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CHAPTER O
INTRODUCTION

The principal endeavour of this thesis is to
introduce the notion of fuzzy ordered fuzzy topological

space and to study its properties.

LotfisA. Zadeh's classic paper of 1965 opened up
a new area in modern mathematics, namely, Fuzzy Set Theory.
The roots of fuzzy sets can be traced back to the second
half of the nineteenth century, more precisely, to the
well known controversy between G. Cantor and L. Kronecker
on the mathematical meaning of infinite sets. Cantor was
for infinite sets and Kronecker refused to accept the
concept of infinite sets. R. Dedekind reacted in favour
of Cantor. A compromise between Kronecker's and Dedekind's
points of view could be described thus: A set S is completely
determined if and only if there is a decision procedure
specifying whether an element is a member of S or not. Using
naive set theory, this approach leads to characteristic
functions in the context of binary logic, whereas in the
case of many-valued logic this leads to the coqpept of
membership functions introduced by Zadeh. Therefére,
Kronecker's rejection of infinite sets and Dedekind's
defence of Cantor's set might have resulted in the advent

of fuzzy set theory.



Another source of fuzzy sets lies in the inherent
imprecision in human decision making, which was Zadeh's
main motivation. Since the very inception of the theory,
several people all over the world have explored its various

facets and a large number of results have been generated.

Fuzzy set theory has now become a major area of
interest for modern scientists. According to S. Mac Lane-

" Math Intelligencer Vol.5. nr. 4, 1983"

" ... The case of fuzzy sets is even more striking.

The original idea was an attractive one ... . Someone then
recalled (pace Lowere) that all mathematics can be based

on set theory; it followed at once that all mathematics
could be rewritten so as to be based on fuzzy sets. More-
over, it could be based on fuzzy sets in more than one way,
so this turned out to be a fine blue print for the publica-

tion of lots and lots of newly based mathematics."

Fuzzy set theory offers wider applications than
ordinary set theory. Besides, it provides sufficient
motivation to researchers to review various concepts and
theorems of mathematics in the broader frame work of fuzzy
setting. The manifold applications of fuzzy se£utheory

have permeated almost all spheres of human activity like



artificial intelligence and robotics, image processing
and speech recognition, biological and medical sciences,
applied operations research, control, economics and geo-
graphy, sociology, psychology, linguistics, semiotics

and quantum mechanics.

Binary relations play a vital role in pure mathematics.
The notions of equivalence and ordering relations are used
practically in all fundamental mathematical constructions.
They are being applied in modelling various concepts in
the field of psychology, sociology, linguistics, art, etc.
Many important models in decision making and measurement

theories are based on binary relations.

The theory of Ordered Sets is a rapidly developing
branch of mathematics, and ordered sets are abundant in
all branches of mathematics. Axioms defining the concept
of an ordered set are found in the work of C.S. Piere on
the algebra of logic in 1880. In 1890 such axioms were
studied systematically by Schroeder. These studies, also,
were carried out from the point of view of the needs of

logic.

It was R. Dedekind who first observed the frequent

occurrence of ordered sets in mathematics. In 1897 he



suggested that the theory of ordered sets has to be
treated as an independent autonomous subject. This
suggestion was later backed up by many an eminent
mathematician like, Hausdorff (Foundation of Set
Theory), Emmy Noether (Algebra), L. Nachbin and

S. Purish. Several others also studied ordered sets
rigorously and the theory has been enriched further by
introducing intrinsic topologies, i.e., topologies

defined purely in terms of order relations.

Order topology has been extensively studied by
Vaidyanathaswamy, G. Birkhoff, L. Nachbin, J. Van Dalen,
David J. Lutzer, H.R. Bennet, S. Eilenberg, M.E. Rudin,
S.A. Gaal, etc. Gaal has studied the continuity propert-
ies of functions whose domain and range are totally
ordered and endowed with the order topologies. In [Ga]
he discussed various properties of a totally ordered

topological space with least upper bound property.

The approach of fuzzy sets provides a very natural
basis for generalising the concept of order relations.
The theory of fuzzy order relations was initiated by
Zadeh [Zl]. In [Z,] he gave various aspects of fuzzy

binary relations, particularly of similarity relations



and fuzzy orderings. He defined the notion of

similarity as a generalization of the notion of equi-
valence relation. Fuzzy ordering on a set X was defined

as a subset of X x X by generalising the notions of
reflexivity, antisymmetry and transitivity. Since then,
several authors have studied fuzzy relations and orderings.
Among them, Sergei Ovchinnikov [01-04], M.K. Chakraborty,

M. Das [Ch-D, - Ch-D3], S. Sarkar [Cch-S], P. Venugopalan

1
[Ve], A.K. Katsaras [Kat], V. Murali [Mul, Mu2], S.K.Bhagat,

P. Das [Bh-D] and Marc Roubens [0-R] deserve special mention.

In order to introduce the properties of fuzzy binary
relations as in the classical case, we have to model basic
logical connectives as operations on the unit interval [0,1].
The general method is based on MAX. and MIN. operations as
models for logical connectives OR and AND and the negation
is represented by x ——> 1l-x. Recently, logical connec-
tives and operations on fuzzy sets have been defined by
means of triangular norms and conorms and general negation
functions. Fuzzy interval orderings and fuzzy orderings
of fuzzy numbers are of special interest in fuzzy set

theory and its applications.

The introduction of the idea of metric spaces by

Frechet in 1906 marked the beginning of a new discipline



called Set Topology. The works of people like Hausdorff,
Kuratowski, A. Tychonoff, A.H. Stone and Dieudonne, were

pioneering contributions to this area.

Fuzzy topology was initiated by C.L. Chang [Chan]
in 1968. After he introduced fuzzy set theory into
topology, C.K. Wong [WOl—WO3], R. Lowen [LOl-Loé], Bruce
Hutton [Hut], Hu Cheng-Ming [Hu], Goguen J.A. [Go],
Gottwald [Got], A.K. Srivastava [Sri-D, Sri-L] etc. have
studied different aspects of fuzzy topology. Here a fuzzy
topological space is detined as a crisp subset of the
fuzzy power set of a non empty set (crisp), which is
closed for finite intersection and arbitrary union opera-
tions and contains the largest and the smallest elements.
This fuzzy topology is generally called Chang's topology.
However, in [Lo-W] Lowen has defined fuzzy topology by
including all constant functions to the subset considered
in Chang's definition. This topology is termed as Lowen's
topology. Recently Hazra R.N., Samanta, S$.K. and
Chattopadhyay [Ha] introduced the idea of gradation of
openness (closedness) of fuzzy subsets and proposed a

new definition of fuzzy topology.

In this study we combine the notions of fuzzy order



and fuzzy topology of Chang and define fuzzy ordered
fuzzy topological space. 1Its various properties are
analysed. Product, quotient, union and intersection
of fuzzy orders are introduced. Besides, fuzzy order
preserving maps and various fuzzy completeness are
investigated. Finally an attempt is made to study the
notion of generalized fuzzy ordered fuzzy topological
space by considering fuzzy order defined on a fuzzy

subset.

QOur approach is distinct from those of the earlier
authors like A.K. Katsaras [Kat], R. Lowen [Lo6] and
P. Venugopalan [Ven]. Katsaras has defined a fuzzy
topology on a crisp ordered set and investigated its
various properties analogous to the work of Nachbin [N].
Lowen studied ordered fuzzy topology on the real line.
He put forward a new definition of fuzzy real line and
observed that it was the order of R , and not the topology,
which determined the fuzzy real line. Venugopalan's
definition of fuzzy order was different from ours. He
considered a special type of transitivity and introduced
‘the fuzzy interval topology on a fuzzy ordered'gét (P,un)
generated by the fuzzy sets P ~_ Ve, P_Td for e,d



fuzzy points of P as subbasic open sets, where e=x

is a fuzzy point of P.

Lel(y)
and /Pe(y)

[p(y,x) +x-1]1V 0

[pix,y) +2-1]1V O

We now give the summary of each chapter.

The thesis comprises seven chapters and an

introduction to the subject.

Chapter 1

Preliminary definitions of the terms, like fuzzy
topology and fuzzy ordering, required for the later
chapters are given in chapter 1. The valuation set of
every fuzzy set is taken as the unit interval [0,1] and
the Chang's definition of fuzzy topology is followed
throughout. Also we stick to strict partial ordering R
on X satisfying irreflexivity, i.e., for x # vy;

R(x,y) # R(y,x), and max-min transitive,

i.e., R(x,z) % VIR(x,y) A R(y,z)], x,y,z € X. Besides,
Y

the algebra of fuzzy sets and various other definitions
of reflexivity, antisymmetry and transitivity are also

discussed.



Chapter 2

The notion of fuzzy ordered fuzzy topological
space (X,PR) on a foset (X,R) is introduced in the first
section. It is proved that every fuzzy order R defined
on a set X determines a total order £ as x<y iff
R(x,y) > R(y,x) and the corresponding order topology on X
is denoted by T,. It is found that the associated topology
2 (FR) of Fp contains T, . An example in which this
inclusion is strict is provided. Also the fuzzy topological
space (X,F) defined by taking all lower semi continuous
functions and (X,F,), the fuzzy ordered fuzzy topological

space are compared.

In section 2 we recall several detinitions of
interval topologies in the crisp sense and their fuzzy

analogues are proposed.

Chapter 3

Chapter 3 begins with the product of strong fuzzy
orders. An example showing that the product of fuzzy
orders, if they are not strict, need not be a fuzzy order
is given. It is shown that the product of crisp orders
induced by tuzzy orders is the same as the induced crisp

order of the product of fuzzy orders.
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Quotient spaces are analysed in section 2.
Certain maps from X to X/~ , (X, T¢ ) to (X/~/, I<)
and (X, L(F )) to (X/~ , L(F )) are proved to be

quotient.

In section 3 union of fuzzy orders is considered
and it is proved that the union of strong fuzzy orders
Ry, i € A defined on X is a strong fuzzy order iff
Ri(x,y) A Rj(y,x) =0, i#£3j, x# y. Intersection

of fuzzy orders is also mentioned.

Finally, certain aspects of tfuzzy ordered sub-
spaces are discussed in section 4. Let Y be a subspace
of a foset (X,R). Then a fuzzy order Ry is defined on Y
and it is proved that FRY = FR/\ Y and L(FRy)= Q(FR)HY;

where FR and FRY are the fuzzy ordered fuzzy topological

spaces on X and Y respectively and L(FR) and l(Fay)

are their corresponding associated topologies.

Chapter 4

Certain separation properties of the fuzzy ordered
fuzzy topological space are discussed in chapter 4. It

is proved that the fuzzy ordered fuzzy topological space



11

(X,FR) is fuzzy T,. Also, when R is strong (X,FR) is
found to be fuzzy Hesusdorff. If R is not strong the
notion of weak fuzzy Hausdorffness is introduced and

(X,FR) is found to be weak fuzzy Hausdorff.

Chapter 5

This chapter consists of a brief analysis of
fuzzy order preserving maps. Two types of fuzzy order
preserving maps between fuzzy ordered fuzzy topological
spaces are defined. It is proved that a bijective strict
order preserving map is a fuzzy homeomorphism. Also the

X

set Y© of all maps from X to Y, when Y is a strong fuzzy

ordered set is made a strong fuzzy ordered set. Natural

A\ A A
monoid homomorphisms between Y, (X, Y) and between X x Y,

A
(X, Y) are obtained.

Chapter 6

In this chapter various characterizations of fuzzy
ordered completeness are considered. In particular, least
upper bound property, greatest lower bound property,

Didekind completeness and Cantor completness are discussed.
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Chapter 7

An extension of the definition of fuzzy order
defined on a crisp set to fuzzy order defined on a
fuzzy set is the chunk of the final chapter. The
notion of the generalised fuzzy ordered fuzzy
topological space, defined by means of a generalised

fuzzy order is introduced as well,

The author does not claim that the study made
in this thesis is a complete exposition in all respects-
rather, there are various problems connected with the
work done here, worth investigating. As is often found,
any investigation opens up new areas for further

exploration.



CHAPTER 1

PRELIMINARIES

1.0 Introduction

In this chapter we give a concise account of the
preliminary definitions and results required for thne

forthcoming chapters.

Let X be a set and A be a subset of X. A is
completely determined by the elements belonging toit.
This belongingness or membership of elements can be
described by means of the characteristic functions

'31(3‘ : X —> [0,1] defined by

1 if x e A

X (x)

= 0 otherwise

-
.
o
>

Il

{(x, 3%(x)) | x € X}

Here {O,l} is called the valuation set or membership set.
For a classical or crisp set the membership (non membership)

of element is abrupt and its boundary is rather rigid.

It is worth considering the membership of elements to
be gradual rather than abrupt. This can be achieved by
extending the valuation set{(),l} to the unit interval

I = [0,1]. This is the basic characteristic of a fuzzy set.
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l.1 Fuzzy Set

We now give a precise definition of fuzzy set

and discuss the basic operations of fuzzy sets.

l,1.1 Definition

Let X be a set and I = [0,1]. Then a fuzzy set p
in X is a member of IX, the family of all functions from

X to I.

p(x) is the membership value of the membership

function af Xe

Obviously, a fuzzy subset is a generalised subset

of a crisp set.

If an arbitrary set L is taken as the valuation

set instead of I, we get an L-fuzzy set [Go].

If L has a given structure, such as lattice or

group structure, then LX, the family of all L-fuzzy sets

in X will also have this structure.

If (pi)‘eA, is a family of fuzzy sets in X then
i

Sup g (or\Vv

pi) is a fuzzy set p in X defined by
ien ien



1%

p(x) = i:e\ {ui(X); x € X§

The fuzzy set inf pi(or VA pi) is defined analogously,
ieA i€EAN

However, unless otherwise stated the valuation set is taken

as I = [0,1] for defining fuzzy sets throughout this thesis.

1.1.3 Definition

If p is a fuzzy set in X then the crisp set
by = §lx € X|u(x) > 0} is called the support of p. Also,
a point p € X belongs to a fuzzy set p if p(p) = 1.

l.1.4 Algebra of fuzzy sets

Let By and Ko be two fuzzy sets in X. Then,

i) by C By iIff pl(x) < p.2(x) for every x in X

... (inclusion)

ii) By = By iff py(x) = p2(x) for every x in X

«.. (equality)

iii) Union of W;3 1 €A is the fuzzy set U W
ien 1

where U (x) = V {p.(x)|x € x

jen M1 ie/\{ 1 ()| }



16

iv) Intersection of p.; i€A is the fuzzy set /) Ty
1 jen 1

where QA py(x) = i/e\A{pi(X)lx € X}

v) The complement of p is the fuzzy set p'

where p'(x) = 1-p(x) for every x in X.

l.1.5 Definition

If pl(x) + p2(x) > 1, then p, is quasi coincident

with o

1.2 Fuzzy Topology

According to C.L. Chang [Chan] the definition of

fuzzy topology is as follows.

l1.2.1. Definition

Let F be a family of fuzzy sets in X, satisfying

the following axioms.

i} 0,1 € F
ii) If p.€ F for every ie/\ then sup pu, ¢ F
iii) If w; and pu, € F then uAp, € F,
then F is called a fuzzy topology for X énd the

pair (X,F) is a fuzzy topological space (fts for short).
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Members of F are called F-open fuzzy sets, (or simply

open fuzzy sets) and their complements are F-closed fuzzy

sets (or closed fuzzy sets).

In this thesis, Chang's definition of fuzzy topology

is followed.

1.2.2. Definition

Let (X,F) be a fts. A fuzzy set p € F is a neighbour-

hood of a fuzzy set B in X iff there exists € F such that
pcdc p.

Clearly, p is open iff for each fuzzy set B contained

in 4, ¢ is a neighbourhood of 8.

1.2.3 Definition

Let (X,F) be a fts. The closure p of a fuzzy set p
in X is defined by

P o=N{eledu, B'€F;

The interior po of p is defined by

b =U{Bl8 C u, B ¢ F} -



18

l1,2,4 Definition

Let F be a fuzzy topology. A subfamily & of F
is a base for F iff each member of F can be expressed

as the union of some members of & .

A subfamily & of F is a subbase for F iff the
family of finite intersections of members of & forms

a base for F.

l1.2.5 Definition

A mapping a:(X,Fl) —> (Y,Fz) is called fuzzy
continuous iff for each p € F, we have a-l(p) € Fp,
where a-l(p) = [ da.

In a fts (X,F), a subset of X is either open or
not open. Recently a new definition for fuzzy topology
has been proposed [Ha] assigning different grades of

openness to the fuzzy sets in X. It is as follows.

l1.2.7 Definition

X

Let X be a nonempty set and T : I —> I. Then

(X, T) is called a fts provided
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i) T(o) =T(1) =1

iii) ’C(pi) > 0; ieA, implies T ( U p.i) > 0.
ieA

Apparently, Chang's topology is a special case of
this topology.

1.2.8 Definition

Let (X,T) be a topological space and I = [0,1].

A function f: (X,T) —> I is lower semicontinuous

-1

(1sc for short) iff for each a € I, f (a,1] € T.

Constant functions are lsc and the characteristic

function of a set A in X is lsc iff A is open.

In [Lol] R. Lowen gives a natural association between
fuzzy topology and a given topology which is put in the

following definition.

1.2.10 Definition

Given a fts (X,F), let ‘Q(F) be the smallest topology
on X such that every member p in F is lsc. Then /((F) is
called the associated topology of F.
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Conversely, given a topological space (X,T)
if F.r denotes the set of all 1lsc functions on X with
regard to T, then (X,FT) is a fts.

1.2.11 Note

If a given fuzzy topology F is the same as the
one obtained by taking lsc functions with regard to

some topology T for X, then, we say that F. is topologically

generated.

1,3 Fuzzy Orderings

1.3.1 Definition

Given a nonempty set X, a binary relation '<' on X
is called a strict partial order on X if it has the follow-
ing properties.

i) irreflexivity i.e., the relation x< x never holds

ii) antisymmetry i.e., for xfy, x<y and y<x together
never hold

iii) transitivity i.e., x<y and y< z then x< 2z

In addition to these conditions if the fourth condition
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iv) comparability i.e., for every x and y for which
x £y, x4y OF y<x is also satisfied, < is called

a total (or linear) ordering on X.

1.3.2. Remark

Let '¢' be a strict partial order on the set X.
Associated with this strict partial order, we define '
on X as x £ y if either x<{y or x=y. Then the relation '¢'
is called a partial order. Thus every vartial order
determines and is determined by a strict partial order.
There are many authors preferring to deal with strict

partial orderings rather than partial orderings.

In this study we stick to strict partial orderings

satisfying irreflexivity, antisymmetry and transitivity

unless otherwise stated.

In [22] Zadeh had defined a fuzzy order R on a

crisp set X as follows.

1.3.3 Definition

A fuzzy binary relation R from X x X —> I is a

fuzzy order on X if R satisfies the following: _

i) reflexivity i.e., R(x,x) = 1 for every x € X
ii) antisymmetry i.e., For x#y, R(x,y) # R(y,x)
iii) Max-min transitivity i.e.,

R(x,z) > V [R(x,y)AR(y,2)], x,yY,z € X.
Y
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A number of other definitions for reflexivity,
antisymmetry and transitivity can be seen in the

literature. Mentioning a few of them,

1.3.5 Reflexivity

A fuzzy binary relation R defined on X is

a) reflexivie iff R(x,x) > O for every x € X, [Ven]
b) €-reflexive iff R(x,x) » € for every x € X, [Ye]

c) Weakly reflexive iff R(x,x) » R(x,y), for every
x,y € X [Ye]

d) irreflexive iff R(x,x)=0 for every x € X [22].

1.3.6 Antisymmetry

A fuzzy binary relation R defined on X is anti-

symmetric iff

a) for x#y, R(x,y)
R(X’Y)

R(y,x) implies that
R(y,x) = 0 [Kau]

b) R{x,y) + R(y,x) > 1 implies x=y [Ven]

c) Min {R(x,y), R(y,x)}: O for every x,y € X [O—R],and
d) perfectly antisymmetric iff for x # v,
R(x,y) > O implies R(y,x) = 0; x,y € X [2,].



23

1.3.7 Transitivity

Instead of max-min transitivity, several other

types of transitivities; - *, where x*y is given by

i) xAy = max (o, x+y-1) — (bold intersection)
ii) xoy = %(x+y) —— (arithmetic mean )
iii) xvy = max(x,y) —— (union)

iv) x¥y =  x+y-xy —— (probabilistic sum)

have been used [B-H].

1.3.8 Remark

According to M.K. Chakraborty, [Ch-S] a fuzzy binary
relation R is called fuzzy weak ordering if R is reflexive,
transitive (as given in [l1.4.3]) and for every x,y € X;
xZy, R(x,y) V R(y,x) > O and fuzzy strong ordering if R
is also antisymmetric. (i.e., for x#£y R(x,y) # R(y,x),

X,y € X).

However, we define a fuzzy order and a strong fuzzy

order as aiven below:

1.3.9 Definition

Let X be a nonempty crisp set. A fuzzy order R

defined on X is a fuzzy binary relation, i.e., a fuzzy
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subset of X x X which 1is

i) irreflexive i.e., R(x,x) = O for every x € X
ii) antisymmetric i.e., for x#y R(x,y) # R(y,x)
iii) transitive i.e., R(x,z) » V[R(x,y)AR(y,z)]

Y
X,Y,2 € X.

1.3.10 Definition

R is a strong fuzzy order if it 1is irreflexive,
transitive and perfectly antisymmetric (i.e., R(x,y) > O
implies R(y,x) = 0, for x £ y). Clearly every perfectly
antisymmetric relation is antisymmetric and thus every

strong fuzzy order is a fuzzy order.



CHAPTER 2

FUZZY ORDERED FUZZY TOPOLOGICAL SPACE

2.0 Introduction

This chapter is devoted mainly to introduce the
notion of fuzzy ordered fuzzy topological space defined
on a fuzzy ordered set, and to study its various proper-
ties. It is proved that the associated topology of the
fuzzy ordered fuzzy topology contains the order topology
defined by the crisp order induced by the fuzzy order.
Moréover, an example is provided in which this inclusion
is strict. Besides, some other results regarding the
fuzzy ordered fuzzy topology are also obtained. Also,
several fuzzy interval topologies are proposed in the

second section.

2.1 Fuzzy ordered fuzzy topological space

Let us now prove that every fuzzy order defined

on a set determines a crisp order.

2.1.1 Result

Every fuzzy order R defined on a nonempty set X

determines a crisp order '<£ ' on X as

x <y iff R(x,y) > R(y,x); x,y € X.
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Proof

i) Clearly < is irreflexive
ii) < 1is antisymmetric, as if x<y and y< x

hold simultaneously then,
R(x,y) > R(y,x) and R(y,x) > R(x,y)
which is impossible.
iii) £ 1is transitive.
For, if x<vy and y<z then,

R(X1Y) > R(Y,X) and R(Y’Z) > R(Z’Y)

Since R is transitive,

R(x,Y) > R(x,z)AR(z,y)
R(x,z) > R(x,y)AR(y,z)
R(y,x) > R(y,z)AR(z,x)
R(z,x) > R(z,y) AR(y,x)

R(z,y) > R(z,x) AR(x,y)

Also, R(x,y) # R(y,x)
R(x,z) # R(z,x)

R{y,z) # R(z,y)

and R{x,x) H(Y}Y) = R(z,z) =0
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Simple calculations show that
R(x,z) > R{z,x)
Therefore x<z and hence < is transitive and

< is a crisp order on X.

2.1.2 Remark

< is clearly a total order. The order topology
induced by £ on X is denoted by T_.

Fuzzy ordered fuzzy topological space is defined on

a foset as follows.

2.1,3 Definition

Let (X,R) be a foset. For each a € X define the

fuzzy sets By and aP as;

ba(x) = R(a,x)

ap(x) = R(x,a), for every x € X.

If X does not possess either the largest element or the

smallest element, then the fuzzy topology on X with

{ua"a“’ 1-p - ?Ca’ 1 - _u- 7<a; where a varies in X} (*)

as subbasis is called the fuzzy ordered fuzzy topology

induced by R on X, and is denoted by FR.
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The pair (X,F,) is called the fuzzy ordered fuzzy

topological space.

When X has the largest elementf(in the induced
order £), we include (szlp) and (1‘*‘1) to the element
in (*) with a # £.

When X has the smallest element s (in the induced
order< ), (PS \V/ p.s) and (1 — Sp) are included to the
elements in (*) with a # s. Recall that P, is the

L
fuzzy point with value 1 and support L.

2.1.4 Theorem

Let (X,F,) be a fuzzy ordered fuzzy topological space
and E(FR) be its associated topology. Let R induce a
crisp order £ on X as in [2.1.2] and T, be the order

topology defined by <. Then, ,Q(FR) contains T_ .

i.e., Given (X,Fg) > (X,<)

x, Udr)) =2 . x,1)

Proof:
A typical open set in T, 1is one of the forms (a,b),
[s,b) where s is the smallest element in X or (a,L] where

2 is the largest element in X and a,b ¢ X.
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Now,

(a,b) = $x € X|a<x<b; a,b € X}

{xéX [R(a,x) > R(x,a) and R{(x,b) > R(b,x)}

{ x Glea(x)>ap.(x) and bp(x) > ub(x)}
{xexlp,(x) > w0} N fxex| px) > p (x)}
Kg [{xexlpa(x) > t}ﬂ{xexlt > ap(x)}]

ﬂLtJ [{xex|p(x) > t}ﬂ{xexlt > ub(X)}]

Lg [{xex]p (x) > t}n{x €X| (1= p- X)(x)>1-t}]
ﬂLt) [{xex]gp(x) > §N{xex| (1-p~ %) (x)>1-t}]
€ L)

If s is the smallest element,

[s,b) {x € X|sLx <}

x exlséx}ﬂ {x €X|x<b}
[{s} U {xeX|[s<x} ] N {x€X|x<b}

H

[{s} U $xe X|R(s,x) > R(x,s)}]
N[ {x € X|R(x,b) > R(b,x)}]
But {s} U {x € X|R(s,x) > R(x,s)}
= {sjU{x ¢ le,s(x) > sp'(x)}
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]

$sTU (Lt) [{x€X|ug(x)>t3N fx €X] (1-_p) (x)>1-1}])

L;C) [{xex]| (P Vi) (x)>t}N {x eX] (1-p) (x)>1-t}]
€ L(rp).

If £ is the largest element,

(a,8] = jxex|a<x4L}
= {xex|a<x<13U Y
= [{xex|a< x} N {xex|x<}1U{L}
= §xe X|R(a,x) > R(x,a)}

M [{xeXIR(x,Y.) > R(l,x)}U{Q}] since R(a,Z) > R(¢{,a)

But {xeXIR(x,X_) > R((,x)} Uity

= {xeX| pulx) > uZ(X)}U{Q}

= \g [{xex|p(x>t3N{xex]| oy ()FIUIL

Li [§x X[ (PV g ) (x)>80{(1-p, ) (x)>1-4]]
€ L(F).

Therefore, Q(PR) contains T,.
The following is a nontrivial example illustrating

the case where zQ(FR) = T¢.
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2.1.5 Example

Let X = (0,1)

R(x,y) =1 if vy
=% if x
=3 if x
=0 if y

>

<

N

1
5 <y < x

1 -
X= %5 Oor X=Y

The induced order < on X is given by

x<y iff R(x,y) > R(y,x).

R(X’Y) > R(Y,X) iff

i) R(x,y) =1 and

or ii) R(x,y) =1 and

or iii) R(x,y) =1 and
. 1

or iv) R(x,y) = 5 and
1

or V) R(x,y) = 5  and
. 1

or vi) R(x,y) = 7 and

Now,

i) holds iff y > x + =

possible.

R(y,x) = %
R(y,x) = %
R(y,x) = 0
R(y,x) = %
R(y,x) =0
R(y,x) = O.

2

and y<x{y+

1
2

which is not
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ii) holds iff y > x + 3 and y - 5 < x < y

which is also not possible.

iii) holds iff y > x + % and x=y or x§ Yy - %,
X 1
1.y x+ 3 < v.
. . 1 1
iv) holds iff x ¢ y{ x+5andy -5 < x <y
i.eey, x <y < x + % .
. 1 1
v) holds iff x < y £ x + 5 and x £ y = 5 Or x=y
i.eo, Y=X+% 3
. . 1 1
vi) holds iff x - 5<y<xand xK vy - 5

or x=y which is not possible.

Hence x<y iff x + % Cyor x<y<x+ % Or ¥ = X + % .

The induced order topology T, has a typical open set,

(@,b)) = {xeX|a<x<b}

= {xeX|a<x} N {xeX[x<b}

=$x€xX]a < x < a+ 3INIxex]|xoixt 5}
or §xex|x = a+33N{xex|b = x + 5 }

or {x€X|a+%<x}ﬂ{xexlx+%<b}. _
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= {a, &+ 2000 - 3,03 Uis, a+ 21N - 333

Uia, a+ 500, b -DIU + 31N (b - 3,0 )]

Uffa + 330 - 33 O{f + 33010, b - 33

Ufta + 2,100 - 2,000+ 3,1) o - 33}

Ufa + 2,11 N [0, b - 3)3.

(b -3 a+3Ufb-3}Ua,0 -3 )W a+ 33

1 1 1
U( b-§’l ]U(a""i'y b"i’ )
Here {%} is not open and all other points are discrete.

Now as X has neither the largest nor the smallest

element, the fuzzy ordered fuzzy topology FR has the

subbasis §u,, u, (1-p,= X)) (1-u-%K)[a € x}.

The corresponding associated topology E(FR) is generated by

{p,a-l((),l], Pa-l(%yl]v P;l(%ylly bp-l (O’l]

bu-l(%9l]9 bu-l(%olly (l"Pa’ xa)—l (Ovl]
(1- py= X )7 (3,11, (L-p- %)™ (3,11 (1-u-%)"F (0,1]

(1-pp- ocb)‘l ( %,1], (1—bu-'>fb)'l (%,l]; a,b € X}
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Here also {%} is not open and all other points are

discrete.

Hence Q(FR) is the same as T_.

However the following example shows that —R(FR) is
not always the same as T_, .
2.1.6 Example

X = NU{0}

R is defined as

R(n,o0) = 1
R(o,n) = 0 for every n = 2m+1l, (m=0,1l.2,...,)
R(2m,2n+l) = O R(o,2m) = 1
R(2m,o) =0

R(2n+1,2m) = % for every m = 1,2,...,
R(2m+1l, 2n+l) = O
R(2n+1,2m+l) = % for every n<m
R(2n,2m) =0
R(2m,2n) = % for every n<m

0

R(m,m) for every m-€ X -
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The induced order £ is given by

x<Ly iff R(x,y) > R(y,x)
Thus, K3 ... <0< ...< 6442

In the induced order topology T, {O} is not discrete

and all other singletons are discrete.

Now, in the associated topology K(FR)

pi_l(%,l] = Ix €X|R(1,x) = 1}‘
= {0}
i.e., {0} is open in B(FR)

Hence the i(PR") is different from T,.

2.1.7 Remark

However if X is a finite set then X,(FR) coincides

with T, as the discrete topology.

2.1.8 Remark

A necessary and sufficient condition for these two

topologies to be equal is yet to be obtained.

In the following result we compare the fuzzy topologies.
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2.1.9 Result

Given a foset (X,R), let the fuzzy order R define
a crisp order £ as in [2.1.2]. Let F be the set of all
lsc functions on X with regard to the order topology T,.

Then the fuzzy ordered fuzzy topology FR contains F.

i.e., Given

(X,R) > (X,<)
(X,Fg) 2D (X,F) <—— (X,T )
Proof:
Let peF. Then p is lsc with regard to T, .
-1

ioeo, p. (t,l] = UBi, Bie T‘

where B, = (ai’bi) or [s,bi) or (aiﬂ.]
s, L being the smallest and the largest elements

of X (if any) respectively.

Now, {x€X|x ¢ (ai’bi) = Ae((%,l) [{x €X|p.ai(x) ?A}

N {xex| (1-pp =25 ) (0>1-24]5 a;,b; € X
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{xex|s< x<Db,} [{x €xX]s<x}U {s}]

N{x eX|x<b;3

xeX](P V) (x)>t]N{x eX| (1~ p)(x)>1-t}
OQ[(PSV b) (x> 23 O fxex| (l—p.bi— 'xbi)>1— »}]

and {xeX|a L x L= €X|a |a < x}N [xeX]|x<LIU#3)

= [(;){xexluai(x)»\} N §x éXI(l—aiu-'Xai)(x))l—A} ]
N [frex] (B V u ) (x)>2} O {x eX|RV (1-py) (x)>1-2} ]
In each case it is open in (X,FR).

Hence (X,FR) contains (X,F).

Next we observe that the trivial fuzzy order R defined on

a linearly ordered set (X,<) as

R(x,y) = 1 if x<y

O otherwise, determines the 'e‘(FR)

same as the induced crisp order topology.

2.1.,10 Result -

Given a linearly ordered set (X, <)
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define R : X x X —> [0,1] by

R{x,y) = 1 if xy

0O otherwise

Then R is trivially a fuzzy order and z@(FR) coincides
with T<.

i.e., Given

(X,<) > (X,R)

l l

(X,T¢) = (X, £(FR)) € (X,Fy)
Proof: Trivial.

Also it can be proved that for this trivial
fuzzy order, the fuzzy ordered fuzzy topology is the
same as the fuzzy topology defined by taking all lsc

functions on X, with regard to the order topology T<

on X.

2,1.,11 Result

Given an order < on X and let it deterﬁine a
fuzzy order as in [2.1.10]. Let F be the fuzzy topology
on X defined by taking all 1lsc functions on X. Then (X,F)
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coincides with (X,FR).

i.e.,
Given
(X,<) > (X,R)
(X,T¢) —> (X,F) = (X,Fg)

Proof: From {2.1. 9] we get F C Fp

Now, to prove FR C F.

F = all lsc functions on (X,T<)

= all lsc functions on (X, X.(FR)); since T = E(FR)

by [2.1.10]

L(FR) is the smallest topology such that all
functions in FR are lsc and F is the set of all lsc functions

with regard to l(FR).

Therefore, FR CF

Hence equality.
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2.2 Fuzzy Interval Topologies

Interval topologies have been defined in several
ways in the crisp case. In this section, we recall some
of them and propose the corresponding fuzzy translations.
However, in our later discussions we pursue only the

fuzzy ordered fuzzy topology that has been introduced in

[2.1.3].

2.2.1 Definition [Bi]

The interval topology on a partially ordered set X
with bounds O and 1, is defined by taking all closed

intervals [a,b] as a subbasis for closed sets.

2.2.2 Definition [Ga]

Let X be a linearly ordered set. The family of all
intervals [a,b); a,b € X and [a, + »); a € X is a base
for open sets of a topology called the right half open
interval topology. Similarly the left half open interval
topology has a base consisting of the left half open

intervals (a,b]; a,b € X, (=o,b]; b € X.

2.2.3. Remark

The half open interval topologies are finer than
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the order topology with subbasis consisting of the
intervals of the form {x|x>a} and {x|x<a3}; aeX;
and the order topology is finer than the interval

topology given in (2.2.1).

For,

the open interval (a,b) can be expressed in the

form,

(a,b) = (){[a,b)la < a ¢ b}
ui(a,8lla ¢ B < b}

Therefore, the half open interval topologies are finer

than the order topology.

Also, all closed intervals [a,b] form a subbasis for

the interval topology.

Now, the complement of [a,b] = (-~ =,a)U (b,x).
Therefore, the order topology is finer than the interval

topology.

We now propose the fuzzy translations of these

interval topologies.

The following definition is the fuzzy translation

of the interval topology given in (2.2.1).
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2.2,95 Definition

Let (X,R) be a foset, with bounds O and 1.
The fuzzy interval topology of X is defined by taking
{}—pa, 1- apla € X} as subbasis for fuzzy closed sets,
where pa(x) = R(a,x), ap(x) = R(x,a); x € X.

2.2,6 Remark

This definition of fuzzy interval topology is
a special case of the definition of fuzzy interval

topology proposed by P. Venugopalan as given below.

2.2.7 Definition [Ve]

Let (X,R) be a foset. The fuzzy interval topology
on X is defined to be the fuzzy topology generated by the

fuzzy sets X N\ Jle, X\ Td as subbasic open sets. Where,

Ye(y)

td(y)

[R(y,x) +x~=l] VO

1

[R(x,y) + p-1] VO

where e = xA , d = xp are fuzzy points of X.

Note that when A= p = 1, then, definitions (2.2.%5) and
(2.2,7) are the same.

The half open fuzzy interval topologies are defined

nowe.
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2.2.8 Definition

Let (X,R) be a foset. The fuzzy topology
generated by {l-ap, l-pa—fXala € X} is called the right
half open fuzzy interval topology on X. Similarly, the

left half open fuzzy interval topology is generated by

{l—— a# ——-7% y 1 —— Hy | a € X} .



CHAPTER 3

PRODUCT AND QUOTIENT SPACES

3.0 Introduction

In this chapter we discuss product of fuzzy orders
first. It is proved that the product of two fuzzy orders
is again a fuzzy order if the orders are strong. Also it
is shown that the induced crisp order of the product of
strong fuzzy orders is the same as the product of the

crisp orders induced by the strong fuzzy orders.

Secondly, let '«~' be an equivalence relation defined
on a foset (X,R). Then the quotient space with regard to
the eguivalence relation »~» is made a fuzzy ordered set,
provided R is compatible with ~s. Also various quotient

maps are analysed.

Finally union and intersection of fuzzy orders are

discussed and fuzzy order defined on a subset is considered.

3.1. Product of fuzzy orders

Let us recall the definition of a strong fuzzy order.
Any fuzzy relation R defined on X is a strong fuzzy order

if it is irreflexive, i.e., R(x,x) = O for every x e X,
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perfectly antisymmetric, i.e., for x # v,
R(x,y) > 0 =>R(y,x) = 0 and transitive. i.e.,
R(x,y) » V [R(x,z) A R(z,y)].

YA

The product of fuzzy binary relations is defined

as follows.

3.1.1 Definition

Let R, be a fuzzy relation in X for each a€eN .

Then, the product of fuzzy relations Ra,]T'Ra is defined
as the relation on TTXa by

TR (%, 7) = inf Ry(xgv,)
where, x = (x_) and y = (y,)
aeA aeA

3.1.2 Remark

Note that this will in some sense coincide with the
definition of the fuzzy subset ‘T[Ra of TT(Xa X Xa) when
the product TTua of subsets p  of X  is defined as
TTha() = A #elxy)-

Throughout this section we let a vary in the indexed

set N\ .
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The following result shows that the product of

strong fuzzy orders is also a strong fuzzy order.

3.1.3 Result

TTRa is a strong fuzzy order onTrXa, where each

R is a strong fuzzy order defined on Xa.

Proof:

i) TIR, is irreflexive
as TTRa(§,§) =g4>Ra(xa, xa) = 0, for every

X = (xa) element of TTXa’
aeA

ii) TTRa is perfectly antisymmetric
For;
for x # Y iﬁTTXa
if TIR (X,¥) > 0

i.e., Ra(xa,ya) > 0, for every a.
then Ra(ya’xa) = 0, for every a

i.e.:rrRa(?, x) =0

I
o

Therefore, [IR (X,¥) > O implies [[R_(7,%) =
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iii) ]TRa is transitive, as,

V Tk (3,5 A TR (Z,9)]
VA

[ /(} Ra(xayza)/\ /E\RB(ZB’YB))

]
<

Il
N 1<

[ /\{Ra(xa’za) A Ra(za"/a)}]
a

€ /c;\ [\_E/ Ra(xayza)ARa(zarya)]
\< /a\R(l(xa’YCI)

= WRQ(; ’?)

S TRGGD 5 VTR, GGDATIR ()]
ya

X = (xa) , ¥ = (ya) and z = (za) are elements ofl|X .
a€A aeA aeA a

3.1.4 Remark

However, if R and S are just two fuzzy orders then R x §

need not be a fuzzy order. -
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3.1.5 Example

Let R and S be two fuzzy orders defined on

X = {A,B} and Y = {a,b} respectively as given below.

Table-1

- e
>
w
0
v
o

(0]
o
N
(@)
o
(@]
@
O

R x S is defined on X x Y as

Table-2
RxS (A,a) (A,b) (B’a) (B’b)
(A,a)| © 0 0 0.2
(A,p)| © o - 0.8 0
(B,a) | © 0.2 0 0
(B,b) | 0.2 0 0 o)

Here (R x S) is not antisymmetric, as

(R X S) ((Aya),(B’b))
and (R x S) ((B,b),(A,a)) =

| Il
o O
NN
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In the following result we prove that product of
crisp orders incduced by fuzzy orders is the same as the

induced crisp order of the product of fuzzy orders.

3.1.6 Result

Let Ra be a strong fuzzy order defined on Xa' Let

<z be the crisp order induced by R on X, as in [2.1.2]
a

and let the prccuct fuzzy order TTRa induce <'ﬂR or TTXa by
a

X < TR y iff TR (X,¥) > TR _(V,%)

where X = (x.)

o and y = (ya)a are points of ]Txa.

g e €A

R .

Then, <fig = Ti<
a a

Proof:

Assume that X Mr Y

a
Then, TR (x,y¥) > TR (V,%)
l.€., QRa(xa,Ya) > /g RB(Yﬁ’xﬁ)
S AR (x ,y. ) > O in which case
a ¢ a’’a
each Ra(xa.ya) > O so that Ra(ya’xa) =0

i.e., Ra(xa’ya) > Ra(ya’xa) for every a.



i.e., X, <R Yo for every a.
a

L. x IM<, v.
R(l

Retracing the steps we have

Ra y implies x (.“Ra Y+ Hence equality.

3.2 Quotient Spaces

Let (X,R) be foset and '~ ' be an equivalence
relation defined on X (i.e., —~ is reflexive, i.e.,
x ~x for every x € X, ~~is symmetric, i.e., X~y=>y~ x,
and -~ is transitive. i.e, X~y and y~2z = x~2z,
X,¥,zZ € X ). First we forward a necessary and sufficient
condition for the compatibility of R with ~ and make the

quotient space X/~-, fuzzy ordered.

3.2.1 Definition

Let (X,R) be a foset in which an equivalence
relation '~~' is defined. Then R is said to be compatible
with ~ iff a ~c and b~d =» R(a,b) = R(c,d), a,b,c,and
d & X.

3.2.2 Result

Let X be a nonempty set and '~ ' be an equivalence
relation defined on X. Let X/~  be the quotient space

consisting of the equivalence classes [x] for every x € X,
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where [x] =43y eX]x~y}. Let R be a fuzzy order
defined on X compatible with ~ . Define a binary

fuzzy relation R : X/~ x X/~ —> [0,1] as

R([a],[b]) = R(a,b) for every [a],[b] € X/~ .

Then R is a fuzzy order.

Proof: Trivial.

Let this fuzzy order R induce the crisp order { ocn
X/~
as [a[ € [b] iff R ([al[b]) > R([b],[a])

for every [a], [b] € X/~

Then the following results follow immediately.

3.2.3 Result

The quotient map q: X —> X/~ is order preserving
both ways (Order preserving maps will be discussed :in

detail in Chapter 5).
Proof:
[a] € [c] & Rr({a),[c] > R ([c],[a])

& R(a,c) > R(c,a)
& a<oc. 3

Hence, q is order preserving both ways.
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3.2.4 Result

Let I< and Iﬂ be the crisp order topologies
induced by R and R on X and X/~ respectively. Then
q: (X,T,) — (X/v ,Tg) is a quotient map. [A surjective
map £:(X,T,) —> (Y,T,) is a quotient map if £ (V) €T,
iff Ve T2].

Proof:
Let q-l(A) € T, for some A C X/~ .

Then q_l(A) = UAi where A; is a basic open set in (X,T.).

Now,

b
i

i (ajob;) ={x € X|a; <x<b; §
then a,x and x<b,
so R(a;,x) > R(x,a;) and
R(x,b;) > R(b;,x)
i.e., R([a;],[x]) > R([x],[2;]) and
R([x],[0;] > R([b;],[x])
ice., [a,]s¢ [x] and [x] € [b;l
i.e., [a;] < [x] £ [by].

i.e., q(Ai) € Ig

e A= Uq(Ai) € Ti‘g

Hence g is a quotient map.
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3.2.5 Definition

Let (X,F) be a fts and q:(X,F) —> X/~ ,
be a quotient map. Then the fuzzy topology F on X/~
is defined by p € E iff q-l(p) is open in (XF) is
called the quotient fuzzy topology and (X/~ ,E) is

called a quotient fuzzy space.

If F = Fy then X/~ FR) is called the fuzzy

ordered quotient fuzzy topological space.

3.2.6 Result

Let (X,FR) be a fuzzy ordered fuzzy topological
space and (X/As , FR) be a fuzzy ordered quotient fuzzy

topological space. Then q: (X,FR) —> (X /~ ,FR) is a

quotient map.

Proof:

Let § be a fuzzy set in X/~ and q'l(é) be open
in (X,FR). Then q_l(é) = {)pi, where p.'s are basic
open sets in (X,FR).

Now & = a(Upy) = Uglp;)
. . . -
q(pi) is open in (X/~ ,FR), since q(q(pi)) = By

is open in (X,FR).



54

3.2.7 Result

Let‘Q(FR) and £(FR) be the associated topologies

of F, and F,, then

R R

~

q: (X, K(FR)) —> (X/~, Z(FR)) is a quotient map.

Proof:

Let A be any subset of X/~ such that

q-l(A) is open in (X, ﬁ(FR)).

Then, q 1(A) = Uf; ™ (ay,1]

Now, A = q(Lin-l(ai,l]) =|Jq(le(ai,l]) is open in
(X/~ » R(FR)) since q™la(£7'(e,1]) = £7%(a,1]

is open in (X,,K(FR)).

Hence ¢ is a quotient map.

3.3 Union and intersection of fuzzy orders

In [Cha] union of two perfect antisymmetric ordersR1 and R2
has been found to be perfectly antisymmetric if and only
if for every x,y € X, x#y either Rl(x,y)= R2(y,x) =0

or Rl(x"/) ?é R2(Y,X).
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Also, it has been observed that if Rl and R2 are
perfect antisymmetries then RlUR2 is also a perfect

antisymmetry if and only if
Ri(x,y) >0 = Rj(y,x) =0; i,j = 1,2.

In the following result union of strong fuzzy orders

is proved to be a strong fuzzy order if

n

Ri(x,y) A Rj(y,x) =0; i
J

1,2,...,n
1,2,...,n, i#j and
x#Y

3.3.1 Result

Let Ri, i €A be a strong fuzzy order defined on X.

Then,
(}Ri is a strong fuzzy order if
Ri(X,Y)/\Rj(Y,X) =0 ien
jen , i#j, x#y
Proof:

i) U Ri(x,x) = \{ Ri(x,x) =0 i.e., irreflexive

v

ii) UR;(x,y) > 0 =V R;(x,y) >0
i
é\/ Ri(Y’x) =0 -
1

= UR;(y,x) =0

i.e., URi is perfectly antisymmetric.
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iii) URi(x,z) = \_/Ri(x,z)
i

> VIV(R;(x,y)AR,(y,2))]
iy

= V[ UR;(x,¥)JAUR;(y,2)] by hypothesis
y

1 1

ice., UR;(x,2) \é [ UR;(x,v) A URy(y,2)]

. L)Ri is transitive and hence YR; is a strong fuzzy

order.

3.3.2 Remark

Intersection of (\Ri; ieA of strong fuzzy orders
R., ieA on X is defined by R:(x,y) = A R.(x,Y).
i i N i
3.3.3 Remark
Intersection of fuzzy orders is a subspace of TTRa

which has been introduced in (3.1.1).

Also, the intersection of two fuzzy orders need not
be a fuzzy order if they are not strong. For example, .see

(3.1.5).

3.4 Fuzzy Ordered Subspaces

We consider a crisp subset of a foset and analyse

the induced fuzzy order in it.
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3.4,1 BResult

Let (X,R) be a foset and Y be a subset of X.

Define Ry on Y as RY(yl,Y2) = R(yl \/2) for every y;,y, €Y.
Then RY is a fuzzy order on Y.

Proof: Obvious

3.4.2 Result

Let Y C X. Let (X,F,) and (Y,FRY) be the fuzzy

ordered fuzzy topological spaces defined by R and RY on

X and Y respectively. Then, F, = FR.ﬁ\Y.

Ry
Proof:

Let p. ¢ F

aY

Then pay(yl)

Ry
Ry(a,y,)

= R (a,yl)

= u,(yy)

u(yy) AY(y;) since y, €Y, Y(y,)=1

€ FRAY
Conversely,

Let p, € FpAY

then pa(x) = R(a,x)A Y(x) -
= RY(a,x) if x €Y

if x €Y, p(x) =0 =R,(a,x) N Y(x)

e e FRY = FR/\Y.



58

3.4.3 Result

Let Y C X and let (X, £(Fg)) and (Y, Q(FRY))

be the associated topologies of F, and F on X and Y.

R Ry

Q(FR) NY.

Then

Q(FRy) =

Proof

Let pa;l(a,l] ¢ L(F, )

Ry

ua'l(a,l]

{veYlu, (y) > a}
v Y

{v e Y|Ry(a,y) > a}

{fy € Y|R(a,y) > a}

$y €Y ko (y) > o}

ua—l (a,1] N Y



CHAPTER 4

SOME SEPARATION PROPERTIES OF THE
FUZZY ORDERED FUZZY TOPOLOGICAL. SPACE

4.0 Introduction

Several definitions of various separation axioms
have been proposed and studied by many authors, from
different perspectives, [RO3], [Sinh], [Sri-L]. Among
these separation properties, fuzzy Hausdorff separation
axiom has been studied most. Many characterizations are
formulated in terms of fuzzy points. However, fuzzy
sets are also used for describing separation axioms as
well [Kat]. 1In this chapter, we recall a few such
definitions and study some separation properties of the

fuzzy ordered fuzzy topological space.

4,1, Fuzzy Tl spaces
4.1.1 Definition [Kat]

A fuzzy topological space (X,F) is fuzzy Tl if
for z2ny two distinct points x,y € X, there exist fuzzy

neighoourhoods B and § in F such that

§(x) 0O and d(y) > 0.



In the following result we prove that the fuzzy

ordered fuzzy topological space is fuzzy Tl.

4,1.,2 Result

The fuzzy ordered fuzzy topological space (X,F,)

is fuzzy Tl.

Proof:

Let x # y be two points of X.
Define B

4

(yu)V(l—yu—')",)

() v ({I1— p—2%K)

then B and § are in Fp and

Blx) = p(x) V 1 — julx) — Xy(X) >0
BY) = () V1 — uly) — x =0
6(x) = p(x) v 1—px) — X (x)=0
d(y) = wly) vV 1 — uly) — X (y) >0

Hence (X,FR) is fuzzy T,.
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4,2 Fuzzy Hausdorff Spaces

We recall the definition of fuzzy Hausdorfness as

4.2,1 Definition [Kat]

A fuzzy topological space (X,F) is fuzzy Hausdor?s
if for any two distinct points x,y € X, there exist fuzzy

neighbourhoods B and 4 in F such that

8(x) > 0, §(y) > 0 and pAd = 0.
4,2.,2 Result

The fuzzy ordered fuzzy topological space (X,F.),

when R 1s a strong fuzzy order on X, is fuzzy Hausdorf?<.

Proof:

Let (X,FR) be a strong fuzzy ordered fuzzy topological

total
space. By [2.1.2], R induces a crisp(order £ on X by

x <y iff R(x,y) > R(y,x).

Case-1:

There exists an z € X such that x<{z<y. Define § = M

and § = B then B,é € FR and

B(x) = Zp(x) = R(x,z) > R(z,x) = O, since x<z and R

is perfectly antisymmetric.
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i.e., g(x) > O.
Similarly 6(y) = u (y) = R(z,y) > R(y,z) =0

Since z £ y and R is perfectly antisymmetric
i.cee, &(y) >0
Also sad =0

For; if there exists a € X such that (gAd)(a) # O;

then, _u(a) A p_(a) #0

But zp(a) and pz(a) cannot be non zero simultaneously
as R is perfectly antisymmetric.

Therefore 5/\6 = 0.

Hence (X,F,) is fuzzy Hausdorff.

Case=2
There does not exist any z in X such that x<z «y.
Here we take B = Yu and 4 = Hye

Then,

p(x) = yu(X) = R(x,y) > R(y,x)

e B(x) > O.

Similarly, d&(y) > O.
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Also, &Aé =0. i.e., B(t)A 6(t) = 0 for every t € X.
For, if there exists an a € X such that
B(a) and & (a) > 0; then,

R(a,y) > 0 and R(x,a) > O.

implies R(y,a) = O and R(a,x) = 0.

i.e., R(x,a) > R(a,x) and R(a,y) > R(y,x).

i.e., x£a«y which is a contradiction

Hence gAd = 0.

Therefore (X,F,), R being a strong fuzzy order is fuzzy

Hausdorff.

4.2.3 Note

In fact if R is not a strong fuzzy order then

(X,F,) need not be fuzzy Hausdorff.

4.2.4 Example
Let X = N U{0, -1} and let
R : X xX—> [0,1] be defined by
R(n,0) = 1 R(o,n) = O for every n=2m+l, m=0,1,2,...

R(o0,2m)= 1 R(2m,0)= 0
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R(2m, 2n+1)

O R(2n+1,2m) = % for every m=1,2,...

R(2m+1,2n+1)= O R(2n+1,2m+1)= % for every n<m.
R(2n,2m) = O, R(2m,2n) = % for every n<m

R(0,0) = R(-1,-1) =0

R(m,m) =0 for every m.

R(n,-1) =1 R(-l,n) = O for every n=2m+l, m=0,1,...,

R(2m,-1)

O R(-1,2m) = 1 for every m

|

R(0,-1) R(-1,0) = 5

]
¥
[\

Then R is clearly a fuzzy order which is not strong. We
claim that O and -1 cannot be separated. For; if we take
any subbasic open sets a and B with a(0) > O and B(-1)>0
in FR’ then they cannot be disjoint. For example, let g
and p, be the subbasic open sets in FR with pa(-l) >0
and pb(O) > 0.

Then, p,(-1) > O py(0) > 0

i.e., py(-1) = R(a,-1) > 0 and p, (0) = R(b,0) > O
or
i.e., a = QmLO and b = -1.
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Here, ( pzm/\ p_l)(x) £ 0 and (po,\ p_l)(x) £ O for every x.

Similarly it can be verified that any pair of subbasic
open sets containing -1 and O respectively, will not be

disjoint. Hence (X,F,) is not fuzzy Hausdorff.

In the definition [4.1] of fuzzy Hausdorffness if we
relax the condition B/\5= O and put B/xé < 1 then we call

(X,F) as weak fuzzy Hausdorff.

4.2.5 Definition

A fts (X,F) is weak fuzzy Hausdorff if for any two
distinct points x,y € X, there exist fuzzy neighbourhoods

B and & in F such that
B(x) > O, &(y) > O and B/\é < 1.

In the following result we find that (X,F,) is weak

fuzzy Hausdorff, R being any fuzzy order.

4.2.6 Result

(X,F,) is weak fuzzy Hausdorff, R being any fuzzy

order defined on X.

Proof:

Let x £ y be two points of X, and let R induce £ on X
as in [2.1.11.
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There exists z € X such that x«£z «y.

Define B = S andcgzp.z,

then B and 5 belong to F

Also, B(x)
S (y)
and ﬁﬁ\é

For, if (B/\é)(x) = 1, then B(x)A 5(x)

<

R*
Zp.(x) = R(x,z) > O
w,(y) = R(z,y) >0

1

i.e., R(x,z) = R(z,x) = 1.

But R is antisymmetric. So R(x,

as x < z

as z <y

"
=

z) # R(z,x).

Hence (X,FR) is weak fuzzy Hausdorff.

Case=2

There
Take 8 = 1

Then, B(x)

Also 5(y)

does not exist any z € X such that x<z«y

™)
“y Y and 6

1 — uy(X) —-7<Y(X)

1 — R(y,x)-0 > O,

b (y) = R(x,y) > 0.

= p,x.

since if R(y,x) were 1
then R(y,x) > R(x,y)
and this would lead to
Y <L X ‘
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Now (BAd) < 1

For, if not,

(1 — p (£) =X (A p (1) =1
implies 1 — py(t) ——’X&(t) = 1 and px(t) = 1.
i.e., py(t) =0 and pk(t) =1

i.e., R(y,t) = O and R(x,t) = 1.

Now R(t,x) = O and R(t,y) > O.
imply that R(x,t) > R(t,x) and R(t,y) > R(y,t)
i.e., xLt Ly

which is a contradiction to the fact that there does

not exist any z such that x<z<y. Therefore, (X,FR)

is weazk fuzzy Hausdorff.



CHAPTER 5
FUZZY ORDER PRESERVING MAPS#¥*

5.0 Introduction

This chapter deals with fuzzy order preserving
maps and strict fuzzy order preserving maps, which we
define, from a fuzzy ordered fuzzy topological space
(X,E,) to another fuzzy ordered fuzzy topological space
(Y,FS). It is proved that a bijective strict fuzzy
order preserving map from (X,FR) to (Y,F.) is a fuzzy
homeomorphism. However, a counter example is provided
to show that a fuzzy order preserving map (not strict)
is not necessarily fuzzy continuous, even if it is

bijective.

Also, YX— the set of all maps from a set X to Y,
when Y is a strong fuzzy ordered set is made a strong
fuzzy ordered set. Besides, certain homomorphisms

A == A A
between the monoids Y, (X,Y) and between X x'Y, (X,Y )

’~
are studied, where Z denotes the set of all fuzzy order

preserving maps from Z to Z.

* Many of the results given in this chapter appeared in
The Journal of Fuzzy Mathematics, Los Angeles, Vol.l,
No.2 (1993) pp.359-365.
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5.1 Fuzzy order preserving maps

The definition of order preserving mep in the

crisp sense is recalled first.

5.1.1 Definition

A map f: (X’<l) _— (Y,<2) is order opreserving

iff x; <; %, implies f(xl) <5 f(x2), for every x;,x%, € X.

Every surjective order preserving map is continuous

in the order topology.

Proof

Let f:X —> Y is surjective and order preserving
and x € X and (yl,yz) is an open set containing f(x).
Then choose x; from f—l(yl) and x, from f-l(yz). Clearly

£(x1,%5) C (y1»Yp) and x € (x},%5).

However, the converse is not true. Also, if
f: (X, (l) —_— (Y,<2) is a bijective continuous map,
then f is a homeomorphism. In particular, if f is a
bijective strict order preserving map then f is a homeo-

morphism.
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Proof

Let y = f(x) and let (a,b) be an open interval
containing x. Put ¢ = f(a) and d = f(b). Then we
have ¢ < y < d. Similarly if m € (c¢,d) then
n = f_l(m) € (a,b). Hence (c,d) is an open set which
contains y and its image f—l((c,d)) is a subset of (a,b).

Therefore £ 1 is continuous at Y.
Hence f is a homeomorphism.

Let us analyse the corresponding results in the
fuzzy setting. First we define fuzzy order preserving

maps in two ways.

5.1.3 Definition

Let (X,FR) and (Y,FS) be two fuzzy ordered fuzzy
topological spaces. A map a ¢ X —> Y is fuzzy order

preserving iff
R(xl,xz) > R(x2,xl)

ﬁS(a(Xl), a(x2)) > S(a(xz),a(xl))

and strict fuzzy order preserving iff

R(Xl,X2) =S(a(xl),a(x2)), xl’x2 € X.
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5.1.4 Result

A strict fuzzy order preserving surjective map
is fuzzy continuous with respect to the fuzzy ordered

fuzzy topologies.

Proof:

Let a: (X,R) — (Y,S) be a strict fuzzy order

preserving surjective map.

Let éy be a subbasic open set in (Y,F.)
o

-1
a ((gyo) = éyoo a

cSyo(a(x)) = Sy, a(x)

(4, +a)(x)

= R(xo,x), where y_ = a(xo)

w. (x), where p_ is a subbasic
X X

open set in FR°

i.e., a_l(é- ) is open.
Yo

Similarly, for the other subbasic open sets.

Therefore, a is fuzzy continuous.
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A bijective fuzzy order preserving map (not strict)

need not be fuzzy continuous.

We have the following counter example.

5.1.6 Example

Let X =N and Y = 2N

Let the fuzzy orders R and S be defined on X and Y

respectively as follows:

R: (a,a) > 0
(a,b) ——> % if a\ b; a#b
(a,0) —> 7 if a}b
S: (a,a) ——> 0
(a,b) —> 2 if 0 ¢ (b-a) € 2 i.e., b-a = 2
(a,b) ———> 1 if (b-a) > 2
(a,b) ——> 0 if (b=-a) < O

Let a : (X’FR) —> (Y,F.) be defined by

a(x) = 2x fcr every x € X.
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We claim that a is a bijective fuzzy order preserving

(not strict) map but not fuzzy continuous.

Proof:
Obviously a is bijective.
Now, for x;,x, €& X, if R(xl,x2) > R(x2,xl)
then xl|x2; X3 £ X
Thus 2x2-2xl > 2 and S(2xl,2x2) > S(2x2,2xl)
ice., S(alxy),alxy)) 3 Sla(xy), alx;))
i.e., a is fuzzy order preserving.
In fact, a is not strict.
For, R(2,4) = %
S(a(2), a(4)) =s{4,8) =1
i.e., R(2,4) £ S(a(2), a(4)).
Here, a is not fuzzy continuous.
For, (82 is a subbasic open set in (Y,FS)
62(x) = 5(2,x)
a_l(52).—_ 520 a
(S0 a0)(x) = 8,(alx))

= 5(2,2x) = 0 if x=1
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1
Nl

if 1<X£2, i.e., X=2
=1 if x>2
which is not in FR.

Therefore, a is not fuzzy continuous.

5.1.7 Result

Let (X’FR) and (Y,FS) be two fuzzy ordered
fuzzy topological spaces and a: (X,R) —> (Y,S) bs
a bijective strict order preserving map, then a is

a fuzzy homeomorphism.

Proof:

By [5.1.4] a is fuzzy continuous.

1

We will prove that a = is also fuzzy continuous.

Let p, be a subbasic open set in (X,FR)

o
-1
-1 -1
(¢"7) p. = p_o a .
XO XO
-1 -1
(b a )y = n, (a7 (y))
0 o)

R(xo,x) where x = a_l(y)

I

But R(x,,x) S(a(x ), a(x)) = S(y,.v)

s (y) where & is a subbasic
Yo Yo

open set in F..
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Similarly for the other subbasic open sets. Therefore,

a is fuzzy continuous and a is a fuzzy homeomorphism.

5.2 Fuzzy order preserving self maps

In this section fuzzy order preserving self meps

are analysed.

The following result envisages the fact that Y'-
the set of all maps from X to Y in which Y is a strong
fuzzy ordered set can be strongly fuzzy ordered by

virtue of the strong fuzzy order defined onY.

5.2.1 Result

Let X be any set and (Y,S) be a strong fuzzy
orderecd set. Let YX be the set of all maps from X to Y.
Define &: YX x YN —> [0,1] as

X

e(f,g) = A [S(f(x), g(x))] for every f,g €Y". Then ©
X

is a strong fuzzy order.

Proof:

i) & is irreflexive as,

e(f,f) = A[S(£f(x), £f(x))] = A0 =0 for every feYX.
X X

ii) © is perfectly antisymmetric.
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Let ©(f,g) > O,

then A[S(f(x),g(x))] > O for every x € X
X

i.e., S(f(x)rg(x))

v

0 for every x¢€ X

i.e., S(a(x),f(x)) =0 for every x, as S is
perfectly antisymmetric.
=0 for every x € X

ice., AS(g(x),f(x))
X

i.e., 6(g,f) = 0O

Therefore © is perfectly antisymmetric.
iii) @ is transitive

s(f(x),a(x)) » \r{ [S(£(x),h(x)INS(h(x),g(x))]

for every x

implies A [s(f(x),a(x))] > \/{/\S(f(t).h(t))
X h t

A S(h(s),g(s))}
S

as S(£(x),g(x)) » \r/\ S(f(x),h(x)) A s(h(x),g(x))
for every x

and  S(f(x),h(x)) » /..t\s(f(t).h(t))

S(h(x),q(x)) » /\s(h(s),qg(s))

S



17

then,
S(£(x),a(x)) A s(h(x),g(x))

> /t\ s(£(t),h(t)) A A S(h(s),g(s))
s
Therefore,

\ﬁ [S(f(x),h(x)) /\ s(h(x),g(x))]

> \ﬁi /t\ S(£(t),h(t)) AN S(h(s),q(s))]
) S

Therefore,

S(£(x),9(x)) » \ﬁ [/t\S(f(t),h(t))/\/\S(h(s),g(s))]
S

Thus,

e(f,qg) » V [e(f,h) Ne(h,q)]
h

Therefore € is transitive and & is a strong fuzzy orcer.

5.2.2 Notation

VN
When X is also a strict fuzzy ordered set, then (X,Y)

denotes the set of all strict fuzzy order preserving maps

from X to Y.

N AN
(Y,Y) is denoted by Y.

N X
Clearly (X,Y)C Y".
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The next result provides a monoid homomorphism
o N
between’Y and (X,Y) where (X,R) and (Y,S) are two
strong fuzzy ordered sets. Recall that a monoid is
a nonempty set endowed with an associative binary

operation with a unit element, and a monoid homo-

morphism is a homomorphism between monoids.

5.2.3 Result

Let (X,R) and (Y,S) be two strong fuzzy ordered
A
setS. Civen any B € Y and a strict fuzzy order preserving
P
map f: X —> Y, then f*¥ = 8o f € (X,Y). Also the mapping
N
f —> f* is order preserving, i.e., (f —> f*) & (X,Y)
Fa
and p +——> (f +—> f*) is a monoid homomorphism between Y

N
and (X,Y). Conversely, given a map f:X —> Y there exists

A
B €Y such that ¥ is order preserving.

Proof:

P
Let f,g € (X,Y)

e(f*,g*)

A [S(£*(y), g*(y))]
Y

A LS((Bef)(y) (Beg)(y))]
y

A[S(f(y),a(y))], since B is strict
y

order preserving.

e(f,q).
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Therefore,
G(*f! *g) = G(f*,g*) = Q(f,g)

Converse is trivial,

We generalise the result as follows.

5.2.4 Result

Let (X,R) and (Y,S) be two fuzzy ordered sets.
A A
Let (a,B) € X xY and a be surjective. Then
f ——> f*¥ = Bofsa 1is order preserving. Consezuently,
(a,p) > (f > f*) is a monoid homomorphisa from
A N\
X xY to (X,Y).

Proof

PN
Let f,g € (X,Y)

e(*f,*g) e (f*,g%)

/N\S((Befoa)(y), (Befoa)(y))
Y

/NS(f(aly),g(aly)))
y

/\S(f(x) rg(x_))
X

e(f,q)

.« © is order preserving.
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5.2.5 Note

f —> f* is an isomorphism if

i) B is left invertible, and

ii) f is onto.



CHAPTER 6

FUZZY ORDER COMPLETENESS

6.0 Introduction

This chapter deals with different characterizations
of fuzzy order completeness of a foset. Definitions of
gap, cut, least upper bound, greatest lower bound are
recalled and their fuzzy analogues are proposed. Finally

different versions of fuzzy order completeness are obtained.

6.1 Fuzzy gap

Let us recall the definition of a cut in the crisp

case.

6.1.1 Definition [Ru]

Let Q be any nonempty ordered set. A cut is any

set a € Q with following properties.

(i) a is nonempty, a £ Q
(ii) If pe€ a, ¢ € Q and p<q then q € «

(iii) If p € a, then p<r for some r € a (a has no
largest element)

Now we propose the fuzzy analogue of the crisp cut.
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6.1l.2 Definition

Let (X,R) be a foset. Any fuzzy set ¢ in X

is called an R-fuzzy cut or simply a cut if

(i) 0< o< 1
N

(ii) o(x) > 0 and R(y,x) > R(x,y) imply o(y) > O

(iii) o(x) > O +there exists y € X such that
R(x,y) > R(y,x) and o(y) > O.

The upper bound of a fuzzy set is defined as

follows.

6.1.3 Definition

Let o be a fuzzy set in (X,R). An element a in X
is an upper bound for o if either o(a) = O or R(x,a) > R(a,x)

for every x € X. Such that o(x) > O.
a € X is a least upper bound (l.u.b) if a is an
upper bound and a £ b for every upper bound b.

Lower bound and greatest lower bound (g.l.b) are

defined analogously.
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6.1.4 Definition

If an R-fuzzy cut has no l.u.b, then it is

called an R-fuzzy gap or fuzzy gap in (X,R).

The following result follows immediately.

6.1.5 Result

o is a fuzzy cut in (X,R) iff o,» the support
of ¢ is a cut in (X,<) where < is the crisp order

induced as in [2.1.1].

Proof

Assume that ¢ is a fuzzy cut in (X,R). Then

o,s the support of o, given by o, = {x€ X{o(x) > 0} is

a cut in (X,<) as

(i) o, £ @, and o, ZX. Since 0 ¢ 0 ¢ 1

<

#

(ii) If x € o,» Y € X and y<x, then R(x,y) < R(y,x)
and o(x) > O which implies o(y) > O by

condition (ii) in Definition 6.1.2.

(iii) If x ¢ o,» then o(x) >0
implies that there exists y € X such that

R(x,y) > R(y,x) and o(y) > O by condition (iii)

in Definition 6.1.2,
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which implies that there exists y € o, such that x<y.

Lo o, is a cut in (x, €).

Conversely, it can be easily proved that if

o, be a cut in (x,<),
then o is a fuzzy cut in (X,R).

Hence the result.

6.2 Fuzzy Order Completeness

As in the case of crisp sets, we define fuzzy order

completeness as follows.

6.2.1 Definition

A foset (X,R) is fuzzy order complete iff every
non empty fuzzy set in X with an upper bound has a l.u.b
in X. (This may be called the l.u.b property of (X,R)).
The g.l.b property can also be defined analogously. The

following result is immediate.

6.2.2 Result

A foset (X,R) is fuzzy order complete iff (X,R) has

no fuzzy gap.

Proof:

Obvious.
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6.2.3 Note
A foset (X,R) is Dedekind complete iff no
fuzzy cut is a fuzzy gap.

Now we have the following result.

6.2.4 Result

A foset (X,R) is Dedekind complete iff the

induced crisp order set (X,<) is Dedekind completé.

Proof:
If (X,R) is Dedekind complete, then no fuzzy

cut is a fuzzy gap.

Let a be a cut in the induced ordered set (X,<).

Then, a is a fuzzy cut.

Therefore, a is not a fuzzy gap.
i.e., a is not a gap.
Hence (X,£) is Dedekind complete.
Conversely, let (X, <) be Dedekind complete.

Then to prove that (X,R) is Dedekind complete.

Suppose ¢ is a cut in (X,R), then o,~ the support of o,

is a cut in (X,<) by (6.1.5). -
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By l.u.b property of Dedekind Completeness in the

crisp case, %, has a l.u.b.
Obviously this l.u.b is a l.u.b for o, (in the fuzzy
sense).

Hence (X,R) is Dedekind complete.

6.2.5 Remark

We have the following characterizations of complete-

ness of an ordered set in the classical case [Co-E].

An ordered sei (X, <)
i) is Dedekind complete iff no cut is a gap.

ii) has l.u.b procerty iff every bounded above
subset has a i.u.b.

iii) has g.l.b progerty iff every bounded below
subset has a c.l.b. ’

iv) is Cauchy complete iff every Cauchy sequence

converges in X.

v) Cantor compleze iff for each ne N , X, is a closed

interval and Xn+l C xn, then sz X, £ d.

In an orderec field the above characterization are
equivalent. A similar study in the fuzzy setting may be

interesting.



CHAPTER 7

GENERALISED FUZZY ORDERED FUZZY TOPOLOGICAL SPACES

7.0 Introduction

In the earlier chapters, the fuzzy orders under
consiceration were defined on crisp sets. This
chapter is an attempt to extend the definition of
fuzzy order defined on a crisp set to fuzzy order
defined on a fuzzy set, which may be considered as a
generalization of the notion of fuzzy order. Also,
it is observed that the generalised fuzzy ordered fuzzy
topological space defined by means of this generalisec
fuzzy order is the counter part in the fuzzy setting
of the generalised ordered spaces [Lu] in the classiczl

sense.

7.1 Fuzzy order defined on a fuzzy subset

A fuzzy order defined on a fuzzy set is defined
by imposing one more condition than those of a fuzzy

order defined on a crisp set as given below.

7.1.1 Definition

Let X be a non empty set and p be a fuzzy subset
of X. Let Rp: X x X —> [0,1] be a fuzzy binary
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relation satisfying
i) Rp(x,x) = 0 for every x € X -- (irreflexivity)

ii) For x#y, Ru(x,y) # Rp(y,x) whenever p(x),

p(y) > 0 -- (antisymmetry)

iii) Rp(x,z) > \V) [Rp(x,y)/\Ru(y,z)-— (transitivity),
Y
and

iv) Ru(x,Y) < p(x)Auly)s x,y,2 € X.

Then Rp is callec a fuzzy order defined on a

fuzzy set pn.

If Ru satisfies the stronger condition

Rp(x,y) > 0 = Ru(y,x) = 0 for x#y -- (perfect
antisymmetry) instead of (ii), in (7.1.1), then Rp is

called a strong fuzzy order defined on the fuzzy set u.

Clearly every strong fuzzy order defined on p is

also a fuzzy order defined on .

7.1.3 Remark

Wwhen p=1, then Rp is the same as the fuzzy order R

defined on X. Therefore, all the results which hold good
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for R are applicable to Rp with p=1.

Note that a strong fuzzy order on X induces, in
the natural way, a strong fuzzy order on any fuzzy

subset of X.

This is given in the following result.

7.1.4 Result

Let (X,R) be a strong fuzzy ordered set and u be

a fuzzy set in X.

Define Ru(x,y) = R(x,y) AN [p(x)Ap(y)]ix,y € X.

Then Rp is a strong fuzzy order defined on p.

Proof:
i) Rp(x,X) = R(x,x) A [p(x)Ap(x)] =0
i.e., R, is irreflexive.
i1) R, (x,y) > 0 = ROGYIAIRGIAR(YI] > 0
= R(x,y) > O
= R(y,x) =0 for x#y

= R“(Y,X) =0, x,y €& X and x#y.

i.e., Ru is perfectly antisymmetric.



(iii) Now,
R(x,z) > V [R(x,y)AR(y,2)]
Y
= R(x,z) A [p(x)Aup(z)]

y V [R(x,v)AR(y,2)] [p(x)A p(2)]
Y

y WV I[ROGGYA ROIA R A{RGY, 2)A(y) Ap(z))} ]
Y

Therefore, R (x,z) » V [R (x,y)A R (y,z)]
v y e "

i.e., Ru is transitive.

(iv) Rp(x,y) = R(x,y) A [p(x)Ap(z)]

< p{x)Auly).

Hence Ru is a strong fuzzy order defined on the fuzzy

set ¢ in X.
7.1.5 Note

For each u, Rp is a fuzzy order defined on X and
conversely, every fuzzy order on X is an Rp with p=1.

Thersfore, in a sense, Rp is a generalization of a fuzzy

order defined on X.
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that

Next, we notela fuzzy order defined on p also determines
a crisp order (which is total) but 6nly on the support

Ho of p. Recall that the support of p is Ko ={xé§X|p(x)>O}.

7.1.6 Result

Every Rp defined on the fuzzy subset p of X

determines a crisp order <p on the support of Ko of p as

x<y iff Rp(x,Y) > Ru(y,x), X,Y € -

Proof:

Similar to the proof of [2.1.1].

Using Ru-the fuzzy order defined on pu, p-fuzzy

ordered fuzzy topological space can be defined as follows.

7.1.7 Definition

Let Rp be a fuzzy order defined on the fuzzy set u

in X and Ho be the support of pu. Then,

{“; » gH! ’(l'a“'— Xa) ’(l-“a'-xa) lae p’o}*

where,

P-a'(x) Rpéix)

ap'(x) R (x,a), for every x € 5

"
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will form a subbasis for a fuzzy topology on Ho?
provided o has neither the largest element nor the
smallest element (in the induced order). This fuzzy
topology is called the p-fuzzy ordered fuzzy topology

induced by R, on p_ and is denoted by F, . The pair
B o Rp

(X,FR ) is called the p-fuzzy orderec fuzzy topological
B

space.

If Ko has the largest element { we include
Py V pu' and (1-p; ) where aZ L to *he elements of *

and if p_ has the smallest element s,?s‘v ps' and

(l—sp') where a # 8§ are included to iie elements of * .

All the results obtained for FR in the earlier

chapters cculd be carried over to the FR as well.
V!

7.2 Generalised fuzzy ordered fuzzy topological space

David J. Lutzer [Lu] and P.R. Mever-R.G.Wilson [Me]
have studiec generalised ordered spac2s in detail. We
recall the relevant definitions of a generalised ordered
space and conclude that the p-fuzzy crdered fuzzy
topological space (X,FR ) for a specizl type of Rp is
the fuzzy analogue of the generalisec ordered space in
the crisp sense. We call it the generalised fuzzy ordered

fuzzy topological space.
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7.2.1 Definition

Let T< be the order topology defined on a
linearly ordered set (X,<). Take a subspace Y of X
and consider the relative topology TY on Y and the

order <, obtained by restricting < to Y. Then (Y, Te )

\'4
b

is called a Generalised Ordered Space (GO spzace for short).

7.2.2 Remark

T< need not be the order topology of <Y’ T<Y.
But it is true that T<YC;Ty. There is another equivalent
way to obtain GO spaces: start with a linearly ordered
set (Y,<) and equip Y with any topology which contains T<
and has a base of open sets each of which is order ccnvex.
(A set S in Y is called order convex if x € S for every

point x lying between two points of S).

E. Cech has called a topological space (X,T) a GO
space if there is a total ordering for X such that each
point x has a T-neighbourhood base which consists of
order intervals and which contains all order-open intervals

containing x.

GO spaces are also called suborderable because

it is precisely these topologies which can arise as
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subspaces of ordered spaces.

Historically it is the linearly ordered spaces
which have been given the most attention, but recently

GO spaces are getting more attention.
Let us now consider the result [7.1.4] once again.

Here the fuzzy order defined on the fuzzy set p

in the fuzzy ordered set (X,R) is given by

R,(x,v) = ROGY)I A [u(x)An(y)]
The following result holds good for this particular Rp
7.2.3 Result

Let (X,R) be a foset and p be a fuzzy set in X.
Let Rp be a fuzzy order defined on p. Let < and <}‘L be
the crisp orders induced by R and Rp respectively on
the support p  of p as given in (2.1.2). Then ¢ contains

<p and the inclusion can be strict.

Proof

Let x <u Yo X9Y € Ky

then Rp(x,y) > Ru(y,x) -

= R(x,y) > R(y,x)
= x <y
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The converse need not be true as
R(x,y) > R(y,x) need not imply that

Rp(x,Y) > Rp(y,x), for example

7.2.4 Example

X = {a,b}

Bt ab—— 0.2
b —— 0.2

R : (a,b) —» 0.2
(aya) '___> 0
(b,a) ——> 0.4

Here R(b,a) > R(a,b)

Let Rp(x,y) = R(x,y) A [p(x) Anr(y)]
then Rp(b,a) = R(b,a) A [u(b)A p(a)] = 0.2
R,(a,b) = R(a,b) A\ [pu(a)Ap(a)] =o0.2

We now define the generalised fuzzy orcered fuzzy
topology as the fuzzy topology determined by this

particular Rp.
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7.2.5 Definition

Let (X,R) be a fuzzy ordered set and p be
a fuzzy set in X. Let the fuzzy order Rp defined

on p be given as follows.

Rp(X,Y) = R{x,y) A [p(x)A p(y)]

Then the p-fuzzy ordered fuzzy topology defined
in terms of this Rp as described in (7.1.7) is called
the generalised fuzzy ordered fuzzy topology of X.

The pair (X,FR ) is called the generalised fuzzy ordered

B
topological space.

Detailed investigation of the generalised fuzzy

ordered fuzzy tocclogical space (X,FR ) analogous to the

vl
GO space is yet to be done.
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