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A b i v a r i a t e  s e m t - P a r e t o  d i s t r i b u t i o n  i s  i n t r o d u c e d  

and  c h a r a c t e r i z e d  u s i n g  g e o m e t r i c  m i n i m i z a t i o n .  
A u t o r e g r e s s i v e  m t n i f l c a t i o n  m o d e l s  f o r  b t v a r i a t e  r a n d o m  
v e c t o r s  w i t h  b i v a r i a t e  s e m i - P a r e t o  and  b i v a r i a t e  P a r e t o  
d i s t r i b u t i o n s  a r e  a l s o  d i s c u s s e d .  H u l t i v a r i a t e  

g e n e r a l i z a t i o n s  o f  t h e  d i s t r i b u t i o n s  and  t h e  p r o c e s s e s  a r e  
b r i e f l y  i n d i c a t e d .  

Key W o r d s :  AUTORECRI~SIVE PROCESS, CEOMETRIG 

MINIFICATION PROCESSES,  PARETO AND 

DISTRIBUTIONS.  

1. Introduction 

MINIMIZAT ION,  

SEMI-PARETO 

I t  i s  w e l l  known t h a t  o n e  o f  t h e  p o p u l a r  

d i s t r i b u t i o n s  u s e d  t o  f i t  h e a v y  t a i l e d  d a t a  i s  t h e  P a r e t o  

d i s t r i b u t i o n .  F o r  d e t a i l s  s e e  A r n o l d  ( 1 9 8 3 ) .  Some 

c h a r a c t e r i z a t i o n s  o f  t h e  P a r e t o  t y p e  I I I  d i s t r i b u t i o n  b a s e d  

on  g e o m e t r i c  m i n i m i z a t i o n  and  m a x i m i z a t i o n s  a r e  s t u d i e d  by 

A r n o l d  , R o b e r t s o n  and  Yeh ( 1 9 8 6 ) .  R e c e n t l y  Yeh ,  A r n o l d  and  

R o b e r t s o n  ( 1 9 8 8 )  h a v e  d e f i n e d  an  a u t o - r e g r e s s i v e  
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m l n i f l c a t i o n  p r o c e s s  w i t h  P a r e t o  t y p e  I I I  m a r g i n a l s .  P i l l a I  

( 1 9 9 1 )  g e n e r a l i z e d  t h i s  p r o c e s s  i n  t e r m s  o f  s e m l - P a r e t o  

r a n d o m  v a r i a b l e s  ( r . v . s ) .  T h e s e  p r o c e s s e s  p o s s e s s  a l l  t h e  

p r o p e r t i e s  o f  a l i n e a r  f i r s t  o r d e r  a u t o r e g r e s s i v e  ( A R ( 1 ) )  

p r o c e s s .  I n  f a c t  t h e s e  m o d e l s  a r e  u s e d  t o  m o d e l  

n o n - G a u s s i a n  t i m e  s e r i e s .  The  n o n - G a u s s i a n  t i m e  s e r i e s  

m o d e l s  w i t h  v a r i o u s  m a r g l n a l s  a r e  s t u d i e d  e x t e n s i v e l y  i n  t h e  

l i t e r a t u r e  ( S e e  Adke and  B a l a k r i s h n a  ( 1 9 9 2 } ,  J a y a k u m a r  a nd  

P i l l a t  ( 1 9 9 3 )  a n d  P i l l a i  a n d  J a y a k u m a r  ( 1 9 9 4 ) ) .  

S u p p o s e  t h a t  we h a v e  a s e t  o f  d a t a  on  a b i v a r i a t e  

r a n d o m  v e c t o r  whose  m a r g i n a l s  show a t e n d e n c y  t o  f o l l o w  

h e a v y  t a i l e d  d i s t r i b u t i o n s .  H u t c h i n s o n  ( 1 9 7 9 )  e x p l a i n s  t h e  

a p p l i c a t i o n s  o f  s u c h  d i s t r i b u t i o n s  i n  b i o l o g i c a l  s t u d y .  F o r  

a p p l i c a t i o n s  o f  t h e  b i v a r i a t e  P a r e t o  d i s t r i b u t i o n s  i n  

r e l i a b i l i t y  s e e  S a n k a r a n  and  N a l r  ( 1 9 9 3 ) .  N o t e  t h a t  t h e  

o b s e r v a t i o n s  made on t h e s e  s y s t e m s  a t  d i f f e r e n t  t i m e  p o i n t s  

a r e  n o t  i n d e p e n d e n t .  As a r e m e d y  we may a s s u m e  t h a t  t h e  

o b s e r v a t i o n s  a r e  g e n e r a t e d  by  a b t v a r i a t e  N a r k o v  m o d e l .  

One way o f  d e f i n i n g  b i v a r i a t e  H a r k o v  s e q u e n c e s  i s  by  

l i n e a r  m o d e l s  a s  i n  t h e  c a s e  o f  b i v a r i a t e  e x p o n e n t i a l  

a u t o r e g r e s s i v e  p r o c e s s e s  o f  B l o c k ,  e t  a l .  ( 1 9 8 8 )  a n d  Dewald  

e t  a l .  ( 1 9 8 9 ) .  Yeh e t  a 1 . ( 1 9 8 8 )  d e f i n e d  P a r e t o  p r o c e s s e s  

a n d  d i s c u s s e d  t h e  a p p l i c a t i o n s  o f  t h e i r  mode l  i n  i n c o m e  

a n a l y s i s .  H e r e  we d i s c u s s  a b i v a r i a t e  e x t e n s i o n  o f  t h i s  

m o d e l  and  t r y  t o  g e n e r a l i z e  t h i s  m o d e l .  T h i s  e n d e d  i n  

o b t a i n i n g  t h e  b i v a r i a t e  s e m i - P a r e t o  d i s t r i b u t i o n  a s  t h e  

s t a t i o n a r y  s o l u t i o n  o f  t h e  b t v a r i a t e  m i n i f i c a t i o n  s e q u e n c e  

t h a t  we d e f i n e .  

I n  t h i s  p a p e r  we d i s c u s s  d i f f e r e n t  a s p e c t s  o f  t h e  

b i v a r i a t e  s e m i - P a r e t o  and  a p a r t i c u l a r  b t v a r i a t e  P a r e t o  



d i s t r i b u t i o n s .  We c h a r a c t e r i z e  t h e s e  d i s t r i b u t i o n s  

g e o m e t r i c  m i n i m i z a t i o n .  F u r t h e r ,  we a l s o  s t u d y  

p r o p e r t i e s  o f  a u t o r e g r e s s i v e  m i n i f i c a t i o n  p r o c e s s e s  
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using 

the 

with 

b i v a r t a t e  s e m i - P a r e t o  and  b i v a r i a t e  P a r e t o  r a n d o m  v e c t o r s .  

I n  S e c t i o n  2 we d e f i n e  a b i v a r i a t e  s e m i - P a r e t o  a n d  

a P a r e t o  d i s t r i b u t i o n  a n d  s t u d y  t h e i r  p r o p e r t i e s  u s i n g  

g e o m e t r i c  m i n i m i z a t i o n .  The AR(1) m t n i f i c a t t o n  m o d e l s  f o r  

r a n d o m  v e c t o r s  w i t h  t h e  a b o v e  d i s t r i b u t i o n s  a r e  d i s c u s s e d  i n  

S e c t i o n  3.  The s e c o n d  o r d e r  p r o p e r t i e s  o f  t h e  d i s t r i b u t i o n s  

a n d  t h e  p r o c e s s e s  a r e  d e s c r i b e d  i n  S e c t i o n  4 .  I n  s e c t i o n  5 

we b r i e f l y  i n d i c a t e  t h e  m u l t i v a r i a t e  e x t e n s i o n s  o f  t h e  

d i s t r i b u t i o n s  a n d  t h e  p r o c e s s  d e f i n e d  i n  S e c t i o n  2 a nd  3.  

2 Characterizations of blvarlate Semi-Pareto Distribution 

A random vector (X,Y) is said to have the 

blvarlate semi-Pareto distribution with parameters al, a2, p 

and we denote it by (X,Y) D~ BSP(al,a2,P) if its s u r v i v a l  

f u n c t i o n  i s  o f  t h e  fo rm 

F ( x , y )  = P ( X > x , Y > y )  = I / { l + ~ ( x , y ) ) } ,  (2.1) 

w h e r e  ~ ( x , y )  s a t i s f i e s  t h e  f u n c t i o n a l  e q u a t i o n  

l /~  l / a  z 
~ ( x , y )  = ( l / p )  ~ ( p  x , p  y ) ,  ( 2 . 2 )  

o < p < l ; a l , a 2 > 0 ;  x , y ~ 0 .  

Lemma 2 . 1 :  The  s o l u t i o n  o f  t h e  f u n c t i o n a l  e q u a t i o n  ( 2 . 2 )  

i s  g i v e n  by  

W ( x , y )  = x l h l ( X )  § y Z h 2 ( y  ) ( 2 . 3 )  
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w h e r e  h l ( X )  a n d  h 2 ( Y )  a r e  t h e  p e r i o d i c  f u n c t i o n s  i n  l o g  x 

2ff~ 1 2ff~ 2 
a n d  l o g  y w i t h  p e r i o d s  - -  a n d  r e s p e c t i v e l y .  

- l o g  p - l o g  p 

A p r o o f  o f  t h i s  lemma c a n  b e  f o u n d  i n  K a n g a n ,  

L i n n l k  a n d  Rao ( 1 9 6 3 ) ,  pp  163 .  0 

As a n  e x a m p l e ,  i f  we t a k e  

h i ( x )  = e x p { f l  c o s  ( a i l o g  x )  ] ,  i = 1 , 2 ,  t h e n  we c a n  s e e  t h a t  
-2ff  

i t  s a t i s f i e s  ( 2 . 2 )  w i t h  p=e  

I n  p a r t i c u l a r ,  i f  we c h o o s e  h l ( X ) = h 2 ( Y ) = l ,  t h e  

B S P ( a l , a 2 , p  ) r e d u c e s  t o  a b i v a r i a t e  P a r e t o  d i s t r i b u t i o n  w i t h  

s u r v i v a l  f u n c t i o n  

F ( x  y )  = l / { l §  t 2 �9 + y }, x ~ 0 , y ~ 0 , ~ l > 0 , ~ 2 > 0 .  ( 2 . 4 )  

Now we s t u d y  some o f  t h e  c h a r a c t e r i z a t i o n  

p r o p e r t i e s  o f  B S P ( a l , a 2 , p )  d i s t r i b u t i o n s  v i a  g e o m e t r i c  

m i n i m i z a t i o n .  L e t  { ( X i , Y i ) , i Z l  ] b e  a s e q u e n c e  o f  i n d e p e n d e n t  

i d e n t i c a l l y  d i s t r i b u t e d  ( t . i . d )  r a n d o m  v e c t o r  w i t h  common 

s u r v i v a l  f u n c t i o n  ( 2 . 1 )  a n d  N b e  a g e o m e t r i c  r a n d o m  v a r i a b l e  

w i t h  p a r a m e t e r  p a n d  

n - I  
P [ N = n ]  = pq , n = l , 2  . . . . .  0 < p < l ,  q = l - p .  ( 2 . 5 )  

Further assume that N is independent of Xi,Y i. 

Define 

min min 
UN = l ~ i ~ N  X. a n d  V N = Yt"  i l~i~N 

( 2 . 6 )  

T h e o r e m  2 . 1 :  L e t  { ( X l , Y i ) , l ~ l  ] b e  a s e q u e n c e  o f  i . i . d  

b i v a r i a t e  n o n - n e g a t i v e  r a n d o m  v e c t o r s  w i t h  common s u r v i v a l  

f u n c t i o n  F ( x , y )  a n d  N b e  a g e o m e t r i c  r a n d o m  v a r i a b l e  a s  I n  

( 2 . 5 ) ,  w h i c h  i s  i n d e p e n d e n t  o f  ( X i , Y i )  f o r  a l l  i ~ l .  The  



- l la  i - 1 / a  2 
random v e c t o r s  (p U N ,p 

identically distributed if and only 

BSP(al,a2,P) d i s t r i b u t i o n .  

P r o o f :  C o n s i d e r  
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VN) and (X1,Y1) a r e  

i f  ( X i , Y i )  have  t h e  

p-1/a t -1/a ] 
f i ( x , y )  = Pr  U N >x ,p  z VN>Y 

oo [ i / a l  1/az  ] n  n - I  
~. F (xp  ,yp  ) pq 

n=l  

Tha t  i s ,  
1 / a  l / a 2 )  

f i ( x , y )  = p F (xp  l , y p  

1 - q F ( x p l / a  i , y p l / a 2 )  
( 2 . 7 )  

Now i f  F ( x , y )  i s  as  i n  ( 2 . 1 )  and ( 2 . 2 ) ,  t h e  e q u a t i o n  

becomes 

f i ( x , y )  = 1 - F ( x , y ) .  
l + ~ ( x , y )  

( 2 . 7 )  

T h i s  p r o v e s  t h e  s u f f i c i e n c y  p a r t  o f  t h e  t h e o r e m .  

C o n v e r s e l y ,  s u p p o s e  t h a t  H ( x , y ) = F ( x , y ) .  

any  s u r v i v a l  f u n c t i o n  F ( x , y )  can  be r e p r e s e n t e d  as  

Note  t h a t  

F(x.y) - 1 (2.8) 
l+r ' 

where  r  i s  a m o n o t o n i c a l l y  i n c r e a s i n g  f u n c t i o n  in  b o t h  
lim llm 

x and y (x ~ 0. y ~ 0) and x--,0 y-,0 r = 0 and 

l im  l im 
@( x ,y )  = ~.  Us ing  t h e  r e p r e s e n t a t i o n  ( 2 . 8 )  in  

x - ~  y---~ 

( 2 . 7 )  w i t h  H ( x , y ) = F ( x , y ) ,  we g e t  t h e  e q u a t i o n ,  

1 l a  I 1 l a  I ) . 1 
~b(x,y) = - ~b(xp ,yp  

p 
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T h i s  i s  t h e  f u n c t i o n a l  e q u a t i o n  ( 2 . 2 )  s a t i s f i e d  by 

B S P ( a l , a 2 , P  ) w i t h  ~ b ( . , . )  i n  t h e  p l a c e  o f  W ( . , . ) .  Hence t h e  

p r o o f  i s  c o m p l e t e .  

L e t  {N k,  k>_l} be a s e q u e n c e  o f  g e o m e t r i c  random 

v a r i a b l e s  w i t h  p a r a m e t e r s  Pk,0_<Pk<l. D e f i n e  

F k ( X , y )  = Pr [U N >x,V N > y ] ,  k=2 ,3  . . . .  
k - t  k - i  

P k _ l F k _ l ( x , Y )  
= ( 2 . 9 )  

1 - ( 1 - P k _ l ) F k _ l ( x , Y )  

Here  we r e f e r  Fk as  t h e  s u r v i v a l  f u n c t i o n  o f  t h e  g e o m e t r i c  

( P k _ l )  minimum o f  i i d  random v e c t o r s  w i t h  Fk-1 as  t h e  common 

s u r v i v a l  f u n c t i o n .  

Theorem 2 . 2 :  L e t { ( X i , Y i ) ,  t ~ 1 ]  be a s e q u e n c e  o f  i i d  

n o n - n e g a t i v e  random v e c t o r s  w i t h  common s u r v i v a l  f u n c t i o n  

F ( x , y ) .  D e f i n e  F l f F  and Fk as  t h e  s u r v i v a l  f u n c t i o n  o f  t h e  

g e o m e t r i c  ( P k _ l )  minimum o f  l i d  random v e c t o r s  w i t h  common 

s u r v i v a l  f u n c t i o n  F k - l '  k=2 ,3  . . . . .  Then 

p j  x ,  p j  = F i x , y )  (2.10) 
Fk ~I= j = I 

i f  and o n l y  i f  ( X I , Y I )  ha s  B S P ( a l , a 2 , p )  d i s t r i b u t i o n .  

P r o o f :  By d e f i n i t i o n ,  t h e  s u r v l v a l  f u n c t i o n  Fk 

s a t i s f i e s  t h e  e q u a t i o n  ( 2 . 9 ) .  As i n  ( 2 . 8 )  we can  w r i t e  

k ( x , y  ) 1 k=l  2 . . . .  
- l+~k(x ,y  ) , ' 

Subs t i t u t i ng  th i s  in (2 .9) ,  we get 
1 

@k(x ,y )  - @ k _ l ( x , y ) ,  k=2 ,3  . . . .  
Pk-1 

R e c u r s i v e l y  u s i n g  t h i s  r e l a t i o n ,  we have  



1 
Ck (x'y) - k-1 

j ~ l  Pj 

This implies 
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- -  r  s i n c e  F I=F  i m p l i e s  r 1 6 2  

+k~C+: p,3'/~ 

1 

x [~' j = l  p J} 1 / a 2 y ]  

I~: 11~~ ~,:1 
k- 1 r  p j  x ,  
j=~i Pj  - J = 1 

P J I 1 / a 2 Y I "  ( 2 " 1 1 )  

This gives us (2.10) if we replace r by ~k and if we assume 

that ~1 satisfies (2.2). 

Conversely, assume that (2.10) is true. By the 

hypothesis of the theorem we have (2.11). Thus (2.10) and 

(2.11) together lead to the equation, 

[ 1 + +11 ,1(C. '  +.,i ,jo, x ~,~, o,l,J,,++l] -1 
j 1 .u p j  1 "= 

j = i  

This implies that 

r = 

=F(x,y) - l+r 

k-1 
�9 n P j  j.r..i 

IC.I 1 ,jo, x ~,, p,l,/o,l 
r = PJ j = l  

w h i c h  i s  same a s  ( 2 . 2 ) .  

H e n c e  t h e  p r o o f  i s  c o m p l e t e .  

We h a v e  a l r e a d y  n o t e d  t h a t  t h e  b i v a r i a t e  P a r e t o  

d i s t r i b u t i o n  ( 2 . 4 )  i s  a s p e c i a l  c a s e  o f  BSP(al,a2,P). L e t  

us  d e n o t e  t h e  d i s t r i b u t i o n  h a v i n g  s u r v i v a l  f u n c t i o n  ( 2 . 4 )  by  

B P ( a l , a 2 ) .  Now we p r o v e  some c h a r a c t e r i z a t i o n  r e s u l t s  f o r  
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B P ( a l , a 2 ) .  S u p p o s e  t h a t  t h e  s u r v i v a l  f u n c t i o n  F ( x , y )  i s  o f  

t h e  f o r m  ( 2 . 8 ) .  L e t  ~ be  a f a m i l y  o f  a l l  d i s t r i b u t i o n s  
a l , a  2 

F ( x , y )  w i t h  t h e  p r o p e r t y  t h a t  

l i m  l i m  ~ ( x , y )  
+ + - 1, ( 2 . 1 2 )  

x--a0 y--a0 ( x a l + y a 2 )  

w h e r e  r  i s  a s  i n  ( 2 . 8 )  

T h e o r e m  2 . 3 :  L e t  { ( X i , Y i ) ,  i ~ l }  and  N be a s  d e f i n e d  i n  

T h e o r e m  2 . 1  w i t h  common d i s t r i b u t i o n  F o f  ( X i , Y i )  b e l o n g  t o  

[ - i / a  -1 /a  N ] 
~ a l , a  2 and  0 < p < l .  Then  p i UN ,P V and  (X1,Y1)  

a r e  i d e n t i c a l l y  d i s t r i b u t e d  i f  and  o n l y  i f  F i s  B P ( a l , a 2 ) .  

P r o o f s  As b e f o r e  we h a v e  ( f r o m ( 2 . 7 ) )  

. - l / a  
fi(x,y) =PrIp * U N 

L 

- 1 / a  z 1 /a  I 1 /a  2 VN>Y]=j p F(xp ,yp ) >X,  P 
1 - q F ( x p l / a i  , y p l / a z )  

Now t h e  s u f f i c i e n t  p a r t  i s  s t r a i g h t  f o r w a r d .  

I n  o r d e r  t o  p r o v e  t h e  n e c e s s a r y  p a r t  

( 2 . 7 )  h o l d s  w i t h  F ( x , y )  i n  t h e  p l a c e  o f  H ( x , y ) .  

r  ( 2 . 7 )  l e a d s  t o  t h e  e q u a t i o n  

i /a  i llaz) " 1 
r  = ~ r  , yp  

R e p e a t e d  u s e  o f  t h i s  r e l a t i o n  g i v e s  u s  

k / a  i 
~(x ,y)  = k 0 l X p  

P 

Now r e w r i t i n g  t h e  r i g h t  h a n d  

l i m i t  a s  k - - ~ ,  we h a v e  

a s s u m e  t h a t  

I n  t e r m s  o f  

( 2 . 1 3 )  

, y p  k / a z )  f o r  a n y  k ,  i n t e g e r .  

s i d e  e x p r e s s i o n  and  t a k i n g  
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1 / a  I 1 / a  2 
or1 a 2  l t m  [ r ,yp ) ] 

@ ( x , y )  = (x  + Y ) k--am (xpk /Ct i )oLl+(ypk /Ct2 ) t~z j  

~ I  ~2 
= (x  § y ) ,  f o l l o w s  by  ( 2 . 1 2 ) .  

T h u s  we h a v e  F ( x , y )  g i v e n  b y  ( 2 . 4 ) .  T h i s  c o m p l e t e s  t h e  

p r o o f .  

C o r o l l a r y  2 . 1 :  L e t { ( X i , Y i ) ,  i>_1} b e  a s e q u e n c e  o f  l i d  

n o n - n e g a t i v e  r a n d o m  v e c t o r s  w i t h  t h e  common d i s t r i b u t i o n  

f u n c t i o n  F s a t i s f y i n g  t h e  c o n d i t i o n  ( 2 . 1 2 )  a n d  F k be  t h e  

d i s t r i b u t i o n  f u n c t i o n  o f  g e o m e t r i c  ( P k _ l )  min imum o f  i . i . d  

r a n d o m  v e c t o r s  w i t h  Fk_ 1 a s  t h e  common d i s t r i b u t i o n  

k - 1  
f u n c t i o n s ,  k = 2 , 3 , . .  I f  ~ p j  - - , 0  a s  k--am, t h e n  

j--1 

Fk[~jill Pj]I/~I Ci I " 1 / ~ 2  " 

Proof of this corollary follows from the proofs of 
Theorems 2.2, 2.3 and the condition (2.12). 

3. Bivarlate Semi-Pareto AR(1) model. 

I n  t h i s  s e c t i o n  we s t u d y  t h e  p r o p e r t i e s  o f  f i r s t  

o r d e r  a u t o r e g r e s s i v e  ( A R ( 1 ) )  m o d e l s  w i t h  m i n i f i c a t i o n  

s t r u c t u r e s  i n  h i v a r i a t e  s e m t - P a r e t o  a n d  P a r e t o  r a n d o m  

v e c t o r s .  The  u n t v a r i a t e  AR(1)  m o d e l s  w i t h  P a r e t o  a n d  s e m i  

P a r e t o  m a r g i n a l s  a r e  s t u d i e d  b y  Yeh ,  e t  a l  ( 1 9 8 8 )  a n d  P i l l a i  

( 1 9 9 1 )  r e s p e c t i v e l y .  We d e f i n e  a b i v a r i a t e  m i n i f i c a t t o n  

p r o c e s s ,  { ( X n , Y n ) ,  n~0]  a s  f o l l o w s .  

L e t  { ( X n , ~ n  ) ,  n ~ l }  be  a s e q u e n c e  o f  i . i . d  
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b i v a r i a t e  n o n - n e g a t i v e  e x t e n d e d  

d e f i n e  

- I / a  I 
X = min (p 

n 
and 

- 1 / a  2 
Y = min (p 

n 

r e a l  random v e c t o r s  and 

X n _ l , $  n) 

Y ) ,  n~ l  O<p<l a l , a 2 > O .  n _ l , D n  , - , 

( 3 . 1 )  

Assume t h a t  (Xo,Yo) i s  i n d e p e n d e n t  o f  ( c i , D i ) .  Then i t  

e a s i l y  f o l l o w s  t h a t  { (Xn ,Yn) ,  n~O} i s  a b i v a r i a t e  Harkov  

s e q u e n c e .  

As c n and ~n a r e  e x t e n d e d  r e a l  random v a r i a b l e s  we 

assume t h a t  e i t h e r  b o t h  a r e  i n f i n i t y  w i t h  p r o b a b i l i t y  p o r  

b o t h  a r e  f i n i t e  w i t h  p r o b a b i l i t y  1-p and h e n c e  we can  

r e p r e s e n t  them as  

(Xn,~n)  = { ( + ~ ' + ~ )  

( ~ n , k n )  

w i t h  p r o b a b i l i t y  p 

w i t h  p r o b a b i l i t y  ( 1 - p ) , 0 < p < l ,  

( 3 . 2 )  

where  ~n and k n a r e  r e a l - v a l u e d  random v a r i a b l e s .  

D 
Theorem 3 . 1 :  Assuming t h a t  (X0,Y0) = ( ~ l , k l ) ,  t h e  p r o c e s s  

[ ( X n , Y n ) ,  r~0} d e f i n e d  by ( 3 . 1 )  and ( 3 . 2 )  i s  s t a t i o n a r y  i f  

and o n l y  i f  ( ~ n , k n )  has  a B S P ( o I , a 2 , P )  d i s t r i b u t i o n .  

P r o o f :  D e f i n i t i o n  o f  t h e  model  i m p l i e s  t h a t  

G n ( x , y )  = P[Xn>X,Yn>y] 

1 /a  I 1/012 
-- G (xp ,yp  

n-1  
) { p + ( 1 - p ) F ( x , y ) } ,  ( 3 . 3 )  

where  F ( x , y )  i s  t h e  s u r v i v a l  f u n c t i o n  o f  ( ~ l , k l ) .  

Assume t h a t  {(Xn,Yn)n~0 } i s  s t a t i o n a r y  and (X0,Y0)~ ( ~ l , k l ) .  

Then f o r  n = l ,  ( 3 . 3 )  g i v e s  us 
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1 / a  1 / a  z F ( x , y )  
F ( x p  I ,YP ) = ( 3 . 4 )  

p + ( 1 - p ) F ( x , y )  

AS i n  ( 2 . 8 )  i f  we w r i t e  

F ( x , y )  = 
l + ~ ( x , y ) '  t h e  e q u a t i o n  ( 3 . 4 )  l e a d s  to  t h e  r e l a t i o n  

l / a  1[a2) " 1 
~ ( x , y )  = ~ W(xp , yp  

v 

T h a t  i s ,  F ( x , y )  i s  o f  t h e  fo rm ( 2 . 1 )  and h e n c e  by ( 3 . 3 ) ,  

(X1,Y1) i s  a B S P ( a l , a 2 , P )  d i s t r i b u t e d  random v e c t o r .  Then 

by i n d u c t i o n  a r g u m e n t  we h a v e  { ( X n , Y n ) ,  r~0} i s  a 

BSP(al ,a2,P)  H a r k o v  s e q u e n c e .  

C o n v e r s e l y ,  s u p p o s e  t h a t  ( ~ n , k n )  h a s  B S P ( a l , a 2 , P )  

d i s t r i b u t i o n  f o r  e v e r y  n~ l  w i t h  ( X 0 , Y 0 ) ~ ( ~ I , k l ) .  In  t h i s  

case f o r  n = l ,  f rom ( 3 . 3 )  and ( 2 . 2 )  we g e t  

1 
G l ( X , y )  = l + w ( x , y )  

T h a t  i s ,  ( X I , Y I )  h a s  B S P ( a l , a 2 , P )  d i s t r i b u t i o n .  Now by ( 3 . 3 )  

and an  e a s y  i n d u c t i o n  a r g u m e n t  i t  f o l l o w s  t h a t  (Xn,Yn) 

h a s  B S P ( a l , a 2 , P )  d i s t r i b u t i o n  f o r  e v e r y  11_>0. T h a t  i s ,  

{(Xn,Yn ) '  n~0} i s  a s t a t i o n a r y  B S P ( a l , a 2 , P )  s e q u e n c e  

C o r o l l a r y  3 . 1 :  L e t  (X0,Y0) be  an a r b i t r a r y  random 
l i m  l i m  

v e c t o r  w i t h  s u r v i v a l  f u n c t i o n  G 0 ( u , v  ) s u c h  t h a t  u---~0 v - - ,0  

G ( u , v )  = 1 and { ( [ n , k n ) ,  r ~ l }  be a s e q u e n c e  o f  i . i . d  

B S P ( a l , a 2 , P  ) random v e c t o r s .  Then t h e  b i v a r i a t e  s e q u e n c e  

{ ( X n , Y n ) ,  n~0} d e f i n e d  by ( 3 . 1 )  and ( 3 . 2 )  c o n v e r g e s  in  

d i s t r i b u t i o n  to  BSP(al ,a2,P ) as  n - - ,~ .  

P r o o f :  The d e f i n i t i o n  o f  t h e  mode l  and t h e  r e l a t i o n s  

( 3 . 3 ) ,  ( 2 . 1 )  and ( 2 . 2 )  t o g e t h e r  i m p l y  t h a t  
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n/a n/a= { l_+p n _~(__x,_y)~ 
G n ( x , y )  = Go(xP ,YP ) l + w ( x , y  ) .~ 

--b 1 
l + ~ p ( x , y ) '  a s  n--~00, 

w h e r e  ~ ( x , y )  i s  a s  i n  ( 2 . 2 ) .  Hence  t h e  c o r o l l a r y  i s  p r o v e d .  

Remark 3 . 1 :  R e c a l l  t h a t  t h e  b i v a r i a t e  P a r e t o  

d i s t r i b u t i o n  ( 2 . 4 )  i s  a s p e c i a l  c a s e  o f  B S P ( a l , a 2 , p ) .  I f  we 

a s s u m e  t h a t  { ( ~ n , k n ) ,  n~>l} i s  a s e q u e n c e  o f  i . i . d  B P ( a l , o 2 )  

random v e c t o r s  in  Theorem 3 . 1 ,  t h e n  { ( X n , Y n ) ,  n~>0} d e f i n e d  

by ( 3 . 1 )  and ( 3 . 2 )  becomes  a s t a t i o n a r y  B P ( a l , O 2 )  s e q u e n c e .  

We r e f e r  s u c h  a s e q u e n c e  by ARBP(1) s e q u e n c e .  

4. S e c o n d  o r d e r  propert&es=  

The i m p l i c i t e  n a t u r e  o f  B S P ( m l , a 2 , p )  d i s t r i b u t i o n  

d o e s  n o t  a l l o w  u s  t o  o b t a i n  e x a c t  e x p r e s s i o n s  o f  i t s  

momen t s .  However ,  we o b t a i n  t h e  moments  o f  B P ( ~ I , ~ 2 )  

d i s t r i b u t i o n  and t h e  a u t o - c o r r e l a t i o n  m a t r i x  o f  ARBP(1) 

p r o c e s s  when t h e y  e x i s t .  

S u p p o s e  t h a t  (X,Y) h a s  t h e  s u r v i v a l  f u n c t i o n  

( 2 . 4 ) .  Then i t s  ( r , s )  t h  moment v e c t o r  i s  g i v e n  by 

(jUr,m s )  = E ( x r , x  s )  =(E(X r ) , E ( X  s ) )  

p r o v i d e d  r<~ 1 and s<o 2. I f  a i > 2 ,  i = l , 2  t h e n  t h e  v a r i a n c e  

c o v a r i a n c e  m a t r i x  o f  (X,Y) i s  

o ~i=] = ( ( ~ i j ) ) ,  i , j = l , 2 ,  ~. = is 

~2s 0'22" 
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w h e r e  e l i .  = r ( 1  - & . ) F ( 1  - .}F(1-a.1 - a . )  
z O 1 j 

( 4 . 1 )  

Now we d i s c u s s  t h e  c o v a r i a n c e  s t r u c t u r e  o f  ARBP(1) 

p r o c e s s  w i t h  s t a t i o n a r y  d i s t r i b u t i o n  ( 2 . 4 )  (See  r e m a r k  3 . 1 ) .  

We d e f i n e  t h e  a u t o c o v a r i a n c e  m a t r i x  o f  a b i v a r i a t e  p r o c e s s  

{ ( X n , Y n ) ,  r~>0} by 

cov(Xn,Xn+ h) cov(Xn,Yn+ h) 

F ( h )  = 

cov (Xn+h ,Y  n) cov(Yn,Yn+ h) 

In  t h e  r e s t  o f  t h i s  s e c t i o n  we a s s um e  t h a t  a i > 2 ,  i = 1 , 2 .  

The d e f i n i t i o n  o f  o u r  model  a l l o w s  us  t o  w r i t e ,  

h h -1  

Xn+ h = min P a t Xn ' P a i Cn+l P l . . . . .  On+h_ 1 , t n §  

and ( 4 . 2 )  

h h -1  ( . . . .  . o  } 
Yn§ = min p a2 Y p a2 Dn + . . . .  p n '  1 ' "On+h- 1 ,Dn+h 

T h e s e  r e l a t i o n s  w i l l  h e l p  us  i n  e v a l u a t i n g  t h e  a b o v e  

c o v a r i a n c e  f u n c t i o n s .  O b s e r v e  t h a t  

a l  a I [ ( l - p h ) x  ] / ( l + x  ) 

Pr[Xn+h~X[Xn=Y] = 

I 

- h / a  1 
i f  x~yp 

- h / a  I 
i f  x>yp 

( 4 . 3 )  

Now 

E(Xn+hX n) = E[XnE(Xn+h[Xn) ] .  
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where  t h e  c o n d i t i o n a l  e x p e c t a t i o n  can  

( 4 . 2 )  as  _h/a i "  cx 

( l _ p h ) a l  0~ yp x l 
E (Xn+h IXn ; y )  = ( l§  ) 2 

The re  fo  r e ,  

h ~ 1 / a  l 
n u d CoV(Xn,Xn.h)  = ( l - p h )  E X n ( l §  

be  e v a l u a t e d  u s i n g  

[ ~ -h/at l+y  ] 
dx +yp �9 . 

l §  

- h / a 2 B  1 + p f t+~  , 1 - ~  7 ( 1 , 1 + ~  ; 2 ; l - p -  h 

- fF(1 +L ) F ( 1 - L  ) l  2 
l a I a i J 

= Y x x ( h ; a l , a l ) ,  s a y ,  

1 
where  F ( a , f l ; y , z )  = [ I / B ( f l , y - f l ) ]  $ t f l - l ( l - t ) Y - f l - l ( l - t z ) - a d t .  

0 

S i m i l a r  c o m p u t a t i o n s  show t h a t  

Cov(Yn,Yn§ h) = y y y ( h ; a 2 , a 2 ) .  

In o r d e r  to  compute  t h e  o t h e r  e l e m e n t s  o f  F ( h ) ,  we c o n s i d e r ,  

Pr[Xn>X,Yn+h>y] = 

h a 2 
l+p y 

a 1 h a 2 a 2 
( l+x  +p y ) ( l + y  ) 

, x>_O,y__.O. 

Using  t h i s  i t  can  be shown t h a t  

CoV(Xn,Yn+h) = ( 1 - p h ) p  h r( l+-  1 ) r (2-! )Bf  1+1 , 2 -1  1 1 
a t a i l a2  a l  a2J  

F(2 -1 , 1+1 ;3 -1  ; i - p b  
a I a 2 a I 
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1 1 f ,! . 2 A - !  ] + (I-ph)F(I+~)F(1-~) Btl 
l i a 2  a l  a 2 J  

F(1-I , l . l . ,  a-! ;1-ph) 
a I a 2 a 1 

-h/a2 h 
+ p p rCl§ )rCl§ )rCl-• -! ) 

a 2 a I a 1 a 2 

r C1+• )r(1-! ) rCl+! )r(1-~ ) 
a 1 a 1 a 2 a 2 

= ~ x y ( h ; a l , a 2 ) ,  s a y  

P r o c e e d i n g  a s  a b o v e  we a l s o  h a v e  

C o v ( X n + h , Y  n)  = Y x y ( h ; a 2 , a l ) .  

T h u s  t h e  a u t o c o v a r t a n c e  m a t r i x  

p r o c e s s  i s  g i v e n  b y  

r ( h )  = 

F x x ( h ; a l , a  1) 

Y x y ( h ; a 2 , a l  ) 

o f  t h e  s t a t i o n a r y  ARBP(1)  

Y x y ( h ; a l , a  2) 

F y y ( h ; a 2 , a  2 ) 

The  e x p r e s s i o n s  o f  Y x x ( 1 ; a l , a l )  a n d  y y y ( 1 ; a 2 , a 2 )  c a n  a l s o  b e  

o b t a i n e d  f r o m  Yeh e t  a l .  ( 1 9 8 8 )  f o r  a p r o p e r  c h o i c e  o f  

t h e  p a r a m e t r s  i n  e q u a t i o n  ( 2 . 4 )  

5. M u l t i v a r i a t e  g e n e r a l i z a t i o n  

I n  t h i s  s e c t i o n  we p r o v i d e  a b r i e f  d i s c u s s i o n  o f  

t h e  m u l t i v a r i a t e  e x t e n s i o n  o f  t h e  m o d e l s  s t u d i e d  i n  S e c t i o n s  

2 a n d  3.  The  r a n d o m  v e c t o r  ( X I , X  2 . . . . .  Xk) i s  s a i d  t o  h a v e  a 

k - v a r l a t e  s e m i - P a r e t o  d i s t r i b u t i o n  w i t h  p a r a m e t e r s  a 1, a 2 ,  

a 3 . . . . . .  a k a n d  p i f  

1 
P r [ X l > X l , X 2 > x 2  . . . . .  Xk>Xk] = l §  2 . . . . .  Xk ) ( 5 . 1 )  
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s u c h  t h a t  

I / a  i 1 / a  z 1/a  k 
~ ( X l , X  2 . . . . .  x k)  = p ~ ( P  x l , P  x 2 . . . . .  P X k ) .  (5.2)  

The  s o l u t i o n  o f  e q u a t i o n  ( 5 . 2 )  i s  g i v e n  by  

k a i 
I l l (Xl ,X 2 . . . . .  x k )  = ~. x i h i ( x i ) ,  

i=1  
w h e r e  h i ( x i ) ,  i = 1 , 2  . . . . .  k a r e  p e r i o d i c  f u n c t i o n s  i n  l o g  x .  

1 

2 ~ a .  
1 

w i t h  p e r i o d  -In------p ( c f .  K a g a n ,  L i n n l k  a n d  Rao ( 1 9 6 3 ) , p  1 6 3 ) .  

I f  h i ( X l ) _ = l ,  f o r  i - - 1 , 2  . . . . .  k ,  t h e n  we g e t  

1 
P [ X I > X l ' X 2 > x 2  . . . . .  Xk>Xk ] = a a ' 

l + X l i + X 2 2 §  +Xkk 

w h i c h  i s  t h e  s u r v i v a l  f u n c t i o n  o f  k - v a r i a t e  P a r e t o  r a n d o m  

v e c t o r .  

I f  we h a v e  n i n d e p e n d e n t  c o p i e s  o f  ( X l , X  2 . . . . .  X k ) ,  

we c a n  d e f i n e  t h e  c o m p o n e n t w i s e  g e o m e t r i c  m i n i m a  o f  r a n d o m  

v a r i a b l e s  a n d  t h e n  i t  i s  s t r a i g h t  f o r w a r d  t o  p r o v e  t h e  

m u l t i v a r i a t e  e x t e n s i o n  o f  t h e  T h e o r e m s  2 . 1  a n d  2 . 3 .  I t  i s  

a l s o  p o s s i b l e  t o  d e f i n e  a s t a t i o n a r y  k - v a r i a t e  P a r e t o  

p r o c e s s  { ( X l n , X 2 n  . . . . .  X k n ) ,  r ~ l }  b y  e x t e n d i n g  t h e  

d e f i n i t i o n s  ( 3 . 1 )  and  ( 3 . 2 ) .  H o w e v e r ,  we s k i p  t h e  d e t a i l s  

a s  t h e  c o m p u t a t i o n s  a r e  s t r a i g h t  f o r w a r d .  

A c k n o w l e d g e ~ n t |  The  a u t h o r s  w i s h  t o  t h a n k  t h e  E d i t o r  a n d  
t h e  r e f e r e e  f o r  t h e i r  s u g g e s t i o n s  w h i c h  l e d  t o  a n  i m p r o v e d  
v e r s i o n  o f  t h i s  a r t i c l e .  The  s e c o n d  a u t h o r  I s  g r a t e f u l  t o  
t h e  N a t i o n a l  B o a r d  f o r  H i g h e r  H a t h e m a t i c s ,  I n d i a  f o r  
f i n a n c i a l  s u p p o r t .  
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