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Chapter 1 

Introduction 

1.1 Topological fluid mechanics 

The use of topological ideas in fluid mechanics and physics in general dates back 

to the very origin of topology as an independent science in the days of Karl Gauss [48], 

Johan Benedit Listing et.al[91J. But later developments using differential and integral 

calculus dominated leaving behilld the topological approach. 

Ordered or disordered vortical motion in nature, such as a tornado or a 

whirlpool, has long attracted attention in fluid dynamics. The physical quantity asso

ciated with vortical motion in a flow domain is the vorticity field which has provided a 

powerful qualitative description for many of the important phenomena of fluid mechan

ics. The formation and separation of boundary layers have been described in terms of 

production, convection and diffusion of vorticity. In turbulent flows the dissipation of 

energy at a rate independent of viscosity is explained by the amplification of vorticity 

by the stretching of vortex lines. The lift OIl all air wing is explained by the bound 

vorticity and trailing vortex structure. The concept of coherent structures in turbulent 

shear flows has led to the picture of such flows as a superposition of organized deter

ministic vortices whose evolution and interaction is the turbulence. 
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The non-linearity of the equation of vortex motion has made quantitative 

use of the concept difficult for the great scientist who founded and developed the sub

ject. In the words of Truesdell [172], "vorticity generates those beautiful, intricate and 

perplexing phenomena which make the challenge of the theory of the motion of fluids, 

perfect or viscous, of more complicated in their dynamical response - a challenge for 

the most part declined by classical hydrodynamics - and that analysis of the basic 

kinematical properties of vorticity initiates a frontal attack upon the citadel of the 

non-linear convective acceleration". Ttusedell's work, though published 50 years back, 

points out to many hitherto unsolved problems of the kinematics of vorticity. 

The earlier concept of vorticity can be traced back at least to Leonardo da 

Vinchi and Descartes, though the first treatment of vorticity occurs in the work of 

d'Alembert and Euler; Langrange and Cauchy were the first to introduce single letters 

to stand for vorticity components. The kinematical significallce of vorticity was recog

nized only whell Mac-Cullagh and Cauchy proved that the componellts of the curl of 

the velocity vector satisfy the vectorial law of transformation. 

The mathematical understanding of vortex motions begins with the renowned 

work of Helmholtz [59]. The name 'vorticity' was introduced by Lamb [81]. The origi

nal physical problem that motivated Helmholtz's great study was the non-linear study 

of motion of an ideal incompressible fluid governed by Euler's equation. He found 

interesting invariant properties of a dual analytic and topological nature for vorticity 

vector. The purely mathematical aspects of Helmholtz's ideas have been developed 

into the modern Hodge-Kodaira decomposition theorem for differential form on Rie

mannian manifolds [12]. 
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The credit for the creation and unification of the discipline of vorticity tram,-

port goes to Truesdell [172]. The great significance of vorticity is aptly and beautifully 

recorded in [172], in the following words "before our eyes opens forth now the splendid 

prospect of three-dimensional kinematics, the mother tongue for man's perception of 

the changing world about him. It's peculiar and characteristic glory is the vorticity 

vector 0, for whose existence it is both requisite and sufficient that the number of 

dimensions be three." 

It is not easy to measure the vorticity directly nor to analyze the three 

dimensional data of a flow field. In most experiments a passive scalar such as a dye 

or smoke ring has been used as a tracer of vortex tubes, but special care should be 

taken in interpreting these results because the evolution of a passive scalar e is quite 

different from that of vorticity field. 

D~ (.J) ~ _ 2~ 

Dt = ( w . \7) u + v \7 w. (1.1 ) 

There is only diffusion term in the evolution eqnation of e where as in the vortic-

ity equation there is a term of stret.ching along the velocity field 17. The vorticity is 

stretched or weakened in the direction of eigcn vector of the operator (.: \7)11. The 

velocity field only advects the passive scalar field, on the otherhand. There have been 

many numerical simulations published so far for vortex interaction. But for under-

standing the fundamental mechanism of vortex interactioIl it is better to illvestigate 

the simplest. situation that st.ill retain some essential mechanism. Among others the 

interaction of two vortex tubes, either straight. or curved (Pumir and Kerr [134]' Me

land er and Zabusky [100], Melander and Hussain [99, 101, 102] ,Zabusky and Melander 

[177], Meiron et.al [98], Zabusky et.al [178], Boratev et.al [14], Shelly et.al [152]) and 

two vortex rings (Ashurst and ~leiron [5],Kida et.al [75]) have been extensively stud

ied. With relation to helicity dynamics, the time evolution of the trefoiled vortex tubes 
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(Kida and Takaoka [74, 76]) and the interaction of two elliptical vortex rings (Aref and 

Zawadzki [2]) have also been simulated. Computer simulation is of great advantage 

that the visualization of a complicated three-dimensional flow field can be relatively 

easily obtained. Two iso-surfaces of vorticity of magnitude lwl have often been used 

for visualization of vortical structure and for discussion of reconnection. Low- pressure 

region (Douady et.al [35]) and high strain region (Tanaka and Kida [161]) also charac

terize vortical structure. 

Understanding the dynamics and mutual interaction among various types 

of vortical motion including vortex reconnection is a key ingredient in classifying and 

controlling fluid motion. The first analytical work on vortex reconnection goes back to 

the study of sinusoidal instability in a pair of counter rotating vortex tubes shed from 

the wings of an airplane (Crow [29]). The systematic study of vortex reconnection 

was initiated by observations and laboratory experiments of highly ordered vortical 

motions. Special and constant attentions have been paid to the topological structure 

of high vorticity concentrated region. One of the simplest and most fundamental ex

periments on vortex reconnection is the interaction of two colliding circular rings (Fohl 

and Thrner [40], Oshima and Asaka [124]. Oshima and Izutsu [125]). The motion of 

an elliptic vortex ring was studied by Hussain and Hussain [60]. They found a bending 

motion, a self-collision and a reconnection in the case of larger ellipticity. 

Viscous effect is indispensable for vorticity reconnection to occur. Vortex 

reconnection in laboratory experiments is usually understood as a change in topology 

of a passive scalar, which behaves quite differently from vorticity field. In numerical 

simulation the reconnection is usually discussed for the iso-surfaces of vorticity magni

tude, which is composed of vortex lines. It is therefore necessary to distinguish three 

types of reconnections - scalar, vortex and vorticity - scalar and vortex reconnection 
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will respectively be referred to when the topology of iso-surfaces of passive scalar and 

of vorticity magnitude has changed, whereas vorticity reconnection apply when the 

topology of vorticity lines has changed [76]. 

According to Saffman [150] a vortex is a compact region of vorticity surrounded 

by irrotational fluid. Vortex dynamics then refers to the motion of such vortices under 

the influence of other vortices and (or) their own self induced velocity and possible 

external irrotational strain. Because the flow is entirely determined by the distribution 

of vorticity the evolution of a turbulent velocity distribution is a problem of vortex 

dynamics. 

The general theme of vortex dynamics in turbulence may be expressed in 

the hypothesis that certain ranges of the broad spectrum of turbulence scales can be 

described as comprising ensembles of more or less coherent laminar vortex structures 

that either evolve internally or interact dynamically. The discovery by Batchelor and 

Townsend [8] and prediction by Landau, of intermittency in high Reynolds number, 

turbulent flow has led to extensive research in to the existence of "organized eddy 

structure" or "coherent structure" (Townsend[169]). One important issue is the shape 

or geometry of coherent eddies. Two principal candidates are tubes and sheets of vor

ticity. The work of Kuo and Corrsin [80] presented convincing evidence that the fine 

scale structure was more likely to consist of tubes than other possibilities. In addition 

to the fine scale tubular structures, the experiments of Brown and Roshko [17] demon

strated existence of a large-scale tube like structures in turbulent mixing layers. Ideas 

of this kind suggested simple and heuristic physical models of both the fine scale and 

the large-scale characteristics of the flow. 

Saffman[148] developed a heuristic vortex sheet model and made prcdic-
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tion about the way in which flatness and skewness factors of arbitrary order depends 

on the Reynolds number. In a pioneering paper Synge and Lin [154] examined the 

consequences of assuming that isotropic turbulence could be modeled as a random su

perposition of Hill's spherical vortices. Hill's spherical vortex is a sphere containing 

vorticity in which the vortex lines are circles about the direction of propagation and 

the magnitude of vorticity is proportional to the radius of the circle. Tube like struc

tures have been reported in many numerical simulations (Kerr[69, 70], Ashurst et.al 

[6], Vincent and Meneguzzi[175], Jimenez et.al[62] and Porter [131]). In these papers 

the term tube appears to mean a locally compact nearly axi-symmetric distribution 

of vorticity. The most recognizable tubes seem to constitute a region of the most in

tense vorticity. But it is not known what proportion of the total vorticity lies either 

within tube like structures or within the dominant velocity field of identifiable tubes. 

Townsend [167] used random ensembles ofaxi-symmetric and plane Burger's vortices 

to calculate velocity spectra in the dissipation range for isotropic turbulence. 

There have been attempts to construct vortex based kinematical models 

based on more extended vorticity structures. Chorin [21, 22, 23] has developed a vor

tex lattice model of the inertial range scales. The vortex structure is represented by 

lines composed of contiguous elements, each positioned on the orthogonal generators 

of a three dimensional rectangular lattice. There may be several such vortices on the 

lattice, each with constant circulation, and these are not allowed to intersect. Energy 

functional is defined as that models in a discrete way the encrgy of continuous vor

ticity distribution. In this sense the model has kinematics contcnt. Vortex folding is 

observed in numerical simulation. The energy spectrum is obtained by first estimating 

the Hausdorff dimension of the lattice vortex structure, followed by the use of scaling 

and dimensional arguments. Another simple kinematic model of turbulence is provided 

by the fields induced by a distribution of large number of discrete vortex elements. Ivlin 
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et.al [103J discuss the probability density function for the velocity and the velocity dif

ference for singular and blob-like vortex elements in two and three dimensions. 

A vortex-based description of energy containing scales, in real turbulent 

flow should introduce inhomogenity and account for the boundary condition that cre

ates vorticity. Townsend's 'attached eddy' hypothesis [169] for the turbulent boundary 

layer has been developed in a quantitative way by Perry and Chong [127] and Perry 

and Marasic [128]. They suppose that the region of a turbulent boundary layer is com

posed of slender vortex rods with a A -like shape. The significance of the work lies in 

the attempt to construct quantitative vortex morphology of a classical turbulent flow 

namely the highly non-homogenous, constant pressure gradient turbulent boundary 

layer. 

The possibility that the dynamics of vortex filament could help to understand 

the large-scale properties of non homogenous turbulent flows was examined by Robbin

son and Saffman [147]. They examined the stability of three classical steady vortex 

configuration of filaments to three -dimensional disturbances in an incompressible in

viscid fluid in the limit of small vortex cross sectional area and long axial disturbance 

wavelength. The motion of the filament is then given by the Moore and Saffman cut off 

approximation to the Biot-Savart law [119]. Leonard [86] also describes calculation of 

fine interacting vortex filaments, each of finite core radius. The evolution of filaments 

was calculated by a vortex numerical method. Follow up calculations using a similar 

method and various initial geometries of vortex rings were done by Kiya and Ishii [77]. 

Approximate solution to the unsteady Navier-Stokes equations have been known 

since the 1930's and have found application to the structure of the starting vortex by 

Saffman [150] and the laminar trailing vortex by rvloore and Saffman [119]. Lundgren 
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[94] adapted this structure to model the fine scale turbulence, replacing the steady 

Burger's vortices in the Townsend's ensemble by unsteady stretched spiral vortices. 

The dual properties of axial straining combined with a non axi-symmetric vorticity 

structure give the model a rich predictive capability. The presence ofaxi-symmtric 

strain that exponentially stretches vortex lines is a crucial model ingredient. 

A challenging and still open question is the problem of the finite time singular

ity for unsteady solution of the Euler equation. This is the problem of vortex dynamics 

for the case in which the initial vorticity distribution consists of a number of vortices 

Of, in particular, a vortex filament. A paper of Battacharjee et.al [13J demonstrates 

the existence of a singularity. A second open question in the significance for turbulence 

theory is that of existence of a finite time singularity. In [13J he also claim to have 

established a connection by showing that the presence of spiral structure in the initial 

conditions leads naturally to the L undgren spiral vortex model[94J. An alternative ap

proach has been presented by Constant in et.al in [28J. This work appears to consider 

constraints imposed on a turbulent velocity field by the requirement that a singularity 

does not occur. 

Apart from these studies using differential and integral calculus, recent years 

have witnessed renewed interest in topological studies in fluid flows. This has resulted 

in the birth of a new branch of research called Topological Fluid Mechanics. 

In fact Herman Helrnholtz's paper [59] on vortex motion made it possible to ap

ply topological ideas to Fluid l'vlechanics. Impressed by Helmholtz's work on vorticity 

Lord Kelvin [67, 68] believed in the eternal existence of vortex atoms as fundamental 

constituents of nature. In his theory atoms are thought to be tiny vortex filaments 

in the fluid ether. The different chemical compounds are given birth by topological 
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combinations of linked and knotted vortices. His work was seminal in the development 

of topological approach to fluid flow analysis. The work of J.J.Thomson [164] on vor

tex links and studies of fluid flows are notable. Lichtenstein [90] dedicated two of the 

eleven chapters in his book on hydrodynamics to topological ideas. But the difficulty of 

an immediate application limited, for many years, the use of these concepts. In recent 

years the application of new research from topology and knot theory and greater access 

to the direct numerical simulation of fluid ftmvs have led to new developments in the 

qualitative study of fluid mechanics. According to H.K. Moffatt [109, 111] "topologi

cal, rather than analytical techniques and language provide the natural frame work for 

many aspects of fluid mechanical research that are now attracting intensive study." 

In an ideal fluid there are no dissipating effects. Therefore fluid structures 

will not diffuse or die out. It is known from the studies of Helmholtz and Kelvin that 

vortex line topology is frozen in the case of ideal fluids. But structures of these lines 

in continuous motion can be distorted by the background flow. Thus if vortex lines or 

tubes are initially knotted or linked, they may evolve or deform but preserve the type 

of knot or link. It follows that topological properties of ideal fluids are flow invariant 

and physical information expressed in pure topological terms is bound to be conserved 

during flows. Based on topological interpretation of a new fluid invariant known as 

'helicity' Moffatt established new fundamental connection between ideal fluid mechan

ics and topology. Here helicity is a measure of the knottedness of vortex lines or tubes 

[1041· 

The study of knots and links is a part of topology. Thus it has developed, 

independent of physics or fluid mechanics, as a branch of geometry that deals with 

flexible and deformable spaces. Thus knot theory is the study of embedding of circles 

in spaces, independent of materials forming the circles. In the context of fluid mechan-
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ics this circle is made of vortex line~. 

It w~ Listing, a student of C.F.Causs, who first undertook research on knots. 

In honour of his accomplishment the knot, at present known ~ 'Figure 8 knot' was 

originally called' Listing knot'. But it w~ the American mathematician J. W .Alexander 

[1] who pointed out the importance of knot theory in the study of three dimensional 

topology. The polynomial invariant known as 'Alexander polynomial' bears testimony 

to this. H.Seifert further developed the work. 

After Second World War, research on knot theory prog(esseci at a pace in the 

United States and Japan. In the 1970's it was shown that knot theory is connected to 

Algebraic number theory by way of solution of Smith's Conjecture concerning periodic 

mappings. After the epoch making discovery of the invariant associated with Jone's 

polynomial at the beginning of 1980's knot theory moved from the pure mathematics' 

realm of topology to mathematical physics. It is seen that knot theory is closely related 

to solvable models of statistical mechanics. It has found applications in divorce fields 

like Mathematical biology and Chemistry in M urasugi [79]. For example, in Biology, 

certain types of DNA molecules are seen to take the form of some wellknown knots [63]. 

Relationship between topology and dynamics of fluid structures have been 

investigated from the late 1980's. In ideal conditions, ie, in the absence of dissipativc 

effects, all topological properties and physical quantities are conserved. These form a 

set of scalar and vector invariants that guide the evolution of the system towards ho

motopy solution whose existence is guaranteed by the diffeomorphisms associated with 

the flow maps. Changes in the topology of the system occur only if the singularities, 

bifurcation and dissipative effects present. In a model of a real flow these dissipative 

effects are not completely negligible. Thus results obtained by the techniques of ideal 
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topological fluid mechanics are in fact preliminary to the real flows. 

1.2 Knots 

A mathematical knot is a closed curve in 3-dimensional space that does not self 

intersect and has no thickness. 

Here we are not going to the details of knot theory. What are relevant to our 

study only are considered. 

Definition 1. A knot Kin R3 is a subset of points homeomorphic to a circle. 

The simplest example is a circle itself, which is called a trivial knot. We 

know that the above definition says nothing about how the points should be arranged 

in space. Two possible ways are a polygon and a smooth curve. 

Like knots in a string we want mathematical knots to be flexible. i.e., a 

mechanism by which a thread can be deformed into different positions. A mere ho

motopy is of no use for deforming knots because it allows the curve to pass through 

itself, thus making all knots homotopic to the trivial knot. Though isotopy, i.e., a 

one-one homotopy, avoids this problem of curve passing through itself, all knots are 

again isotopic to the trivial knot. Because a mathematical knot has no thickness, we 

can reduce it until it became a point and disappear. Such a continuous transformation 

is called Batchelor's unknotting. This problem can be overcomed by a minor modifi

cation so that the space containing the knot moves continuously along with the knot. 

One-way to visualize this is to imagine a knot to be embedded in a viscous syrup. Stir

ring syrup causes the knot to be moved. Mathematically it is called an ambient isotopy. 
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An ambient isotopy is an equivalence relation on knots. Two knots are equiv-

alent if one can be deformed into the other by an ambient isotopy. Each equivalence 

class is called a knot type. 

We will concentrate on knots that lie on the surface of a standard torus. These 

are called torus knots and are the simplest knots to describe parametrically. 

Taking a circle in the Y Z-plane of radius r, centered on the Y-axis at distance R+r 

from the origin, then rotating it about the Z-axis, can generate a torus. If we param-

eterize the circle by angle 8 E [O,27T], and the rotation by an angle 1> E [O,27T], we 

express the torus as 

Rotation 

cos </> - sin 1> 0 

sin </> cos cP 0 

001 

Circle 

o 

R + rcos8 

rsin8 

- sin 1>(R + r cos 8) 

cos 1>(R + r cos 8) 

rsin8 

The parameters rand R control the geometry of the torus; r is the radius of 

the hole. The angles form a co-ordinate system; any point on the torus can be labelled 

by a pair of the form (8,1». 

The above torus can be described as the cross product of two circles of radii 

Rand r, R > r. A parameterized curve on the torus is defined as 1> = 1>( t ), 8 = 8 (t). 

Definition 2. Winding number of a curve on the surface of a torus 1> = 1>(t), 8 = 8(t) 

. th b W- l' 8(t) 
lS e num er - t2.~ q,(t) 

This is the average number of wraps of the curve over small radius per unit 

wrap around the larger radius. The winding number exists and is unique if the curve is 

not self intersecting. This number is an invariant for the curve under any deformation 

without self-intersection. 
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Following [65] we define a torus knot as follows: 

Definition 3. A non-trivial tor'us knot T (p,q) is a closed non-self intersecting curve 

on the surface of a torus with winding number plq, (p > q > 1), where p and q are 

relatively prime. 

There are two distinguished curves on the torus: the meridian T(l,O) and 

the longitude T (0,1). Clearly these are trivial knots. An example of non-trivial knot 

is a 'trefoil knot' whose winding number is ~. This is a curve that wraps three times 

around the small radius of the torus for two wraps around the large radius of the torus. 

In general any knot constructed as a wrapping of a torus is called a torus knot. 

Figure 1. 1: Trefoil Knot 

1.3 Dynamics of line vortices 

In the past four decades the study of vortices and vortex motion has received 

continuing attention due to problems arising in physics, engineering and mathematics. 

It is said that vortices are the 'sinews and muscles' of fluid motion. The discovery of 

coherent structures in turbulence has kindled the hope that the study of vortices will 

lead to models and an understanding of turbulence - the greatest unsolved problem of 

classical physics. 

The governing equations of fluid dynamics in Eulerian approach resulted in 

an infinite dynamical system. But when we concentrate on vorticity, by the theorems 
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of Kelvin and Helmholtz, vortices in the case of inviscid liquids are confined to well

defined domains that results in coherent structures mentioned above. Given a flow with 

a given vorticity distribution, there is a well defined relation between velocity distribu

tion and vorticity. The advances in computation techniques and computer technology 

has made possible the solutions of problems of vortex motion which are not amenable 

to analytical methods. An added advantage in the recent years is remarkable advances 

in the experimental techniques. 

A special case is a flow field characterized by values of the magnitude of vortic

ity in the neighborhood of a certain line in the fluid much larger than that elsewhere. 

Tornados and whirlpool are examples from nature. A useful mathematical idealiza

tion is derived from such cases by supposing the line to be a vortex tube whose cross 

sectional area tends to zero, the strength remaining constant, say f. This gives a line 

singularity of the vorticity distribution, specified by the value of wand the position of 

the line. Such an idealized line is called a 'line vortex of strength f'. The generators 

of a vortex tube are vortex lines and hence by our definition the vorticity is tangential 

to the line vortex everywhere. 

Now to the ideal geometry of line vortex we add the dynamics of vortex 

tubes. Thus, as a limiting case of a vortex tube, line vortex moves through the fluid 

without change of strength. It can be seen that velocity distribution has singularities 

at points on the line vortex. There is a circulatory motion around any portion of the 

line vortex. But this circulatory motion can only rotate the infinitesimal cross section 

about its center and can not translate it. In addition to this, there is another weaker 

singularity of the velocity distribution associated with the local curvature of the line 

vortex. Thus the fluid in the neighborhoods of the line vortex has large velocity in 

the direction of the binormaL It is seen that an ideal curved line vortex in the mat he-
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matical sense move with infinite speed and also changes its shape with infinite speed [9]. 

The above facts point to the difficulty of considering line vortex as a geomet

ricalline in the limiting case of vanishingly small cross sectional area. Thus what we 

consider in our study is in fact vortex filaments of infinitesimal thickness so that the 

deformations and speed are finite. 

1.4 Localised induction concept 

The invention of high-speed computers has replaced the earlier laboratory exper

iI!lents by mathematical modeling and simulation. This is applicable to the study of 

the onset of turbulence in fluid flows. It was found that a curved vortex loop is formed 

in one way or another before the final breakdown to turbulence takes place. Thus the 

last stage of transition process hinges upon further developments of vortex loop. In the 

numerical study by Hama and Nutant [52] it was found that the self-induced velocity 

of a curved vortex filament is maximum in regions where the curvature of the vortex 

filament is maximum. 

Another problem is the generation of large-scale vortex structures in turbu

lent media. By large-scale structures we mean large-scale velocity fields, averaged over 

an ensemble of realizations of random flow, for which the spatial and temporal scales 

exceed considerably the respective scales of the back ground turbulence (Moiseev and. 

Sagdeev et.al [ll8]). It is known that turbulent convection in rotating volumes in at

mosphere is spiral and not mirror - symmetrical. Under the action of the Coriolis force, 

convection cells swirls around the vertical. The directions of the swirl of convection 

cells are opposite in the northern and southern hemispheres. 
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The velocity induced by a line vortex is given by Biot- Savart Law. But direct 

application of these in a numerical study presents problems of instability. To overcome 

these, the localized induction approximation (LIA) was first applied by Hama [53]. The 

method is to neglect the long distance induction, hence the name localized induction 

approximation. In a later paper by Hama [55] has briefly discussed the origin of the 

LIA. Arms and Hama [4] have studied the motion of an elliptic vortex ring using this 

method. Another later study is that by Betchov [137] on the curvature and torsion of 

an isolated vortex filament. He found that an isolated vortex filament starting from 

some random initial state may find statistical equilibrium between production and dis-

persion of regions of concentrated torsion. This points to the possibility that a mass 

of turbulent fluid can perhaps be considered as a system of entangled vortex filaments. 

The LIA is developed to study the behavior of a curved vortex filament in an 

inviscid incompressible fluid. The essential feature of this method is the approximation 

of the local motion of the filament by that of a thin circular vortex with the same 

curvature. The self -induced velocity at a point evaluated through the Biot-Savart 

integral is dominated by only neighboring segments in addition to a short cut -off 

introduced to avoid the logarithmic infinity present in the expression. The essence of 

the method is to retain the minimum of the details for the self -induced motion of a 

vortex filament. Thus a point on the filament is considered to be influenced only by 

the neighboring segments of length 2L and evolve according to 

ax r (L)-- = -log - KB at 41T (J , 
(1.2) 

where X = X(s, t) denotes a point on the filament as a function of arc-length 's' and 

time't'. Further, K is the curvature and B is the binormal vector. r is the circulation 

and (J the short-range cut off introduced to avoid the logarithmic singularity in the 

Biot -Savart Integral. Da-Rios [31] transformed this equation into a coupled system of 
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intrinsic equation for the curvature "" and torsion T. They are now known as Betchov 

Da-Rios equation as they were independently derived by Betchov also. Travelling wave 

solutions of these equations were sought by Da-Rios [31] and Levi-Civita [88]. Later 

Hasimoto [57] discovered that this coupled equations lead to a non-linear Schrodinger 

equation with the introduction of a complex variable with curvature as amplitude and 

torsion angle as phase. It is seen that this equation admits a solution describing a 

solitary wave propagating along a line vortex filament which induces various types of 

motion of the filament according to the value of the torsion. 

The reduction of LIA equations to non-linear Schrodinger (NLS) equation 

has lead to the possibility of using the rich theory of soli tons to the study of vortex 

filament motion. But as pointed out by Kida [72] it has limitations also. For example, 

it is possible only in principle and rather difficult in practice to determine the shape 

of the vortex filament from the solutions of NLS. Also the physical concepts such as 

the translational and rotational velocities of the vortex filament appear explicitly in 

the solutions of LIA equations. Thus it is interesting t.hat. Kida was able to obtain, by 

solving the LIA equation, a family of vortex filaments which move without change of 

form like soli tons. These solut.ions were expressed in terms of elliptic integrals of the 

first., second and third kinds. In general they represent the vortex filaments of infinite 

length and not closed ones. In some cases they take t.he form of torus knots also. 

In essence LIA is the study of geometry of line vortices. A line vortex has a 

geometric structure of its own and its curvature places a decisive role in its dynamics. 

Since the motion is related to local geometry it is described in terms of intrinsic prop

erties of a curve that do not depend on the choice of the co-ordinate system. 

We know that in the case of space curve there are three orthogonal unit vec-
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tors tangent i', normal iJ and binomIal E. These define Frenet trihedron at a point. 

Curvature ;;; and torsion T are the two intrinsic parameters that define the rotation 

of the Frenet tri-hedron. Therefore this determines the shape of a smooth curve. If 

the curvature and torsion are known functions of the arc-length parameter s the curve 

X = X(s, t) can be reconstructed at least in principle by integrating the Frenet-Serret 

equation 

(1.3) 

- -Bs = -TN. 

Since the arc length changes as the curve moves, the derivative with respect to 

t and s do not commute. In [65J another parameter x is used so the arc length s = Ax. 

As the curve moves in space its motion can be described by the equation: 

(1.4) 

Here the functions a and {3 are determined by the physics of the problem. 

Thus, in a purely geometrical study we have to consider the evolution equation for ;;;, 

T, A and;. From the Frenet-Serret equation we can obtain the evolution equations 

for K, T and A. Thus we get three evolution equations in four unknowns. Then the 

system of equations is closed by imposing a gauge condition. Most commonly used 

gauge conditions are the commoving gauge ;=0 and the isometric gauge A=1. In the 

latter case we have ;s = ;;;a[130J. 
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Motion along binormal preserves the local metric of the curve. Thus its 

motion is particularly simple and the comoving gauge is also isometric. Historically it 

was such motion that was first studied by directly solving the Frenet -Serret equation. 

The basic equation is given by 

(1.5) 

In fact, this is the equation derived by Da-Rios in [31]. 

We are not going to the details of the derivation of LIA. We shall point out 

some of the limitations inherent in the LIA. It is well known that the velocity of slender 

vortex filament depends on its core structure and is not defined in the limit of zero 

core size,m. Lamb[82]. Because of the filament stretching, the core structure variation 

is coupled with the velocity of the filament. But by Helmholtz theorem, the circulation 

along any closed curve around the filament is a constant. In fact, the circulation is 

equal to the surface integral of the vorticity on the cross section of the tube with surface 

having the closed curve as its boundary. In the ideal situation of a filament this section 

is shrinked to the corresponding point of the tube. Then the vorticity is identified by a 

6-vector measure in the direction of the tangent vector at a given point with modulus 

r, the strength of the tube. From this point of view it is natural to assume that the 

flow preserves the arc-length parameterization. This implies that if we start with a 

closed filament the total length will be preserved. This is highly unexpected when a 

vortex tube of positive cross section is considered. 

In the isometric case the partial derivatives with respect to t and s commute 

so that the partial differential equation (1.5) can be solved numerically in a straight 

forward way. But the assumption of isometry that makes complete integrability of the 

equation possible is destroyed by any big advection in the normal direction. Moreover 

the induction is usually non-local, making the local velocity dependent on the instanta-
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neous shape of the curve. An accumulated action of even weak, normal and/or nonlocal

advection causes the filament to shrink or stretch at a different location and typically

leads to highly convoluted or even singular shapes. Thus the advantages of compu

tational simplicity are all wiped out when non-local induction is important. Another

criticism of LIA is due to the structural instability of the locally induced binormal

motion, Pismen [129, 130]. Inspite of all these criticisms, LIA has been extensively

used due to its mathematical elegance.

Writhing number of knots is analogous to the helicity for vector fields [10, 61].

In fact it is the linking number of two disjoint closed space curves defined by Gauss

[48]. The concept of helicity was introduced by Woltjer [176] and was so named by

Moffatt [104] in the context of Fluid mechanics. Writhing number was introduced by

Ciilugiireanu [18, 19] though the name was introduced by Fuller [47]. It has applica

tions in molecular biology in the study of knotted duplex DNA and of the enzymes

that affect it, Jason Cantarella et.al [61]. There are several unavoidable problems in the

attempt to reconcile knot theory and fluid dynamics. The basic problem is that little

is known about the rigorous behaviour of fluid flows as evident from the fact that the

global existence of solutions to the Euler and Navier-Stoke's equations in 3-dimensional

case are unknown and perhaps not true.

1.5 About the thesis

In this thesis an attempt is made to study vortex knots based 011 the work of

Keener [65]. It is seen that certain mistakes have been crept in to the details of this

paper. We have chosen this study for an investigation as it is the first attempt to

study vortex knots. Other works had given attention to this. In chapter 2 we have

considered these corrections in detail. In chapter 3 we have tried a simple extension by
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introducing vorticity in the evolution of vortex knots. In chapter 4 we have introduced 

a stress tensor related to vorticity. Chapter 5 is the general conclusion. 

Knot theory is a branch of topology and has been developed as an independent 

branch of study. It has wide applications and vortex knot is one of them. As pointed 

out earlier, most of the studies in fluid dynamics exploits the analogy between vorticity 

and magnetic induction in the case of MHD. But vorticity is more general than mag

netic induction and so it is essential to discuss the special properties of vortex knots, 

independent of MHD flows. This is what is being done in this thesis. 



Chapter 2 

Keener's Analysis on Vortex Knots 

The dynamical behavior of closed vortex filaments is a complicated problem. The 

perturbation method introduced by Keener [65] gives new opening for dealing with 

this. Here a knotted curve is realized as bifurcating from a circular curve. The basic 

principle is that a circle is an unknot and other knots are obtained starting from a 

circle in the reverse order. For example a trefoil knot can be viewed as a curve on a 

torus with winding number 3/2. As the small radius of the torus is allowed to go to 

zero, the trefoil knot becomes a twisted multiple cover of a circle. Since a circle has 

constant curvature and zero torsion, bifurcation of a trefoil knot from a circle occurs 

if the deviation of the curvature from a constant and the torsion oscillate sinusoidally 

three times as the circle is traversed twice. 

In spite of interesting results, we find that there are some corrections needed 

in the equations and solutions of [65]. We are presenting the required corrections. 

22 



CHAPTER 2. KEENER '5 ANALYSIS 01'\[ VORTEX KNOTS 23 

2.1 Intrinsic Equations 

Following [65], we consider a curve R = R(x, t) in 3- dimensional space described 

in terms of its tangent, normal and bi-normal unit vectors T, N andB where x is a 

parameter and t time. The quantities it T, Nand B are related by the following 

Frenet-Serret equations (F-S equations). 

fix = AT, [Rx! = A, 

Tx = AN, 

Nx = A( -KT + 713), 

Bx = -TAN. 

(2.1 ) 

Here the parameter x is not the arc length. A is taken as independent of the parameter 

x and the length of the curve is A times the variation of the independent variable x 

so that the arc length co-ordinate for the curve is Ax. A is used to adjust the total 

length of the curve so that it remains closed. 

The motion of the curve in space is described by 

(2.2) 

-where Cl and j3 are the components of velocity Rt in the normal and bi-normal 

direct.ion respectively. The velocity component, in the direction of the tangent does 

not contribute to the change in shape. 

Keener studied the behavior of closed curves according to equation (2.2). A 

simple example is a circle that moves without change of shape in the direction normal 

to its plane with constant velocity (3 evaluated at K = KO and T = 0. In order to find 

other solutions, the equation (2.2) is reformulated so that the shape of solution curve 

is obtained without reference to a co-ordinate system. For this, the equation of motion 
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of curvature, torsion and the tangential velocity are derived which do not make any 
---. 

reference to the position vector R . 

Thus he obtained the equations 

(K:A)t = Vx - TUA, 

(TA)t = Zx + K:uA and 

Here u, v, and Z are defined by 

'U = !3x + etT, 

v = ~ + "(K - T/3 and 

K:Z = TV + 1~. 

(2.3) 

(2.4) 

Since the curve considered is closed, the position vector must be a periodic function 

of arc-length co-ordinates. This in tmn implies that the curvature and torsion should 

be periodic and 

p 

JfdX = 0, (2.5) 

o 

where P is the period of the solution and f is the tangent to the curve R. 

2.2 Simplified form of Frenet-Serret equations 

To show that equation (2.5) is satisfied, the evolution equation must be solved along 

with the F-S equations. Since T, fJ and B are unit vectors, Keener [65J expressed f 

and IV in spherical co-ordinates as 
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cos q) cos 8 cos W cos T/ 

f = cos cb sin 8 and N = cos 1/) sin 17 (2.6) 

sin cp sin'l,l; 

Here e, T/, cp and 'l,I; are such that angles e and T/ correspond to longitude and 

angles 8 and 1/J to latitude in a spherical co-ordinates system. Taking T/ - 8 = ~ + q 

the condition f· N = 0 gives the relation 

sin <b sin 'l,I; - cos <p cos 1/J sin q = O. (2.7) 

This expresses the angle T/ in terms of independent angular variables <P1 'l,I; and 8. 

Then the Frenet-Serret equations can be expressed as three equations in terms of the 

three angular variables <b, 1/J and 8 as 

(sin<b)x = r;;sinw, 

(sin 1/J)x = A( T cos <p cos 1/J cos q - K sin <p) and 

8
x 

= r;;A cos 'l,I; cos q. 
cos <b 

(2.8) 

With the substitution sin cP = 1> and sin'l,l; = W the F-S equations can be written as 

so that 

Wx = A(T X - r;;<lJ) and 

Ar;;X 
ex = 1- 1>2' 

X2 + <lJ2 + 'l,I;2 = 1 whercX = cos <p cos 'l,I; cos q. 

(2.9) 

(2.10) 
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Then the vector f has components 

VI - <p2 cos 8 
--; 

T = Vl- <p2sin8 (2.11) 

To find the closed curve solution, he sought spatially periodic solution of the equa

tions (2.3) and (2.4). F-S equation (2.9) was solved to determine the tangent vector f 

through (2.11). To get closed curve solution f should satisfy the condition (2.5). 

2.3 Torus knots 

In [65] it is showed that torus knot can be constructed as a solution of F-S equations. 

Suppose the curvature and torsion of nearly circular closed curves are knowll. Let the 

curvature and torsion be small-amplitude oscillatory functions that oscillate m times 

as the circle is traversed n times. Clearly this is a closed curve solution of F-S equation 

and is a torus knot with winding number m/no The existence of such solution is given 

by the following theorem, ,referred as theorem 3.3 in [65]). 

Theorem 1. Suppose that K1 (x) and T1 (x) are periodic functions of period P, and that 

there are integers m and n so that mPKo = 2mL Suppose further that 

mP mP 

J K1(X) sinKo(x)dx = 0, J K1(x)cosKo(x)dx = 0, 

o 0 
mP mP 

J T1 (x) sin 1'1;0 (x )dx = 0, J T1 (x) COSKo(x )dx = ° and 
o 0 

mP 

J T1(X)dx=0. 
o 

(2.12) 
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Then for all E sufficiently small there are functions A = A( c) and TO = e2
T2 (c) and 

a closed curve whose curvature and torsion are given by K:( x) = K:o + e K:1 (x), 

r(x) = eT1(X) + e2T2(E). The arc length variable for the curve is s = A(e)x. 

The proof of the theorem needs correction and is given below. Subsequent changes 

are needed in the remaining part. 

The variables of equation (2.9) have power series expansions in E of the form 

cI>(x) = EcI>l(X) + E2cI>2(X) + ...... , 

W(x) = EW1(X) + E2W2(X) + ...... , 

8(x) = 1'\':01: + E8 1(J;) + E28 2 (x) + ..... . (2.13) 

and X = 1 + eXl + e2 X2 + ..... . 

where A = 1 + eAl + e2 A2 + ..... . 

Keener does not consider an expansion for X. In fact equation (2.10) shows that X 

also is to be expanded in powers of e. The equation also shows that an expression for 

X should be of the above form. 

The tangent vector is given approximately by 

cos K:OX 

sin K:oX + E 

o 

-8 l (x)sinK:ox 

8 1 (x) cos K:OX 

<Dl (x) 

+ ... (2.14) 
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Substituting in equations (2.9) we get, to the order of c 

(2.15) 

But Keener [65] did not consider the power series expansion for X, as in equation 

(2.15). X is also periodic so has to satisfy 

mP 

~pJXdX=O. (2.16) 

o 

The periodic solution of equation (2.15) exists only if the solvability conditions are 

satisfied; i.e, if and only if 71 (x) is orthogonal to both sin KOX and cos KOX in the interval 

o~ x ~ mP and 

(2.17) 

instead of what Keener [65] obtains in his equation (3.7). 

8 1 is periodic. So if the average values of Xl and that of K1 (x) is zero, we 
mP 

get Al = O. Further J Tdx = 0 since the curve is closed. To the first order in c, this 
o 

implies that Kl (x) is orthogonal to both sin KOX and cos KOX and that the average value 
mP 

ofr1(x) is zero. i.e, ~P J 71 {x)dx = O. 
o 
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Here the scale factor A = A(c) and the average value of T is used to ensure that 

average value of cl> is zero. These observations enable us to write equatio~(2.5), (2.9) 

and (2.11) in a form to which the theorem can be applied so that there is a solution 

to the problem for all c sufficiently small. 

Following [65], we consider 

I\:(X) = 1\:0 + casinpx + cbcospx and 
(2.18) 

T(X) = TO + cccospx. 

Taking, 

1\:1(X) = asin/.lx + bcos/.lx and 

T1(X) = CCOSjLX 

and applying the theorem, the solution of the equation (2.15) to leading order is 

cl> ( ) = Cl\:o cos /.lX 
1 X 2 2' 

KO - jt 

.T, ( ) _ ep sin /.lx d 
'*'1 X - 2 2 an 

p -1\:0 
(2.19) 

a bsinpx J 8 1(x) = -- cospx + + 1\:0 X1dx. 
/.l /.l 

At each order in the perturbation calculation, the coefficients Ai is llsed to guar-

antee that 8 (x) - l\:oX is periodic and average value of torsion is adjusted so that the 

curve is closed. The second and third expressions in solution (2.19) are corrections to 

the referred paper of Keener [65]. 
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We have 

corrected to the second order of perturbation. Since 8 2 is periodic, taking the average 

values of Xl and that of X 2 as zero, A2 can be calculated as follows. 

We have 
mP mP mP mP 

A2 KO J dx = - J KOX 2dx - J Kl(X)X1dx - KO J <I>idx 
o 0 0 0 

This gives 

(2.20) 

Therefore 

A(c) = Ao +[A1 +c2A2 + ..... . 
C2K2[2 

=1+0- 0 + ...... 
2(K6 - M2)2 

(2.21) 

This shows that the length of the curve changes as a function of c and A( [) < 1. 

So for non-zero [ the arc length of the curve is 2ml' A(e) < 2mr in contrast to what is 
11:0 11:0 

obtained in [65]. 

If the curve R is closed satisfYing the conditions laid down in the theorem, then 

it will form a torus knot having winding number m/n where m and n are co-prime 

integers. In [65] this result is verified by showing that the curve R lies on a torus and 

by calculating its winding number. For this, following [65], we write the curve R(x) in 

toroidal co-ordinates as 

R(x) = Ro(t) + o:(t)N(t) + f3(t)B(t) 
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where Ro(t) is the centreline of the torus, and fJ and 13 are the normal and binormal 

vectors for the centreline. The centreline Ro (t) is taken to have components 

1 1 
rOl(t) = -sinliot, r02(t) = --COSliot and r03(t) =0, 

lio lio 

which is a circle. 

Then 

( ) 
1 - li6R(X).Ro(t) 

a t = --'----'-----'--
lio 

[ 

liocostLxsinlio(x - t)- ] (2.22) 
1 1 - COS lio(x - t) + (€:2I'<Q 2){a -

jJ. jJ. -KO 

tL sin tLX cos liD (x - t) 
lio 

b[liosintLxsinlio(x - t) + I-iCOStLXCOSliO(X - t)]} 

instead of equation (3.13) in [65], taking t as some function of x. And to the order E 

. Le, x = t 

we get 

a(t) = K6~jJ.2(asinl-ix + b cos tLx) as in equation (3.14) of [65]. 

Also we have 

(3( ) 
= -Eliocsin tLx 

t (2 2)' I-i tL - Ii 
(2.23) 

The curve R(x) given by R(x) = Ro(t) + a(t)N(t) + j3(t)13(t) where Ro(t) is the 

centreline of the torus, is in a plane orthogonal to this line. The trajectory of curves 

a(t) and (3(t) determines the behavior of the curve R(x) and satisfies the equation 

(2.24) 

If band care nOIl-zero, the curve R lies on a torus with elliptical cross-section. 

As shown in [65], the curve traverses the ellipse in a single direction m times for every 

n times that the circular centrelinc Ro(t) is traversed so that the winding number is 
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m/no Theorem 3.4 of [65] also needs correction in the expression for A(c). This gives 

the following theorem. 

Theorem 2. Suppose that the junctions K1 (Xl c) and T1 (x, c) are periodic in x with 

period P = 27fn 1 with m/n an irnducible rational number greater than one. Sup-
mx;u 

pose further that K1 (x, c) = a sin /-Lx + b cos IIX + o(c), Tl (x, c) = c cos IlX + o(c) with 
p p 

I~I(x,c)dx = cK2(c) and fT1(x,c)dx = 0. 
o 0 

Then for all c sufficiently small there are junctions A (c) and T2 (c) so that the curve 

with curvature and torsion, given by K(X) = KO + cKl (x, c), T(X) = cTl (x, c) + c2T2(c) 

is a closed curve with arc length variable s = A( c)x. Furthermore 

and 
(2.25) 

Ilbe =J:. 0, the curve R is a closed torus knot with winding number m/n jar all non-zero 

c sufficiently small. The knot is right handed ij be> 0, and left handed ij be < 0. 

2.4 Invariant knotted vortex filament 

The self induced motion of a vortex filament is given by the equation 

(2.26) 

by taking () = Oand ,B = K in equation (2.2). The corresponding evolution equations 

(2.3) and (2.4) of curvature and torsion are 

(K2)t = (-yK2 - 2TK2)5' 

1 2 
(T)t=(2K +z).5 and (2.27) 
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where "f is arbitrary and . s' is the arc length co-ordinate. Keener tried to determine 

the structure of vortex filaments when the above equations have oscillatory curvature 

and torsion of the correct type. He analyzed equation (2.27) by looking for invariant 

solutions. These solutions are the travelling wave solutions where the speed of trans

lation is the unknown constant "f. In order to work on a fixed spatial interval, 's' is 

transformed to x by s = Ax, where A is determined by the condition that the curve is 

closed as given in theorem 2. Thus we get 

"fK2 - 27K2 = Cl, 

K2 + 2z = C2 aud (2.28) 

Kxx = A2 [ZK - 7Kb - 7)] 

where the constants Cl and C2 are undetermined constants of integration. 

In [65] Keener expressed the solution as perturbations of a constant solution. 

Note that K = KO, 7 = 0 and Z = 0 is a solution for any constant I = "fo. To find the 

spatially periodic solutions in a neighborhood of this solution, he solved the equations 

Klxx + (K6 + 16)K1 = C110 + C2 KO, 

10Kl - K071 = Cl and 

Zl + KOKl = C2, 

(2.29) 

where /il, 71 and Zl are the small deviations of K, 7 and z respectively from the constant 

~ solution. 
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The solutions are of the form 

11: 1 (.7:) = al1:0 cos J-LX and 
(2.30) 

where r5 = J-L2 - 11:5. By proper choice of J-L and ro, the above solution gives an ~ torus 

knot. 

Knotted solution of equation (2.28) is obtained by seeking a power series solution 

in powers of small parameter c using standard perturbation calculations [26, 66] in the 

form 

(2.31) 
T(X) = cro cosJ-LX + c2T2(X) + ......... . 

From theorem 2, it follows that the scale factor A and the average torsion should 

satisfy 

l1:oc2 

A(c) = 1- - + ...... and 
2r6 

(2.32) 

We note the difference from equation (4.10) of [65]. The perturbation solution is 

obtained in [65J using "REDUCE". Since the solutions are not used further, we are 

not looking for the corrected solutions corresponding to (4.11) of [65]. 

As in [65J it follows from the theorem 2 that for r in a one-sided neighbourhood 

oho determined by r2, there are closed knotted invariant solutions of the equation of 

motion. r determines the rate and direction of rotation of the knot about its axis of 

symmetry. Thus a right handed knot rotates in the direction of its tangent vector and 
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a left-handed knot rotates in the direction opposite to its tangent vector. The knot 

moves as a rigid body in the direction of the binormal to the circle which underlies the 

torus knot. 

2.5 Dynamics of torus knots 

In Keener [65] it is proved that there are torus knots with allY winding number that 

move as rigid bodies under the dynamics Rt = /'l,B as r has no influence in the shape of 

the solution. The invariant solutions are of solitary structure as the equations of mo

tion for curvature and torsion (2.27) can be transformed into the nonlinear Schr6dinger 

equation [57, 84]. Thus the invariant knots correspond to spatially periodic invariant 

travelling wave solutions of the Non-linear Sclu6dinger (NLS) equation. This equation 

is completely integrable and has solution that can be found using the inverse scatter

ing transform. The invariant solution act as solitons and can be superposed to find 

temporarily quasi- periodic, spatially periodic solution[171]. By analogy he tried to 

determine how the invariant knotted solution curves can be viewed as 'solitons' which 

can be superposed to give closed curve which are not invariant and may have a differ

ent topology from the iIlvariant torus knots. The evolution equation Rt = /'l,B with an 

arbitrary torus knots will not guarantee that the motion is invariant since the equation 

of motion only take into account local effects. 

Following [65] we consider the solution of the evolution equation (2.26). The 

system will be periodic in space and has small amplitude in their deviation from a 

circle. The two-soliton solution of equation (2.26) can be written in the following form 

by method of harmonic balance [156]: 
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ex:: 

K:(x, t, c) = K:o(t) + L cj[Kj(t)elj?LX + K:;(t)e-ijjlXj, 

j=l 
00 

T(X, t, c) = TO + L eJ [Tj (t )eijl<x + Tj (t )e-tjjlX ] and 
j=} 

Z(x, t, E) = zo(t) + L cj[Zj(t)eijjlX + z;(t)e- ijjlX ]. 
j=l 

where '*' denotes complex conjugate. Taking I = 0 and 

A(c) = 1 + eAl + e:2 A2 + ........ . 

the equation to be solved can be written as 

KXX 2 
K:Z = A2 - T K:. 

36 

(2.33) 

(2.34) 

Substituting from (2.33) in equation (2.34) (taking A = 1) and collecting like exponen-

tial terms, Keener got system of linear equations of which some of them need correction. 

The following equations (2.35) and (2.36) are the corrected linear equations referred as 

(5.3) and (5.4) in [65J. 

dKo . 2( * *) 
dt = l/1c TIK:l - K:1 T} , 

(2.35) 

K:OZo + T5Ko = -c2
(K:}z; + K:i Zl + 2KoTl Tn· 

dK} '( 2) 3' 2 * Tt + Z/1 K:OT1 + TOK:} = -Z/1E K:2 T1' 

dT} . ( ). 2 * dt - Z/1 K:OK} + Z} = ZILe: K:2 Kl' 

Z}KO + /12K} + 2K:OTOT} + ZOK:l + e:2(2KoT2T; + 2KlT}T; + K:~T~ + K:iZ2 + K2Z;) = O. 

(2.36) 
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dK2 2' ( 2) 3' dt + L~L T2 KO + TOK2 = - lILT) Kl, 

dT2. ). 2 
dt - 2?~(KOK2 + Z2 = LMK). (2.37) 

Z)KO + ZOK2 + 4/t2K2 + ZlKl + KOT~ = O. 

In the above equations we are retaining only the terms up to O(c2). The solutions 

of these equations is approximated using multiscale techniques given in Cole[26] and 

Keener [66]. 

Taking € = 0 in equation (2.35) and in (2.36) the solution to the leading order is 

obtained as follows. 

dKo Tt = 0 => KO = constant 

KOZO = 0 => Zo = O. 

dKl . 
dt + ?MKoT) = 0, (2.38) 

dTl . 
dt - LIL(KOK1 + zd = 0, 

These equations give 

(2.39) 

Solving we get 

(2.40) 

where K+ and K_ are arbitrary constants with w 2 = M2 (IL2 - K6)' This corresponds to 

the superposition of travelling waves moving in opposite directions with speed; = ,. 
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2.6 Approximation by multiscale techniques 

The two timing assumption is made to determine the effect of the order- E2 correction 

terms on the solution (2.40). i.e. the behaviour of the solution can be described in 

terms of two timescales - a fast time To, and a slow time TI = E2TO' 

Taking 

d a 2 a 2 
dt = aTo + E aT

I 
and (E = El) 

the equations (2.35), (2.36) and (2.37) can be rewritten as 

(8~O + El a~l) ( fiOO+E1 fi01) = ijLEI [( TlO + El T11)( fiio + Cl fii1) - (T{O + El T{l) (filO + E1!'L11)]. 

(2.41) 

( fi 10 + E1 fi ll) (z;o + E1 Z;1) 

[(zoo + E1 Zod + (TOO + E1 TOd
2

] (fioo + El fi01) = -El + (fiio + E1fii1) (ZlO + E1Z11) 

(8~O +Ela~l) ( fi lO+ cIKl1) 

(2.42) 

+ iJ.i [(fiOO + El fiOl)( TlO + El TU) + 2( TOO + El T01) ( fi 10 + E1 fi l1) 1 = -3ijLc1 ( fi20 + El fi2d (T{O + El T{l)' 

(2.43) 
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(a~o +C1a~1) (TlO+
C

1
T

11) 

- il1 [(KOO + C1 KOd (KlO + CI K11) + (ZlO + C1 Z11)] = il1c1 ("'20 + C1"'21)("'~0 + c1"'~1)' 

(a~o + Cl a~l) (K20 + [lK2d 

2("'00 + [l K01)(T20 + [l T21)(T;0 + [I T ;l) 

+2(KlO + CI K11)(TlO + Cl T11)(T10 + [lTil)+ 

(2.44) 

("'io + c1"'i1)(TlO + c1 T11)2 + ("'iD + [1"'i1)(Z20 + [l Z 21) 

+(K20 + c1 K 21)(Z10 + C1 Zl1) 

(2.45) 

= O. 

+ 2il1 [( T20 + Cl T21)( KOO + cl Kod + 2( TOO + Cl T01 )(K20 + cl K2dl = - 3il1( TlO + cl T11) (KlO + cl "'11)' 

(2.46) 

(a~D + Cl a~l) (T20+c1 T2d -2il1 [("'00 + cIKOl )(K20 + CIK2d + (Z20 + c1 Z21)1 = il1(KlO+cIK11)2. 

(2.47) 

(2.48) 
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The system of equations from (2.41) to (2.48) gives rise to 2 sets of linear equations. 

The Set I contains the system of o( 1) linear equations obtained by collecting terms 

independent of El and the Set II contains the system of o(Ed linear equations obtained 

by collecting coefficients of El in the above system. 

OKOO = 0 
oTo \ 

ZOOKOO + T~OKOO = 0, 

SetI 

OK: 10 . 
-0 + 1).L(K:OOTlO + 2TooK:1O) = 0, 

To 

OTlO . 
oTo - 1p.(KOOK:1O + ZlO) = 0, 

ZOoK:oo + 112 K:1O + 2(TOOfi:OOTlO + ZOOK:lO) = 0, 

0fi:20 . . 
oTo + 2zf.L( T20KOO + 2TooK:20) = -31,f.LT lOK:1O, 

(h20 . . 2 
oTo - 22f.L(KoOK20 + Z20) = 2flK lO and 

Z20KOO + ZOOK:20 + ZlOKlO + K:OOT;O + 4t-l2 K;20 = o. 

(2.49) 
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Set 11 

0"'01 a/\,oo. * * 
oTo + aT

1 
= 21l( 710/\'10 - 7 10 /\'10), 

ZOO"'Ol + Z01/\'OO + 2700 7 01/\'00 + 7g0 /\'01 + (/\'1O Z ;o + /\'~OZlO + 2/\'00710 7 tO) = 0, 

0"'11 a/\'10 . . * 
&To + aT

1 
+ 2p( fi 01 7 1O + /\'00 7 11 + 2fi10701 + 2/\'11 7 00) = -32P/\'20 7 10' 

0711 a710 . . * 
oTo + aT

1 
- 2p(/\'00/\'1l + fi01/\'10 + Zl1) = lIL/\'20 fi lO' 

Zu"'OO + Z1O K 01 + p2/\'n + Z01/\'10 + 2(/\'01 700 7 10 + K0070171O+ 

711 700 fi OO + ZOO/\'11 + Z01 K 1O) + (2/\'00720 7 {0 + 2fi107107{0 + K~07fo + Kio Z20 + K20Z;0) = 0, 

0"'21 aK20 . . 
&To + aT

1 
+ 2lp(721/\'00 + 720K01 + 2700K21 + 2701fi20) = -3Ip(711 K 10 + 710 fi1l), 

OT21 a7 20 . . 
&To + aT

1 
- 2lll(KOOK21 + fi20K01 + Z21) = 2lflK lO K ll and 

Z21K:OO + Z20K01 + ZlO fi 11 + Zl1/\'10 + ZOO/\'21 + Z01 fi 20 + 2/\'00 7 107 11 + /\'0l7fo + 4fl2K21 = O. 

(2.50) 

We use the method of variation of parameters to solve the above system of equations. 

Also we see that the solution to the linear order is (2.40), with a modification that /\,_ 

and "'+ both depends OIl T1 ; that is, they aIC slowly varying functions of time. 

From equation (2.49) we get 

KOO = constant, 

700 = 0, Zoo = 0 and 

It2
Kio 

ZlO = ---. 
fiOO 

Then equations third and fourth of (2.49) can be rewritten as 

(2.51) 

(2.52) 
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Solving, by the method of variation of parameters we get the ~olution as 

(2.53) 

Again from equation eight of (2.49) and (2.51) 

(2.54) 

Then the equations sixth and seventh of (2.49) can be written as 

(2.55) 

where (32 = 4p..2 - K:6o. 

The equations (2.55) are solved by the method of variation of parameters as they 

are ordinary differential equations in the independent variable To. 

The solution of the homogeneolls part of the differential equation is 

(2.56) 

where Al and A2 are functions of To and T1• 

Thus 
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(2.57) 

will be a particular solution of the equation (2.54) if VI and V2 satisfy the following 

system of equations 

'(1) '(2) . 
VI K 20 + V 2 K 20 = -3~fLKlOTlO and 

2 
'(1) f (2) . 2 . 3/'1;10 . 2 

VI T20 + V 2 T20 = 2fLKlO + 2~f-L -2- - 2'lfLTlO · 
KOO 

(2.58) 

Therefore, 

(2.59) 
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On integration we get, 

(2.60) 

Similarly we get 

2fJ-2 + K60 
V2 (1',0 T1 ) - 2 "'"_ ""+ (.,..,..,.2 - /J 2(32) e2il1{3To + , - 4(32 2 (2 2(32) Iv" \.oV ,..... 

KOO w - fJ-
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Substituting in equation (2.56) and simplifying, we get 

/\'20 = VI (To,Tde2iIL{3To + v2(To,Tde-2iJ).(3To 

(/\,2 e-2iwTO + /\,2 e2iWTO) (2/\,2 -1L2) /\, /\, 
= - + 00 + ----±........=. and 

2/\'00~ /\'00 

(2.62) 

(2.63) 

Then we calculate /\'01, zOl and Z11 from equation (2.50). 

Thus 

This gives 

(2.65) 

where /'\;01 is given by equation (2.64). Again from (2.50) we get 
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where 

PI = -4/L4 1K:+12 + (4fl,~O - 9fL4 + 4K:6o/L2
) 1K:_12 and 

P2 = -4fL4 1K:_1
2 + (4K:~o - 9/L4 + 4K:6ol.l2 ) 1K:+12. 

46 

Since the solutions required are to be periodic in To, we get the differential equations 

for the slow evolution of the functions K:_ and K:+. We can rewrite the equations third 

and fourth of (2.50) as 

(2.67) 

From equation (2.67) we get 

(2.69) 



CHAPTER 2. KEENER'S ANALYSIS ON VORTEX KNOTS 47 

The conditions for non secularity are 

(2.70) 

Also equation (2.68) gives 

(2.71) 

Here the conditions for non - secularity are 

(2.72) 

Then consider equation (2.70) and (2.72). \Ve get 

(2.73) 
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Rearranging the terms, we get 

(2.74) 

Considering again the equations (2.70) and (2.72) and proceeding as before we get 

(2.75) 

Thus we get equations (2.74) and (2.75) as the evolution equations for K+ and K_ 

in terms of the slow time variableT1. The equations above can be rewritten as follows: 

where 

These equations correspond to equation (5.9) of [65]. 

Solving we get 

where 

K+(Td = K+(O)eirz>z(lK+[,[K_J)Tl and 

K_(Td = Ic(O)e-iwz([IC[,[K+[lT! 

P2 (/1) = 2K60/12 and 

PI (IL) = 3(2K:6o - tL4 - K:60Jl2
). 

(2.76) 

(2.77) 
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Here the amplitudes of 1\,+ and 1\,_ are constant. 

Then we have, to the linear order in E 

(2.78) 

and 

(2.79) 

and that both TO and A2 are also constants. 

From equations (2.33) and (2.40), in [65] he observed that the evolution of vortex 

knots was very mnch like the super-position of two travelling waves. i.e 

I\, (Tt T) = J.c e-iwTo + I\, eiwTo and 1 0, 1 '''- + 

where 1\,+ and 1\,_ are arbitrary constant functions of slow time variable T1 . 

The speed of propagation of the 1\,+ wave component is obtained as follows: 

Consider equations (2.33), (2.40) and (2.64). vVe have 
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In the order of c, we have 

Therefore 

Thus the speed of 1\.+ component. in the order of c, C + is 

instead of equation (5.12) in [65]. A similar expression can be obtained for the speed of 

the 1"- component. The shape and topology of the knots is understood by the following 

observations: 

• From the equation"" (T) = "" _L ["" (T )",,* (T )e2iwTO + ",,* (T)"" (T )e-2iwTo] o 00 1<00 + 1 - 1· + 1 - 1 , 

we see that the solution curve lies on a torus whose large radius is oscillatory so 

that the whole torus is breathing . 

• Comparing the equations (5.1), (5.6) with (3.1) in [65], the topology of the so-

lution curve can be determined. First find two constants c and 8 ( phase shift) 

such that 2Tl = cei8
. Then find a and b such that 2""1 = (b - ia )ei8 . 
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Since 11);+1 andll);_1 are constants in time, the quantity be is also a constant inde-

pendent of time. So by theorem 3.4 in [65] if be ~ 0, the topology of the knot is 

invariant. Also if 11);+1 is larger than 11);_1 then a right-handed torus knot and if 

\1);+1 < 11);_1, a left-handed torus knot is obtained. But the topology is unchanged 

during the course of the motion of the curve. 

2.7 Discussion 

As pointed out earlier this chapter deals with certain corrections needed in the work 

by Keener in [65]. The changes incorporated by us are the following: 

• Equations (3.6) in [65] are obtained from (2.22) using (3.4). It is to be noted 

that X is defined by equation (2.10). 

So when Keener considered power series expansion for <I> and W, he has not 

considered such expansion for X. This is also included in our work. This leads 

to corrections in the expression for 8 1 (x). 

• In equation (3.6) of [65], the expression for W 1 (x) should be - C~g~~~~X instead of 

~7~i~JlfJ2) as given in [65]. This follows directly from (2.15) and (2.19). 

• The expression for A(c) given in [65] needs correction and is given by (2.21). The 

corresponding changes are needed in inferences that follow. 



CHAPTER 2. KEENER'S ANALYSIS ON VORTEX KNOTS 52 

• The expression for a:{t) given by (3.13) of [65] needs correction and is given by 

equation{2.22) 

• Next corrections needed are in the set of linear equations (5.3) and (5.4) of [65] 

and are given by equations (2.36) and (2.37). Consequently equation (5.9) of [65] 

are replaced by equation (2.76). Corresponding changes are needed in equation 

(5.12)of [65] and is given by equation (2.80). 

• In equation (5.1) of [65], on right hand side, the coefficients /'i,j, /'i,j, Tj, T;, Zj and Zj* 

are functions of t only. 

Keener uses a variable x defined by s = Ax instead of the arc-length parameter 

x. Here A is independent of x. Later he considers the case A = 1 only, which implies 

s == x. Instead we are considering the variable x defined by !; = wand with w #- 1, 

is the vorticity and x is not the arc-length. We consider these corrections because a 

similar method is used in chapter 3 of t.his thesis. 



Chapter 3 

The Contribution of 'w' in the 

Evolution of Vortex Knots 

The dynamical behavior of closed vortex filament is a complicated problem. The 

perturbation method introduced in [65] gives new opening for dealing with this. Here 

a knotted curve is realized as bifurcating from a circular curve. The basic principle is 

that a circle is an unknot and other knots are obtained starting from a circle in the 

reverse order. 

Though Keener calls his knots as knotted vortex filament, he deals only with the 

geometry of a closed curve. Hence this method has the drawback that it does not take 

into account the stretching of vortex lines or filaments, which is the key-hydrodynamic 

contribution. 

Here an attempt is made to overcome this drawback. The difference in our 

approach is that vorticity is assumed to adjust corresponding to stretching so that the 

curve remains closed. 

We consider a moving vortex filament. Each point on it traces a curve. Then the 

53 
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velocity of a point on it is the local fluid velocity of the point (neglecting external flow), 

the induced velocity due to the vortex line being given by Biot-Savart-law[9J. Treating -the vorticity w as a vector, associated with the moving point we have w:: = d x w -with s as arc-length, where d is the Darbaux vector[37]. 

Here we make use of the following assumptions: 

--t 
• For consiE;tency, T the unit tangent vector should be in the direction of vorticity 

_. --t --t-
W Le. W = I wiT . 

• Corresponding to the perturbations in K, and T, we must have perturbations in 
r '\. ~ 

the vorticity also; since 0J is associated with the curve, like K,~hd T, it should 

also be periodic. 

3.1 Equations of motion of vortex filaments 

A vortex filament in a fluid can be described in terms of its tangent, normal and 
--t --t _ 

binormal vectors T, Nand B respectively through Frenet -Serret equations in the 

form 
--t --t 
Rx = wT, 
_ --t 

Tx = K,wN, 

--t (--t --t) N x = w -K, T + TB 
(3.1) 

and 
--t --t 
Bx = -TwN, 

where K, and T are the local curvature and torsion respectively of the vortex filament, 

lW' denotes the local vorticity such that w = I w I = Rx and w = 1 wiT. --t ! --t! --t --t--t 

Keener has considered purely the geometry of a vortex filament (or a curve) in 
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space. The motion of the vortex filament can be described by the equation 

---t ---t ----r -----t 

R t = IT + aN + f3B, (3.2) 

f-which can be used to obtain the ~olution equation for curvature K, and torsion 

T for a given vorticity (;]. To find the shape of solution curves without reference to 

a specific co-ordinate system, we seek equations of motion for curvature and torsion 
-----t ---t 

that do not make any reference to the position vector R. For this, differentiate R t in 
---t 

equation (3.2) with respect to x and R;r in equation (3.1) with respect to t, and set 

Then we find that 

which gives 

where 

Wt = IX - QK,W and 

---t ---t -----t 

Tt=vN+uB, 

v = & + rK - Tf3 and w 

u = f:3x + aT. 
w 

---t ---t 
Differentiating T x with respect to t and Tt with respect to x, and setting 

---t ---t 

T xt = T tx, 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 
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we get 

where 

--> -->--> 
Nt=-vT+zB, 

Ux + TWV 
z= 

--> ----> --> -->--> 
Also B tx = B xt where Et = -uT - zN gives (TW)t = UKW + Zx. 

(3.8) 

(3.9) 

Thus if a and f3 are the normal and binormal velocities respectively of a moving 

vortex filament, then the curvature, torsion, vorticity and the tangential velocity I 

evolve according to 

Ux 
KZ = TV +-, 

w 
ax 

V = - + IK - T{3 and 
W 

{3x 
U = - +aT. 

W 

(3.10) 

When a = 0 and ,B = K in equation (3.2), we get the self-induced motion of a vortex 

filament. Then the equation (3.10) reduces to 

U = & V = K (-v - T) Lv't = -v u.,' , I , IX, 

(K 2
W)t = (,K2 - 2TK2)x and 

( TW ) t = ( ;2 + z t . 
(3.11 ) 
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For a given value of w, we can write 

Kt = (r - T) Kx _ (TK)x and 
w W 

1 [ ( 1 ( KxWX)] Tt = ~ KKx - Trx + T r - T) + WK Kxx - ~ . 

(3.12) 

These are the evolution equations for K and T in the self induced motion. 
-? 

As in Chapter 2, K and Tare periodk and the tangent vector T must satisfy the 

condition 
p 

JTdX = 0, (3.13) 

o 

where P is the period. 

3.2 F -S Equations in the simplified form 

In order to show that condition (3.13) is satisfied, first we have to solve the evolution 

equation (3.10) along with F-S equations that can be expressed as 

Wx = W (TX - K<1» and (3.14) 

WKX 2 2 2 ex = 1 _ <1>2' where X + <1> + \{I = 1. 

-? -? 

In terms of these variables, the vectors T and N have components 

J(l - <1>2) cos e - J(1 - IJ!2) sin (q + 8) 
---+ ---+ 
T = J(l - <1>2) sin e and N = J(l - \{I2) cos (q + e) (3.15) 

Thus to find the closed curve solutions, we seek spatially periodic solutions of the 
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equations of curvature, torsion and vorticity. F-S equation (3.14) must also be solved 
-----+ 

to determine the tangent vector T through equation (3.15). Finally we require that 

the tangent vector must satisfy equation (3.13) so that the solution curve is closed. For 

the self-induced motion of a vortex filament,ie the equation of motion for it's curvature 

and torsion, equations (3.11) are considered. 

3.3 Torus knots - the solution to F -S equations 

Following [65], we look for the solution of the F-S equations that are closed 

knotted curves. For this, Keener uses the characteristics of the curvature and torsion 

of the curve that guarantee it closed and knotted. No fluid mechanical characteristics 

are involved in his method. 

For a circular closed curve, curvature is constant and torsion is zero. In the case 

of a nearly circular closed curve, perturbations of curvature and torsion are considered. 

The fact that curve is closed makes the curvature and torsion periodic. Since vorticity 

is associated with the closed curve, we consider 'w' al.so periodic. 

Any curve drawn on the surface of a torus has a winding number defined as 

in section (1.2). i.e. the ratio of average number of wraps of the curve around the 

small radius of the torus to the number of wraps around the large radius. The winding 

number exits and is unique if the curve is not self intersecting and is an invariant for 

the curve. Any knot constructed as a wrapping of a torus is called a torus knot but in 

the class of knots, torus knots forms a small subclass. 

We state the following theorem without proof (Massey [119}). 

Theorem 3. A closed non-self intersecting curve T(m, n) on the surface of a torus 

with winding number ~; m > n > 1, m and n are relatively prime, is a non trivial knot. 
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Remarks: 

• Vortex knots we consider here is a thin vortex filament in the shape of a torus 

knot T(rn, n), m > n > 1, m and n relatively prime . 

• If the small radius of a torus is allowed to approach zero the torus approaches 

a circle and the knot becomes an n-cover of the circle with the curve twisted 

around itself m times. 

Next we show how to find a closed curve (or vortex filament) solution of the 

F-S equations and also that the resulting vortex filament is a torus knot with winding 

number ~. Suppose that the curvature, torsion, and vorticity of the vortex filament 

are given by 

fi:(X) = fi:o + ca sin liX + cb cos J1x 

T(X) = TO + ECCOSILX and (3.16) 

w(x) = Wo + EdsinfLx + EecosfLx. 

to the leading order in O(E), where M = "~m. Here we take the independent variable x to 

vary over the fixed interval 0 :S x :S 2:on. We seek solutions of the F-S equations (3.14) 

that are closed vortex filaments for small E and use the fact that W is also periodic like 

K. and T. The function TO = TO (£) is to be adjusted so that the vortex filament is closed. 

Instead of 'A' in [65] we are taking vorticity w, which should be periodic. Thus 

in the theorem 3.3 of [65] we have to make the following modifications: 
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Theorem 4. Suppose that the curvature I'Ll (x), torsion T1 (x) and vorticity Wl (x) of 

a simple closed vortex filament are periodic functions of period P and that there are 

integers m and n so that mPl'Lo = 2mr. Suppose further that 

mP mP mP 
J I'Ll(x)sinl'Loxdx = 0, J I'Ll(x)cOSl'Loxdx = 0, J I'Ll (x)dx = 0, 
o 0 0 

mP mP mP 

J TI(x)sinl'Loxdx=O, J TI(X)COSl'Loxdx=O, J Tl(X)dx=O, 
000 
mP mP mP 

J Wl(X) sinl'Loxdx = 0, J Wl(X) cosl'Loxdx = 0 and J wl(x)dx = O. 
o 0 0 

(3.17) 

Then for all c; sufficiently small, there exists a function TO = C;2T2 (c;) and a closed 

vortex filament whose curvature, torsion and vorticity are given by 

(3.18) 

The arc-length variable s for the vortex filament is such that ~; = w. 

Following Keener [65], we assume that variables 8, lP, wand win (3.14) have power 

series expansions 

<I>(x) = c;IP1(x) + C;2IP2(X) + ................. , 

W(x) = C;Wl(X) + C;2 W2 (X) + ................. , 

8(x) = l'LoX + c;8l (x) + c;28 2(x) + ......... , (3.19) 

x = 1 + c;Xl + C;2 X 2 + ........................... and 

2 W = Wo + C;Wl + C W2 + ........................... . 

For c; = 0, the vortex filament corresponds to a closed curve with constant curvature 

/to, torsion zero and constant vorticity Wo. For small c; the tangent vector is given 

approximately by 



CHAPTER 3. THE CONTRIBUTION OF 'w ~ IN THE EVOLUTION OF VORTEX KNOTSGl 

-81 (x) Sillliox 
----7 

T = sinliox +C 81(X)COSliox (3.20) 

o 

Substituting from equation(3.19) in equation( 3.14) and collecting like powers of c, 

we get the leading order equations as 

(3.21) 

If we take into account the stretching of vortex lines, w is not a constant along the 

curve so that 0J = 0J(x). When we start from a uniform circular vortex ring as in the 

case of Keener, we may assume W = Wo constant initially. 

The periodic solutions of equation(3.21) with period mP = 2nn exist if and only 
1'>0 

if the solvability conditions are satisfied. Take Wo = 1 for normalization. Consider 

By the method of variation of parameters we can solve this first order linear system 

of equations (3.21). 

Take 

(3.22) 

such that 
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, '(1) (1)" (2) (2)' '(1)' (2) 
<PI = VI <PI + VI <PI + V2 <P 1 + V2<P I where VI <PI + V2 <P I = 0 and 

, '(1) (1)' I (2) (2)' I (1) '(2) 
'lII = VI'lII + vI 'lI 1 + v2'l1 1 + v2'l1 1 where vI'lII + V2WI = 7I(X), 

Solving for v~ and v;, we get 

, 7I(X)<I>~2)(X) 
1)1 = (1) (2) (1) (2) and 

'lII <PI - <PI 'lII 

, -71 (X)<p~I) (x) 
V2 = (1) (2) (1) (2) where 

WI <PI -<PI WI 

WiI)<I>~2) - <I>~I) 'lI~2) = (sin K:oX - cos K:ox) (cos K:OX - sin K:ox) - (sin K:OX + cos K:ox)2 = -2. 

Then 

On integration, we get 

mP 

VI = ~ J 71(X) (sin K:OX - cos K:ox) dx and 

o 
mP 

V2 = ~ J 71 (X) (sin K:OX + cos K:ox) dx, 

o 

so that equation(3.22) become 

<PI = VI <p~1) + v2<Pi
2

) and 

,T, ,T,(l) ,T,(2) 
'i' 1 = VI 'i' 1 + V2 'i' 1 

~ 

(3.23) 

To get periodic solutions, the integral of the tangent vector T is to be zero. To the 
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first order in c , this implies that 

mP 

J 8 1(x) sin Koxdx =0, 
o 

mP 

J 8 1(x) COS Koxdx = 0 and 
o 

mP 

J CP1(x)dx = O. 
o 

Then using (3.22) and (3.23) in (3.24) we get 

mP mP mP J <I> 1 (x)dx = J 1/1(sinKox+COSKoX)dx+ J 1/2(sinKox-coSKoX)dx 

000 

mP [mp 1 =! ! T, (x) (sin "oX - cos KOX) (sin KOX + cos "oX )dx 

mP [mp 1 +! ! T'(X) (sin KOX + cos KOX) (sin KOX - cos KOX )dx ~ 0 

This implies that 
mP 

J T1 (x) cos KQxdx = 0 and 
o 
mP 

J T1 (x) sin Koxdx = 0; 
o 

(3.24) 

(3.25) 

Le T1 (x) is orthogonal to sin KOX and cos KOX in 0 ::; x ::; mP. Since TO = 0 we get 

r(x}is orthogonal to sin KOX and cos KOX in 0 ::; x ::; mP. 
mP 

Also J 8 1 (x) sin Koxdx = 0 gives 
o 

mP 

/ 8~ (x) cos Koxdx = 0 and 

o 
mP 

similarly J 8~ (x) sin KQxdx = O. 

o 

(3.26) 
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But 

(3.27) 

mP 
so that f [Kl(X) + WIKO + KoXll cos Koxdx = 0 where8 l (x) and Xl are both periodic. 

o 
Xl is so chosen that the average of Xl is zero. I.e. 

(3.28) 

Since KO i=- 0 (a constant), we get 

mP mP 
f Kl (X) cos Koxdx = 0 and f Wl (x) cos Koxdx = 0, 
o 0 

mP mP (3.29) 

Similarly f Kl (x) sin Koxdx = 0 and f Wl (x) sin Koxdx = O. 
o 0 

These results show that Kl(X), Wl(X) and Tl(X) must be orthogonal to both sinKox 

and COSKOX in 0 :::; x :::; mP and the average value of Tl (x) must be zero in the interval 

0:::; x :::; mP. 

Consider equation (3.27). Since Kl(X) and Wl(X) are periodic functions of x 

with period mP and Xl is so chosen as in equation (3.28), 8 1 (x) is also periodic in 
mP mP 

0:::; X :::; mP. Thus we get f Kl(X)dx + KO f wl(x)dx = 0 so that the average value 
o 0 

of both Kl (x) and Wl (x) are zero. Also we have 

x x 

8 l (x) = 8 1 (0) + J Kowl(a)da + J Kl(a)da (3.30) 

o 0 

These are the conditions for the existence of the periodic solutions of equation 

(3.21) in the order o(c:). 

This is true for each order of perturbation. I.e. periodic requirements are satisfied at 

each order of perturbation scheme. The factor W = w(x, t) is periodic, is used to ensure 
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that 8(x) is periodic and the average value of 7 = 0 is used to ensure that value of 1> 

is zero. These are sufficient for applying implicit function theorem to guarantee that 

there is a solution of the full problem for all c sufficiently small. 

For the example given by (3.16) where the curvature, torsion and vorticity are 

simple trigonometric functions, the solution of the leading order equation is given by 

1> ( ) = CK:o cos f1X 
1 X 2 2' 

K:o - f1 

.T, ( ) = f1c sin f1x 
~1 x 2 2 

f1 - K:o 

(3.31) 

x x 

and 8 1(x) = 8 1(0) + J K:owl(a)do+ J K:l(a)da. 
o 0 

Substituting for K:l and W1 we get the corresponding solution for 8 1 (x) as 

8 1 (x) = 8 1 (0) - E cosf1x + !L sinf1x - E where 
{t f1 f1 (3.32) 

P = a + K:od and q = b + K:oe. 

We have for small c, the tangent vector is given approximately by 

cos K:OX -81(x) sin K:OX 
---t 
T= sin K:oX +E 8 1 (x) cos K:OX + ............ 

0 8 1(x) 

---t 
Integrating the tangent vector, we find the position vector R with components 
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Tj (x) = J cos I'\,oxdx + E J -81 (x) sin I'\,oxdx + ...... . 

~ sin I'\,OX + E [ q ( ~ cos I'\,OX sin J1X - sin 1'\,0 X cos J1x) ] 
- (3.33) 

I'\, 0-~ ( ) o 0 -p 7: cos I'\,OX cos J1X + sin I'\,OX sin J1X 

+ E (8
1 
(0) _ E) cos I'\,OX 

J1 1'\,0 

_ cos I'\,OX C [ q (cos K,OX cos !Lx + 7: sin I'\,OX sin J1x) ] 
T2(X) - - + 2 2 

1'\,0 1'\,0 - J1 +p (cos 1'\,0 X sin J1X - 7: sin 1'\,0X cos J1x) (3.34) 

( p) sm I'\,OX + E 8 j (0) - - + .......... . 
J1 1'\,0 

and 
E I'\,OC Sill !LX 

T3(X) = (2 2) + ........ . 
J1 1'\,0 - J1 

(3.35) 

to leading order in E. 

At each order in the perturbation calculations, the periodicity of W is used to 

guarantee that 8 (x) - I'\,OX is a periodic function and the average value of torsion must 

be adjusted so that the curve is closed. 

Collecting o(c:2 ) terms in equation (3.14) we get 

(<p 2)x = WOl'\,OW2 + (wol'Lj + I'\,owd IlI j 

(wz)x = Wo (T2 + TjXd - W01'\,0<P2 + TjWj - (l'\,jWO + W1 1'\,0) <Pj (3.36) 

(82)x = I'\,o<pi + Wo (I'\,OX2 + I'\,jXd + W1 (l'\,oX j + 1'\,1) + W21'\,0 

From the first two of these equations we get (taking Wo = 1) 
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From the above equations we ~ee that both <1>2 and '11 2 are periodic with period mP. 

We have 

mP mP J T(x)dx = J (TO + ET1(X) + E2T2(X) + ...... )dx 

o 0 
mP mP 

= [2 J T2(X)dx since J T1dx = 0 andTo = 0 

o 0 

= [2 [JUJ!,lxdx - J T,X,dx+ J(K' <fi , + ",,<fi,W, t- Ko<fi, - TIW1ldX] 
o 0 0 

mP mP 

J (a sin J.lX + b cos J.lx) cos J.lX d 2 J (d sin J.lX + e cos J.lx) cos J.lX d 
c/"\,o 2 2 X + I\,OC 2 2 x-

/"\,0 - J.l /"\,0 - J.l 
o 0 

mP 

J c( d sin J.lX + e cos J.lx) cos Ilxdx 

o 

mP 

[2ce J --2- (1 + cos 2J.lx)dx 

o 

__ 2 (b/"\'o + e1l2
) p 

- E C (2 2) m 2 J.l - 1\,0 

Therefore 

(3.38) 

If R is a closed curve satisfying the conditions laid down in the theorem 4, then 

this curve will be a closed vortex filament in the form of a torus knot having winding 

number m/n where m and n are co -prime integers such that m > n > 1. 
--+ 

Suppose the curve R (x) can be written as 

--+ --+ --+ --+ 
R(x) = R(t) + a(t)N(t) + ,8(t) B(t) (3.39) 
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~ --+ -t 

where Ro(t) is the centreline of the torus, Nand B are the normal and bi-normal 
---l> 

vectors for the centreline Ro(t) in toroidal co ordinates and t is some function of x (but 

not time). The components of the centreline can be taken as 

1 1 
7"01 (t) = - sin Kot, 7"02(t) = -- cos Kot, 1'03 = 0 

KO KO 
(3.40) 

i.e. a circle in the XY -plane. 't' is chosen as a function of x so that the tangent 
---l> --> 

vector of J4J(t) is orthogonal to the vector R(x). i.e. 

(3.41 ) 

It follows that 

. ( ) [KO [q[KOCOSKo(X-t)SinpX-PSinKo(X-t)COSPX]] 
sm KO x - t + (2 2 ) 

Jl KO - P -p [KO cos KO(X - t) cos px + P sin KO(X - t) sin px] 

+ [ ( 8 1 (0) - ~) cos KO (x - t) = 0 

or to the leading order in [ i.e.x = t and 8 1 (0) = ~. 

Also we have 

--> ---l> 1 <l' ( t ) 
R(x)· J4J(t) = 2 --

KO KO 

(3.42) 
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so that 

() 
1 - K:6 El (x) . ~ ( t) 

a t = ---'''-....:........;.------'-'-
K:o 

~ cos K:o(x - t) 
KO 

1 2 [ q (Ko sin K:o (x - t) sin I-lx + I-l cos K:o (x - t) cos I-lx) ] _ cKo 

JJ.KO J.l2- K6 
( ) +p (K:o sin K:o (x - t) cos I-lx - {1 cos K:o (x - t) sin px) 

- (81 (0) - ~) sin K:o(x - t) 

Then to the leading order in E, i.e.x = t and 8 1(0) = E., we have 
J.l 

p = a + K:od and q = b + K:oe 

---7 

and the z-component of R is given by 

(3.43) 

(3.44) 

(3.45) 

The trajectory of the curves a(t) and f3(t) determines the behavior of the closed 

vortex filament in the plane orthogonal to the centreline. This trajectory satisfy the 

equation 

( )

2 
2 2 cqEK:o 

(CKoa - pp(3) + (qpf3) = 2 2 
I-l - K:o 

(3.46) 

---7 

It follows that if q and care nonzero, the curve R lies on a torus with elliptical 

cross section as in [65]. \Ve modify the theorem 3.4 in [65] as follows. 
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Theorem 5. Suppose that the curvatun:, torsion and vorticity of a simple closed vortex 

filament are 1"1:1 (x, c), 71 (x, c) and Wl (x. c) which are periodic functions with period 

p = 21Tn where m and n are relatively prime integers. Suppose further that 
mJ'l:O 

K1(X, c) = a sinp.x + b cosp.x + o(c) 

71(X,C) = c cosp.x + o(c) and 

W1 (x, c) = d sinp.x + e cosp.x + o(c) with 

p 

J 1"1:1 (x, £) dx = c21"1:2(c), 
o 
P 

J71 (x,c)dx = 0 and 
o 
p 

J (.(-'1 (x, c) dx = O. 
o 

(3.47) 

Then at each order of pert'urbation, there exists a closed vortex filament with cur-

vature, torsion and vorticity given by 

Also 

l"1:(x) = 1"1:0 + cl"1:1 (x, c) , 

7(X) = 71 + £272 (x, c) and 

w(x) = Wo + cUll (x, c). 

( ) 
_ c (ep.2 + K.ob) 

T2 c - - 2 (2 2) Il - 1"1:0 

(3.48) 

If c =I 0, the vortex filament is in the form of a closed torus knot with winding number 

; for every o(c) for c =I o. 
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3.4 Invariant knotted vortex filament 

Following [65], the evolution equations of the vortex filament can be written as 

(t;;
2
W)t = (rt;;2 - 2Tt;;2)s' 

(TW)t = Zs + t;;t;;s, 

(3.49) 
t;;Z = t;;ss + Tt;; (r - T) and 

Wt = Is, 

where I is arbitrary and's' is the arc-length co ordinate. We try to determine the 

structure of vortex filament when the above equations have oscillatory curvature and 

torsion of the correct type. 

As in [65] we analyze (3.49) for invariant solution. These are travelling wave 

solutions where the speed of translation is I' In order to work on a fixed spatial interval, 

IS' is transformed to x by ~ = W where W is periodic function of x so that the curve 

is closed as given by theorem 5. Like in [65], we express the solutions as perturbations 

of a constant solution. Consider the equations 

"Yt;;2 - 2Tt;;2 = Cl, 

t;;2 + 2z = C2 , 

Kxx = (U2 [Zt;; - TK, (r - T)] and 

,= C3 , 

(3.50) 

where the constants Cl, C2 and C3 are arbitrary constants of integration. Here the fluid 

parameter W will be periodic by the condition that the curve be closed as given in theo

rem 4. Also t;; = KO, T = 0, Z = 0 is a solution for any constant I = 10. To find the spa

tially periodic solutions in a neighborhood of this constant solution, linearize the equa

tions (3.50) about the known constant solution. i.e put K, = KO + [K1, T = [Tl, Z = [Zl 
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and I = 10 in equation (3.50). 

Collecting coefficients of c, we get 

K1xx + (K~ + 15) Kl = CIIO + C2 K O, 

IOK1 - 11 KO = Cl, 

Zl + KOK1 = C2 and 
(3.51) 

where Kl, Tl and Zl are the small deviations of K, T and z respectively from the 

constant solution. The solutions are of the form 

K 1 (x) = a Ko cos f1x , 

T1 (x) = a 10 cosf1x and (3.52) 

W1 = C3X where 'Y5 = f12 - K~. 

For periodicity, C3 = 0 so that Wl = O. This implies that W = Wo, a constant. 

By proper choice of f1 and 10\ the above solution give a torus knot. Thus the exact 

structure is a closed vortex filament in the form of a mjn torus knot. 

Knotted solution of equation (3.49) is obtained by seeking a power series solution 

of the form 

K (x) = KO + (: KO COS/LX + (:2 K2(X) + .............. , 

T (x) = [ 'Yo COSf1X + [2T2(X) + ....................... and (3.53) 

W = Wo + [Wl (x) + ......................................... . 
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Then the average torsion should satisfy the equation 

(3.54) 

It follows from theorem 5 that for I in a one sided neighbourhood of 10, there are 

closed knotted invariant solutions of the equations of motion (3.49). The knot can be 

right handed or left handed according as I is positive or negative. Also I determines 

the speed of translation of the knot along its tangential direction. A right-handed 

knot rotates in the direction of its tangent vector and a left-handed knot rotates in 

the direction opposite to its tangent vector. The knot moves as a rigid body in the 

direction of the binormal to the circle that underlies the torus knot. 

3.5 Dynamics of knotted vortex filaments 

As in chapter 2 section (2.5) we consider the simplest two soliton solutions of the non

linear Schrodinger equation for the curvature, torsion and vorticity. In section (3.4) we 

note that the simple solitary wave solution corresponds to an invariant torus knot and 

that for each rational number mln, there are left-handed and right-handed torus knots 

that rotate about their own axis of symmetry in opposite directions. The evolution 
~ --> 

equation R t = K B , with an arbitrary torus knot, will not guarantee that the motion 

is invariant since the equations of motion only take into account local effects. 

The evolution equation (3.l1) can be written as (taking 1=0) 

(3.55) 

Wt = O. 
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The solution will be periodic in space and has small amplitude in their deviations from 

a circle. 

Suppose that the solution of (3.55) can be written in the form as in Section (2.5) 

00 

K,(X,t,E) = K,o(t) + 2:: Ej [K,j(t)eij/LX+K,j(t)e-ijILX], 

00 

j=} 

00 

j=1 
00 

W (x, E) = Wo + 2:: Ej 
[wje ijJLX + wje-

ijjlX
]. 

j=1 

(3.56) 

where * denotes the complex conjugate. Note that 'w' is a periodic function of x (i.e. 

a space variable). 

Following [65], we substitute from equation(3.56) in equation(3.55). Then, col

lecting the coefficients of like exponential terms and taking Wo = 1 (for normalization), 

we get the following system of linear equations: 

ZoK,o + TgK,O = _c2 (K,1Z~ + K,i Zl + 2K,OT1 T}*) , 

dwo = O. dWl = O· dW2 = O. 
dt 'dt 'dt ' 

(3.57) 
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(3.58) 

dK2 dKl dKo. . I 

dt + dt W1 + Yt W2 + 2'tJ1 (T2K:O + 2ToK:2) = -3~/LTIK:l - KOW2' 

dT2 dTl 2 I 

dt + dt W1 - 2iJ1 (KOK2 + Z2) = iJLK1 - TOW2, (3.59) 

KO (Z2 + Tn + K:1 (Zl + 2T1TO) + K2 Z0 + K:2TJ + WiK:O (ZO + TJ) = -4JL2 K2 . 

retaining only the terms up to O(c2). 

Following [65J the solutions of these equations can be approximated using mul

tiscale techniques as in chapter 2[26, 66]. Taking c = 0 in equations (3.57) and (3.58), 

the behaviour of the solution to leading order is obtained as follows. 

dK:o 
- = 0 =? KO = a constant. 
dt 

dTo 
dt = 0 =? TO = O. 

K:o (zo + TJ) = 0 => Zo = O. 

dKl . - + ZPK:OT1 = 0, 
dt 

dTl . 
dt - ~JL (KoK:1 + Zl) = 0 and 

(3.60) 
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The last three equations above give 

Solving we get the solution of the system in the form 

<. f,. ,".1 

l'i:l (t) = I'i:+eivrt + ILcitll't~nd -

T1 (t) = * (l'i:_e-
iWyt 

- l'i:+eiI-L"{t) , 

where I'i:+ and I'i:_ are arbitrary. 

(3.61) 

(3.62) 

This corresponds to the superposition of travelling waves, moving in opposite di

rections with speed ,. 

3.6 Approximation by multiscale techniques 

The two timing assumption is made to determine the effect of the order- c2 correction 

terms on the solution of equation(3.61) i.e. the behavior of the solution can be described 

in terms of two time scales, - a fast time To and a slow time Tl = c2To. 

Taking -1t = at + c2 a~l (and c2 = Cl ) the equations (3.57), (3.58) and (3.59) can be 

rewritten as 

(3.63) 

Wo (a~o + Cl a~l) (ToO + C1T01) = o. (3.64) 
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(/';;10 + c1/';;11) (z;o + G1 Z;1) 

+ (/';;io + c11'\:i1) (ZlO + c1 Z11) 

+2 { (1'\:00 + c11'\:0d (T10 + C1 T11) x } 

(Tio + c1 Tt1) 

2 (T20 + E1T2d (Tio + c1 Ti1) (1'\:01 + c11'\:11) + 

2 (TlO + cIT11) (Tto + c1 T{1) (/';;10 + c11'.:11) + 

(/';;;'0 + C1/';;;'1) (T1O + CIT11)2 + (I'\:io + c11'\:i1) (Z20 + c1 Z2d + 

(1'\:20 + c11'\:2d (z;o + c1 ziJ 

(3.65) 

(3.66) 

(3.67) 

(3.68) 

(3.69) 
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(o~o + Cl O~l) (T20 + C1T2d + W1 (O~O + cl O~l) (TlO + C1 T11) 

- 2iJl [(KOO + C1 KOd (K20 + C1K2d + (Z20 + C1 Z21)] 

(KOO + CI KOd [(Z20 + C1 Z2d + (TlO + C1 T11)2J 

+ (K10 + C1 K11) 
[ 

(ZlO + C1 Z11) + 2 (TlO + CI T11) (TOO + C1 TOd + 1 
(K2U + C1 K2r) (ZOO + c1 Zod + (K20 + C1K2d (TOO + C1 TOd 2 

(3.70) 

(3.71) 

The above system of equations from equation{3.63) to equation(3.71) give rise to 2 

set of linear equations. The set I contains the system of 0(1) linear equations, obtained 

by collecting terms independent of Cl and the Set IT contains the system of o(cd linear 

equations, obtained by collecting coefficients of Cl in the above system. 

OKOO = 0 
oTo ' 

OTOO = 0 
oTo ' 

ZOOKOO + TgoKoo = 0, 

OKlO OKOO . -- + Wl-- = -LJlKooTlO, 
oTo [)To 

OTlO . 
oTo = lJl (KOOKlO + ZlO) , 

Set! 

ZlOKOO + Jl2 KlO + ZOOKlO + 2Koo [TOOTlO + Wl (T50 + zoo)J = 0, 

~ &10 &00. . 
oTo + Wl oTo + W2 oTo = - 2lJl (T20 KOO + 2TooK20) - 3tJlTlOK:1O, 

OT20 OTlO . . 2 
oTo + Wl oTo - 2tJl (/'COOK20 + Z20) = l-jlKlO and 

Z20KOO + KOOT~O + ZlO KlO + 2KoOToOTlO + ZOOK20 + TgoK20 + wfKoo (T50 + zoo) = -4Jl2/'C20. 

(3.72) 
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Set II 

ZOOK:01 + ZOlK:OO + 2Too [K:OOT01 + K:01 Tool = - (K:lOZ;o + K:ioZlO + 2K:OOT10T1*0) , 

aK:ll aK:lO aK:01 . * . 
aTo + aT

1 
+ W1 aTo = -3~J.LK:20TlO - ~J.L (K:01 Tal + K:OOTl1 + 2K:lO Tod , 

a~l a~o . * 
aTo + aT

1 
= ZJ..l (K:01K:10 + K:OOK:11 + Zl1 + K:20K:1O ) , 

(3.73) 

We use the method of variation of parameters to solve the above linear system 

of equations, Also we see that the solution to the linear order given by (3.61) is (3.62), 

with a modification that K:+ and K:_ depend on both To and T1 • 

We are looking for the evolution of curvature and torsion of vortex knots for a given 

function w(x, t) of 't'. Here w(x, t) is taken as a periodic function of x, a space variable. 

Without loss of generality, we take Wo = 1 for normalization. So the derivatives of Wo 

occurring in the above set of equations will be zero. From equation (3.72) we get the 
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following. 

K:oo = constant, 

TOO = 0 and (3.74) 

Zoo = o. 

Again from equations 6th and 9th of (3.72), we get 

2 M K:10 
ZlO = --- and 

1'1:00 

1 ( 2 2 4 2 2) Z20 = -2- {L 1'1:10 - M 1'1:20 - 1'1:00TlO . 
1'1:00 

(3.75) 

Therefore we can write the equations 4 and 5 of equation (3.72) as 

OK: 10 . ara + lMI'1:00TlO = 0 and 

Eh lO . (2 2 ) 1'1:10 

aT. + lM f1 - 1'1:00 - = O. 
o 1'1:00 

(3.76) 

Solving, by the method of variation of parameters we get the solution as 

(3.77) 

These are the same as the solutions (3.62) obtained earlier. As in chapter 2, then 

consider the equations 7 and 8 of (3.72). They can be rewritten as 

(3.78) 

Considering the homogenous part of the system (3.78) we get the solution as 
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"'20 = Al e2illP'TO + A2e-2ill,3To and 

720 = -~ [AIe 2ill,BTo - A2e-2i/L,3Tu] where f32 = 4J1? - "'~o 
"'00 

Here Al and A2 are functions of To and TI . 

The evaluation of Al and A2 is done as follows: 

(3.79) 

We use the method of variation of parameters to find the solution of the non-homogeneous 

system (3.78). 

Let the solution be 

where 

"'20 = Al (10, Td "'~~) (To) + A2 (To, Td "'~~) (To) and 

720 = Al (To, Td 7~~) (To) + A2 (To, Tr) 7~~) (To) 

Solving equation (3.81), we get 

(3.80) 

(3.81) 
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Integrating partially with respect to To and then multiplying with e2ill{3To, we get 

A (Tr T) e 2iJ.L!3To = WI, [Ii ('"V + 2{3) eiWyTo + K ("I - 28) e-i/l'yTo] 
1 0, 1 2 (,2 _ 4{32) + , -, . 

+ 3, [1i2 (r + /3) e 2iW'rTo + K: (r - /3) e-2iw,/To] 
4 (r2 - /32) KOO + 

_ 2f..L2 + 1i50 r 1i~{3 (, + /3) e2iWyTo - 21i+ Ii_ (,2 - {32)] 

4 (r2 - ,(2) /32KOO -K:(3 (r _ fJ) e-2iWtTo 

,2 [1i~{3 (r + {3) e2iw/To + 21i+K_ (,2 - {32)1 

+ 2Koo,62 (r2 - {32) -1i:{3 (r _ /3) e-2iWITo 

2 
- WI, [Ii (, + 2{3) ei}l")To - K (, - 2/3) e-ill"fTO] 

2{3 (r2 - 4{32) + -

(3.82) 

Proceeding as above, starting from equation (3.81): we get 

(3.83) 

Substituting in cquation(3.80) and on simplification, we get 
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Then 

(3.85) 

Then substituting for ,'\;10, ,'\;io, 710, 7{O in the first equation of {3.73)and integrating W.r.t 

To, we get, 

(3.86) 

Also from Set II we get 

(3.87) 

(3.88) 

(3.89) 
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Now equation (3.88) gives 

(3.90) 

The conditions for non secularity are 

(3.91) 

Proceeding as above equation(3.89) gives 
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(3.92) 

The conditions for non secularity are 

(3.93) 

From the set of equations (3.91) and (3.93) we see that both I'i:+ and I'i:_ satisfy 

the following equations in slow time variable on the assumption that they are periodic 

functions in To. 

(3.94) 

These are the equations we obtained, similar to (5.9) of Keener[65]. 

Keener obtains other solutions assuming 11'i:+1 and 11'i:-1 as constants. Otherwise it 
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is not easy to solve the non-linear equations. In our case this assumption is also not 

sufficient to solve it. 

3.7 Discussion 

In this chapter we have considered a vortex filament in an ideal fluid. We have 

followed Keener throughout, with the correction discussed in chapter 2. 

As mentioned in the introduction what Keener considers is only a geometrical knot 

evolving under Frenet-Serrct formulae. In fact he is not considering even the constant 

circulation that is taken int.o account in a LIA approximation. In our study we have 

tried a simple extension where instead of constant circulation we have considered the 

effect of vorticit.y, which is aligned along the vortex line. Along with the periodicity 

of curvature and torsion we have used the periodicity of 'w' also in our study. It is 

assumed that 'w' as a function of t i.e. evolution of 'w', is known from the hydro 

dynamical equations. 



Chapter 4 

Vorticity Stress Tensor 

The recent studies on vortex knots concentrate more on the T\,1HD and plasma, 

mentioning analogy between vortex dynamics and electromagnetic theory. This anal

ogy needs deeper studies to analyze the physics of fluid flows. 

Thus treating line vortices as physical structures, it is possible to study the 

forces acting on it and its deformations. We can talk of the force between vortex lines, 

the pressure and the stress that deform vortex tubes. This stress can be reduced to 

principal form which involves the enstrophy. It is to be noted that enstrophy is asso

ciated with the work done in stretching of vortex lines, Doering and Gibbon [34J and 

Chorin [24]. 

Inspite of the analogies it may be noted that there are differences in the prop

erties of MHD and incompressible inviscid fluid flows. For example, l\lloffatt [108, 107J 

points out the question of stablity of Euler flow. 

Suppose we have a knotted closed curve C, which runs along the center-line of 

a tube of small uniform radius r so that the curve becomes a string[115J. If for a given 

configuration of C, r is gradually increased, the process corresponds to knot tightening 
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and T cannot increase above a maximum value. If the initial configuration of C is varied, 

with length held constant, the maximum value of T, say Tmax is reached,Moffatt[115]. 

Katritch et.al [63] have developed a numerical technique by which Tmax may be in

creased and the configuration of C is called ideal. Alternatively the process can be 
) 

explained in terms of energy. Here the knot is identified with an imaginary magnetic 

flux tube, which is allowed to contract due to Maxwell's tension. This is followed by 

corresponding increase in cross-section to maintain total tube volume. The process is 

stopped when the tube comes into contact with itself and a minimum energy equilib-

rium state is reached. 

The analogy between Maxwell's equation of electrodynamics and vorticity equa-

tion is well known. But recent studieH concentrates more on electromagnetic equation 

and magnetic induction in the case of plasma flows. Though the analogy is mentioned 

everywhere, it is seldom studied in detail. In this chapter we attempt to exploit this 

analogy and to interpret the quantities associated with vorticity. 

4.1 Vorticity stress tensor 

In the case of incompressible flows, the vorticity field is frozen-in and thus satisfies 

the equation 

8w " (~ _) 8i=vx vXW (4.1 ) 

This equation admits solution given by 

(4.2) 

! 
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This is the well-known Cauchy equation, which relates the current vorticity to the 

initial vorticity and thus establishes a topological equivalence between them. 

Corresponding to magnetic energy, the energy associated with vorticity field is defined 

by enstrophy ~w; Moffatt [105, 107, 116, 112]; Moffatt and Ricca [112] 

The rate of change of this energy density is 

:t (~2) = W . ~~ 
= w· [\7 x (iJ x w)] 

= -iJ· [(\7 x w) x w] - \7 . [(iJ x w) x w] 

= -iJ· [f x w] - \7 . [(iJ x w) x w] 

Here f = V x w is the flexion field. 

( 4.3) 

As pointed out by Truesdell [172], the importance of flexion lies in its occurrence 

in the N avier-Stokes equation. If vorticity is confined to a sub-domain of the fluid, the 

divergence term vanishes on integrating over the entire volume. 

Thus we get 

d~~f = _ J ij. FdV. ( 4.4) 

Here M = J ~2 dV is the total enstrophy and F = f x w is a force analogous to 
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Lorentz force in electrodynamics, Ferraro et.a1. [39J and l\1offatt [116J. 

The Lorentz force is associated with the Maxwell's stress tensor. Analogously we 

associate a stress tensor 

( 4.5) 

-with this force F. The normal components of this stress represents the tension in the 

line vortices and the terms WiWj are the shearing forces between adjacent vortex lines 

of the filament whose limiting case is the line vortex. 

[Tijl is a symmetric matrix and can be diagonalised. Choosing the principal axis 

OX1 in the direction of vorticity (w, 0, 0), we get 

w2 
0 0 2 

[Tijl = 0 w 2 
0 ( 4.6) -2 

0 0 w2 

-2 

Thus the principal stress components const.itute a tension ~W2 along the line vortex 

and an equal pressure normal to it. 

We can rewrite this tensor as 

w2 0 0 w2 
0 0 2 

0 0 0 + 0 w 2 
0 -2 

0 0 0 0 0 w2 

-2 

-In this form w2 gives the effect of the force F and the second term represents pres-

sure in the direction of vortex line. 
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4.2 Discussion 

Any property that depends only on the frozen-in-character of the B-lines of 

magnetic induction apply equally to the vorticity TJ. Unlike MHD flows, the vorticity 

is defined in terms of velocity. The geometrical object corresponding to B-lines is a 

line vortex. 

The question naturally arises in what sense Tij call be called a vorticity stress 

tensor. While a magnetic flux ring shrinks in radius towards the axis, a vortex ring 

propagates in a direction parallel to it's axis. In spite of these differences, the concept 

of line vortex can be made use of in mathematical studies as an approximate represen-

tation of real vorticity distributiori. 

Recent references to ens trophy are in the Kolmogrov theory of turbulence ~ 

sociated with viscous dissipation of energy, [24, 34]. The reference to flexion can be 
i 

seen in Truesdell [172} where he mentions its importance as appearing in Navier-Stokes 

equation. 

In a private communication, Moffatt had pointed out the difference between the 

deformation of a closed magnetic fI. ux tube (under IvIaxwell stress) and that of a vortex 

ring (which moves along its axis) and expressed the doubt whether the tensor can be 

called a vortex stress tensor. The question naturally arises whether it is meaningful to 

identify a geometric knot with a magnetic flux tube and in this case to what exten~-r-· 
the kinematics of vortex knots is included in that of knots of magnetic lines. We also 

note that the vortex stress tensor is related to the enstrophy in the same way as the 

Reynolds stress tensor is related to kinet1c energy. 

Suppose we identify a knot with an imaginary vortex flux tube instead of 
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magnetic flux tube. It is to be noted that motion of the tube depends on its cross

section. The velocity of the tube is infinite if the size of the cross-section is zero and is 

indeterminate unless a finite size of the cross-section is assigncd~ Batchelor [9]. Thus 

the classical inviscid theory of vortex ring is unsatisfactory and incomplete in describing 

its motion. This is applicable to more complicated structures like vortex knots. 



Chapter 5 

Conclusion 

As pointed out in the introduction, though vortex knots have attracted attention 

of the scientists of late nineteenth century like Kelvin and Tait, the interest was renewed 

in 1960's due to the works of Ivloreau [122]and Moffatt et.al [104, 110, 109, 107]. While 

in ideal fluid flows the topology of the knots and links are preserved in a flow, in real 

fluid flows these are changed due to some sort of dissipation. Thus both topological in

variants and topological changes have been the subjects of study for the last forty years. 

The research works on vorticity has led to the emergence of a new field called 

Topological Fluid Mechanics. A major milestone was the annual conference of IU

TAM, the International Union for Theoretical and Applied Mechanics, held at Cam

bridge in the year 1989. This symposium addressed the problems of fluid mechanics 

and magneto-hydrodynamics that could be described as topological rather than ex

clusively analytical in character. These include purely kinematical problems such as 

classification of possible streamline structures in three-dimensions, the deformation of 

convected lines and surfaces in a prescribed flow field and the relation between La

grangian and Eulerian properties for laminar and turbulent flows, to mention a few. 

On the other hand there are dynamical problems such as treatment of changes in flow 

topology associated with symmetry breaking instability, topological invariants associ-
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ated with Euler equations and the manner in which the topological invariants may be 

broken in high Reynolds number flows. Underlying all such problems is a desire to 

identify structures if any that are characteristic of the fully developed turbulent flows 

with a view to constructing an improved statistical theory of turbulence. 

A vortex filament in an ideal barotropic or incompressible flow is an individ

ual entity preserving identity for a long period of time. It exhibits vigorous bending 

and twisting motion owing to self-induction as well as the influence of neighboring 

vortices and background flow/by Fukullloto [45]. Investigation of the competitive and 

co--operative action of these ingredients will give some insight into the complicated 

structure of high Reynolds number flows. Apart from these, turbulence in super fluid 

helium II manifest itself as a tangle of quantized vortices [33J. The study of the tangle 

was initially motivated by engineering applications of heat transfer and to understand 

a peculiar form of disorder in the vicinity of absolute zero. The more recent interest 

comes from the study of isothermal helium turbulence and its possible connection with 

classical turbulence. Also in cosmology, experiments are conducted in which a tangle 

of vortex knots is interpreted as a model of cosmic strings in the early universe In all 

these cases since the core structure is very small and dissipative effects are negligible 

at sufficiently low temperatures these vortices can be well approximated by vortex line 

singularity which move in an ideal Euler fluid. [33]. 

The study of vortex knots belongs to the topological fluid mechanics as it is 

primarily concerned with structures within a flow field that retain some coherence over 

a significant period of time. In ideal situation this coherence may remain indefinitely, 

but in real flow we may have to consider the manner in which the structural or topo

logical properties of flow change with time. The related problems cannot be solved in 

general and can be solved only by considering particular problems as in the case of 



CHAPTER 5. CONCL USION 95 

Navier-Stoke's equation of viscous fluids. 

In this context Moffatt [117J has identified eight problems which he calls the 

twenty first century problems. Of these, problems four to seven are related to knots. 

As coherent structures in a fluid are related to vorticity, the above remark shows the 

significance of knots in general. 

Related to these problems are many problems of magneto hydrodynamics of 

highly conducting fluids like relaxation to magneto-static equilibrium under the con

straint of conserved topology and the resulting formation of discontinuity, dynamo 

action due to fluid motion either with or without helicity and problems of solar and 

stellar magnetism. There are other fields like molecular biology in which entanglement 

of DNA chains are studied [79, 25]. 

Coming back to Fluid Mechanics, vortex knots and knots of magnetic lines of 

force in MHD flows are considered together in most of the studies. The wellknown 

parallel between vortex lines and magnetic lines of force is made use of in giving atten

tion to the problems of the latter, rather than vortex knots. Thus most of the studies 

in fluid mechanics are concerned with magnetic knots rather than vortex knots. In 

this context we recall that in a paper "Evolution of Vortex Knots" Ricca et.al [145] 

claim, "for the first time since Lord Kelvin's original conjectures of 1875, we address 

and study the time evolution of vortex knots in the context of the Euler equations". 

The authors did not refer to the paper by Keener [65J to whom the credit should really 

go. Though Kida [72] has studied the motion of a vortex filament and found the exis

tence of torus knot solutions, the work of Keener can be singled out as the one which 

addresses the evolution of a vortex knot for the first (It may be recalled that Ricca 

refers to Keener, in his earlier papers [112, 143]). This has led us to choose Keener's 
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work as starting point for our study. 

Though much study has been done on evolution of vortex knots, only a few 

authors have addressed the question as to the influence of external flow on the motion 

of a knotted vortex filament. This situation is of interest not only in its own right 

but also in the practical view point as possible idealization of the distant vortices and 

boundary. In this connection we mention the works of Rama [54], Takaki [160], Aref 

and Flinchem [3J and Fukumoto [45]. All these are based on LIA approximation to 

Biot Savart law for vortex line [9J. 

LIA is a crude approximation for the study of vortex motion based on Biot-Savart 

law governing vortex motion which can be derived from the Euler equation of incom

pressible flow as well as Ginzburg-Landau model for super fluids. The fundamental 

flaw of the LIA lies in the absence of vortex stretching. But this aspect is crucial as 

even small non-local correction causing changes of the length of the vortex line are apt 

to cause strong deviation from LIA results [129J. The inadequacy of LIA should be 

felt, particularly strongly, when the stability of the line vortex configuration is studied. 

Due to the self focusing nature of NLS explained by solution corresponds to spiral 

configuration, must be unstable [123J. The exceptional case is a circle which turns out 

to be neutrally stable. But a neutrally stable situation might be resolved when weaker 

effects are taken into account. And even in this case abandoning the LIA should be 

the first step. 

LIA model preserves three fundamental properties of Euler equation. 

• Vortex tube traveling with the fluid. 

• The binormal flow reversible in time. 

• Circulation around any closed curve encircling the vortex line. 
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In the ideal situation of a vortex filament the vorticity is identified by a 6-vector mea-

sure in the direction of the tangent with circulation as magnitude. From this point of 

view, the flow preserves the arc length parameterization. This prevents the possibility 

of vortex stretching. 

It is to be noted that vortex line stretching for vorticity production belongs to 

truly three-dimensional property that distinguish turbulence from other random and 

quasi-random flows. This vortex stretching mechanism is represented in the vorticity 

equation by the term 

This shows the relevance of the quantity Jij = UiWj which is called the helicity 

tensor related to knottedness of vortex lines as in Moffatt[104J. This tensor can be 

interpreted as the lagrangian tensor of vorticity density flux. It is interesting to note 

that the helicity invariant is simply an integral of the helicity tensor trace (like the 

kinetic energy is the integral of the trace of the Reynolds stress tensor) [173]. Local 

rate of change of helicity is the skew-symmetric part of helicity tensor [51]. The re

sult concerning the conservation of helicity was first proved by Moreau [122J who has 

pointed out its topological significance also. 

In Fluid Mechanics the fundamental assumption is that the fluid is a continuum. 

In mathematical language, this says that, at least locally, the fluid looks like usual two 

or three-dimensional space. A fluid particle is identified with mathematical point in 

this space. The basic model of fluid mechanics is a set consisting of the fluid body and 

the various additional structures that allow one to discuss such properties as continuity, 

volume, velocity and deformation. The flow itself is a transformation of the fluid body 
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to itself and the basic object of study is the transport of structures under the flow [16]. 

The more deeply one penetrates into the general character of fluid motion, the more 

apparent it becomes that the dynamical properties of fluids in the main are but names, 

in the interpretations and methods of measuring purely kinematical quantities, and 

that in general, the flow of fluid whether perfect or viscous may be defined by purely 

kinematical conditions. Since fluid flows occur in three-dimensional space, the above 

consideration leads to the conclusion that the fluid flow is related to the geometry of 

three-dimensional space. This has been investigated by Tur and Yanosky [174] using 

differential forms (O-form, I-form. 2-form and 3-form) in a three-dimensional manifold 

and they have obtained 4 types of invariants. Knots and Links are also discussed as 

topological invariants for frozen-in fields associated with closed 2-forms. The underly

ing physical idea is rather simple. In the case of such fields, the field lines are either 

closed or extends to infinity. When such field lines are linked, their frozenness prevents 

the flow from un linking them provided the flow is continuous. 

But following Drobot and Rybarsky [36]. Mathcw and Vedan [96, 97], Geetha, 

Thomas and Vedan [49j,aRci Subin and Vedan[157] has used a four dimensional space

time manifold to study inviscid flows. It is to be noted that in such a space-time 

manifold there are five kinds of forms including 4-forms also so that we expect addi

tional geometrical properties associated with it. The use of such a four-dimensional 

manifold has great significance in the study of knots and links. This gives a new 

direction for future work. 
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