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Chapter One

Preliminaries

1.1. Introduction

Survival data is a term used to refer the data measuring the time to
occurrences of certain events. Such data are also referred to as lifetime data or
failure time data. Survival data frequently come from medicine, but may come from
other applied fields like demography, engineering, economics and social sciences. In
the simplest case, the event of interest is death, but the term also covers other events.
Survival analysis is the branch of statistics that deals with modeling and analysis of
survival data. Some methods of dealing with lifetime data are quite old, but starting
about 1970 the field expanded rapidly with respect to methodology, theory, and
fields of application.

By survival time, we mean a time from the start of an observation
until the occurrence of an event. The event can be death of an individual or failure of
some equipment. The following examples illustrate various types of survival data

that arise in practical situations.

Example 1.1: In medical studies, the proposed event may be the death of some
individual or the occurrence of some disease, which is measured from the date of
diagnosis or some other starting point. For example, if we consider the individuals
who were diagnosed with AIDS, the event of interest is the time from infection to

diagnosis of AIDS (the incubation period).

Example 1.2: In industrial applications, the event is typically time to failure of a
unit or a particular component in a unit. For example, Nelson (1972) considered a
life test experiment in which specimens of a type of electrical insulating fluid were
subject to a constant voltage stress. Then the length of time until each specimen

failed or broke down is termed as the event.

Example 1.3: Demographers and social scientists are interested in the duration of

certain life ‘states’ for humans. Consider, for example, the marriages formed during



a period in a particular country. Then the lifetime of a marriage would be its

duration; a marriage may end due to annulment, divorce, or death.
1.2, Basic Concepts

Let T be a non-negative random variable representing the time to occurrence

of an event. Let F(t) be the distribution function of T, which is absolutely
continuous with respect to a Lebesque measure and f(f) be the corresponding

probability distribution function (p.d.f.). There are certain basic concepts that
characterizes the distribution of 7. Survival function, hazard function and mean

residual life function are the three concepts, commonly used to explain the physical

characteristics of 7 .
1.2.1. Survival Function

The basic quantity employed to describe time-to-event phenomena is the
survival function, which is the probability of an individual surviving beyond time ¢.

Thus the survival function of 7', S(¢), is given by

S =P[T >t]=1-F(1). (1.1)

When the probability density function of T, f(z) exists, S(¢) can be written as

S(t)=°]-f(u)du. (1.2)
:

The survival function S(#) is a monotone non-increasing, left continuous function

with S(0)=1 and S(e) =1imS(#)=0.

It may be noted that
das(t)
HN=——-. 1.3
f(@) o (1.3)

In the context of analysis of industrial data, S(¢) is referred to as the reliability

function.



1.2.2. Hazard Function

One of the fundamental concepts in survival analysis is the hazard function.

The hazard function of T is defined as
ﬂ.(t)=£in(}711—P[tST<t+AtIT_>.t]. (1.4)

The hazard function specifies the instantaneous rate of death or failure of an

individual at time ¢ given that the individual survives up to time . Thus A(¢)Ar is
the approximate probability of death in {z,7+ Ar), given survival up to ¢.
When the probability density function (p.d.f.) f(¢), exists,

f@) _ ~dIn[S(®)]
S(2) d

Alt)= (1.5)

The A(¢) indicates the way the risk of failure varies with age or time. Note that A(r)

must be non-negative and Iﬁ(u)du =o0,
0

The cumulative hazard function A(z) is defined as
At) = jx(u)du =—In[S(1)]. (1.6)
0

It is well known that A(f) (A(#)) determines the distribution uniquely by the

identity.

S(r)y=exp[-A()]=exp [— _[zl(u)du]. (1.7)
0

The hazard function is also known as conditional failure rate in reliability,
the force of mortality in demography, the intensity function in stochastic process, the
age-specific failure rate in epidemiology, the inverse of the Mill’s ratio in

economics, or simply as the hazard function.
1.2.3. Mean Residual Life (MRL) Function

Another basic quantity of interest in survival analysis is the mean residual
life function at time ¢. For a non-negative random variable 7, mean residual life
function of T is defined as

m(t)=E[T —~t|T >1t]. (1.8)



The function m(t) represents the average lifetime remaining to a component which

is survived up to time ¢. For a continuous random variable 7, m(t) can be written

as
[ -
m(t) = 30 ;[S(u)du . (1.9)
Note that
m(O)=,u=E(T)=°]S(u)du. (1.10)
0

The function m(z) is related to the hazard function A(¢) by

A =1m0. (1.11)
m(t)

It is shown that m(¢) determine the distribution uniquely by the relationship
m(0) 't du

S(t)—— exp| — . (1.12)
m(z) [ OI m(u)

One set of necessary and sufficient condition for m(¢) to be a MRL given by Swartz
(1973), is the following

i) m@®)=0

(i) m'@)2-1

and

(iii) I;T should be divergent.

1.3. Censoring

In survival studies, the data may be incomplete due to various reasons. One
of the reasons of incompleteness is censoring. Censored data often arises in survival
studies because the experimenter is unable to obtain complete information on
lifetime of individuals. The study may have terminated before all subjects had
experienced an event, or the particular subject may have been lost to the study at
some point. The presence of censored observations complicates the analysis of

lifetime data. The following are some examples of censored data.



Example 1.4: Censoring is common in clinical trials, since the trial is often
terminated before all individuals have failed (died). In addition, individuals may
enter a study at various times, and hence may be under observation for different
lengths of time. For example, Gehan (1965) has discussed the results of a clinical
trial in which the drug 6-mercaptopurine (6-MP) was compared to a placebo with
respect to the ability to maintain remission in acute leukemia patients. If the disease
was still in a state of remission at the end of the study, those observations are said to

be censored.

Example 1.5: In the period 1962-77, 225 patients with malignant melanoma (cancer
of the skin) had a radical operation performed at the Department of Plastic Surgery,
University Hospital of Odense, Denmark. The tumor was completely removed
together with the skin within a distance of about 2.5 cm around it. All patients were
followed until the end of 1977, that is, it was noted if and when any of the patients
died. Then the lifetime of those individuals are known to be censored who were still

alive at the end of 1977.

Example 1.6: Bartholomew (1957) considered a situation in which pieces of
equipment were installed in a system at different times. At a later date some of the
pieces had failed and the rest were still in use. The first item was installed in June 11
and data were collected up to August 31. At that time, three items had still not failed,

and their failure times are therefore censored.

There are three common forms of censoring viz., right censoring, left

censoring and interval censoring.
1.3.1. Right Censoring

Right censored survival data is common in clinical trials where some
individuals may be lost to follow up for various reasons. We know only the lower
bounds on lifetime for those individuals.

Suppose that n individuals have lifetimes represented by 7,,7,,...,T, and the
corresponding censoring times are C,C,,...,C,. Then the observed data contains

(1,,0,) with 1, =min(Z;,C,) and the indicator function



T=t,
,i=412,...,n. (1.13)
I,>t

51=1(T: :[i):{(l)

NS

This &, is called the censoring or status indicator for ,, since it tells us if 7, is an

observed lifetime (J, =1) or censoring time (&, =0). There are different kinds of

right-censored data as described below.
1.3.2. Type I Censoring

A Type I censoring mechanism is said to happen when each individual has a
fixed censoring time C; >0 such that 7; is observed if 7, <C,, otherwise, we know
only that T, > C,. Type I censoring often arises when a study is conducted over a

specified time period. In clinical trials, there is often staggered entry of individuals

to the study combined with a specified end-of-study date.

Assuming that the lifetimes 7,,7,,...,7, are independent and identically
distributed (i.i.d.) random variables with common p.d.f. f(¢) and survival function

S(?), then the likelihood function L under Type I censoring is obtained as

szl F@)%8@)"% . (1.14)
i=1

1.3.3. Type II Censoring

Type II censoring refers to the situation where only the r smallest lifetimes
ty 1o S...<1,, in a random sample of n are observed; where r is a specified
integer between 1 and n. This censoring scheme arises when » individuals start on

study at the same time, with the study terminating once r failures have been

observed. Although some life tests are formulated with Type II censoring, they have

the practical disadvantage that the total time ¢, that the test will run is random and

hence unknown at the start of the test.

With Type II censoring, the value of r is chosen before the experiment is

performed, and the data consist of the r smallest lifetimes in a random sample

1.,T,,....,T,. When the lifetime random variable is continuous, we can ignore the



possibility of ties and denote the r smallest lifetimes as T, <T,,, <...<T,,,. If the T,

has p.d.f. f(¢) and survival function S(#), then the joint p.d.f. of T,,T, ..., T, is

given by

L= (n r) [Hf(t):l(S(t(,))) : (1.15)

1.3.4. Progressive Type II Censoring

Progressive Type II censoring is a generalization of Type II censoring. In this

context, the first 5 failures in a life test of n items are observed; then n; of the
remaining n—r, unfailed items are removed from the experiment, leaving n—r —n,
items still present when a further r, items have failed, n, of the still unfailed items
are removed, and so on. The experiment terminates after some prearranged series of
repetitions of this procedure.

Suppose the censoring has only two stages; at the time of r th failure, n, of
the remaining n—r, unfailed items are randomly selected and removed. The
experiment then terminates when a further r, items have failed. At this point there
will be n—r —n —r, items still unfailed. The observations in this case are the »,
failure times T <T,, <...<T,,, in the first stage of the experiment, which we will
denote by Tm <T(,) <. <7;,) . When the lifetimes are i.i.d. with common p.d.f.
f(t) and survival function S(z), the likelihood function will be
L= Cf (1)) G IS U™ £ty e f (1) WS e I (1.16)
where

nl(n—rn—n))!

C=(n—r1)!(n—r1—n.—rz)!'

1.3.5. Left Censoring

In certain situations, study subjects have experienced the event before study
commences. In such situations, we know only the upper bounds on lifetime for these

subjects. For instance, we may know that a certain unit failed sometime before 100



hours but not exactly when it happens. In other words, it could have failed any time
between 0 and 100 hours.

Example 1.7: Baboons in the Amboseli Reserve, Kenya, sleep in the trees and
descend for foraging at some time of the day. Observers often arrive later in the day
than this descent and for such days they can only ascertain that descent took place
before a particular time, so that the descent times are left censored (see Andersen et
al., 1993).

1.3.6. Interval Censoring

Interval censoring occurs when it is not clear when the event occurred, all
that is known is that the time to event occurred within some interval (7;,7,]. Interval
censored data reflects uncertainty as to the exact times the subjects failed within an

interval. This type of data frequently arises from situations where the objects of

interest are not constantly monitored.

Example 1.8: A herd of cows tested bi-weekly for the onset of a disease. Subjects
may be seen sporadically due to reasons beyond the investigator’s control, such as
HIV- positive patients “dropping in” to a health clinic when convenient. In addition,
many datasets that have survival recorded in days, weeks, months, and so on, are

actually interval censored.
1.4. Truncation

Individuals are sometimes selected and followed prospectively until failure
or censoring, but their current lifetime at selection is not at ¢ =0, but some value
u >0. The definition of a prospective study is that lifetime information after the

time of selection forms the response. Selection of an individual at time u; thus
requires that 7, >u,, and the observed data for individual i/ consist of (u.7,d,),
where ¢ 2u, is a lifetime or censoring time. We say that the lifetime 7, is left
truncated at u,. Left truncation is very common in fields like demography and

epidemiology. In many occasions, at least some of the data arises chronologically

before the time the individuals are selected for the study. Then the individual is



included in the data when T, <v, and we say that the individual is right truncated at

v; . Examples of left and right truncation are given below.

Example 1.9: The data of diabetic nephropathy contains all the insulin-dependent
patients treated at the Steno Diabetes Center, Denmark, since it opened in 1933 unti}
1972. The patients were diagnosed between 1933 and 1972, and started treatment at
the hospital between 1933 and 1981. They were followed from first visit at the
hospital until death, emigration, or January 1, 1984. Thus data are left truncated,

both when age and duration of diabetes are used as time scales.

Example 1.10: Kalbfleisch and Lawless (1989) analyzed data on persons infected
with HIV via blood transfusion, who were subsequently diagnosed with AIDS. The
data were used to estimate the distribution of the time T between HIV infection and
AIDS diagnosis. The study group was assembled in 1987 and consisted of
individuals who had a diagnosis of AIDS prior to July 1, 1986. For each patient the
date of HIV infection could also be ascertained, because the individuals selected
were deemed to have contracted the HIV through a blood transfusion on a particular

date. The condition for being included in the data set was therefore that 7, <v,,

where v, is the time between the individual’s HIV infection and July 1, 1986. This is

an example of right truncated data.
1.5. Estimation Procedures

One of the objectives in survival analysis is to estimate the survival function.
For the estimation of the survival function, there are two common approaches,
parametric and non-parametric. In parametric method, it is assumed that the survival

time has certain probability distribution f(z,6), where the functional form of f(.)

is known, but the parameter € is unknown. There are different procedures for
estimating the parameters of the model such as maximum likelihood, method of
moments, Bayesian techniques etc. In survival studies, the commonly used
parametric models are exponential, Weibull, Pareto, inverse Gaussian, gamma etc.
For more details on the estimation procedures of parametric models, one could refer

to Martz and Waller (1982), Sinha (1986) and Lawless (2003).



In many situations in survival studies, the given data may not meet the
assumptions of the parametric model. In medical studies, sample size may not be
adequate for the determination of the parametric model. In addition, censoring and
truncation makes problems for the analysis of data using parametric approach.

Consequently, non-parametric approach is very common in survival studies.

1.5.1. Non-parametric Estimation

When the data is not censored, the empirical survival function S (t), is given
by

~ 1 >
§(py = Nomber of observations > 7 (1.17)
n

is employed to estimate S(t).

When there are censored observations (1.17) can not directly be applied and

therefore, Kaplan-Meier (1958) suggested a new non-parametric estimator for the

survival function.
1.5.1.1. Kaplan-Meier Estimator

Kaplan and Meier (1958) developed a non-parametric estimator for survival
function from censored data. This estimator is also referred as the product limit

estimator.

Let (t,.*,&,.), i=12,...,n represent a censored random sample of lifetimes.
Let dj =Zl(tf =t,.,§,. =1) represent the number of deaths at 1 i,j=12,..,n,
i # j. Then the Kaplan-Meier estimator for S(¢) is defined as

SO=1] -

j:rl <t j

n.—d.
S (1.18)

where, n; =21(ti* 21t;) is the number of individuals at risk at z;, which is the
number of individuals alive and uncensored just prior to #;. The estimate of the

variance of $(7) is given by

. . d.
Var{S(t)] = S(t)* Z WJ_—_d—) (1.19)

10



which is referred to as Greenwood’s formula.
1.5.1.2. Nelson-Aalen Estimator

From the identity (1.18), it follows that the estimate of the cumulative hazard
function can be used for the estimation of the survival function. One could estimate
the cumulative hazard function directly using the Nelson-Aalen (NA) estimator. If

t,t,,...,.t, represent the distinct lifetimes at which subjects fails, then the Nelson-

Aalen estimate of A(f) is given by

d,
A=Y . (1.20)

j:tjsr n]‘
where d ; and n ; are defined as earlier.

This is sometimes called the empirical cumulative hazard function, but is more
commonly known as the Nelson-Aalen estimate, having been proposed by Nelson
(1969) and by Aalen in a 1972 thesis.

The estimate of the variance of the A(¢) is given by

Vartam= 3 L T4 (1.21)

Jist nj

From (1.7), the estimate of S(z) given by

S =exp[-A@)]. (1.22)
1.6. Regression Models

In recent years, statistical literature gives considerable interest in specialized
methods for the analysis of lifetime data. Much of this interest appears to have been
stimulated by problems arising in medical research though rather similar problems
arise, for example, in industrial life-testing and demography. A common research
question in medical, biological or engineering (lifetime) research is to determine
whether or not certain continuous (independent) variables are correlated with the
survival times or lifetimes. There are two major reasons why this research issue

cannot be addressed via straight forward muitiple linear regression techniques. First,

11



the dependent variable of interest (survival time or lifetime) is most likely not

normally distributed. Second, there is the problem of censoring.

The use of explanatory variables, or covariates, in a regression model is an
important way to represent heterogeneity in a population. Indeed, the main objective
in such studies is to understand and exploit the relationship between lifetime and
covariates. For example, in a survival study for lung cancer patients, effect of
factors, such as the age and general condition of the patient and the type of tumor in

survival time is of interest.

Regression models for lifetimes can be formulated in many ways, and
several types are in common use. Regression analysis of lifetimes involves

specifications for the distribution of a lifetime T, given a vector of covariates z.

There are two types of covariates: time dependent and time independent. Sometimes
a time-varying covariate may be linked physically with the lifetime process. For
example, blood pressure may be linked to the time or age at which an individual has
a first stroke. Such covariates are termed internal. A covariate which is independent
of time is termed as external. Factors such as air pollution or climate conditions, or
applied stresses such as voltage or temperature in life test experiments, are examples

of such covariates.

The common regression model used in survival studies is the proportional
hazards (PH) model introduced by Cox (1972), in which the effect of covariates on
the hazard function is studied. There is a vast literature covering the analysis of
regression models. For more details, one could refer to Cox and Oaks (1984),
Andersen et al. (1993), Klein and Moeschberger (1997), Oakes (2001), Kalbfleisch
and Prentice (2002) and Lawless (2003).

1.6.1. Proportional Hazards Model

The proportional hazards model is the most commonly used regression
model as it is not based on any assumptions concerning the nature or shape of the

underlying survival distribution. Cox (1972) proposed the model as

At 2)=A(Or(z), >0 (1.23)

12



where r(z) and Ay(t) are positive-valued functions and A(z1z) is the hazard
function of T given the r-variate covariate vector z. The function 4;(¢) is usually
called the baseline hazard function, which is the hazard function for an individual
whose covariate vector such that r(z)=1. A common specification for r(z) is £
Then (1.23) becomes

Al 2) = A (1)el*, t>0. (1.24)

where [ is the vector of r- parameters.

The name proportional hazards come from the fact that any two individuals
have hazard functions that are constant multiples of one another. The model (1.23) is
a semi-parametric since it incorporates the unknown baseline hazard function and

parametric vector £. The model specifies a multiplicative relationship between the

underlying hazard function and the log-linear function of the covariates. This

assumption is also called the ‘proportionality assumption’.

Cox’s proportional hazards model is a well-recognized statistical model for
exploring the relationship between the survival of a patient and several explanatory
variables. The model provides an estimate of the treatment effect on survival after
adjustment for other explanatory variables. Even if the treatment groups are similar
with respect to the variables known to effect survival, using the Cox model with
these prognostic variables may produce a more precise estimate of the treatment
effect. Interpreting a Cox model involves examining the coefficients for each
explanatory variable. A positive regression coefficient for an explanatory variable
means that the hazard is higher and thus the prognosis worse, for higher values. A

negative regression coefficient implies a better prognosis for patients.

Suppose there are n individuals in the study. 7,,7,..T, indicates the lifetimes
and C,,C,...,C, are the corresponding censoring times. Then the observed data
contains (7,,d,) with ¢, =min(Z7,,C,) and &, the censoring indicator as described in

Section 1.3.1 fori=1,2,...,n.

The likelihood function for estimating the parameter vector £, which is known as

partial likelihood, as suggested by Cox (1972) is given by

13



n e/f'!.-
L(é)=]'1 _"_—_ﬁ— (1.25)
=S R (e
; ;

where Y,(t)=1(t,>2t), i =1,2,...,n is an indicator function.

Then the estimation of S is obtained by maximizing the partial likelihood

(1.25). The generalized Nelson-Aalen estimator is used as the estimator for baseline

hazard function.

For the properties of the estimators, one could refer to Kalbfleisch and
Prentice (2002) and Lawless (2003).

1.7. Competing Risks Models

In many medical or industrial studies, there are several causes or modes of
failure of individuals or components. Such data are commonly referred to as
competing risks data, since each causes or modes of failure compete in some sense
for the failure of the individual or the component. Following are some examples of

competing risks data.

Example 1.11: Consider an experiment in which new models of a small electrical
appliance were being tested (Nelson, 1970). The appliances were operated
repeatedly by an automatic testing machine. The lifetimes are the number of cycles
of use completed until the appliances failed. There were many different ways in
which an appliance could fail, which are different possible causes of failure for the

appliances.

Example 1.12: Hoel (1972) considered the survival times for two groups of
laboratory mice, all of which were exposed to a fixed dose of radiation at an age of 5
to 6 weeks. The first group of mice lived in a conventional lab environment and the
second group was kept in a germ-free environment. The causes of death are
classified as three for each mouse — thymic lymphoma, reticulum cell sarcoma or

other causes.

Two frameworks are used to deal with standard competing risks settings can

be observed for an individual:

14



(i) Cause-specific hazard, /?.j(t), formulations, where

ﬂj(t)=£ing%P[t ST<t+h, C=jIT 2¢], j=12,.,k (1.26)

and
(ii) Cause-specific sub-distribution function, F;(f), formulations, where
F)=PT<t,C=j), j=12,...k. 1.27)
A,(t) represents the instantaneous rate for failures of type j at time f in the
presence of all other failure types, that is, it specifies the rate of type j failures
under study conditions. The function lj. (r) 1s termed ‘decremental forces’ by the

English actuary Makeham (1874) and ‘cause-specific hazard function’ by Prentice et

al. (1978). It is also known as ‘force of mortality’ and ‘force of transition’.

For more details on the analysis of univariate competing risks data, one may
refer to Aalen (1976), David and Moeschberger (1978), Anderson et al. (1993), Lin
(1997), Cheng et al. (1998), Gooley et al. (1999), Cronin and Feuer (2000), Farley et
al. (2001), and Crowder (2001).

When covariate vector z is present in the study, the cause-specific hazard

and cause-specific sub-distribution functions are defined as

/%j(t)=£ing%P[tST<t+h,C=j|T2t,;], j=L2,...,k (1.28)
and
Fj(t)=P(TSt,C=jI;), j=12,...k. (1.29)

The analysis of such data can be done by considering Cox proportional
hazards model for different causes. The analysis of competing risks data in the
presence of covariates were discussed in literature by different researchers (see
Crowder (2001), Fine (2001), Andersen et al. (2002), Kalbfleisch and Prentice
(2002) and Lawless(2003)).

1.8. Multivariate Lifetime Data

Multivariate lifetime data arise when each study unit may experience several

events or when there exists some natural grouping of subjects, which induces
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dependence among lifetimes of the same group. These data are commonly
encountered in scientific investigations because each study subject may experience
multiple events or because the study involves several members from each group.
Examples in biomedical research are the sequence of tumor recurrences or infection
episodes, the occurrence of blindness in the left and right eyes, the development of
physical symptoms or diseases in several organ systems, the onset of a genetic
disease among family members, the initiation of cigarette smoking by classmates,
and the appearance of tumors in littermates exposed to a carcinogen. Examples in
other area include the repeated breakdowns of a certain type of machinery in
industrial reliability, the experiences of different life events by each person in
sociological studies, and the purchases of various products by each consumer in

market research.

In the bivariate case, let T =(7],T,) be a non-negative random vector having
an absolutely continuous distribution function F(z,t,) with respect to a Lebesgue
measure. Then the bivariate survival function for 7 is defined as

$@t,,)=PT >1,T,>1,). (1.30)

The joint probability density function of T is given by

9°S(t,,1,) '

ft)= d1,0t,

(1.31)

One can define hazard function of 7 in more than one way in the bivariate

set up. Basu (1971) defined the bivariate hazard function as a scalar quantity and it

is given by

f@,t)
At 1) =—12=, 1.32
(t:1,) Sot,) (1.32)

But, the major drawback of the hazard function (1.32) is that it does not determine
the joint distribution uniquely. Later, Johnson and Kotz (1975) defined the bivariate

hazard function as a vector given by
At ) = (430, 1), 4, (1,1,)) (1.33)

where
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ll(t,,tz)=£i_r£%P[tls]] <t +hlT, 21,1, >1,] (1.34)
and

ﬂz(tl,tz)=lhi_r’rg%P[tzST2<t2+hITl >1,T,21]. (1.35)

A(t,,1,) is nothing but the instantaneous rate of failure of first individual at time t,
given that he was alive at the time T, =t and the second individual T, survived
beyond the time T, =t,. The meaning of A,(z,,¢,) is similar. It is proved that (1.33)

determine the joint distribution of T uniquely.

Dabrowska (1988) provided a representation of bivariate survival function in
terms of cumulative hazard function which is a vector of three components that

correspond to single and double failures. The cumulative hazard function vector is

defined as

ALY = (A1), A (8,1, A (15,1)) 1.36)

where

A (dE 1) = P(Tiedy,T,>1) _ ‘S(d’n_tz)
PT 21,T,>t,)  S(t,t,)

Ayt dt,) = P(I>t,T,edt) _ —S(tl_,dtz)
P(Tl>tl’T22t2) S(t1 ,tz)

and

Ay (dt, i) = P(T,edt, T, € dr,) _ —S(d1,dt,)

P, 21,T, 21,) S@,t)
with

A(0,5,) = Ay (1,,0) = A,(0,0) =0.

When T =(1],T,) has a joint density function, f(¢,,t,), we have

Adt ) =A@ttt (1.37)
At dt) = A, (1, 1,)dt, (1.38)
and

A (dty,dty) = A,(1, 1, )d dt, (1.39)
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with
,13(t,,t2)=5.i_r)r(}%P[tl ST <t +ht,<T,<t,+h|T, 21T, 21,].

The hazard function A,(#,t,) is the instantaneous rate of failure of both the

individuals given that the individuals survived at the time T, =t and T, =t,".

Then the bivariate survival function is uniquely represented as

S(tt) = [ J(1= A, (du, ) T (1= A, 0, am)] [(1- Ldu, adv)) (1.40)

usy V<1, us<y
V<1,

where

Adu,v YA, (U, dv) — Ay (du,dv)

Hdudvy= (1= A, (du,v)) (1= A, 7, dv))

As a natural extension of the univariate definition, Buchanan and

Singpurwalla (1977) defined the bivariate mean residual life function as

o0 ©0

[ [$ 0 0)duydu, -

m(t,t,)=
US55

But it does not satisfy the most essential property that it determines the distribution
uniquely. A second definition for bivariate mean residual life function is provided by
Shanbhag and Kotz (1987) and Arnold and Zahedi (1988), which determine the
distribution uniquely.

Estimation of the bivariate survival function when both study units are
subject to random censoring in marginal data structures, without covariates, has
received a considerable attention in statistical literature. Some of the proposed non-
parametric estimators of bivariate survival function are those of Campbell and
Foldes (1982), Burke (1988), Dabrowska (1988), Pruitt (1991), Prentice and Cai
(1992), van der Laan (1996) and Wang and Wells (1997). Dabrowska (1988),
Prentice and Cai (1992) and Pruitt (1991) estimators are not, in general, efficient
estimators. Van der Laan’s (1996) non-parametric maximum likelihood estimator is
globally efficient and typically needs a larger sample size for good performance.
Oakes (1989) and Wang and Wells (1999) proposed semi-parametric estimators for

the survival function in the presence of covariates. A review on these estimators can
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be found in Pruitt (1993) and van der Laan (1997). Quale et al. (2003) proposed a
new estimator of the bivariate survival function based on the locally efficient
estimation theory. Keles et al. (2004) proposed a bivariate survival function
estimator for a general right censored data structure that includes a time dependent
covariate process. van der Laan et al. (2002) proposed a locally efficient estimator
for multivariate survival function when all the component lifetimes are censored by
a common variable, independent of the lifetimes. Akritas and van Keilegom (2003)
obtained path-independent bivariate survival function through the estimation of
marginal and conditional distributions. Kalbfleisch and Prentice (2002) and Lawless
(2003) also discussed different estimation procedures of the bivariate survival

function.

The analysis of multivariate lifetime data in the presence of covariates is
complicated by the dependence of lifetimes. Lin (1994) provided a detailed
description of multivariate lifetime data along with some real biomedical examples.
The usual approach is to consider marginal proportional hazards model for each
hazard function separately and then apply ideas from generalized estimating
function to calculate an appropriate combination of marginal estimates. For the
analysis of multivariate lifetime data in the presence of covariates, one could refer to
Wei et al. (1989), Prentice and Cai (1992), Spiekerman and Lin (1998), Hougaard
(2000), Lin (2000) and Prentice and Kalbfleisch (2003).

1.9. Recurrent Event Data

Many studies in survival analysis involve the recording of times to
occurrence of two or more distinct events or failures on each subject. The failures
may be repetitions of the same kind of event or may be events of different natures.
Such data are referred to as recurrent event data. These multiple events data
normally fall into one of two categories, ‘parallel’ and ‘serial’. In the parallel
system, several possibly dependent failure processes act concurrently, while in the
serial system there is a natural ordering of times of occurrence of events. Medical
examples of serial events include the recurrence of a given illness, such as infection
episodes and the progression of a disease through successive stages, such as HIV

infection — AIDS — death. Recurrent event data can also be regarded as a specific
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type of correlated data. Such data are frequently encountered in health-related
studies where longitudinal follow-up designs are commonly employed. In
longitudinal follow-up studies, the observation of recurrent events could be
terminated at or before the end of the study. Examples of recurrent events in the
health and biomedical sciences are repeated hospitalization of patients with chronic
diseases, epileptic seizures, multiple opportunistic infections in studies of acquired
immunodeficiency syndrome (AIDS) and multiple injuries in ageing studies. In
psychiatric studies, the onset of depression and dementia are instances of recurring
events; in engineering and reliability setting, the breakdown of mechanical or
electronic systems, computer software crashes, stoppages of nuclear power plants,
and warranty claims for manufactured products are all examples of recurrent
phenomena. Examples in sociology and economics include serious disagreements in
a marriage, onset of labor strikes, and auto insurance claims. The development of
stochastic models and statistical methods appropriate for the analysis recurrent event

data is therefore of considerable importance.

To analyze recurrent event data, the focus can be placed on two types of time
scale; the time since entering the study and the time since the last event (gap time).
For the situation where the time since study entry is of interest, a variety of
statistical methods have been proposed, among them methods proposed by Prentice
et al. (1981), Andersen and Gill (1982), Pepe and Cai (1993), Lawless and Nadeau
(1995), Lin et al. (2000), Wang et al. (2001) and Pena et al. (2001). These methods
consider individuals multiple events as the realization of a counting process and
formulate their model based on either the intensity function or the occurrence rate
function of the underlying event process (see Cai and Douglas, 2004). The non-
parametric estimation of bivariate recurrence time distribution is carried out by
Huang and Wang (2005). In the presence of covariates, Chang and Wang (1999)
developed inference procedures for the regression models of recurrent event data
using conditional approach. Recently, Ebrahimi (2006) introduced marginal
proportional hazards models for recurring event times with proper joint density

functions.

In many applications, the investigators are more interested in time between

consecutive events (gap time) than the total time (Gail et al.1980). For example,
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when evaluating the efficacy of a treatment on an episodic illness, it is often
important to assess whether or not the treatment delays the time from the initiation
of the treatment to the first episode as well as the time from the first episode to the
second episode, and so on. The total time from the initiation of the treatment to the
second episode is of less interest because a treatment, which delays the first episode,
will inevitably lengthen the total time to the second episode even if it becomes
ineffective after the first episode. When the study interest is placed on the gap times,
the stochastic ordering structure of recurrent events generates challenges for
statistical analysis, such as induced dependent censoring and sampling bias and
consequently it hampers the development of statistical methods. When the recurrent
events are of same type, Wang and Wells (1998) proposed a product limit estimator
of the joint survival function of gap times which accounts for the induced dependent
censoring. Wang and Chang (1999), then, developed a weighted moment estimator
for the inter occurrence time distribution that ignores the last censored observation
on all cases experiencing at least one event. Later, Lin et al. (1999) proposed a
simple non-parametric estimator for the multivariate distribution function of gap
times between the successive events when the follow up time is subject to right

censoring.

Recently, in the literature, various statistical methods have also been
developed for estimating the joint survival function of series events when events are
of different types. These methods can be used for the first pair of recurrent times but
such an approach loses efficiency because bivariate recurrent times of higher orders
are not used in the estimate. When the events are of different types, various non-
parametric methods such as Visser (1996), Hung and Louis (1998), Lin et al. (1999),
Huang and Wang (2005) as well as semi parametric methods such as Huang (1999),
Chang and Wang (1999) and Chang (2000) have been developed.

In the presence of covariates, Chen et al. (2004) considered the regression
problem for gap times using marginal proportional reverse-time hazard function
models; when the events are of same type. They used the concept of partial
likelihood to develop inference procedures. Recently, Strawderman (2005)
introduced an accelerated gap time model for the effect of covariates on the

conditional intensity of a recurrent event counting process. For more details on this
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topic, one could refer to Pepe and Cai (1993), Lin et al. (2000) and Cai and Douglas
(2004). The analysis of multivariate lifetime data in the presence of covariates is
usually done by assuming the marginal proportional hazards models for each hazard
functions. This procedure would be appropriate in the case of homogeneity among
regression coefficients. This brings in the relevance and need of development of
new statistical models which are useful for the analysis of different kinds of

bivariate (multivariate) lifetime data.
1.10. Present Study

The discussions in previous sections reveal that there has been much research
on analyzing various forms of bivariate (multivariate) lifetime data. However, there
are various occasions in survival studies where the existing models and
methodologies are inadequate for the analysis of bivariate (multivariate) data. The
marginal modeling technique existing in literature for the analysis of multivariate
survival data is not sufficient to explain the dependence structure of pair of lifetimes
on the covariate vector. The objective of the present study is to develop new
regression models for the analysis of multivariate lifetime data, arising from
different contexts in survival analysis. For simplicity, we consider the bivariate

lifetime data, throughout the study.

The thesis is organized as seven chapters of which first chapter is the
introductory chapter, where we have pointed out the relevance and scope of the
study along with a review of literature. In Chapter 2, we introduce a different
approach for modeling bivariate (multivariate) lifetime data, using vector hazard
function of Johnson and Kotz (1975). We consider a proportional hazards model in
which the covariates under study have different effect on two components of the
vector hazard function. The proposed one will be useful in real life situations to
study the dependence structure of pair of lifetimes on the covariate vector z. The
univariate model (1.24) can be directly deduced as a special case of the proposed
one. Various properties of the model are discussed. We then develop inference
procedures for the model. We illustrate the method using two real life data. A

simulation work is carried out to study the performance of the estimator.
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In Chapter 3, we deal with the regression problem of gap times in which the
marginal and conditional hazard functions depend on certain covariates. Since the
covariates under study have different effect on marginal and conditional hazard
functions, proposed model will be more useful to study the dependence of gap times
on covariates. We introduce a bivariate proportional hazards model for gap times.
Estimation of parameter vector and baseline hazard function is discussed and
asymptotic properties of estimators are also studied. We carried out a simulation
study to investigate the finite sample properties of the estimators and their

robustness. Finally, we illustrate the procedure with a real life data.

As mentioned earlier, in many fields of application, it is often of interest to
analyze the mean residual life function to characterize the stochastic behavior of
survival over time. In practical situations, the given recurrent event data may not
meet the proportionality assumption among hazard functions. The analysis of gap
times for recurrent event data using mean residual life function is an alternative
method to analyze the data. In Chapter 4, we propose a bivariate proportional mean
residual life model to assess the relationship between mean residual life function and
covariates for gap time of recurrent events. Note that the focus will be on the
development of the regression model of gap times, when the recurrent events are of
same type. Estimators of the parameter vectors as well as baseline mean residual life
function are discussed. We apply the model to a kidney dialysis data given in
Lawless (2003). A simulation study is carried out to assess the performance of the

estimators.

The analysis of multivariate lifetime data is usually done based on the
assumption that the lifetime vector and censoring vector are independent. The
assumption of independence between the lifetime vector and censoring vector is a
strong restriction to apply such models in real life situations. The analysis of
duration times under dependent censoring in the presence of covariates is a topic of
interest. Motivated by this, in Chapter 5, we consider the regression problem for
duration times of successive events under informative censoring. The idea used in
Braekers and Veraverbeke (2005) for the analysis of partially informative censored
lifetime data in univariate set up, is extended to the analysis of duration times of two

successive events. We introduce and study semi-parametric proportional hazards
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models for duration times. We estimate the parameters and baseline hazard functions
of the model and asymptotic properties of the estimators are studied. A simulation
study is carried out to assess the performance of the estimates. We then illustrate the

procedure using a real life data.

In many survival studies, we may have multivariate survival data with more
than one cause of failure. The analysis of such competing risks data in the presence
of covariates is not yet addressed in literature. In Chapter 6, we propose bivariate
proportional hazards models for the analysis of competing risks data in the presence
of censoring, using vector hazard function of Dabrowska (1988). Estimation of the
parameters as well as the cause-specific hazard function is done and vartous
properties of the estimators are discussed. A simulation study is reported to study the
finite sample properties of the estimator. The method is illustrated using a real life

data.

Finally, Chapter 7 summarizes major conclusions of the study and discusses

future works to be carried out in this area.
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Chapter Two

Proportional Hazards Model for Bivariate Lifetime Data

2.1. Introduction

Many survival studies record the times to two or more distinct failures on
each subject. The failures may be events of different natures or may be repetitions
of the same kind. Multivariate lifetime data arise in various forms when individuals
are followed to observe the sequence of occurrences of a certain type of event or
correlated lifetime when an individual is followed for the occurrence of two or more
types of events for which the individual is simultaneously at risk. The analysis of
bivariate (multivariate) lifetime data is complicated by the dependence of related
lifetimes. One useful approach is to analyze the data using proportional hazards
model for marginal distributions (see Wei et al., 1989 and Lee et al., 1992). When

each cluster consists of K lifetimes 7,,7,,...,7, with corresponding covariate
vectors z,2,,..., Zx » Lin (1994) considered the marginal proportional hazards model

and a general methodology adopted for analyzing such data, which is analogous to
that of Liang and Zeger (1986) for longitudinal data analysis. Later, Cai and
Prentice (1995) modified the approach in Wei et al. (1989) by introducing a weight
function into the estimating function for the parameter to improve the efficiency of
the estimate. Spiekerman and Lin (1998) extended the marginal modeling technique
by allowing separate baseline hazard function among different strata and imposing
same baseline hazard function within each stratum. Kalbfleisch and Prentice (2002),
Lawless (2003) and Martinussen and Scheike (2006) provide a comprehensive

review on this topic.

In many practical situations, as shown in Section 2.2, the marginal modeling

The results in this Chapter have been published as entitled “Proportional Hazards Model for
Multivariate Failure Time Data”, Communication in Statistics — Theory and Methods, 36(8), 1627-
1642 (see Sankaran and Sreeja (2007)).
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technique is not sufficient to explain the dependence structure of pair of lifetimes on
the covariate vector. Motivated by this, we introduce a different approach for
modeling bivariate (multivariate) lifetime data using vector hazard function of
Johnson and Kotz (1975). The univariate model (1.24) can be directly deduced as a
special case of the proposed one.

In Section 2.2, we introduce bivariate proportional hazards model and study
various properties of the model. In Section 2.3, we develop estimation of the
parameters of the model. Estimation of baseline hazard functions is given in Section
2.4. Asymptotic properties of the estimators are discussed in Section 2.5. In Section
2.6, a simulation work is reported to assess the performance of the estimator. We
illustrate the method using two real life data in Section 2.7. Finally, Section 2.8

summarizes major conclusion of the study.
2.2, Bivariate Proportional Hazards Model

Let T=(T,, T,) be a random vector representing lifetime of pair of study
subjects. Let S(7,,1,) =Pr(7; 21,,T, 21,) denotes the bivariate survival function of
T. Then the bivariate hazard vector of Johnson and Kotz (1975) for T =(T,, T,) is

given by (1.33). The joint survival function of T = (T,, T,) can be represented by

S(t,t,)=expl-n,(1,,0)- A, (1,,, )] (2.1)
and

§(1.1;)=expl=~n, (1,,1,)= A, (0,1,)] (2.2)
where,

i

A (tt) = _[’11 (u,t,)du

0

and
n(tty) = ].'lz (1. v)dv

are cumulative hazard functions.
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Note that, right side of (2.1) and (2.2) are nothing but the product of marginal

survival function of T, and conditional survival function T, lTj 2t;, 1 j=12,

i*].

In many practical situations, the conditional hazard functions of 7, given
T, 2t; (i,j=12;i# j) are better tools than the marginal hazard functions to

explain the joint dependence structure of pair of lifetimes on the covariate vector.
For an example, we consider the data on Australian Twin Study (Duffy et al., 1990).
This study was conducted to compare monozygotic (MZ) and dizygotic (DZ) twins
with respect to the strength of dependency of disease risk between pair members, for
various diseases. Twin pairs over the age of 17 were asked to provide information
on the occurrence, and age at occurrence, of disease- related events, including the
occurrence of vermiform appendectomy. Respondents not undergoing
appendectomy prior to survey, or suspected of undergoing prophylactic
appendectomy, give rise to right- censored times. There are six types of zygosities;
1 = Monozygotic Female-Female pair, 2 = Monozygotic Male-Male pair, 3 =
Dizygotic Female-Female pair, 4 = Dizygotic Male-Male pair, 5 = Dizygotic Male-
Female pair and 6 = Dizygotic Female-Male pair. The data contains the information
of 3808 complete pairs. We now consider two sets, zygosity 1 and 2; each consists

of 100 pairs of individuals. 7, and 7, represents the two individual’s age in the pair

at the time of surgery to appendicectomy undergone. Using the method given in

Dabrowska (1988), the estimators A"(7,1,) and A®(.1) of A1),

i,j=1,2,i# j for the two sets are calculated and their ratio are given in Table 2.1.
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Table 2.1. Estimates of the cumulative hazard functions, A, (¢, i)

(tt) AL AR NG A2 [ AD/A® Az(l)/xzm
(21,18) | 0.1799 [ 0.1183 | 0.1744 ]0.1319 | 1.5207 1.3222
(21,0) | 0.2754 | 0.1508 0 0 1.8263 0
0,18) 0 0 0.2607 | 0.1378 0 1.8919
(25,25) | 0.2149 [ 0.1454 | 0.1934 |0.1435 | 1.4779 1.3477
(25,0) | 0.3577 | 0.1830 0 0 1.9546 0
(0,25) 0 0 0.3943 [ 0.1926 0 2.0472
(21,25) | 0.1308 | 0.1248 | 0.2429 [0.1799 | 1.0481 1.3502
(25,18) | 0.2569 | 0.1364 | 0.1308 |0.1364 | 1.8834 0.9589

The ratio of the marginal hazards for two sets is not constant. For example,
the ratio of the marginal hazards for the sets (21,0) and (25,0) are different. The
Ai(l)(ti,tj)

ratio ————
~ (2)
A UND

depends on 1;,i,j=1,2,i# j. Accordingly, modeling of

conditional hazard functions is useful to explain the dependence structure of pair of
lifetimes on the covariate vector. With this motivation, in the following, we propose

a bivariate proportional hazards model.

The bivariate proportional hazards model is defined as

Atnt, I;)=/1,-O(t,.,tj)eé""’f'“, i j=12,i#j 2.3)

where, z is a rxl covariate vector, B;(7;) is the rx1 parameter vector,
/L(t,.,tj l ;) is the hazard function of the pair of lifetimes T =(7;,T,) given the

covariate vector z and /lo(t,.,t }.) i, j=1,2, i# j is an unspecified baseline hazard

i

function. When B, (1 ;) is a zero vector, the covariates has no effect on the hazard

A.1,12%)

functions. The model (2.3) implies that for 7, >¢., the ratio ————
( 1% J J /?T(I,.,tj |§(2))

of the

hazard functions of two pairs with covariate vectors z” and z® does not vary with
P Z Z Yy

time ¢, i,j=1,2, i# j. Accordingly, B, (?;) depends on t;, but not on ¢,

i,j=1,2, i# j. Thus the covariates under study have different effect on two
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components of the vector hazard function. Hereafter, we denote £, (/;) as g for

Li=L2,i+].

From (2.1), (2.2) and (2.3), we can represent survival function of T as

S(t,1,12) = expl— A, (1,,0) 2% — A, (1,1, )% =] (2.4)
and
S(t,t,12) = expl— Ay (1,1, )25 = AL (0,1, ) e2%) (2.5)

where, A,.O(t,.,tj) is the baseline cumulative hazard function corresponding to

Ao(tat)), i, j=12,i#j.

When 1, >0, Ay(t.2;)—0 and thus S(#,,2,1z) in (2.4) reduces to the univariate

proportional hazards model for 7,4, j=1,2, i# j.

2.3. Estimation of Regression Parameters

In this section, we discuss the estimation of parameter vectors ﬁ,. ,i=1,2

using Cox’s partial likelihood. From (2.4) and (2.5), we can see that the parameter

vector g is associated with the conditional variable 7, T, >¢ b= L2,i#j.As

in the univariate set up, we can employ the method of partial likelihood developed

by Cox (1975) to estimate parameter vectors f3,,i=1,2. In the following, we give

the procedure for the estimation of é,. ,i=12.

We label n pairs (11,21),(12,22)...(1n,2n). For fixed ¢,, suppose that there
are n(<n) pairs satisfying the condition T,2t,i,j=12,i#j. For
T,2t;,j=12 suppose that k; items labeled 11,12,..1k; give rise to observed
lifetimes ¢, <1, <...<t, of the i'"" component with corresponding covariate

VECtors z,, Z,,..., 2y, »i =1,2. Then the remaining n, —k; individuals of T;,i=1,2

are right censored. Following the approach given in Kalbfleisch and Prentice

(2002), for fixed T, >, we can directly obtain the partial likelihood for S, as
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UB)=T1|+— . 2.6)
i xl ([im )eg “
I=1

where, ¥, (t,)=1(1,,21,),m=12,..n, and 8, =1,if 1, isalifetime and &, =0,

if £,, is a censoring time for i =1,2.
Note that, when t]. =0, n, willbe n, i,j=12,i#j.

The maximum partial likelihood estimates of S, is the value of ,{3_ ,,i=1,2 that

maximizing (2.6); which will be obtained through numerical methods. It is

important to note that the estimates of the vector f may be different for different

valuesof ¢,,i=1,2.

As in the univariate set up, if there are a substantial number of ties, the

discrete nature of the lifetimes should be considered. Suppose that, of n pairs under

test, for T,2¢,, d, units are observed to fail at ¢, ,m=12,..k where,

ki
ty<t,<..<t, and y.d,=k,i=12.

m=|

In this case, the likelihood of S, can be approximated by

im

r(g)=T1— @.7)

t, with &, ,Y(t,,) and n, for i=1,2 are same as above.

Thus we obtain estimates of ,_B_ ,i =1,2 by maximizing the likelihood (2.7).
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2.4. Estimation of Baseline Hazard Functions

In this section, we discuss the estimation of baseline hazard function. Since
Ao (t,.,tj) is the cumulative hazard function of random variable T,1T;21¢,,
i,j=12,i# j, the estimate of baseline cumulative hazard function is given by
~ 5im
Roltnt)= > = . (2.8)

DR AR
I=1

When ¢, — 0, the cumulative hazard function A,,(z,,0) for the random variable 7,
can be estimate using the generalized Breslow (1974) estimator (see Kalbfleisch
and Prentice (2002), p. 104). When ,_3; =0,i=1,2, (2.8) reduces to Nelson-Aalen

estimates of the cumulative hazard function in univariate set up. Then the survival

function can be estimated either by

S;l (tl'tz IL) =exp[- Ay, ("lvo)eél'1 = Ay (tl’tZ )e&'l] (2.9)
or by
$,(t.1,12)=expl— R, (1,1,)e2 % = Ry (0,1,) %% (2.10)

The estimator of S(z,,2,1z) obtained by (2.9) and (2.10) may be different. To get a

unique estimator, we consider a convex combination of the two expressions (2.9)

and (2.10). Thus the estimator of S(z,,z,1z) is given by

S(1,0,12)=a(1,1,)8,(1,5,12)+(1-a(2,1,))S, (8,,1,1 2) . (2.11)
Expressions (2.9) and (2.10) are proper bivariate survival functions in the sense that
they assign positive mass to any rectangle in the plane. Hence S (,1,12) is also a
proper bivariate survival function provided that a(1,,t,) is a constant between 0 and
1. $(t,,t, | z) may assign negative mass to certain rectangles when a(1,,t,) changes
with (#,,2,). However, in practice, the weights are chosen in such a way that they do

not make abrupt changes (Akritas and van Keilegom (2003)). Choose a(tl,tz) in
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such a way that the mean square error of S(#,,,12) is minimum. Mean square error

of §(1,,1,1z) is given by

ElaS, +(1-a)$, - ST = a*[0,, + Gy, =20, + p12 + i =241, 48,]

—2a[0,, + 1] — O, — th i, )+ O, + 12 (2.12)
where, 0 is the asymptotic covariance between $,(1,,t,) and §j(:l,tz) and u; is
the asymptotic bias of $ (r,r,), i, j =1,2,i # j. Thus we can obtain a(z,tz,)
which minimized the mean square error as

0y =0, +:u22 — MK,
0, +0,—20, +/112 +/uzz =2 p,

a(t,,1,) = (2.13)

To ensure that S(1,,2,1z) belongs to the interval [0, 1], we replace a(z,z,) by

min(1,max (a(r,,1,),0)].

In practical situations, we do not know u ; and o, The simulations
reported in Section 2.6 suggest that the bias of S (#,,1,12) is negligible relative to
the variance of S(1,,t,1z). So we propose the estimate of a(t,,z,) by minimizing

the average variance of S(r,,t,1z ) over the data points. This can be achieved by
replacing the unknown quantities in the expression of the asymptotic variance of
S(1,,1,1z) by appropriate estimators. To estimate the variance, one can use the
extension of Efron’s (1981) bootstrap procedure for one dimensional censored data.

Given the data (TU_TZK.,A“,AZPZ[), i=12,.,n ,where A, j=1,2 is the censoring

indicator, generate bootstrap data (Y]k*,Tz,‘*,Alk*,AZk*,Zk*), k=1,2,...,n from the

empirical distribution function

1 n
;Z’(Tu‘ $4,T;S0,A,;=0,,,4,;=06,,,Z, =§,~)-
j=1

2j°

For i=1,2,...,n let Var(S,(t,1,)"), Var(S,(t,1,)) and Cov(S,(t,t,)",S,, (1))

be variance and covariance of the ﬁl(tl,tz) and §z(tl,t2) in the expression of
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.§(t,,tz) given in (2.11), obtained from a large number of resamples. Since the
biases are negligible as shown in Section 2.6, we then find the weight a’(1,,2,) as

var (S,(t,1,) ) —cov(S, (1, 1,)", S,(t,,1,)")
var(8,(,1,)") + var (S,(1,,1,)") = 2cov (S,(,1,)", S, (1, 1,)")

a(t,t)= (2.14)

2.5. Properties of Estimators

In this section, we discuss various properties of estimators. The estimate of
the variance of A, (,,,), i =1,2 is obtained in the following way.

From (2.6) the log likelihood function is obtained as
1(@)=de[é'gm—log(Z'Y.-,(t,-m)eﬁ’"“ ﬂ (2.15)
m=] =1

Define, for any ¢, 20

X(r.8)="% (2.16)
i (tl )eé “
=t
and
SO (4,0 8) = 2%, (1) = i=1.2. @1

Then as in the univariate set up, for fixed t;, we can prove that

Jn [/"\,.0 (ti,tj)—/\i0 (t,.,t 1)] has a limiting normal distribution with mean zero

vector and variance n,0,° where o/’ is given by

) -1
oi=) —m 2+W(:,.m)'1(/_3,.) wi(t,) (2.18)
0T <t ( S.-(O) (tr'm’ é: ))

where,

5im X—- (tim ? ﬂ_i )
miti, SH; Si(O) (tim ’ ﬂ_i )

W (t,)= J,j=12,i# .

To study the asymptotic properties of @, consider the score function,
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dlogl & Si(l) ik
u(_i)=a°—/§=2rim[zim—@)i—;}—t_—j] (2.19)

Then the maximum likelihood estimator fj is the solution of the score function
U ( é) =0 and hence B is a consistent estimator for f,i=1,2. For large n,, the

score statistic U ( é‘) is asymptotically r -variate normal with mean zero vector and

with covariance matrix A, ( ,B,.) where,

S (Biotin) _ S (Biotin) S (Bitin)
A(8) =25 (O)EB t,-m;_ (2 ) 512 k) (220)

(5.2 (8ot))

with
(2)( ) Z (t,m)e~ A zaZy =12

The covariance matrix can be estimated by substituting the estimate of £ in (2.20)
for i=1,2. Thus ﬁ, is asymptotically r-variate normal with mean vector S and

with covariance matrix A‘."( g)z =1,2. The proof of the above asymptotic
properties of the estimators follows from Lin (1994).
Asymptotic distribution theory of S(tl,tz I z) is difficult and the most

attractive approach to variance and confidence interval estimation is through
resampling method. The bootstrap procedure of resampling the observed data units

with replacement, as discussed in Section 2.4, can be employed in such situations.
2.6. Simulation Study

We now carried out a simulation study to evaluate the performance of the
aforementioned inference procedures. We consider a bivariate Dirichlet distribution

with survival function
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S(tu1,) =(1-at, —ayt,)™™, 0<, <L 0<t, < Izat 2.21)
q a,
For (2.21), the bivariate hazard function is given by
+Da.
Aln)=—20a_ ;15 2.22)
l—aft —a,t,

We consider the covariate vector z =(z,z,), where covariate z; is a binary

variable having values 1 and 2 and it is generated with equal probability using

Bernoulli distribution. The covariate z, is generated from uniform (0, 1). Then
paired lifetimes are generated from bivariate Dirichlet distribution for & =1.5 and 2
with @, =a,=1 and for various values of f, i=1,2. The paired lifetimes are
censored independently by a bivariate Dirichlet distribution (2.21) with =2 and
a,=a,=1. We consider a(t,z,)=0.5. We used the algorithm given in Gentle

(1998, p.111) for generating observations. We estimate the parameter vector and

baseline cumulative hazard functions using the procedures given in Sections 2.3 and

2.4. We then compute the estimate of S(¢,,z,1z) for 1000 simulations and we
calculate average bias and variance of the estimate. The bias and variance of the

estimator  S(1,,2,1z) for different combinations of 7, B, and S, are given in

Table 2.2. From Table 2.2, it follows that the bias of $ (¢,,t, ! 2) is decreasing in n.
The variance of the estimate is small irrespective of the sample size.

Next we consider a Gumbel’s (1960) bivariate exponential distribution with
survival function

S(t,t,) =exp(—t, —t,—Att,), t,,t, >0, 0<A<1. (2.23)

For (2.23), the bivariate hazard function is

Aat)=1+A4t,,i,j=12,i#j. (2.24)
The covariates are generated as in the case of bivariate Dirichlet distribution.

We generated observations from Gumbel’s bivariate exponential distribution for

A=0.75 and 4=0.9 and for various values of f, i=1,2, using algorithm given in

Devroye (1986,p.584). The paired lifetimes are censored by a Gumbel’s bivariate

exponential distribution (2.23) with 4=0.1. We consider a(t,,2,) =0.5. We estimate
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the parameter vector and baseline cumulative hazard functions using the procedures

given in Sections 2.3 and 2.4. We then compute the estimate of S(z,,z, | z) for 1000
simulations and we calculate average bias and variance of the estimate. The bias and

variance of the estimator S(tl,tz I z) for different combinations of n, B and S,

are given in Table 2.3, which shows that the bias of §(tl,t2 | z) is decreasing in n.

The variance of the estimate is small irrespective of the sample size.

Table 2.2. Bias and variance of the estimator $(¢,2,1z) for bivariate Dirichlet

distribution at different time points

" A b, (1) a=1 SBlaS a=2 a—;,gnani:—
1, (0.997, (0.13,0.12) | 0.0622 0.0662 | 0.0326 | 0.0850
0.005) | -0.002) (0.05,0.14) | 0.0398 0.0442 | 0.0818 | 0.0495
(0.02,0.09) | -0.0680 | 0.0690 | 0.0253 | 0.0490
©0.17 032 (0.13,0.12) | 0.0704 0.0152 | 0.0790 | 0.0247
25 _0' 8), _'1) ’ (0.05,0.14) | 0.0232 0.0318 | 0.0650 | 0.0399
) (0.02,0.09) | -0.0317 | 0.0630 | 0.0734 | 0.0364
(-:0.03 (0.8 (0.13,0.12) | 0.0376 0.0702 | 0.0508 | 0.0820
_0'4)’ 2 685 (0.05,0.14) | 0.0816 0.0463 | 0.0474 | 0.0530
’ ) (0.02,0.09) | 0.0440 0.0688 | 0.0560 | 0.0610
1 (:0.997 (0.13,0.12) | 0.0283 0.0259 | 0.0282 | 0.0287
0 00’5 20 '002)’ (0.05,0.14) | 0.0209 | -0.0009 | 0.0084 | 0.0398
) ’ (0.02, 0.09) | 0.0249 0.0491 | 0.0202 | 0.0325
0.17 032 (0.13,0.12) | 0.0666 | -0.0097 | 0.0525 | 0.0148
50 _0' 8)’ _'1) ’ (0.05,0.14) | 0.0184 0.0265 | 0.0359 | 0.0362
) (0.02,0.09) | -0.0179 | -0.0420 | 0.0274 | 0.0241
(-0.03 0.8 (0.13,0.12) | 0.0285 0.0213 | 0.0445 | 0.0365
_0'4)’ 2 68)’ (0.05,0.14) | 0.0498 -0.0320 | 0.0295 | 0.0367
’ ) (0.02,0.09) | 0.0370 | -0.0400 | 0.0193 | 0.0233
-1 (-:0.997 (0.13,0.12) | 0.0160 | -0.0160 | 0.0054 | 0.0112
0 00’5) -0 ’002)’ (0.05,0.14) | -0.0002 | 0.0008 | 0.0058 | 0.0231
) ’ (0.02,0.09) | 0.0060 [ -0.0060 |0.0073 { 0.0222
0.17 032 (0.13,0.12) | 0.0232 | -0.0073 | 0.0464 | 0.0135
100 _d 8)’ _'1) ’ (0.05,0.14) | 0.0067 0.0170 | 0.0296 | 0.0321
) (0.02,0.09) | 0.0054 | -0.0350 | 0.0119 | 0.0155
(-0.03 (0.8 0.13,0.12) | 0.0009 0.0113 | 0.0202 | 0.0350
_0'4)’ 2 68)’ (0.05,0.14) | -0.0060 | 0.0131 | 0.0189 | 0.0134
’ ’ (0.02,0.09) | -0.0187 | 0.0188 | 0.0009 | 0.0172

36




Table 2.3. Bias and variance of the estimator $(#,,2, | z) for bivariate Gumbel’s

exponential distribution at different time points

Bias Variance
no| Bl B | 6B e T 2200 [ 4075 | 409
02, | (13, | @D [ 00230 | 00285 | 00184 | 0.0280
0 i)’ 2 :';)’ (1,3) 0.0276 -0.0520 | 0.0274 0.0387
’ ’ 2,2) 0.0380 0.0367 0.0820 0.0490
(0.25 (-0.5 2,1) 0.0429 -0.0145 0.0560 0.0466
25 _d 4)’ 0 6)’ (1,3) 0.0870 0.0340 0.0704 0.0219
’ ) 2,2) -0.0870 0.0460 0.0453 0.0276
(- (-0.31 2,1 0.0594 -0.0610 | 0.0248 0.0378
0.28, 1') T (1, 3) 0.0200 0.0212 0.0258 0.0389
0.9) 2,2) 0.0207 0.0161 0.0260 0.0151
02 1.3 2,1 0.0186 0.0111 0.0176 0.0096
0 i)’ 2 é)’ (1, 3) 0.0192 0.0430 0.0242 0.0353
) ’ 2,2) 0.0322 -0.0159 0.0113 0.0409
025 (0.5 2, D 0.0215 -0.0135 0.0114 0.0273
50 _0' 4)’ 0 6)’ (1, 3) 0.0182 -0.0180 | 0.0338 0.0212
’ ’ 2,2) 0.0177 -0.0310 0.0126 0.0159
(- (-0.31 2,1 0.0526 0.0051 0.0049 0.0201
0.28, 1') 1 (1,3) 0.0180 0.0199 0.0239 0.0164
0.9) 2,2) 0.0183 0.0054 0.0119 0.0092
(02 13 2,1 0.0172 -0.0049 0.0170 0.0090
0 i)’ ? é)’ (1, 3) -0.0160 | -0.0029 0.0121 0.0248
’ ’ 2,2) 0.0278 -0.0106 | 0.0037 0.0085
(0.25 0.5 2,1 0.0135 -0.0051 0.0009 0.0143
100 _0' 4)’ 0 6)’ (1,3) -0.0126 -0.0117 0.0264 0.0167
’ ’ (2,2) -0.0003 0.0041 0.0055 0.0029
¢ s | @D 0.0209 | 0.0015 | 0.0003 | 0.0179
0.28, 1') 1 (1,3) -0.0102 | -0.0058 | 0.0163 0.0080
0.9) (2,2) 0.0062 -0.0027 0.0088 0.0085

2.7. Data Analysis

For the illustration of the estimation procedure we consider two real

examples.

life

First, we consider a data on Kalbfleish and Prentice (2002, page 329). The survival

times of closely and poorly HLA (human lymphocyte antigen) matched skin grafts

on the same burned individual is considered as 7, and 7,. Amount of bumn is

considered as a covariate. The data is given in Table 2.4.
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Table 2.4. Days of survival of closely and poorly matched grafts on the same person

Case
number

10

11 | 12

13 ] 15

16

Survival
of close
match
graft

37

19 | 57"

93 | 16

217

20 | 18

63 | 29

60"

Survival
of poor
match
graft

29

13|15

26 | 11

15*

26 | 19*

43 | 15

38"

Amount
of burn

30

20| 25

45 | 20

18

35125

50 | 30

30

+ indicates censoring time.

We compute the estimates ,3, ,i=1,2 for observed pair of lifetimes, those are given

in Table 2.5.
Table 2.5. Estimates of S, and S,
(1)) (¢,0) (0,1,) | (4 givent,) | (t, given 1,)
t,t N A A ~
. ﬂl ﬂz ﬂl ﬂl
(16, 11) -0.0777 -0.0706 -0.0777 -0.0706
(19, 13) -0.0777 | -0.0706 -0.0612 -0.0580
(20, 26) -0.0777 | -0.0706 -0.0714 -0.0361
(29, 15) -0.0777 -0.0706 -0.0411 -0.0562

We then calculate A (1.1,), Ao(%,0), Ay(t,t,) and A, (0,,) as
discussed in Section 2.4. The estimates of A, (t,.,t j), i,j=1,2, i# j are given in

the Table 2.6. Based on bootstrap procedure explained in Section 2.4, we obtain

a(f,,2,)=0.5. Finally, Table 2.7 provides the estimates of S(,,1,1z)

Table 2.6. Estimate of the baseline cumulative hazard function

(tota) | Aultot) | Ao(8:0) | Agnt) | An(01)
(16,11) | 07322 | 0.7322 | 06152 | 06152
(19,23) | _1.2118 | 25881 | 05936 | 13389
(20,26) | 2.5938 | 38393 | 22886 | 8.1513
(29,25) | 14926 | 58962 | 21224 | 3.0959
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Table 2.7. Estimate of the survival function

(o) | S(hnlz) | S(an1z) | S(nlz)
(16,11) { 0.7373 0.7373 0.7373
(19,23) | 0.5054 0.4803 0.4928
(20,26) | 0.4061 0.4067 0.4064
(29,25) | 0.4461 0.3801 0.4131

From Table 2.5, it is clear that ,3, ’s have negative values. From Table 2.7, it follows

that, as the survival of closely and poorly matched grafts increases, the survival time
of the corresponding individual’s decreases. As amount of burn increases
probability of survival decreases, as expected. Figure 2.1 shows the estimates of the

bivariate survival function.

s(t1,22)

Figure 2.1. Estimates of bivariate survival function

Secondly, we consider the data on Australian Twin Study (Duffy et al.,
1990), explained in Section 2.2. The data contains the information of 3808
complete pairs and from that we take only the first 250 pairs for the illustration

purpose. 7, and 7, represents the pair of individual’s age at the time of surgery to

appendicectomy undergone. Zygosity is considered as covariate. The estimate of f,
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and B, are given in Table 2.8 and the estimates of baseline cumulative hazard

function is given in Table 2.9. Since S‘I(tl,tz lz) and .§2(t,,t2I 2Z) are not very

different; we take a(t,,¢,) =0.5 and the estimates are given in Table 2.10.

Table 2.8. Estimates of f§ and §,

(#,,0) (0,1,) (t, given t,) | (¢, given 1,)
(tn’tz) (ZI’ZZ) A ~ A "
él gz él é2
(5,7) 1,1) -0.0424 0.0229 -0.0424 0.0204
O, 7 (1, 1) -0.0424 0.0229 -0.0424 0.0341
(12,12) | (6,6) -0.0424 0.0229 -0.0644 0.0319
(17,9) 5,5) -0.0424 0.0229 -0.0555 0.0325
(8,24) (1,1) -0.0424 0.0229 -0.1172 0.0324
(21,11) | (1,1) -0.0424 0.0229 -0.0694 0.0321
(22,29) | (1,1) | -0.0424 0.0229 -0.1495 0.0631
(18,31) | (5,5) | -00424 | 0.0229 20.0731 0.0382
(4,49) (3,3) -0.0424 0.0229 -0.1393 0.0229
(24,52) | 4,4) -0.0424 0.0229 -0.2115 0.0876

Table 2.9. Estimate of the baseline cumulative hazard function

(tl’tZ) (ZI’ZZ) ;\IO(tl’t2) ;\O(II’O) ;\D(tl’tZ) ;\B(O’tZ)

G, | (,D) | 00136 | 00135 | 0.0269 | 0.0265

9,7 | (I,1) | 0.0459 | 0455 | 0.0227 | 0.0265
(12,12) | (6,6) | 0.0779 | 0.0879 | 0.0522 | 0.0658
(17,9 | (5,5) | 0.1755 | 0.1775 | 0.0386 | 0.0499
8,24) | (1,1) | 0.0413 | 0.0362 | 0.2097 | 0.2144
@21, 11) | (1,1) | 02334 | 02319 | 00487 | 0.0572
(22,29) | (1,1) | 02154 | 0.2566 | 0.2287 | 0.3092
(18,41) | (5,5 | 0.1378 | 0.1984 | 0.4277 | 0.4912
@4,49) | (3,3) | 0.0334 | 0.0089 | 0.6567 | 0.6559
(24,52) | (4,4) | 03699 | 0.3257 | 0.4876 | 0.6832
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Table 2.10. Estimate of the survival function

(tutz) (szz) §[(’1»’2|§) §2(’1»tz'§) g(‘lvtzll)

5,7 1, 1) 0. 9607 0.9605 0.9606

9,7 1,1 0.9314 0.9351 0.9333
(12,12) | (6, 6) 0.8794 0.8768 0.8781
17,9 5,5) 0.8279 0.8278 0.8278
(8, 24) 1,1 0.7739 0.7777 0.7759
21,11 | d4,1) 0.7581 0.7614 0.7598
(22,29) | (1, 1) 0.6054 0.6129 0.6091
(18,41) | (5,5) 0.5239 0.5076 0.5157
4, 49) 3,3 0.4845 0.4910 0.4878
(24,52) | 4,4 0.4035 0.3802 0.3919

From Table 2.8, it is clear that ,31’5 have negative values and J3,’s have positive

values. It follows from Table 2.10 that as the time for undergoing surgery to
appendectomy increases, the survival probability decreases. Figure 2.2 shows the

estimates of the bivariate survival function.

1.0

0.8
S(t1,t2)
0.6

0.4

Figure 2.2, Estimates of bivariate survival function
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2.8. Conclusion

We developed a bivariate proportional hazards model using vector hazard
function of Johnson and Kotz (1975). Since the covariates under study have
different effect on two components of the vector hazard function, proposed model
will be more useful to study the dependence of lifetime on covariates. The
estimators of the parameters as well as the baseline hazard function are developed.
Simulation studies showed that the performance of the estimator is good. We

illustrated the procedure using two real life data.

The univariate proportional hazards model can be directly deduced as a
particular case. Further, the model can be extended to the multivariate set up using

multivariate version of vector hazard function of Johnson and Kotz (1975). When
B = ,B2= 0, the estimator of the bivariate cumulative baseline hazard function is the

extension of the well-known Nelson-Aalen estimator of the hazard function in the

univariate set up.
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Chapter Three

Proportional Hazards Model for Gap Time Distributions of

Recurrent Events

3.1. Introduction

As mentioned earlier, in many survival studies, the investigators are more
interested in the analysis of gap time than the total time. In these studies,
investigators are often interested in the distribution of gap times and how this
distribution depends on important predictor variables. The analysis of gap time data
is usually done by assuming proportional hazards model for marginal hazard
functions. In the present study, we deal with the regression problem for gap time of
recurrent events in which the marginal and conditional hazard functions depend on
certain covariates. Since the covariates under study have different effect on marginal
and conditional hazard functions, proposed model will be more useful to study the

dependence of gap times on covariates.

In Section 3.2, we consider bivariate proportional hazards model for gap
times. Estimation of parameter vector and baseline hazard functions is discussed in
Section 3.3. Asymptotic properties of estimators are also studied. In Section 3.4, we
carried out a simulation study to investigate the finite sample properties of the
estimators and their robustness. In Section 3.5, we apply the new model to a real life

data. Finally, we conclude our study in Section 3.6.

3.2. The Model

Suppose that an individual may experience k consecutive events at times

X, <X,<..<X, which are measured from the start of the follow up. We are

interested in gap times 7, =X, T, =X, - X, and T, = X, — X, ,. We assume that

The results in this Chapter have been communicated as entitled “Proportional Hazards Model for Gap

Time Distributions of Recurrence Events” (see Sankaran and Sreeja (2008)).
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the follow up time is subject to independent right censoring by C which implied

that (X, X,,..X,) are independent of C. On the other hand, the gap time T, is
subject to right censoring by C-X, ,i=2,3,...,k, which is naturally correlated
with 7; unless T, is independent of X, ,. We now consider the regression problem

in which the marginal and conditional hazard functions of (7],T,,..7,) depend on

certain covariates. We confine our study for k=2. The extension to higher

dimensions is direct.

Suppose that S,(t;) = P(T; 2¢,] is the marginal recurrence survival function of
T,i=12.Let §(¢,,t,)=P[T, 21,,T, 2t,] be the joint recurrence survival function of
T, and T,. Our objective is to estimate S(¢,f,) in the presence of covariates. For
this, one possible method is to consider marginal hazard functions of 7, and 7, and

then apply ideas from generalized estimating function to calculate an appropriate
combination of the two marginal estimates. This can be done in the case of
homogeneity of the two regression coefficients. Another technique, one could use, is

to model 7, and then consider the conditional distribution of 7, given T, =t .

From Wang and Wells (1998), the survival function S(z,,t,) is given by

Stt)=— [ P[T,>1,1T, =1,] S, (wdu

ust

=— jna—ﬂ*(u,tz))sl(u)du (3.1

wsty
where l'(t[,tz) is the hazard function of 7, given T, =¢,. When X is continuous,
estimating A°(t,,2,) requires special smoothing techniques and can be very
complicated when the dependent censoring condition is taken into account (see
Wang and Wells, 1998).

In the following, we consider a simple method for the analysis using marginal
hazard function of 7, and conditional hazard function of 7, given 7, 2¢,.

Let A4 (z,) be the hazard function of 7}, which is defined as

ﬁl(‘l)ﬂf‘_‘,‘oi Plt, <T, <t,+ At IT, 21,]. (3.2)
' 1



A (#,) is nothing but the instantaneous rate of occurrence of the first event at time t,
given that he was alive at the time T, >t .
Since T, depends directly on 7, we consider the conditional hazard function of T,

given 7, >¢, which is defined as
%(t"tz):},iTozAlTP[tl <T,<t,+A4, T, 21,1, 21,]. (3.3)
- 2

The meaning of 4,(,,t,) is instantaneous rate of occurrence of the second event at

time t, giventhat T >t and T, 2t,.

The cumulative hazard functions respectively are denoted by A (¢)) and A,(1,,2,)

where,

A (1) = OIl (u)du (3.4)
and

Az(t],t2)=:[/12(tl,u)du (3.5

The survival function can be written as

S(tptz)=exp[_ N (tl)_/\z(tptz)] (36)

Now we define proportional hazards model for (7},7,) as

At 12) = A,,(8)ed = (3.7)
and
Ayt 1y 1 2) = Aog (8,1, )€ % (3.8)

where z=(z,2,,...,2,)" is a vector of covariates, B' and f,' are r-component

parameter vectors, independent of both 7, and #, and A,(z,) and A,(t,t,) are

®
baseline hazard functions. The model (3.7) means that the ratio M—) of the

’l’l(tl |§(2))
hazard functions of two individuals with covariate vectors z® and z‘® does not
4,012

vary with # and the model (3.8) means that the ratio of the hazard

A, 127)
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functions of two individuals with covariate vectors z" and z'* does not vary with

both ¢ and ¢,.

From (3.7), it follows that the marginal hazard functions of 7, for two-individuals

are proportional to one another. The model (3.8) implies that the ratio of conditional

hazard functions of 7, given 7, 2t for two individuals are independent of both ¢,

and ¢,.

In many situations, one may be interested in the joint survival function S(z,,t, | z) of
gap times. Using (3.6), (3.7) and (3.8), the survival function can be obtained as

S(t.1,1 2) =expl=A, ()2 — Ay (t,1,)e5 %] (3.9)
3.3. Inference Procedures

Suppose now that there are n independent subjects in the study so that
(1,,1,;,C;,z), i=12,..,n are n independent replicates of (7},7,,C,z) where
TI,=X, and T, = X, — X, . In the presence of censoring, the observable data consists
of (X,,X,,0,,0,,2), where X, =min(7},,C,), o,=I1(T,<C),
X, =min(T,,,C,-T,), &, =I(T,<C,~T,) and gz is the covariate vector for
i=1,2,..,n and j=1,2 with I(.) as indicator function. First, we consider the

estimation of regression parameters S and £, .

The counting process N, (f,)={N,(1),t,20} given at time 1 by
N(¢t)=1(X, <t,,8 =1) where X, =min(7,,C) and & =I(T, <C). For fixed 1,,
we also define a counting process {N,(1,,1,),, 20,1, 20}, given at time ¢, by
N,(t,,)=1(X, 21,,X,<1,,8,=1) where X, =min(7,,C-T,) and
6,=I(T, < C-T,). Then we have, for i =1,2,...,n,

Nli(tl)zl()zli <1,)d, (3.10)
and
N, (t.0)=1(X, 21, X,, £1,)6,,. (3.11)

Consider the at-risk processes Y,(,) ={Y,,(1,),t, 20} and
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Y, (t,1,) ={Y,;(t,1,),2, 20,1, 20}, where

Y.)=1(X,2t) (3.12)
and
Y, () =1(X, 21X, >t,). (3.13)

Then we can write

E[Ny(@t)IF, =Y, (0) A, (dr) (3.14)
and for fixed ¢,

E[Nz,.(tl,dtz) F_. ] =Y, (1) A, (4, d1) (3.15)
where F, belong to the right-continuous filtration {IF,, 2 0} and for fixed 1, F, |

belong to the right-continuous filtration {lF,“h 1, 20,1, 20} with F, and F,  are

defined by

F, =0{N,).Y,(u+),z:0<u<1,i=12,..,n} (3.16)
and

E.= o{N, (1, ), Y, (t,,v+),z :0Sv<t,,i=1,2,...,n}. (3.17)
Denoting M ;(1,) = N,,(t,)— |¥,,(s) A,; (ds) (3.18)

0
and
Mo (t,1) = Nyy (1, 1) = [V, (8,8) Ay (2, ds) =12, (3.19)
0

M, (1) is zero mean F, martingale and for fixed t,, M, (1,,1,) is zero mean F,

martingale.

Then the score function of f, is given by

- s, (81)
U(@)~;% [_z.u —m} (3.20)

where,

51(0) (tlr"él ) = IZ.: Y, (1, )egilsﬂ
=1
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and

Sl(l)(él’tl) Z}'il ti)e .zU

The maximum likelihood estimator of f is the solution of the score function
u(s)=

To obtain the estimate of S, consider the score function

)
u(p.)= Zﬁz,{q—s (t"’tz"ﬂz)} (3.21)

(Ih’IZI’ﬁZ)

where,

m
Sz(o) (tmtzné'z) = z Y, (’w’z;)eéi “
=1

and

n,
(1) =N Bz
S, (’n’tzwéz)—zth (it )€™ " 5.
1=1
As in the univariate set up, we can obtain the estimate of £, by maximizing the

score function (3.21).

Now we discuss the estimation of baseline cumulative hazard functions A ,(f,) and

Ay(t,t,) . From Lawless (2003), the estimator of A, (#,) is given by

" I(Y 0
Aplt) = !—é(,‘lT)(:;T))dN‘ (s), (3.22)

which can be written as

N 5“
Mot = 2 | = — (3.23)
i<y Z Y” (t”)eél K
=1

Similarly, by using the counting process approach, the estimator of A, (¢,t,) is

obtained as
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Aplt ) = II(}(,—O)(?ﬁ);—O)dN (t,s) 3.24)

which reduces to

5,

]

Rptut)= 2 |+ — . (3.25)
iity; <t, Z YZI(t]‘ 12-)6'[‘}2'&
12721

=1

Now we discuss the asymptotic properties of £ and f,. The asymptotic properties

of é, are well studied in literature (see Lawless, 2003, p.342). Precisely, ,{31 is

asymptotically r-variate normal with the mean vector S and covariance matrix

A™(B,) where

(2) 0 0 '
( ) 2511 S, (h’él) S, (tmé.)Sl (t“’él)

: _ 2 (3.26)
i=l S( )( wét) (S,(")(t“,él))

For fixed ¢, the maximum likelihood estimator 3, is the solution of the score
function U ( 5 ) =0 and hence f, is a consistent estimator for 8,. When ¢, is fixed,
the score statistic U ( ﬁz) is asymptotically r-variate normal with mean zero vector

and with covariance matrix A, ( éz) where,

| Sz(z) t,.,t,.,ﬂ Sz(l) ti,t,-,ﬁ S(l) ti,ti,ﬂ '
Az(él):n_._[ 0, S(U)Etlv t2» ;;_ (l 2(o)_Z) 2 (l > _2) (3.27)
2 4= 2 102722 172 (Sz (tli’t2i’é2))

with n, as the number of observed occurrence of the second event and

7, ,
S2(2) (’li’tzi’é2)= Z Yy, (2012 )eé 4z

=1
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Thus ,32 is asymptotically r-variate normal with mean vector 5, and covariance

matrix A, ( B ) X

The asymptotic properties of A (,) are well discussed in literature (see
Lawless, 2003, p. 353). Under the same set of regularity conditions, as required for
the asymptotic normality of ,32 , the (A,(1,1,)—Ay(t,t,)) converges weakly to a
mean zero Gaussian process. In particular, for fixed ¢, the variance of A,)(7,,¢,)

can be consistently estimated by

Vaf[;\zo(’htz)]z,z (S O ; B.) o+ (tl’tz)lAz(uBZ)_le(’l”z) (3.28)
S | 5 sty P

where,

N ) iX_ hishais B
W,(1,t,)= ,-;:22.;:: Szz(of((tl:’ t::, B—;))

with

Zyzz (tli't2i)eg2lz'-zl

e}
=1

X, (tli’tzi’éz) =1

Y, (11 )eg: *

M

~
il

1

One may often be interested in estimating the survival function S(z,,z,1z,))
of gap times with a fixed covariate z,. From (3.9), a natural estimate for S(¢,4, | z,)
is given by

$(t.1,12) =expl— A, ()%™ — A, (1,1, )e% %], (3.29)

For fixed 1, t, and z,, {A,,(1,),A,(t.t,)} asymptotically follows a bivariate

normal distribution with covariance matrix

W) W.z(tptz)]

(3.30)
le(tlvtz) Wz(tl’tz)

W(tl,tz)z[

where
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51.")?1 (t“’ﬁ')

Wilh)= 2 w7, 5y

(=2 590, 8)
with

] > Fu(h)ef g

X1(’1iﬂ§I)= :

Y, (;)e™ 8
1=

o )

6 "X- ti’t ,'aﬂ
o) 3 Al

and

R I(Y (s)>0) I(Y,(t,u)>0)
u/lz N =E 1 2\
Guta) L” N6 G

le(s)sz(tl,u):|.

A straight forward application of functional delta method, then, establishes the
asymptotic normality of S‘(tl,tz | z,) with mean S(¢,t,12,) and variance that can be

estimated as follows.

From Andersen et al. (1993, p. 503), the covariance between ,_BA_. and A, (f) is

consistently estimated as

C,B)= —Al“(,_Bl)'i[Sl“’(s, B (s, ,53’,))_2 dN,(s) (3.31)
:

where

dN,(1,) = Zle,.(tl)

with

dN, ()= I, €t,t, +a1);6, =1).

On similar lines, we can also obtain the covariance between B, and A,y (1,t,),

which can be consistently estimated by

* 2 1, 5 2 1 A 0 A -2
CZ(tl’IZ’é2)=_A2 (éz)"'sz( ](Ilss9éz)(sz( )(tps’é])) sz(tl’s)' (3'32)
0
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The delta method is then used to estimate the covariance matrix of
(él, gz,ﬂlo(t,),fxzo(t,,tz)). But in practical situations an attractive approach to
variance or confidence interval estimation is through resampling methods. The naive
bootstrap procedure of resampling the observed data units (X, X,,,d,;,65,;2;)

with replacement will be satisfactory under fairly mild conditions (see Efron and
Tibshirani, 1993).

Remark 3.1.

In the absence of covariates (5, =0,8,=0), the expressions (3.23) and

(3.25) for cumulative hazard function will reduces to the non-parametric estimates

of A (t,) and A,(t,,¢,) givenin Wang and Wells (1998).
3.4. Simulation Study

In this section, we carried out a simulation study to evaluate the performance
of the aforementioned inference procedures. We consider a Gumbel’s (1960)

bivariate exponential distribution with survival function

S{t,1,) =exp(—t, —t,— 1), t,1,>0 (3.33)
with hazard functions

A(t)=1and 4,@.0,) =(1+71). (3.34)
Two covariates z, and z, are generated from uniform (0, 1) distribution. We
generated observations from Gumbel’s bivariate exponential distribution for
different values of ¥ using algorithm given in Devroye (1986). Independent
censoring times are generated from the uniform distribution (0, b), where the
constant b is taken in such a way that 30% of the observations are censored. We
compute estimates for 1000 simulations and we then calculate average bias and

variance of the estimates of f =(f,,4,). B =(B../B,) and baseline cumulative

hazard functions. The estimates are given in Table 3.1 to Table 3.3. As n increases,

both bias and variance of the estimates decreases.
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Table 3.1. Bias and variance of ,8“ and .B;z

Bias Var Bias Var
'B“ '612 4 n ﬂu ,Bn IBIZ ﬁlz
0.7 50 -0.0789 | 0.0716 | -0.0819 | 0.0884
11! 08 ) 250 | -0.0486 | 0.0711 | -0.0398 | 0.0113
) ) 08 50 -0.0157 | 0.0671 | -0.0807 | 0.0934
) 250 | -0.0134 | 0.0525 | -0.0754 | 0.0536
0.7 50 -0.0801 | 0.0579 | -0.0433 | 0.0607
071 09 ) 250 | -0.0462 | 0.0444 | -0.0102 | 0.0296
’ ’ 08 50 -0.0826 | 0.0618 | -0.0499 | 0.0693
’ 250 | -0.0493 | 0.0329 | -0.0104 | 0.0475
Table 3.2. Bias and variance of [321 and ,322
Bias Var Bias Var
ﬁ 21 'B 22 4 n :821 :Bz1 /322 1622
07 50 §0.0236 | 0.0282 | 0.0289 0.0575
1 13 ’ 250 | 0.0210 | 0.0185 { 0.0287 0.0181
) 0.8 50 | 0.0231 | 0.0297 | 0.0284 0.0368
) 250 10.0188 | 0.0118 | 0.0280 0.0157
0.7 50 §0.0273 | 0.0313 | 0.0182 0.0339
121 0.8 ’ 250 10.0239 | 0.0183 | 0.0167 0.0275
) ’ 0.8 50 10.0236 | 0.0281 | 0.0166 0.0162
) 250 | 0.0224 | 0.0101 | 0.0153 0.0129
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Table 3.3. Bias and variance of estimates of the baseline cumulative hazard

functions
Bias Var Bias Var
Bu| Ba| B | B | (1) Yin Ap() | Ap(t) | Aultst) | Ax,t,)
0.7 50 | 0.0969 | 0.0691 | -0.0685 | 0.0301
(1,0.9) 250 | 0.0305 | 0.0101-| -0.0275 | 0.0192
0.8 50 | 0.0124 | 0.0289 | -0.0636 | 0.0364
11l - 1 - 250 | 0.0102 | 0.0184 | -0.0543 | 0.0156
1038 1.3 0.7 50 | 0.0322 | 0.0554 | -0.0515 | 0.0307
08.1.1) 2501 0.0291 | 0.0161 | -0.0448 | 0.0255
0.8 50 | 0.0255 | 0.0197 | -0.0567 | 0.0500
250 { 0.0105 | 0.0157 | -0.0194 | 0.0454
0.7 50 | 0.0723 | 0.0769 | -0.0522 | 0.0589
(1,0.9) 250 | 0.0687 | 0.0656 | -0.0293 | 0.0208
0.8 50 | 0.0694 | 0.0736 { 0.0039 | 0.0764
0710911208 250 | 0.0201 | 0.0438 | 0.0003 | 0.0658
0.7 50 | 0.0586 | 0.0432 | -0.0279 | 0.0542
0.8.1.1) 250 | 0.0524 | 0.0374 | -0.0229 | 0.0129
08 50 | 0.0308 | 0.0619 | 0.0126 | 0.0855
250 0.0127 | 0.0388 [ 0.0015 [ 0.0782

3.5. Data Analysis

For the illustration of the procedure, we consider a data given in Lawless
(2003, p.531). This data show on the recurrent times to infection at the point of
insertion of the catheter for 38 persons undergoing kidney dialysis. Data for the first
two occurrences of infection are given; either one or both may be censored, because
catheters were sometimes removed for causes other than infection. The two
covariates considered are sex (1 = male, 2 = female) and kidney disease type (0 =

glomerulo nephritis, 1 = acute nephritis, 2 = polycystic kidney disease, 3 = other). T

and 7, represents the first two occurrences of infection.
We compute the estimates of ,_5, = ( ,[3“, ,312), éz =( ,[?21, ,322) by the method

given in Section 3.3. The estimates 3 and B, are f =(-1.5046,-0.2354),

B, =(-0.5185,-0.1008) . It follows that both f, and B, have negative values. Thus

the covariates in the study have negative effect on the recurrence time of the

individuals. We then compute the estimates of baseline cumulative hazard functions
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and survival functions. The estimates are given in Table 3.4. From Table 3.4, we can

observe that A ,(#,) is increasing in ¢, as expected. However, both A, (7,,7,) and

) (#,,t,1z) are depends on ¢, and ¢, . Figure 3.1 shows the estimates of the survival

function.

Table 3.4. Estimates of baseline cumulative hazard functions and survival

function

(tvtz) 4 ;\lo(tl) Azo(tl’tz) S'(tl’tz | 2)
(2,25) | (1,0) | 0.3825 0.4547 0.7007
(7,9) (1,0) | 1.2435 0.1630 0.6885
(7,333) | (2,1) | 1.2435 7.5370 0.0851
(8,16) (1,3) | 1.7286 0.3486 0.7097
(12,40) | (1,1) | 2.2409 1.3795 0.3211
(13,66) | (2,1) | 2.8038 1.9359 0.4820
(15,154) | (1,0) | 3.9549 27114 0.0827
(22,28) | (1,3) | 5.3857 0.6930 0.4085

stir2) 2

WAy WL Ay

[ J— ‘/.' .iii;;’;t <=

Figure 3.1. Estimates of bivariate survival function
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3.6. Conclusion

In this chapter, we developed a bivariate proportional hazards model, using
marginal and conditional hazard functions, for gap times of recurrent events. Since
the covariates under study have different effect on marginal and conditional hazard
functions, proposed model is more useful to study the dependence of gap times on
covariates. The estimators of the parameters and the baseline cumulative hazard
functions were developed. Asymptotic properties of estimators were studied. Then,

we illustrated our procedure with a real life data, given in Lawless (2003).
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Chapter Four

Proportional Mean Residual Life Model for Gap Time Distributions

of Recurrent Events

4.1. Introduction

In survival studies, it is often of interest to analyze the mean residual life

function to characterize the stochastic behavior of survival over time. The mean

residual life function m(¢) defined in (1.8) is interpreted as the average remaining

lifetime of an individual given that the individual has survived up to time ¢.

Although the hazard function, mean residual life function and survival function are

in one-to-one correspondence with each other, Muth (1977) considered the mean

residual life to be a superior concept than the hazard function on the following

grounds:

a)

b)

Regarding the ageing phenomena the two concepts are not equivalent. A
decreasing mean residual life does not imply an increasing hazard function,
though the converse is true. Thus the decreasing mean residual life is more

general in character.

The hazard function accounts only for the immediate future in assessing failure
phenomenon as described by the derivative of S(t), where as the latter is
descriptive of the entire future implied through the integral of S(¢) over 7 to eo.

A consequence of this is that a component may experience deterioration though

its hazard function may be zero at a certain point.

It is advantageous to use the mean residual life function as a decision making
criterion for replacement or maintenance policies. The expected remaining life of

the component gives an indication of whether to replace or to re-schedule and

The results in this Chapter have been published as entitled “Proportional Mean Residual Life Model

for Gap Time Distributions of Recurrent Events”, Metron, Vol. LXV, n.3 (see Sreeja and Sankaran
(2007)).
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this could be more useful than the hazard function to formulate maintenance

policies.

Oakes and Dasu (1990) considered a proportional mean residual life model
as an alternative to Cox (1972) proportional hazards model to assess the effects of

covariates on the survival time. The model is defined by

m(t1 2) = my (el (4.1)
where m(t1z) is the mean residual life corresponding to the r-vector of covariates
2, my(t) is the unknown baseline mean residual life function when z =0 and § is

the vector of regression parameters. Generally, there is no direct relationship
between the proportional mean residual life model and the Cox proportional hazards
model. However, Oakes and Dasu (1990) proved that, when a model satisfies both
the proportional hazards and the proportional mean residual life assumptions, its
underlying distribution then belongs to the Hall-Wellner class of distributions with

linear mean residual life function (Hall and Wellner, 1981).

Previous work on the mean residual life has focused on single-sample and
two-sample cases; see Oakes and Dasu (2003). In regression analysis, Robins and
Rotnitzky (1992) and Maguluri and Zang (1994) developed estimation procedures
for the model (4.1) under uncensored and censored set up respectively. Recently,
Chen and Cheng (2005) developed semi-parametric inference procedures for the
regression model (4.1) using martingale theory of counting processes, in the
presence of censoring. Later, Chen and Cheng (2006) considered a linear mean
residual life model and developed inference procedures under right censoring. The
analysis of gap times for recurrent event data using mean residual life function is
more appropriate in many practical situations, as seen in Section 4.5. Motivated by
this, we propose a bivariate proportional mean residual life model to assess the
relationship between mean residual life function and covariates for gap time of
recurrent events. Note that the focus will be on the development of the regression

model of the duration times, when the recurrent events are of same type.

In Section 4.2, we introduce a bivariate proportional mean residual life
model to assess the relationship between mean residual lifetime and covariates for

gap time of recurrent events. Estimators of the parameter vectors as well as baseline
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mean residual life function are discussed in Section 4.3. Asymptotic properties of
the estimators are studied. A simulation study is carried out to assess the
performance of the estimators in Section 4.4. In Section 4.5, we illustrate the
procedure using kidney dialysis data given in Lawless (2003). Conclusions of the

study is given in Section 4.6.
4.2, Bivariate Proportional Mean Residual Life Model

Suppose that an individual may experience k consecutive events at times

X <X,<..<X,. Let T,T,,..,T, represents the gap times where 7,=X,,
IL=X,-X, and T, =X, — X, ,. As in Chapter 3, we assume that the follow up

time is subject to independent right censoring by C which implied that

(X,,X,,..X,) are independent of C. We now consider the regression problem in
which the marginal and conditional mean residual lifetime functions of (7,7,,...T))
depend on certain covariates. We consider the case where k =2. The extension to
higher dimensions is direct.

Let S(t,t,)=P[T, 21,,T, 2t,] be the joint survival function of 7, and 7,.
Let m,(t,) be the mean residual life function of T}, which is defined as
m(t,)=E[T, -t \T, 21,]. 4.2)
In the context of recurrent events, m,(z,) can be interpreted as the expected

remaining gap time of 7, given that 7] is larger than or equal to f,. For the recurrent

events, the occurrence of the second event depends on the occurrence of the first

one. Accordingly, we can consider mean residual life function of 7, given T, 21¢,.
The mean residual life function of 7, given 7, 2 ¢, is defined as

my(t,,t,)=E[T, -, 1T, 21,,T, 21,] . 4.3)
The expression (4.3) can be interpreted as the average remaining gap time of 7,
given that 7| is larger than or equal to ¢, and T, is larger than or equal to ¢,. We use

the term mean residual life time for average remaining gap time through out this
chapter. Note that (4.3) is the second component of the vector MRL in the bivariate
set up, defined in Arnold and Zahedi (1988).
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Then the survival function S(#,,#,) can be determined from (4.2) and (4.3) by the

identity

S(tl’tz) = 'nl(o) mz(tl’o) l: J‘ (4.4)

m, (1)) mz(tl’tz) o"ﬁ(“)—jmz(tpu):l

Note that the hazard functions given in (1.34) and (1.35), and mean residual life

functions are related by the identities

1+m '(t)

1) = L\ 4.5
AGt) () 4.5)
and
,iz(zl,tz) = I_M . (4.6)

A UNZY)
where m, (z,) is the derivative of m,(f,) with respect to ¢, and m, (z,,t,) is the

derivative for m,(t,,t,) with respectto t,.

For the analysis of gap times of recurrent event data using MRL, one
possible method is to consider marginal mean residual life functions of 7, and 7,
and then apply ideas from generalized estimating functions to calculate an
appropriate combination of the two marginal estimates. This can be done in the case
of homogeneity among two regression coefficients. In many practical situations as

shown in Section 4.4, the conditional mean residual life function of 7, given T, 2,
is meaningful than the marginal mean residual life function of 7, to explain the joint

dependence structure of pair of lifetimes on the covariate vector. Accordingly, we

define a bivariate proportional mean residual life model for 7, and 7, as

ml(tl lz)= m]()(t1)e'l B 4.7
and
my(t,5,12) = mzo(tl’tz)e&.l . (4.8)

In model (4.7), m,(¢,1 z) is the mean residual life function at time ¢, when the rx1
covariate vector z is given and m,,(¢,) is the baseline mean residual life function,

which is the mean residual life function when z=0. Here § and f§, are rxl
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m (5,1 z2")

vector of parameters. For the model (4.7), the ratio 3
m(,12%)

of the mean residual

life functions of two individuals with covariate vectors z and z® does not vary

1
m,(t,,t,12")

with time f,. The model (4.8) implies that the ratio 5
m(t,,t,12°7)

of the mean

residual life functions of two pairs of individuals with covariate vectors z!” and

z'? does not vary with ¢, and ¢, .

Using (4.5), (4.6), (4.7) and (4.8), we can have

myy (1) Ay (dty) = € 82 dt + my o (dy) (4.9)
and
Moo (t,1,) A, (1, dty) = € 2 2dt, + mog (2, dt,) (4.10)

where A,(#,) and A,(#,2,) represent the cumulative hazard functions corresponding

to A4 (z,) and A4,(z,,1,) respectively.

From (4.4), (4.7) and (4.8), we obtain

f, 1

Sty ) = 20D M0 6,0) -f L - du |
mlo(tl) ”120(1‘1”2) 0 mlo(u)e-' o Myg (8, u)e™

4.11)

4.3. Inference Procedures

The observed data set consists of n 1i.i.d. sets of (X' }.,.,5 inZ)s J= 1,2, where
X-li =min(7;;,C)), X;z.' =min(7,,,C, - X,,), 515 =1(T,;<C), 521‘ =I(T,; <C, —Xn)
and z is the covariate vector for i=1,2,...,n. Here I(.) is the indicator function.

Given z

ey

T; and C;’s are assumed to be independent. Let
Nli(tl)=I(X~li <1)4,, NZI(tl’t2)=I(X~li ZII’XNZi <14,)0,, Yli(tl)zl(}zn 21) and

Y, (t.5,)=1(X,, 21,X,,2t,), i=12,..,n. From Fleming and Harrington (1991),

we can write
E[Ny @)1, Bmo() | = Y0 A, (s o) (4.12)

and for fixed ¢,
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E[Nz.' (t,,d1,)| ]Ft{,!z' ;/_32 ) mzo(-)] =Y, (1, 0) A, (1, d1, ’é’z s My, ) (4.13)
where ]Fr. belongs to the right-continuous filtrations {IF,l 2 O} and for fixed ¢,
F, ,, belongs to the right-continuous filtrations {]Frl n 52002, 20} with F, and F, |
are defined by

]F,l =0 {N,w).Y,(u+),z:0<u<t,i=12,.,n}

and

F,, =0{Ny(#,v).Y,,(1,v+),2:0Sv<t,,i=12,..,n}.

Denoting
M@, Bmg) =N, (1) - IIJ‘Y,,.(s) Ay (ds, B,myg)
0
and
M, (t,1,, By, ) = Ny (8, 1,) —']Yz,.(t,,s) Ay (1sds, Bymy) i=1,2,..,m,
0

{M(t,. B,m,)} is zero mean F, martingale and for fixed 1, {M,,(¢,,t,, B,,my)}
is zero mean F, | martingale. Therefore the estimates of /3 and m,,(#,) are obtained

from the following partial score equations;

3 06V, () =¥, () e B St + g )} | =0 (4.14)
i=1
and

[z [ oM, () =Y, (03 (e &% dt +mg(n)} | =0, 0<1, <. (4.15)
i=l 0

where 0< 7, =ir1f{t1 :P[)zl >t1:|} <oo,

It is easy to note that, equation (4.14) is a first order linear ordinary differential

equation in m(¢,), which can be written as

3N ()
L b () =y (d) = Q (4, By, 01, <7, (4.16)

Y, (1)

i=]
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3 e
where Q,(t,, B)) = =——.

DY)
i=t

Then the solution of (4.16) is obtained as

o(t, )= Sint))™ [Sih )0, (. B)du @.17)
]

where

A o 2N, (du)

Syi(t)=exp —If'"—m—du , is the Nelson-Aalen estimator of the survival

ERAC
i=l
function for the pooled observations.

To estimate f,, we replace my (1) with 71,,(z, 5) in (4.15) and then divide the

resulting equation by n . This will leads to score function

0B =3, [z =7 Mot BN, )=, (r)e Har } =0 (4.18)
i=l ¢
YY)z
with z,(t,) = =&——.

PR A
i=l

Here, m,,(7,) serves as a role similar to a weight function on each individual term in

the summation. Then ,@ is the solution of (4.18). From Chen and Cheng (2005), it

follows that under some regularity conditions, the random vector nyz(,é’l -B)

converges weakly to a r-vector normal variable with mean zero and covariance

matrix A'V,A™', where matrices A and V, are given as

A= :[E[{é—ﬂg)(tl )}®2 Sp)(ﬁ Ié)e—';lz]dtl (4.19)
0

and
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V= E[{ 210} SO Dmg(e) e B an + mlo(dtl)}]. (4.20)
0

with SV(112) = P[X, 21,1 z] and p’(t,) is the limit of Z(#,) as n— oo.

In addition, A, and V| can be consistently estimated by the empirical counter parts,

Al = % Z I{Z, -4 )}®2 lei(tl)e-_l'&dtl (4.21)
i=l ¢

and

. 1 & 2! _ R n o . A

Vi= ;Z {z-2@)}” Yu(’l)mlo(’l’él){e By +m10(dt1"§1)} (4.22)

—

i=

respectively, where v® =w for a vector v. Inferences for S, can then be made
through this large sample distribution of f. As shown by Chen and Cheng (2005),

one can increase the efficiency of the estimator of f, by using the weighted version

of the estimating equation.

To estimate S, and my(t,,1,), for fixed ¢, the equations parallel to the

partial score equations (4.14) and (4.15) are

n

Z[mzo(t,,tz)Nz,- (. dty) Yo (1, 1) 2 4, +mqo(tl,dt2)H =0 4.23)

i=1
and

n %

P [mm(tl,zz)awz,.(tl,rz)—1/2,.(zl,rz){e‘@"dz2 +n120(t1,dtz)}] =0,0<1, <7,

=

—

(4.24)

where for fixed £, 0<7, =inf{t,:P[X,>15,1X,>1]} <eo.

Similarly, from (4.23), we obtain the first order linear ordinary differential equation

in m,y(1,,1,) as
D N, (1,d1,)
i=1

=, Moo (1, t,) =y (1, dt)) = Q, (1,1, B,)dt,, 01, <7, (4.25)
PR ACKN)
i=1
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PR ACE e B
where Qz(t.,tz,é'z) = &= n
ZY2i(tl’t2)
il

Thus, for fixed ¢,, the solution of (4.25) is given by

g (8,15 B) = S (1,,1,)"" j‘ S (1,10, (t,,u, B)du (4.26)

2

A o X Nyt du)
where S\ (1,,1,) =exp| — I"‘n— du |.

0 ZYZi(tl’u)

i=l

From (4.24) and (4.26), for fixed ¢, we obtain the score function as

1 &5 . A
Uy(B,) =;Z I{Zc _22(’1’12)}{"’20(’1a’bgz)dNZi(‘l»tz)"Yzi(tlvfz)e & ‘dt2}=0,

i=l o

4.27)

ZYZi(Il’tz)Zi
with Z,(¢,,1,) = =—.

Z b (.1)
i=1
The solution of the equation (4.27) provides the estimate of £, .

For fixed ¢, the asymptotic properties of '_32 and r,(z,,t,) can be established
by extending the proofs for él and m,(t,), given in Chen and Cheng (2005). To see
this, let H (.) be the marginal distribution function of z and let S (z,1t,) be the
conditional survival function of 7, given 7, 21. Since my(f,2,) is the mean

residual life function of 7, given T, 21,, it follows from Arnold and Zahedi (1988)
and (4.10) that

”‘20(’1”2)5* (,11,2) :e-ﬂﬁmao (1,5,)8 (1,11, 2)

.02
=e Pz IS* (1), 2)du

5!

65



for any possible Z=z€ Supp{;e ]R”;H(;)} .

For fixed ¢, using Baye’s theorem,

my (1,1,) = S—ZI—I%(tl”2|Z)S (82 14.2)dH (2)
7

- Ile‘ﬁ"z Is (ula,;)du}dﬂw

S (1) ;

_ 1 72 * _ﬂz'
_mh[{s (ult,,;)zfe 2dH (1T, 2 u))du. (4.28)

If we replace S'(5,11) and [ePaH(zITy2u) with 5y,® (n.1,)

Q,(t,,u, B,) respectively in (4.28), we obtain the same estimator for m,q (t,,2,, 5,)

as (4.26). As in the univariate case, under appropriate regularity conditions, any

consistent estimates of these quantities will lead to a consistent estimator for

My (1,1, -

Under certain regularity conditions, the random vector n/'/z(ﬁz— B,) is

asymptotically r-vector normal with mean zero vector and covariance matrix

A,'V,A,”!, where the matrices A, and V, are given by

% ® ., e

A, = [E[{;—y;”(zl,zz)} S"(11,2)e® ‘]dtz (4.29)
0

and
; @) Le)) -8z

V, = IE[{;—,U; (1.1,)} S (tl,tzlg)mzo(t],t2){e £ ‘dt2+mzo(t],dt2)}] (4.30)
0

with 4 (t,,t,) is the limit of Z,(7,,1,) as n—eo.

Then A, and V, can be consistently estimated by their empirical counter parts,

Z I{Z« - zz(tl’tz)}’®2 Yy, (ty,t,)e % *db, (4.31)

tlo

and
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n

P LN _ . A [ B . A
V== [l 2t} Yo g oty, B {e 2ty + iy 0y, B0} (4.32)

i=l ¢

respectively.

One may often be interested in estimating the survival function S(z,,¢,1z,) of gap

times with a fixed covariate z,. From (4.11), the survival function S(t,,z,1z,) can

be estimated as

4

COPRPR. RN U I ST S
1o (1) gy (851,) o My ()R * Ay (t,u)e™ ®

h

(4.33)

Asymptotic distribution theory is difficult for non-parametric bivariate
survival function estimates and the most attractive approach to variance or

confidence interval estimation is through resampling methods. The naive bootstrap
procedure of resampling the observed data units (X,,X,,8,,6,,2%) with
replacement will be satisfactory under fairly mild conditions (see Efron and

Tibshirani, 1993).

The most challenging part in this procedure is the tail due to potential
censoring. If the underlying recurrence times are heavily right censored, it is not
possible to estimate the mean residual life functions on the whole positive real line
without additional assumptions. One possible approach is to modify the fully
unspecified m,,(¢,) and m,y(z,,1,) by including a parametric component in the tail.
For example, when 7, is a pre-specified truncation time, we assume that
my(t) =m,(t)I(t, <7,)+m I >1,) 4.34)
and for fixed ¢,

My (1),1,) = my(8,0)I(t, <7,)+m, I(1, > 7)) , (4.35)
where m,, and m,, are some positive constants. Thus the m, (¢,) and m,(¢,,1,) are
unspecified up to the time 7,, while it becomes exponential after 7,, so that the

techniques discussed earlier can be extended to the whole positive real line.
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4.4. Simulation Study

In this section, we carried out a simulation study to evaluate the performance
of the aforementioned inference procedures. We consider a Gumbel’s (1960)

bivariate exponential distribution with survival function

S(t,t) =exp(—t,~t,—yt,), 4,1, >0, 0<y<l1 (4.36)

We considered a single covariate z, which is generated from uniform (0, 1)
distribution. We generated observations from Gumbel’s bivariate exponential
distribution for different values of ¥ using algorithm given in Devroye (1986).
Independent censoring times are generated from the uniform distribution (0, b),
where the constant b is taken in such a way that 30% of the observations are

censored. We compute estimates of 4 and B, for 1000 simulations and then

calculate empirical bias and variance of ,{fl and éz , which are given in Table 4.1 and

Table 4.2. The empirical bias and variance of the estimates of the baseline mean
residual functions along with coverage probabilities are given in Table 4.3 and Table

4.4. As n increases, both bias and variance of the estimates decreases.

Table 4.1. Bias and variance of ,B,

Bias Var Cov.
Bl ’Bl Prob
50 -0.0448 | 0.0920 | 0.939
250 | -0.0408 | 0.0545 | 0.949

B B |7 n

0.6

0.5 106 08 50 | -0.0376 | 0.0964 | 0.942
| 250 | -0.0355 | 0.0626 | 0.948
06 50 | 0.0577 |0.0829 | 0.939
206 | 1.1 250 { 0.0546 | 0.0412 | 0.941
08 50 | 0.0554 |0.0499 | 0.938

250 | 0.0525 | 0.0289 | 0.943
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Table 4.2. Bias and variance of ,32

Bias Var Cov.
ﬂl ﬂz /4 n Bz B‘Z Prob
0.6 50 | -0.0487 | 0.0406 | 0.942
05 | o6 ) 250 | -0.0241 | 0.0194 | 0.945
08 50 | -0.0510 | 0.0461 | 0.946
1 250 | -0.0498 | 0.0162 | 0.952
0.6 50 | -0.0971 | 0.0631 | 0.939
06 | 1.1 250 | -0.0850 | 0.0422 | 0.941
08 50 | -0.0958 | 0.0756 | 0.948
250 | -0.0897 | 0.0561 | 0.949
Table 4.3. Bias and variance of m,,(t,)
Bias Var Cov.
AAh h T | i) | g | Prob
06 50 0.0578 | 0.0206 | 0.943
0.05 250 | 0.0102 | 0.0112 | 0.945
038 50 0.0989 | 0.0288 | 0.947
05 | o6 250 | 0.0539 | 0.0150 | 0.949
06 50 0.0526 | 0.0248 | 0.951
0.09 250 { 0.0101 | 0.0116 | 0.954
0.8 50 0.0955 | 0.0503 | 0.936
250 | 0.0499 | 0.0218 | 0.940
0.6 50 0.0587 | 0.0736 | 0.941
0.05 250 | 0.0105 | 0.0166 | 0.950
0.8 50 0.0561 | 0.0197 | 0.942
06 | 11 250 | 0.0103 | 0.0135 | 0.953
06 50 0.0581 | 0.0243 | 0.949
0.09 250 | 0.0105 | 0.0168 | 0.957
08 50 0.0992 | 0.0315 | 0.951
1 250 | 0.0558 | 0.0199 | 0.955
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Table 4.4. Bias and variance n,(t,,¢,)

Bias Var Cov.
g (toty) | T (1) | PTOD
50 0.0232 0.0324 0.950

B |5 (1) Y| n

0.6
250 | 00157 | 00129 | 0952
(0.05, 0.06) 0g 30 | 00163 | 00138 | 0948
os |oe 81550 [ 00123 | 00101 | 0953
S 10 0o 50 | 00223 | 00269 | 0939
6 550 T 00144 | 00177 | 0.940
(0.09,0.07) 0g |50 _| 00978 | 00216 | 0935
8 2507 00156 | 00102 0939
0o 50 | 00144 | 00226 | 0.942
005,006 250 | 0.0105 | 0.0129 | 0.948

0.8 50 0.0189 0.0990 0.947
06 | 11 | 250 0.0105 0.0231 0.955
' ) 50 0.0209 0.0239 0.950

0.6
250 | 0.0134 0.0103 0.954
(0.09,0.07 08 50 0.0999 0.0162 0.955
1 250 { 0.0132 0.0109 0.963
4.5. Data Analysis

For the illustration of the procedure, we consider a data given in Lawless
(2003, p.531). The data shows the recurrent times to infection at the point of
insertion of the catheter for 38 persons undergoing kidney dialysis. Data for the first
two occurrences of infection are given; either one or both may be censored, because
catheters were sometimes removed for causes other than infection. The covariate
considered in our study is kidney disease type (0 = glomerulo nephritis, 1 = acute
nephritis, 2 = polycystic kidney disease, 3 = other). 7, and 7, represents the first

two occurrences of infection.

We compute the estimates of é’l and ,_6; by the method given in Section 4.3.
The estimates ,_31 and ,_32 are given in Table 4.5. We then estimate m,,(¢,) and
My, (t,,t,) . Finally, we estimate S(#,t,1z) by substituting the estimates of ,g,, éz ,
my(t,) and m,(1,,2,) in (4.33). The estimates are given in Table 4.5. From Table

4.5, it is easy to see that the values of both ,_le and ,{32 are negative. The disease type
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has negative effect on the first and second recurrence times of the individuals
respectively. As expected, m,,(¢,) is decreasing in f,. However, my(z,,2,) depends

bothon ¢, and ¢, .

There are natural restrictions on both m(f,) and m,(¢,t,) such that

my,(¢,) must be monotonically non-decreasing in f, and m,(¢,t,)+¢, should be
monotonically non-decreasing in ¢, for every fixed f,. These constraints are

satisfied in this data example. To check the model adequacy of (4.10) and (4.11), the

estimated mean residual life functions of 7, and that of 7, given 7| 2¢, without

adjusting for any of the covariates and the estimated baseline mean residual life
functions are plotted. On the log scale, their lowess curves are parallel to each other
and their difference is roughly constant (see Figures 4.1 and 4.2). This suggests a
reasonable goodness of fit of the proportionality assumption given in (4.7) and (4.8).

Figure 4.3 shows the estimates of the survival function.

Table 4.5. Estimates of f, £,, m(¢,)and m,,(t,,1,)

(t.1,) B 5 £4 () | g (t,t,) SA(%‘: 12)
(7,9) | -0.0774 | -0.0440 { O | 20.3853 | 11.5136 0.2965
(8,16) | -0.0774 | -0.0440 | 3 | 19.6691 9.2308 0.2242
(2,25) | -0.0774 | -0.0440 | O | 21.5899 6.1896 0.0108
(30,12) | -0.0774 | -0.0440 | 3 | 13.7672 | 11.0371 0.0061
(12,40) | -0.0774 | -0.0440 | 1 | 18.0828 9.5078 0.0012
(34,30) | -0.0774 | -0.0440 | 1 | 13.2308 | 12.0054 0.0010
(22,28) | -0.0774 | -0.0440 | 3 | 17.0786 3.5833 0.0001
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log (mean residual life time of T1)

log ( conditional mean residual life time of T2 )
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Figure 4. 1. Log of mean residual lifetimes for 7,
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Figure 4. 2. Log of mean residual lifetimes for 7,
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§(t1,£2)

Figure 4.3. Estimates of bivariate survival function

4.6. Conclusion

We introduced a bivariate proportional mean residual life model to asses the
effect of covariates on the mean residual life function for the gap time distribution of
recurrent events. The model is a transparent extension of the mean residual lifetime
model developed by Chen and Cheng (2005) for univariate survival data. The
estimation of parameter vectors and baseline mean residual life functions were done
using counting process theory. The proposed method can directly be extended to the
higher dimensions by considering the multivariate mean residual life function of

Armold and Zahedi (1988).

The efficiency of the proposed method depends on the conditionally i.i.d.
assumption on the bivariate recurrence times as well as the independent censoring
assumption. In the presence of trend on the bivariate recurrence times, the i.i.d.
assumption will be violated and therefore, the proposed method would not be
appropriate. The independent assumption could also fail if the observed data is
terminated by information drop out or a failure event. Both assumptions should be

examined carefully when applying the proposed method.

73



Chapter Five

Proportional Hazards Model for Successive Duration Times under

Informative Censoring

5.1. Introduction

In the analysis of censored lifetime data, it is usually assumed that the lifetime
variables are independent of the censoring variables to ensure identifiably of the
marginal survival function. This assumption is referred to as ‘non-informative
censoring’. In many practical situations in survival studies, the ‘non-informative
censoring’ assumption is not realistic. For example, in the analysis of duration times
of two successive events, the length of the first duration affects the chance of the
second duration being censored. In such cases, the two duration times are correlated
and accordingly the second duration time is censored by a dependent variable related
to the first duration time. Examples where successive durations arise are numerous.
In reliability theory, the first duration might correspond to the time interval
separating the moment a new machine starts operating and the moment a fault is
detected, and the second duration to the subsequent time interval between detection
of the fault and failure of the machine. In economics, the first duration might refer to
the time an individual is unemployed, and the second duration refer to the time the
individual is employed. In biometrics, the durations might correspond to the
successive stages of a disease, or to a sequence of repeated events such as certain
cyclic movements in the small bowl. Wang and Wells (1998) provide non-
parametric estimation of successive duration times under dependent censoring in
absence of covariates. The analysis of such data in the presence of covariate is not

yet carried out. Motivated by this, we consider the regression problem for duration

The results in this Chapter have been communicated as entitied “Proportional Hazards Model for

Successive Duration Times under Informative Censoring” (see Sreeja and Sankaran (2008a)).
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times of successive events under informative censoring. The idea used in Braekers
and Veraverbeke (2005) for the analysis of partially informative censored lifetime
data in univariate set up, is extended to the analysis of duration times of two
successive events.

In Section 5.2, we introduce and study semi-parametric proportional hazards
models. We estimate the parameters and baseline hazard functions of the models in
Section 5.3. In Section 5.4, asymptotic properties of the estimators are studied. A
simulation study is carried out in Section 5.5 to assess the performance of the
estimators. In Section 5.6, the procedure is illustrated using a real life data. Finally,

we conclude our study in Section 5.7.

5.2. The Model

Let (X,,X,) be the duration times of two consecutive and adjacent events
with joint survival function S(¢,t,) . Both X, and X, are subject to right censoring
by C,. Let Z be the vector of r-covariates present in the study. Let C, be a
censoring time corresponding to X, in such a way that C, relates to C, by
C,=C,—-X,. One observes the random vector T =(7|,T,), where T = min(X,,C))
and T, =min(X,,C,)I(X, <C,), with I() as the indicator function. Then the
observed data is (7},7,,d,z) where & , the censoring indicator, is defined by

1 if C <X,
0=42 if X <C<X +X,. 5.1
3 if X +X,<C

In the first regime, both durations are censored. In the second regime, X, is
observed while X, is censored. In the third regime, both durations are observed.

When J =1, there is no information available about X,.

Let G,(1,) denote the survival function of the censoring time C,. Denote G,(t,,,)
as the survival function of C, given C, >¢ and G(t,t,) as the joint survival
function of C, and C,. Let §,(z)) be the marginal survival function of X, and

S,(t,,t,) be the survival function of X, given X, =t Suppose g,(1)), g&,(1.%,),
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£,(t) and f,(1,t,) are the density functions of C,, C, given C,>¢,, X, and X,

given X, >, respectively.

Under informative censoring scheme, we assume the following relationships

G(t12)=5,(112)" (5.2)
and
G, (1,1, 1 2) =S, (t,,1, 1 2)% (5.3)

for some constants 77, >0, ¥, >0 depending on the covariate vector z.

The parameters 77, and y, satisfies a model

1. = 4(2.7,) (5.4)
and
Y. =0(2,%,) (5.5)

with ¢ and ¢, are some known functions and 7, = (7,,,..7,,) and ¥, = (¥»---%,)
are vectors of r unknown parameters. We assume that ¢, and ¢, are strictly positive
in a neighborhood of 7, and ¥, respectively and has partial derivatives of first and

second order in its neighborhood, denoted as follows;

04 a°¢ .
¢'v= 1 , ¢i4n=—l, l,.}=l""’r' (5.6)
voom, Y on,om,,
¢, a9 ..
= s @ =——, i, j=1..,r. 5.7
¢2] ayoj ¢21] a ina 70] 1 J r ( )

From straight forward calculations we obtain,

P[X, is observed|Z=z]= ij,(u 12)f,(u! z)du
0
= °]Sl(u 1 2)% fi(u) 2)du (5.8)
0

P[X, is censored|Z=z]= [g,(ul2)S,(u! z)du
0

7, [$,) 2)% f,(ul 2)du (5.9)
0
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P[5=21Z=z]= [[£u) 28,,,v1 2)G, (41 2)g,(t,,v) 2)dudv
00

°]jf(u 1 2) £,(,,v1 2)8, () 2)% 8,2, v )5 dudv (5.10)
00
and

P[6=31Z=¢2

I!
Ol-.ﬁ

]. Ll 2) £,@,v1 2)G (| 2)G, (¢, v 2)dudv
0

f] £ 2) £,(8,v1 2)8,(u 2)% S, (8,1 2)E dudv (5.11)
0

0

Thus the parameter vectors 77, in (5.4) and 7, in (5.5) can be interpreted as

P[Xl is censored|Z = ;]

= 5.12
7. P[X, is observed|Z=z] (512)
and

P[6=31Z=¢]

= —. 5.13

LT pls=21Z=¢] (5-13)

Let A,(z,) be the hazard function of X, and 4,(¢,,t,) be the hazard function of X,

given X, =1,.

Now we consider the proportional hazards models,

A 12) = Agt)e? (5.14)
and
A1, |;)=/120(t1,t2)eéz'z (5.15)

where A,,(t) and A,(¢,t,) are baseline hazard functions of X, and X, given

X, =t and B and B, are rx1 vectors of parameters.

m
The model (5.14) means that the ratio )‘(‘ é ) of the hazard functions of two
z°

A

individuals with covariate vectors z and z'® does not vary with time ¢. The

lz(tl”z |Zm)
A,,,1,127)

individuals with covariate vectors z’ and z* does not vary with ¢, and ¢,.

model (5.15) means that the ratio of the hazard functions of two
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In many situations, one may be interested in the joint survival function S(¢,z,1z) of

duration times.

The survival function can be obtained as

S, 1 2) =expl= A, (1)€5 % — ALy (t,,1,)€2 %] (5.16)
4 1,

where A (1) = jﬂw (u)du and A, (1,1,)= _[ Ay(t,,v)dv are baseline cumulative
0 0

hazard functions.

5.3. Estimation Procedures

Suppose now that (7,,,T,,,6,,Z,), i=1,2,..,n are i.i.d. observations having

the same distribution as (7},7,,9,Z). The likelihood contribution of a pair i with

T,=t,, T,,=t,, 6, =d, and the covariate vector Z, =z, is given by
8, 12)5,(1; 1 z) if d =
L= fi(t;12)S, (8,1, 1 2)G (8, 1 )8, (115 12) i d;=2.
f(tli’tZi lzi)G(tl,"tzi |Z,) lf‘ d‘- =3

Then the likelihood function can be written as

L=1—Ig1(th. 1Z)S,(t;1Z,) I_Ifl(tl, 28,4, 0,1 2)G (1,1 Z) g, (1,15, 1 Z,)
8=l

I15@.012)G0,.1,12). (5.17)
8=3

Substituting (5.4), (5.5), (5.14) and (5.15) in (5.17) and simplifying, we get

L= H¢'(-""°)H¢2(—v?’o)Hﬂw(a.)eﬁ' H B Zom 118

i=l i=l

! — A (2 105 ep:'z,
I]/’lzo(tmrzf)el_92 & He (B2 7)) rh ) . (5.18)

6;#1 g%l

Taking logarithm on both sides of the expression (5.18), we obtain
log L= Zlog¢1<_,,no) +Zlog¢2(_,,

+i[10gﬂ10(t“)+ﬂl ] ZI:(¢I(—1’7’O)+1)AIO(tli)eél'Zi]

i=l
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43 [108 Ayt + B 'Z ] 2 [ BZ 1)+ D Ao (o) % | (5.19)

6,#1 5,#1

By maximizing the expression (5.18), we get the estimators of
é1=(ﬂll""’ﬂlr)’ gz =(ﬂzn~-wﬂzr)’ 7_70=(7’01"“”70r) and Zoz(?’on'--vyor)- In
ordinary Cox proportional hazards model, f, and f3, are estimated by maximizing

partial likelihood method. But in this situation, the partial likelihood analysis is not

possible, due to the presence of unknown parameters 73, and ¥,. For the estimation

of higher dimensional parameters in the semi-parametric models, we can use profile
likelihood method as discussed in Murphy and van der Vaart (2000). We first

estimate the baseline cumulative hazard functions A,(¢,) and A, (#,t,). Consider
the case of estimation of A, (f). Let X, <..<X, v, be ordered observed first
duration times and let X,, <...< X, v, be ordered observed second duration times

given 1, =X, ;- As in the classical Cox model (see Andersen et al., 1993 and

Murphy and van der vaart, 2000), maximization of the full likelihood over arbitrary

Ap(t) leads to maximization over A (f,) which is a piecewise constant function

with jumps at the observed deaths X, ; only. Thus the least informative non-

parametric estimator is given by
Nl

AT = AL G(eR,) (5.20)
j=I

where X, z{i:Tli qu} is the risk set at XU‘ . Similarly, we can obtain the

estimate of A,,(¢,,t,) as
N

;\zo(Tli’TZi)zzﬂzjlz(iecxzj) (5.21)
j=1

where 9{2j={i:]'2‘.2)22j,7'1i=)2|j} is the risk set at )22).' and T,,.=)ZU. From

(5.20) and (5.21), the log likelihood function (5.19) can be written as

Nl
log L=y [log$,(Z,.7)] + . log#,(Z. %) | +.| log 4, + B,'Z,, |
=l 5=2 =1
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n

=S (A(Z 1) +1) 2 Z/L I(re%)] +Z[l°gﬂz +B8.'Z]

=1 Jj=1

- (820 1) +1) e Zﬂz 1z (ze%)} (5.22)

5, #1 L j=l
where Z; j=1,...,N, are the covariates associated with the ordered X, <..<X, N,

and Z, iyJ=L..,N, are the covariates associated with the ordered X, <..< sz

given 7, = X, ;.

Maximizing (5.22) with respect to 4,;, we get

A= 1 : (5.23)

Z (4(Z;,7) +1) " z

ieR,;

On similar lines, maximization of (5.22) with respect to A, ; provides

A= ! — (5.24)

' Z (¢2(Z:,f'0)+l)eg ¢

. .
ieR,;

where R, ={i:ie R,,,6, #1}.

Substituting (5.23) and (5.24) in (5.22), we get the profile log likelihood as
log L, = Z[log $(Z,.7)] +Z[10g 8.(Z.7)]

+ZI —log Z(@(Zi’ﬂo)+l) }"Bl U)]

| iR,
N, i .

+Z{ ~log ';‘(¢2(,_Z_,l,}/0)+l)eé’ 4'}/_32';(”}—1\/,—1\12. (5.25)
Jj= ieR,,;

which has to be maximized with respect to 5, B,, 7, and y,. This is of course

equivalent to maximizing

HB)=- Z[logm_,, Z[log¢z<_,, )]

——Zlog Z mzk,no)n)e’-"z‘]

ke9(
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+= Zﬂl z, -~ Y log| = Y (625 70)+1) el 7

i=l n 8,#1 ke‘Rz,.'

+— Zﬂ 'Z; (5.26)

nﬁ;tl

where é: (gnéz’QO’Zo) .

For j=1,..,r, the estimators ,_B,, ,32, 7, and 7, are solutions to the following

equations

AL
aﬁ(é) 3 n n k; (¢1(Zk17’0)+1)8 ij

2T z |=0 (5.27)
keR,;
3H (B) 2 (0 Zom+1)et Pz
Z Z keR,; - _ -0 (5.28)
8,32,- 5.#1 5% z (¢z(Zk,9’o)+1)e& Zy
keR,;

, [ (ZeoT)e =
H(B) _ 4, Z1y Z g% oo

=0 5.29)
o E ez HS Gzt (
keR,;
and
: NARATE
aH(é) ¢"J (—" k€§2i.¢2" L =0 &) 30)
0% &= 0.Zu7 ) Y (4(Z ) +1)e®

keR.,;

Maximization of the likelihood for a fixed value of S=(f,, 8,,7,%,) provides the

estimator for the cumulative hazard functions as

n I(T; <t
AGIZ=Y .(“A ) X (5.31)
= 2 (A(Z ) +1)eR 2
ieR,;
and
(T, <t,,T| —1,64&1
ARAVAE Z %, =t 1 ) (5.32)

(¢2(z,,yo>+1)

ieR,;
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where é’ = (é’l,éz,f_}o,fo) is the estimate of S=(f,, éz’Qo’Zo) )
From (5.16), a natural estimate for S(z,,¢, | z,) is given by

$(t.t,1 2) =expl—A,, ()2 ™ — Ay (t,1,)€% 1. (5.33)
5.4. Properties of the Estimators

To study the properties of the estimators, we define the following functions.

For any continuous function p(.), denote
E,(p(2).t) = [P(P(T, 21,1 Z = D)q(2)dz
E"(p(2).t,) = [p(2)P(T, 2,6 =m|Z = 2)q(z)dz, m=12,3
E*(p(204) = (PP, 2,6 %21 Z = 2)q(2)dz
E (p(2)1,)= Ip(z)P(T 2, 1T, =¢,,Z = 2)q(2)dz

E"(p(2).1,)= j‘p(;)P(T2 2,0 =m|T,=1,,Z =2)q(2)dz, m=1,2,3

and
E (p(2)t,) = [p(2)P(T, 21,6 # 1T, =1, Z = 2)q(2)dz
where g(z) is the density function of the covariate z. The empirical versions of the

above functions will be denoted by El (p(2),1), E"ll (p(2),t,) etc. For example,

E (p(2).1,) ZP(Z)I(T., 21).

Now we define
Q(t)=PT,21) and Q,(t,) = P(T, 21,,6, #11T, =1,).
Then

~ 1 n ~ 1 n
Q,(tl)=;ZI(Tl >1) and Qz(t2)=;ZI(T2 >1,,8,#11T,=1).
i=l i=t

With the above notations, we can write (5.26) as,

H(B)= E'(log 4 (z,7,),0) +E (log ¢,(2". %,).0)

72’ ., ~
+ [togk, (4 (2.m0)+1) €2 %1, )d0, (1)
0
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T, . R
+ £/(8'2,0) + [logk, (2" 1) +1)¢2 7 11, a0, 1)
[0}

Then the population version of (5.34) is,

H(B)= E (log4,(z.7,),0) +E (log #,(z". %,).0)

76 '
+ [1ogE, ((#(z.1m) +1)e? % 1, ) a0,
0

T, .
E(82,0) + [logE, (#(2", 1) +1) 2 ,tz)sz(tz)
0

+ E(B,'2°,0).

Let 1 =1(f) denote the information matrix of the function H(j).

(5.34)

(5.35)

Furthermore, the first-order partial derivatives of the function H are zero at f3;

which gives, for j=1,2,...r,

oH 5 E ((¢(z,m) +1)ef * 2,1
(ﬂ)ZEl(_j’ ) J‘ 1( 1 0 l)dQl(tl)ZO

9B, E((#(zm)+1)e? )
nE (g2 7)+1)e2 " 2",
%@_EZZ'J(Q 0) 2((¢2 i *yO - )e ﬁ’: IZ)dQ2(t2)=0
. E((4.(2 1) +1)e2 % 1)

OH E(ﬂ’(zno JI (4, e )dQl(tl):o

37]01 $(2,7,) 0 ( $(z,7p) +1)e o )
and

9H _E2[¢z;’ Z', %) OJ +To E2(¢zj '(g*,yo)eé’z'z"tz)
e %z 0) ((%(g*,yo)ﬂ)eé 5

where 7 is some pre-specified time which in most cases represents

period.

Now, since
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(5.36)

(5.37)

(5.38)

(5.39)

the study



P[T, Ztl,5=llz=;]=g_ae'§"§ jP[T{ >u,6=11Z = z4,,(u)du, we can write

f

dE} (p(2) ) =~Ao(t)E (p(2)n,e2 % 1, ) diy. (5.40)
Similarly, since

P[T, 20,6 #11T =1,Z" =;*]=(1+Z;.)e—-'5 [P[L2u1 T =1,2" = 2" Yy (1, w)du,
)

we have

40, (1) =~ 1, 1) By (1+ 7,02 1, )y (5.41)
These representations can be used to study the asymptotic properties of the
estimates.

Theorem 5.1.

Assume that [ is positive definite at . Assume that E| Z <o ,E1Z I< o0

and that Ellogd,(Z,7,)!, Ellogd,(Z", %), E[((;&l(z,no)+1)e—'z)2] and

Lo\ 2
E[((¢2(g*, Yo)+1) e ) } are bounded uniformly in a neighborhood of 4. Then

there exists a sequence of solutions é of equations (5.27) - (5.30) such that ,_3 - é

a4.5.a8S N —> 0,

Proof. The positive definiteness of I at g tmplies that the function H(.) has a

local maximum at ,g For g in a c-neighborhood of g (M ,§ —é’llSc, with I |l
Euclidean distance) we have that

H(B)-H()=0 (5.42)
with strict inequality if |I ,_Q - g ll= ¢ . From the strong law of large numbers together
with Lemmas Al and A2 in Tsiatis (1981), we get

H(B)-H(F)>H(P)-H(). (5.43)

From (5.42) and (5.43), we can prove that, there exists an n, such that for all n>n,:
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H(P)-H(B)>0 for | f' - Bli=c. (5.44)
Since H is continuous and differentiable at B, we get that H has a local maximum
on Il "~ BlIi<c. Since the maximum cannot be on the boundary (Il 8"~ Bll=c), the

first derivatives vanish somewhere on |l -flicc. The value where

oH = oH = oH = oH =0, i=1,2,...r is the maximum likelihood estimate B .
aﬂli aﬂZi a ”Oi a }/01' B

We can now repeat this argument for ¢ decreasing with n. Thus, we get a sequence

'_3,. with é,, — B as. as n— o, which completes the proof.

Lemma 5.1. Assume that El:(((b‘(z,no) +1)ef? )2] and

2
E [((qﬁz(z L)+ l)e’gz z ) ] are bounded uniformly in a neighborhood of §. If

B=(B, 32,7_70, 7,) is any random sequence with é —£— B as n— oo, then

sup
0<y T,

;\IO(tI)— ’\lo(tl)|_p>0

)
and for fixed ¢, ,

. sup . p
(i1) lAzo(tl’tZ)_AZO(tl’IZ)l >0.

0<1, <T,

Proof. First consider the case (i). From (5.40), it follows that

pty= L)
o 0 E'(p(2ym,e? % u)

_déll (P(é), u)
E| (P(;)Q}e-‘ 'Z,u)

£ p@a @il |- B! (p @ m)e? )

0<1 <T,
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sup
0L, LT,

£ (p@h@ e s )- B p@aaied .

sup
0<1 <T,

E!(p@a@ et 0)- B! (p@tGmed 2.n).

The first term tends to zero a.s. by Lemma Al in Tsiatis (1981). The second term

tends to zero in probability since ,3 ——— f and since the function

sup
0<y, <7,

ENp@a @ e . )- B (p@d @ m)ed * 1)

is continuous in é =( ,_Bl , é’z +To> #p) - This leads to

0<t<71 0{t) = A ()]

sup | —dE( (2),u) :[ —dE,' (p(2), u) \
0<’1<To 0 E, (p(z)ﬂil(z,no)e~' ) 0 E (p(z)¢1(z Tlo)e' )

sup i —dEll (p(;)au) _,l _dEll (p(.z_)’u) |

+ R ’
04T ! (pppaie “u) 3B (Pt u)

sup
0s4 =Ty

Ell (P(§)¢| (z, ﬁo)eé' 'z ,];))

Iéll (p(2.1))- Ell (p(2).1, )‘

sup
0<q<T

£ (p@a @ i)e? . To | B! (P21 (2.1)e * T

B! (p@a i s )~ B (p0f@med )

which proves the case (i).

Similarly from (5.41), we can have
1,

[ —dQ,(v)
(1,8,) = — .

Proceeding as above, we can prove (ii).
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Theorem 5.2. Assume that 7 is positive definite at §. Assume that

Ellogg(Z.1,)1, Elloggy(Z', 7)1, E(|2 (4(Z.70) +1) €8 %),

el

ol e a7\ | B C R Z )R
i@k )E{ J mzj,%)z ’

ol 2 )8, (L n,)e 7 J @) [ 2 ¢2,.,.."fz*,yo)|
¢2(Z 70 ¢|j(z’770) ¢2j(Z ,70)

are uniformly bounded in a neighborhood of /_3 forall j, j'=1,...,r. Then the

(0@ ) 7). B2, @),

solution B given in Theorem 5.1 is asymptotically normal with mean vector zero

and variance covariance matrix /™', where I is the information matrix of the

function H .

Proof. We follow the general approach of Murphy and van der Vaart (2000) for
verifying the validity of the profile likelihood method. In particular, we check the
conditions of the Theorem 5.1, which guarantees that the profile likelihood allows

an asymptotic expansion, which then leads to the asymptotic normality of the
maximum likelihood estimator ,_3 . The rest of the proof follows from Theorem 5.1

given in Braekers and Veraverbeke (2005).

In particular, the covariance matrix is [ = (Zy), i,j =1,2....r is obtained from the

second derivatives of H with respect to the parameters and / is a positive definite

matrix by assumption. The second derivatives H are as follows;
E, ((4(z.n0) +1)el %t ) Bz + D) el 2zs,))]
an o] [E (@@ s)ef )]

(B (0 +1)2 750 ]

dQ, (1)
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rEz (("’2(&" 7'0)"'1)8&'1‘ ) ) E, ((¢2(.Z_*; %) +1)e/_32'z°§‘§* 'Jz)1

izizr-o[ _[Ez ((¢z(£*’70)"‘1)89";.;*"2)]
0

2

7 vdQ, (1)
a . ] . 2 2\*2
/ [Ez((%(é ,}’0)+l)e£1 ¢ stz):|
|
IH _ i 4@, "(2,76) — ; (2.10,) 0
an,t #(z.1,)° ’

’ E, ((¢1(5’7’0) +1)ef 5 ) E, (¢1j "(z,m)e2 %1, )
% _I:El (¢1j '(.Z.’Uo)eé'll,tl )T

T;
ki LdQ )
6[ [El ((¢1(l,7’0)+1)el_71'1’t1)j|2 \(t

OH _ E{@({,n)@j"(;‘,70)—¢2,~'(z‘%)z 0
a?’Oj2 l ¢2(§*970)2 ’

B, ((02 700 +1)e2 % ) By (@ ) +1) e oy )
] {E(0 @ 1) )]

+ |4
P

[dQ, (1)

|
’El ((¢| (5,770)+1)eélll’t1)E1 ((¢1, '(L’70)+1)6"§l 'zé’ﬁ) \

O*H(p) T]- —E, ((¢1 (2,70 +1) ? 2,1, ) E, ((¢1j (2:770) + l)egl'l’tl )
0

| dQ, (1)
[El ((ﬂ(g’qo)+1)e'§llz,t1)]2 144
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O’H(B) _
aﬂZIa}/Oj

Ez((¢2<;*,70>+1)eéff,tz)Ez((¢2,.'<;*,70>+1)eéz'z‘z,z2) |
-, (2" ) +1)e® 72 ’2)Ez((¢z, (' 7)+1)eB 1,

(£ (0" 1)e2 % )|

d0, (1)

L

d’H _0= °’H 0’H —0= J°H
aﬂuaﬂz J aﬂ2iaﬂl j a 9% ; j a7o,a Th;

The estimates of the covariance matrix, / is obtained by substituting the unknown
quantities by their estimators. The well known functional delta method can be used
to estimate the variance of the estimates (van der Vaart and Wellner, 1996).
Obviously, the expressions for the variance of the estimates are complicated. In
practical situations, an attractive approach to variance or confidence interval
estimation is through resampling methods. The naive bootstrap procedure of

resampling the observed data units (7,,,7,,,d,,Z,;) with replacement (see Efron and

Tibshirani, 1993) will be satisfactory under fairly mild conditions.
5.5. Simulation Study

In this section, we carried out a simulation study to evaluate the performance
of the aforementioned inference procedures. We consider Arnold and Strauss (1988)
bivariate exponential distribution with joint density function
f@,t)=Cexp(—t,—t,-yt,), 1,1, >0, 0< ¥ <1 (5.45)
where C is the normalizing constant.
We generated a single covariate z from uniform (0, 1) distribution. We generated
observations from Arnold and Strauss (1988) bivariate exponential distribution for

different values of .

We consider 7, =7, = e*""% . We first estimate a and b and compute the average

bias and variance of the estimates, for 1000 simulations, those are given in Table 5.1

and Table 5.5. We then compute estimates of 4 and f3, and then calculate average
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bias and variance of the estimates of B and A,, which are given in Table 5.2 and

Table 5.6. The average bias and variance of estimates of baseline cumulative hazard
functions are given in Table 5.3 and Table 5.7 and those of bivariate survival
function are given in Table 5.4 and Table 5.8. As n increases, both bias and

variance of the estimates decreases.

Table 5.1. Bias and variance of 4 and b when a=0.5 and b= 1.5

Bias Var Bias Var

ﬂl ﬂz /4 n a a 5 I;
0.7 50 | 0.0432 | 0.0370 [ -0.0405 | 0.0276
15 | 0.9 250 | -0.0324 | 0.0119} 0.0110 | 0.0128
0.9 50 | 0.0454 | 0.0281 | 0.0129 | 0.0384
2501 0.0199 | 0.0189 | 0.0104 | 0.0113
0.7 50 | 0.0314 | 0.0370 | 0.0239 | 0.0314
08 | -1 250 | 0.0145 | 0.0178 { 0.0196 | 0.0212
0.9 50 | -0.0323 | 0.0287 | «0.0375 | 0.0261
250 | -0.0191 { 0.0139 | -0.0334 | 0.0129

Table 5.2. Bias and variance of ,Bl and ,32 when a=0.5 and b=1.5

g | s y Bias Var Bias Var
P 8 B B B, A,
0.7 50 -0.0171 0.0383 -0.0344 | 0.0229

s | oo 250 | 0.0149 | 0.0179 | 0.0305 | 0.0208
09 |50 | 00197 | 00321 | -0.0370 0.0253

250 | 0.0168 | 0.0286 | 0.0340 | 0.0191

07 50 | -0.0409 | 0.0133 [ 00181 [0.0274

08| .1 250 | -0.0376 | 0.0115 | 0.0149 | 0.0167
09 |50 [ 00364 | 00177 | -0.0181 | 0.0289

250 | -0.0248 | 0.0147 | 0.0162 | 0.0117
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Table 5.3. Bias and variance of baseline cumulative hazard functions when a =0.5

and b=1.5
Bias Var Bias Var
Al A | @) 7 m 2 e | Re@) | Awltnt) | At
0.7 50 -0.0395 | 0.0433 | -0.0254 0.0239
(1,1.5) 250 | 0.0251 | 0.0306 0.0244 0.0167
’ 0.9 50 0.0314 | 0.0291 -0.0285 0.0134
151 09 250 | 0.0119 | 0.0109 0.0260 0.0095
0.7 50 -0.0164 | 0.0157 -0.0264 0.0263
@2.1.1) 250 | 0.0148 | 0.0118 0.0213 0.0035
’ 0.9 50 -0.0158 | 0.0299 -0.0308 0.0287
250 | 0.0147 | 0.0209 -0.0200 0.0127
0.7 50 0.0304 | 0.0221 0.0255 0.0112
(1,1.5) 250 | 0.0199 | 0.0192 0.0206 0.0017
0.9 50 0.0337 | 0.0214 0.0283 0.0090
08| -1 250 | -0.0157 | 0.0164 | -0.0180 0.0062
0.7 50 [.0.0143 | 0.0134 -0.0257 0.0070
@2.1.1) 250 | -0.0119 | 0.0113 0.0152 0.0042
0.9 50 0.0145 | 0.0452 0.0308 0.0021
250 | -0.0137 | 0.0235 0.0206 0.0015

Table 5.4. Bias and variance of bivariate survival function when a =0.5 and

b=1.5

Bias Var
ﬂl 162 (tl’tz) }/ n S'(tl,tz) S;(t[atz)
0.7 50 0.0301 0.0366
(1,1.5) 250 | 0.0296 0.0243
0.9 50 0.0367 0.0254
15| 09 250 | 0.0302 0.0121
0.7 50 0.0401 0.0218
Q.11 250 | 0.0356 0.0100
’ 09 50 0.0378 0.0198
250 | 0.0322 0.0142
0.7 50 0.0299 0.0254
(1,1.5) 250 0.0283 0.0122
0.9 50 0.0351 0.0187
sl 1 250 | 0.0316 | 0.0100
0.7 50 0.0300 0.0123
@2.1.1) 250 | 0.0290 0.0098
0.9 50 0.0288 0.0172
250 | 0.0275 0.0128
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Table 5.5. Bias and variance of 4 and b when a=1 and b=0.8

Bias Var Bias Var
ﬂn ,Bz /4 n a a b 5
0.7 50 | -0.0247 | 0.0291 | 0.0163 | 0.0359
15 |09 250 | 0.0100 | 0.0268 | 0.0137 | 0.0116
09 50 | 0.0150 | 0.0202 | 0.0364 | 0.0252
) 250 | -0.0108 | 0.0193 | -0.0163 | 0.0199
0.7 50 | 0.0362 | 0.0187 | -0.0144 | 0.0284
08 | -1 250 | 0.0306 | 0.0130 | -0.0135 | 0.0198

0.9 50 | 0.0392 | 0.0262 | -0.0200 | 0.0395

250 | 0.0323 [ 0.0135] 0.0160 | 0.0281

Table 5.6. Bias and variance of 3 and 3, when a=1 and b=0.8

Bias Var Bias Var

A

AAAL T 2 LAl A | A

50 | 0.0165 | 0.0241 | 0.0325 | 0.0218

15 |09 0.7 250 | 0.0151 [ 0.0225 | -0.0307 | 0.0195
0.9 50 | -0.0157 [ 0.0279 | 0.0347 | 0.0278
[ 250 | 0.0102 | 0.0253 | 0.0324 | 0.0249
0.7 50 | -0.0319 | 0.0194 | 0.0350 | 0.0335
08 | -1 250 | 0.0247 [ 0.0147 | -0.0335 | 0.0156

50 | -0.0299 | 0.0252 | 0.0254 | 0.0143

0.9 250 | -0.0178 [ 0.0129 | 0.0148 | 0.0106
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Table 5.7. Bias and variance of baseline cumulative hazard functions when a =1

and »=0.8
Bias Var Bias Var
Al B @) 17 L m R ) | At | At | Aot
07 |30 | 0.0297 [0.0322 | -0.0255 | 0.0363
115 250 | 0.0169 | 0.0296 | 0.0150 | 0.0236
’ 00 |50 | -0.0261 [ 0.0187 | 0.0285 | 0.0299
5| o9 250 | -0.0127 | 0.0156 | 0.0185 | 0.0231
07 |50 | 00158 [0.0272 | 0.0264 | 0.0258
21D 250 | 0.0148 | 0.0235 | -0.0216 | 00113
00 |50 | 0.0138 | 00226 | -0.0308 | 0.265
250 | -0.0120 | 0.0164 | 0.0201 | 0.0107
07 |30 [ 0.0378 [0.0492 | 00255 | 00368
L) 250 | 0.0216 | 0.0308 | 0.0250 | 0.0339
00 |50 | -0.0299 [ 00282 | -0.0295 | 00107
sl 1 250 | 0.0174 | 0.0137 | -0.0280 | 0.0012
07 |50 [ 00163 00337 | 0.0264 | 00356
oL 250 | 0.0103 | 0.0205 | -0.0164 | 0.0197
00 |50 [-0.0146 [ 0.0231 | 0.0308 | 0.0260
250 | 0.0119 | 0.0177 | -0.0300 | 0.0223

Table 5.8. Bias and variance of fivariate survival function when a=1 and 5=0.8

Bias Var

ALl G 7 sa | Sa
07 50 0.0389 0.0247

(L15) 250 | 0.0247 0.0229

0.9 50 0.0301 0.0214

151 0.9 250 0.0292 0.0210
0.7 50 0.0258 0.0359

@2.1.1) 250 | 0.0221 0.0322

0.9 50 -0.0298 0.0301

250 | 0.0252 0.0254

0.7 50 0.0295 0.0347

(1L5) 250 0.0243 0.0340

0.9 50 0.0326 0.0258

08| -1 250 | -0.0301 0.0197
0.7 50 0.0333 0.0219

@.1.1) 250 | 0.0298 0.0156

0.9 50 0.0248 0.0300

250 0.0215 0.0271
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5.6. Data Analysis

For the illustration of the estimation procedure we consider an example of
transfusion-related AIDS data given in Kalbfleish and Prentice (2002, page 385).
The data gives the infection (transfusion) time in months with 1= January 1978,
incubation time (time from infection to diagnosis of AIDS measured in months from

time of infection) and the age of individuals at time of infection. We take 7, as

transfusion time, 7, as incubation time and age as covariate. We consider

_ _ a+bz
Qz—zz—e .

We compute the estimates a, b, ,Bl and ,1:?2 by the method given in Section
5.3. The estimates of a, b, B, and S, are 4=-101.253, b=0.0009, 5, =0.0027
and ﬁz =-0.0070. We then estimate A (2,), Ay(,t,) and S(,t,), those are
given in Table 5.9. We can observe that ,Bz has negative effect on the incubation

time and ,Bl has positive effect on the transfusion time. From Table 5.9, it follows

that as 7, increases, the estimate A (f,) increases, but there is no specific pattern for

both the estimates A,(#,,z,) and S(t,,t,) and it depends on both t, and ¢,. Figure

5.1 shows the estimates of the bivariate survival function.
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Table 5.9. Estimates of bivariate survival function

(1,1,) V4 A | Ay(t,t,) S'(fpfz)
(87,9) | 57 | 3.9516 0.0113 0.0098
(12,60) | 21 | 0.0186 3.5073 | 0.0475
(17,53) | 33 | 0.0328 2.9462 | 0.0932
27,59) | 60 | 0.0969 3.0355 0.1217
(72,24) | 44 | 1.6988 0.2519 | 0.1223
(71,29) | 44 | 1.6351 | 0.2853 0.1283
(36,60) | 66 | 0.2258 2.6349 | 0.1454
(71,8) 1 1.6351 0.0455 0.1855
(67,14) | 45 | 1.3526 0.1865 0.1890
(65,23) | 66 | 1.1706 0.3956 | 0.1918
(58,41) | 70 | 0.8326 0.9174 | 0.2082
(52,48) | 56 | 0.5696 1.2948 | 0.2149
(3341 | 67 | 0.1605 1.9092 | 0.2502
(40,39) | 50 | 0.2968 1.4763 0.2517
(58,13) | 39 | 0.8326 0.2335 0.3316
(50,24) | 52 | 0.5520 0.6552 0.3358
(56,17) | 66 | 0.7220 0.3244 | 0.3433
(23,27) | 4 | 0.0717 0.9121 0.3832
(48,15) | 63 | 0.4976 0.3140 | 0.4525
(36,18) | 65 | 0.2258 0.4751 0.5651

0.6

0.4
S(t1,t2)

0.2

0.0

Figure 5.1. Estimates of bivariate survival function

95



5.7. Conclusion

We introduced proportional hazards model for duration times under
informative censoring. Estimators of the parameters and baseline hazard functions
are developed and properties of the estimators are discussed. A simulation study is
conducted to assess the performance of the estimators. We illustrated the procedure
using a real life data. The proposed method is an extension of the work done in
Wang and Wells (1998) to the situation where covariate is present, using the idea
given in Braekers and Veraverbeke (2005). Obviously, the proposed method

depends on the choice of 77, and 7, . In a practical situation, one should find optimal

choice for n. and - which is subject for future research.
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Chapter Six

Proportional Hazards Model for Bivariate Competing Risks Data

6.1. Introduction

In survival studies, when covariates are present, the standard analysis for
competing risks data involves modeling the cause-specific hazard functions of the
different failure types through proportional hazards assumption (see Lanson 1984;
Kalbfleisch and Prentice, 2002 and Lawless, 2003). Gelfand et al. (2000) proposed a
modified semi-parametric version of the proportional hazards models which include
an arbitrary rich class of continuous baseline hazards, an attractive epidemiological
interpretation of the hazard as a latent competing risks model and trivial handling of
censoring. Fiocco et al. (2005) introduced a reduced rank proportional hazards
model for competing risks and describe an algorithm for estimating the parameters
of the model. Recently Gichangi and Vach (2005) provided a guided tour in

analyzing competing risks data in medical research.

The failure of systems in the multivariate situations can also classify into
different modes. Accordingly, statistical analysis of multivariate competing risks
models is a topic of recent interest in survival analysis (see DeMasi, 2000). Non-
parametric estimations of bivariate survival function and cause specific distributions
under censoring were recently developed by Antony and Sankaran (2005), Sankaran
et al. (2006), Sankaran and Antony (2008a) and Sankaran and Antony (2008b). The
analysis of multivariate competing risks data in the presence of covariates is not yet
discussed in literature. Motivated by this, we introduce multivariate proportional
hazards models for the analysis of competing risks data in the presence of censoring.

For simplicity, we confine our study to bivariate set up.

The chapter is organized as follows. In Section 6.2, we introduce

The results in this Chapter have been communicated as entitled “Proportional Hazards Model for

Bivariate Competing Risks Data” (see Sreeja and Sankaran (2008b)).
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proportional hazards models for bivariate competing risks data using vector hazard
function of Dabrowska (1988). Estimation of the parameters as well as the cause-
specific hazard function is done in Section 6.3. In Section 6.4, various properties of
the estimators are discussed. A simulation study is reported to assess the
performance of the estimator in Section 6.5. In Section 6.6, we apply the models to a
real life data that concerning the times to tumor appearance or death for 100 pairs of

mice. Finally, the study is concluded in Section 6.7.

6.2. Basic Concepts and Model

Let T=(T,,T,) be a random vector representing the lifetime of pair of
individuals. Let S(z,,t,) = P[T, 2¢,,T, 2t,] be the joint survival function of T . Then
Dabrowska (1988) defined a cumulative hazard function vector of T as given in
(1.35).

Let C=(C,C,) be a set of causes corresponding to the lifetime vector
T =(1,,T,). Suppose that there are k, causes of failure for 7, and &, causes of

failure for 7, . Then the cause-specific hazard functions are given by

ﬂ,lp(tl,tz)=£i_1}3%P[tl ST, <t,+h,C =pIT, 2¢,T, >1,] (6.1)
.1

/12(,(1,,5)=1h1_1>r{};P[t2 ST, <t,+hC,=ql|T, >1,T, 21,] (6.2)

and

@pq(ﬁ»’z):}'i_f}(}%f’[ﬁ <T,<t,+ht,<T,<t,+h,C,=p,C,=qlT, 21T, 2,],
p=L2,...k,g=12,.,k, .(6.3)

Assume that the failure cause C, must be a unique element of {1,2,...,k;},i=1,2.

Then the cumulative hazard functions in (1.36), (1.37) and (1.38) can be expressed

in terms of cause-specific cumulative hazard functions as given by

k k. h
Ml1) = DAL 1) =D [, G t,)du (6.4)

p=lo
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ky ky 2
Al = Mgy 1) = D [2, 1y 6.5)

9=l 9=l 0

and

ky ks Lk LR
Am(tl,tz)=ZZA3pq(tl,t2)=ZZIfﬂ,pq(u,v)dudv. (6.6)

p=1 g=1 p=lq=l 00
Then the bivariate survival function can be written as
S(t,.t,)=expl—n, (1,,0) = A, (t,,1,)] 6.7)
or
S (1,t,)=expl-na,(1,1,) = ~,(0,1,)]. (6.8)

The cause-specific sub-distribution function F, (7,,) in the bivariate case is
defined as

F,@.,)=PT <1,T,<1,,C,=p,C,=q), p=L2,...k, q=12,...k,. (6.9)
F (t,,t,) measures the probability that the failure of both the study subjects (7;,7,)
due to the causes (p,q) prior to (¢,¢,). In mortality studies, (6.9) is helpful to

compare whether death of one is important for the partner’s risk of death of other

causes.

We can write (6.9) in terms of cumulative cause-specific hazard function as

F_(dt,dt,)
Ay, (dl dty) = P22 6.10
3pq( 1 -) S(t‘,tz) ( )
which provides
Fo(t,1,) = [ [S@,v) Ay, (du,dv). (6.11)
00

With covariates, one possible technique for the analysis of bivariate
competing risks data is to model marginal cause-specific hazard functions for 7, and
T, and then apply ideas from generalized estimating functions to calculate an
appropriate combination of the two marginal estimates. This can be done in the case

of homogeneity of the two regression coefficients.

We now consider a different approach for modeling bivariate competing

risks data using vector hazard function of Dabrowska (1988).
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We define proportional hazards models for (7;,7,) as

A, (b1 1 2) = Ao (1, 1,)eb e (6.12)
Aoy (tty | 2) = Ay o (1, 1,)e" o4 (6.13)
and

Ay (11 2) = Ao (1,1)€27%  p=1,2, k, =120k, (6.14)

In the models (6.12), (6.13) and (6.14), A4,(4,1,12), 4, (.5,1z) and
Ay, (1,1, 12) are the cause-specific hazard functions of T =(7,7,) with rxI1
covariate vector z. 4,,(1,t,), A(t,t,) and 4, .(2,t,12) are the corresponding
baseline cause-specific hazard functions and g, e gzq and gqu are rx1 vector of
parameters.

Due to consistency conditions among bivariate vector hazard functions,

_____3/1,;?,6) = At A1)~ At i =125 %

J
we should have S, = B ,+ B, .- When B., i,=1,2 is a zero vector, the covariates

has no effect on the hazard functions.

A, (1, 1,127)
2, (t.1,12%)

specific hazard functions of pair of two individuals with covariate vectors z"” and

The model (6.12) means that for T, >t,, the ratio of the cause-

z® does not vary with 7, and ¢, . Similar interpretation can be given to the models
(6.13) and (6.14). The vector é.p depends on cause p and gz . depends on cause q.

Thus the covariates under study have different effect on the components of the

vector hazard function.

Under the model (6.12) and (6.13), the bivariate survival function can be written as
kl

ks i
St 12)=expl=Y Ao, 00e? = =3 A (1,,1,)eB ] (6.15)
g=1

p=1

and
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k, ., k, )
S (6.1, 12)=expl=2. A, ,o(t,1,)e2 = =3 A, 0(0,1,)e® %] (6.16)
p=1 g=1
where Ao (1) = [A0,1,)du and Ago(t,5) = [A o0, v)dv .
(4] 0

Then the expression for cause-specific sub-distribution function can be written as

hi

F,, (.5 12)= [[SGvI12) Ay, (du,dvi 2). (6.17)
00

6.3. Estimation Procedures

Suppose now that there are n independent pairs of subjects in the study so

that (t315,0,:,0,,C,,Cy2) ,i=12,...,n are n  iid. replicates of
(t,1,,0,,6,,C,,C,,z) were t,=min(T,,L;), j=1,2 with L, and L, are censoring
times corresponding to 7, and 7, and 6, =I(T;<L) and o,=I(T,<L,) are
censoring indicators. To estimate the parameter vectors :_3_1 ps P= 1,2,...,k , we have

the score function for £, as

Ulp(/—}'P)zzé‘*ij[éj_zlp(tlj’th'"glp)jl (618)
j=1
where
ZYl(tlj’th)eé]Png
—Z_lp(tlj5t2ju§]p): l::l s p:1’2’_“’kl’

PRI N o
I=1

Y,(t,,1,)=1(t, 21,1, 21,), I=1,2,.,n and &

&

1 18 the censoring indicator,

=I1(t,=T,,C, = p), 1=1,2,..n.

1pi
We now reformulate U, (f,,) in terms of counting processes. Let

Nt =I{T, <1, T, 21,6, =1), p=12,...k, i=12,..,n. (6.19)

1pi

Then (6.18) becomes

U, B =3 (2,7, (01, 8,)] AN, .ts) (6.20)

Jj=lo
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Similarly, the score functions for 5, is

UZq(éZq) = 25*24,' |:§j _Ezq (tljstzj,ézq )] (6.21)

J=1

where

n '
ZYI(IU’ tz;)eéz"z'zz

= _ = _
ZZq(tlj’th’gzq)— n ,q=12,..,k,

ZYI (’U,fzj)egz"z‘
1=l

and &, =1(t,, =T,,,C,; = q) is the censoring indicator.

In terms of counting processes U, (f3,,) will be

U (Bo) =Y [ 2= %, (t;:v. o) ] dN i 0,109) (6.22)
Jj=lo

with

N, t)=1(T, 21,1, <1,,6,,=1), g=1,2,...k,, i=12,..,n. (6.23)

Then we can write the score functions for f, and S, are,

UB,)=26,12-2,0,8,8,)] (6.24)
J=1

and

UZ(éZq) = 25‘&”’ [Z.j _z2q(t]j’t2j’é2q)] ’ P = 1’2’-v-9k; E) q = ]-y 2,---,k2 . (6.25)
j=1

The maximum likelihood estimators é’l , and é’z , for B and B, are solutions of
U(B,)=0 andU,(B,,)=0.

We can find the generalized Nelson-Aalen estimate of the baseline cumulative

cause-specific hazard functions as

5
Rpoltuty)= Y. 2 (6.26)

n o

jit, <t b i<ty Bz

T jStaty St Yl(tlj’t2j)e 1p
=1
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S5, .
Aago(tity) = Z 29 (6.27)

n P

jit, St ot St ;%4

JhjShh S Y}(tlj’IZj)e 4
=1

and
5
Aspgoltify) = z p BWA —— (6.28)
jZIUSll,i—”Sl: Z}/[(Il‘,,tzj)el_?ipzd+g2q—a
=1
with
8 3y =1, =T,;,C; = p.ty; =T,;,C,; =4).

One may often be interested in estimating the survival function S(f,#51z) of

lifetimes with a fixed covariate z,. A natural estimator for S(#,#, | zy) is given by

$i(t,,1,129) = expl— A, (1,,0)e?7® — &, (1,,1,)eLe] (6.29)
and
S, (1.1, 1z0)=expl— A, (4,,1,)e?" ™ — A, (0,1,)eZ ™)  (630)

The estimator of the survival function S(t,#,1z;) obtained by (6.29) and (6.30)
may be different. So as in Section 2.4, to get a unique estimator, we consider a
convex combination of the two expressions (6.29) and (6.30). Thus the estimator of
S(1,,1,12) is given by

St 20)=a(t,,) 8, (1,1, 1 ) +(1=a(1,,5,))S, (1,1, 1 z,) - (6.31)

Thus a(t,,z,) which minimized the mean square error is

O»n~0p +qu2 —HH,
Oy +0y, =20, + I + 15 — 24,

a(t,.t,)= (6.32)

where, o, is the asymptotic covariance between S.(t,,1,) and .§j (t,,t;) and 4, is
the asymptotic bias of § (,,1,), i, j=1,2,i # j.
To ensure that $(1,,¢,1z) belongs to the interval [0, 1], we replace a(t,,t,) by

min[1, max (a(,,t,),0)].
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In practice, we estimate a(f,,t,) using the variance and covariance of the
estimators S, (#,,2,1z) and S,(1,4,12). Accordingly, the estimate of a(z,2,) is

given by minimizing the average variance of S$(1,,t,1z) over the data points.

Simulation study reported in Section 6.5 shows that biases are negligible, To
estimate the variance, we can use the extension of Efron’s (1981) bootstrap

procedure for one dimensional censored data. Given the data
(t“_tzl.‘Ah._Az,.,Cu,CZ,.,Z,.), i=12,.,n ,where A, j=1,2 is the censoring indicator,
generate the bootstrap data (1,,",t, A, A, ,Z,"), k=1,2,...n from the empirical

distribution function

1 n
;ZI(T]]. 4,1, $0,4,,=6,;,8,,=6,,C,=p,C,;=q,Z; =§i)'

=t

For i =1,2,...,n let Var(S,(t,1,)"), Var(S,(t,t,)") and Cov(S,(t,,t1,)",S,,(¢.t,)")
be variance and covariance of the 5‘1(t‘,t2) and S'Z(tl,tz) in the expression of
S (¢,,,) given in (6.31), obtained from a large number of resamples. Since the
biases are negligible as shown in Section 2.7, we then find the weight a’(¢,,t,) as

var(S,(t,,1,)" ) —cov(S,(4,,5,)", 5, (1,,1,)")

) Sy Y van(5,Gt) =200 (5,0 S, y)

(6.33)

Substituting (6.28) and (6.31) in (6.17), the estimate of F, (z,,,) will be obtained as

o

F, (1,1 2= [[SvI2) A, (du,dviz). (6.34)
00

6.4. Properties of the Estimators

Define for any #,,t, 20

S, 0.1, 8,) =ZY,(zl,t2)e'§'"z‘ : (6.35)
I=1
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Then for fixed ¢ and for fixed p, we can easily prove that
\/; Aot t)— A, ,(t,2,) | has a limiting normal distribution with mean zero
1p0\"12%2 1p0\*12%2

vector and variance no,® where o,’ is
2

5, L
o, = . pj s+ W, (t.0,)'],, (@p) W, (1,.1,) (6.36)
s (Slp ('lj’tzj’élp))

where

W, ()= Y 6152, (00t B,y)
1p \"1272 (0) :
j:!”Sll,lz’-Etz S“, (tlj’th’élp)

k|
Since Ay(4.1,)= D A, o(t,1,), the asymptotic normality of Vr[A,(t,5)—Au(.1)]
p=1

can easily be obtained.

Similarly for fixed ¢, ¢, and fixed g, Jn l:/‘\zqo(tl,tz)—/\2 qo(tl,tz)] has a limiting

normal distribution with mean zero vector and variance no,’, where o,” is given by

8, -1
ol = Y et W (101) Dy (By) Wy () (637)
Jit Sty St (qu (tlj’th’éZq)

where

n .
qu(o) (15, B = ZYZ, .1, Ye2e¥ | for any t, >0
=1

and

W, (t,1,)= Z 9 24i%2q (01250 Bag)
2qg 1°°2 0) .
JihjShoty St qu (tlj’t2j’é2q)

This provides the asymptotic normality of n [ARy (1) = Ay (t,1,)], since

k2
Ayt ty) = zAzqo(tvtz) .
9=l

We can also prove that \/_r;[/‘\mo(t,,tz)—A3pqo(tl,t:,_):] has a limiting normal

distribution with mean zero vector and variance no,’, where o’ is given by
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o, -
0-32= Z 0 3pgi 2 +W3pq (tl’tZ)'ISpq (élp’éh]) lWqu(tl’IZ)
FhiShtos<h (S3Pq (tlj’IZJ"élp’éZq ))

(6.38)

where

W t,)= 5’3qu3qu(‘11’tzj’élp’éz:z)
3pq (tl’ 2)_ Z S (0)
FEITE R YRS) 3pg (tlj’IZj’élp’éZq)

with
n .
ZYl(tvtz)eémz‘Q
= _ =l
Z3pq(tl’t2"§lp"§2q) ~ n \
Yl(tl’tz)eésmll
I=1
and

S1p0" (totys By Brg) = 2 Xt 1)eR ¥ 5% | p=1,2, K, g=1,2,...k,.
I=1

Thus the asymptotic normality of vn[A,(f,1,)—Ay,(.5)] can easily be

established.

We then study the asymptotic properties of é , and ,_32q. Using (6.25), the score

function of S ,can be written as,

Slp(l) (‘lj’tzj"glp )}

(6.39)
SIP(O)(tU’tZJ'"glP)

U, (glp ) = Zlylpj I:éi B
J:

where

([) n .

— Pip&
Sip (t1, B, ) = DXt 1y)e™ 7.
=1

Then the maximum likelihood estimator ,3, , 1s the solution of the score function
U, ( é, p)= 0 and hence ,_31 ’ is a consistent estimator for é’l p For large n, the score
statistic U, ( B P) is asymptotically r-variate normal with mean zero vector and

covariance matrix A, ( B p) where
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c . Slpm (tlj’t2i’lg:lp) _ Slp(l) (tli’tzj’élp)slp(l) (tlf’tlj’élp)'
= 5,9 (1,1, 8.,) (5,9 (01, gp))z

(6.40)
with

=

Slp(z)(t]’tZ’éIp) z (twtz)eg”'zl 2z

Thus [5’, , 1s asymptotically r-variate normal with mean vector 3, and covariance

matrix 4, (f,)-
Similarly we have,
n S, (1.1, 8,,)
U =Yg | -2 \2k 6.41
Zq(éZq) ]Z:l: Zm{—Z—J qu(O)(tl:tz’ézq) ( )
where

) n ﬂZq.
qu( )(tl’t2’é2q) = Zyz(tvtz)e‘ ‘g
=1

Then ,_qu is the solution of U, q( ,_32 q)=0. Since ézq is the maximum likelihood

estimator, ézq is a consistent estimator for f, . For large n, Uzq(ﬁzq) is

asymptotically r-variate normal with mean zero vector and covariance matrix

A’Zq (ézq ) » Where

(ﬂ ) i SZq(z)( L ZJ’BZ‘]) SZq(l) (tli’tzi’éz‘i)SZq(!) (tll"tzi’éz")'
Ay \ P2y o 2qf qu(o)(tu zj,ﬂzq) (qu(o)(tu.,tzj,ézq ))2

(6.42)
with

qu(z) (tl’t2’é2q ) = Z Y,(tl,tz)e/—]“ 4z’
=1

Thus f3,, is asymptotically r-variate normal with mean vector f, and covariance

matrix A, "~ (,@Zq).
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The well known functional delta method can be used to prove the asymptotic
properties of S (t,,t, 1 2) . Obviously, the expression of the variance of the estimate is

complex. In practical situations, an attractive approach for variance or confidence
interval estimation is through resampling methods. The naive bootstrap procedure of
resampling the observed data wnits (1,t,,,9,,0,.C;,C,,2), i=12,.,n with
replacement will be satisfactory under fairly mild condition ( see Efron and
Tibshirani, 1993).

6.5. Simulation Study

In this section, we carried out a simulation study to evaluate the performance
of the aforementioned inference procedures. We consider a Gumbel’s (1960)

bivariate exponential distribution with survival function
S@,t)=exp(-t,—t,=-mt,), t,,t,>0, 0<y<1. (6.43)
The model has hazard functions

A=A+, 0, j=120# . (6.44)
For the simplicity of the analysis, we take only one covariate z. Covariate z is
generated from uniform (0, 1) distribution. Corresponding to each 7 and T, we

consider two causes say 1 and 2. The observations are generated from the model

(6.43) with cause-specific hazard functions

A (11 2) = L+ 7y (6.45)
and
Aoy (to1y 1 2) = (L4 1)1, (6.46)

for various values of ¥, 4, and B, , p.g=12.

We used the algorithm given in Devroye (1986) for generating the observations. The
paired lifetimes are censored by a Gumbel’s bivariate exponential distribution (6.43)
with 4=0.6. We compute estimates for 1000 simulations for sample size n =50 and

n=100. Average bias and variance of the estimates of é’,éz and baseline

cumulative cause-specific hazard functions are calculated and are given in Table 6.1
to Table 6.10. Bias and variance of the estimates of bivariate survival function

S(#,2,1z) and cause-specific sub-distribution functions F, (1,,1,1z), p,g=1,2 are
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given in Table 6.11 to Table 6.15. From the tables, it follows that as n increases,

both bias and variance of the estimates decreases.

Table 6.1. Bias and variance of 3, and j,

Bias Var Bias Var
B | B 4 n B B B B

50 | -0.0541 | 0.0600 | 0.0549 | 0.0442

11 05 08 250 | 0.0429 | 0.0553 | 0.0317 | 0.0416
0.6 50 0.0483 ] 0.0389 | 0.0473 | 0.0591

250 | -0.0396 | 0.0301 | -0.0400 | 0.0511

0.8 50 | -0.0461 | 0.0403 | -0.0391 | 0.0369

09| 06 250 | 0.0412 | 0.0392 | 0.0300 | 0.0297
0.6 50 0.0359 | 0.0421 | -0.0522 | 0.0463

250 | 0.0321 | 0.0392 | 0.0425 | 0.0432

Table 6.2. Bias and variance of ,5’21 and ,5’22

5 P y Bias Var Bias Var
n ~ A ~ A
. 2 IBZl ﬁZl ﬂ22 ﬁ?.’l
08 50 0.0491 | 0.0394 | -0.0446 | 0.0511

250 | 0.0372 | 0.0301 | 0.0411 | 0.0498

08 1.2 06 50 | -0.0473 | 0.0395 | -0.0368 | 0.0211
| 250 | -0.0302 | 0.0286 | 0.0300 | 0.0203

08 50 | 0.0456 {0.0400| 0.5112 | 0.0483

0.6 1 250 | 0.0325 | 0.0369 [ 0.0458 | 0.0415
0.6 50 | 0.0385 | 0.0421 | -0.0369 | 0.0349

250 | 0.0289 | 0.0112 | 0.0257 | 0.0300
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Table 6.3. Bias and variance of estimates of the baseline cumulative cause-specific

hazard function A,,(#,,t,)

Bias Var

ﬁu ,Blz IB21 ﬂzz (tvtz) /4 n ’A\no(tntz) ’A\uo(tntz)
08 |29 | 0.0423 0.0221

(1.1.2) 250 { 0.0325 0.0200

| 05 T oo T oo

1 05 | 08 12 08 |50 00226 0.0190
(15.0.8) 250 | 0.0189 0.0153

06 |50 | 00358 0.0371

250 [ -0.0300 0.0254

08 |50 | 0.0425 0.0221

(1.1.2) 250 0.0301 0.0156

06 15551 008 | 00200

0.9 06 |-06]) 1 0g |50 | 00344 0.0298
(15.0.8) 250 | 0.0226 0.0255

0.6 |50 | 0.0364 0.0211

250 | 0.0301 0.0177

Table 6.4. Bias and variance of estimates of the baseline cumulative cause-specific

hazard function A, (1,,1,)

Bias Var

ﬁu ﬂlz ﬂ21 :B:zz (tlvtz) 4 n ;\120(tl"t2) Aoltirts)
08 |30 | -0.0559 0.0591

(112) 250 [ 0.0405 0.0301

06 1ot 00000 T 00148

! 05 108} 12 08 |30 | 0.0322 0.0454
(15.08) 250 | 0.0271 0.0361

’ 06 50| 0.0355 0.0297

250 |  0.0205 0.0147

og |30 | -0.0523 0.0569

(112) 250 | 0.0487 0.0356

oo [ Dot - o00e

091 06 | -06 ! 08 9 -0.0516 0.0472
(15.0.8) 250 -0.0324 0.0174

06 |30 | 0.0408 0.0419

250 0.0327 0.0308
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Table 6.5. Bias and variance of estimates of the baseline cumulative cause-specific

hazard function A, (2,,2,)

Bias Var

'B'.l ﬂlz ﬂZI ﬂzz (tl, tz) /4 n ;\210 (tl , tz) ;\21001 )
0g |50 | 00382 0.0339

(1,1.2) 250 | 0.0167 0.0205

’ 06 |30 00350 [ 0.0398

1 05 | 08 | 12 250 | 0.0230 0.0257
08 150 | 0.0441 0.0316

(1.5.0.8) 250 | -0.0240 0.0238

06 150 | 00536 0.0302

250 | 0.0310 0.0285

0g |50 | 00384 0.0428

(1,1.2) 250 | 0.0280 0.0317

os | Toore ome

09| 06 | -06] 1 50 [ 0004 onee
(1.5,0.8) 250| 00110 | 0.0357

06 150 | 00493 0.0409

250 | 0.0355 0.0305

Table 6.6. Bias and variance of estimates of the baseline cumulative cause-specific

hazard functions A, (t,,1,)

Bias Var

ﬂll ﬂlz ﬂZl 1322 (tl’tZ) /4 n Apo(tnt) | Ao (taty)
08 |20 | 0.0516 0.0471

(1.12) 250 | 0.0311 0.0428

B

! 05108 12 08 |50 | -0.0505 0.0524
(15.08) 250 | -0.0413 0.0441

0.6 |30 | -0.0489 0.0494

250 | -0.0404 0.0346

0g |30 | 00502 0.0594

(1.1.2) 250 | 0.0396 0.0453

o LT e

091 06 |06 1 0 | 30| 00593 | 00478
(15.08) 250 | 0.0515 0.0329

06 130 | _0.0462 0.0511

250 | 0.0374 0.0408
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Table 6.7. Bias and variance of estimates of the baseline cumulative cause-specific

hazard function A, ,(#,t,)

Bias Var
(t.1,) 14 n | . .
P P P P 12 Asno(ts8) | Aoy, 1,)

50 0.0554 0.0281

(1.12) 08 =50 0.0429 0.0189

0.6 25500 '((,)'((,)22169 ggg}é

I 05108} 12 0g |50 | 00336 0.0394
(15.0.8) 250 0.0210 0.0202

0.6 |50 | 00473 0.0416

250 0.0334 0.0380

0g |50 | -0.0410 0.0328

(L12) 250 0.0329 0.0304

06 50 | 00470 0.0239

250 | 0.0408 0.0196
091 06 1-06] 1 0g 50 | 00339 0.0404
© [250] 0.0310 0.0359
50 | -0.0300 0.0209
250 | 0.0278 0.0196

(1.5,0.8)

0.6

Table 6.8. Bias and variance of estimates of the baseline cumulative cause-specific

hazard function A,,,(¢,,t,)

Bi \"
:811 1312 .le .522 (1) /4 n s ar

;\3120(tl’t2) ;\3120(tl’t2)
50 | 0.0549 0.0479
(L1.2) 250 -0.0397 0.0321
v 0.6 |50 | 0.0486 0.0440

12501 0.0398 0.0325

I 051 08 12 50 | 0.0569 0.0299

0.8

(15.0.8) 08 250} -0.0489 0.0117
06 50 0.0679 0.0374

250 0.0486 0.0234

0.8 50 | -0.0557 0.0507

(1.12) 250 0.0433 0.0481
06 50 0.0362 0.0317

250 0.0267 0.0263
091 06 |06, 1 0g |50 | 0.0408 0.0305

250 0.0375 0.0262
50 | 0.0479 0.0205
2501 0.0321 0.0170

(1.5,0.8)

0.6
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Table 6.9. Bias and variance of estimates of the baseline cumulative cause-specific

hazard function A, (#,,t,)

Bias Var

ﬂu '812 1321 lez (tl’tz) /4 n "\\3210(‘1”2) ;\32]0(11’12)
08 |50 | 0.0395 0.0333

(1.12) 250 | 0.0201 0.0206

| 96 [T o056 00413

I 05 1081 12 0.8 50 0.0405 0.0312
(15.08) 2501 0.0306 0.0217

’ 06 |30 | 0.0304 0.0221

250 | 0.0299 0.0192

0g |50 | 0.0357 0.0304

(112) 250 | -0.0218 0.0213

06 1555 ooo1s T 00s10

091 06 1 06 1 08 |50 | 0.0357 0.0264
(15.08) 250 | -0.0243 0.0134

06 |30 | 0.0306 0.0344

250 | 0.0191 0.0285

Table 6.10. Bias and variance of estimates of the baseline cumulative cause-specific

hazard function A,,,,(1,,7,)

Bias Var

ﬂll ﬁlz 1521 ﬂZZ (tl’tz) 7 n ;\322001”2) x3220(t1’t2)
08 50 -0.0347 0.0291

(1.1.2) 250 0.0200 0.0208

os [ Tsses | aos

1 05 0.8 1.2 08 50 -0.0307 0.0300
(1.5.0.8) 250 0.0235 0.0219

06 50 0.0462 0.0387

250 0.0396 0.0230

0.8 50 0.0250 0.0352

(1,1.2) 250 0.0108 0.0243

oo 1oy | ouno

09 | 06 1-06 ) 1 08 |50 | -0.0433 0.0400
(15.0.8) 250 0.0382 0.0355

06 50 0.0363 0.0299

250 0.0207 0.0116
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Table 6.13. Estimates of the cause-specific sub-distribution function F,(#,,t,12)

Bias Var

A e (P [ Pe | W) 1T 0 iz | Byt 2)
08 150 | -0.0577 0.0529

(1.12) 250 | -0.0546 0.0412

0.6 10 0.0359 0.0455

L 1 os los | 12 250 | 0.0243 0.0408
08 |50 | -0.0601 0.0304

(15.0.8) 250 0.0545 0.0210

0.6 30 0.0496 0.0422

250 0.0394 0.0357

08 150 0.0457 0.0582

(L12) 250 -0.0365 0.0482

o o a7

0.9 1 06 1-061 1 o8 |20 | -0.0360 0.0227
(15.08) 250 [ 0.0353 0.0127

0.6 -0 0.0260 0.0327

250 0.0153 0.0293

Table 6.14. Estimates of the cause-specific sub-distribution function F, (¢, | z)

Bias Var

Bu | B. | B | Ba (1, 1,) Y | n ﬁZI(tl,fz 2 ﬁZl(tl,tz )
0g |50 | 00578 0.0406

(1,1.2) 250 | -0.0402 0.0312

0.6 50 0.0592 0.0315

1 |-05[08]|12 250 | 0.0558 0.0299
08 |50 | 0.0439 0.0350

(1.5.0.8) 250 0.0326 0.0248

06 |50 | -0.0655 0.0503

250 0.0599 0.0418

0g |50 | 00492 0.0415

1.1.2) 250 | 0.0358 0.0399

06 55T oo | 0150

09| 06 |-06] 1 —T'50 |00t 201
(1.5,0.8) 250 [ 0.0389 0.0490

0.6 |50 | -0.0232 0.0324

250 0.0157 0.0209
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Table 6.15. Estimates of the cause-specific sub-distribution function F,,(t,.,12)

Bias Var
ﬁu :Blz ﬂzn ﬂzz (tl’tz) /4 n ﬁzz(tptz '.Z_) 1922 (Il’tz lg)
08 20 0.0509 0.0495
(1.12) 250 0.0473 0.0418
06 brsrt 00575 T 60%7
105708 12 08 10 0.0605 0.0379
(15.0.8) 250 | -0.0509 0.0220
0.6 139 0.0497 0.0412
250 0.0349 0.0336
08 -0 0.0437 0.0502
(112) 250 0.0255 0.0462
06 15T ooas T 00519
0.91 06 1-06) 1 08 0 0.0374 0.0301
(15.08) 250 0.0242 0.0215
06 10| -0.0384 0.0208
250 | -0.0342 0.0195

6.6. Data Analysis

We now present a potential application of the proposed method to a litter-
matched time-to-response data which is given in Mantel et al. (1977). Different
versions of this data have been studied in Mantel and Ciminera (1979), Ying and
Wei (1994), Kalbfliesh and Prentice (2002), Lawless (2003) and Sankaran et al.
(2006). The purpose here is to illustrate a possible application of the proposed
techniques rather than provide a definite analysis of the data. The study consists of

300 rats divided into 50 male litters and 50 female litters, all litters of which were of

size 3. In the data, 7, and T, represent lifetimes (in weeks) for a pair of mice, and
C, (j=12) indicates whether the failure was the appearance of a tumor (C; =1) or
the occurrence of death prior to tumor appearance (C;=2). The censored
observations are denoted by C; =0. Since the study terminates after 104 weeks, 104

is the common censoring time. Gender is considered as covariate z. The data is

given in Table 6.16.
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We find the estimates using the procedure given in Section 6.3. The

estimates of f, R and ﬂzq, p-q=1,2 are given in Table 6.17. The estimates of
baseline cumulative cause-specific hazard functions are given in Table 6.18 to Table
6.20. Estimates of the bivariate survival function S(¢,,¢,1z) are given in Table 6.21
and the estimates of cause-specific sub-distribution functions are given in Table
6.22. From Table 6.17, we can see that [, has positive effect on A ,(#,2,),
p=1,2. However, £, has negative effect on A, ,(#,,), ¢=1,2. From Table 6.18
and Table 6.19, it follows that values of baseline cumulative cause-specific hazard
functions corresponding to the causes (1,1) and (2,1) are negligible, but those
corresponding to the causes (2,1) and (2,2) have high values for the most of the
time pair. The estimator of the baseline cumulative cause-specific hazard function
Ay pqo(tl,tz) has negligible values for the set of causes (1,2) and (2,1). From Table

6.22, we can see that F,(¢,t,1z) and F,(t,7,1z) have much larger values

compared to F (,,t,12) and F, (¢,t,12); as expected from the data. Figure 6.1

shows the estimates of the survival function. Figures 6.2 to 6.5 shows the estimates

of cause-specific sub-distribution function for different causes.

We then estimate 7 o =P(Cl =p,C, =q) as frpq =ﬁ‘pq(oo,oo). Since the several

/4
pairs are censored, we normalize the estimate as 7, q' = —=~=— . We also estimate
IR
k1

the marginal probabilities 7,” =P(C, = p), p,q=1,2 using the estimate of the
marginal sub-distribution function. The estimates #,”" and #," are given in Table

6.23, which shows that the two causes are not independent.

117



Table 6.16. Data concerning the times to tumor appearance or death for 100 pairs of

mice

terl el | a | 6 | (M) 2| 1 || |cqg
01 2 49 1 104 0 02 1 104 0 102 2
03 2 102 2 104 0 04 1 104 0 102 2
05 2 104 0 104 0 06 1 62 2 77 2
07 2 97 2 79 2 08 1 98 2 76 2
09 2 104 0 104 0 10 1 104 0 98 2
i1 2 96 1 104 0 12 1 71 2 91 2
13 2 94 2 71 1 14 1 104 0 99 2
15 2 104 0 104 0 16 1 88 2 85 2
17 2 77 2 104 0 18 1 104 0 102 2
19 2 104 0 77 2 20 1 104 0 102 2
21 2 91 2 90 2 22 1 80 2 92 2
23 2 70 2 92 2 24 1 104 0 101 2
25 2 45 2 50 1 26 1 53 2 102 2
27 2 69 2 91 2 28 1 104 0 91 2
29 2 104 0 103 2 30 1 104 0 75 2
31 2 72 2 104 0 32 1 100 2 102 2
33 2 63 2 104 0 34 1 104 0 95 2
35 2 104 0 74 2 36 1 104 0 102 2
37 2 104 0 69 2 38 1 93 2 80 2
39 2 104 0 68 1 40 1 98 2 83 2
41 2 104 0 104 0 42 1 89 2 89 2
43 2 104 0 104 0 44 1 32 2 31 2
45 2 83 2 40 1 46 1 98 2 78 2
47 2 104 0 104 0 48 1 104 0 102 2
49 2 104 0 104 0 50 1 104 0 94 2
51 2 104 0 104 0 52 1 104 0 102 2
53 2 104 0 104 0 54 1 91 2 102 2
55 2 81 1 64 1 56 1 104 0 55 2
57 2 55 1 94 2 58 1 104 0 102 2
59 2 104 0 54 1 60 1 104 0 102 2
61 2 87 2 74 2 62 1 104 0 102 2
63 2 73 1 84 1 64 1 71 1 90 2
65 2 104 0 80 2 66 1 51 2 102 2
67 2 104 0 73 2 68 1 83 2 102 2
69 2 79 2 104 0 70 1 104 0 96 2
71 2 104 0 104 0 72 1 84 2 94 2
73 2 | 104 0 104 0 74 1 104 0 99 2
75 2 101 1 94 2 76 1 94 2 102 2
77 2 84 1 78 1 78 1 103 2 102 2
79 2 81 1 76 2 80 1 104 0 91 2
81 2 95 1 104 0 82 1 98 2 102 2
83 2 104 0 66 1 84 1 54 2 39 2
85 2 104 0 102 1 86 1 84 2 54 2
87 2 98 2 73 2 88 1 104 0 87 2
89 2 104 0 104 0 90 1 82 2 102 2
91 2 83 2 77 2 92 1 104 0 102 2
93 2 104 0 104 0 94 1 89 2 77 2
95 2 79 2 99 2 96 1 69 2 102 2
97 2 91 2 104 0 98 1 75 1 64 2
99 2 104 0 79 1 100 1 104 0 102 2
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Table 6.17. Estimates of f, and f3, for different causes

(tl’tz) £ :Bn 1312 ,le ﬁzz
(98,83) | 1 |1.393| 40.02 | -0.260 | -1.102
(8494) [ 1 113931 40.02 | -0.260 | -1.102
(98,78) 1 113931 40.02 | -0.260 | -1.102
(89,89) | 1 ]1.393) 40.02 | -0.260 | -1.102
97,79 | 2 11.393} 40.02 | -0.260 | -1.102
(93,80) 1 {1.393{ 40.02 | -0.260 | -1.102
(80,92) 1 11.393| 40.02 | -0.260 | -1.102
(98,76) 1 11393 40.02 | -0.260 | -1.102
(91,90) | 2 |1.393| 40.02 | -0.260 | -1.102
(88,85) | 1 |1.393] 40.02 | -0.260 | -1.102
(98,73) | 2 |1.393| 40.02 | -0.260 | -1.102
94,77) | 2 |11.393] 40.02 | -0.260 | -1.102
(79,99) | 2 |1.393 ] 40.02 | -0.260 | -1.102
(89,77) 1 |1.393] 40.02 | -0.260 | -1.102
(7191) | 1 |1.393] 40.02 | -0.260 | -1.102
(84,78) | 2 |1.393] 40.02 | -0.260 | -1.102
(5594) | 2 [1.393] 40.02 | -0.260 | -1.102
(70,92) | 2 |1.393] 40.02 | -0.260 | -1.102
@&7,74) | 2 11.393] 40.02 | -0.260 | -1.102
(71,90) 1 {1.393} 40.02 | -0.260 | -1.102
(69,91) | 2 |1.393) 40.02 | -0.260 | -1.102
(73,84) | 2 |1.393} 40.02 | -0.260 | -1.102
(83,77) | 2 |1.393| 40.02 | -0.260 | -1.102
(81,76) | 2 |1.393 | 40.02 | -0.260 | -1.102
(81,64) | 2 |1.393] 40.02 | -0.260 | -1.102
(84,54) 1 | 1.393] 40.02 | -0.260 | -1.102
(83,40) | 2 |1.393| 40.02 | -0.260 | -1.102
(62,77) 1 11.393| 40.02 | -0.260 | -1.102
(75,64) 1 | 1.393| 40.02 | -0.260 | -1.102
(54,39) 1 |11.393| 40.02 | -0.260 | -1.102
(45,50) | 2 }1.393] 40.02 | -0.260 | -1.102
(32,51) 1 [1.393]| 40.02 | -0.260 | -1.102
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Table 6.18. Estimates of the baseline cumulative cause-specific hazard functions

(tl’tZ) g ;\llo(tl’tZ) ;\IIO(II’O) ;\120(tl’t2) AIZO(II’O)
(98,83) | 1 0.0031 0.0111 0.3355 0.7768
(84.94) | 1 0 0.0094 0.2066 0.3776
(98,78) | 1 0.0056 0.0111 0.2616 0.7768
(89,89) | 1 0 0.0094 0.2040 0.4625
(97,79) | 2 0.0056 0.0111 0.2102 0.6492
(93,80) | 1 0.0039 0.0094 0.1846 0.5524
(80,92) | 1 0 0.0055 0.1282 0.2611
(98,76) | 1 0.0056 0.0111 0.1560 0.7768
(91,90) | 2 0 0.0094 0.2262 0.5291
(88,85) | 1 0 0.0094 0.1610 0.4196
(98,73) | 2 0.0079 0.0111 0.1096 0.7768
94,77 | 2 0.0039 0.0094 0.1850 0.5996
(79,99) | 2 0 0.0055 0.1278 0.2429
(89,77) | 1 0.0039 0.0094 0.1614 0.4625
(71,91) | 1 0 0.0032 0.0934 0.1724
(84,78) | 2 0.0039 0.0094 0.1191 0.3776
(5594) | 2 0 0.0020 0.4491 0.0753
(70,92) | 2 0 0.0020 0.0933 0.1557
(87,74) | 2 0.0051 0.0094 0.1049 0.3985
(71,90) | 1 0 0.0032 0.0607 0.1724
(69,91) | 2 0 0.0020 0.0768 0.1393
(73,84) | 2 0 0.0043 0.0607 0.1895
(83,77) | 2 0.0025 0.0080 0.0991 0.3377
(81,76) | 2 0.0025 0.0080 0.0449 0.2611
(81,64) | 2 | 0.0060 0.0080 0.0449 0.2611
(84,54) | 1 0.0084 0.0094 0.0841 0.3776
(83,40) | 2 0.0080 0.0080 | 0.0347 0.3377
62,77) | 1 0 0.0020 | 0.0607 0.0910
(75,64) | 1 0.0035 0.0055 0.0449 0.1895
(54,39) | 1 0.0010 0.0010 0.0154 0.0753
(45,50) | 2 0 0 0.0148 0.0295
(32,51) | 1 0 0 0.0147 0.0147
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Table 6.19. Estimates of the baseline cumulative cause-specific hazard functions

() | 2 | Auotty) | Ao(0,8) | Apg(tty) | Ayy(0,15)
(98,83) | 1 0 3.69x107° | 0.7944 1.1608
(8494) | 1 [565x10°"| 4.26 x10™° 0.8577 2.2217
98,78) | 1 0 3.18 x107° | 0.6151 0.9220
(89,89) | 1 0 426x107° | 0.5825 1.3532
97,79) | 2 0 3.69 x10™° 0.5129 0.9807
(93,80) | 1 0 3.69x107° [ 0.5137 1.0997
80,92) | 1 [5.65x1077| 4.26x107° | 0.5491 1.9126
(98,76) | 1 0 2.22 x10™° 0.3955 0.6482
(91,90) | 2 0 426x107° | 0.7165 1.4871
(88,85) | 1 0 426 x10™° 0.4629 1.2235
98,73) | 2 0 2.22 x107° 0.2384 0.3878
94,77) | 2 0 2.68x107° | 0.4542 0.8648
(79,99) | 2 [1.08x107° | 4.26 x10™° 0.6420 2.7490
(89,77) | 1 0 2.68x107° | 0.4542 0.8648
(719 | 1 [2.04x107°] 426x107° | 0.3507 1.7632
(84,78) | 2 0 3.18 x10™° 0.3487 0.9220
(5594) | 2 [3.18x107°| 4.26x10™° 0.1689 2.2217
(70,92) | 2 |2.04x107°| 4.26x107° 0.2895 1.9126
87,74) | 2 0 2.22 x107° 0.2389 0.4905
(71,90) | 1 [2.04x107° | 426x107° | 02127 1.4871
69,91) | 2 [2.04x107°| 426x107° | 02147 1.7632
(73.84) | 2 [2.04x107°| 426x107° | 0.1457 1.1608
(83,77) | 2 0 2.68 x10™° 0.3016 0.8648
81,76) | 2 0 2.22 x107° 0.1933 0.6482
81,64) | 2 0 1.45x107° | 0.1404 0.2357
(84,54) | 1 0 1.07 x10™° 01387 0.1387
(8340) | 2 0 3.50x107" | 0.0452 0.0452
6277) | 1 [1.60x107°| 2.68x107° | 0.1457 0.8648
(75,64) | 1 0 1.45 x10™° 0.1405 0.2357
(54,39) | 1 0 0 0.0452 0.0452
45,50) | 2 13.57x10°"| 7.08 x10”’ 0 0.0452
(3251) | 1 [7.08x10°" | 7.08x10°" | 0.0464 0.0916
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Table 6.20. Estimators of the baseline cumulative cause-specific hazard functions

(tl’tz) ; ;\3110(tl’t2) ;\3120(tl’t2) ;\32]0 (tl’tz) ;\3220(tl’t2)
(98,83) [ 1 | 7.24x10™° 0.0179 2.63x10™° 1.3016
8494) | 1 | 1.16x107 0.0412 1.40x107° | 0.9507
98,78) | 1 | 7.24x10”° 0.0179 2.63x107° | 0.9295
(89,89) | 1 | 1.16x10™7 0.0179 1.40x107° | 0.8112
97,79 | 2 | 7.24x10™° 0.0179 2.63x10°° | 0.7025
(93.80) | 1 | 7.24x107® 0.0179 1.40x107° | 0.6949
(80,92) | 1 | 4.32x107® 0.0194 6.02x10°7 | 0.6412
98,76) | 1 | 2.92x107® 0.0179 1.40x10™° | 0.5354
91,90) | 2 | 1.16x107’ 0.0293 1.40 x10™° 0.9357
88,85) | 1 | 1.16 x107 0.0179 1.40x107° | 0.5895
98,73) | 2 | 2.92x10™® 0.0080 1.40x107° | 0.3248
9477 | 2 | 2.92x107° 0.0179 2.63 x107° 0.5769
(7999) | 2 | 432x107° 0.0313 6.02 x10°" | 0.6699
89,77 | 1 | 2.92x10™® 0.0179 1.40x10™° 0.5769
(719D | 1 0 0.0114 6.02x10°" | 0.4136
(84,78) | 2 | 7.24x107° 0.0179 1.40x107° | 0.3832
(55,94) | 2 0 0.0119 6.02 xlO'; 0.1296
(70,92) | 2 0 0 6.02 x10° 0.4220
87,74 | 2 | 292x10%® 0.0080 1.40x107° | 0.3055
(71,90) | 1 0 0.0114 6.02 x10™’ 0.2074

69,91 2 0 0 6.02 x10™' 0.3085
573,84; 2 | 432x107° 0 6.02 x10”’ 0.2074
83,77 | 2 | 292x107® 0.0179 1.40 x107° | 0.3001
81,76) | 2 | 2.92x107° 0.0179 6.02x10°7 | 0.1296
81,64) | 2 | 2.92x107" 0.0080 6.02x10°" | 0.1296
84,54) | 1 0 0 1.40x10°° | 0.2128
(83,40) | 2 0 0 7.97 x10™’ 0.0659
62,77) | 1 0 0 6.02 x10”’ 0.2074
(75.64) | 1 0 0.0080 6.02x10°7 | 0.1296
(54,39) | 1 0 0 0 0.0659
(45,50) | 2 0 0 6.02 x10™’ 0
(32,51 | 1 0 0 0 0.0637
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Table 6.21. Estimates of the bivariate survival function with a = 0.5

1) | 2| S@.0,12)
(98,83) 1 0.4611
(8494) | 1 0.4745
(98,78) | 1 0.5084
(89,89) | 1 0.5503
97,79) | 2 0.5613
(93,80) | 1 0.5615
(8092) | 1 0.5732
(98,76) | 1 0.5799
91,90) | 2 0.5806
(88,85) | 1 0.5929
(98,73) | 2 0.6042
©4,77) | 2 0.6139
(7999) | 2 0.6152
89,7 | 1 0.6160
7191 | 1 0.6438
(84,78) | 2 0.6595
(5594) | 2 0.6774
(70,92) | 2 0.6805
(81,74) | 2 0.6911
(7190)| 1 0.6939
(6991) | 2 0.6954
(73,84) | 2 0.6976
83,77)| 2 0.7005
81,76) | 2 0.7514
81,64)| 2 0.7666
84,54)] 1 0.7762
(83,40) | 2 0.7769
62,77)] 1 0.7985
(75,64) | 1 0.8438
54,39)| 1 0.9477
(45,50) | 2 0.9550
(32,5 | 1 0.9664
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Table 6.22. Estimates of the cause-specific sub-distribution functions F, (1., 12)

o) | 2| B, ¢ut12) | Bytnt,12) | Byt 12) | Fpltnt,12)
98,83) | 1 | 3.34 x10™° | 1.21x10™° 0.0082 0.6002
8494) | 1| 5.49x107° | 6.63x10°" | . 0.0195 0.0451
(98,78) | 1 | 3.68 x10™° | 1.34 x10™° 0.0091 0.4725
89.89) | 1 | 6.36 x107° | 7.69 x10”’ 0.0098 0.4465
97,79) | 2 | 407 x107° | 1.47 x10™° 0.0100 0.3943
(93,80) | 1 | 4.07x107° | 7.85x107’ 0.0100 0.3902
(80,92) | 1 | 2.48x107° | 3.45x10”’ 0.0111 0.3698
98,76) | 1 | 1.69x107° | 8.11 x10”' 0.0104 0.3105
91,90 | 2 | 6.71 x107° | 8.12x10°' 0.0170 0.5433
(88,85) | 1 | 6.86 x10° 8.29 x10™’ 0.0106 0.3495
98,73) | 2 | 1.76 x10™° | 8.45x10~’ 0.0048 0.1962
94771 2 | 1.79x107° | 1.61x10™° 0.0109 0.3542
(79.99) | 2 | 2.66 x10™° | 3.70 x10™’ 0.0193 0.4121
89,77 [ 1 | 1.80x107° | 8.61x10”’ 0.0110 0.3553
(719D | 1 0 3.87 x107' 0.0074 0.2663
(84,78) | 2 | 478 x10™° | 9.22 x10™' 0.0118 0.2527
(55,94) | 2 0 4.07 x10™7 0.0081 0.0878
(70,92) | 2 0 4.09 x10™ 0 02872
(87,74) | 2 | 2.02x10™ | 9.66x10°" | 0.0055 0.2111
(71,90) | 1 0 4.17 x10™’ 0.0079 0.1439
(69,91) | 2 0 4.18 x10™' 0 0.2145
(73,84) | 2 | 3.02x107° | 4.20x10™’ 0 0.1447
83,77 | 2 | 2.05x10™° | 9.79 x10™’ 0.0125 0.2102
81,76) | 2 | 2.19x107® | 452x10°" | 0.0134 0.0974
81,64) | 2 | 2.24x107° | 4.61x10”7 0.0061 0.0994
(84,54) | 1 0 1.09 x10™° 0 0.1652
(83,40) | 2 0 6.19 x10™' 0 0.0512
62,77) | 1 0 4.80 x10™’ 0 0.1656
(75,64) | 1 0 5.08 x10™’ 0.0068 0.1094
(54,39) 1 1 0 0 0 0.0624
(45,50 | 2 0 5.74 x10™' 0 0
(32,51 | 1 0 0 0 0.0616

Table 6.23. Estimates of ﬂp“”* and 7 pq*
7?1(1)* ﬁ'z(m 72'1(2)* 7?2(2)’ 72’11* 72'12* 72’21 72’22*
uoja ju fer [3 |5 [3 [2
52 |52 78 78 43 43 43 | 43
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Figure 6.1. Estimates of bivariate survival function with a = 0.5
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Figure 6.2. Estimates of cause-specific sub-distribution function for the cause (1, 1)

125



0.5

F21(t1,82) 4,

Figure 6.3. Estimates of cause-specific sub-distribution function for the cause (2, 1)
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Figure 6.4. Estimates of cause-specific sub-distribution function for the cause (1, 2)
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Figure 6.5. Estimates of cause-specific sub-distribution function for the cause (2, 2)

6.7. Conclusion

This chapter has discussed statistical analysis of bivariate competing risks
models in the presence of covariates. We introduced proportional hazards models for
cause-specific hazard function. Estimation of regression parameters and baseline
cause-specific hazard functions were developed using counting process approach.
Strong consistency and asymptotic normality of the estimator were established. The
proposed method can be extended to higher dimensions by considering the vector
hazard functions of Johnson and Kotz (1975) in multivariate set up. The proposed

method can also be extended to time dependent covariates.

Cause-specific sub-distribution function is more helpful in many survival
studies as it directly provides the failure probabilities due to a particular set of
causes (Fine, 2001). The development of semi-parametric proportional hazards
models for the cause-specific sub-distribution function, extending the model of Fine

and Gray (1999) to the multivariate set up is a topic of further research.
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Chapter Seven

Conclusion

7.1. Introduction

Multivariate lifetime data arise in various forms including recurrent event
data when individuals are followed to observe the sequence of occurrences of a
certain type of event; correlated lifetime when an individual is followed for the
occurrence of two or more types of events, or when distinct individuals have
dependent event times. In most studies there are covariates such as treatments, group
indicators, individual characteristics, or environmental conditions, whose
relationship to lifetime is of interest. This leads to a consideration of regression

models.

The well known Cox proportional hazards model and its variations, using the
marginal hazard functions employed for the analysis of multivariate survival data in
literature are not sufficient to explain the complete dependence structure of pair of
lifetimes on the covariate vector. Motivated by this, in Chapter 2, we introduced a
bivariate proportional hazards model using vector hazard function of Johnson and
Kotz (1975), in which the covariates under study have different effect on two
components of the vector hazard function. The proposed model is useful in real life
situations to study the dependence structure of pair of lifetimes on the covariate

vector z. The well known partial likelihood approach is used for the estimation of

parameter vectors. We then introduced a bivariate proportional hazards model for
gap times of recurrent events in Chapter 3. The model incorporates both marginal
and joint dependence of the distribution of gap times on the covariate vector z. In
many fields of application, mean residual life function is considered superior
concept than the hazard function. Motivated by this, in Chapter 4, we considered a
new semi-parametric model, bivariate proportional mean residual life time model, to
assess the relationship between mean residual life and covariates for gap time of

recurrent events. The counting process approach is used for the inference procedures
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of the gap time of recurrent events. In many survival studies, the distribution of
lifetime may depend on the distribution of censoring time. In Chapter 5, we
introduced a proportional hazards model for duration times and developed inference
procedures under dependent (informative) censoring. In Chapter 6, we introduced a
bivariate proportional hazards model for competing risks data under right censoring.
The asymptotic properties of the estimators of the parameters of different models
developed in previous chapters, were studied. The proposed models were applied to

various real life situations.
7.2. Future works

Multivariate lifetime data are frequently encountered in longitudinal studies
when subjects may experience several events or when there is a grouping of
individuals into a cluster. The heterogeneity among variables may be due to certain
unobserved common risk factors present in the data. To model such unobserved
factors, frailty models are usually employed in survival analysis. Frailty models are
basically random effects models for survival data, where one of the random effects
is specified by means of the hazard function. The extension of our models to frailty
set up is an area for further research. As the literature on the analysis of multivariate
data under informative censoring is limited, one can do further research on the
development of new stochastic models based on the relationship between lifetime
vector and censoring vector. In survival studies, the covariates under study may
change their values over time. The extension of the models developed in previous
chapters to the time dependent covariate set up is an area of research to be explored.
Testing equality of survival functions in multivariate set up in the presence of
covariates is not yet carried out. The non-parametric Bayesian estimation technique
for the analysis of multivariate survival data is a topic of research interest. In
survival studies, there are situations where the exact lifetime of an event is not
known, but it known to lie in some interval. A variety of univariate models have
been developed for the analysis of such interval censored data. The analysis of
interval censored data in the bivariate (multivariate) set up is complicated and the

research work in this direction will be worth exploring.
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In all the works mentioned in previous chapters, we have considered either
proportional hazards model or proportional mean residual life model to study effect
of covariates on lifetime. There are many life test situations in which these models
are not adequate. The analysis of multivariate survival data using proportional odds
and accelerated failure time models is an area of research to be explorsd. Apart from
censoring, truncation is very common in life test experiments. As the literature on
the analysis of truncated data in multivariate set up is limited, the extension of our
models to the truncated case is a topic of future work. There are many situations in
survival studies when the covariates in the study are missing and our models can be
extended to this situation. In biostatistical applications, there are situations were one

can only observe the lifetime T belongs to certain interval (0,C] or (C,ee) where

C is known as status time. Then the data structure is called current status data. Very
few works are done in multivariate current status data when covariates are present.
The models developed here can be extended to this set up, which is not straight
forward. There are situations in the analysis of competing risks data, where the exact
failure cause cannot be identified. Then we say that the cause of failure is masked.
The analysis of the model given in Chapter 6 can be extended to the masking

situation, which is a topic of future study.
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