bgo' Bor)(Ajg An) V(A BY), forr =K,
(Byo! Bot) (A7g A1) "D (A7 Ab),  otherwise.

Expected number of interruptions E(T) for a customer = -5 ra,

Probability for service completion after exactly r(1 < r < K) inter-

ruptions
0
Cpr = g(—B&le(n)(—Al_olAu)(r_l)(-AI&A&) Where Aé - 0
n

Expected number of interruptions E(IS) before service completion

: . K
for a single service= )", r¢;.

Probability for service completion without any interruption
P(S) = C(—B()O)ilo(l).

Probability for the customer leaving the system due to the realiza-

tion of super clock during the 7" interruption,
Yr = C(=Bag Bo) (= Ag An) " (A A, r = 1,2, K,

Ls
o |

Expected number of interruptions E(I) before the realization of super
clock =S5 ry,.

and A, =

Having computed the measures indicated above, we describe the queueing

model and the condition for it to be stable.
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2.3 The queueing model

Consider the queueing model Z = {Z(t),t > 0}, where Z(t) = (N (t), S(t),
L(t), Is(t), I3(t), I4(t)) where N(t) is the number of customers in the sys-
tem. Here S(¢) and I;(t),j = 1,2, 3,4 are as defined in section 3. Z is a
continuous time Markov chain with state space {0} U {(h,m,1,i,7,1)/h =
1,2,...,000m=0,1,2,...,K;i=0,1;=0,1;1=1,...,n}U

{(h,m,2,0)/h = 1,2,...,00;m = 0,1,2,...,K;l = 1,2...n}. Its in-

finitesimal generator Q is given by

By By
By A1 A()
Q= Ay A Ao where By = [— )], By = [ A0 - } ,
) . . 1x3nK

By =T% Ay = Manic11; Ay = T — Aspicsr; Ay = TOC.

Lemma:The system Z is stable when A\ < p,, where pg is defined in
sec.2.2.

Proof:When the right drift rate (arrival of a customer) is less than the
rate of drift to the left ( departure of the customer from the system), the

system is stable.

Stationary distribution

The stationary distribution, under the condition of stability, A < us, has
Matrix Geometric solution. Let x=(xq, X1, X2, ...) be the steady state prob-
ability vector of the Markov chain {Z(t),t > 0}. Each x;,7 > 0 are vectors

with 3nK +1 elements. We assume that xo = x; R, and x; = x; R, i > 2,
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where R is the minimal non- negative solution to the matrix quadratic
equation
R?*As + RA; + Ap=0.
From xQ=0 we get
XoBy + x1Bs = 0.

X(]Bl + X1 (Al + RAQ) = 0.

Solving the above two equations we get x; and x; subject to the normal-

izing condition xge + x;(I — R) " 'e=1.

2.4 Performance measures

After calculating the steady state probability vector we now concentrate

on some important performance measures of the system.

2.4.1 Expected waiting time

Computation of expected waiting time of a particular customer who joins
the queue as the 7" customer, is done by considering the Markov Chain
X'={(M(t),S(t), 1(t), Io(t), I5(t), I4(t)),t > 0} where M (t) is the rank
of the tagged customer.The tagged customers rank will decrease to 1 as
the customers ahead of him leave the system. The rank of the customer
is not affected by the arrival of customers following the tagged customer.
Here S(t) and I;(t),j = 1,2,3,4 are as defined in section 2.2. X' is a
Markov chain with state space {(h,0)/h =m, ..., 1}U{(h,1,s,i,7,1)/h =
m,...,1;s=1,2... . K;i=0,1;=0,1;1=1,...,n} U{(h,2,s,1)/h =
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m,...,1;s=1,2...,K;l=1,2...n} U{P} where {®} is the absorbing

state. The infinitesimal generator matrix @ is given by

= where
0
[T To¢ | [0 ]
T T :
W= and W9 = |
T TOC 0
T To

The expected waiting time of the tagged custc_)mer,—according to the po-
sition of the customer being served at the time of arrival of the tagged

customer, is a column vector which is obtained from the formula
Epy = =T I — (T°%¢T-H)=D)(I =TT ") e.

Hence the expected waiting time of a customer in the queue is

E(W) = ier;V.
r=1

2.4.2 Other important performance characteristics

e Expected number of customers completing service without interrup-

tion E(NI) = me'
i=1

e Probability that there are i (i > 0) customers in the system, Pi=x;e.

(e 9]

e Expected number of customers in the system, E(S)= Z iP;.
i=1

e Fraction of time the server in the interrupted state,
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FT(I) =) wie.
=1

Fraction of time the server is busy,

o0 00 oo K
FT(B) = Z Tio + Z Tio€e + Z Z Tigri€.
i=1 i=1

i=1 r=1

Fraction of time the server in the unidentified interrupted state,

o K
FT(NI) = Z Z Ti1,i1,1€.

i=1 11=1

Fraction of time the server in fixing state,

oo K
FT(FS) = Z Z Zil,i,0€-

i=1 i1=1

Fraction of time the super clock is freezed,

FT(SF) = Z T;2€.

i1=1

Fraction of time the super clock is on,

o K
T(ON) = Z Z Xi1,i,€-

i=1 41=1

Rate of customer leaving the system, due to realization of superclock,
[e.e]

1
after ' interruption due to ' environmental factor =7; E E Til 10,
i=1 1=0
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2.5 Cost function and Numerical illustra-

tions

The purpose of this section is to determine the optimal value of K through
numerical experiments. To this end we construct a cost function as a

function involving K. The following costs are considered.

C1- service cost.

C2 - Holding cost of the service interrupted customer.

e (3 - Cost of lost service i.e. the service cost during the unidentified

interrupted state.

C4 - Holding cost of the customer in the queue.

Therefore the total expected cost, EC = Cl*(expected service rate) + C2x
(fraction of time the customer in the interrupted state) + C3x (fraction of
time the customer in the unidentified interrupted state) + C4x( Expected

number of customers in the queue).

Effect of number of interruption on Expected cost

Due to the complexity of the cost function we are unable to compute the
optimal K explicitly. By fixing the values of the parameters:

A=3,u=8n=5 a,="Ta,=7,a3 =6,a4 =6,a5 =5, 61 = 0.1,05 =
02,03=0.2,0,=0.3,05 =02, 71 =2,% =273 =2, =2,75 =2, =
6,70 =0,m3 =5, =415 =4, n = 5,12 = 6,13 =5, s = 6,5 =7,
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C'1 =$100,C2 = $300,C3 = $20, C'4 = $20.
The values for Expected cost corresponding to the variation in K and

are represented graphically (See Figure 2.2). By taking v; = 75 = 73 =

960
* p=2f

940} o p=3
920} © B4

[m] B:S
u 900} F
880 | / :
860 — T

840 : : :
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Figure 2.2: Effect of change in K and 5 on (EC)

Y4 =5 =7, 0 = 3 and all other values as above,the expected cost is as in
the Figure 2.3. From Figure 2.2 and Figure 2.3 it is clear that as the value
of K and [ increases the expected cost increases. But as the realization

rate of super clock increases the expected cost decreases.

900

w0 W
E

o oo /e/—%

e, C C "
40— + *
820

1 2 3 4 5 6 7 8

K

Figure 2.3: Effect of change in K and 7 on (EC)
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Effect of change in number of interruptions on E(S)

Table 2.1: Effect of change in K on E(S)
K E(S)
1 1.0243

1.1877
1.2188
1.2240
1.2249

1.2250

S O = W DN

As the value of K increases, expected number of customers in the

system E(S) increases which is on expected lines (see Table 2.1).

2.5.1 Effect of change in ; on various performance

measures
Take A =3, n=5, K=5, § = 3. As the value of u increases, expected

Table 2.2: Effect of change in y on E(NI) ,E(S)and P(s)
E(NI) E(S) P(s)

3.9897 8.7787 0.5714

1.7007 3.9433 0.6250

1.0810 2.6057 0.6667

0.7928 1.9690 0.7000

0.6261 1.5925 0.7273

0.5175 1.3419 0.7500

0.4410 1.1621 0.7692

5 © 00O T

number of customers with no interruption E(NI) and expected number of
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customers in the system E(S) decrease but probability P(s) for service

completion without any interruption increases (see Table 2.2).

Effect of change in A\ on E(NI) and E(S)

Assuming pu=8, n=>5, k=5, § = 3 and all other values as above we get the

following values for E(NI) and E(S). As the value of X increases, expected

Table 2.3: Effect of change in A\ on E(NI) and E(S)
N E(NI) E(S)

0.1047 0.2502

0.2722  0.6952

0.6261 1.5925

1.6788 4.0123

=~ W N~

number E(NT) of customers with no interruption and expected number
E(S) of customers in the system increase (see Table 2.3).

So far we concentrated on the study of the CTMC with underlying dis-
tributions exponential. However this distribution does not fit into several

contexts, for example the service time.

2.6 Analysis of service process when the ser-
vice time and the super clock follow Er-

lang Distribution

Here we consider a special case of the main system we analyzed above.

Assume that the service time and super clock are Erlang distributed. The
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initial service is Erlang distributed with shape and scale parameters p and
a respectively and the services after interruption fixation are Erlang dis-
tributed with parameter p; and b; if the i factor is the cause of interrup-
tion. The super clock is Erlang distributed with shape and scale parame-
ters v and ¢ respectively. On identification of random clock the fixing time
starts. All other assumptions are as in the previous model. The service
process X = {X(t),t > 0} where X(t) = (S(t), [1(t), Is(t), S1(t), I3(t)),
is a continuous time Markov chain. Here S(t¢) denotes the status of the

server at time ¢:
(0, if the service going on at ¢ has not

undergone any interruption so far
S(t) =< 1, if the server is in the unidentified interrupted state

2, if the server is in the fixing state

| 3, if the service at ¢ has undergone interruption ;

I, (t) denotes the environmental factor causing interruption. It varies from
1 to n. Iy(t) denotes the number of interruptions occurred until time ¢ to
the current customer in service. I5(t) varies from 0 to K. Si(t) denotes
the phase of service process. It varies from 1 to a if the service is without
interruption and varies from 1 to b; for the service after the completion
of an interruption caused by the i factor. I3(t) denotes phase of super
clock which varies from 1 to c¢. The state space of the Markov chain is £ =
{(0,m)/m =1,...,a} U{(1,l,5,m,r)/7 = 1,2,... . K;l =1,...,n;m =
1,...,a,0r 1, . by =1, ..., c}U{(2,0,4,r) /7 =1,2,...,K;l=1,...,m
L...,cb U{B,l,5,m,r)/5 =1,2,... K;l=1,....,nym = 1,...,b;1r =
1,...,c}U {one absorbing state}. The infinitesimal generator is A =

Q

0 0
with initial probability vector {=(1,0,...,0), where
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Hyp Hy 0 0 HO
0 Hy; H 0 HOM
0= e and Q¥ =
0 0 Hy Hoy H®)
0 Hs 0 Hsg H®)
—u—p iti=gi,5=1,2...a
Hoo(i,§) =< 1, j=i+li=1,2...,a—1
0, otherwise;
Hoy = [ Ry Ry -+ R,
where each R; is a matrix of order a x (ac + Z(K — 1)bc) and
I=1
. B, ifj=0—1)c+1;;
Rij)=1q o BI=
0, otherwise;
and [=1,...,n. _
A 0 - 0
0 A, -. 0
Hll = . . 2 . .
0 0 --- A,
Here each A, is a square matrix of order(ac + 31— (K — 1)bc) and
=Y = gl 0 o 0
O =y=-m v :
A= : 0 with1=1,2,....,n
== v
0 0 . 0 =y = |
B, 0 - 0
0 By . 0
and Hp = | 0 7| with;
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Bl 0 -+ 0
0 B . 0
B=|
0 0 B
L dac+d> L (K=1)bjex Ke

where B} = [e® Mile)(aexe) in which e is of dimension a x 1;

and B} = [e @ 1] (pexe) With e of dimension b x 1;7 =2,..., K;I, is an

identity matrix of order c.

¢, 0 - 0 1
0 Cy -. 0
Further Hyy = o 2 ' ' where
0 O Cn
e 0 0 ]
0 Y-y
C;= ’ ’ 0 ;
0 —Y ¥
L 0 0 0 T ay (KexKec)
for y=1,...,n; )
Dy 0 0
0 D 0
Hys = | ’
0 O D,
D} 0 0
0 D? 0
where each D; = . ! where each Dj is of di-
0 O DE
L 4 KexKbe
mension ¢ X jcand [ =1,...,n;r =1

PICEE

’
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D[(i,j):{gj’ ;f}fe;:;izz:l,Z...c;j:1,...,blc

H31:|:[1 I, --- .- I, |, where

0o U; 0 -~ 0
Uj

I;=e,®5; and §; = '

0 o e 0
Uj = [diag(B6;)]p,e and j =1,...,n.

= Kbjex(ac+(K—1)bjc)

[ E, 0 - 0 ]
0 E, . 0
The sub matrix Hss is given by Hss = o 2 . ' ; here
0 0 E,
[ —p; — 4] 0 i
0 —h; =B . :
. ) ) 0
E; = ,
0
—p; =B
.0 0 —p =0 ]
forj=1,....n
0 H,
HOO) — o — | | here
7 H,
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v, fori=rer=1,2..a+ (K —1)bj;;
H,;(i, 1) = i=1,.,ac+ (K —1)bjc
0, otherwise,
fory=1,...,n.
HXO) — Fe,
hereﬁ/(i,l) _ fOI‘i:'TC;T: 1,2...,K;i=1,..., K¢
0, otherwise.

ﬁl j—jjl
A - H,

7O = | 77 | where H; = Pl forj=1,.m;
i, H,

pi, fori=(b;—1)c+1,...,bjc

and Hj(i,1) = 0, otherwise

where 4 varies from 1 to bjcand [ =1,..., K — 1.
Hyli1) =4 " + 4, ford :'<bj —De+ 1., b
B, otherwise.

where 7 varies from 1 to b;c

2.6.1 performance measures

We arrive at the following performance measures of the system:

e The expected time for service completion/customer leaving the sys-
tem without completing service due to realization of super clock or
attaining maximum K is E(ST) = ¢(—Q) e.

e The expected departure rate is us = 1/E(ST)

e Probability for service completion without any interruption is
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C(—HOQ)_IHO(O).

2.6.2 Numerical Results

Table 2.4: Number of interruptions & Expected cost(EC)

B=2

3

4

5

658.2127
687.8693
693.9890
697.0032
697.0478
697.1248

O Ut W N X

662.2811
694.9911
702.3967
705.5458
705.6397
705.7776

665.5660
700.3799
708.6655
711.8078
711.9537
712.1441

668.0791
704.4870
713.3887
716.4700
716.6656
716.8970

Table 2.5: Effect of change in ; on E(NI) and E(S)

E(NI)

E(s)

N O Ok W NE

0.4556
0.4380
0.4188
0.3993
0.3804
0.3622

1.4341
1.3862
1.3331
1.2788
1.2252
1.1733

With the following input values for parameters,

A=2u=2n=3,v=2,a=3,b=3,c=3, a1 =T, a0 =7,a3 =6,0; =
0.3,52 = 0.4,(53 = 03, m = 6,772 = 5,773 = 5,#1 = 5,/,62 = 6,/13 = 5, Cl=
$100,C2 = $300,C3 = $20,C4 = $20, and cost function constructed in

section 2.5, for distinct values of K and [ we get the following values for

Expected cost.

From the numerical results exhibited in Table 2.4, as the value of K

and [ increase the expected cost also increases. Table 2.5 depicts the effect
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of pon E(NI) and E(s). Notice that E(NI) and E(s) steadily decrease with

increasing value of . These are on expected lines.



Chapter 3

Queues with interruption in

Markovian Environment

Introduction

In chapter 2 we discussed a queueing model with service interruption
in which interruption is caused by different environmental factors which
are not inter-related. In some cases the environmental factors are inter-
related. i.e.The interruption caused by some factors can influence some
other factors to cause interruption in future to the same customer in ser-
vice. As a real life example consider the case of a patient undergoing med-
ical treatment. During the course of the treatment medicines consumed
for a particular illness can affect some other systems of the body which
may be identified at a later stage. On identification corrective actions are

taken. But due to the effect of medicines consumed, interruptions can

45
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again occur during the same treatment at a later stage and it may affect
the treatment success. Such a model is considered in this chapter. All the
assumptions on the model in this chapter are same as that in chapter 2 ex-
cept the additional condition that the interruption causing environmental

factors are the states of a Markov chain.

3.1 Model description

The queueing system that we consider is such that arrivals occur ac-
cording to a Poisson process with parameter A. The service time is
exponentially distributed with parameter p. During service, interrup-
tion occurs according to a Poisson process with parameter 5. There
are n environmental factors causing interruption. The interruption caus-
ing environmental factors are the states of a Markov chain with initial
probability vector p;; ¢ = 1,2,...,n and transition probability matrix

For a certain duration of time the server is unaware of the interruption.
At the onset of the interruption, a random clock which is exponentially dis-
tributed with parameter 7;, starts ticking when the interruption is caused
by the " environmental factor. The random clock measures the time
elapsed from the epoch of occurrence of interruption until the identifica-
tion of interruption. The realization of the random clock indicates the
identification of interruption. The fixing time is exponentially distributed
with parameter o, if the i** factor is the cause of interruption. On fixing
the interruption, a new service starts which is exponentially distributed

with parameter p;, provided the i factor caused the interruption.
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The super clock, which is Erlang distributed with shape and scale
parameters v and a respectively, starts at the beginning of the first inter-
ruption that strikes the customer in service. It will freeze when the new
service starts after interruption and again starts ticking from the position
where it stopped, when another interruption occurs to the same customer
in service. Sometimes the super clock may be realized before the random
clock. The number of interruptions during the service of a customer is
limited to K. On realization of the super clock or when the number of
interruptions exceeds K, whichever occurs first to the customer in ser-
vice, he goes out of the system without completing the service. When the

current customer leaves the system the clock is reset to zero position.

3.2 Analysis of service process with inter-

ruptions (Response time)

The service process { X (t),t > 0} where X(t)= (S(¢), I1(t), Io(t), I3(t), 14(t))
is a Markov Chain with 3naK +1 transient states and one absorbing state.
The absorbing state represents the customer moving out of the system,
either after service completion or without completing service. Here S(¢)

denotes ‘;he status of the server at time t:
0, if the service is going on and

has not undergone any interruption so far,
S(t) =< 1, if the service is interrupted,

2, if service is in interruption fixing state ,

3, if service is continuing after interruption ;

I,(t) denotes the number of interruptions occurred until time ¢ to the cur-

rent customer in service. [;(t) varies from 0 to K;



48 Chapter 3. Queues with interruption in Markovian Environment

I5(t) corresponds to the environmental factor that caused the current in-
terruption to the service. In this model we consider n environmental
factors. Thus I(t) has values varying from 1 to n.

I3(t) represents the status of the random clock:

L{t) = 1, otherwise;

I,(t) corresponds to the phase of the super clock. I4(t) varies from 1 to
a. The states of the process is {0} U {(1,m,i,5,1)/m = 1,2,... K;i =
L...,nyj=141=1,...,a}U{(2,m,i,7,1)/m=1,2,... , K;i=1,...,n;j =
0;0 =1,...,a} U{(3,m,i,5,1)/m = 1,2,... . K;i = 1,...,n;5 = 0;] =
1,...,a} U{x}, where {x} is the absorbing state. The infinitesimal gen-

0, if the random clock is realized

erator of the process is given by

Co C; 0 0
_ T 71° 0 Cy C3 0
= where T' = 23
0 0 | 0 0 Cy Cs
} 0 CG 0 C7 (3naK+1)
M1
_ H2
Let H = . , P= <p17p27"‘)pn) then C10: [_(/'L—i_/B)]’
Hn |
[ Bp ® el ( 0 ; O = Ik ® Gy
(1xnaK)

—y=ny fi=gii,j=0r—-Da+lr=1,....n51=1,...,q;
ifj=i+Li,j=r—-Da+lLr=1,...,n;l=1,...,a—1;
otherwise;

= I ® GG, where

B m, ifi=ygi,j=0—-Da+lr=1,...,n;1=1,...,q
otherwise;

Cy=1Ix ®G2where
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—y =, ifi=gi,j=0r—-Da+lr=1,...,n;l=1,...,a;

Gy =< 7, ifj=i+Li,j=0r—-Da+lir=1,...,n;1=1,...,a— 1,
0, otherwise;

Cs5 = Ik @ G35 where

ap, fi=Ji,j=0r—-Da+lr=1,....n;l=1,...,q;

Gs =
0, otherwise;
0 Ik 100G
Cy = K—1& Gy
0 0

where Gy = P ® I,, P = (p;;);for i, =1,... ,n.
07:IK®G5 and
—pr—p, fi=Jyi,j=0r—-Da+lLr=1,...,n;1l=1,...,a

0, otherwise;
Cos
0 013 .
T = with Cy3 = [,u];Clg: [enK@wea(a)
Co3
Css (3nK+1)x1
e 1 X (X e,
Coz = (3, C33 = f< 1@ (B )
1 eq+ eanﬁ (naK x1)

where e is a column vector with all its entries equal to 1 and of appropriate
order.

In matrix 7', T;; < 0,1 <4 < 3nak +1 and T;; > 0 for @ # j. Also
Te + T° = 0. The initial probability vector is ¢ = (1,0,...) which means
that at first the service starts. Here the service process with interruption
follows PH distribution. So using the property that residual service time

in a phase type distributed service process is also phase type we see that

e Probability for service completion without any interruption is,

P(s) = ¢(—Co) ™' Cos.
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e Probability for customer leaving the system due to realization of su-

per clock,

Prs = ¢[(—Co) ' C][(=C2) ' Crs]+C[(—Co) "' Ci][(=C2) 7' Cs][(—=Cly) ' Cag].

e Probability for customer leaving the system due to occurrence of
maximum number of interruption,
Parr = €[(=Co) ' C1[(=Ca) 7' 3] [(—Ca) ' C5[(—C6) ™ Cig

0

0

0

€S

!
where Cyy =

(naK x1)

Lemma: The expected time for service completion/customer leaving the
system without completing service due to realization of super clock or
attaining maximum interruption K is F(ST) = ¢(-T)'e, and hence the
expected service rate is us = 1/E(ST).

3.2.1 Expected number of interruptions

The expected number of interruption during the service of a customer can
be calculated by considering the Markov chain {Y'(¢),t > 0} where Y (¢) =
(I1(t), S(t), I2(t), I5(t), I4(t)) with state space {0}U{(m,1,4,j,1)|m = 1,2,
L Kyi=10 i =41=1,...;a, }U{(m,2,1,5,)m=1,2,...  K;i =
L,...on;j=01=1,...,a,} U{(m,3,4,5,)lm=1,2,...,K;i=1,...,n;
J=0;l=1,...,a, } U{Q}, where {Q} is the absorbing state. The in-
u v’

finitesimal generator of the process is given by Q) = 00
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Dy Dy I D, |
Dy Ds D]
Dy Ds D/1
where U = _ ) U=
D, D,
L 4 (3naK+1) - -
where Dy = Cy, Dy = [ fp®e,(l) 0 L)
Xna
Gy G1 0 0 00
DQ - 0 G2 Gg y D3 — O O O
0 0 Gs (3na) Gy 00 (3na)
e, ®ve,(a) e, ®veq(a)
Dy=Cu3, Dy = | e, @7eq(a) |, Dy=| e,®~ve.(a) |. The initial
L e, Qe+ e

probability vector ¢ = ( 100 . . ) :

From the above matrices we get the following system characteristics:

e Probability for absorption after r(r < K) interruption is given by
(—Dy)~' Dy, for r =0,
(N;) =< (=Dg'Dy)(—D5'D3)"=Y(=Dy'D}), forr =K,
(—=Dy'Dy)(—=Dy'D3)=V(—D; DY), otherwise.

e Expected number of interruptions E(I) for a customer = 325 rN,.

e Probability for service completion after r(1 < r < K) interruptions,
0
M, = ¢(—Dy*Dy)(— D5 ' D3)" =Y (— Dy Dy) where Dy = 0
& eq
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e Expected number of interruptions E(IS) before service completion

: . K
for a single service= )", rM,.

e Probability for service completion without any interruption

P(s) = (Do)~ D).

Having computed the measures indicated above, we describe the queueing

model and the condition for it to be stable.

3.3 The queueing model

Consider the queueing model Z = {Z(t),t > 0}, where

Z(t) = (N(t),S(t), [1(t), Is(t), I5(t), I4(t)) where N(t) is the number of
customers in the system. Here S(t) and I;(t),7 = 1,2,3,4 are as defined
in section 3.2. Z is a continuous time Markov chain with state space
{0y U{(g,m,1,4,5,Dl¢=1,2...;m=1,2,... ., K;i=1,...,n;5 = 1;] =
L,..,a, }U{(g,m,2,0,5,D)|lg=1,2...;m=1,2,... K;i=1,...,n;j =
0;l=1,...,a, }U{(¢,m,3,4,5,0)l¢g=1,2...om=1,2,...  K;i=1,...,n;

j=0;l=1,...,a,}. Its infinitesimal generator Q is given by

By B
B2 Al AO

Q= Ay A A

where By = [-A], Bi = [A 0], By =T Ay = A, A = T — AL

AQ - [ TO ]
(3nak+1)
Theorem: The system Z is stable when A < .
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Proof: A queueing system is stable when arrival rate is less than service
rate. Here the arrival rate is A and effective service rate is ps. So the

condition for stability of this queueing system is A < p; .

3.3.1 Stationary distribution

The stationary distribution, under the condition of stability, A < pus of
the model, has Matrix Geometric solution. Let x=(xq, X1, X, ...) be the
steady state probability vector of the Markov chain {Z(¢),t > 0}. Each
X;,1 > 0 are vectors with 3naK + 1 elements. We assume that xo = x;. R,
and x; = x;. R0 > 2,

where R is the minimal non- negative solution to the matrix quadratic
equation

R?2Ay + RA, + Ay=0.

From y@Q=0 we get

X0 By + x1B2=0.

xoB1 + x1(A; + RA2)=0.

Solving the above two equations we get x; and x; subject to the normal-

izing condition xpe + x;(I — R) 'e=1.

3.4 Performance measures

In this section we list a number of key system performance measurebs to
bring out the qualitative aspects of the model under study. The measures

are listed below along with their formulae for computation.
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3.4.1 Expected waiting time

The expected waiting time of a particular customer who joins the queue

h

as the m'" customer, can be computed by considering the Markov Chain

Z={(M(t),S(t), I,(t), Ir(t), I3(t), I4(t)),t > 0} where M (t) is the rank of
the tagged customer. The tagged customers rank will decrease to 1 as the
customers ahead of him leave the system. The rank of the customer is not
affected by the arrival of customers following the tagged customer. Here
S(t) and I;(t),7 = 1,2,3,4 are as defined section 3.2. Z is a Markov chain
with state space {(m,0)m =r,..., 1} U{(m,1,s,4,j,)im=r,...,1;s =

1,2, K;i=1,....n;j=1;1=1,...,a}U{(m,2,s,4,j,)lm=r,...,1;s =
1,2, K;i=1,...,n;5=0;1=1,...,a}U{(m,1,s,4,5,)im=r,...,1;s =

L2, K;i=1,...,n;5 =0;l=1,...,a} U{P}, where {®} is the ab-

sorbing state. The infinitesimal generator matrix (), is given by Qo =

w WO
where

0O 0
T T 0
T T° :
W= and W0 = | :
T T% 0
T 70

The expected waiting time of the tagged customer, according to the po-
sition of the customer being served at the time of arrival of the tagged
customer, is a column vector which is obtained from the formula

Ely =TI — (T°¢T~H)=D)Y(I — T°¢T~ ) e.

Hence the expected waiting time of a customer waiting in the queue is
E(W) = ¥, x, By
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3.4.2 Other important performance characteristics

Expected number of customers completing service without interrup-

tion E(NI):Z X 0.

i=1

Probability that there are i (i > 0) customers in the system, P,=x;e.

o0

Expected number of customers in the system, E(s)= Z iP;.
i=1

Fraction of time the server in the interrupted state,

FT(I):Z( X;1€ + X;2€).

i=1

o0

Fraction of time the server is busy, FT(B):Z( xX;0e + X;1e +
i=1

Xi736).

Fraction of time the server in the unidentified interrupted state,

FT(ND)=)»  x;,e.

=1

[e.e]
Fraction of time the server in fixing state, FT(FS):Z X; 2€.
i=1

Fraction of time the super clock is freezed, FT(SF):Z X; 3€.

i1=1

[e.9]
Fraction of time the super clock is on, = Z(Xme + x; 0€).
i=1
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3.5 Numerical illustrations

The performance of the system depending on the change in various pa-
rameters are numerically illustrated below. Assume A = 3,y = 6,n =
3,a=3;,=05;7v=05 a1 =40, =3,a3 =3,, m = 4,10 =4,1m3 = 3,,
1 =3, =2, u3 = 2, p=(0.3,0.4,0.3) and the transition probability
0.1 0.3 0.6
matrix P= | 04 0.1 0.5
0.5 04 0.1

Effect of K on various performance measures

Table 3.1: Effect of change in K on E(s)&E(W)
K E(s) EW)
1 0.6792 0.0585

0.7175 0.0645

0.7238 0.0655

0.7248 0.0657

0.7250 0.0657

0.7250  0.0657

0.7250  0.0657

N O U W N

As the value of K increases expected number of customers in the

systemFE(s) and expected waiting timeF (W) increase (see Table 3.1).

Effect of 5 on various performance measures

By considering 1 = 8 and K = 5 we have the following values. As
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Table 3.2: Effect of change in $ on various performance measures
5 P _m FT(B) FT() E(s) E() E(W)
0.2 09756 0.0727 0.3713 0.0054 0.4445 0.0191 0.0321
0.4 0.9524 0.0739 0.3677 0.0106 0.5175 0.0304 0.042
0.6 0.9302 0.0751 0.3643 0.0155 0.5934 0.0376 0.0538
0.8 0.9091 0.0763 0.3611 0.0202 0.6712 0.0425 0.0653
1 0.8889 0.0774 0.3580 0.0247 0.7453 0.0465 0.0772

the value of f increases probability for service completion with inter-
ruption P(s), fraction of time the server is busy FT(B) decreases, but
effective service rate ug, fraction of time the server getting interrupted
FT(I),expected number of customers in the system E(s), expected num-
ber of interruptionsE/(/) and expected waiting time E(W) begins to in-

crease which are on expected lines (Refer Table 3.2).

Effect of ;4 on various performance measures
By considering 8 = .5 and K = 5 we have the following values. From Ta-

Table 3.3: Effect of change in 1 on various performance measures
P(s) p. FI(B) FT(I) E(s) E() E(W)
0.9231 0.0864 0.4786 0.0171 0.7250 0.0450 0.0657
0.9333 0.0800 0.4148 0.0148 0.6290 0.0390 0.0557
0.9412 0.0745 0.3660 0.0131 0.5551 0.0344 0.0482
0.9474 0.0697 0.3275 0.0117 0.4967 0.0308 0.0423
0.9524 0.0655 0.2963 0.0106 0.4494 0.0278 0.0376
0.9565 0.0617 0.2705 0.0097 0.4103 0.0254 0.0338
12 0.9600 0.0584 0.2489 0.0089 0.3775 0.0234 0.0306

— =
DS ©ow-uox

ble 3.3 as the value of u increases probability for service completion with
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interruption P(s)increases but fraction of time the server is busy FT'(B),
effective service rate ug, fraction of time the server getting interrupted
FT(I),expected number of customers in the system E(s), expected num-
ber of interruptions£(1) and expected waiting time E(W) increases which

are on expected line

Effect of v on various performance measures

By considering § = .5, p = 8 and K = 5 we have the following values.

Inference from Table 3.4 is that the realization rate of the super clock in-

Table 3.4: Effect of change in 7 on various performance measures
v FT(B) FT(I) E(s) E({) EW)
0.2 0.0132 0.5572 0.3661 0.0343 0.0485
0.4 0.0131 0.5561 0.3661 0.0344 0.0483
0.6 0.0130 0.5538 0.3660 0.0344 0.0480
0.8 0.0129 0.5507 0.3658 0.0345 0.0475
1 0.0127 0.5468 0.3656 0.0347 0.0469
1.2 0.0125 0.5423 0.3655 0.0350 0.0462
1.4 0.0123 0.5376 0.3653 0.0352 0.045

creases expected number of customers in the system and expected waiting
time decrease. This is due to customers leaving the system when super

clock realizes. Expected number of interruptions increases as 7 increases.

Effect of \ on various performance measures

By considering 1 = 14 and K = 5 we have the following values. As the

value of X increases fraction of time the server is busy F'T'(B), fraction of
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Table 3.5: Effect of change in A on various performance measures
AN FT(B) FT(I) E(s) EW)

0.0830 0.0030 0.1258 0.0205

0.1659 0.0059 0.2517 0.0270

0.2489 0.0089 0.3775 0.0306

0.3319 0.0119 0.5032 0.0329

0.4148 0.0148 0.6272 0.0345

0.4974 0.0183 0.7336 0.0357

0.5689  0.0480 0.7287 0.0359

N O Ol Wi

time the server getting interrupted FT'(I),expected number of customers
in the system F(s), expected number of interruptionsE () and expected

waiting time F(W) increase (see Table 3.5).
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Chapter 4

Queue with partially ignored
interruption in Markovian

environment

Introduction

In chapter 2 and 3 we considered queueing models with delayed identifica-
tion of interruption in random environment and Markovian environment.
In this chapter we consider a queueing model in which the interruption
is identified on the instant it strikes. But the interruption is ignored for
sometime so that the service of the current customer may be completed
without break. Depending on the environmental factor causing interrup-
tion, some times the interruption has to be attended immediately. i.e.

some interruptions will not allow the server to continue service due to

61
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major damage. As a real life example we consider the case of a computer
providing service. Customers are waiting in queue with jobs to be done
by the computer. During the operation of the computer there can be soft-
ware problem, hardware problem, power failure, virus problem, etc. The
computer may complete its job even if there are such problems. On some
occasions if it continues working with interruption there is a possibility
for increase in the severity of damage. In that case the computer may
become irreparable or repairing may become a time consuming and costly
process. In such situations the replacement of the computer is the only

possible solution for the smooth functioning of the system.

4.1 Model description

Consider a single server queueing system in which arrival occurs according
to a Poisson Process with parameter A\. On arrival if the customer finds the
server busy, he joins the tail of the queue otherwise he gets service imme-
diately. The service is Erlang distributed with shape and scale parameters
1 and a respectively. During service there is a possibility for interruption
in service due to different factors. Here we assume that there are n + 1
environmental factors causing interruption to the service. These factors
are numbered 1 to n + 1 depending on the ascending order of severity of
interruption caused by them. The interruption occurs according to a Pois-
son Process with parameter 5. When the interruption due to i*" factor
occurs the rate of service changes from p to p;. On the onset of interrup-
tion one random clock which is exponentially distributed with parameter
a and one interruption clock which is PH distributed with representation

(0,U) of order m are started. Only forward phase change is allowed for
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the interruption clock, i.e. U;; = 0 for ¢ > j. When the interruption oc-
curs due to any one of the first n factors, it is not attended immediately.
It is ignored in the beginning and service is continued with interruption.
When the interruption clock realizes the service is stopped and the server
is taken for repair. The repair time is exponentially distributed with pa-
rameter 7. After repair the service to the interrupted customer is resumed
if the interruption clock is realized before the random clock; else the ser-
vice is restarted. There is a possibility for customer completing service
with interruption. In that case the server goes for repair after the service
completion. If the interruption is due to (n+1)™ factor the customer goes
out of the system and the server is replaced immediately. Once the inter-
ruption starts getting attended both the clocks are reset to zero position.
As the duration of ignored interruption increases the severity of interrup-
tion also increases. After some duration, the cause of interruption changes
from " factor to j' factor, where j > 7 and i** factor is the one caus-
ing initial interruption. Then the service rate also changes from pu; to
;. Again if the interruption remains unattended for some more time, the
cause of interruption changes from j** factor to k" factor, where k > j.
The server is replaced on being interrupted by the (n + 1) factor. The
customer in service is also lost when the interruption is due to (n + 1)
factor.

The n + 1 environmental factors are the states of a Markov chain with
initial probability vector p;,i = 1,2,...,n 4+ 1 and transition probability
matrix P = (p;;).4,7 = 1,2,...,n + 1. Graphical representation of the

model is given in Figure 4.1.
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service

interruption
due toith
factor(i<n+1)

customer leaving
and replacement
of server

cause of interruption changes
from i to j (i<j)

A

service with interruption

(Heysal) pazijeas 320|0 wopuel
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realizatioh of clock

Y

repair
Service completion

Figure 4.1: model description

4.2 Analysis of service process with inter-

ruption

The service process {Y (t),t > 0} where Y'(t) = (S(t), [1(t), Io(t), I3(t), 14(t))
is a Markov chain with (2 + mn)a + 1 transient states given by {(0,j) U
(1,4,7,0,1) U (2,7,1) U (2,0)} with i = 1,2,...,n;5 = 1,2,...,a;] =
1,2,...,m; and one absorbing state denoted by *. The absorblng state
represents the customer moving out from the system either after service
completion or due to interruption caused by (n + 1) environmental fac-

tor. S(t) denotes the status of the server at time ¢:
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0, if the ongoing service is without interruption.
S(t) {4 1, if the ongoing service is with interruption.

2, if server is under repair;
I,(t) corresponds to the environmental factor that caused the current in-
terruption to the service. In this model we consider n + 1 environmental
factors;
I5(t) denotes the phase of service. It varies from 1 to a;
I3(t) denotes the phase of interruption clock. It varies from 1 to m;
I4(t) denotes the phase of random clock. It takes the value 0 if clock is
realized and 1 if it is functioning;
W ]

The infinitesimal generator of the process is given by Q) = [ 0 0

with initial probability vector ¢ = (1,0, 0)

Dy Dy 0 Do
where W = 0 Dy D; | and W= | Dy
Dy 0 Ds 0
Let 6 = (01,02, ...,0m)
—p—p, ifi=j;
then Dy(i,7) =< pu, ifi=5-11475=1,...,q
0, otherwise;

Dl = ﬁ[p/ ® ([a & 6)]1><mna Wlth pl = (p17p27 s 7pn)a
DZZ na®U_ﬂ®Ima+P®Iam_almna+J;

Py Py - Py f1
~ Py - Py,
where P = . ‘ ? = Hz
Pnn Hn

and J is a square matrix of order mna
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fr, forj=i4+myi=r—1lam+1,...,(ra—1)m;
J(i,7) = r=1,...,n

0, otherwise;
D;=1,% A; with A = [Al Ag],whereAlzla@)Uo, Ay = aepg
D, is a matrix of order ((a + 1) x a) with
n, fori=j=1&j=i+1

Dy(i,j) =
ol 7) 0, otherwise;
D5 = _T]Ia—H
n forv=1,2,...,a—1
Dy, is a column vector, Dg;(i,1) = P .
p+ Bpp for i = a;
P1n+1
P - Poni1

DH = [K + P ® ema]mnaxl; where P =

Pnn+1

K is an (mna x 1) matrix and
K(i1) = JT fori:'(ra—l)m+1,...,ram;r:1,...,n
0, otherwise;

e Expected time for service completion, E(ST) = J(—W ) 'e. Hence

expected service rate s = —E(ET)

e Rate of replacement of server due to the interruption caused by
(n + 1) factor,

eaﬁpn—l—l
Ry eplacement = (=)W where WY = | P® e
0
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4.2.1 Expected number of interruptions during the

service of a customer

For calculating the expected number of interruptions during the service of

a customer we consider the Markov chain {?(t),t > O} where Y (t) =
(M(t), S(t), I1(t), I2(t), I3(t), 14(t)) where M(t) is the number of interrup-
tions occurred until time ¢. S(t), I1(t), Is(t), I3(t) and I4(t) are as defined
above. The state space of }A/(t) is {(r,0,7) U (r,1,4,5,0,1) U (r,2,7,1) U
(r,2,0)} withr =0,1,2,...,00;i=1,2,...,m;5 = 1,2,...,a;1 =1,2,...,m;
and one absorbing state V. V represents the customer moving out from
the system either after service completion or due to interruption caused

by (n + 1) environmental factor. The infinitesimal generator matrix as-

o~ vy yo
sociated with Y () is Q =
0 0
[ By B ] B,
Ay A A,

where Y = Ay Ay and YO = | A

Here EU = Do; El = Dy; §2 = Dos;

Dy Dy 0 0 0 0 Dy |
Ai=1 0 D5 Dy |; Ao=| 0 0 0 |; Ax= 0
0 0 D, D, 00 Do |

Let a, be the probability for absorption after r interruptions, then

ao = 9((—=B; ' By).
A, = 19(—BO_IB1)<<A1_1A0))T_1(—Al_lA2>, Ir= ]., 2, Ce

Expected number of interruptions before absorption,
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E(NT) = 372, ra, = 9(=By ' Bi)(I — (A1 Ag)) (= A ' Ay)

4.3 The queueing model

Let N(t) be the number of customers in the system. Then X = {X(¢),t >
0}, where X (t) = (N(t),S(t), (), Io(t), I3(t), I4(t)), is a CTMC with
state space {r,0, /)U(r, 1,4, 5,1, 1)U(r, 2,7, )U(r,2,0)} withr = 1,2,...,;i =
1L,2,...on5=1,2,...,a;0 = 1,2,... ,m. S(t), [1(t), I5(t), I3(t) and I4(t)
are as defined in section 4.2. The infinitesimal generator matrix associated
By B

By Ay Ag
with the model Q = Ay A1 Ao where By = [—A];

Bi=[xo0 0]

By, =W°,

Ag = [M]; Ay =W — \I[; Ay = [WP° 0] is a square matrix.

Theorem: The queueing system is stable when A\ < p.

Proof: Let 7 denote the steady-state probability vector of the generator
Ao+ Ay + Ay That is, w(Ag + A1 + Ay) = 0; we = 1: The LIQBD de-
scription of the model indicates that the queueing system is stable if and
only if wApe < wAse That is, the rate of drift to the left has to be higher
than that to the right. Right drift rate means the arrival rate A and left
drift rate is the effective service rate us. Hence the queueing system is
stable when \ < .
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4.3.1 Stationary distribution

Let x=(xg, X1, X2, ...) be the steady state probability vector of the Markov
chain {X(t),t > 0}. Each x;,7 > 0 are vectors with (nm + 1)a elements.
We assume that xo = x;.R, and x; = x;.R""!,7 > 2, where R is the mini-
mal non-negative solution to the matrix quadratic equation

R?A5 + RA; + Ay=0.

From yQ=0 we get

X9 By + x1B2=0.

xoB1 + x1(A; + RA,)=0.

Solving the above two equations we get x; and x; subject to the normal-

izing condition xge + x;(I — R)'e=1.

4.4 Performance measures

After calculating the steady state probability vector we now calculate some
important performance measures of the system to bring out the qualitative
aspects of the model under study. These are listed below along with their

formula for computation.

4.4.1 Expected waiting time

The expected waiting time of the customer who joins as the r** cus-
tomer (r > 0) in the queue can be obtained from the Markov chain
X'(t) = (M'(t),S(t), I, (t), Ir(t), I3(t), I4(t)) where M’'(t) is the rank of

the tagged customer.
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S(t), 11 (t), Ir(t), I3(t) and I4(t) are as defined in section 4.2. The waiting
time distribution of the tagged customer follows phase type distribution

with representation (6, .5) and is given by

W Wy
W W%

w wo

The expected waiting time of the tagged customer is a column vector

given by
E; = —W_l(] — Wo'ﬁW_l)(T_l)(] _ WOW_l)_le,

Depending on the state of the server at the time of joining of the r*
customer we get different values for expected waiting time of the tagged
customer.

So the expected waiting time of a customer who waits in the queue is

E(W) = i X, E".
r=1

4.4.2 Important Performance measures

o0
e Mean number of customers in the system, F(s) = Z iX;e.
i=1

o0

e Mean number of customers in the queue, E(q) = Z(z — 1)x;e.
i=1
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e Probability that there is no customer in the system, P;g. = Xo.
o
e Probability that the system is under interruption, P(I) = Zxﬂe.
i=1
o0
e Probability that the system is under repair, P(r) = Z X;€.
i=1
oo
e Effective interruption rate, R;,; = (3 Z X;p€.
i=1

o0
o [ffective repair rate, Rrep, =1 Z X;1€.

i=1
(o]

o [ffective rate of repetition of service, R,,x = « E X;1€.
i=1

e Rate at which service completion with interruption occurs before the
o0 n m
random clock is realized is Z Z Z Xiljar -

i=1 j=1 r=1

e Probability of a customer completing service without any interrup-
tion, P(s)=P(Service time < exponentially distributed random vari-

a

able with parameter §)= T

a

e Probability that at least one interruption in service is 1 — (Wr‘éw

e probability that the interruption is attended before the random clock
is realized,P,, =P(interruption random variable < random clock
variable)= §(al,, — U)~tU°.

e Probability for restart of service is 1 — §(al,, — U)~'U".
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4.5 Cost function

To compute the expected cost, we construct a cost function depending on
certain important performance measures.The total cost for running the
SyStem E(C):,ua * CvO + Rreplacement * Cvl + E(Q) * CQ + Rrpt * C13 + 04 * RRepa

where

e (Cy—Unit time Cost of service;

C1—Unit time Cost for replacing the server;

C5— Holding cost per customer in the queue;

C3—Unit time Cost for restarting the service;

C4—Unit time Cost for repairing the server

4.6 Numerical examples

The performance of the queueing system is numerically illustrated in this
section.
Letn=m=a=3, =1, Cy = $100, C; = $15000, Cy = $10, C3 = $200,
Cy = $2000, =5, 1 = 3,2 = 2, u3 = 2, p' = (0.2,0.2,0.2), ppr1 = 0.4,
5 =1(0.3,0.3,0.4),

0.1 03 0.5 0.1

0 05 03 09 -30 15 5 10

P = ' ' T U= 0 —-20 10 |, U= 10
0 0 06 04

0 0 —10 10

o 0 0 0
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By taking f = 2, n = 4 the numerical values of various performance

measures are calculated here.

Effect of the rate of realization of random clock on

various performance measures

Table 4.1: Effect of o on various performance measures

(04 E(S) Rreplacement Hs -Pidle PZ

1 2.2246 1.0493 1.5736 0.2849 0.1609
2 22422 1.0458 1.5630 0.2851 0.8333
3 22472 1.0428 1.5546 0.2862 0.7692
4 2.2447 1.0401 1.5478 0.2876 0.7143
5 2.2379 1.0378 1.5423  0.2892 0.6667
6 2.2288 1.0356 1.5376  0.2909 0.6250

From Table 4.1 as the rate of realization of random clock increases

expected service rate decreases. When random clock realizes the server

goes for repair and after the repair of server the service of the customer

in service restarts. This time lag reduces the service rate. Here the re-

placement rate decreases. This is because when random clock realizes the

service is stopped and repair begins. So the progress in interruption is

stopped. This reduces the chance of replacement of server. But the rate

of restart of service increases. This is due to restart of service after every

realization of random clock.
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Table 4.2: Effect of @ and § on E(C)

a_ E(C) |5 EC)
1 17262 |1 1685
2 17210 | 2 17120
3 17165 | 3 17328
4 17124 | 4 17495
5 17089 | 5 17635
6 17057 | 6 17777

Effect of rate of realization of random clock and rate

of interruption on F(C)

From Table 4.2 as rate of realization of random clock increases expected
cost is also increases. when rate of interruption increases expected cost

also increases which are on expected lines.

Effect of rate of interruption on various performance

measures

By taking p = 5, @ = 4, n = 5 the numerical values of various performance
measures are calculated here. From Table 4.3 as occurrence of interruption
increases expected number of customers in the system, rate of replacement
of server increases and effective service rate decreases. This happens due
to delay in service caused by repair of server or the reduced service rate of
interrupted server. Increase in the occurrence of interruption reduces the
probability for service completion without interruption. By taking @ =1,
[ = 1 the numerical values of various performance measures are calculated

here.
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Table 4.3: Effect of § on various performance measures

B E(S) Rreplacement Hs ]Didle P(S)

1 1.4802 1.0226 1.6311 0.3651 0.3517
2 1.8160 1.0401 1.6182 0.3295 0.1609
3 2.2718 1.0537 1.6183 0.2894 0.0863
4 29943 1.0643 1.6259 0.2407 0.0514
5 4.4084 1.0727 1.6378 0.1786 0.0331
6 8.5368 1.0794 1.6521 0.0993 0.0225

Effect of repair rate on various performance measures

Table 4.4: Effect of  on various performance measures

n  E(s) fLs Pa. E(C)
2 32.8330 1.1848 0.0244 17104
3  5.9106 1.2793 0.1195 16769
4 39102 1.3324 0.1686 16749
5 3.2094 1.3664 0.1974 16742
6 2.8571 1.3901 0.2162 16738
7 2.6461 1.4075 0.2294 16736
& 2.5060 1.4208 0.2391 16735

Inference from Table 4.4 is that as the repair rate increases expected

number of customers in the system and expected service rate decreases.

But probability for idleness increases. The increased repair rate reduces

the waiting time of customers due to which the queue length reduces.

When queue length reduces the probability of idleness increases. the repair

rate increases the expected cost decreases. This is due to the decrease in

waiting time of customer in the queue.
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Rate of interruption clock realization & efficiency of

system

Table 4.5: rate of interruption clock realization & efficiency of

system
rate of interruption clock realization efficiency of system
0.0480 1.6307
0.0653 1.6058
0.0674 1.6031
0.0778 1.5894
0.0799 1.5863
0.0813 1.5848
0.1000 1.5630
0.1408 1.5195
0.1519 1.5081

From table 4.5 as the rate of realization of interruption clock increases
rate of repair increases which causes reduction in the efficiency of the

system.



Chapter 5

Queue with ignored
interruption in random
environment and self

correction.

Introduction

In the previous chapter we discussed queueing models with interruption in
Markovian environment with partially ignored interruption. In this chap-
ter we analyze two queueing models. In the first model we consider a single
server queueing system with arrival following Poisson process and service
time Erlang distributed. At times there is a possibility for interruption in

service process. Interruption occurs according to a Poisson process and

7
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each interruption duration is exponentially distributed. Assume the inter-
ruption does not affect the customer in service. Further at a time at most
one interruption affects any service. The service continues ignoring the in-
terruption. During interrupted service there is a scope for self correction
of interruption. Self correction occurs according to Poisson process. On
the onset of interruption an interruption clock is started which is Erlang
distributed. If the interruption clock is realized before service completion
the server goes for repair and after repair the service is resumed. Repair
time is exponentially distributed. If service is completed before the real-
ization of interruption clock the next customer in the head of the queue

enters for service.

In the second model the arrival process and the service process are as
in the first model. During service interruption may occur. Interruption to
service occurs according to a Poisson process. There are n environmental
factors causing interruption. Interruption due to i** environmental factor
occurs with probability p;. If the interruption is due to first m factors
it is ignored and service continues. But the service will be at lower rate.
The duration up to which the server works without breakdown is assessed
with the help of an interruption clock. This clock starts ticking with
the initiation of the first interruption to the service of a customer. The
duration of the clock is exponentially distributed. During that period
there is a possibility for self correction of interruption. This self correction
duration is exponentially distributed. If self correction occurs the service
rate changes. On realization of the interruption clock the server goes for
repair. The repair time is exponentially distributed. After repair the
interrupted service is resumed. If the service of a customer is completed

with interruption the next customer in the head of the queue enter for
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service in the interrupted server. If the interruption is due to the remaining
n — m factors the server directly goes for repair. Taking into account
the severity of interruption caused by these n — m factors, protection for
remaining service is provided at the epoch of resumption of service after
repair. The stability of both the systems are analyzed. Steady state
probability vector is calculated using matrix analytic method. Important

performance measures are numerically substantiated.

5.1 Model Description (Model I)

Consider a single server queueing system in which arrival occurs accord-
ing to a Poisson process with parameter . The service time is Erlang
distributed with shape and scale parameters y and a, respectively. Dur-
ing service there is a possibility for occurrence of interruption to service.
The duration of interruption is exponentially distributed with parameter
. The service is continued without attending the interruption. A clock
called interruption clock, is started on the onset of interruption. The in-
terruption clock is Erlang distributed with shape and scale parameters
and b respectively. Sometimes the interruption gets self corrected. The
self correction occurs according to a Poisson process with parameter . If
the customer in service completes service with interruption the next cus-
tomer in the head of the queue enters for service. If the interruption clock
realizes before completion of service of the customer, the server goes for
repair and after repair the service to the interrupted customer is resumed.
The repair time is exponentially distributed with parameter 7. The model

is pictorially represented in Flgure 5.1.
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resume
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o0 H 1 l—se+ce—>| | a H Interrupted service }7
A
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self correction Interruption clock realized
before service completion

T

Service completion

o

Figure 5.1: Model Description

5.2 Analysis of the model

The Markov process associated with the queueing model, X = {X(¢),t >
0} is a continuous time Markov Chain, where X (¢) = (N(t), S(t), [1(t), I2()).
Here at time t¢:
N(t) - Number of customers in the system;
I,(t) - Phase of interruption clock. It varies from 1 to b;
I(t) -
S(t) - Status of server;
0, if a service is going on without interruption;

Phase of service. It varies from 1 to a;

S(t) =< 1, if service is going on with interruption;
2, if server is under repair.
The state space associated with X is {0}U{n, 0, j}U{n, 1,4, j}U{n,2,j};n =

1,2,...;i=1,...,b;7 =1,...,a.The infinitesimal generator matrix, () as-
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[ By B ]
By A; Ag
sociated with the queueing model is () = Ay Ap Ao
where By = [~} Bi= [ A 0 | |
1xa(2+Db)
By is a column matrix of order (2 4 b)a x 1.
Boi 1) = 1, fori:.ra,rzl,Q,...b—i—l;
0, otherwise;
Ay, Ay and Ag are square matrices of order a(b + 2).
AO = )\Ia(bJrZ)-
o p, fori=ra,j=r—1a+1l,r=12...b+1;
AZ(%]) = .
0, otherwise;
Co C1 0
Al = CQ 03 04 WheI‘e
Cs 0 Cg
—pu—A—=p, fori=j5=1,... a;
Co(i,j) =1 . forj=1+1,1=1,...,a—1; 4,5=1,...,a
0, otherwise;
o B, fori=yg;i=1,...,a; .
Ci(i,g) = =1,...,ab
1(6,9) 0, otherwise; J
Cy=e,®71,.
(5 is a square matrix of order ab.
w, ifi=y;
o 0, forj=i14+a;i=1,...,(b—1)a;
03(7'7.]) = . . ( )
u, fori=(r—1la+lj=i+1,r=1,...;0l=1,...,a—1;

u, fori=ra;j=r—-1a+1l,r=1,... b
where w = —pu— A — 3 — 9.
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0
Cy = :
“ [Ma] |
abxab

05 = ?7[“, 06 = (—77 — )\)Ia.

5.2.1 Steady-state analysis

Let 7 denote the steady-state probability vector of the generator Ag +
Ay + Ay, That is, w(Ag + Ay + Ag) = 0; we = 1: The LIQBD description
of the model indicates that the queueing system is stable if and only if

mwApe < wAse The vector, 7, cannot be obtained explicitly in terms of

(b+1)a
the Here wAge = A , wAze = ( Z )
- (b+1)a
and the condition for stability is A < ( Z )M,
(b+1)a 1
where Z ; 1-— =
i=a Y \o—r Ui
21430+ 2 (1+5)b +(1+ )
r=1

5.2.2 Stationary distribution

Let x=(Xo, X1, X2, ...) be the steady state probability vector of the Markov
chain {X(t),t > 0}. Each x; = (X0, Xi1,Xi2), ¢ > 0. X;0 is a vector with
a elements, x;; is a vector with ab elements and x; is a vector with a
elements. We assume that x, = x1.R, and x; = x;.R""!,7 > 2, where R is

the minimal non-negative solution to the matrix quadratic equation
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R2Ay + RA, + Ay=0.

From y@Q=0 we get

X0 Bo + x1B>=0.

xoB1 + x1(A; + RA5)=0.

Solving the above two equations we get xy and x; subject to the normal-

izing condition xpe + x;(I — R) 'e=1.

5.3 Performance measures

In this section we list a number of key system performance measures to
bring out the qualitative aspects of the model under study. These are

listed below along with their formula for computation.

5.3.1 Expected Service Rate

Let Y = {Y(t),t > 0}, where Y(t) = (S(t), [1(t), I2(t)) is a continuous
time Markov chain representing the service process with interruption with
a(b + 2) transient states and one absorbing state. The state space cor-
responding to Y is {0,5} U {1,4,7} U{2,j} Ux* where x is the absorbing

state, 1 =1,2...,b;7 =1,2,...,a. The infinitesimal generator associated
— S S0
with the service process () = 0 0 ] where
Co+XN 4 0
S = Cy Cs5+X  C
Cs 0 Ces + A

The important results obtained from the analysis of the service process
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are

e The time until absorption E(S) = —9S~'e where 9 = (1,0,...,0).

e The time spent in each of the a(b + 2) phases is given by 95

1

e The expected service rate pgs = DGR

5.3.2 Expected waiting time
The waiting time of the particular customer who joined as the m** cus-

tomer in the queue is the time until absorption of the Markov Chain

W = {W(t),t > 0} where W(t) = (N(t),S(t), I (t), Io(t)). N(t) is the
rank of the tagged customer and all other random variables are as de-
fined in section 5.2. The state space corresponding to W is {r,0,;j} U
{r,1,i,7}U{r, 2,7} UQ where Q is the absorbing state, i = 1,2...,b;j =
1,2,...,a;7 = m,m — 1,...,1. The infinitesimal generator associated

—
w W
with the waiting time is @' = 0 0

The waiting time of a tagged customer follows a phase type representation
S S%

S 8%
(o, W) where W = S S% and W' =

0

SO

o is the initial probability vector which indicates that the chain is starting

from level r.

e The expected waiting time of the 7" customer is
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El, = —=S57H1 — (8°9S5~ 1)) (I — 5°9571) e

o0
e The expected waiting time of general customer is F,, = Z x,E,,.
r=1

5.3.3 Expected number of interruptions during the

service of a single customer

For calculating the expected number of interruptions we consider the
Markov chain Z = {Z(t),t > 0} where Z(t) = <]/\\7(t),5(t),11(t),12(t)>.
N (t) is the number of interruptions occurred until time ¢ and all other ran-
dom variables are as defined in section 5.2. The state space corresponding
to Zis (0,0,7)U (r, 1,4,7) U (r,2,7) U (r,0,7) UV where V represents the
absorbing state, 1 = 1,2...,b;5 = 1,2,...,a;r = 1,2,.... The infinitesi-

~ U U,
mal generator associated with the Markov chain is Q) = 0 OO
B, B ] R
ot Ay
Ay Ay -
. By
A Ay
where U = ) ] and Uy = :
| B> |

By is a matrix of dimension a.
—pu—p, fori=j53=1,... a;

BO(%]): s for]:Z+1aZ:177a_17

0 otherwise;
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= A0 0]y
! BI axa(b+2)

K ax1

Boli 1) = 14, fori:.ra,i:a(b—i—Z),T:1,...,b; '
0 otherwise;
Aj and Ay are of dimension a(b + 2)

(—,u—'y—é, fori=73=1,...,ab
-1, forj=1=1+ab,...,ab+a
— —u— B, forj=i=ab+a+1,...,a(b+2
Al(zaj): . . . ( )
0, forj=i+1,i=1,...;ab;j=a+1,...;a(b+1)
I, forj=i+1li=(r—-1a+l,l=1,...;a—1
\O otherwise;
— B, fori=a+ab+j,j=1,... a;
AO(Zaj):

0 otherwise.
Z(t) follows a phase type distribution with representation(d, U) where 9

is the initial probability vector.
Let y; be the probability that there are exactly j interruptions during the

service of zﬁlﬁt_omer. Then
9(B, As), for j = 0;

YT\ 9By By (@A)~ Y(A By)  otherwise.

5.3.4 Other important performance measures
e Probability that the system is idle Prg. = Xo.

e Probability that there are ¢ customers in the system P; = x;e
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o0

Expected number of customers in the system E(C) = Z 1X;€.
i=1

Probability for self correction of interruption before interruption

b—1

. 0"
clock realization Psefcorrection = Z —
n+1

~ (v+9)

Probability for service completion without any interruption
o a
P(s) = | 57|
Probability that the system is working with interruption
o0

Prp = E X;1€
i—1

o0
Effective self correction rate Eseifeorr = 1 Z X;1€
=1
oo
Probability that the server is under repair P, = Z X;0€
i=1

o0
Effective interruption rate,Ey,; = £ Z X,;0€
i=1

o
Effective repair rate,E,., = n E X;1€
i=1

5.4 Numerical illustrations

The results obtained in the previous sections are numerically illustrated

in this section. Assume arbitrary values for parameters p = 5, v = .2,
0=3,n=>5and g =3.
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and self correction.

Effect of A\ on various performance measures

Table 5.1: Effect of A\ on various performance measures

A E(C> Pldle Eselfcorr
S 0.2275  0.8056  0.0150
1 0.4761 0.6540 0.0277
1.5 0.7441 0.5388 0.0380
2 1.0280 0.4519 0.0460
2.5 1.3243 0.3860 0.0523
3 1.6299 0.3353 0.0572
3.5 19424 0.2956 0.0611
4 22600 0.2639 0.0643

From Table 5.1 as the value of X increases expected number of cus-

tomers in the system F(C) and expected self correction rate begins to

increase but probability for idleness decreases which are on expected lines.

Effect of 1 on various performance measures

Taking A = 2 and all other values as above we get the following values

for different performance measures on the variation in u As service rate

Table 5.2: Effect of ;1 on various performance measures

E(S)

E(C)

PIdle

P(s)

5670
0.4935
0.4341
0.3861
0.3467
0.3141

00~ O U WE

1.2243
1.1237
1.0280
0.9394
0.8588
0.7862

0.4125
0.4310
0.4519
0.4743
0.4974
0.5206

0.1250
0.1866
0.2441
0.2963
0.3430
0.3847
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increases expected service time E(S) and expected number of customers
in the system decreases F(C'), but probability for idleness and probability

for service completion without any interruption increases(refer Table 5.2).

Effect of 1 on various performance measures

Assuming p = 4 we get the following values for different performance
measures corresponding to the variation in n

As the repair rate increases expected service time F(S) and expected

Table 5.3: Effect of  on various performance measures
E(S) EC)  Pue B

0.5397 1.5271 0.3986 0.2839

0.5108 1.2491 0.4180 0.5943

0.5012 1.1754 0.4251 0.9054

0.4964 1.1423 0.4287 1.2166

0.4935 1.1237 0.4310 1.5278

0.4916 1.1118 0.4325 1.8391

DO W N —33

number of customers in the system E(C) decrease, but probability for

idleness and effective interruption rate increase which are on expected
lines (Table 5.3).

Effect of § on various performance measures

From Table 5.4, as the realization rate of interruption clock increases ex-
pected service time FE(S), expected number of customers in the system

E(C) and effective interruption rate FEy,; increase, but probability for
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Table 5.4: Effect of § on various performance measures
E(S) E(C) PIdle Eselfcorr EInt

0.5000 1.1187 0.4265 0.1331 0.6033

0.5125 1.2216 0.4134 0.1291  0.6088

0.5328 1.3637 0.3955 0.1237 0.6162

0.5577 1.5246 0.3761 0.1178  0.6242

0.5850 1.6946 0.3569 0.1119 0.6322

T W N =S

idleness and effective self correction rate Fgefeorr decrease which are on
expected lines. When interruption clock realization rate increases rate of
repair increases which causes the increase in effective service time of a cus-
tomer. This leads to the increase in number of customers in the system.

As a result the probability for idleness decreases.

5.5 Model description (Model IT)

We consider a single server queueing model in which customers arrive
according to a Poisson process with rate \. Service time is Erlang dis-
tributed with shape and scale parameters p and a respectively. During
service there is a chance for interruption. There are n environmental fac-
tors causing interruption to service. These n factors are numbered 1 to
n depending on the ascending order of severity of interruption caused by
these factors. Interruption to service occurs according to Poisson process
with parameter 3. Interruption due to i*" environmental factor occurs
with probability p;. If the interruption is due to first m(m < n) fac-
tors it is ignored and service is continued. But the service is at a lower
rate p;, 0 = 1,2,...,m. This interruption clock is started simultaneously

with the occurrence of interruption. It is exponentially distributed with
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Arrival erlang service

A A I

service completion

"3 "
Setf-correction

interrupted service

interruption due
to first m factors,

resu

protected service
service completion

Figure 5.2: Model description

parameter 9;,7 = 1,2 = ..., m. During interrupted service period there
is a possibility for self correction of interruption. This self correction is
exponentially distributed with parameter v;,¢ = 1,2,...,m. If self cor-
rection occurs the service rate changes from p; to p. On realization of
the interruption clock the server goes for repair. The repair time is expo-
nentially distributed with parameter 7;,7 = 1,2,...,m. After repair the
interrupted service is resumed. If the service of a customer is completed
with interruption the next customer in the head of the queue enter for

service with the server in interruption.

If the interruption is due to the remaining n — m factors the server
directly goes for repair. Taking into account the severity of interruption
caused by these n —m factors, protection for remaining service is provided

at the epoch of resumption of service after repair.
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5.6 Mathematical description

The queueing model described above can be mathematically formulated as
a Markov chain. Let X = {X(¢),t > 0} = {(N(t),S(t), [1(t), Io(t)),t > 0}
where N(t) is the number of customers in the system, S(t) is the status
of the server, [;(t) is the environmental factor causing interruption and
I5(t) is the phase of service:
0, when a service facing so far no interruption ;
S(t) = 1, if interrupted service going on;

2, if server under repair;

3, if protected service is going on.
The state space of the process is

{(r,0,4) U (r,1,7,9) U (r,2,k,i) U (r,3,i);r = 1,...,00;0 = 1,...,a;j =
L,...omik=1,....,n;k=1,...,n}UV where V represents the absorbing
state. Absorbing state means the customer moving out from the system

after service completion. The infinitesimal generator matrix of the process

is given by )
By B
B2 Al Ao
Ay Ay A
Q= A, A A, where By = [—)], B = [ A0 }

B, is a column matrix of order (2 +m + n)a x 1 and
p, fori=a,&i=(2+m+n)aq;
By(i,1) =< py, fori=alr+1);r=1,2,...,m;

0, otherwise.
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Co Cv Cy 0
Cs Cp C5 0
AO = >\[(2+m+n)a Al = ’ ! °
Ce 0 C; Cg
0 0 0 Cg (2+m+n)ax(2+m+n)a
Cp is a matrix of order a,
—A—=pB—p, fori=y;
Co(i,j) =1 . forj=i+1;i=1,...,a—1
0, otherwise.
C) = (6])/ & Ia)axamy Cy = [ 0 5]7” ® 1, where b= (p/’p//) with
axam
p'=(p1, - pm) and p" = (Pmi1, -5 Pn)-
g
Y2
Let v = then C5 = v ® I, and C} is a matrix of order ma,
L Tm
0., fori=jii=(r—1Da+lr=1,....ml=1,... q
Cu(i,j) =< p, fori+1l=ji=(r—Da+lr=1,....m;l=1,...,a—1;

0, otherwise.
where 0, = =\ — p, — v, — 0,
(5 is a matrix of order ma X na,
o Oy, fori=gi=(t—1la+k,t=1,... mk=1,...,a
05(17]):{ ' ( )

0, otherwise;

no|
Let n = [ o ] with ' = (1,72, - . ., 0) T and 9” = oyt -5 m0) T
/
I,
then CG = L ©
0
(naxa)

(7 is a matrix of order na,
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{ A=, fori=ji=r—-1a+kr=1,...,nik=1,...,a
C; =

0, otherwise.
0 . .
Csy = . (g is a matrix of order a,
77” ®I,
L (naxa)
([ X—p, fori=jii=(r—Da+kk=1,...,a
Cy=1 pu, forj=i+1l;i=(r—1Da+kk=1,...,a—1;
L 0, otherwise.

p, fori=a;j=1;andi=(m+n+2)aj=1,;
As(i,j) = pr, fori=(r+1a;j=ra+1l,r=1,...,m;

0, otherwise.

5.7 Analysis of service process

The service time follows PH distribution with representation (e, S) where

cy Cp Cy 0
C; C) C5 0
a=(1,0,...,0)1x(mint2)e and S =
( )1><( +n+2) 06 0 Cé Os
0o 0 0 Cj

C(,):Co—F)\[, 04/12044-)\[, C§:C'7+/\Iand Cé:CQ—i-)\[ The

absorbing state is represented by S = B, which is a column matrix.

e The response time of the service process, F(S) = —aS™te.

e Hence the expected service rate pu; = ﬁ

e Theorem: The queueing system is stable when \ < ps.
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5.7.1 Stationary distribution

The stationary distribution, under the condition of stability, A < us of the
model, has Matrix Geometric solution. Let x=(xo, X1, Xa, ...) be the steady
state probability vector of the Markov chain {Z(t),t > 0}. Each x;,7 > 0
are vectors with (2 +m + n)a elements. We assume that x; = x;.R, and
x; = x1.R1,i > 2, where R is the minimal non- negative solution to the
matrix quadratic equation
R*A; + RA; + Ap=0.
From y@Q=0 we get

XoBy + x1Bs = 0.

X(]Bl + X1 (Al + RAQ) = 0.

Solving the above two equations we get x¢ and x; subject to the normal-

izing condition xpe + x; (I — R) te=1.

Expected number of interruptions during the service

of any customer

Let N’(t) be the number of interruptions due to first m environmental
factors during the service of a particular customer at time t. S(¢) be the

status of the server at time t.
0, when service is going on ;

S(t) =< 1, if interrupted service going on;

2, if server under repair
I, (t) is the environmental factor causing interruption and I5(¢) is the phase
of service. Then {(N'(t), S(t), I1(t), I2(t)),t > 0} is a Markov chain with
state space {(r,0,7) U (r,1,7,4) U (r,2,4,0);r =1,2,...;i=1,...,a;5 = 1,



Chapter 5. Queue with ignored interruption in random environment
96 and self correction.

..., m}Ux where * represents the absorbing state. The infinitesimal gener-

0 0 0
Uy U Up
U, 0 U U

ator matrix of the process is given by @ =

where U, is a column matrix of order a x 1. Uj = | |,

14
—BY pr—p fori=jiij=1...a

Ui = = o .
14, forj=1+1;2=1,...,a—1
0, otherwise.

~

UO = (ﬁp/ ® [a)axam-
Us is a column matrix of order (1 + 2m)a x 1 and

wi, fori=ar;r=1,2,...,m;
Us(i,1) =8 p, fori=a(2m+1);
0, otherwise.
Dy Dy D,
U= 0 D3 Dy
0 0 Ds (1+2m)ax (1+2m)a

V., fori=g1=ra+0l;r=0,...m—1101=1,...,

e, fori+1=g1=ra+lr=0,....,m—1;
l=1,...,a—1,;

0, otherwise.

Up = =y — Y — 0y

D0<i7j) =

U 0 0 U U

where
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Y, fori=yg;i=({t—1Na+kt=1,... mk=1,... a

Dq(i,7) =
1(6,) {O, otherwise.
Dy =0® I, and

o -0, fori=gi=0r—-1la+k,r=1,....mk=1,...a
D3<Z7j): . ( )

0, otherwise.

o Ny, fori=a+ma+ (r—Da+jr=1.... m&i=1,...

D4(Z7.]):

0, otherwise.

_/B_/“’LJ fOI‘Z:j,

Ds(i,5) =< pu, for j =14 1;
0, otherwise.
0 00
U=1]0 00 . Dg = (8P’ ® Ia)axam
Dg 0 0

(1+2m)ax(1+2m)a
Let Z; be the probability that there are exactly k interruptions during the

service of a customer due to first m environmental factors.
a(-U))~1US, for k=0
Then Z,, = (=0h) 2

a[(_U{)_lU(/)](_Ul)_lUO]k_l<_U1)_1U27 for k = 17 27 37 SR

So the expected number of interruptions due to first m environmental fac-

tors during single service E(I) =Y 7~ kZj.

5.8 Performance measures

After finding the steady state probability vector we find the important
performance measures of the system. The important measures are as

follows.
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5.8.1 Expected waiting time

We consider the customer who joined as the m'* in the queue. During
the time of arrival of ,'® customer one customer in the system may be in
service or the server may be in repair and other customers are waiting in
the queue. So the waiting time of the tagged customer is the time un-
til absorption of the Markov chain W' = {(M(t), S(t), [1(t), I>(t)),t > 0}
where M (t) is the rank of the tagged customer, S(t),I;(t) and I5(t) are
as defined in earlier sections. The waiting time of the tagged customer
follows phase type distribution with representation (w, ") where
5 S ]
S S«
S S«

g GO w is the initial probability vec-

tor.

Depending on the state of the server at the time of joining, the expected
waiting time of the tagged customer, B = =S~ (I — (S%aS~)—D)(I —
SYaS—1) e,

The expected waiting time of any customer who waits in the queue,

E(W) = i X B
m=1

5.8.2 Other important performance measures

e Probability that the system is idle, P(/) = xo.
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Probability that the system is working without interruption,

P(WI) =) (xie + Xise)
i=1
Probability that the system is under repair P(R) = Z X;0€.
i=1
Probability that the system is under protection P(p) = Z X;3€
=1
Expected number of customers in the system, E(C) = Z 1X;€.
i=1

[o¢]
Effective interruption rate,E;,;, = 3 Z X;1 €.
i=1

o0 m
Effective rate of self correction, Fyefeorr = E E 0;X;15€.
i=1 j=1

[o.¢] n
Effective rate of protection, Ep,otection = E g NiXi2;€-
=1 j=m+1

5.9 Numerical Illustrations

In this section assuming arbitrary values for the parameters, subject to sta-

bility, we obtained the numerical values for important performance mea-

sures. Let n=4,m =2, ="T7,p11 =5, =4;m =4,m0 = 3,m3 = 2,m4 =

LB=5m=17%=20=10=.5p =p =p;=ps =025
The conclusion drawn are purely based on the values of input parameters.



Chapter 5. Queue with ignored interruption in random environment
100 and self correction.

Effect of A\ on various performance measures

Table 5.5: Effect of \ on various performance measures
A E(C) P(I)
1 09230 0.5012
1.5 19157 0.3134
2 3.5376  0.1910
2.5 6.1867 0.1166
3 10.5083 0.0716
3.5 17.1259 0.0443
4 24.7322 0.0276

As the arrival rate \ increases the expected number of customers in
the system E(C) increase, but probability for idleness of the server P(I)

decrease which are on expected lines (refer Table 5.5).

Effect of ;1 on various performance measures

Assuming A = 2 and varying p we get the following values for different
performance measures.

As the initial service rate p increases the expected service time E(s),
the expected number of customers in the system F/(C'), probability for
repair P(R), expected rate of interruption Ej,, and expected rate of self
correction Fgfeorr decrease but probability for idleness of the server P(I)
increase which are on expected lines. p increases means number of ser-
vice completion in unit time increases. So rate of self correction, rate of

interruption and probability for repair in unit time reduces (see Table 5.6).
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Table 5.6: Effect of ;1 on various performance measures

1Y E(S) E(C) P(I> P<R> Emt Eselfcorr
3 22897 29.2040 0.0175 0.1422 0.3322  0.0983
4 1.7508 15.5352 0.0471 0.1437 0.3364 0.0978
5 14180 8.0176 0.0891 0.1398 0.3281 0.0938
6 1.1917 5.0105 0.1384 0.1338 0.3147  0.0885
7 1.0279 3.5376 0.1910 0.1267 0.2986  0.0827
8§ 0.9037 2.6963 0.2437 0.1192 0.2814 0.0769
9 0.8063 2.16207 0.2946 0.1117 0.2641 0.0713

Effect of f on various performance measures

Table 5.7: Effect of § on various performance measures

B E(S) E(C> P<I) P(R> E’mt Eselfcorr
S 1.4180 8.0176  0.0891  0.1398  0.3281  0.0938
1 1.5863 11.0407 0.0688 0.2230 0.5230 0.1502
2 1.8247 16.4010 0.0476 0.31577 0.7394 0.2140
3 1.9818 20.3997 0.0373 0.3648 0.8539 0.2484
4 2.0906 23.1333 0.0314 0.3946 0.9231 0.2695
5 21691 249636 0.0277 0.4141 0.9685 0.2834

From Table 5.7 we note that as the interruption rate 3 increases effec-

tive service time F(S), the expected number of customers in the system

E(S), probability for repair P(R), expected rate of interruption F;,; and

expected rate of self correction Egejfcorr increases but probability for idle-

ness of the server P(I) decrease which are on expected lines.
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Effect of v on various performance measures

Assuming 7, = 72 = 7 and varying over its value we get the following

table for different performance measures. As the interruption clock real-

Table 5.8: Effect of v on various performance measures
Y E(S) E(C) P(I> P(R) Eint Eselfcorr Epratection
0.5 1.4069 7.7491 0.0915 0.1303 0.3254  0.1184 0.1627
1 1.4136 7.9371 0.0898 0.1367 0.3283  0.1030 0.1642
1.5 14192 8.0705 0.0887 0.1413 0.3302  0.0919 0.165
2 1.4240 8.1718 0.0878 0.1448 0.3315  0.0832 0.1657
2.5 1.4282 8.2523 0.0871 0.1475 0.3324  0.0763 0.1662
3 14318 83184 0.0865 0.1498 0.3331  0.0705 0.1665
3.5 14349 8.3739 0.0860 0.1517 0.33367  0.0656 0.1668

ization rate 7 increases effective service time E(S), the expected number
of customers in the system F(C'), probability for repair P(R), expected
rate of interruption E;,; increase but probability for idleness of the server
P(I) and expected rate of self correction Egefeorr decrease which are on
expected lines. Rate of protection decrease with increase in . As the
realization rate of interruption clock increase the server immediately goes

for repair reducing the chance for self correction (see Table 5.8).



Chapter 6

An M/M/1 queue with
multiple vacation, vacation
interruption and vacation
controlled by random

environment

introduction

In the previous chapters we discussed queues with environment depen-
dent interruption. In this chapter we consider a queueing model with
environment depended vacation and interruption of vacation. In vacation

queueing system the server is unavailable for a random duration of time

103
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at a stretch. Vacation is the absence of server from the service center.
There are different types of vacations like vacation taken at the end of a
busy period, vacation taken when the number of customers in the system
is less than a predetermined number, working vacation, vacation taken
after a long duration of service even if customers are present in the queue,
etc. The vacation of server can be considered as interruption to service if
the vacation is taken while customers are present in the queue or when an
arriving customer finds the absence of server.

In contrast in working vacation server stays at service station and also pro-
vides service, may be at a reduced pace, if customers are available. The
vacation queueing system is very useful as we can utilize the idle time for
maintenance of server without affecting the customers. During working
vacation risk of loosing customers and the dissatisfaction of customers are
less, the utilization of server for other works is not possible. The vacation
queueing models have wide range of application in the field of communi-
cation networks and computer systems.

The idea of server vacation was first introduced by Levy and Yechiali [30].
The main survey papers on vacation model are Doshi [6] and Zhang [51].
The books of Takagi [46] and Tian [47] provide great insight into the idea
of vacation. In multiple vacation queueing system, on returning from a
vacation , if the server finds no customer in the system, it goes for another
vacation. The idea of multiple vacation provides more flexibility for opti-
mal utilization of available free time.

The concept of vacation interruption was introduced and developed by Li
and Tian [33] [36]. Zhang and Hou [51] studied an M/G/1 queue with
multiple working vacation and vacation interruption. Ibe and Isijola [14]
discuss two types of vacations: Type I vacation is taken after a non zero

busy period of serving at least one customer and type II vacation is taken
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after a zero busy period, on completing type I vacation. The distribution
of both vacations are different. The authors extend the idea in paper [15]
by introducing two new concepts, partial vacation interruption and total
vacation interruption. In partial vacation interruption only type II vaca-
tion is interrupted. The interruption occurs when the number of customers
in the system reaches a threshold value K. In total vacation interruption,
type I and type II vacations are interrupted when the number of customers
in the system reaches the threshold values K; and K, respectively, where
K > Ks.

In this chapter we consider a queueing system with two types of vacations.
The server goes for a vacation of type I after a non-zero busy period. There
are n kinds of type I vacation depending on the environment. These type
I vacations are numbered 1 to n based on the descending order of du-
ration of vacation in the distributed stochastic sense. After a non-zero
busy period the server goes for a vacation of i kind with probability
pi, 1 <1 < n. The server goes for type II vacation after a zero busy pe-
riod, provided there is no customer in the system. The type II vacation is
numbered as the (n+ 1) kind of vacation. All the vacations can be inter-
rupted depending on the threshold value K;,1 < i < n + 1 as described:
If the number of customers in the system reaches K;,1 < i < n, while the
server is in the i"® kind of vacation, that vacation is interrupted. When
the number of customers in the system reaches K, 1, type two vacation
gets interrupted. The main assumption is that K, < K,, < ... < Kj.
As a real life example we consider the case of a physician attending pa-
tients. After attending all patients in the queue the he goes for a vacation.
During vacation he can perform different jobs. He can visit the inpatients,
go to take food, go for reading etc. Depending on the importance of the

jobs piling up during vacation the queue length for interrupting a vaca-
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tion is fixed. When the queue length reaches the respective thresholds

that kind of vacation is interrupted.

6.1 Model Description

We consider a single server queueing system in which arrival occurs accord-
ing to a Poisson process with parameter A\. The service time is exponen-
tially distributed with parameter . There are two type of vacations in this
model. The type I vacation is taken at the end of a non-zero busy period.
There are n different kinds of type I vacation based on n environmental
factors. These n kinds of vacation are numbered 1 to n based on the de-
scending order of duration of vacation. On returning from type I vacation,
if the server finds the queue empty, it goes for type II vacation. The type
I1 vacation is numbered as the (n -+ 1) kind of vacation. The i* vacation
duration is exponentially distributed with parameter v;, 1 <7 < n + 1.
At the end of a non-zero busy period, depending on the environment,
the server opts for a vacation of i*" kind with probability p;,1 < i < n.
When the number of customers in the system exceeds K, i during the
n + 1% kind of vacation, the server returns from vacation and starts serv-
ing customers. The " type of vacation is interrupted when the number
of customers in the queue reaches K;, where K1 > Ky > ... > K, ;1. The

pictorial representation of the model is shown in Figure 6.1, 6.1, 6.1, 6.1.
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Figure 6.2: Model description

6.2 Analysis of the model

We define the state of the system as (n, k), when there are n customers in

the system and £ is the status of the server:

0 when service is going on ;
b — i If the server is on the i*" kind of type I vacation;
i=12,... n;

n+ 1 If the server is on the n + 1% kind of vacation(type II);
Let P, denote the steady state probability that the system contains ¢
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Figure 6.4: Model description

customers when the server is in the k" state. First consider the case of
n = 2.

From the global balance in the above figures we have the following equa-

tions,
(A +1)Po1 = pup1Pro, (6.1)
(A +2) Fo2 = pp2Pr o, (6.2)
APy = 1Py + 7202, (6.3)
(A7) Pos = APr_rs, 1 < k < K, (6.4)

()\ + ’72)Pk72 = )\Pk_LQ, 1<k< Ko, (65)

(A+71)Pe1 = APy—11, 1 <k < K. (6.6)
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From the local balance we have the following equations,
)\(Pkp + Pk,l + Pk,Q + Pk73) = qu+1’0, 1<k < Ks, (67)
AN Pro + Py + Prp) = ptPrg10, K3 <k < Koy, (6.8)
AN Pro+ Prp) = pPig1o, Ko <k < Ky, (6.9)
)\(Pk,0> = /,LPk+170, k Z Kl- (610)
From (61) = PO,l = 61P10.
From (62) = P072 == 62]310.
From (63) = P073 = ﬁBPIO-
In the above 3 = )\/f;1 , Ba = /\’fig and (3 = (%/{f;l + '%/\’f;).
(64) = Pk,S = Od]?fﬁgplo, for 1 S k S Kg —1.
(65) = Pk,g = Ozgﬂgplo, for 1 <k<Ky—1.
(66) = Pk71 = Oélfﬁlplo, for 1 < k < K;—1.
3 Pl — oF!
(6.7) = Pro = |p" '+ Z/)O@ﬁi {—21 P, for 2 <k < K.
i—1 p—
From(6.8)
[ 2 k—1 k—1 Ky—1 Ks—1
— Q
Pro= |p" '+ Zpaiﬂi {p—l} + pF B, By {p 3 } Py,
i i—1 P — p— Qs
forK3+1§k§K2.
From (6.9)
[ 3 K;i—1 Ki—1
k—1_ k=1 s v — ai
Pro= | P + poup [pp_—af} + Zpk Kﬁl@iﬁz‘p P,
i i=2 p i
for Ko +1 <k < Kj.
From(6.10)
i—1 aKi_l

)

3 K;
Poo=[p""1+ Z PkiKiOéiﬂip

i=1
Since the total probability equals one,

]Pl(], for k’ZKl—l—l
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Kl 1 K2 1 Kg 1
ZPmZPmZPmZPm—l
[A1 +A2 + Az + A4]P10 =1,

K;—1
_ _ 1 _ 3 proifBi pli—t—a;?
P = oy Where A = 15, As = 370, [ I-p —a )

K.
_ 3 iBip | | @i—a;t  p—pi _\3 K; k-1p.
A= Th [te] [ - o] 4= £ T ob

Also the expected number of customers in the system,
Kl 1 K2 1 K3 1

Zk&w Z kP + Z kPra + Z kPio =

[B1 + By + Bg + B4]P10 where 31 a 1p)2,
B, — i a;Bip {KiaiK"H (K; + 1) —a? + 20@} B
— (o = p) (1= a)?
- afip [Kip™tt — (K +1)pf — p* + Qp}
;(ai—p) { (1—p)? ’
il Kot ey | (Bip?) P’
Bg:;(ai—p) o = ]{(1—p)+(1—p)2}’

> K; — Dot — Kafi + o
B4zzlﬁi [( )a(l—az)Q o +a ] .

Now consider the case of n = 3.

Then we have [C] + Cy + C3 + Cy4]Pig = 1,

K,—1

K;—1
where C] = 02 Zl . |:p206i5i:| |:P ¢ p:ooé‘; :| 7

1-p
Cr =S T C, =S K; k—lﬁ
3= Zi:l p—au; I—a;  1-p | 4 — Zi:l Zk:l Q; it

_ 1
PlO T [Ch1+C2+C3+C4)
Also the expected number of customers in the system,

E(N) = [Dl + D, +D3+D4]P10 where Dy =

1
(1-p)%’
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4 Ki+1 K; 2
;05 KiOéil — Ki+1ail—ai—|—2ai
DQ:Z( Bip { ( ) ] .

2 oy~ 1) (= a2
i @ Bip [Kz-p’““ — (Ki +1)p" — p* + 2/)]
— (o — p) (1—p)? ’
4
a; 3 Ki—1 Ki—1 |:(Kip2) P2 }
Ds = o =t + and
I Sl ) e
4 Ki+1 K,
(K; — 1o ™ — Kot + «
D4=Z@[ T o) .
i1

So depending on the environmental factor, for n kinds of type I vaca-

E{lgjll n+l1 Ki-1 n+l1 K;—1
Zpko—l—z > P+ Z P+ Y Y Pu=1

i=2 k=K;+1 k=K +1 i=1 k=0
[51+52+S3+S4]P10—1

Py = =——orc—or where S; = =, Sy = Z’”l PaiBi] | PN —a !
10 [Sl+sz+sg+s4 L= 1=p P2 i=1 | 1-p p—ai ’
n+l | ;8 aifaf(i —pKi n+1
53 = 21:1 [p_ﬁaf} |i T—a; plfp :| ) Z ’ Zk 1Oék lﬁz
Expected number of customers in the system
n+1 n+1 K’L 1 n+1 K -1
=2 WPt ) D kP PRREIED 3) S
i=2 k=K, +1 k=K +1 i=1 k=0
= []1 + Ig + I3 + ]4]P10
I = 1 2
(1-p)*?
s a;B3ip KiaiKiH — (K; + 1)%& —a? 4 2
I = Z 2 -
—~ (a; — p) (1—a)
”Z“ aifip [Kipfﬂ'“ — (Ki+1)p" =+ 2p]
— (o — p) (1—p)? ’

_n+1 a; 3 Ki—1 _ K;—1 (Kz‘PQ) :02
b= gl o [+ )
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RZ—H/B 1) K +1 KZOZZKZ + oy
' (1 —a;)? '

Usmg thtle s Law E(N) = AE(W), expected waiting time in the system,
B(W) =2,

Variance of the number of customers in the system,

V(N) = E(N?) = (E(N)).

n+1 Ki_1 n+1 K;—1
Ky
E(Nz)zzk:flePko-FZ Z k*Pro+ Z /kao—i-ZZksz
=2 k=K;+1 k=Ki+1 =1 k=0
[Rl + R2 + R3 -+ R4]P10, where Rl %;
ot l aiBip | K2a T o @K242K—1)al T 4 (Ki+1)2a) i —ad 4302 —4a
R =21 (i py (@ 1°
K2pKi+2—(2K2+2K;—1)pfit 14 (K, 41)2pKi—p34-3p2—4p
- (p—1)3 ’
_ oL | aiBip? afiil—PK"_l 2 2K; 1+p
Ry =311 [(17,0)] [ aip Kty T ape )
En+1 (K?—2K; +1)aK it? —(2K?—2K; l)aK +1+(KZ)2af{ifa?7ai
(042_1) ’

6.3 Optimization problem

For the effective utilization of the model discussed, optimization of the
threshold values (K[s) is inevitable. So an optimization problem is dis-
cussed in this section and Numerical illustrations are provided.

e () be the unit time revenue obtained from providing service.

e (;,1 <i<n+1, be the unit time revenue obtained from i** kind

of vacation.

e (' be the holding cost per unit time per customer.
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e C; be the fixed cost for switching the service from i** kind of vacation

to normal service.

So the expected total profit TP =T, + Ty — C — C where T} is the total
revenue from service, Th is the revenue from vacation, C is the holding

cost of waiting customers and C is the total switching cost. Here
T1 — ﬁCQ, C — CE( )

Ty = Z?:lpici [(ﬁ) K +Zr -0 W} +

>, pCan {(MQH)K"“ 4 T2, e

C= > piCi {(ﬁ) T2, o #] (n— N+

> G ) [<A+;\n+1>KTLH K:H + (1 — (#ﬂ)&“)] (= A).

6.4 Numerical Illustrations

In order to bring out the qualitative nature of the model under study, we

present a few representative examples.

The effect of various values of p, Ki, K;, and K3 on
E(N)

As an example we consider the case when v; = 0.1, v5 = 0.2, 73 = 0.3,
p1 = 0.6, po = 0.4. Then the effect of various values of traffic intensity
(p), K1, Ky, and K3 on the expected number of customers in the system

and expected waiting time are plotted below (fig 6.5-fig 6.7). From Fig



Chapter 6. An M/M/1 queue with multiple vacation, vacation
114 interruption and vacation controlled by random environment

* K1215

I I I I
0.1 0.2 0.3 0.4 0.5 0.6

Figure 6.5: Effect of various values of K; and p on E(N) when Ky =
10, Kg - 5

6.5, Fig 6.6 and Fig 6.7 we note that as p and K increase the expected
number of customers in the system also increases. Increase in p means
either arrival rate increases or service rate decreases. When arrival rate
increases the number of customers in the system also increases. When
service rate decreases then also the number of customers in the system
increases due to slow service. When K increases it is trivially seen that
the number of customers in the system will increase as the customers
should wait for the return of the server from vacation until the threshold

value K is reached.
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T
* K2=8
K,=15 2

o K720

I I I I
0.1 0.2 0.3 0.4 0.5 0.6

Figure 6.6: Effect of various values of Ky and p on E(N) when K; =
25, Kg - 8

Then the effect of various values of p, K1, Ky, and K3
on F(N)

From Fig 6.8, Fig 6.9 and Fig 6.10 it is clear that as p increases expected
waiting time also increases. From Fig 6.8 it is clear that for small values of
p the value of K; does not make much difference in the expected waiting
time. As K7 increases the expected waiting time also increases. This is
due to the delay of the server return from vacation due to the increased
threshold value K;. From Fig 6.10, we see that for small values of p, as
K3 increases waiting time also increases but as the value of p increases,
the waiting time is greater for smaller values of K3. As the duration of
vacations decrease, expected waiting time increases with increase in the

value of K.
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I I I I
0.1 0.2 0.3 0.4 0.5 0.6

Figure 6.7: Effect of various values of K3 and p on E(N) when K; =
925, Ky = 10

The effect of various values of p, K, Ky, and K3 on EP

By assuming Cy = $250, C; = $250, Cy = $100, C3 = $50, C' = $25 and
C), = Cy = Cy = $100 the effect of various values of traffic intensity(p),
K, Ky, and K3 on expected profit EP are plotted below (Fig 6.11 - Fig
6.13).

From Fig 6.11, Fig 6.12 and Fig 6.13 it is clear that as p increases
the expected profit decreases, reaches a minimum value and then begins
to increase. As p increases either arrival rate increases or service rate
decreases. Increase in arrival rate causes frequent interruption of vacation
and switching on/off of service which is very expensive and it reduces the
profit. Also the increase in arrival rate or the decrease in service rate
reduces the chance of occurrence of vacation. This reduces the loss due to

switching off of service.
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105
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% K=15
. K=20

=] K1:25

Figure 6.8: Effect of various values of K7 and p on W when Ky = 10, K3 =
5

Effect of various values of A\, 1 and threshold values
on P

For small values of A\ expected profit shows convexity (Fig6.14). As A
increases the expected profit decreases(Fig6.15).
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Figure 6.9: Effect of various values of Ky and p on W when K; = 25, K3 =
8

Figure 6.10: Effect of various values of K3 and p on W when Ky = 10, K; =
25
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4500 T T T T

* K=15

Figure 6.11: Effect of various values of K; and p on expected profit when
K2 — 10, Kg =5

4500 T T T T

* K2=8

Figure 6.12: Effect of various values of K5 and p on expected profit when
Kl — 25, Kg =38



Chapter 6. An M/M/1 queue with multiple vacation, vacation
120 interruption and vacation controlled by random environment

Figure 6.13: Effect of various values of K3 and p on expected profit when
Ky =10,K; =25

& 1700t

© A=15p=3

. . . . . . O A=2p=3
16 18 20 22 24 26 28 30 32 34

Figure 6.14: Effect of threshold values and traffic intensity on expected
profit
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Figure 6.15: Effect of threshold values and traffic intensity on expected
profit
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Chapter 7

Stochastic decomposition of
the M /M /1 queue with
environment dependent

working vacation

Introduction

If a queue is empty the server remains idle. policy we may think of a
vacation with server working during that time in slow mode, if customers
are available. The idle time of the server can be utilized for some other
work. Instead of a complete vacation If the customers in the queue is less,
the functioning of the server in a slow rate will reduce the operating cost,

energy consumption and the start up cost. These advantages are pointing

123
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towards working vacation. Working vacation is an extension of regular
vacation. In working vacation, instead of completely stopping the service,
the server provides service at a slow rate. Working vacation reduces the
chance of reneging of the customers compared to normal vacation. In this
era of high demand for commodities and services which are available in
a short spell, the concept of working vacation is very useful. This may
be the main reason of the extensive research work going on in working
vacation queueing models.

In this chapter we consider a single server queueing system with working
vacation. On completion of a service if the server finds the system empty,
he goes for a working vacation. There are n types of working vacations.
Depending on the environment, after a busy period, the server goes for
i'" type of vacation with probability p;,1 < i < n. During vacation if
customers arrive, the server provides service at a lower rate . On comple-
tion of service during vacation, if there is no customer in the system the
server continues to be on vacation. Otherwise the vacation is interrupted,
i.e. the server returns to normal service without completing the vacation
and starts service in the normal rate. On completion of vacation if the
server finds the system empty, he remains in the corresponding vacation.
We demonstrate stochastic decomposition of the queue length and waiting

time processes using method of induction and Little’s formula.

7.1 Model description

Consider a single server queueing system with working vacation in which
arrival occurs according to a Poisson process with parameter A\. The ser-

vice time is exponentially distributed with parameter . On completion
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Figure 7.1: Model description

of a service if the server finds the system empty he goes for a working
vacation. There are n types of working vacations. Depending on the en-
vironment, after a busy period, the server goes for i'* type of vacation
with probability p;, 1 < i < n. The duration of i"* type of vacation is ex-
ponentially distributed with parameter v;,1 < ¢ < n. During vacation if
customers arrive, the server provides service at a lower rate y;, while in %
type of vacation, 1 <7 < n. On completion of service during vacation, if
there is no customer in the system the server continues to stay on vacation.
Otherwise the vacation is interrupted, i.e. the server returns to normal
service without completing the vacation and starts service in the normal
rate p. On completion of vacation if the server finds the system empty,
he remains in the corresponding vacations. Figure 7.1 is a diagrammatic

representation of the model.
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7.2 Mathematical description

We establish the stochastic decomposition of the state space by induction
on the number of environmental factors.

Case.1 First we consider the case of n = 2.

Let N(t) be the number of customers in the system and S(¢) be the status

of the server at time t:
0, if the server is serving in normal mode;

S(t) =< 1, if server is in the type I working vacation;

2, if server is in the type Il working vacation;
Then X = {X(t),t > 0} where X(t) = (N(t),S(t)) is a continuous time
Markov chain with state space {0,1} U{0,2} U{(j, k), 7 =1,2,...;k =

0,1,2}. The infinitesimal generator associated with the Markov chain is

B, B ,
By A1 Ag
Ay A1 Ao
Q1 = A, A A where —Bg = Ag = A\,
- 0
B, = 0 X0 B, l:il N(Z)?? o '51 00l
0 0 A
- 0 po pz2 0 0
[\ —u 0 0
A = 0, —A—pu— b 0
Oy 0 —\— g — b
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Stability analysis

0 0 0
Wehave A=A+ A1 +As=| O+ —p — 6y 0
O + pio 0 — g — 03

Then A is the infinitesimal generator of a Markov chain with state space
{0,1,2} which represents the status of the server. Let y = (yo, 41, y2) be
the invariant probability vector of A. Then yA = 0 and ye = 1. The left
drift rate of the original Markov chain is yAse and that for right drift is
yApe. Left drift indicates a service completion and right drift represents
arrival of customer. Thus the system is stable if and only if yAge < yAse.
Here yAge = X\ and yAse = p.

Hence we have

Theorem:The system is stable if and only if A < pu.

7.2.1 Steady State Analysis

For the analysis of the model it is necessary to solve for the minimal

non-negative solution R; of the matrix quadratic equation

Since the Matrices A, Ay, Ay are lower triangular R; is also lower trian-

To 0 0
gular. Solving (7.1) we obtain Ry as Ry = | r; 7, 0 | where rqg = p,
T2 0 ?2
_ _pAH0) = A _ _p(At02) = _ A
"= Bt 1L D) 2 T Doy A T = Ty

Let x = (xq, X1, X2, ..., ) be the steady state probability vector associated
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with the Markov process X. Here xg = (g1, 20o2) and x; = (240, Ti1, Ti2),1 =
1,2,...,00. Assume that x; = x;R."' i = 2,3, ..., then x can be obtained

by solving x() = 0 using the boundary condition

xpe +x1(I — Ry) te=1. (7.2)

From x@) = 0 we get
XoB() + XlBg = 0. (73)
X[)Bl + X1 <A1 + RlAQ) = 0. (74)

From (7.3) and (7.4) we will get

up1io + iz = (A)Zor. (7.5)
pp2Z10 + patiz = (X)Zo2. (7.6)
Wrio = <)\ + Ql)xll + ()\ + 02)1312. (77)
)\ZL‘Ol = ()\ + M1 + 61)1’11. (78)
)\$02 = ()\ + 125 + 92)1’12. (79)

Assume zg; = k; and zg2 = ko, then from (7.8) and (7.9), z1; = 71k,
T1g = Toko. Substituting the values of z1; and z¢; in (7.5) we will get
Ti0 = %. Also
ey = HP2T1
pl(/\ - ,u27“2)
To find the value of k; we use the normalizing condition
xoe +x1(I — Ry) e = 1.

ki
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1/ry 0 0
Let rg = 1—ro, 7y = 1=T1, Ty = 1=Ty; then (I—Ry) ™' = | —ry/Fyry 1/F) 0

—ro /Tty 0 1/
Using (7.2)

. { 7“1/_1_9_7“17’1]_’_]{2{1_’_;2_%1:1. (7.10)
ity Ty ToTy Ty  Toly

Substituting ko in (7.10)

r T r Ty Tol"
L e [N S L] | ESNN AT

piry Ty roTy Pr(A — pers To  ToTy
From (7.11) k; = 1 —.
1 ry_rmri HKP2T] r2 _Trar
[ -
k—1
rg Y 0 0
k—1 —k—1
k—1 __ (To -7 ) =(k-1)
Now Rl = le ™ 0 and
e B R (G2
27 (ro—72) 2

xpe = Tiorg |+ 1 [_( Y4 7“1—( _Ti )] + 219 [Fé’H) + TQ—(TIS(;;:;IE)_I)]
for k> 1.

Let @,(z) be the PGF associated with the number of customers in the
system. Then Q,(z) = > 7, x,ez"

— T gt FI0E 4 FUE | P2z | auriz [ 11 }_{_a:lgrgz [ 11 ]

1—roz ' 1-T1z ' 1-Toz ro—r1 | 1—roz 1-712 ro—ro | 1—roz 1-7r2z
— 1-rg (1—roz) (1—ro2) 102 z1z (1-ro2) z19z (1=70%)
T 1-7rpz |:ZE01 (1—ro) + Zoz (1—ro) + 1-79 + 1-712 (1-79) + 1-72z (1—7p) +
T117T12 (1*7'02) [ 1 o 1 i| + T127T22 (1 TOZ) |: 1 _ 1 i|:|

r0—T1 (177‘0) 1—roz 1-712 ro—T2 (177‘0) 1—roz 1-7Toz

Q. (z) = - [x01((1 02 | g rot) | moz euz (orod) | s (ovon) 4

1-roz (1—7o) 1-r9 1-T1z (1—70) 1-722z (1-70)

211712 (1-70%2) 1 1 4 ziorez (1—rpz) 11 + 1—r0 1
ro—71 (1—ro) |1-roz 1-712 ro—r2 (1-rg) |1—roz 1-7oz 1—roz 1—rg

T11T 12T ro—ri1—"T 1—2rgz4ro71 22
—ToTo1 = ToTo2 T 10 + 025y T Gonryy T 1L < —— 1) ( (oria)? ) +
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T rQ—T2—T2 1—2rgz4roraz?
12 TO—T2 (1—72,2)2

Expected queue length E(L) = Q, (1) = - —i—( ! ) [—70To1 — ToTo2 + T10

1—ro 1—ro

T117T1 1272 ro—r1—"1 1—2rg41ror ro—r2—"2 1—2rg+rora
+(7‘0—71) + (ro—72) +x11 < To—T1 > ( (1-71)2 ) +x12< ro—T2 > ( (1-72)2 >:|

— 7"_0_|_< 1 ) [—Tolﬁ _ Tokg + % + ( rik17T + (kﬂz?"z) + klfl (1"077“1*?1)

1—rg 1—rg 1—?1)(7"0—71) ro—7T2 ro—T1

1—2r9+7ro71 - ro—r2—"T2 1—2r9+7ro7a
(o) + ko () () |

_ 1o k1 _ T 1T = [ ro—r1—T1 1-2rp+7071
D= <Ho) [ o+ o TG ”1( ro—T1 (-2 ﬂ +

_ Tor! - ro—T2—T2 1—2rg+ri17ro
0¥ fro—rg) T 72 ( T1=T2 ) < (1-72)? )]

Case.2
Now consider the case of n = 3. Then S(t) has four states.
0, if the server is serving in normal mode;
1, if server is in the type I working vacation;
2, if server is in the type Il working vacation;
3, if server is in the type III working vacation;
The state space of X is {(0,k)|k=1,2,3} U{(j,k), j = 1,2,...;k =

0,1,2,3}. The infinitesimal generator associated with the Markov chain

By B
BQ Al AQ
Ay Ay Ay

is Q2 = A, A, Ay
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0N 0 0 Kp1 M(Z)h M(I)?:a
where — By = Ag=MA3, Bi=[0 0 AN 0 |,By= i ;
0 H2 0
00 0 A
0 ps
w0 0 0
000
A, = Ha ’
we 0 0 0
RE 000
A= U 0 0 0
0 A=y — 0 0 0
A, = 1 Ha 1
(92 0 e Mo — 02 0
| 93 0 0 -\ — M3 — 93
0 0 0 0
01 + —up — 0 0 0
A= Ag+ A+ Ay = 1T H1 251 1
0o + 110 0 — o — 0 0
03 + 3 0 0 —pz — 03
We get A < p as the condition for stability.
o 0 0 O
T1 Fl 0 0 p(A+01) _ A
Ry = e 0 T where g = p, 11 = —(/\+/t1+191)’ L= g
T3 0 0 73
_ _p(A+02) = A _ _p(Atb3) = A
2= Dapat0a) 12 = Orratd2) 13 = Dassroy) 204 T3 = gy
Let x = (xg,X1,Xs,...,) be the steady state probability vector associ-
ated with the Markov process X. Here xq = (%01, %02, To3) and x; =
(€i0, Ti1, Tin, Ti3),0 = 1,2,.... Then assuming zo; = k1 zo2 = k2 and
To3 = k3, we get w11 = Tk, X190 = Toky x93 = T3k3. 119 = k;;‘. Also
k2 — Hp21 kl) k‘g — HPp3T1 kl

© pi(A—par2) p1(A—psrs)
/ 7 — _— . ) —
Let ro=1—179, 7y, =1—-71,7y =1—"79, 73 =1 —T73 then
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1/rg 0o 0 0
—ry/Fyry 1/7, 0 0
—7“2/?/27“(/) 0 1/Fl2 0
—r3/Tary 0 0 1/7,

(I —Ry) =

Using the normalizing condition xge + x;(I — Ry)"'e = 1, we get
k= L

3 _ _

T Hp;iT ryoo Ty
L et e — |14+ = — ==
"1 To"1 P17o - P1 ()\ — ujrj) . roTs

Jj=2 J J
B k—1
k& )k 0 0 0
-1 -1
- o (7"1( _:3) ) Tékfl) 0 0
NOW Rzi — (ka%irz;’cfl) (kl—l) al’ld
T4 ! 2 0 0
n ’
Tg (rl(n::;) ) 0 0 Tgk_l)
B _ ph—1_ k=1 0 ph=1_ k=1
Xrp€ = $107‘]f_1 +ZE11 |:r:(3k 2 + T2( l(rl—ri) ):| +m12 |:/rék 2 + T4( l(rl—ri) ):| +
o (k1) CEm ] e ks 1
13 |17 LA oy prpreny or k > 1.
Qu(z) = 20y xpe2"
— To1 + Bop + T3 + I UL 4 gEas s e Lo L]y
T127T42 1 1 13762 1 1
7"12—;15 |:1—r12 - 1—7"52] + 7’13—7?7 |:1—le - 1—7‘7Zi|

= /7

Expected queue length E(L) = @, (1)
= lz_l’rl + <1ﬁlrl> [—7“1 + ;—i —+ (7?% + 7y (m—rz—rg) (1—(?7‘_1:;7)“%7"3)} +

1—7’3)(T1 —7r3 T1—"T3

ko - T5T4 T1—T4—T5 1—2r14rirs ks . 776
<1—T1> [ Lt T1—7"5) 75 ( T1I=T5 ) ( (1-r5)? >}+<1—7‘1 (s (7“1—7"7)+
r1—Te—T7 1—2r14riry

ry—r7 (1—r7)?

7

Case.3

Now we consider the case where there are n > 4 distinct type of vacations.
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Then
S(t) has n + 1 distinct values.
S(t) = 0, if the server is serving in normal mode;
B i, if server is in the i*" type working vacation, 1 < i < n;
The state space of X is {(0,k)/k =1,2,...,n}U{(4,k)/7 =0,1,2,.. .k =
1,2,...,n} The infinitesimal generator associated with the Markov chain
is ) )
By B _ ;
0 A
BQ A1 AO \
A A A here B A
Q. = A, A A, where By =
- A < nx(n+1)
[ 1 pp 1P |
; 1 2 "
1
H1
By = iz Ay = | . ,
Hn
i 3 PR (n+1) % (n+1)
and—BO = AO = )\In
L } -
01 -\ — M1 — 91
0 S
Ay = :
0, -\ =y — 0,

As in the earlier sections
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L ) -
h+p —p — 0y
02 + piz — iy — Oy
Ao+ A1+ Ay = )

Let y = (Yo, Y1, Y2, - - - , Yn) be the invariant probability vector of A satisfy-
ing yA = 0 and ye = 1. The system is stable if and only if yAge < yAse.
Here yAge = X\ and yAse = p.

Theorem:The system is stable if and only if A < p

To

ryoT
R, = 712 ! _74‘2 y Whererozp,ri:%,

Tn 0 7,
T = -
Let x = (x¢,X1,Xs,...,) be the steady state probability vector associ-
ated with the Markov chain X. Here xg = (zo1, Zo2,- - -, Zon) and x; =
(Tio, Ti1, Tizs - -, Tin), 4 = 1,2, .... Then assuming xo; = k;,1 <i < n, we
get x1; = T;k;, v10 = kzl:l.
Also kj = %kl. Let 7, =1 —7;,1 <i<n,ry=1—r,

6i=1/7,0 <i<n,x; =—1r:/(FTo), 1 <i <n then,
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| Xn ln
I s Z el B
TL ToT1 P17 = p1(A — ,ujrj) ;o Toly
— r(()k*l) —
Tk7177k71 _(k—1
7“1( O(fg—fill) rg )
o (To(r :;2) ) 0 ng_l)
Now RF1 = o ‘ and
Tn(é“ 'Y (k1)
) o) k—1 k—1 ! )
k—1 —(k—1) (ro " =7~ )]
Xp€e = T17 -+ T1i |1y +ri————"—=| for k> 1.
’ ; { (ro = 74)

Then Q,(2) = > 7 Oxn
B . T10% X152 X112 1 B 1
_;xoj+1—roz+zl—7‘z jzzro—rj [l—roz 1-7;52

’

Expected queue length E(L) = Q, (1)
= -+ ( ]){—r+—j+ — 4
1=ro Zl 1—ro T 7i)(ro — ;)

7. [ ro=ri —7; 1—2rg+7ro7;
I\ =T (1-7)? ’

The above discussions lead to

Theorem (Stochastic decomposition): The expected queue length

E(L) can be decomposed into the sum of the expectations of n + 1 in-
n

dependent random variables as: E(L) = E(L) + Z E(Ly;) where E(L)

=1
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is the queue length of classical M /M /1 queue and Z E(Ly,) is the addi-
i=1
tional queue length due to n types of vacations.

7.2.2 Stationary waiting time

Using Little’s formula the expected waiting time E(W) = %
EW) = ( ! + ! zn:E(L )) (7.12)
BT i=1 ; '

From (7.12) it is clear that the expected waiting time can be decomposed

into the sum of n + 1 independent random variables: E(W) = E(W) +

Z E(Wy,). where E(W) is the expected waiting time of a customer in
i=1

the M/M/1 queue and Z E(Ly,) is the additional waiting time due to
i=1
n types of vacations.



Chapter 8

On an M/G/1 queue with
vacation in random

environment

Introduction

In chapters 6 and 7 the service time and vacation time are assumed to
follow exponential distribution. In this chapter we consider a single server
queueing system with general service time distribution. Normal vacation
and working vacation are also considered where both the vacations follow
general distribution. The important features of the model discussed in

this chapter are

Some results of this chapter are included in the following Manuscript.
A.Krishnamoorthy, Jaya.S, B.Lakshmy. : On an M/G/1 queue with vacation in ran-
dom environment, (Communicated).

137
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e The server goes for vacation only when the queue becomes empty.

i.e. the exhaustive service discipline has been applied.

e Both normal vacation(type I vacation) and multiple working vaca-

tion (type II vacation) are considered.

e During normal vacation, if a customer arrives, service is not provided
until completion of vacation whereas while in working vacation ser-

vice is provided at a slower rate.

e At the end of a busy period, depending on the environment, the

server opts for normal vacation or working vacation.

e On completion of type I vacation, if the server finds the system

empty he goes for type II vacation.

e On completion of type Il vacation if the server finds the system

empty he goes for another type II vacation.

e On completion of service in type II vacation, if the server finds one
or more customers in queue he returns to normal service interrupting

the vacation.

e A customer arriving during type I vacation, joins the queue with

probability ¢ or leaves the system with probability 1 — gq.

e A customer arriving during type II vacation, joins the queue with

probability 1.
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8.1 Model description

Consider an M/G/1 queue with Poisson arrival of rate A. Vacation to
server starts whenever the system turns empty at a service completion
epoch. There are two types of vacations. Depending on the environment
the server goes either for type I vacation with probability p; or for type
IT vacation with probability ps such that p; + po = 1. During type I
vacation the arriving customer joins the queue with probability ¢ or leaves
the system with probability 1 — ¢. On completion of type I vacation if
the server finds the system empty, he goes for type II vacation. Type II
vacation is a working vacation in which a customer on arrival is served
at a lower rate if the server is idle during vacation. On completion of
type II vacation if the server finds the system empty it again goes for type
IT vacation. On completion of service in working vacation if the server
finds one or more customers in the system it shifts to normal service,
interrupting the vacation. Otherwise the server continues the vacation. If
the vacation is completed before service completion the service is restarted

at normal rate.

The duration of vacations and services follow mutually independent
general distributions. The distribution functions that we bring in here

and the corresponding density functions are as defined below: Further

Table 8.1:

Operation Distribution function | PDF | LST | Mean
Normal service S(t) s(t) | S*(s) | 1/u
Vacation service Sy () Su(t) | SE(s) | 1/
type I vacation Va(t) vi(t) | Vi*(s) | 1/m
type II vacation Va(t) va(t) | V55 (s) | 1/
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Figure 8.1: Model description

define: N(t) - Number of customers in the system;

C'(t) - Status of server;

S'(t) - Elapsed service time of the customer in normal service mode at

time ¢;

S. (t) - Elapsed service time in working vacation;

V] (t) - Elapsed vacation time duration of type I vacation;

V, (t) - Elapsed vacation time duration of type II vacation.
0, if server is busy with normal service;

C(t) = q 1, if the server is in type I vacation; Now let P, o(x,t)dx =
2, if the server is in type II vacation;

P{N(t)=n,C(t) =0,z < 5'(t) <z +dzx},

fort >0,z >0,n>1

Poi(x,t)de = P{N(t) =n,C(t) =1, < V/(t) < v + dz},

fort > 0,2 > 0,n >0, Pya(x,y,t)dedy = P{N(t) =n,C(t) =2, < Vj(t) < x + dx,

y < Si(t)<y+dy}, fort >0,2 >0,y >0,n>0

Let p(x), uy(x),v1(x), and ~,(z) be the conditional completion rates of
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normal service, vacation service, type I vacation and type II vacation re-

spectively. Then u(x)dr = %, o (x)dz = 1{5558) ,m(x)de = 1{‘/‘1/1("(’2) Y2 (z)dr =
dVa(z)

—Va(z)"

ano((:v)) = limy o Pro(z,t), Pyi(x) = limy_,o0 P1(x, 1),

Poo(x,y) = limyyoo Pro(x,y,t)

Figure.8.1 provides a pictorial representation of the system evolution.
Define a;, = fo , _MdS by = fo q’\x) q’\‘”dV( ),

= Jy fo k' ﬂde?( )dS,,( ) and dj, = fo fo e e*’\dev(y)dVQ(x)
where ay, by, ¢, and d; are the probability for k arrivals during normal

service, type I vacation, type II vacation and vacation service respectively.
The corresponding probability generating functions are

A(z) = S*(AM1 = 2)), B(z) = V' (¢gA(1 = 2)),

O(2) = % 07928, (x)dVa(a) and D(z) = [i% 0=V (2)dS, (y).

8.2 Stability of the system

Theorem : The inequality p = % < 1 is necessary and sufficient condition
for the system to be stable.

Proof: Let t, be the departure time of n*" customer from the system af-
ter service completion or at the end of a vacation. X,, be the number of
customers in the system just after the n'® departure, or just at the end of

a vacation.
Xy —1+M,, forX,>1
Xn+1 -

M,, for X,, =0
where M,, 1 is the number of arrivals during the service of a customer

or during vacation. The arrivals are independent. Then {X,,n > 1} is a
Markov chain with state space Z*U{0}. This Markov chain is irreducible
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and aperiodic. Now we have to prove the positive recurrence. For that we
use Foster’s Criterion.

Foster’s Criterion (see Pakes [40]): An irreducible and aperiodic Markov
chain is positive recurrent if there exists a non negative function f(7)
i € ZTU{0} and € > 0 such that the mean drift ¢(i) = E[f(X,, + 1) —
f(X,)/ X, = 1] is finite for all i € ZT U {0} and ¢ (i) < —e Vi except for a
finite number. Here let us consider f(s) =s, s € ZT U {0}

Then the mean drift when ¢ > 0 is given by

(i) = Blf(Xn+1) = f(Xn)/Xn = i) = 25201+ 5 — 1 —i)ay

=> (j—Da;=(p—1).

=0
When i = 0, (i) = p1p1 + p2(p2 + p') where p = ﬁ;ﬂl = ?y—?,m = %70/ =
A

g)bbviously (i) < —e¢, except for i = 0, which is the sufficient condition
for ergodicity. The necessary condition follows from Kaplan’s condition
which states that ¢ (i) < oo Vi € Z U {0} and there exists j € ZT U {0}
such that () > 0 for i > j.

8.3 Steady state distribution

In the long run when the system stabilizes, let we get the following system

of equations satisfied by the probabilities of the system state.

dPn,O (.%’)

P —(p(z) + XN)Poo(z) + AP,—10(x)(1 — 1), n > 1. (8.1)
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dPnJ (Zﬂ)
dx

= —(’yl(l’) + q)\)PnJ(x) + q)‘Pnfl,l<x)>n > L. (82)

0P, 2(x,y)
ox
aPn,Q ($, y)
dy

The steady state boundary conditions at z = 0 and y = 0 are

- _('72(1')+)‘)Pn,2(x7y)+)\Pn—1,2($ay)(1_6ln)an Z 1. (83)

= —(po(y) +N) Pop(2,y) + AP 2(x, y) (1 —015),n > 1. (8.4)

Poo(0) = / " (@) (@)de + / " Papole)ula)da

+ /OOO Poiia(z,y)pe(y)dy + /OOO Ppa(w,y)ye(z)dz,n > 1. (8.5)
PQJ(O) =P /OOO Pl()(l’)ﬂ(l')dl' (86)

Po(0) = po /0 " Pro(e)u(z)de + /0 T Pl m@dr.  (87)
PLQ(I, 0) == APO’Q(.T) (88)

To solve the system of equations (8.1) — (8.4) , define the following prob-
ability generating functions (for |z| < 1):

Py(w,2) = Y02 Poo(2)2", Pi(w,2) = Y02 Paa(2)2", Pa(w,y,2) =
> onet Pualz, y)2"

Multiplying equations (8.1) — (8.4) byz" and summing over n we get

MLE) _ 1= 2) 4 ()| Poe. ) (8.9)
MEE) a1 -2+ n(@) P 2) (8.10)
OPy(r,y,2) _ M1 = 2) + (@) Pa(z, y, 2) (8.11)

ox
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8P2('T7y72)
Ay

Solving (8.9) and (8.10) we get

= —[A(l—z)+uv(y)]P2(x,y, Z) (812)

Py(x,2) = Py(0, 2)(1 — S(z))e 2122, (8.13)
Pi(z,z) = P(0,2)(1 = Vi(x))e 9% = Py (0)(1 — Vy(z))e 27,
(8.14)
Solving (8.11) and (8.12) we obtain
Py(x,y,2) = Po2(0)(1 = Va(2))(1 = Sy (y))e 172+, (8.15)
Now
" (\z)r—ie
Poo() = 3 Pio(0) o L S@) (8.16)
Poa(x) = Py (0) <W>7:€_q - Wi@). (8.17)
n—le—)\y
Pralan) = RS- Sl - V). (818)
Solving (8.6) and (8.7) using (8.16) we get
Po.1(0) = p1P1o(0)S™(N) (8.19)
Fo2(0) = [p2 + 1V (M)]Pro(0)57(A) (8.20)

Using the boundary condition we can write PA = P
where P = (P071<O), P()’Q(O), PLQ(O), P270(0), .. ) and



8.3. Steady state distribution

145

i 0 bo bl b2 b3 |
0 Co+d0 Cl+d1 Cg+d2 63+d3
Piao  P2ao a1 a2 as
Qg a1 a2
A =
ag ay
Qo

It is clear that the matrix A is irreducible. It is stochastic since -, by =
B(l) = 1, ZZO:O Cr + dk = C(l) + D(l) =1 and 22021 ap + (p1 +p2)a0 =

A1) = 1.

Now we have to prove that A is positive recurrent when p < 1. A is

positive recurrent when >~ | kaj, < 1, and this condition is satisfied when

p <1

From the matrix A,
Fy,1(0) = Py o(0)prag.

PO’Q(O) = P()J(O)bo + PO,Q(O) (C(] -+ d()) + PL()(O)])QCL().

j
Pio(0) = Po1(0)b; + Po2(0)(cj +d;) + > Piy10(0)a;s.

1=0

From (8.23),

P(](O,Z)IZ Z—A(Z)

[Po1(0)(B(2) = 1) + Roa(0)(C(2) + D(2) — ]

(8.21)

(8.22)

(8.23)

(8.24)
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From (8.13),
B B 1—=5*(\1-2))
From (8.14),
_ ey L= Vi(gA(d — 2))

Pi(z) = p1P1o(0)S™(A) (M1 —2)) (8.26)
From (8.15),

Py(2) = [p2 + pi Vi ()] Pro(0) 5™ (M) (=), (8.27)
where Q(z) = [° [ (1 7))(1 — Sy (y))e =20 dxdy.

Let, P(z ) = Py(z) + Pl( ) + PQ( ) be the PGF of the stationary queue

size distribution irrespective of the server’s state.

Then,
P(2) = Po(0, 2) 52552 + 1 Pro(0) (V) R+
[p2 + 1 ViF(A)] P1o(0)S*(A)Q(2). Using the condition P(1)=1, we get

Poo(0) = [(Rertlrni@nrte) 1oy, 4,V (M)0(1)) 5°(V)
The expected queue length F(L) = P'(z)|z =1
= 3(2F5(0,1)S*(0) + APy (0, 1) (0) — Fy (0, 1)S(0))+

INPo,1(0)V5(0) + Poa(0)2(1)

8.4 Waiting time Analysis

To find the waiting time of a customer who joins for service at time ¢, we
have to consider different possibilities depending on the status of server

at that time . The server may be in general busy period, vacation I or in



8.4. Waiting time Analysis 147

vacation II. Let W(t) be the waiting time of a customer who arrives at
time ¢ and W*(s) be the corresponding LST.

Casel. The customer arrives to the system when the number of customers
is 0 and the server is in vacation. It may be either in vacation I or vacation
IT. If it is in vacation II the customer starts getting service immediately

and the waiting time is zero. Let W, (s) be the corresponding LST. Then
Wiy(s) = 1.

If the server is on vacation I, the customer has to wait till the completion
of vacation. Let x be the elapsed vacation time until the arrival of the
customer and W (s) be the LST of the waiting time of the customer who

arrives when the system is empty and the server in vacation I. Then

e _ d[/l(l"i‘t)
* o st
”‘“(5)_/0 TV

Case 2. The waiting time of the customer who arrives to the system
when there are n customers in the system and the server is providing
normal service to customer is the sum of the remaining service time of the
customer in service and the service time of the remaining n — 1 customers.
Let  be the elapsed service time of the customer in service and W ,(s)
be the LST of the waiting time of the customer who arrives to the system
when there are n customers and the server is busy. Then

W;O(S) _ S*(n—l)(s) /(;OO e~ st CiS_(l‘S—i(—xt))

Case 3. The waiting time of the customer who arrives to the system when

there are n customers in the system and the server is is in vacation I is the
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sum of the remaining vacation time and the service time of the remaining
n customers. Let x be the elapsed vacation time and W,y ,(s) be the LST
of the waiting time of the customer who arrives to the system when there

are n customers and the server is in vacation I. Then

= 1(5) = 570 (s) /OOO %

Case 4. The waiting time of the customer who arrives to the system
when there are n customers in the system and the server is in vacation
IT is the sum of the remaining vacation time and the service time of the
remaining n customers, if the vacation completes before the service given
while in vacation. If the service is completed before vacation completion
then the waiting time is the sum of the remaining vacation service time
and the service time of the remaining n — 1 customers. Let x be the
elapsed vacation time, y be the elapsed vacation service time and W ,(s)
be the LST of the waiting time when vacation is completed before service
and W;'2(s) be the LST of the waiting time of the customer when service
is completed before vacation of the customer who arrives to the system

when there are n customers and the server is on vacation II. Then

,:72(8) _ S*(n)(s) /000 e—st C;llvi("%/:(_xg) )

* (S) _ S*(n—l)(s)/ 6—stdsv(y+t)'
0

" 1 —Sy(y)
s 4 dVi(x+1t) /oo
* — P d St— P O d
W*(s) Pl/o 0.1(7) 33/0 v T 02(7,0)dx

= _ o o dS(x+1t)
*(n—1) st
—|—;S (s)/o Pnﬁo(x)dx/o Ty () +
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8.5 Numerical results

In this section we provide some numerical examples for this model. As-
sume normal service time is exponentially distributed with parameter pu,
vacation service time is exponentially distributed with parameter pu,,, du-
ration of type I vacation is exponentially distributed with parameter v,

and that of type II vacation is exponentially distributed with parameter

Y2-

The conclusion drawn below are purely based on input parameters.

The variation in queue length due to the variation in

vacation service rate and arrival rate

Let u=>5,v=04,v%=0.3,p; =07 py=0.3 ¢ =0.5. Fig 8.2 and Fig
8.3 represent the variation in queue length due to the variation in vacation
service rate and arrival rate when p; = 0.7, po = 0.3 and p; = 0.3, p, = 0.7,
respectively. As the value of vacation service rate increases the expected

queue length decreases and as the arrival rate increases the queue length
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also increases which are on expected lines. From Figure 8.2 we not that
when the probability of opting for type I vacation decreases the expected

queue length decreases.

11

b e * =2y
10 .

O N4

E(L)
(2]

Figure 8.2: The variation in queue length due to the variation in vacation
service rate and arrival rate p; = 0.7, p, = 0.3

The variation in queue length due to the variation in

vacation service rate and duration of vacation

Let A =4, v = 0.05, p = 0.3, po = 0.7. Fig 8.4 and Fig 8.5 represent
the variation in queue length due to the variation in vacation service rate
and vacation duration when ¢ = 0.5 and ¢ = 0.2 respectively. As the
duration of vacation decreases the queue length decreases. This is due to
the early return of server from vacation. When the server returns early
from vacation the customer starts getting service earlier and the length of

the queue reduces. When the probability of a customer joining the queue
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Figure 8.3: Expected queue length F(L) against vacation service rate i,

during vacation I reduces the queue length also decreases which are on

expected lines.
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E(L)

Figure 8.4: Expected queue length F(L) against vacation service rate i,

qg=0.5

Figure 8.5: Expected queue length F(L) against vacation service rate p,,,

qg=0.2



Conclusion

Concluding remarks and suggestions for fur-
ther study

In this thesis we have introduced and studied the notion of environment
dependent server interruption and server vacation in queueing systems.
Both random environment and Markovian environment are considered.
Queueing systems with customer and server induced interruption have
been extensively discussed in literature. In all cases the interruption is
induced by some factors. These factors are called environmental factors.
Sometimes these factors are interrelated. In this work we study different
queueing models with environment dependent interruption and vacation.
In the second chapter we analyzed a queueing model with interruption
due to a finite number of environmental factors in which the interruption
remains unidentified until a random amount of time elapses. The interrup-
tion is controlled by two clocks. In chapter 3 all the assumptions are same
as in the second chapter except the interruption is inducing environmental
factors are the states of a Markovian chain. In chapter 4 we have studied
a queueing model with partially ignored interruption in Markovian envi-
ronment. We introduced two clocks in the model to determine whether
to resume or restart the service. Then we proceeded to a queueing model
with totally ignored interruption (Chapter 5). We introduced the notion

of self correction in this chapter.

Chapter 6 - chapter 8 discuss queueing models with environment de-
pendent vacation. In chapter 6 we considered a queueing model with n+1
types of environment dependent vacations. The vacations are taken at the
end of a nonzero busy period. We derived a formula to calculate the ex-

pected queue length and expected waiting time. In the 7" chapter we



obtained stochastic decomposition of expected queue length and expected
waiting time of an M/M/1 queue with environment dependent working
vacation. In the last chapter (chapter 8) we considered an M/G/1 queue
with two types of vacation - normal vacation and working vacation. The
type of vacation the server selects after service, is based on the environ-
ment. Since the models are not analytically tractable, a large number of
numerical illustrations were given in each chapter to illustrate the working

of the systems.

Extensions of the work reported in the thesis to the case of arbitrary
distribution especially those in chapters 2-7 is being taken up. As a first
step we replace exponential distribution by phase type distribution for

service and vacation and go for Markovian arrival process.
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